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Announcement 


The Council of the American Physical Society 
announces that, with the April issue, the Reviews of 
Modern Physics will enter a new phase of its history. 
The Reviews, founded in 1929 by a group of prominent 
physicists headed by J. T. Tate, will pass from the able 
-and forward-looking leadership of J. W. Buchta into 
the equally capable hands of E. U. Condon. Dr. Buchta 
edited the Reviews for about twenty years, has brought 
it to its present position of prominence, and has earned 
the sincere gratitude of the community of physicists. 
He retires from the editorship because of the weight 
of his other commitments to his school and to the 
Government. 

The new editor, Professor Condon, of Washington 
- University, is known to the readers of the Reviews as 


;- the authorof three articles on the “(Quantum Mechanics 


of Collision Processes” (with P. M. Morse, 1931), 
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“Theories of Optical Rotatory Power" (1937), and 
“Principles of Microwave Radio” (1942). He is known 
even better for his original research in a great variety of 
fields and to many of us as an inspiring teacher and 
colleague. His monumental book, The Theory of Atomic 
Spectra, written in collaboration with G. Shortley in 
1935, continues to be the most comprehensive account 
of our understanding of atomic spectra—the fruit of, 
several decades’ intensive study by a neg number of 
physicists of all countries. 

We hope that Dr. Condon will be given the same . 
wholehearted support which made the work, of ~his 
predecessors so rewarding. Manuscripts for the April, 
1957, and later issues of the Review of Modern Physics 
should be sent to him, care of the Department of' 
Physics, Washington University, St. Louis, MisSouri. 
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INTRODUCTION 


T is well known by this time that the operational 
approach to science has been exceedingly fruitful, 
the special theory of relativity being perhaps the out- 
standing example of a contribution to knowledge that 
resulted from consideration of the actual operations 
— performed by scientists. It is my purpose here to try to 
describe the determination of time in terms of the oper- 
ations involved, and to do it in language intelligible to 
physicists. The attempt has not been made before, so 
far as I am aware. The novelty of the approach makes it 
somewhat difficult to select the topics to be discussed, 
and'to decide what degree of refinement is desirable. 
Readers who find the going difficult may be helped by 
reference fo two earlier articles on the same subject 
(Clemence, 1952, 1956),* in which a somewhat different 
poiht of view is taken. 

I hope that the present attempt may conduce to a 
more general understanding of the special theory of 
relativity, which appears to hold some mysteries still 
for about half the persons who write about it. That 
this statement is true is demonstrated by the frequent 
appearance in scientific journals of articles in pairs, 

. where the two authors take opposite sides. In many of 
these articles the issue involves something that is sup- 
posed to be done with a clock, and it is evident that at 

4 least one of the authors has no clear idea of what a 
I clock is. X 
The-operational approach is, in practice if not in 
definition? to some extent a matter of degree. We may 
describe operations that actually have been performed, 
. or operations that could easily be performed but have 
not been, or operations fhat could be performed only 
with very great effort, or operations that cannot be 
performed. Among the last we may further distinguish 
operations that may sometime become possible and 
those that will not. At one end of the scale we are always 
sure of ou” ground but find it difficult to extend our 
horizon; at the other the horizon becomes boundless 
but there is nowhere to stard. It is at the latter end that 
— many of the silly questions of students, as well as most 
of the famous paraduxes of science, originate. The 
E iples of the earth that is supposed to stop rotating 
and of Maxwell’s demon come readily to mind. In my 
) -better, when introducing a novel subject, 
ry closely to the facts; and that is what I 
1 the interest of clarity I shall, however, 
e.ty of simplifying the actual operations 
je, no mention will be made of the 


2 


utR&hgf ÜhCeRApEleridwar Collection. Dig ean, Maven from the beginning of une month, and 


24 en 


4 C 


REVIEWS OF MODERN PHYSICS VOLUME 29, NUMBER 1 JANUARY, 1957 
Í E : 
i ; s s ! 
= Astronomical Time | 
G. M. CLEMENCE 
; ae U. S. Naval Observatory, Washington, D. C. i > 


a 


moon as a clock, although it is an indispensable means , 
of subdividing and refining the measurements of, the 
revolution of the earth around the sun. The various 
noninertial frames of reference that are in use merely to 


serve the convenience of observers, will not be described. 3 
The rotation of the earth, although it served as the 4 
fundamental standard of time until a few years ago, and e 


is still extensively used as an adjunct to the new funda- 
mental standard, will be passed over with slight 
mention. My aim is to describe only the basic concepts 
in the simplest possible operational terms. x 


TIME AND TIME INTERVALS 


'The measurement of time is, basically, the counting 


of the repetitions of a recurring phenomenon. No > « 
. . . LJ 

measuring rod is required. The measurement of lengths 

always involves the comparison of two lengths: the ; 


length to be measured and the unit of length, whereas 
the measurement of time requires no such comparison, 
but merely the counting of the units themselves as they 
recur. The length of any object is obtained by counting 
the number of times that the unit of length is contained 
in it, whereas the time of any event is given by stating 
the actual count of units of time that has been afrive = 
at when the event is observed to occur. Thus, a deter- 
mination of time always involves a judgment of 
simultaneity. 

While in principle the measurement of time involves 
only counting, in practice measurements of lengths are 
introduced in connection with determinations of time «7 
for two different purposes. One is as an-aid in the | 
subdivision of the unit of time into parts too small to , 
be immediately perceptible to the senses. The other is 
as an aid in fixing an epoch with the utmost precision. 
In neither case is the fundamental] principle affected. f 
Probably measurements of lengths are introduced for A 
convenience rather than necessity; microscopes have * 
reached a higher state of development than magnifiersof — | 
time intervals. The latter are, however, used to some i 
extent. One method of timing solar eclipses is by taking 
motion pictures at high-speed simultaneously of the sun 
and a clock, the judgment of simultaneity being made 
by identifying the first frame on which no portion of the . 
sun appears. 

The origin of time, that is, the instant whep tht 
count of units is supposed to have begun, is called the 
fundamental epoch. It is completely at our choize, and 
is determined by custom and consent. It is common 
practice to count years from the beginning of the 
Christian era, months from the (arbitrary) beginning of 
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hours, minutes, and seconds similarly. The vagaries of 
the calendar are due chiefly to the incommensurability 
between the day and the year. 

Just as the meter sticks in common use are more or 
less accurate copies of the standard meter, so our 
ordinary clocks may be regarded as more or less accurate 
copies of the standard of time. 

If we define an epoch as any specified instant of time, 
then the duration between two distinct epochs is an 
interval of time. Whenever the time at which an event 
occurred is stated, an interval of time is implied: the 
interval between the fundamental epoch and the epoch 
of the event. In an important sense a determination of 
time is a determination of the interval of time since the 
fundamental epoch. So it may be said that we do not 
measure time but only intervals of time. The important 
distinction is that when the time of an event is stated, 
the other end of the interval (the fundamental epoch) 
is known, whereas when an interval of time is stated 
its place in the scale of time remains indeterminate. 
lor example, if I say that I visited a friend for half an 
hour, less information is conveyed than if I say that T 
visited him from 8:00 until 8:30 p.m. If, in addition, I 
state the day, month, and year, nothing further can be 
Said about the time of the visit. 


VERIFICATION OF EXPERIMENTS 


In the making of many experiments, particularly those 
involving the determination of the rate of change of 
physical magnitudes with the time, the physicist 
imagines that he has no need of a clock; a stop watch 
seems to serve him equally well or better. What he 
requires is a known interval of time, which need not be 
fitted in its place within the entire scale of time. The 
reason he has no interest in the whole scale of time 
appears to be that he is accustomed to take his intervals 
of time on faith from the astronomer; experience has 
shown thàt the intervals of time so obtained are much 
more accurate than any measurement the physicist 
usually makes. Very likely it is for this reason that the 
time is usually regarded as the independent variable 
whenever relations are established between it and other 
variables. But there is no basic reason why determina- 
tions of time intervals should be more accurate than 
other measurements, and in fact they may not always be 
so. This: fact has an important bearing on the verifica- 
tion of experiments. Evidently an experiment in which a 
time interval plays an important part cannot be said 
to be completely verified unless the time interval itself 
is verified. 5 

Tt is well known that the difference between a 
sçientific experiment and a nonscientific one is that the 
scientific experiment may be verified, the verification 
nearly always being made at a different place and time. 
In verifying the length of a solid object it is usually 
considered sufficient to measure it a sécond time, of 
course with suitable controls of temperature, errors of 
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measurement, and other sorts of variables. An im- 
portant question to ask is how an interval of time may 
be verified. Once it is past, the:same interval cannot 
again be measured. How then can we be sure that a 
second measured with a stop watch todas bears any 
known relation with a second measured fifty years ago? 
A partial answer to the question is that most of our 
experiments today give results consistent with those of 
fifty years ago. But a more precise answer is possible. 
Our confidence in our determinations of time, and of 
intervals of time, is determined solely ‘by our ability to 
calculate the time of past and future events, and to 
confirm the calculations by comparing ‘them with 
actual observations or with records of observations. I 
refer of course to events that are not controlled by man. 
'The events most useful for the purpose have been those 
the time of which can be calculated by the laws of 
celestial mechanics, most notably solar eclipses and 
occultations of stars by the moon. It should be noticed 
that when the observation of an event is used to verify 
our determinations of time (and intervals of time) we 
are making the time depend on the event and not the 
event on the time; in a sense the time becomes the 
dependent variable instead of the independent one. Of 
course the true state of affairs is that an equation 
expresses a relation between two or more variables; none 
of them is the independent variable in any absolute 
sense, but each is regarded sometimes as independent 
and sometimes as dependent, according to the nature 
of the operations being performed. 

Returning to the verification of experiments, let uş 
imagine a class of experiments in which a time interval 
plays an important part, as for example the measure- 
ment of velocities or accelerations, and in which a 
variable may be measured with a precision comparable 
to that with which the interval of time involved is 
known. Let us imagine further that two experiments 
performed at different times give inconsistent results. 
It is evident that the question arises whether it is the 
physical measurement or the time interval that is at 
fault. If it is possible to fit the time interval into its 
place in the whole scale of time, which is already keewn. 
to be consistent with an important class of experiments 
(the observation of astronomical phenomena), that is, 
if we know the actual times between which the experi- 
ment was conducted, then the time interval may be 
said to be confirmed. ec 

Our scale of time, then, together with? the laws of 
celestial mechanics, is basically the means by which we 
know, both in advance and in retrospect, when astro- 
nomical phenomena may be observed. The comparison 
of a prediction with an observation is commonly called 
a-comparison between theory antl observation. Aniong 
the great number of sorts of astroromical phenomena - 


that may be observed there are severol discrepancies — 


between theory and observation. In all such cases that - 
I know of, the reason is simply that the calculations 


are so difficult as to be beyond our powers. The most. 
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notable example is the rotation of the earth, which is 
not uniform, but issubject toaccelerations of apparently 
random nature, such that if two different intervals of 
five years are.chosen at random, the average duration 
of a day ir.one of them is likely to differ from the 
duration in the other by a few parts in 10? (Brouwer, 
1952). Presumably the cause is to be found in the 
interior of the earth; its nature is not well understood. 
+ It was stated that the measurement of time is 
basically the counting of the repetitions of a recurring 
phenomenon. In the case of certain phenomena the 
statement is clear enough; for example there is no 
difficulty in-counting the ticks of an ordinary watch or 
- the luminous periods of a flashing electric sign, and thus 
arriving at a measurement of time. Such measurements 
are not very useful, because they are not sufficiently 
long continued nor sufficiently accessible to all. What is 
required fcr a fundamental measurement of time is a 
phenomenon that can be observed by anyone who 
provides himself with the necessary equipment, and 
that will give results consistent with all observable 
phenomena. The phenomena actually used for measur- 
ing time are the revolutions of the earth around the sun. 
It is not obvious how revolutions of the earth are to be 
counted, and it is best to approach the subject in easy 
stages, by first considering how we may count rotations 
of the earth. 


ROTATION OF THE EARTH 


In a first approximation all that is necessary is to 
mount a telescope vertically, which can be done with 
the aid of a plumb bob, to provide a fine wire stretched 
north and south in the focal plane, and to note the in- 
stant when the image-of any star as it passes through 
the field of view is quenched by the wire. The period of 
the rotation of the earth may be defined in a first 
approximation as the time interval between two succes- 
sive passages of the same star. The purpose of the tele- 

“scope is principally to constrain the observer’s vision 
along 4 line of sight that'is fixed with respect to the 
earth. 

"his crude procedure, if the observer is within say 40 
degrees of the equator of the earth, gives a precision of 
about a part in 105, most of the error being made by the 
observer. By providing him with mechanical aids the 
error is reduced to a part in 107. In order to obtain still 
higher accuracy it is necessary to take account of the 

COM in the directiop- of the axis of rotation of the 
ith relative £o the star. In the language of N ewtonian 
(mechanics these changes are caused by the gravita- 
ti onal oon. of the moon and sun on the equatorial 
the earth, the moon and sun not moving in the 
I equator of the earth. I shall pass over the 
jns by which the direction of the axis of rotation 
ed, because fhey do not differ in principle 
ions connected x the motions of 
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length later. After the motion of the axis of rotation is 
allowed for, it is found that the next most important 
source of error is the accidental errors of observation. 
It is practicable, by observing many stars instead of 
one, to reduce the effect of the accidental errors by about 
a factor of 10, and thus the period of one rotation of the 
earth becomes measurable to a few parts in 108. At this 
stage the remaining error is not predominantly due to 
one cause, but to a combination of several. Among them 
are the individual motions of the stars relative to one 
another, variations in the direction of the axis of 
rotation relative to the observer, and the remaining 
accidental errors of observation. By means of statistical «> 
analyses of stellar motions and special series of observa- 
tions the error may be still further reduced to a part in 
10°. Beyond this it does not seem necessary to go, 
because the variations in the period of rotation, men- 
tioned earlier, set a working limit on the usefulness of 
the applications. 

Before leaving the subject of the rotation of the earth, 
a few remarks about the frame of reference are in 
order. The frame of reference implied by what has . 
already been said is the system of stars that are ob- 
served. Since each star is moving relative to the others, 
there is no reason to suppose that the mean motion is 
zero. It is more likely, a priori, that there is a small 
residual rotation of the stars as a system, and indeed 
it turns out to be so. Two methods are known for 
determining the residual rotation: the kinematic method 
and the dynamical one. i 

The kinematic method depends on extending the ^ 
frame of reference outward from the earth to the 
most distant visible objects, the extragalactic nebulae 
(Wright, 1950). If the red shifts in nebular spectra are 
interpreted as velocities of recession, then the more 
distant of the nebulae that can be well observed are 
receding from us at very high velocities, more than 10 
percent of the velocity of light. The velocities across 
the line of sight are entirely unknown. But if we assume 
that the cross-velocities are of the same order of mag- 
nitude as the velocity of recession, then, by reason of 
their very great distance, the angular velocity across 
the line of sight is negligibly small for many centuries. 
The stellar motions are so small that several decades 
elapse before they can be satisfactorily measured with 
respect to the nebulae; the work is now in progress. 
'The indications are that the uncertainty in the present 
frame of reference sets d limit on the precision of time 
determinations such that the duration of a day cannot 
be measured with a precision greater than a part in 
210" at present. It would appear that this very high. 
precision does not constitute an effective limitation on 
any experiments, but such a conclusion would bg false. 
The effective precision with which the. motion of the 
planets around the syn, or the moon around the earth, 
have been observed is about 0.1 second of arc per 
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with which the frame of reference is known. The 
observations of the present day are more accurate than 
those of a hundred years ago, and so an improvement 
in the frame of reference is desirable, at least in connec- 
tion with studies of celestial motions. The dynamical 
method of establishing a frame of reference will be 
described later, in connection with the determination of 
time from planetary motions, a subject to which we 
now turn. 


e 


THE SECOND 


For half a century astronomers have found that the 
rotation of the earth does not measure time with 
sufficient precision for their purposes. During much of 
this time there has been some confusion. There was 
natural reluctance to give up a measure of time that had 
been regarded as fundamental since time immemorial. 
Indeed, the day had become so firmly fixed in mind as 
an invariable unit of time that only a daring thinker 
could imagine any alternative. At last, however, the 
work of E. W. Brown (1926), W. de Sitter (1927), and 
H. Spencer Jones (1939) in succession proved beyond 
a doubt that it was necessary to relinquish the day in 
favor of a unit of time that would better correlate 
‘observable phenomena. By now the realization of the 
facts has become sufficiently general that the definition 
of the second has recently been changed by international 
authority. Whereas formerly the second was defined as 
1/86 400 of a mean solar day, it is now 1/31 556 925.974 7 
of the tropical year for 1900 January 0 at 12 h. ephemeris 
time. 

The effect of the new definition is to make the second 
equal to the average of the old one during the 18th and 
19th centuries. Whereas time reckoned in the old 
seconds was called mean solar time (universal time if 
reckoned from midnight on the meridian of Greenwich), 
time reckoned in the new seconds is called ephemeris 
time. Thé difference between the two has now accumu- 
lated to an amount such that a clock keeping ephemeris 
time would be about 30 seconds fast on a clock keeping 
universal time. The difference will not cause any con- 
fusion, because our ordinary clocks will continue to keep 
universal time as before, and when ephemeris time is 
desired, the necessary corrections will be applied in the 
calculations. Frequency standards, on the other hand, 
will be operated on the new time; inasmuch as the time 
of day cannot be obtained from a measurement of 
frequency, no confusion can^possibly arise. An alter- 
native possibility would have been actually to have 
altered our clocks to ephemeris time, but this procedure 
would have worked a hardship on navigators and sur- 
veyors, who must determine time in field operations in 
order to find their longitude; they have no means of 
determining ephemeris time, and it is better to throw 
the hardship on persons who have the means of coping 
with it. S 

There are two important differences Betra the new 
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and old definitions of the second. The specification ofa 
particular instant of time in the definition requires us to 
know at all times the relation between the present 
tropical year and the one for 1900.0. THe other difference 
is that the tropical year, while it is in a sensé the average 
duration of a revolution of the earth around the sun in 
a specified frame of reference, is not equal to the dura- 
tion of any particular revolution; in fact one,particular 
revolution may differ from another by as much as 20 
minutes, or a part in 3X 10*. The mean solar day, on 
the other hand, is precisely equal to afiy rotation of the 
earth in its specified frame of reference. 


REVOLUTION OF THE EARTH 


Before considering what is actually counted in deter- 
mining ephemeris time, let us pause to examine how a 
particular revolution of the earth may be observed 
without recourse to any theory. The annual revolution 
of the earth around the sun produces an apparent 
motion of the sun against the background of stars. I 
shall ask the reader to admit without proof that the 
angular position of the sun with respect to the stars in 
the nearby background can be ascertained with. high 
precision at any instant; the observational techniques 
by which it is done are too complex to describe here, but 
they do not involve any new principle. If the apparent 
path of the sun among the stars is traced out with care 
for some years, it will be found that the path is very 
nearly a great circle on the apparent celestial sphere. 
'The great circle is slowly rotating about one of its 
diameters, at the rate of about 47 seconds of arc in a 
century, and the maximum departure of the sun from 
the great circle is less than a second of arc. Both the 
rotation of the great circle and the departures of the 
sun from it are caused, again in the language of 
Newtonian mechanics, by the gravitational action of 
the other planets on the earth, Venus and Jupiter 
predominating. It is easy to choose a star not far from 
the axis of rotation of the great circle, and to count 
successive passages of the sun by this star. The frame 
of reference is the same as was used for countipg 
rotations of the earth, and it may be refined and-made 
more precise in the same way. 


EQUATIONS OF MOTION ` 


In the actual measurement of ephemeris time it is 
necessary to have recourse to the equations of planetary 
motion. Stated as concisely a3 possible, the method is 
as follows. The solution of the equations gives the 
angular position of the sun among the stars as a function 
of the ephemeris time. The solution is then inverted, so 
as to give the time as'a function of the»position of the 
sun. An observation of the sun is then used to establish 
the time at the instant of observation. s 

The equations of planetary motion employed are the 
equations of general relativity, but not in the form that 
they take most naturally. For numerical applications 
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it is easier to begin with the Newtonian form of the 
equations, and to express the difference between the two 
as a power series, the successive terms of which contain 
increasing powers of the velocity of light in the de- 
nominator. Ff, is found in practice that only the first 
term of the power series is necessary in order to obtain 
a solution comparable in precision with the observations 
(Eddington, 1924; Chazy, 1928, 1930). 

The equations of motion take many different forms 
according to the system of coordinates employed. Let 
us_ fix our attention on the equation for the orbital 
longitude, which is the angular distance of the sun, 
reckoned in the direction of motion from an origin to be 
described later, in the slowly rotating great circle before 
mentioned. Denoting the orbital longitude by L, we 
may put the solution of the equation in the form 


L=C+Ni+S?+E sin[C— P+ (N — R)t] 


--periodic terms. 


In this equation C, N, E, P are four constants of 
integration, which must be determined by observations 
of the sun. The constant C is the value of L, diminished 
by al! periodic terms, at the fundamental epoch, say 
the beginning of the year 1900, from which the 
ephemeris time / is reckoned positively and negatively. 
The constant angle V is called the mean motion; 
evidently its numerical value depends on the unit in 
which ¢ is reckoned. The unit of / might be chosen so as 
to make WV unity, but it is preferable for practical 
reasons to connect / with the rotation of the earth, so 
fnat ephemeris time will not differ greatly from mean 
solar time. In the 19th century, when the speed of 
rotation of the earth was supposed to be constant, the 
‘unit of ¢ was taken to be precisely 365.25 rotations, and 
N was determined’ by: comparing the equation with 
observations during the 18th and 19th centuries. We 
still retain the same numerical value for N, whence it 
follows that the unit of ¢ is 365.25 average rotations of 
the earth during the centuries mentioned, and JV is 
nearly but nct quite 2x radians. The remaining two 
'eenstants of integration, E and P, do not require 
_ discussion. The constant S as it comes out in the calcu- 
lations is about 107"; it is important to notice that 
although: it has the form of an acceleration, it is not to be 
physically interpreteé as such. Its presence is due 
merely to the form of the solution; other forms are 
d nown in which S vanishes, but those forms are 
d with very difficult calculations, and they 
t yeen used iu practice. The periodic terms, a 
in number, are all of the form 


k z sin(nt+K), 


are constants obtained during the 
| ranging up to about 10~* and 
about a month and 1800 
according to Newtonian 
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1500 under general relativity. The small increase in R 
is the only difference between the solutions as given by 
Newtonian mechanics and by general relativity. 

Having obtained the solutionitiseasy to makea table, 
or ephemeris, showing values of / and of L in parallél 
columns. An observation of L may then be used to 
determine ¢ by interpolating in the table. It can now be 
seen that what is actually being counted, with the aid 
of the table, are units of /, which can be translated into 
ephemeris seconds using the new definition of the 
second already given. 1 

So far nothing has been said to justify use of general 
relativity in preference to Newtonian mechanics. If 
observations of the sun were the only means of deter- 
mining ephemeris time we should have no operational 
reason (so far as the measurement of time is concerned) 
for preferring one to the other. In fact, however, equa- 
tions similar to the one already given may be calculated 
for the other planets, the moon, and the principal 
satellites of Jupiter, and the ephemeris time determined 
from observations of any of these objects. When this is 
done it is found that the observations of Mercury and 
Mars cannot possibly be reconciled with each other 
without introducing the modified R required by general 
relativity, or some modification of very nearly the same* 
amount. The same conclusion is indicated, though with 
less certainty, by observations of Venus and the sun. 
The other objects are less affected by changes in R, 
or are observed with less accuracy, and no conclusions 
can be drawn from them. 


^" 


FRAME OF REFERENCE 


The origin from which L is reckoned may be estab- 
lished kinematically, as was described in connection 
with the rotation of the earth. But it may also be 
established dynamically, by comparisons of ephemeris 
time determined by different planets (Clemence, 1951). 
To understand how it is done let us imagine that our 
adopted frame of reference, including the origin from 
which L is reckoned, is slowly rotating about some axis. 
In general the rotation will have a component along the 
great circle in which L is measured, and this component 
will be absorbed in the constant of integration JV, and 
also in N— R. A small change in V—R produces in L 
a periodic oscillation with period JV — R, phase a quarter- 
period different from that of the term with coefficient E, 
and amplitude proportional to ¢. Since the oscillation is 
present in L it is also pfesent in the ephemeris time, 
which is determined from observations of L, but must 
remain undetected as long as the ephemeris time is 
determined from observations of the sun alone. Let it , 
now be supposed that the ephemeris time is also 
determined by observing the L of another planet, which 
is reckoned in nearly the same plane as the Z of the sun. 
The values of C, P, and N being different for the sunand 
the planet, thé oscillation i in the ephemeris time has à 
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from the sun and planet are compared, there will be 
found to be an oscillating discrepancy between them. 
It will be found possible to remove the discrepancy by 
adjusting the two values of V by the same small 
amount, which is equivalent to altering the frame of 
reference previously adopted. Summing: up the whole 
matter in a few words, the dynamical frame of reference 
is specified by the condition that observations of 
diferent celestial bodies shall yield the same ephemeris 
time. 

Since the equations of motion give the values of the 
second derivatives of the coordinates with respect to 
the time, the periodic oscillations just referred to are the 
doubly integrated effects of periodic accelerations. So 
the dynamical frame of reference may also be defined 
operationally as that frame in which the planets 
exhibit no periodic accelerations not given by the 
equations of motion. 

It may be instructive to inquire how the Newtonian 
frame of reference differs from the frame of general 
relativity, since it is not immediately evident how the 
modification of the M for different planets can be 
distinguished from the modification of the Newtonian 

value of R required by general relativity. The answer is 
‘that different modifications of R are required for the 
different planets, these modifications being given by 
general relativity itself, whereas one and the same 
modification of V is required for all the planets, this 
modification being given by a comparison between 
observation and theory. Thus, if it is attempted to 
establish a dynamical frame of reference using the 
Newtonian equations of motion, it will be found that a 
different frame is required for every planet. 

There is nothing in the operations that obviously 
requires the dynamical frame of general relativity to be 
identical with the kinematical frame discussed earlier. 
It turns out experimentally that if there is any rotation 
of one with respect to the other, the integrated effect 
during a century is less than 0.1 second of arc. The pre- 
cision of observations and the difficulty of the calcula- 
tions do not permit us to say more at present, but it is 
expected within another decade or two to reach another 
decimal of a second. 

Throughout the discussion of the determination of 
ephemeris time I have been careful to avoid any 
mention of measurement of lengths, in order to show 
that it need not be introduced. Indeed it need not. 
Rectangular coordinates are introduced only as a com- 
putational convenience. Ephemeris time could in fact 
be determined by observations of the sun and moon 
alone, completely neglecting the circumstance that they 
aré moving during the interval while light is coming 
to us from them, the effects of the motions being 
absorbed in the constants of integration for the most 
part. Residual errors would appear as periodic dis- 
crepancies between observation, and ‘theory, which 
would be too small to be detected with certainty: For 
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the general correlation of astronomical phenomena it is, 
however, necessary to make allowance for the finite 
velocity of light, and for convenience it is done in all of 
our theory. Since the procedure is not germane to the ` 
determination of time I shall not describe it here. It is 
pertinent to remark only that the distances are not 
measured directly but inferred from the angular 
velocities, that the unit of distance is completely arbi- 
trary, and that the interval of time required for light 
to traverse the unit of distance may be determined with 
sufficient precision (three or four significant figures) 
from observations of the phenomena themselves. 


CLOCKS 


Let us turn our attention to the definition of a clock. 
We leave aside the subject of atomic clocks, which 
although important, is outside the scope of this article, 
and confine attention to astronomical clocks. Evidently 
in common practice a clock is a mechanism for measur- 
ing time that is approximately synchronized With mean 
solar time, that is, with the rotation of the earth. But 
this definition is not suitable for precise applications, 
because as we have seen, the rotation of the earth is. 
subject to unpredictable variations. It seems to me that 
a clock must be defined as a mechanism for measuring 
time that is continually synchronized as nearly as may 
be with ephemeris time. This definition implies an 
observer who initiates the synchronization, and the 
observer must be located on the earth, since ephemeris 
time is defined only for an observer on the earth. We i 
may imagine the clock to be transported anywhere we l 
like, either on or off the earth, but we must always | 
imagine as well that there is an observer who remains 
on the earth and synchronizes the clock with ephemeris 
time, either by means^of light Signals, or in some 
other specified manner. Perhaps it may be possible to 
extend the definition of ephemeris time, so as to render 
it determinable by an observer not on the earth; the 
definition would then lose something of its operational 
quality, because the operations described would not 
be those actually performed, but those that are imagined , 
to be performed, which is not quite the same thing. 


PRECISION OF TIME INTERVALS 


The relative precision with ‘which an interval of 
ephemeris time can be determined depends partly on 
the precision of the man-made clocks that are used to 
interpolate between astronontical observations and to 
smooth out to some extent the accidental errors of the 
observations, partly on the precision of the astronomical 
observations, and partly on the time itself, since themes 
precision of clocks and of observations have bee 
continually increasing for several centuries. Also it 
necessary to distingyish between the precision attaine 
in ordinary practice, and thatsattajned when an ext 
ordinary effort is made. Furthermore, a 


_ past than it can be immediately after the measurement 
— js made, because interpolations of astronomical observa- 
tions are more precise than extrapolalions; for this 
reason the principal time services of the world issue 
bulletins, which are always some weeks or months in 
arrear, giving revised estimates of the times at which 
their radio signals were propagated, and the Bureau 
International de Heure issues, a year or so later, still 


= more accurate estimates. In view of all these considera- 


tions no statement about the precision of time intervals 
can be very simpie and at the same time very meaning- 
ful. It is nevertheless possible to give some understand- 
ing of the subject in a few words. 

Intervals of time varying from very short ones, say 
10-? second, to those of moderate length, say 10$ 
seconds, can be determined with moderate effort to a 
precision of a part in 105; longer intervals, of about 107 
seconds, to a precision of a part in 10*; and still longer 
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ones, of 105 seconds or a little longer, to a precision of a 
part in 10". The longest interval that can be said to 
have been actually measured is the interval from some 
ancient eclipses of the sun to the present time, about 
10" seconds, which is probably known with a precisión 
of a part in 105; the uncertainty is mainly in the inter- 
pretation of the ancient records. 
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The terrestrial variation of the earth’s axis of rotation includes 
two closely related phenomena, the Euler-Chandler nutation and 
the slow wandering of the pole. These are quite separate from the 
27°000-year precession in space due to external torques which are 
here ignored. In Part I an attempt is made to protray in simple 
terms the effect of the elastic deformation which takes place in 
the free nutation and is held responsible for the slowing down of 
the 306-day Euler nutation of a rigid earth to the observed 
Chandler period of about 420 days. A simplification is given of 
the Klein-Sommerfeld derivation of this old result of Hough 
which is based on assuming complete elastic readjustment to the 
instantaneous axis of rotation. For further elucidation a model is 
introduced which treats the axial and the equatorial regions as 
coupled gyroscopes. The model is modified to permit a viscous 
slipping of the elastic coupling, and in terms of this the damping 
of the nutation is discussed. In Part IL this model is further 
modified to facilitate discussion of the mechanism proposed by 
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Gold to explain polar wandering, depending on static asymmetric 
deviations from a perfect figure of the earth, such as excess 
mountains in two opposite octants. On the basis o? the rate of 
viscous readjustment as given by the damping of the nutation, 
it is shown that the possible asymmetries to be expected from the 
existence of continents in isostatic equilibrium are sufficient. to 
give a rate of wandering much more rapid than needed to explain 
the long-term motion of the pole in geologic times, in keeping 
with Gold's suggestion that it may have taken place in a sequence 
of relatively short spurts from one temporarily stable position to 
another. The melting of circumpolar ice provides a feedback 
mechanism to stabilize the present position. Fermi suggested that 
the angular momentum of marine currents might be sufficient to 
explain the slow polar wandering. It is shown that this is indeed 
sufficient but a much less important contribution to the balance 
than the continental asymmetries. 


INTRODUCTION 


OT only does the earth's axis of rotation sweep 

through the heavens in its familiar 27 000-year 
precession arising from the couple applied by the second 
derivative of the inverse-square forces of the sun and 
moon acting on the earth's quadrupole moment, but 
it also varies slowly relative to the earth itself. This 
tersestrial variation of the pole consists of a somewhat 
irregular nutation and a slower wandering that is 
significant in geological times. The nutation has a 
period of a little over a year and very small amplitude, 
remaining within about a second of arc, or a hundred 
meters, of a mean position of the pole. There is pale- 
ontological evidence, such as the distribution of coal 
deposits, to indicate that the pole has wandered through 
large angles in the last 10? years, having once been in 
the vicinity of Hawaii. The recent development of 
paleomagnetism holds promise of giving further detail. 
Doubts of earlier physicists that the pole could wander 
nurtured discussion of such implausibly energetic 
phenomena as distant migration of continents during 
these times, and it is gratifying that recent evidence 
concerning the elasticity and plasticity of the earth 
supports the possibility of à much gentler wandering 
of the pole. The tumultou$ history of the subject 
includes prominently the names Darwin and Kelvin, 
as has been reviewed recently by Munk.? The nutation 
and polar wandering are related by being separate 
mánifestations of the earth as an almost symmetrical 
and aot quite rigid top. The interpretation of the 
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nutation is used to calibrate the plasticity for use in 
understanding the wandering. 


PART I. THE FREE NUTATION OF THE 
ELASTIC EARTH 


THE EQUILIBRIUM-DEFORMATION 
MODEL 


A complete treatment of the motion of nutation cf 
an elastic spheroid in free space would involve con- 
sideration of the gyroscopic effects contributed by the 
detailed displacements of all elements of volume re- 
acting to the varying centrifugal and Coriolis forces. 
Such a treatment would be very formidable and has 
not been carried out. The earth deviates very little 
from spherical shape, its ellipticity (effective ellipticity 
as indicated by the quadrupole moment in the 27 000: 
year precession) being about 1/306, with the result 
that the pole moves around its average oM 
position with a period of several hundred days. The 
small ellipticity and slow nutation conspire to pick out 
certain aspects of the deformation, essentially the 
static-equilibrium aspects, as dominant ‘and relegate 
some of the dynamic details to higher order in the small 
ellipticity. This leads to tlie greatly simplified model in 
terms of which Klein and Sommerfeld? have shown that 
the period of nutation should' be considerably greater 
than the Euler period of 306 days expected for a rigid 
earth, in qualitative agreement with the observed 
Chandler period of about 427 days. ^ T 
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Fic. 1. Angles in the 
Klein-Sommerfeld model. 
The notation follows refer- 
ence 1. R is the axis of 
rotation. F and J are the 
principal axis and angular 
momentum of a body hav- 
ing the shape to which the 
earth would relax elastically 
if it were not rotating. 7" 
and J' refer to the actual 
earth, stretched from that 
shape by centrifugal force. 


Although the derivation given by Klein and Sommer- 
feld is rather lengthy, covering 30 pages of their book 
(pages 598 to 608 and 685 to. 706), the essentials of it 
can be explained rather briefly in a reasonably graphic 
manner. They discuss explicitly a spheroid having a 
small static ellipticity £, to which is added another small 
ellipticity &' arising from the elastic deformation 
resulting from centrifugal force, and they apply this 
only at the end to an earth in which the shape during 
rotation is taken to be the equilibrium shape of no 
internal strain. The distinction is almost trivial, but 
we shall here consider explicitly the latter, more geo- 
_ physical, case. 'The essential assumptions of the model 
= they use are that the additional elastic reaction to 

centrifugal force is an equilibrium deformation, ac- 

complished instantly to fit the axis of rotation, and that 
— the moments of inertia resulting from these superposed 
 ellipticities completely characterize the features of the 
— body which affect the rotation. 
— We first consider the earth rotated with an angular 
. speed ? about an axis F (z axis) for a time long enough 
to establish an equilibrium figure without internal 
Tus througii the mechanism of slow plastic flow, the 
 eisnticity 
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TIENS 
RU. a E= (Rimax—Rmin)/Ro= (I,—12)/ Iz (1) 


being determined by a balance between gravity and 
. agal force, as for a fluid. (Here 7, and 7; are 
al moments of inertia of the spheroid and R is 
ae a function of latitude 0.) At the end of our 
. F will turn cut to be the average position 

figure, to which the slow plastic readjust- 
raly be made. If the rotation were 
too short time for plastic flow, the axis 
uld remain F but the ellipticity would be 


(2) 


ical elastic earth 
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the rotation to a spherical earth and to an elliptical 
earth being of higher order in these small ellipticities. 
If a fictitious rigid earth of this shape (2) were rotated 
with angular velocity Q about an axis R making a small 
angle 6 with F, it would have an angular momentum J 
between R and F, as in Fig. 1, making a much smaller 
angle 8 with R because the moment of inertia C about 
F is only slightly larger than the moment of inertia A 
about an axis normal to F. [In terms of these, 
e=(C—A)/A (see Eq. (3) below). ] The actual elastic 
earth rotated with € about R has a shape which différs 
from this by the added deformation corresponding to 
an ellipticity e’ and an axis of symmetry R. The super- 
position of two spheroidal displacements from spherical 
shape, one of ellipticity € with axis Æ and one of el- 
lipticity e’ with axis R very near F, gives a spheroid of 
ellipticity E— &-4-£', as in (2), because near a principal 
axis the radius of an ellipse as a function of the angle 
has no first-power term in the angle. 7" lies between F 
and R because the figure is a compromise between that 
for a fluid earth, for which F' would be along R, and 
for a rigid earth, for which F’ would be along F. [If 
one cares to be quantitative about this point, the radius 
r(0) can be expressed as a superposition of the effects 
of e and e’ as in Eq. (5) on page 602 of reference 3 and 
the angle 


d= (e'/ (ed- €'))à 


between F’ and F may be obtained from dr/dé=0, 
expanded for small 6. ] 

The angular momentum of the actual earth rotating 
with Q about R is J’. The important point of the whole 
derivation, which may be seen very easily vectorially 
although it is hidden in a string of formulas in reference 
3, is that J’ is very nearly parallel to J, the difference 
in their direction being of higher order in the small 
quantities that any of the other relevant angles. The 
reason for this is that AJ, the difference between J’ 
and J, is the angular momentum contributed by the 
ellipticity e’ arising elastically from the rotation of the 
elastic sphere about R, and is therefore parallel to R, 
which means very nearly parallel to J. Moreover, 
| AJ] is small compared with J because £’ is small. 

Aside from this, all that is needed is the application 
of the ideas that lead to the simple Eulerian nutation 
twice, once to the fictitious rigid earth with ellipticity 
e’ (to which the earth would relax elastically if it 
should stop rotating) and once in a slightly modified 
manner to the actual earth. The angle between J and 
R (see Fig. 2) is obtained as 


Baby 08/0) ETUR (02/0,)(1— A/C) sem 


in the limit for small angles equal to their sin and tan. 
For the usual reasons given in mechanics texts these 
angles are constant, and the motion of the body in space 


* For example,-D. R. Inglis, Dynamic Principles of Mechanics 


eom Blakiston Company, New York, and McGraw-Hill Book 


ompanyeTucu. Nen, York, 1949), pp. 136 ff. 
Es 
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is giveit by the rolling of two cones on one another in 
contact along the instantaneous’ axis of rotation R, a 
fairly narrow body-fixed cone with axis F on a very 
narrow space-fixed cone with axis J. Seen from the earth, 
the space-fixed cone rolls in the larger one, the end of 
the vector J moving at a rate Q8J about a circle which 
it also moves at the rate QnyJ, where Q, is the angular 
speed of the nutation of this fictitious right earth in the 
terrestrial system, 
LU 


3 Qn= (8/y)0— 


the familiar Euler result. 

In the actual earth rotating with the same Q, we have 
a different figure axis F’ making an angle 9 with the 
former F, new angles 6’ and y’ but B’=6’—~’ equal to 
the former 8, because J’ is parallel to J to a sufficient 
approximation, as we have seen. Because the earth is 
an oblate spheroid, J^ remains between R and F’, and 
the next increment of motion is a rolling of a space 
fixed surface on a body-fixed surface, both normal to 
the plane of R and F'. The special assumption of the 
model is that there is no lag in the elastic deformation 
arising from centrifugal force, or that Æ’ remains in the 
plane of R and F. The body-fixed surface is then normal 
to the plane of R and F, and F is fixed in the body, so 
the surface is a (circular) cone with F as its axis, just 
as for the fictitious rigid earth. The space-fixed cone now 
has J’ as its axis, so the nutation is described by the 
rolling of the same two cones on one another as before, 
and the angular velocity of nutation is again Qa, given 
by (4). 

The result, originally due to Houghj?^ is thus that 
the period of nutation is the same as it would be if the 
earth were rigid and had the smaller ellipticity to which 
the actual earth would relax elastically if the rotation 
were stopped. If it were rigid with its actual ellipticity, 
it would have an Euler period of about 306 days. It has 
a period of about 427 days (in a nutation with a varying 
amplitude). It would have a rigid rotation with this 
period of nutation (and constant amplitude) if it should 


(5/7 )eQ= eQ, (4) 


Fic. 2. Rolling-cone con- 
struction for the Eulerian 
nutation. 
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AXTS 11 
relax elastically to an ellipticity 306/427—0.72 as 
great as it has. Klein and: Sommerfeld (page 701) have 
shown that this would require it to be very stiff, with 
a coefficient of rigidity (shear modulus of elasticity) y 


about 24% greater than that of steel (which is 2X10" ` 


dynes/cm?). This estimate is based on the assumption 
of an incompressible homogeneous earth. The fact that 
the earth has a fluid core occupying more than the 
inner half of the radius makes it considerably easier to 
distort than it would be if the core were solid, so suggests 
that the mantle would have tobe much stiffer than 
steel, as in fact it seems to be. Evidence from the 
velocity of shear waves indicates that the rigidity in- 
creases rapidly with pressure, the coefficient of rigidity 
averaging about 2X 10? dynes/cm?, ten times that of 
steel, in the mantle. This doubtless arises from the 
difficulty of sliding layers of atoms in a close-packed 
lattice under high pressure. Takeuchi* has shown that 
this high rigidity of the mantle is compatible with 
observed earth tides, if the core is fluid or indeed has 
any rigidity up to about that of steel. It thus remains 
plausible within the framework of tke equilibrium- 
deformation model that the discrepancy between the 
Chandler period and the Euler period is to be ascribed 
to the elasticity of the earth. 


SUMMARY OF MECHANISM 


Let us recapitulate the mechanism of the equilibrium- 
deformation model in simple terms, and in words rather 
than formulae. When the earth rotates for a long time 
about one axis, this becomes the axis of symmetry and 
there is no internal strain after slow viscous flow. If the 
rotation were stopped for a short time, we would have 
a residual spheroidal distortion with the same axis of 
symmetry (with internal strain after elastic relaxation 
of the shape). The fictitious rigid earth with, thisdis- 
tortion, if rotated about a nearby axis, has a rate of 
nutation determined by its two moments of inertia. 
An elastic earth rotating about the nearby axis differs 
from this by a centrifugal ,deformation which.is sym- 
metrical about that axis, and which alone would cause 
no nutation. Since these small deformations and 
effects may be superposed linearly, the elastic earth is 
left with the nutation of the fictitious rigid earth. The 
smaller the deformation of a rigid top, the slower is its 
nutation. The earth thus has a Slower nutation than it 
would have if it were rigid with its actual larger, 
deformation. 


^ 


VARYING AMPLITUDE OF THE NUTATION 


In view of the complexity and the possible annual 
variations of the earth's aqueous and atmospheric over- 
burden, it is no wonder that so small ân effect as the 


nutation progresses in a highly irregular manner. The — [S a 


5 B, Gutenberg International Constitution of the Earth 
Publications, New York, 1951), p. 369. 4 Porte 


* H. Takeuchi, Trans. "Am. Geophys. Union 31, 651 (1950), — 


main feature of the irregularity appears to be a vari- 
ation of the amplitude of the nutation with a period 
of about nine years. This has been tentatively inter- 
preted as a beat frequency between the Chandler period 
-and the annucl forcing term arising from seasonal 
variations of-the overburden. Without entering here 
into the complicated discussion of these effects, it is 
worth pointing out how the question of the validity of 
the assumptions that the elastic deformation follows 
instantaneously the change of the axis of rotation and 
that there is no plastic flow are relevant to this problem. 
The assumption of instantaneous readjustment of 
y the figure to the axis is justified by the fact that an 
elastic effect should take place in a time determined by 
i the transit of elastic waves across the earth, which is 
leas than an hour, very much less than the 427-day 
period of the nutation. If there were nevertheless a lag 
of this sort it would make F’ lag behind the F-R plane, 
and instead of the circular cross section of the cone 
about F we would have a gradual inward spiral, cor- 
respondirg to a damping of the nutation. An effect 
similar to this vould also result from slight plastic flow 
within the nutation period.’ In this case F, rather than 
being fixed in the body, would be relaxing slowly 
toward R at any instant, again making R move along 
an inward spiral about F in a damped nutation. It 
seems plausible that this damping, which is just one 
of the competing effects, should not be more rapid than 
the change of the varying amplitude, as has been as- 
sumed in getting an indication of the plastic flow 
within the earth.*? The latest determination? suggests 
that the rate of decay of à in the nutation is 3.1 Chandler 
periods or about four years, although values up to ten 
years? are still perhaps not to be excluded because of 
indefiniteness of the mechanism by which the nutation 
is excited—it includ»s a considerable contribution from 
seasonal changes in the products of inertia due to snow 
accumulation on continents, for example, but ap- 
parently some random changes also. 


* 


NEGLIGIRILITY OF DYNAMIC EFFECTS OF 
THE RATE OF DEFORMATION 


To justify the equilibrium-deformation model for 
small ellipticities, it is instructive to estimate the 
transverse angular momentum contributed by the 
— volume flow incidenta! to the variation of orientation 
— of the deformation. The equatorial bulge above the 
surface of a spherical earth has a mass of the order 
1 č, or eM, where M is the mass of the earth. During 
f the nutation period it moves along a meridian 
ance 6Ro, taking a time 1/e®, and thus having a 


recently considered this question as a part 

read dent of the pole's shifting which 

elastic nutation here discussed as a special case. 
Jed. Akad. Wetenshap. B, LVII, 219 (1955). 

z The Earth (Cambridge University Press, New 


example. : 
1A. Young, Monthly Notices Roy. Astron. 
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velocity e6QRo and an angular momentum n the 
equatorial plane about equal to 


EM Ro. (5) 


This is to be compared with the component of angular 
momentum normal to Q contributed by the difference 
(C— A), which is 


J,—8J— QM Re. (6) 


Thus the transverse momentum contributed by the 
distortion kinematics is smaller than that we have 
taken into account by a factor of the order of e, and 
must be considered negligible. 


A DOUBLE-GYROSCOPE MODEL OF THE NUTATION 


For the sake of further understanding of the nutation 
mechanism, it is of some interest to consider an inde- 
pendent treatment by means of another model, in which 
the internal kinematic effects at first appear explicitly 
before they are neglected. This double-gyroscope model 
consists of a rigid central body having as principal axes 
a body-fixed coordinate system xyz with origin at the 
center of mass, and a ring mounted concentrically on 
it by fairly stiff springs so that its equilibrium position 
is in the equatorial vy plane as sketched in Fig. 3. The 
central body has principal moments of inertia Ao, Bo, 
Co, with Ao= Bo, and the ring likewise a, a, c. We con- 
sider the free rotation of this system about axes near 
the z axis. This model has some similarity to the 
problem of the earth's free rotation in space. In the 
limit of very stiff springs, it becomes a rigid symmetrical 
top with its moment of inertia C=Co+c about z 
assumed to be slightly greater than those A about x 
and y. With some elasticity of the springs, the matter 
near the equator, in the ring, is free to shift slightly 
relative to the matter near the poles, as is true also of 
the matter near the equatorial “bulge” that accounts 
for the difference C— A in the actual earth. The actual 
lines of flow are expected to be quite different from this 
simple motion, looping down beneath the surface from 
the plane on the surface where the equatorial bulge is 
disappearing toward the place where it is developing. 
The internal flow is taken into account only approxi- 
mately in this model. 


Z 


Fic. 3. Double- n 
gyroscope model. 
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The angular displacement of the ring relative to the 
sphere, from the equilibrium position, is given by the 
vector a, and we assume that a constraint is provided 
(a key in a meridional slot) so that a,=0. The stiffness 
constant of the angular spring we call K, so the torque 
exerted on the sphere by the collection of springs is Ke. 
The rates of change of the angular momenta L of the 
sphere and I of the ring are then 


dL/dt= — (dl/dt) = Ke+)k. (7) 


Here à represents the unknown torque about the z axis 
exerted by the constraint. If we assume that the com- 
ponents a, and a, remain small compared to unity, the 
nonvanishing moments and products of inertia of the 
ring in the xyz coordinate system may be written 

Izz= I p, =a, I;—c, 
I,,—a;(a— c), (8) 


where we neglect squares and higher powers of the a’s 
in applying the formula, 


I,.—a,(c— a), 


Tav= oa’ (8a dos) Los (iar: io), (9) 
transforming by an angle « from the principal axes of 
the ring, in which Izz’ =Iyy =a, Iz2=c. In the case 


of a thin ring, (8) and some of the following equations 
may be written a little more simply with c— 2a, (c— a) 
— a. If we call the angular velocity of the central body 
in space Q and of the ring o— Q-- (de/di), the angular 
momenta of the central body and of the ring are, 
respectively, 


L= Ao(Q14-0,3)- CoQ.k (10) 
1— 57 ial agog— [acz4- (c— a)a,w, jit [ a, — (c—a)a,w: jj 
+[cw.+ (c— a) (a,02—a,W,) |k. 


By differentiation and use of (7) we obtain the equations 
of motion 


[A 0(dQ,/dt)+ (Co— A 0)9,; ]t 


+ [A o(dQ,/dt)— (Co— A9)9,0,j— Ke--Ak — (11) 
{awr +| (c— a) (yH aR) — ac, | 
HUR (c— a) (o,9,—0,$,) ]i 
+ (ae, — Q;[ (c— a) (&— a) Haw] 
—Q;[cQ:4-(c— a) (e 2,—o:9,)])j-— — Ke—2Ak. (12) 


We have again neglected the-second and higher powers 
of the a’s, and in the vector differentiation we have, of 
course, used di;/dí— Qi, as is familiar in the deri- 
vation of Euler's equations for a rigid rotator, for 
example. The terms ayoz and a.@, which one might 
expect from differentiation of (10) do not appear in 
(12)*because w, is small of order a, as is seen by ex- 
amjnation of the third component of (7), L,— —1,, in 
the light of (10) and with the condition à,— (dQ./dt). 
As a point of departure for an approximation pro- 
cedure, we first consider the limiting case in which the 


^ 
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spring is rigid, K= ©, a=0, w=. Then on eliminating 
Ka from (11) and (12) we have the Euler equations 


A (d2./dt)+ (C— 4)0:0,—0 
A (dQ,/dt) + (A —C)0,9,— 0, 


where A=Ao+a and C= Co--c, the principal moments 
of inertia of the combined central body and ring, and 
Q, is constant. The trial solution, Q,— D cos ft, Q,—.D 
sin ft, leads immediately to the »well-known angular 
frequency of nutation f=2.(C—A);A in the body- 
fixed (earth's) coordinate system. e 
In the case of interest with K large and a small, we 
try a similar solution with a slightly different frequency 


F= f+e: 
€Q,— D cos Ft o,—o sin Ft 
Q,— D sin Ft 


(13) 


&;,—aF cos Ft T 
ay— —a cos Ft a,=aF sin Ft. d) 
Because F= fQ, and because 2, and Q, are much less 
than Q;, the terms œ-9 and a,Q are much larger than 
the other terms in a on the left side of (12). It is the 
smallness of Fa,2, compared to a,Q.*, for example, that 
corresponds to the negligibility of dynamic effects of 
the rate of deformation in our earlier discussion. 
Neglecting those smaller terms, we have as the i 
component of (12), when combined with (11), the 
simpler equation 


AdQ,/dt+ (C—A)2,0.4 (c—a)a.Z2=0. (15) 


From either this or the similar equation for the 7 com- 
ponent, with (14), we have the equation : 


A (f+e)— (C—A)Q,— (c—a)(e/D)07—0. (16) 


Here f is defined to cancel the middle term, that is, by 
the equality when the small terms«vanish, and with 


(@/D)=[(Co— 499,— of VE ^ (0 


from (11), the small terms of (16) give . 


e/ f= ((6—2)/ (C— 4) (s/ D). E(Ci— 49/ (€ 4) 
— 40/AJ92/[K/(c—a)]. 9 


The denominator [K/(c—a)] is the square of a fre- 
quency, wo”, and in the case of a thin ring with c—a=a 
this wo is the (angular) frequency with which the ring 
would vibrate tortionally about’an axis in the xy plane 
if the central body were, held fixed. If, further, the 
central body is a sphere, the term in (Co Ao) vanishes 
and the right side of (12) becomes —Q,?/ (K/uo), where 
uo— Aoa/(Ac4-a), the “reduced moment of inertia” 
for such vibrations with the sphere free to vibrate, 
analogous to the familiar “reduced mass" in the vi- 
bration of a model of a diatomit molecale. 

For the sake of making a numevical estimate of the 
orders of magnitude involved, let us for a moment 
ignore the fluidity of the core of the earth, and consider 
the central body to be a cylinder about the z axis like 
the core of an apple, with a diameter about six tenths 


Fic. 4. Schematic repre- 
sentation of strain in the 
double-gyroscope model. 
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of the earth’s diameter, surrounded by a thick annular 
ring representing the rest of the earth. With this division 
of a homogeneous earth, the outer ring and the cylinder 
each contain half of the earth’s mass. We consider that 
shear takes place in a zone about half an earth radius 
thick, on both sides of the cylindrical surface (Fig. 4). 
The values of the moments of inertia are (a,c,40,Co) 
= (0.218, 0.3115 0.182, 0.090)M Rè, respectively. (Since 
the model is a rough approximation at best, it would 
be sufficiently accurate to avoid the integrations here 
involved and instead take the rough values obtained 
by. treating the central body as a cylinder, using the 
simple formulas Co=3(M/2)(0.6Ro)? and Ap=Co/2 
+ (M/6)Ro’, and subtracting these from the spherical 
value (2/5)M Ry? to get c and a.) From the observed 
gravitational quadrupole moment we take C—A 
= (0.4/306)M R, and further use a density 5.5 g/cm’, 
the observed mean density of the earth, and Ro— 6.3 
10? cm. 

The motion which in Fig. 3 we considered a tipping 
of the ring relative to the central body here involves a 
more complicated shearing strain. If the part of the ring 
on the righ* side of Fig. 4 slides up by an amount dz 
- while the opposite part slides down, we see only a simple 
shearihg strain in the shaded regions in the figure, but 
in the planes above and beneath the figure there are 
twisting strains both in the ring and the intermediate 
"region. As a rough approximation we assume that the 
- shearing strain in the shaded regions, diminished by a 
- factor sin?@ in the other azimuths, contributes the main 
part of the restoring force, as it does with the simpler 
geometry of Fig. 3 when the space between the thin 
ring and central body is filled up with rubber. The 
e js then 


Kdz} (0.6Ro»— (0.6R5) (area) 
(0 X (dz/ (Ro/2)) (sin?) a, (19) 


"tthe shear modulus of elasticity p, with 
( J= (0 6Ro 0.8Ro). 

uadrupole moment leads one 
on, compared. with the ob- 


bL Lo 


«L1. . 
» = 


DAVID R. 


ar cP Mon. Digitized by $3 Erc Si Digtortion of earth with fluid core. 


INGLIS 


These various quantities in Eq. (18), along with 
2,= (0.86 105 sec), give as an estimate of the rigidity 
of the earth necessary to explain the nutation dis- 


crepancy 
(21) 


less than one-tenth of the rigidity calculated by the 
more general Klein-Sommerfeld treatment of a homo- 
geneous earth. By limiting the distortion to shear along 
planes normal to. the undisturbed centrifugal force, we 
have severely reduced the freedom of distortion and 
thus a smaller u is required to permit a given reaction 
to a given tilting of the axis than with more general 
distortions permitted. It is perhaps a little surprising 
that this limitation should have reduced the estimated 
u as much as it appears to have done. 

If, contrary to expectation for the earth, the central 
body were assumed to be a rigid sphere with a narrow 
ring more like that in Fig. 3 only heavy enough to 
account for C— A, the term in 4o/A that is left in 
Eq. (18) is less than a hundredth as large as the other 
term, and a is reduced by more than a factor 100, so 
the estimated yu is of the order of 10-4 smaller than in 
(21), its value depending on the geometry assumed for 
the region of shear. 

The model as sketched in Fig. 4 is, of course, only 
intended to introduce the inertial properties of the 
various parts of the earth, and their elastic interaction, 
in an approximate way to bring out the main features 
of the effect as simply as possible. In the actual earth 
with its fluid core occupying more than the inner half 
of the radius, the actual shear lines will be quite 
different, but the model should still give the right order 
of magnitude. Although the fact that a sphere is a 
nondevelopable surface gives it more strength than is 
apparent in a sectional figure, there takes place against 
this stiffness a displacement by the bending of the 


u= 1.4 10! dynes/cm? 


mantle, as indicated schematically in Fig. 5, in addition © 
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to the simple shear of Fig. 4. The distortion of Fig. 5 
accomplishes the same sort of displacement of the 
‘equator relative to the poles (in first order in the 
bending displacements because of the original curvature 
of the surface) and the bending involves shear over 
surfaces and through depths of the same order of 
magnitude as are involved in Fig. 4, so a somewhat 
similar result would be expected from a proper treat- 
ment of the more complicated actual distortion. It 
seems likely that an equivalent distortion is con- 
siderably easier in Fig. 5 than in Fig. 4, so that greater 
rigidity would be required, which would come closer 
to agreement with the empirical internal rigidity of the 
earth, as noted in the above discussion of the Klein- 
Sommerfeld treatment. 


FURTHER DISCUSSION OF THE COUPLED 
GYROSCOPES 


The problem of the coupled gyroscopes has much in 
common with the problem of a pair of simple coupled 
oscillators. For fairly weakly coupled oscillators, the 
lower of the two normal frequencies is only a little 
lower than the lower of the original frequencies (defined 
for one body by holdIng the other at rest). If the other 
original frequency is considerably higher, the other body 
moves in this normal mode with relatively very small 
amplitude, so that the weak coupling spring by being 
stretched with relatively large amplitude can greatly 
affect its motion. With strong coupling there is a 
similar behavior but the disparity of amplitudes is not 
so great. The solution we have discussed, (14) with 
a f«&D, corresponds to a mode in which the amplitude 
of the elastic yielding in the earth is rather small and 
the speed of nutation not much affected thereby. 

In the solution (14), the angular displacement vector 
a is normal to the normal component of the angular 
velocity Q. The linear displacement caused by e is 
normal te a, so the maximum displacement of the ring 
away from the equatorial plane is in the azimuth of Q,. 
This corresponds to the Klein-Sommerfeld assumption 
that the elastic reaction is in equilibrium with the 
instantaneous position of the rotation axis. 

In seeking a singly-periodic solution (14) with K 
large and a small, we have excluded the other normal 
mode in which « would oscillate with an amplitude 
larger than 6 and with a considerably higher frequency 
dictated more by the vibration than by the rotation. 
Such a vibration would be expected to be highly damped 
and not appear as a component of the earth’s motion. 


SIMPLEST EXPLANATION OF THE 
SLOWED NUTATION 


For the sake of giving a further simplified exposition 
of the slowing-down of the nutation by the elastic 
deformability, let us consider a modification of the 
model in Fig. 3 in which the central body is a sphere, 
as in Fig. 6(a), so that the ring represents the excess 
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(c) 


! (a) 


Fic. 6. A model to illustrate the viscous damping of the earth’s 
nutation in terms of the slipping of an equatorial band in the xy 
plane to which is attached the ring representing the equatorial 
bulge. 


represents the motion of much more matter than that 
in the equatorial bulge, as we have seen, so the ampli- 
tude of a may be unrealistically large, but the model 
nevertheless reproduces the main features of the effect. 
The equatorial plane xy is defined as the plane at which 
the springs are attached to the sphere. The angular 
momentum L of the sphere is along the axis of rotation, 
o. The principal axes x’ and z’ of the ring are inclined 
at an angle a to x and z because of the centrifugal force 
that tends to set the ring in a plane normal to o and 
this stretches the springs. The angular momentum | of 
the thin ring lies halfway between œ and z', since 
Tz2/=?1 2, that is, | makes an angle 4(ô—a) with L, 
where ô is the angle between the axis of rotation c 
and the polar axis z. The vector L is moving out of the 
plane of Fig. 6 at a rate dL/dt— — (dl/di) because of 
the torque applied by the spring, which may be thought 
of also as resulting from the centrifugal force of^the 
matter in the ring which is above the plane normal to 
w (by an amount measured by the angle 6—a) on the 
right side of Fig. 6(a), and below it on the left side. 
The magnitude of this rate of change of angular 
momentum is thus 


| dL/dt| = |dV/dt| = |VX e| =} (6—o)lo. e» 


This is the rate of change of L in the body-fixed co- 
ordinate system as well as in the space-fxed system 
because L is along the instantaneous axis of rotation. 
It is normal to the plane containing z and L, so in the 
body-fixed system L circles around the # axis at this 
rate proportional to (6—a). "Thus the elastic yielding 
which produces the angle « reduces the rate of nutation. 
One may instead think of the torque causing dL/dt 
in terms of the centrifugal force of the parts of the ring 
shown in Fig. 6(a), Which opérates with a smaller 
“lever arm" than if a^ were coincident with x. 4 


^20 


VISCOUS DAMPING OF.THE NUTATION 
o iTi 


Let us now modify the model by assuming that the 


matter in the equatorial bulge. The {notion of the ring. springs are attached not directly to the sphere but to'a 
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Fic. 7. The wandering 
of the pole on a rigid 
earth that is spherical 
except for local moun- 
tains is an example of 
the nutation of a sym- 
metrical top as seen in 
the body-fixed system. 


snug light band around the equator which is lubricated 
by a layer of viscous grease that permits slow slipping. 
This provides a plausible representation of the viscous 
flow in the earth. If the system is rotated for a long 
time about a fixed axis, this axis is gradually approached 
by the axis of symmetry, as is expected also of the 
viscous earth. 

The unit vector k along the z axis is defined as being 
normal to the plane of the slipping equatorial band. 
It is thus not fixed relative to the sphere, but in a body- 
fixed system has a rate of change ôk/ðt proportional to 
the torque transmitted by the viscous connection from 
the sphere to the ring, that is 


$ |3k/ðt| =K | dl/dt| (23) 


0k/dt being in the plane of Fig. 6(a) and dl/dt normal 
to it. The vector ók/0/ represents a motion of the 
symmetry axis toward the axis of rotation, so that 
|3k/ðt|= —ô, and dl/dt is given by (22) with a small 
and proportional to 6. Thus we have 


^ ó — K 10, (24) 


with K;~3Kl. There is then an exponential decay of 
“Hand the instantaneous axis of rotation w follows a 
spiral path on the surface of the sphere as suggested in 
Fig. 6(c). 


PART Il. WANDERING OF THE 
EARTH'S POLAR AXIS 


= The theory of polar wandering advanced by Gold! 
and formulated bx Burgers’ postulates mountain 
ding or other asymmetric contribution to the 
ments and products of inertia of the earth as the 
tive»powér of the wandering. Let us consider the 
and unrealistic case of a rigid spherical earth 
o “mountains” at opposite ends of a diameter 
e 6 from the polar axis, thus keeping the 
ass at the cénter for simplicity, as in Fig. 7. 

be the angular momentum of the 
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mountains, which lies*in that plane and normal to the 
line between the mountains, as in Fig. 7. Its magnitude 
is 


A— m.K*o sin cos6, (25) 


where m is the total masssof the mountains. Fro 
|dL/dt| =|AXe|, as in Eq. (22), we have 

| dL/dt| = mR*o? sinf cos?6, (26) 
the vector being normal to the plane containing w and 
the preferred body-fixed axis, the line between the 
mountains, leading again to the rolling-cone con- 
struction, this time as shown in Fig. 7. Equation (26) 
gives the rate at which the pole wanders about the body- 
fixed cone with half-angle 0 about this axis. The wander- 
ing becomes relatively slow as 0 approaches 90? and 
the path of wandering approaches a great circle. The 
narrow cone in Fig. 7, with axis L+-4, is of course fixed 
in space and the wide cone rolls on it. This is just a case 
of the familiar free nutation of a symmetrical top, but 
is here described in this unconventional way for future 
reference. 


MOUNTAIN BUILDING ON A VISCOUS 
SPHEROIDAL EARTH 


On an earth that is spherical except for some local 
mountain building, the pole may thus wander with 
great ease. The difficulty about finding a satisfactory 
theory of polar wandering lies in the fact that it is 
impeded by the quite appreciably nonspherical figure 
of the earth. The equatorial bulge is so massive (com- 
pared with a mountain range, for example) that it is 
difficult to perturb the motion from the Euler-Chandler 
nutation which leaves the rotation axis near the geo- 
metrical pole, unless the viscosity is so low as to permit 
easy readjustment of the figure. 

Let us consider a model in which the “mountains” 
of Fig. 7 are added to the sphere having the slip-ring 
structure of Fig. 6(a) in place of the equatorial bulge, 
as in Fig. 8(a). It is not essential that we retain the 
elasticity of the spring, which makes only a moderate 
difference in the period of the nutation, as we have 
seen. We may for simplicity consider it rigid. It is 


Fic. 8. Mode’ to illustrate wandering of pole caused by motn, 
tainous or continental asymmetry and opposed by an equator! 
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essential that we permit the equatorial band supporting 
the ring to slip with a viscous drag on the surface of the 
sphere, for it is this viscous readjustment that permits 
polar wandering. 

But first we consider the motion without slipping. 
We then have a slightly asymmetrical top. If the 
mountains were added at the equator, we would have 
a slightly asymmetrical top with the same principal 
axes as before. The nutation would then be almost the 
same as for the symmetrical top, but with slightly 
elliptical rather than exactly circular rolling cones. 
[This may be seen, for example, by noting that when 
the mountains are in the plane of Fig. 6(a), they help 
the ring by centrifugal force to produce dL/dt, whereas 
when they are normal to this position they do not. ] If 
the mountains are added away from the equator or 
poles, they have also the more significant effect of 
altering the principal axes slightly. Let the diameter 
through the mountains be the x’ axis and let the z’ axis 
normal to it make an angle ¢ with the z axis. Then a 
new pair of axes x”, z” rotated in the plane by an angle 
n from x, z has the product of inertia 


Irez = (Izz— if) cosy sing 
+mkR? cos(¢—n) sin((—7)=0 (27) 


which must vanish if these be the new principal axes. 
In the approximation mk?<J,.—I,2z and consequently 
small 3, we have 


n=mR? cost sint/ (1..— I z2). (28) 


Without slipping, the motion of the axis will thus be a 
nearly circular nutation about an axis displaced from 
the geometrical axis z by a small angle 7 given by (28). 
If for example the original rotation were one about the 
z axis, the subsequent motion would be a nutation about 
an approximately circular cone of half-angle 7 passing 
through the z axis at one edge. The displacement 6 of 
the axis of rotation from the z axis may be described 
(approximately) as a constant angular displacement 7 
plus a uniformly rotating angular displacement. 

Now with slow viscous slipping of the equatorial band 
permitted, the rate of change of the z axis may be 
presumed linearly proportional to 6 and the uniformly 
and fairly rapidly rotating component of 6 has no 
cumulative effect. It merely damps the rotating part 
itself. The cumulative rate of wandering of the z axis 
toward the z’ axis (which means away from the moun- 
tains) is thus proportional to 7 âs given by (28), and as 
t varies only slowly so does n. The average axis of 
rotation, or polar axis, z”, thus also wanders slowly 
keeping just ahead of the z axis, as suggested in Fig. 
8(b) "(which is drawn for the case in which the initial 
rotation is about the z axis, though the rotary part may 
instead be initially much larger). Thus the cumulative 
part of the slipping takes place as if the axis of rotation 
were z", in which case the angular momentum of the 


ring, l, makes an angle 27 with z^, giving us |dl/di| 
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= $nol. This is equal to the torque that is causing the 
ring to slip and thus causing the z axis to move toward 
the z’ axis. Thus we have 


£—K |dl/di| - Koln— Km’ (29) 


with the same constant K as appeared similarly in Eq. 
(23), or 


t=—K.f . (30) 


with Ko=43Kol(n/¢). The ratio of angles n/f is given 
by (28) and in it for a thin ring J,.—I,,=c—a=a 
— ig,R? as mentioned in connection with Eq. (8), m, 
being the mass of the ring or equatorial bulge. If we 
put, roughly, cos£ sint/t—$, we have 


Ko—iKolm/m,— (m/m;)K;. (31) 


Here K, gives the rate of decay of the nutation, as in 
(24). Thus the relative decay rate of ¢ is smaller than 
the decay rate of 6 by about the ratio of the mass of 
the “mountains” to the mass of the equatorial bulge of 
the earth. 

Gold? mentions the possibility of continential rising 
by amounts between 30 meters in 10° and 3 meters in 
108 years. The actual rate of rise of continents is proba- 
bly largely due to isosastatic readjustment to the 
removal of overburden by erosion or glacial melting. 
In the case of glacial melting, the material removed is 
distributed over the seas and the main effect is a re- 
placement of the locally removed material by the rising 
crust, leaving only a small differential effect once 
equilibrium is reached. In the case of erosion, the 
removed material is deposited around the edges of the 
continent where it should cause a sinking to compensate 
its arrival, in the same way that the rise within the 
continent compensates the departure of the material, 
again leaving only a small differential effect: (Because 
of this approximate isostatic compensatiori, it does not 
seem plausible to make the assumption of a con- - 
tinuously rising “mountain” such as led Munk® to 
propose an angle of accelerated polar wandering = 
proportional to the square of the time.) 

If we consider the simple primary effect of'a rise of 
an area as our "mountain," it seems safer to assume 
the smaller figure 3 meters rise over a continent of an 
area of say, 2 107 square kilometers, giving m/m,=2 
10-5, but even this is plenty>to produce a fairly rapid 
polar wandering. With (30), it gives K / K» times the 
value 4 years for the decay of 6 mentioned above,’ or 
2 105 years for wandering by the order of t, which may 
be of the order of one radian. This is much shorter than 
the time since the Eocene during which the pole is 
thought to have wandered from the, neighborhood of 
Hawaii to its present position, so a more modest uplift 
than this if sustained?^so long would suffice, or a con- 
siderably slower plastic flow than we have assumed from 
_the apparent damping of the nutation. EE 
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glacial loadings may be a hundred times this great so 
as to require only 2000 years for polar wandering 
through large angles, and such a local loading may 
remain out of isostatic equilibrium for such a period, 
making it possible to accumulate the long-term wander- 
ing as a series of quick steps associated with successive 
glacial ages. 

If we instead assume isostatic equilibrium and treat 
the differential effect, we may, for example, plausibly 
take a continental area to consist of rock 20 km deep 
having a mean density 10% less than that under the 
oceans, so the continent would float about 2 km higher 
than the ocean floor. The center of mass of this rock is 
higher by dR=1 km than would be that of the denser 
rock it has displaced. Its contribution to the quantity 
J'prid(vol) at this angle, which is the significant 
quantity in determining the moments and products of 
inertia, is greater than that of the matter displaced by 
2(mass)RdR which is to be compared with mR? when 
we simply add a mountain of mass m. Thus the dif- 
ferential effect is equivalent to adding a layer of thick- 
ness (20R/ R)20 km=7 meters, about twice as great as 
the “mountain” of continental area just considered. 
We see, then, that polar wandering at something like 
a radian in 105 years is to be expected from the very 
existence of continents, unless the pole has become 
“trapped,” as Gold expresses it, in a position such that 
the various continents or the various inhomogeneities 
of the earth's crust just balance one another and leave 
the principal axis practically coincident with the axis 
of rotation. 

Gold points out that such a “trap” could be stabilized 
by the melting of ice near the poles which is influenced 
by the position of the pole and in turn influences the 
position of the pole through the mechanism here dis- 
cussed. Tbat the sign of the feedback is correct for 
stability is seen from the fact that in Fig. 8 the axis of 

. rotation z” moves away from the mountains, permitting 
— the mountains or other excess mass in one quadrant to 
.. move toward the equator. (Incidentally, this tends to 
— THaximize the moment of inertia 7 about the axis of 
rotation, which makes the kinetic energy J?/2J a 

‘minimum as a result of energy dissipation through 
- viscous flow.) As the pole drifts away from the quadrant 
-in which there is excess mass, the part of that quadrant 

e pole becomes warmer and ice melts there, 
ng the excess mass, while freezing and ice ac- 
ation takes place‘on the opposite side of the pole 
here was a deficit of mass. This self-correcting 
erative either in a region like the Arctic 
near the middle of a sea surrounded 
s on which ice may accumulate, or 
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MARINE-CURRENT THEORY OF POLAR WANDERING 


Before Gold's paper had suggested the mechanism 
discussed above, there seemed to be another possible 
explanation of the earth's polar wandering that grew 
out of some remarks of Enrico Fermi. During the 
autumn of 1953, at the informal and far-ranging 
seminar in the Institute for Nuclear Studies that now 
bears his name, he gave an estimate to show that the 
angular momentum of a large marine current suchas 
the Gulf Stream is sufficient to influence the rotation 
of a spherical earth and cause appreciable polar wander- 
ing. He later became aware of the essential difficulty 
presented by the very considerable ellipticity of the 
earth and at the time of our last discussion some 
months later he seriously doubted that the viscous 
flow could be fast enough to permit wandering through 
a large angle in geologic times. If we accept the viscous 
flow suggested by the damping of the nutation (or even 
ten times less) it turns out, as we shall see, that the 
marine currents do provide an ample source of the slow 
polar wandering but are much less important than the 
asymmetry mechanism of Gold. 

As figures to give the order of magnitude of such a ' 
marine-current angular momentum we may take a 
flow of 100 cubic miles per hour, or 108 meters?/sec, of 
water around a path of mean radius 2000 km, giving 
an angular momentum 3X10% kg meters?/sec. This is 
the angular momentum of a rather large mass of water, 
say 400 miles wide and ł mile deep, traveling at the 
rather slow speed of 1 mile per hour around a radius 
about a third of the earth's radius.!? 3 

Now let us go back to Fig. 7. There we had an angular 
momentum 2, due to the mountains moving with the 
earth's rotation, which reacted on the spherical earth 
to cause polar wandering. With a marine current 
instead of mountains to perturb the symmetric top, 
the vector % in that diagram may now be taken to 
represent the angular momentum of the marine current 
which has the same immediate effect, and the axis of 
rotation again starts to move on a path normal to the 
plane of 4 and o. The difference is that the preferred 
body-fixed axis is now the direction of 2, since the 
marine current is constrained to move about the same 
body-fixed path, and the path of w is a large body-fixed 
cone now having as its axis the direction of the angular 
momentum 2, rather than the line between the moun- 
tains. 

A "mountain" consisting of a layer of rock of specific 
gravity 4 covering a continent to a thickness of three 
meters, as we have assumed above, has a mass 


10 Large air currents have angular momenta of this same order 
of magnitude, since they have masses about 10? smaller (densities 
about 10? smaller but larger volume) and velocities 10? larger. 
While affected by continental masses. they are not tonfined 
thereby as marine currents are, and it seems likely that the much 
more rapid and unconfined shifting of air currents leads to a 
cancellation that makes them relatively ineffective in shifting - 


the earth’s axis. In any case, we may estimate the combined 


effect in terms of tks marine currents alone. di 
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m= 2X 10" kg which in Eq. (25) with sin@ cos6— 1 gives 
an angular momentum à —4X 10?* kg meters?/sec. We 
have seen the differential effect of a floating continent 
in isostatic equilibrium is about this great (our estimate 
was twice this) whereas the effect of a marine current 
is only about a hundredth of this. In this comparison, 
the marine current has a mass 3X 10!5 kg, more than 
ten times that of the continental “mountain” which, 
"however, moves with the earth's rotation a thousand 
times as fast as the marine current flows relative to 
thé earth (it being, of course, only its additional angular 
momentum due to its flow that contributes because the 
water involved is otherwise just part of the symmetrical 
earth). 

If we are simply looking for a mechanism capable of 
causing polar wandering through a large angle in about 
108 years, as seems to be required by geological evidence, 
we have found the asymmetry mechanism to be more 
than adequate with about a factor 10* to spare, so the 
marine-current mechanism alone, although a hundred 
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times weaker, is still ample. It is, however, overwhelmed 
by the effect of possible asymmetries in the crust and 
expected to play only a relatively small role in deter- 
mining the final balance. There are, of course, several 
marine currents (just as there are several, continents) 
and the vector sum of their angular momenta, which is 
what matters, is probably not much greater than that 
of one marine current. The circulation of the atmos- 
phere, which is less massive but more rapid, has a 
comparable small effect.! 

Presentation of the nutation and wandering has net 
here been complicated by inclusion of the effects of the 
fluid core. Treating it as a further gyroscope coupled 
viscously to the mantle in such a way as to follow in the 
nutation rather than drive it, Bondi and Gold" have 
shown that its moment of inertia is not great enough 
for it to be responsible for the damping. 


1 H. Bondi and T. Gold, Monthly Notices Roy. Astron. pen 
115, 41 (1955). 
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I. INTRODUCTION 


HE modification of the spectral lines of an emitting 
or absorbing particle due to collisions with other 
particles as exhibited by broadening, shift, asymmetry, 
and the occasional appearance of certain diffuse bands, 
has opened up a new way to study the perturbations of 
energy levels. The variation of interatomic and inter- 
molecular forces as a function of interatomic distance 
as determined from these effects has been irfcreasingly 
attracting the attention not only of theoretical and 
experimental physicists but also of those who are work- 
ing on certain basic problems of Geil genetics and 
astrophysics. 

'The first review article on the causes of broadening 
of spectral lines was written by Weisskopf! in 1933. 
Margenau and Watson? made an extensive review of the 
theories and experimental observations on the pressure 
effects on spectral lines developed up to 1936. Schulz,’ 
Budini,* and Unsóld5 wrote corresponding reviews in 
later years. There has been a very considerable amount 
of work done within the past thirteen years, both 
theoretical and experimental, and, the need of another 
review is quite obvious. e 


1 V. Weisskopf, Physik. Z. 34, 1 (1933). 
aan Margenau and W. W. Watson, Revs. Modern Phys 8,22 
1936 
Ol, Schulz, Physik. Z. 39, 412 (1938). 
Mp: Budini, Nuovo cimento 16, 86 (1939). 
5 A. Unsóld, Vjsc*r. Astron. Ges. 78, 213 (1943). 
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higgreview article is intended*to gbnstitute a sequel 
to I argepau and Watson’s article? to bring it up to 
1956. Ro restrigt the-Jergth of this paper, only pressure 
effects duéto neutral particles are discussed. The effects 
of electron and ion collisions, high-temperature broad- 
ening, and, consequently, observations with shock 
waves are postponed for consideration in a separate 
review. The modification of both atomic and molecular 
spectral lines in the visible, ultraviolet, infrared, and 
microwave regions is discussed. In Chapter III, the 
materials of Secs. B and C are purposely given sepa- 
rately from Sec. A for emphasis. During the course of 
the preparation of this article, Sobel’man and Robin 
and Robin® gave a review of the theories and a bib- 
liography of the pressure broadening of atomic lines 
respectively. The present article is an entirely inde- 
pendent review covering also molecular lines and 
includes a review of experimental observations. 


II. THEORY 


Since Lorentz presented his theoretical treatment’ of 
the problem of the broadening of spectral lines in 1906, 
a number of different approaches have appeared. The 
relations between them are sometimes difficult to see 
and it is not always clear whether they describe the 
same effect. It may be, therefore, of interest to review 
these treatments. However, those appearing in the 
review article published by Margenau and Watson? 
are mainly excluded. 


"^. CAUSES PRODUCING BROADENING AND 
SHIFT OF SPECTRAL LINES 


Every influence on a radiating or absorbing atom (or 
molecule) affects its spectral lines in one way or another. 
The effect of its own thermal motion, which broadens 
the lines statistically, is known as the Doppler effect.5:? 
In the case of emission or resonance absorption the 
process of radiation damping,’ or a finite width of each 
of the two energy levels associated with spectral lines, 
is responsible for the natural width.!° If the atom (or 
molecule) is in a gas of the same or of different kind, the 
spectral lines are broadened and sometimes are shifted 
with asymmetry of the line shape. The line broadening 
due to the first two effects is independent of pressure, 
while that due to the last effect (pressure effect) de- 
pends on the density of the gas and is, under ordinary 
experimental conditions where the pressure is more than 
a few cm of Hg, much larger than the first two effects 
in the visible down to the microwave region. Therefore, 
the Doppler and radiation damping effects on line 


6% I. Sobel'man, Uspekhi Fiz. Nauk 54, 551 (1954); S. Robin 
and J. Robin, J. phys. radium 17, 143 (1956). 

1 H.,A. Lorentz, Proc. Acad. Sci. Amsterdam 8, 591 (1906). 

8 L. G. Henyey, Proc. Natl. Acad. Sci. 26, 50 (1940). 

? D, G. Kendall, Z. Astrophys. 16, 308 (1938). 

1 V. Weisskopf and E. W. Wigner, Z. Physik 63, 54 (1930); 
65, 18 (1931); F. Hoyt, Phys. Rev. 36, 860 (19315; L. Spitzer, Jr., 
Phys. Rev. 55, 36t- (1939) ; Physica 7, 133 (1940); E. Arnous and 
W. Heitler, Proc. Roy. Soc. (London) 42207290 (1953). 
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shapes will be entirely neglected in this discussion," 
although for emission spectra in flames the Doppler 
effect should be added.” 

The radiating or absorbing atom (or molecule) in a 
gas is exposed to the interaction with surrounding atoms 
(or molecules) which are moving under thermal motion. 
The essential cause of line broadening lies in the finite 
difference of interaction energies of the radiating atom 
(or molecule), in the initial and final states involved in 
the radiation process, with a colliding atom (or mole- 
cule). It is usually not easy to find the interaction 
energy over the whole range of the distance, including 
excited states. Thus, it is sometimes necessary to use 
the approximate Lennard-Jones potential energy, 


V— —aR-*-- BR», 


which has been found to be useful in the kinetic theory 
of gases. When a more detailed discussion is required, 
the potential energy of the classical electrostatic inter- 
action between atoms or molecules is expanded in a 
series in R~. This is equivalent to the procedure of 
expanding the two charge distributions in terms of the 
electric multipole moments in the expression of the 
electrostatic interaction. However, in this expansion 
care must be taken to determine whether or not the 
two charges overlap. Otherwise, the resulting expansion 
in series may diverge for all R.! 

Referring to the coordinate systems, vi, Yi z; and 
Xj, yj, 2; parallel to each other with z; and z; in the 


direction of R and with the origin at the Wy o 


charge distribution 7 or 7, V(R) is given by 


1 
b 2 eiel 22:25— xx5— yy] 
ij $ E M 
3 f V. 
+-—> eve; r22;— 2i. 


2R* ij S064 


+ (205+ 2yy3— 32325) (2)— 2) ] x 


g 
bEah 


kelt 


212442 
Rbjethy ally 


3 

-— > evejlr?r7?—S22r7—Sr?27 

4 5 J J J J 
ij 


A 
n 
( 


— 15z 22-2 (42:25- :5- yy] 


for electrically neutral and tightly bound charge dis- 
tributions at a large distance R(R— r;--r;). If the two 
charges overlap, the integral over the charge distribu- 
tion should be cut off at the distance where the two 
charges start to overlap, in order to obtain a convergent 
potential for all R. 


m 
~~ 


© 
u However, in the microwave región at a low pressure the 
Doppler effect will bother. Reduction of this effect in observations 
has been studied by M. W. P. Strandberg and H. Dreicer, 
Phys. Rev. 94, 1393 (1954). 
2S. S. Penner and R. W. Kavanagh, J. Opt. Soc. Am. 43, 385 
(1953) ; L. Huldt and E. Knall, Z. Naturforsch. 9a, 663 (1954). 
13 F, C. Brooks, Phys. Rev. 86, 92 (1952). 
4 H. Margenau, Phys. Rev. 38, 747 (1931). 
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The recently developed.expansion of V(R) has 
made it possible to systematize and simplify the study 
of the interaction of complex charge distributions even 
when they overlap. The expansion of V(R) is in terms 
of spherical harmonics Y3^(0,$) corresponding to multi- 
pole moments of the charge distributions. If one refers 
to a spherical coordinate system with origin at the 
center of mass and the polar coordinate in the direction 
of R, the coordinates of charges e: belonging to one 
atom or molecule, are (7;,0;,¢;) and those of charges e;, 
belonging to thé other, are (rj,05,0;). For no overlapping 
of charge distributions, i.e., R>r:t+7;, Carlson and 
Rushbrooke gave the following expansion: 


V(R)=> ei; OY (—1) 94m (A+A) ! 
( J= m €i€j RE pee [(244-1) (24/2-1)]! 


u=+d7, 


Vn" (85,0:))»/ 7 (85,5) 
x > -— Oo __ J. 
er [Aa 1 — a) 10-9) 107— a) Y! 


(1^) 


Here A; is the lesser of A and A’. Buehler and Hirsch- 
felder!* have obtained the rather complicated expres- 
sion for the case when the two charges overlap each 
other. Since this type of mathematical approach in- 
cludes every case of charge distributions in a convergent 
form, it is of great value in the evaluation of Coulombic 
integrals in the quantum-mechanical treatment of 
short-range intermolecular forces. 

The potential (1) or (1^) is considered as a perturba- 
tion upon the system and perturbation theory or the 
variational method may be employed to evaluate the 
resultant shift in energy levels, which is identified with 
the potential énergy of the intermolecular force. If 
ions are not considered, V starts with 1/R? as in 
Eq. (1) in the approximation!” of separate electronic, 
nuclear, 4nd molecular motions. At low pressures 
(average R large), the predominant part of the inter- 
action arises from the term of lowest power, and other 
higher terms may be neglected. On the other hand, at 
«a close distances interaction energies are quite compli- 
- mist and will not be discussed here, although they ar 
. quite important. . 
— Jn the discussion of long-range van der Waals’ forces 

it is customary to consider four types of forces: (i) 
- electrostatic forces such as those between electric di- 
E: . 
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"Carlson and G. S. Rushbrooke, Proc. Cambridge Phil. Soc. 
(1950); R. J. Buebler and J. O. Hirschfelder, Phys. Rev. 
1951); 85, 149r (1952). ‘ É 
- effect broadening of spectral lines due to ions, and di- 
quadrupole gases are considered by H. Holtsmark, 
69: M. Born, Optik (Verlag Julius Springer, Berlin, 
». 444° R. Rompe and P. Schultz, Z. Physik 119, 269 
G L. Mandelshtam and N. N. Sololev, J. Exptl. Theoret. 

3: I. I. Sobel’man and L. A. Vainshtein, 
S.S.S.R. 90, No. 5, 757 (1953); and by E. 
ysik 70, 508 (1931). Also see, for instance, 
ene, Jr., Revs. Modern Phys. 29, 96 


CH'EN AND M. 


TAKEO 


poles, (ii) inductio forces such as those between a 
polarizable nonpolar molecule, and an electric dipole, 
(iii) dispersion forces such as those between nonpolar 
molecules, and (iv) resonance forces realized by ex- 
changes of excitation energy between molecules of the 
same kind. In the following paragraphs, however, the 
types of forces discussed in the several cases are only 
the more important ones. 


1. Interaction between Atoms 
a. Resonance Interaction between Identical Aloms 


This is characteristic of the case when the interacting 
atoms, one of which is excited, are identical. Since they 
are identical, they can exchange the excitation energy 
(light quantum) with one another.?!8 This resonance 
introduces twofold degeneracy (symmetric§ and anti- 
symmetric) and a term, 


(2) 


1 
Vives = y leh fo, / 4mm oo)—, 
R3 


in the interaction energy. The numerical factor y takes 
the value —2 if the magnetic quantum number m of 
the excited atom is 0, 1 if »i— 2-1. fo, is the oscillator 
strength corresponding to the transition from the 
normal to the excited state 7, wo the angular frequency 
of the spectra line concerned, and me the electronic 
mass. This term is not additive,???? which makes it 
difficult to calculate in the case of high pressure where 
multiple interactions are involved, and has not been 
treated rigorously, although various? attempts have 
been made. However, according to the sum rule, the 
average of the interaction energy over all states of 
different m’s is zero. The root mean square value over 
magnetic quantum numbers m in the J representation 
for a binary case was given by Foley? to show its 
J dependence, but Eq. (2) will be in error for the case 
when multiplet separation is comparable or less than 
the perturbation energy. 

It is easy to see how the resonance effect affects the 
radiation process?? When an excited atom passes by 
an unexcited atom of the same kind, there must be a 
finite probability that the energy of excitation will be 
transferred from the first to the second atom, without 
the intervention of radiation. This results in a reduction 


18 G. W. King and J. H. Van Vleck, Phys. Rev. 55, 1165 (1939). 

§ Only the symmetric states with respect to the exchange of the 
atoms can combine optically with ground states. j 

? For information on the nonadditivity in first-order inter- 
actions for three helium atoms, see P. Rosen, J. Chem. Phys. 21, 
1007 (1953). c 

2 H. Margenau, Revs. Modern Phys. 11, 1 (1939). y 

2 J. Holtsmark, Z. Physik 34, 722 (1925); J. Frenkel, Z. Physik 
59, 198 (1930); L. Mensing, Z. Physik 61, 655 (1930). 

22 H, M. Foley and D. M. Dennison, Phys. Rev. fl, 386 
(1942) ; H. M. Foley, Phys. Rev. 69, 616' (1946). i 

23 W. Furssov; and A. Wlassow, Physik. Z. Sowjetunion 10, 379 
(1936); W. V. Houston, Phys. Rev. 54, 884 (1938). Also see R. G. 
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of the lifetime of the excited atom.and a corresponding 
broadening of the line emitted. 


b. Dispersion Interaction 


The charge distribution of atoms in the ground states 
is usually nondegenerate with respect to parity, without 
electric dipole moments.?! Thus, the first-order dipole- 
dipole interaction vanishes as does the term 1/R? in 
Eq. (1). This is true in the system of identical atoms 
in the ground states or of atoms of different kind. The 
second order perturbation theory gives the asymptotic 
potential energy?" between ‘two atoms in the states 
k and las, 


23, 


UL 


(kk LV) 


frw fw 
X z z ; 
(Er — Ex) Fr — F)) (Er Fr — Ex.— Ei) 


e(t). © 


where fj; is the oscillator strength corresponding to 
the transition kk’ for the first atom, fir for the second. 
The E's and F's are the energies of the various states 
for the two atoms, respectively. It must be noted that 
the calculation was done by neglecting the electron- 
exchange effect, by assuming that atoms are non- 
degenerate, that they are quite far away from one 
another, and that their wave functions do not overlap. 
This last assumption clearly allows the additiveness?* 
of the force. As will be seen easily, the value of Eq. (3) 
is usually negative, and numerically much larger 
for the excited state than for the ground state, except 
for the highly excited states. The defect of Eq. (3) is, 
however, that it requires a knowledge of every energy 
level of the atoms concerned, which is hard to obtain. 
'The previous calculations were improved by Bucking- 
ham,??6 who applied the variational method to the 
ground states, made use of wave functions obtained by 
the method of self-consistent fields, and included the 
effect of electron exchange. This result provides a 
method for obtaining the dispersion energy from the 
observed polarizabilities «; and a» of the two atoms 
with JV; and JV» electrons, respectively : 


3 ale 
2 R5 (m/N3)H2- (os/N3)V 


e 

4 L. T, Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 158. 

2° Even though the wave functions do not overlap, the third- 
order energy is not additive. See B. M. Axilrod and E. Teller, 
J. Chem. Phys. 11, 299 (1943); B. M. Axilrod, J. Chem. Phys. 17, 
1349 (1949); 19, 719 (1951); 19, 724 (1951). ^ 

2 R. A. Buckingham, Proc. Roy. Soc: (London) A160, 113 
(1937); Proc. Roy. Irish Acad. 45, 31 (1938) # 


Qao» 


(4) 


Vais = 


- CG-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


^ 


23 


a is the radius of the first Bohr orbit. Massey and 
Burshop calculated the van der Waals constants for 
alkali metal-raré gas atom impact by this method and 
found reasonable agreement with those,obtained by  - 
the molecular ray technique.” Y 

The above formulas are not valid for degenerate 
states, which are always involved in the optical transi- 
tion, although Eq. (3) may be thought of as an average 
over the degeneracy for such levels. Really, it is not 
easy to obtain the van der Waals constant for excited 
states and to compare the line broadening theory with 
observations. Recently, the authors? have calculated 
the van der Waals energy for the doublet P state and 
found that ?P; levels split according to the magnetic 
quantum number due to the electric quadrupole mo- 
ment of the atom in the level. The ratio of magnitudes 
of van der Waals energies for ?Pj!"l-7, ?Pjlnl-i, and 
? P1771 interacting with a spherically symmetric atom 
in the ground state, is 4:5:6. They claim that this 
split of the ?P; level is responsible for one aspect of | 
fine structure pressure broadening. - | 

Under ordinary experimental conditions, the reso- 
nance interaction can be neglected in the line broaden- 
ing due to foreign gases, because the number of foreign 
atoms or molecules surrounding the optically active 
atom is far greater than the number of neighbors of its 
own kind. 


c. Energy State of Atoms at High Pressure 


There have been some calculations on the ground 
state of atoms under high pressure using as a model an 
atom enclosed in a box of a certain size which corre- 
sponds uniquely to the pressure.?? 

The present authors?? applied perturbation theory 
to this model for the case of an alkalr atom compressed 
by rare gas atoms and obtained the energy corréspond- 
ing to the isolated nth state. 


E-—W,4-(n|V |n) : 
HE al VIDOVA WW), (S) 
i w 


where W, is the eigenvalue of the unperturbed nth 
state. >>,’ implies the exclusion of the term j=» from 
the summation. The matrix element is 


^ 


= ee eee NC Moo KE eee ae 


(n,Lm,s| V | n, m',s") 


a f Ra (r) Rui(r)rdr, if l=, m=m', s=s', 


0, 


——— 2 ^ A 

21 N. S. W. Massey and R. H. S. Bursiop, Elecronic and Ion 
Impact Phenomena (Clarendon Press, Oxford, 1952), p. 375. 

28 M. Takeo and S. Y. Ch'en, Phys. Rev. 93, 420 si È 

» Michels, deBoer, and Bijl, Physica 4, 981 (1937); 
merfeld and H. Welker, Ann. Physil (5) 32, 56 (1938); 
deGroot and G. A. tenSeldam, Physica 12,°669 (1946). 
ace ne 909 (1952); T. L. Cottrell, Trans. Faradary Soc 
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otherwise, 


1 = 


24 : S. 


where o stands for the dimension: a— 1 in atomic units 
of energy, decided upon by a comparison of the above 
calculation with the exact calculated value?? for hydro- 
gen. R,i(r) is the radial part of the wave function. ro 
is the radius of the sphere. The energy increases with 
decreasing ro. The energy change is greater for the 
excited state than for the ground state at the same ro. 
Since the pressure is given by p= —dE/(4«rydr), the 

4 corresponding hydrostatic pressure on the atom is 
easily calculated. ` 


2. Interaction between Molecules 


In order for an interaction to be effective for line 
broadening, the perturbation must be different for two 
levels in radiative transition. Any vibrational or rota- 
tional levels belonging to a specified electronic level 
have nearly the same second-order dispersion forces. 
Thus, in molecular spectra, the effect of dispersion 
forces"can be neglected in many cases. Furthermore, it 
often happens that the separation of successive rota- 
tional levels is smaller than the thermal energy. For 
this reason, it must be noted that the ordinary second- 
order perturbation theory cannot be used in some cases. 

Since molecules have more internal degrees of free- 
dom than atoms, the calculation of multiple interactions 
is quite difficult. The following discussion is restricted 
to the binary interaction. Recently, however, Matossi?? 
calculated the multiple interaction of identical polar 
molecules by considering the problem as the coupling 

- of oscillators with essentially the same eigenfrequency 
wo after the method of Holtsmark?! for the atomic case. 
He showed that the multiple interaction gives rise to a 
splitting of the frequencies by an amount which de- 
pends on the distance and the orientation of the 
oscillating dipoles, thus resulting in distributed fre- 
quencies which can be considered as equivalent to line 
broadening. With a doubtful assumption that the fre- 
quericies are distributed according to the Gaussian 
error curve, he obtained a result that the half-width 
at half-intensity of the distributed frequencies is 


given by 
1.18 
24ric? 


cee NÀ 


8) 


emm 
qr olo 


— where ro is the molecular diameter, c the velocity of 
Be, light, m the reduced mass of the molecules, e, the effec- 
tive charge defined,as' the ratio of dipole moment to 
nic distance, and WV the number density of the 
ules. This 4//V dependence of half-width was 
d | to explain see eae Dal MAD. especially 
she ed absorption of water. 
e for the infrar Ip 
Matossi Phys. Rev. 76, 1845 (1948). 
pec, Pe ysik 34, 715 (1925) ; 40, 594 (1927) ; Hosche, 
B Z. Physik 41, 587 (1927). 
Harvard Meteorol. Stud. No. 6 (1942), p. 46; 


scher, Z, Physik 128, 4 
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a. Interaction between Symmetric Top Molecules (VA, 
PH, CH;Cl, CHF, CH;F, PF, CF;Cl, CH Br; elc.) 


The intermolecular forces (electrostatic) between 
symmetric top molecules carrying a permanent electric 
dipole » along their figure axis can be easily obtained 
by using the expansion (1). Assuming the two molecules 
in the rotational states J (total angular momentum), 
M (equatorial), K (symmetric top molecule quanfum 


number), and J’, M’, K', respectively, we find the 

required matrix elements? are G 

(J, K, M|cosé|J, K, M)- KM/CJ (J4-1)], 

(J, K, M |sinéet?| J, K, M1) 
—EK/[JU--1)]-LU2 M4-1) U--M)]. (6) 


Then, the formula (1) leads, in its asymptotic form? to 
(,K,MJ',K'Mj |Va|J,K,MJ',K',M /) 

uu! KK' 

R? J(J--1)J' (J^ 4-1) 


X[—2M.M /5(M 5M )8(M J,M /) 

(U-— MGd-)U-MQU'-M) 

X U-M/3-3))8(45, M;— 1) (M /, M/-+1) 
TCO7T -M F1) UM QU" +M) E 

X U'— M71); M:+1)8(M;', M /—1)]. (7) 


Again, the sum rule shows that the average value over 
i and 7 vanishes. The mean absolute value may be 
approximated by its root-mean-square value, 


(OP Q,K ; J’,K’) 


2X1 KK' m" (8) 

(;) [J(J+1)J'(J’+1) }? R? 

This can be used for two molecules of the same or 
different kind. - 

Since the selection rule for optical transition is 
AJ —-E1, a molecule in the rotational state J shows, 
in addition to the above, a resonance interaction with 
another identical molecule with Ji— J2E1, in whatever 
vibrational states they may be. It must be noted that 
both the initial and final levels of an optical transition 
undergoes resonance if the above condition is satisfied. _ 
'The calculation of this interaction requires the matrix 
elements, o 


A : 
33 R. De L. Kronig and I. Rabi, Phys. Rev-29, 262 (1927). 


Margenau £nd D. J. Warren, Phys. Rev. 51, 748 (1937). 
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(J, K, M|cosé|J+1, K, M) ` 
AUTE SAREE 
{(J+1)[(2J+1) (2+3)}}}, 
(J; K, M |cos0|J —1, K, M) 
=—[(?—K*)(?—M?) ]!/ 
(JE27—1) QJ4-039), 
(J, K, M |sin6eie| 3-1, K, M+1) (9) 
= (LU 4-1?— K2](J4M+1)(JEM+2)}3/ 
: {(J+1)C(2I+1) Q74-3)]9, 
(J, K, M|sin6et**| / —1, K, M1) 
= ((2— K2) JE M 4-1) JF M))/ 
ULQJ—1) QJ4-1)9. 
From Eq. (1) the resonance energy between the mole- 
cule with J and J— 1, respectively, is then given by 


Vis (JJ —1) 
(0 —R»5^-—E9y 
J*(2J — 1) (2J 4-1) 
x (J—M")(H-1— M^?)8(M, M+1) 
X5(M’, M’—1)+{(J+M+1)J+M) 
x (J+M’)(J+1+M’)}35(M, M —1) 
Xà(M*, M'4-1) 2L U*— M?) J?- M^)! 
. X5(M,M)NM',M")]. (10) 


LC — M--1)(J— M) 


The average value vanishes. Its root-mean-square 
value, 


(Vros")*(J, 13 Ne K’) 


=) C OE 


s (il 
J(2J—1)(274-1))5 R 
may be used as the average value. 'The resonance inter- 
action energy between the two molecules with J and 
J-F1 is obtained by replacing J by J+1 in these ex- 
pressions. 

Vibrational resonances may be neglected in micro- 
wave spectra because few vibrationally excited mole- 
cules are present. If second-order effects are negligible, 
the interaction energy between symmetric tops may be 
given, then, by the sum of the above three equations. 
However, the distribution of the value of J depends on 
the statistical energy distribution, approximately Max- 
well-Boltzmann's, and molecules with J value of 
maximum population will encounter most frequently 
molecules of J+:1. In some molecular lines specified 
by J 6f small population, the resonance is less effective 
than £he nonresonance, Eq. (7). This is usually realized 
in the infrared line broadening such as that of HCN. 

In line broadening, only interactions relating to the 


states which can optically combine with one another are ^ 
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influential. Thus, in the inversion spectrum of ammonia, 
which is emitted by the transition between the states 
+ and — , denoting the symmetry of the wave function 
with respect to inversion, the antisymmetrical inter- 
action energy is most effective. Jo 


b. Interaction between Linear Molecules 


(i) Linear Molecules with Dipole Moment u. (N30, 
HCN, ICI, CICN, BrCN, ICN, OCS, etc.).—The di- 
agonal elements of the dipole interaction vanish because 
the dipole is pictured as rotating about an axis perpen- 
dicular to its electric moment. Other elements are 


(JMJ'M'|V | jmj'm/) 
= (up! /2R°) {A (—M)A (M"^) (m, M —1) 
6(m', M'4-1)--A (M)A (— M^)&(m, M+1) 
x5(m', M'—1)—2B(M)B(M) 


xó(m, M)6(m', M^), (12) 
where - 


(72: M--2) (J+M --1) 
(2J4-3) QJ 4-1) 
(CE M--1) 07 M)33 
-|——— 5(j, J —1), 
(27-1) 27 —1) 
U--M-H)U-M-2)y 
soo- oreste RN 
U--M)U—M)y .. 
foem SGre 
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'These are easily obtained from. Eas. (1) ami (9) by 
putting K —0. 

Clearly, if the two molecules are of the same kind, 
the interaction becomes first order or second order 
according to whether there is rotational resonance or. 
not. When a linear molecule with value J encounters 
another with J+1, the root-mean-square direction- 
averaged energy is? E 


23 Jf Ia 
Wires »a-1-9-() (QJ-0QIEDH R (13) 


For the case (JJ 4-1), J is replaced by J-++1 in this 
expression. For nonresonating collision, London cal- 
culated the second-order perturbation energy. Denoting 
by J the moment of inertia of the molecule concerned, 
one finds 


a a JU-1)4- Q1) 
3HRS (JINI HI +2) 0 — 7 —3) 0 — J2-1) 


Vais, v= 


Ll A 3 (1 E) . 


35 H. Margenau, Phys. Rev. 76, 1423 (1949). , 
36 F. London, Z. Physik 63, 245 (1930). T0 
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The value of this energy is positive (repulsive) or nega- 
tive (attractive) according to the J’ of the colliding 
molecule. Clearly, for /—J’=-1 (resonance), Eq. (14) 
has no meaning. 

The ordirary linear molecule has a moment of in- 
ertia, J, around 10-*° g cm?. Thus, from 7?J (J--1)/21 
=kT, J~20 is most common at room temperature. 
The thermal energy is usually larger than the difference 
of successive rotational levels, 7#7//J, especially for 
lower rotational levels. In this case, where second-order 
perturbation theory cannot be used, London” applied 
the variational method. Since lower rotational levels 
are degenerate in the order of thermal energy, the first- 
order dipole interaction must appear even in the non- 
resonating case, such as the first-order Stark effect in 
the hydrogen atom. Hence the eigenvalue is propor- 
tional to R~ instead of R-5 as in Eq. (14). Keeping this 
in mind and using the perturbation method, Mizu- 
shima*’ took for simplicity the root mean square of the 
matrix element (12) over M and M’: 


(JI’| V1 99) 
- /2N3 pp’ 

-() M 4-1) Q74-)7 
3/ m 


X (Ur 1)0(7, J-1)--J*0(7, J—1)) 


XU 1)55(7, 3-1) 3-770(5, 7—1)).. (5) 


“molecules is very large, Eq. (15) may be approxi- 
mated by 


QJ'|V 35) 23-3 (uu'/ R9) QJ4-1)7: 
X((-2-1)99(7, J4-1)3-739(5, J—1)) 
Et X (9j, J'4-1)4-5(7* J’—1)}. (16) 


By neglecting energy differences among unperturbed 
b. — Statés to get the first-order energy, and considering the 
— fact that the matrix (16) is finite since it is mostly 
concerned with smaller J's, the energy difference in 
the transition J—1—J was taken as 


E 0.2uy/ / J R$, (17) 


- might be very sericus, especially for molecules with 
very small J, in which case the spacing of rotational 
levels would be rather large. This thermal effect, how- 
r, suggests that the-R-* law, Eq. (14), goes over to 
Eq. (17), for small R and, consequently, 
interactions in the lower rotational levels. 
r Linear Molecules. (Ox, N», CO», CS», 
eraction between nonpolar molecues, 
t interaction may be important 


The diagonal matrix 
ven t de & 
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element is*8 
6 
Veo OTt K(K4-1)—3M?)/ QK 4-3) QK —1)] 


GC (KC 4-1) 2342)/ KE -3) QE — 1)], (18) 


where Q is the quadrupole moment. 

If a mo.ecule such as oxygen is considered, Eq. (18) 
must be revised. Since the electronic ground state of the 
oxygen molecule is ??^, it has three states, J=K-++1, 
K, K—1, for each K except for K=0 and 1. Using the 
wave function?! for these states of oxygen, one obtains 
the diagonal elements. The factor which comes from 
one molecule is 


K((K-F1) (K-2)  347)/ > 


{(2K+1)(K+1)(2K+3)} for J=K+!, (19) 
(K(K4-1) 3. ( K (K 4-1) -342)/ 
{K(K+1)(2K+3)(2K—1)} for J=K, (20) 
(K-+1){K(K—1)—3M2}/ 
{K(2K+1)(2K—1)} for J=K—1. (21) ame 


Again, this interaction is proportional to R~. Since the 
mean K is very large at room temperature, the above 
three terms may be replaced by a single expression, 


(K?— 3M?)/AK?. (22) 


Equation (22) may be used for the colliding molecule 
(primed). Thus, for instance, the energy difference of 
the radiating molecule with K, M in the transition 
K-+1—K, perturbed by a molecule with K’, M’, is 
given by 


6 
ít (K^—M^")/4K^?)-(Eq. (19)-Eq. (20). (23) 


The last factor in this formula gives the K dependence. 
For the transition K—1—K, this factor is replaced by 
(Eq. (21)-Eq. (20)). 


c. Interaction of a Molecule with a Polarizable Atom 


This is a calculation of the induction force. Mar- 
genau“ calculated the interaction energy between a 
polarizable molecule without u and a molecule with xu 
to be given classically without J dependence. Suppose 
that an axial symmetric molecule has a dipole moment 
in the direction of z and a quadrupole moment Q, and 
a polarizable isotropic atom is at a distance R from the 
molecule, and in the direction 0 from the z axis. The 
electrostatic potential at the atom is 


a 


Po 


wW 


m 173 cos0—1 
Ui —— cost- (— —— 
R 2 R$ 


35 F, London, Z. physik. Chem. (B) 11, 222 (1930). z 
3E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridg 76 


University Press, New York, 1935), p. 76. 
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where the quadrupole moment is 


Q=0::—0::= f p (zi —a)do. (25) 
mole 


The origin of coordinates must be chosen at the center 
of rotation of the molecule. Then, since the field at the 
polarizable atom is —AU, the interaction energy is 
given by 


^ 


V=—3a(AU)’, (26) 


where a is the polarizability of the perturbing atom. 
The energy change will be obtained by applying per- 
turbation theory with the wave function of the mole- 
cule. As stated before under Sec. a, for the inversion 
spectra of ammonia the antisymmetrical interaction 
term in Eq. (26), 


— 6auQ/ R? cos*é (27) 


is the most effective for the pressure broadening of the 
line.” 


d. Dipole-Quadrupole Interaction 


'The electrostatic potential energy for an interaction 
between a molecule with a dipole moment yu; and a 
colliding molecule with a quadrupole moment Q^» is 
given by 


3 uQ: 


V QF- 


3 cos*62) 
$2) J; 


where the angles are defined in the same way as in 
Eq. (1^). With the above expression, Smith and 
Howard? have explained the pressure broadening of 
the ammonia inversion spectra by foreign nonpolar 
linear molecules, and determined reasonable values of 
their quadrupole moments. Smith, Lackner, and Volkor* 
introduced an interaction of this type in addition to the 
dipole-dipole interaction of Sec. 5.1 to explain the J 
and T' dependence of the self-pressure broadening of the 
linear molecules OCS and BrCN. 


+2 cos» sin£» sinfı cos($1— (28) 


B. IMPACT THEORY 
1. Classical Collision Damping Theory 


The shape of spectral lines may be expressed by an 
intensity distribution function 7(w) as a function of 
angular frequency w. However, in the line broadening 
problem it is not interesting to find the absolute in- 
tensity; rather, attention is paid to the half-width, 
Aw, intensity maximum frequency, wm, and asym- 
metry of the function associated with a natural fre- 


quency wo. 


ip, W. Anderson, Phys. Rev. 80, 511 (1950). 
2 W. V. Smith and R. Howard, Phys. Rev, 79, 132 (1950). 
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I(w)dw is proportional to the intensity at frequency 
between w and w+dw withdrawn from a light wave of 
uniform color distribution as it passes an infinitely thin 
sheet of absorbing molecules. The constant of propor- ` 
tionality is given by the normalization condition, 


ii NOD (29) 


I (w) is also proportional to the irtensity of emission at 
w by a thin layer of the molecules under similar condi- 
tions. The half-width Aw; is the entire frequency 
range in which J(w) is larger than or equal to half its 
maximum. Thus, if I(w) is symmetrical about its 
maximum frequency wm, 


I (cos 530) — 41 (wm). (30) 


Experimentally, it is customary to express wm in terms 
of the shift, Aw= |w,,—wo|, of the maximum frequency 
of the broadened line from its natural frequency wo. 
The effect is referred to as a violet shift or red shift,? 
depending upon the sign of wm—wo. 

In the case of absorption due to a thin sheet of mole- 
cules, the quantity Z(w) is proportional to the absorp- 
tion coefficient a at w and, in practice, the measurement 
of the line contour J(w) itself is the determination of 
a=f(w). 

In classical theory, the absorption process is rather 
obvious. The active atom is replaced by a harmonic 
oscillator of natural frequency wo. Denoting the angular 
frequency of the incident light wave by w, we find the 
equation of motion of the oscillating charge e with 
mass m under the influence of an electric field E coswt 
to be 


2 
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dx | 
m (rss) — eE coswt, (31) 
with solution‘ 
e Ee ; ! 
c= a Ce Cat. (32) 
an (co — a? 


Suppose that a collision takes place at time —@. Then, 
the amplitudes C; and C» may be affected by the colli- 
sion. If the collision takes place over an interval of time — 
which is short compared to the period of the oscillation 
in the impressed field (adiabatic assumption), 5 the 
transient amplitudes Cı and C» come into play only 
through their discontinuities at collision and may be = 


collision. Furthermore; the collision may be ass 
to be so strong that the molecule has no memory re 
ing its orientation or other distribution pro 
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H. Van Vleck and V. F. Weisskopf, RE 
17, p (1945). een 


— bution of the oscillators just after collision was not 
^ polarized because of the random nature of collisions. 

However, since the oscillators are imbedded in an 
impressed radiation field, there must be an easy direc- 
tion for them to orient to after collisions and their 
mean distribution, given by Boltzmann statistics, 
should be polarized. The Hamiltonian function for this 
system is a e 


m 


£ dx 
H (0) =—+3m(wox)?—exE cosot, p=m—. 

2m di 
Then, according to Boltzmann statistics, the average 
value of x after collision must be given by 


J. a x exp —H(t—0)/kT ]axdp 


T= 
L f. expL—Z (t—0)/kT ]dxdp 
a 2Ee cosw(t—é) 
mse 58) 
Mao” 
and 
p=0, at íy—1—6. (33b) 
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as a function of w: 
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This is the absorption line shape. N^? is the number 
density of absorbing oscillators with natural frequency í 
wo. For wo—wKwo, the second term is negligibly small 
under ordinary conditions, as in the case of atomic 
spectra or of sharp lines, while in the microwave region, 
where the width and the frequency are sometimes com- 
parable in order of magnitude, it cannot be overlooked. 
The Lorentz assumption gives the same formula except 
for the sign of the second term. Therefore, it predicts 
a zero effect at low frequency, while it is nearly the 
same numerically as (35) for high frequencies. If the 
frequency of oscillation is extremely high, the phase 
may oscillate rapidly during a collision and thermal , * 
equilibrium may not be created after collision. Then, 
the Lorentz treatment may give a correct answer. 
Recently, Bruin?' reconsidered the collision broaden- 
ing theory in analogy with the network theory to repre- 
sent spectral lines graphically in the complex plane. 
Equation (35) can be transformed easily into a quan- 
tum-mechanical expression if one makes use of the fact 
that each transition i—j could be identified with a 
virtual classical oscillator and applies the rule (see 
Born,‘ p. 468) of multiplying a classical quantity e/m 
by the oscillator strength 


2m : 
fü meon ti: x. 


Here u;; is the dipole moment matrix element related 
with the radiation process i—7; wij is the frequency of 
the radiation. If the incident radiation is weak enough 
to produce thermal equilibrium, the number densities 
of the two levels, N; and N;, are determined by the 
Boltzmann distribution law. Since Eq. (35) holds for 
any possible transition, true absorption or induced 
emission, and w;;= —w,;, one has 
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where the superscripts imply thermal equilibrium, a 
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N: —N; =N; [1—exp(—ħoi;/k1)] 


wij 
IV; for microwaves. 
œ kT 
NES for the visible region. 


For plane polarized radiation, Eq. (36a) should be 
multiplied by 3. The transition j— involved in Eq. 
(36a) corresponds to stimulated emission. 

«Later, Van Vleck and Margenau* showed explicitly 
that the shape of spectral lines for a classical harmonic 
oscillator and also a Debye slow rotator are the same 
in absorption and spontaneous emission, provided 
the energy density obeys the Rayleigh-Jeans law. They 
showed also that the Lorentz formula is obtained by 
adding the work done on the molecule by the electro- 
magnetic wave between collisions and at collision. 
Karplus and Schwinger? have given a quantum- 
mechanical derivation of the Van Vleck-Weisskopf 
absorption formula (35) and extended it to higher power 
levels of the exciting radiation, where transitions among 
the molecular states are included at a rate that is not 
negligible compared with the collision rate. This treat- 
ment invalidates the assumption of thermal equilibrium, 
although the conditions assumed hardly exist in the 
visible region.! They found that the broadening of the 
absorption line at high power levels is not to be at- 
tributed to any intrinsic modification of the line shape, 
but rather to a frequency dependent alteration of the 
populations of the two levels. The net rate of absorption 
is the difference between the rates of true absorption 
and stimulated emission, with the common transition 
probability for the two processes possessing the char- 
acteristic frequency dependence 1/[ (wi; w)? + (1/7) ]. 
The frequency dependence of the population difference 
may be written 


FG 
SD Wie — Wat) 
(1/7) +w 
where 
1 1/r 
w=—| Vs;|2——_——_. 
7?. (wijz — w)? (1/7?) 


pi: is the mean density of the level 2 over the collision 
time 0, and p;* is that.of the isolated molecule at tem- 
perature 7. V;; is the matrix element of the energy in 
the external radiation field. Denoting the electric field 
by E coswt and the induced dipole moment by u, one 
finds V;;=y:;E. Then, the power absorbed per unit 
volume is 
Pa= zoho (pii— p5;)'N?, 

$9 About the line shape modified by self-absorption, if any, in 
emission, see R. D. Cowan and G. H. Dieke, Revs. Modern Phys. 
20, 415 (1948). Especially, in arc this effect should be taken into 
consideration; see H. Edels and J. D. Craggs, Proc. Phys. Soc. 
couse.) A64, 562 (1951), or in flame; see Huldt and Knoll 
reference 12). 


'5R. Karplus and J. Schwinger, Phys. Rev. 73, 1020 (1948). 
Also, M P. I. Richards and H. S. Snyder, Phys. Rev. 73, 269 
(1948). i 
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where the transition probability for absorption or 
stimulated emission has been placed equal to (1/2)w, 
since both processes contribute equally to the rate at 
which radiative transitions tend to decre2se the popula- : 
tion difference. If P denotes the radiation power in- 
cident on the gas per unit time per unit area, P= E?c/8m, 

€ being the velocity of light. Hence, : 


4roP (1/7) N: =N; 


a— TUE 


(36b) 
co Ga? 
(v;j—e)^-- (1/7) eee p 
Thus, as P increases, the value of Pa saturates. In the 
limit of complete saturation one has 
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This saturation effect, Eq. (36b), has been experimen- 
tally confirmed with ammonia in the microwave 
region.?! 

The half-width of the line shape may be given by 


2 
Aoz —— 2p 
Te 


(37) 


for the case of resonance absorption in Eq. (35). In 
this p is the optical collision diameter, related to the 
force law at collision, J, the rms velocity of impact, and 
N the number of colliding atoms per unit volume. Tha 
line shift, in this approximation, is obviously zero. 
The linear dependence of the half-width on W is char- 
acteristic of this treatment. The collision mechanism 
replaced by the assumption of strong collision has lost 
the chance to include the forde law precisely in the 
theory. However, the magnitude of the optical collision 
diameter corresponds to that of the intermolecular 
force concerned. The optical collision diameter? is | 
usually greater by a factor two or three, sometimes bya 
factor one hundred, than the gas-kinetic one which is — 
related to momentum transfer. (See Table III.) 


of excited states in optical collision diameters, l 
makes the theoretical treatment easier, since i 


Assume a radiating classical oscillato 
frequency wo. Although the frequency 
would be wo again after completio: 
collision, the change of the oscilla 
would be so appreciable that the ] 
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different from what the oscilator would have if the 
collision had not taken place. The phase shift of the 
oscillator is given by 

e 


$ e- f Ac(r)dr, (38) 


where Az is the collision duration and Aw(r) the differ- 
. ence between the frequencies between and at collisions. 
Since an adiabatic collision and no change of amplitude 
are assumed, it may affect the radiation only through O, 
regardless of the manner by which it is produced. The 
strong collision assumed in the previous section is 
equivalent to the assumption that © is arbitrarily 
large. But a number of small phases could add up to a 
large phase shift and affect a spectral line. The main 
purpose of the modified theory described here, however, 
is to account for the magnitude of Ac(7) resulting from 
disturbances at collision. 
If the-frequency of the oscillator changes with time 
under the influence of colliding molecules, the oscilla- 
tion may be expressed by 


ZO epl -: J po 


The Fourier analysis of this disturbed oscillation may 
give information on J(w). According to classical 
mechanics, the power radiated by a charge e oscillating 
in one direction is (2/3)e’c~*(d’x/dt?)?. Hence, taking 
- Fourier components of the displacement (39) and 
= multiplying it by c? to obtain acceleration, the power 
. emitted in the spectral w and w+dw is 


(39) 
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xexp| = f pom de. (40) 


his formula is what Weisskopf! obtained by the WKB 
d and later by many people in a more general 
,53 
reduce the general formula (40) to a more com- 
ive form approximations may be made. For 
ta the Lorentz view is followed, the oscillation 
stops completely at strong collision, and the wave train 
tted is finite in its length, say, from /—0 to 0. Then, 
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equipartition value for the statistical average of the 
square of the amplitude of a harmonic oscillator. Since 
there is no impressed field, the consideration of Boltz- 
mann statistics is unnecessary. 

The phase shift O may be supposed to operate only 
as a temporary interrupter of the radiation process. 
Although the distribution of the magnitude of © is 
continuous, Lenz, Weisskopf,! and others®® assumed 4 
that the effective phase shift must be greater than some 
critical value—unity in Weisskopf’s treatment, 7/2 or 
1.1 in others. The Lorentz view requires that the line 
intensity be lowered inversely proportionally to the A 
number of collisions per unit time; the improved view 
does not mean the complete stoppage of the emission 
of radiation, which agrees with many experiments. 

Although, by critical values of effective phase shift, 
early investigators determined theoretically the colli- 
sion diameter, the cut-off distance of the radiation 
process, there was no definite meaning attached to the 
magnitude of the effective phase shift. Reinsberg, 
Lindholm* and Foley? improved this point, including 
every magnitude of phase shift. Rewriting the formula ^ 
(40), Foley obtained S 


ewt oo oo 
T(w)= se f an f dí» 
TC? —co —2 
ti 
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The substitution /1—/»— r, t= £y leads to 


2eo* s 
T(w) = LER f dr 
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totr 
xex| =i f adir | (42) 
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Denoting the natural frequency of the oscillator by wo, 
and putting 


Ac (t) — e(t") — oo, (43) 


where Aw is measured from the unshifted line maximum, 
we find the intensity distribution is given by 
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7-90 


totr 
xex| i f 
t 
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Aw=w— wo, 


2eo* oo 
Ilow) = — vék i dr 
3mc? 0 


Aw (t) sitos | (44) 


This formula may be thought of as the Fourier ampli- 
een e 8 

5 W. Lenz, Z. Physik 80, 423 (1933). 

55 H. Kallman and F. London, Z. physik. Chem. B2, 207 (1929); 
H. Kuhn and F. London, Phil. Mag. (7) 18, 983 (1934); G. Burk- 
hardt, Z. Physik 115, 592 (1940). - j 

56 C. Reinsberg, Z. Physik 111, 95 (1938); E. Lindholm, Arkiv 
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which is the average value of the phase difference oc- 
curring between the time +7 and to over the complete 
interval of /o, that is, the radiation process. Recently 
the general formula (44) has been used to obtain a 
line shape at ordinary pressures. 

If we assume an adiabatic collision, only the phase 
shift at collision is important. Since the collision dura- 
tion is infinitely short, each collision is binary and 
independent. Therefore, the phase difference appearing 
in the above integral is approximated by the sum of 
such phase shifts taking place in the time interval. 


ef= f sotar ) expC-i È 0). (46) 


i=0 


This must be averaged over the distribution of n. If 
the mean free time between random collisions is 7o, 
the probability that ; collisions take place in the 
interval r is (r/70)"(e-7/7e/1 !). In this form of intérpre- 
tation of the above integral (45), the average over to 
may be converted to a spatial average. If we consider 
one oscillator for the complete interval /o we obtain the 
same result as that found by considering a great num- 
ber of oscillators in a short time interval. If the latter 
view is followed, the average over /o may turn out to 
be the average of O; over its distribution. Two types of 
averaging processes are involved, and the order in 
which they are carried out does not affect the result." 
Denoting the probability of occurrence of a phase shift 
© within an interval between © and O--40 by 
p(8)4O, we can write the above integral (45) as 


eg 7/70 " a) : : 1 
» fh (-— ) II dO;p(Oje-ies (47) 


n=0 n! 


since the phase shift distribution from — « to ». The 
p(O) may be understood as the collision parameter 
producing a phase shift O, if we assume straight paths 
for colliding molecules. Since the value of the integral 
with respect to ©; is the same for any suffix i, it may 
be written 4 — iB. 


A= f dOp(O) cosO, B= f dOp(O)sinO. (48) 


—o0 —n 


Hence, (45) is reduced to 


: 4b—95 
e ees] =>] (49) 
To T 
e 
Thus, the intensity formula turns out to be 
E 29 (1 — A)/To 
I (Ac) =—— (exo)? (50) 
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The correlation function mnethod,®* when one does not 
assume a distribution of n, gives the same result as 
above for Eq. (44). A 


According to Eq. (50), the intensity nfaximum occurs 


at Aw= B/ro, so that if B is positive the line center 
shifts to the blue, and, if negative, to tke red. The half- 
width is given by 2(1—A)/7o with no assymmetry. 
According to the definitions of A and B, and noting that 
the distribution function p(©) is normalized, we ob- 
serve that the half-width and line shift are given by 

D 


AD f O EDA 


and 


n f p(@) sin@d@/o. (51) 


Since sinO is an odd function, and if positive as well 
as negative values of © are equally probable, the shift 
of the maximum frequency is zero, as in the’ case of 
resonance broadening. The function p(Q)d(Q)/z7» can 
be interpreted as the number of collisions per unit time 
with phase shift between © and ©+40. Thus, both 
the width and shift are proportional to density, the 
number of molecules per unit volume. 

There are many cases where the molecular energy 
under the influence of another molecule at a distance R 
is expressed by 

(Eot+hy/R?) i, 


where 4 refers to the initial as well as to the final state 
of the radiative transition concerned. Hence, 


Ac() = Ay/ R(t)", (52) 


Ay being the difference of the force constants for the 
two states. If the path of a colliding molecule with 
relative velocity v is straight, as is probable in the case 
of no complete interruption of the radiation process,™ 


R-—(pg--v47)! with impact parameter p and time /. - 


With the help of Eq. (52) the phase shift, Eq. (38), is, 
under the binary interaction, given by®®* 


o= f ay/(er rear 


- (=) ro—v[r(2)] (53) 


The extension of integration limits to infinity may not 
be inconsistent with the assumption of adiabatic 
collision. 

The number of collisions with relative,velocity be- 
tween v and v+dv and impact parameter between 
p and p+dp can be obtained easily by the kinetic 
theory of gases: 


p(0)dO/ro— Sa} (m/2kT) 1 exp(—m£/2&T)vdupdpgN,, 
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— where m is the reduced mass, and V the number of 
molecules per unit volume. The term g refers to the fact 
that the force law depends on the various states of 
colliding molecules and is the probability of a molecule 
being in a particular rotational state; it must be summed 
over all states. - 
Thus, in the case of the force law of inverse pth 
power, the:half-width and line shift are 


a E 2g (rt010p-2) (&T-/2m) (p—3)/(2p—2) 
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Xsin [— d Ay|2/@-D)N, (54a) 
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(54b) 


T 
Awm=4 tan( 
p= 


In order that these expressions be convergent, p must 
be larger than 2. The bracket ( ) implies an average 
over g. The value of (|Ay|?/(»-») may be sometimes 
approximated by the mean square value. For some 
special values of p, the equation gives 


JI 


Aw;= 2z*(| ^y |) N, for p=3, (55) 
Aw y=13.4(RT/2m)(|Ay|2)N, for p=5, (56) 
Acy=12.9(kT/2m)?"%| Ay|2/5)N, for p=6, (57) 


— respectively. Lindholni*' derived a formula essentially 
= equivalent to Eq. (57). 
: It is interesting to consider the range of values of 
_ phase shifts © which affect the line shape the most. 
= Under the force law, Eq. (52), RO= CO! > in 
(Eq. (51). Then, when the sign of O is positive at all 
= collisions, the integrand of Awm in Eq. (51) oscillates 
A | between positive and negative with slowly varying 
itude in the range of O>1. Hence, the integrand 
this range, corresponding to strong phase shifts, 
7 nearly to zéro and contributes very little to 
e of Awm. Therefore, the line shift should come 
1 the range of O «1. This range is the one com- 
ly neglected, by -Weisskopf! and others,5^55 as 
n line shape. On the other hand, the greater 
v lue o i Ao in Eq. (51) comes from the 
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theory. An analysis®* Shows that the statistical theory 
in Section C is better for such collisions. Actually, the 
Fourier integral theory is good for a line shape near its 
center. *4 

If the sign of Ay is common to all collisions, Eq. (54) 
gives Foley’s relation : 


ANO (Ace [es co(—"_). (58) 
p= 


The above condition is valid for heavier atoms per- 
turbed by foreign gases where van der Waals forces are 
important. Although the observed values of line shifts 
and widths in atomic lines perturbed by foreign gases y 
give widely distributed values for the ratio, Foley” 
shows that p in- (58) is nearly 6, assuming the pre- 
dominance of only one type of force. (See Table III.) 
However, in most cases of molecular spectra the above 
condition does not hold and Eq. (58) cannot be used. 
Since the interaction forces which are predominant 
for molecules at low pressures are rather well known, the 
test of Eqs. (54a) and (54b) has been made with good 
over-all agreement with observations. For atomic lines 
the test can hardly be made directly, except for the 
linearity relationship to V as well as the test of (58). 
The tests for both microwave and atomic lines require 
quite different approaches, and may call for separate 
experimental justifications. 


3. Quantum-Mechanical Fourier Integral Theory 


In the standard Fourier integral theory, as shown in 
the previous section, the inclusion of all phase shifts at 
collisions removed the ambiguous collision diameter 
and gave rise to a line shift. However, its basic assump- à 
tion is that the collision is adiabatic and does not change 
the amplitude of the oscillator in a particular direction. 

If molecules have rotational levels whose spacing is 
small in comparison with the thermal energy, transi- : 
tions between levels (reorientation of the molecule) 
may be induced even by adiabatic collisions (infinitely S 
short collision duration) and the amplitude will change. "e 
As has been considered by Spitzer? Van Vleck and 
Weisskopf,*® Fróhlich,9 and later under more refined 
assumptions for low frequency limiting cases by Gross," 
this effect places the results of the old Lorentz theory 
in contradiction to the theory of dielectric relaxation 
developed by Debye® and others,9? as shown in Sec. B1. 
The relaxation theory of dielectrics treats broadening 
as the limiting case of a spectral line of zero frequency, 


58 T. Holstein, Phys. Rev. 79, 744 (1950). Also, see reference 37. 

5 L. Spitzer, Jr., Phys. Rev. 58, 348 (1940). 

6H. Fröhlich, Nature 157, 478 (1946); Theory of Dielectrics 
(Oxford University Press, New York, 1949). This model for one 
degree of freedom was extended to the case of two degrees of 
freedom by R. Huby, Rept. Brit. Elect. Allied Industr. Reset) 
Assoc. [reference Lit 179 (1947) ]. 

& F. P. Gross, Phys. Rev. 97, 395 (1955). 

"9 P. Debye, Polar M olecules (Chemical Catalog Company, 
New York, 1929), 
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in which case the standard Foutier integra] theory also 
does not give any pressure effect. Thus, it is necessary 
to develop a generalized Fourier integral theory. 

The starting point is given by the radiation theory of 
quantum mechanics. This method was followed by 
Lindhold,* Foley,” Anderson, Mizushima,” Kar- 
plus and Schwinger, feslie, and Bloom and Mar- 
genau.55 It is customary to treat the intermolecular 
motion classically. Since the range of the intermolecular 
fprce, which is important to line broadening in the 
valid range of the Fourier integral theory, is several 
times larger than the wave packet associated with a 
moving molecule, the packet may be considered as a 
point without a large error, except for very light 
molecules such as helium. The coordinates of a colliding 
molecule are known functions of time, and the molecu- 
lar interaction is expressed in terms of a definite time. 
Thus, the following discussions are limited to the classi- 
cal region well outside of an absorber. First a general 
formula will be obtained, and then it will be applied to 
the low-pressure case when multiple collisions can be 
neglected. 

© The Hamiltonian of a molecule undergoing perturba- 
tions C(/) due to collisions and F (¿) due to light waves 
will be 


H (0) — Ho- C(0)-- F(0), 


where A, is the Hamiltonian of an unperturbed mole- 
cule in a stationary state denoted by m. This state is 
usually highly degenerate, but has a discrete energy. 
Thus one can know which spectral line is under con- 
sideration. While Mizushima’? solved the Schrödinger 
. equation with this Æ under the assumption of adiabatic 
. hypothesis (no transition between atomic states due to 
collision) following Foley's method, Bloom and Mar- 
‘genau® divided the transitions concerned into two 
parts, one due to collisions and another due to the 
radiation field. They considered only the transitions 
relating to the radiation process. The wave function 
of the molecule perturbed by collisions will be expressed 
in terms of o, by 


1 (1) = 5s U milt) Pm, 


m 


(59) 


(60) 


which satisfies the Schrödinger equation ihd®@,/dt 
=[ Ho +C (4 ]®;, with an initial condition ®;(lo) = c;, i.e. 
U(to)=1. Since this ®; forms a complete orthogonal 
um set at every instant, the sotution of the Schrödinger 
equation with the Hamiltonian H (59) can be expanded 
as W=)0;a;(t)@,;(4. In this a;(/ is the probability 
E. amplitude of the collision-smeared state ®;. The density 
8 of the ith level at / is p;(f) a; (J)a;(!). This transition 
probability amplitude is induced by the light wave 
and i$ related to the radiation problem. 


“p, W. Anderson, dissertation, Harvard University, 1949 


npublished 
d wp. C. M Leslie, Phil. Mag. 42, 37 (1951). 


** S. Bloom and H. Margenau, Phys. Bv. 90, 791 (1953). 
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The amplitudes are subject to the equation? 


ihday/dt— ^ Fritti, (61). 


with 
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The increasing rate of the population in the kth level 
due to absorption depends on the value of | F;;:|? and 
the population in the ith level. However, there must 
be induced radiations, which are connected to the 
transition k—i leading to the decrease of p,(/). Thus, 
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px (I) — px (Lo) +X pi(to) 


=È px(to) 
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Bloom and Margenau® solved Eq. (61) rigorously and 
obtained the px(#) up to second order in Fx; which is 
the same as above. 

The F;; can be expressed in the stationary states 
base c. 
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The explicit form of the field perturbation in the dipole 
approximation is F(t)=—E-ucos(wita). When one 


sets E-u= Eu cosó and averages over 0 and over the 
random phase angle a, one obtains 
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co s 2 
«f diur: (i)e iet 


st) Y; Um GU) f ex*u(b) exi: E 


E 
px(*9)— py — 25 (=p) 
12h? 


hi 


NO 


where 


Hence, the intensity distribution may be expressed by 


2m Ro) 


I (w) = ho(px(9o)— px) 9 ———— — x (pi— px) 


x| fs diss eter] J- 


where Jo(w) represents the incident light 1 beam. 
tion (64) has been also obtained by’ the calcul 
work done by the light wave.°° Zhi result. su 


dr dius i(D)e iet 


a (4) — 
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When C(ċ) is absent, ux;(/) — ui;(0) exp(twzit), where 
c (Eyj— E;)/h. Therefore, one may teke it as an 
approximate solution in the case of the weak collision 
perturbation. Hence, the first integrand in Eq. (64) has 
approximately ^with exponential factor expi(writ+w)t, 
the second the factor exp?(w;:—w)¢. If E> E; the second 
of these produces resonance and the first can be neg- 
lected ; otherwise ine role is reversed. In that case, 


PI ee (65) 
represents absorption, and 
=r f dius; er" (66) 


represents inauced emission. 

The problem is reduced, then, to obtain the dipole 
moment z4;(f). It is well known that it is possible to 
rewrite Eq. (63) in the vector form,® 


u(t) = U™ (t)u (to) U (0, (67) 
where U (t) is unitary and satisfies the equations 
thdU /dt= (Ho +C(t))U, (68) 


and 
U (to) =1. 


If one sets U (t)=exp(Hot/ih)T (1), where T(t) is unitary, 
the differential equations lead to 


thdT /dt=C'(t)T (t, (69) 
where 
Hot Hol 
c=en(-—)cw ep( =). 
i ih ih 
The matrix eiement of C'(/) is given by 
OE O= C Onm: expl (En — En)t/ih]. (70) 
—— Then, 
—— uil) =X (T (Di) exp(—temit)tmr(to)(T Hu). (71) 
"a ml 


E The diagonal elements of T(/) give the phase shifts of 
y(t) due to collision interaction C(t), while the off- 
nal omen gor their Squared absolute values— 


in cases where C oe is either diagonal ae 
de so ina EC manner such as peplacing 


(72) 


(Verlag 
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Thus, (71) leads to 


1 
Bri (t) = pxi(to) exp| —iaxyil— — 
ih 


x (f cuart f ea). (73) 


^" 


The substitution from (73) into (65) gives the classical 
Fourier integral formula (40) for absorption, if we 
assume that p; (66) is negligibly small. In Eq. (73) 


the term, 
1 t t 
Xf Cutar f catar), 
L 


is equivalent to the phase shift, Eq. (53), at a collision. 
For a binary case, if one assumes a straight path for 
a colliding molecule, Eq. (72) leads to 


Tal)=ep| —i f Cule /har |, (74) 


where p is the impact parameter. Of course, T may bea 
function of angles, in addition to p, required to specify 
one type of the collision. However, because of the 
random collision the effect of collisions may be isotropic, 
so that a collision can be represented by p on the 
average. Hence, Eq. (73) reduces Eq. (65) to the stand- 
ard Fourier integral theory. From the interaction 
Hamiltonian C(t), Ay defined by Eq. (52) can be ob- 
tained. Thus Aw; or Aw,, can be evaluated by Eq. (54). 
Since C(/) is generated by a classical thermal motion of 
a perturber, it cannot be greater than the thermal 
energy per particle of order kT. Thus any broadening, 
such that AAw>kT, is out of the present treatment. 

This procedure is generalized to include nondiagonal 
terms as follows. By a unitary transformation A, C’(#) 
is diagonalized. 


AC" (p) Vi (75) 


Transforming by A, Eq. (69) becomes 


dT 
id A = Vij0i;A T (t)AM s 
t 


e 


If dA /dt is neglected by the adiabatic assumption (very 
slow thermal motion), we obtain — 


Sr m. i 
T()- 47 je f Valli. », (79) 
1 


LS 
From Eqs. (65), (71), and (76), the intensity distribu- 
tion can be obtained. 


e A in ine (75) mayi be 
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difficult to obtain. In this case, by introducing higher 
order terms into C(/) and ignoring the noncommuting 
property of C'(/) with itself, the solution of Eq. (69) 
will be approximated by Eq. (72) or, for independent 
binary collisions, by Eq. (74). If the value of the 
integral, i 


Fe mm’ ((p? +v aps) )/hdt! = Pinm'(p), 


—00 


(77) 


is small (weak collisions), Eq. (74) can be expanded as 
TM cope LP mm (P) +P mm (p)/2— S A (78) 


This gives a method of successive approximations.” 

Since collisions are independent, 7'(p) operates inde- 
pendently on the degenerate levels (m, m’, m”, m”) 
belonging to the initial (k) and final (i) eigenvalues. 
If 7 collisions have taken place during a time interval r, 
from Eq. (67) wix(to) transforms to 


uik (lo T) == Th n) tem (pn—1) PATET 
XT (pı)uir (to) Tx (p1)- * * Te (pn), 


where 4'—exp(— Hot/ih)u exp(Hot/ih). It is easy to 
introduce the degeneracy into this expression: 


Hik (to+T) mm 
T 2 di Ti 7 1(03)) m' mohir (to) m remit 
x {II MOD uA 


m''m 


(79) 


Because the effect of collisions is isotropic, pix’ (to-+7) 
and yix'(to) have exactly the same transformation 
properties under rotation. Hence, this can be written as 


Hik (Lod- T) mm Hit’ (to) m'F (T) (80) 


with a scalar function F(z). 
If we follow the same procedure as followed in the 
derivation of Eq. (42), Eq. (65) can Jead to 


Ia) ops | dreistel), (81) 


with 


exi(r) = Ox, Hk Hs (to) mm'Mik (to+ T) n'm)Av over £o; 


m^ 


(81a) 


Equation (45) and Eq. (81a) are equivalent. If an 
elementary time interval dr is chosen long compared 
to the duration of one collision which will be represented 
by T(p), one has 


ócii(T) = gkilr+dr) E exi(T) = ( 2 uki * (lo) ARTO m'm''Iik (to) m'm Telp) m m Hki (lo) m’m_])F (7). (82) 
On the other hand, Eq. (80) gives 
60%: (7) = (x uki * (to) An UREA (to) m’m) GF (7). (83) 
Therefore, it follows that 
y Uki * (to) mm’ IERT- (p) m'm'Hhik (to) m''m''* Tx (p) m'''m 
dF (r) m'm''m'' 1 E( ) c 
= Tm *( TJ. ^ 
dr >D Li *(to)mm' Hik (to) m , a 


m’ 


^ 


The average over fo is replaced by an average over p. The probability that a collision of the type p occurs in dr is. 
given by Nvdr2mpdp, where N is the number density of perturbers and v the mean velocity. Therefore, 


dF (r)/dr= —NadrP(x) | nodes (p); 


where 


Bit (to) mm’ UL (p) m'm''llik, (to) m''m'''! Tk (0) nm PA 


m'm'^m''* 


S(p)=1— 


(84) 


e? 53 Luki (to) a Bak (to) mm 
m^ 


Hence the correlation function e; is given by 


e exi) => fips” (Lo) mm! bik” (to) exp(— Vor), 
where o denotes the complex cross section defined by 
the igtegral in Eq. (84). It is obvious from the discus- 
sion in the previous section that the line shift in fre- 
quency and the:half-width follow from the imaginary 
1 and Une real parts of Nv(1— c), respfctively. 


^ 


The cross section ø is given by the average of the 
partial cross section o(J 2) due to the different state Ja 
of perturbers labeled 2° 


o=} BUJU). k 
B(Je) is the "Boltzmann demmos function c 
_ colliding molecule in the state J2. It has been UR 
ein E (85) that no transitions occurs in moleeule (2) 
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GH HBN: 


= quantum numbers, except perhaps for the degenerate 
— ones, or that transitions in molecules (2) can occur only 
„simultaneously with those of molecule (1), so that 
T; and Ty are still essentially diagonal in molecule (1) 


M,m'm''m''! 


x S(p,J2)=1— 


5973-1 D» 


mM, 


S2(p,J2)outer= il X 


mM» 


mp is the degenerate index of an absorber in the state k 
and 2/;.+ 1 is the degeneracy of the state. Another second- 
order term .S»(p,J»)middre, Which arises from the cross 
z term, Hki *(to)mm Pi! (p) mm pix! (to) mem L ie (p) mim? 
when Eq. (78) is introduced into Eq. (86), is quite com- 
plex and difficult to evaluate. But, when the absorber 
_ has a permanent electric dipole moment, S2(p,J2) middle 
— vanishes. When p is small, Eq. (78) cannot be used. 
E. E this strong collision, S has its maximum value of 
(S21 (real). 
A typical matrix element necessary to evaluate 
E qs. (87) and (88) is given by 


E. || [A= (k, my,J 2,M »| P|k', Mk Jo ^, M») 
^ 1 
= fo exp (iosgt) («| C!) |8)dt, (89) 
| E(@)— E(B) E(E--EQ3)—E()- EU?) 
Emo 


e energy of the absorbing molecule in the 
. Clearly from Eq. (89) those (o|P|8) 
"(resonant collision) make a significant 
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and (2) (resonance cases). Since the interaction Hamil- 
tonian C'(t) depends on J2, o(J2) is averaged over the 
degenerate substate M» (possibly magnetic quantum 
number) belonging to J2: 


A X Hki” (to) mm’ T 4 (0) mm spi (to) ^m T (2) m?*¢m”® 


(86) 


To evaluate this expression S, the expansion (78) may be used. It is found that the zeroth order in P(p) of S 
vanishes. The first-order terms are, after having averaged over the degenerate index m, which will be denoted by 
mx and m; for the absorber in the state & and i, respectively. 


(kmr, JoMo) P | kmr, J2 M2) 
(214-1) QJs4-1) 


Since this is imaginary, Sı contributes to the line shift. On the other hand, the first term which gives a contribution 
to the line breadth is one of the two possible second-order terms called by Anderson (S2)outer.®*” 


(kmr, Jo Mal P?| kmr, Jo Mo) 
(2J 44-1) (27s4-1) 


(i,m, J2,M 2| P | iymiJ2,M. 


? (87) 
(27 +1) (2754-1) 


MM, 


Hy 


(88) 


(imi, Ja M| P? |i, 2d 
(2J ;4-1) (2734-1) i 


m;M, 


as at rest, and the frequency emitted by an active 
molecule at each position x is simply given by 
(Valx)—Valx))/h, Valx) and Va(x) being potential 
energies of the molecule concerned in the initial and 
final states respectively at a point x in configuration 
space. The intensity within a certain frequency interval 
dw is, therefore, proportional to the probability of those 
configurations of perturbers which yield the vaiue 
V(x). This consideration was put into the treatment 
first by Holtsmark® and others??? in connection with 
the Stark effect in ionized or dipole gases and later by 
Kuhn" and Margenau.? ?.7 

The potential V(x) of the radiating molecule is the 
sum of the energy in the isolated state Eo and perturba- 
tion energies due to all other molecules. Thus, it is a 
function of the position of all perturbing molecules. 
If we assume additiveness of perturbation energies, we 
find 


V (x)= Ev 3 y Ri "U (£2, 


where R; is the distance of the ith perturber from the 
radiating molecule, £; denotes a set of angle and spin 
variables, and y is the force constant. As a rule the per- 
turbation energies are much larger for excited states 
than for normal states, The frequency difference Aw 
from the natural frequency will not be given by Eq. (52), 
but rather will be given approximately by 


SE YRU (E), (90) 


162 (1919) ; 25, 73 “(192 
. Spitzer, Jr., Phys. Rev. 55, 699 (1939). fa 
2H Kuhn, Phil. Mag. 18, 987 (1934); Phys. Rev. 52, E 
(1937). 


ev. 40, 387 (1932); 48, 755 (ES) 
es 82, 156 (1951). 
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using only y’s for excited states. The variation of 
intensity with Aw is determined by the probability 
I(Ac) that, in the presence of n perturbing molecules, 
the potential energy 


2» YREC"U(E) 

i=j 
shall have the value Aw. This probability is easily 
calculated by the use of Markoff’s method,” or the 
result may be obtained by the assumption that the 
probability is proportional to the time interval during 
which Aw is radiated. Since perturbers are considered 
as at rest, the radiation may be expressed by 

exp(i 25 YR; "U (£20). (91) 
i=l 

Then, the Fourier component with respect to ¢ will give 
the relative intensity as a function of Aw 


1 2 n 
I (as) =— f exp X: yRr?U (£))i—iA00)di (92) 
T "—w i=1 

This has been analytically obtained?* from Eq. (81) for 
a limiting case consistent with the above assumption. 
This must be averaged over the distribution of R; 
and £;. 

As Margenau”™ assumed, U(&) leads very often only 
to different numerical factors, —1 or +1 being equally 
probable, according to values of & Thus, the prob- 
ability densities with respect to R; and £; are given by 


3R?dR; 
P(R)dR;— Sum 


0 


p(E)d£;— ak, 


where 4r R$?/3 is the volume occupied by the gas. Then, 


oo 


1 
5. mess f g-ih9t4 n (idi, 


2r 


(93) 


with 


a= | f (ds f "DRAR ew Cana] - 


The evaluation is rather straightforward and the final 
result is 


1 
I(Ao)-—— 


T 


f exp( —Ngst?/?) cosAwtdt, p>, (94) 
3 A 


where JN is the number density of perturbers and 


4m : 3NT 3 
g £»7 —Yy?? sin (1—=)-[r(1—). 
E E »/21 N p 
Tt is easily seen that, because of the above assumption 


as to U(£), the intensity distribution given by (93) 


^ S. Chandrasekhar, Revs. Modern Phys, 15, 1 (1943). 
75 P, W. Anderson, Phys. Rev. 86, 809 12052). 
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is symmetrical about the natural frequency. The in- 
tensity at the center, where Aw=0, is 


1(0)= (2j) / (vena 


which decreases with V—?/? in the normalized I(Aw). 
It suggests that, in contrast to Eq. (54a), the half- 
width increases roughly with V/*. For large values of 
Aw, I(Aw) becomes proportional to. Ac-!—?/», Hence, 
the intensity at the wing of its distribution changez as 
A«-1-3/», If only binary interactions are considered, 
this also leads to Ac«-!-9?/», as can be seen easily by 
putting V=1 in Eq. (94). This is in agreement with 
expectation, since the large interaction energies, corre- 
sponding to very short interacting distances, are pre- i 
dominantly caused by single impacts of the molecules. 
According to Holstein's analysis, for large values of 
Ac, the Fourier integral formula (40) can be trans- 
formed to the statistical one. Thus a line shape at the 
wing is approximated by the statistical theory rather 
than by the phase shift approximation. 

There are other types of forces which do not change 
sign with £, as in the interaction between nonpolar 
spherically symmetric molecules. Then U(£)—1 and 
the intensity J(Aw) appears only on one side of the 
natural frequency. Equation (93) leads to 


oo 


1 
I(Ac)-—— f exp(— Ng't3l») - cos(Aot-- N g"tl»)dt, (95), 
TO 
where 
dm 25 
stig? =i l f p 3 PeiPdp. 
3 0 s 
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For van der Waals forces, for which p=6, y«0 and - à 
ple. M E d 
0, if Aoc 


"x 


2m Am i M a. 
1(s)=4—| a0" exp(—Zylx7ae), Pe 


as was derived by Margenau,^? and the shift " id. half- 
width changes as ^ Nu. 


Ass — GLEN (red shift) 
Aw;= 0.822z? | y | N?. 


This yields a method for obtaining 
coefficient for excited states. Since E 
the assumption that a force va 
the way into the origin of R, E 
for large Aw, which corr 
But for large Aw, Eq. (96 
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This is Kuhn’s relation for the wing of the broadened 
line, as supported by his observation’® ofthe broadened 
wing of Hg 2357 by A and Hg, and by the observations 
of Ruhmkorf” using Ne, O», CO», and A as perturbers 
and of Minkówski" with NaD lines perturbed by A. 
This was also confirmed with D lines in an acetylene 
flame by Huldt and Knall.? However, an experimental 
line shape ‘at the wing seems sometimes to be more 
complicated.79:79 

The validity of Eq. (99) has been discussed by Lind- 
hokn,5 Holstein, and Anderson. The latter two 
obtained for the wing, 


4m IN y3!P 


? 1 1 v? 
36N 2p PP) Ago 


for the interaction energy of the type Ao-—y/R". 
Thus Eq. (99) is valid when Ae«v»/o-P4-W-v, 
On the other hand, the impact theory is good? 
when Ac««&?!(»-043/(0—) (near the unperturbed line). 
This condition for the validity of the statistical theory 
may be rewritten, as obtained rather rigorously by 
Margenau,9 as TAw>>1, where T is about equal to 
p/v, p being the impact parameter for the collision, 
since Aw; (statistical)~yN”/*~y/p?. 

The recent experimental results?'-36 at pressures of 
«several hundreds of atmospheres reveal the insufh- 
ciency of the above theory. Equation (90) does not 
predict the reversal of the direction of line shift at 
high pressure which is found in some cases (see Fig. 3). 
Bergeon, Robin, and Vodar*' presented a qualitative 
discussion suggesting that the repulsive force, which 
would be dominant at high pressures, must be included 
in the calculation of Margenau’s formula (93), in addi- 

- tion to the long-range force given by Eq. (90). They 
employed the Lennard-Jones formulas for the inter- 
action energy and calculated the line shape numerically, 
assuming the additiveness of the energy and its ap- 
plicability to both normal and excited energy levels. 
Though better broadened line contours than otherwise 


1 H. Kuhn, Proc. Roy. Soc. (London) A158, 212 (1937); 158, 
— 230 (1937). d 
——  — 77H. A. Ruhmkorf, Ann. Physik 31, 21 (1938); R. Minkowski, 
— Z. Physik 93, 731 (1935). 3 
_ 78S. Y. Ch’en and C. S. Chang, Phys. Rev. 75, 81 (1949). 
— 7 Ch'en, Bennett, and Jefimenko. J. Opt. Soc. Am. 45, 182 
HL ` Margenau, RM-1670-AEC, April 3 (1956). 
Ch’en, thesis, California Institute of Technology 
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were obtained, the forces at small distances are not 
clear without detailed discussion. In any case, it is 
likely that they are not additive.** However, potential 
curves at very close distance have been devised?? to 
explain the absorption bands (see III.C) appearing on 
the violet side of spectral lines. 

Furthermore, recent observations on certain steller 
absorption line broadening? and on shock phenomena? 
have made clear some insufficiencies of the statistical 
theory of Holtsmark*? which attributes the broadening 
to the Stark effect. The Debye-Hiickel effect was 
introduced to account for the discrepancies, but this 
resulted in corrections which are too small.5*9? Follow- 
ing the suggestion of Baranger,?? an extensive study 
has been made quantum-mechanically on electron 
impact line broadening, showing that for the Lyman a 
line, where there is a linear Stark effect, the ion broad- 
ening is the dominant effect, but that for the anoma- 
lous 3425 line of Hel, which has a small Stark shift, 
the electrons can make important contributions.” 

Generally speaking, pressure broadening changes 
from collision type to statistical type with increasing 
pressure.559,7 However, as shown in Part III, the 
transition from one type to the other is not clear. The 
"modulation index," which corresponds to the ratio of 
the maximum frequency shift to the number of colli- 
sions per second, has been proposed?5 to determine the 
predominance of one type or the other under certain 
conditions. Lindholm,’ Holstein,” and others worked 
out the transition, as detailed in II.D, including the 
line shape at the violet wing. 


2. Quantum-Mechanical Justification 
of Statistical Theory 


Jablonski’! has given a theory of the pressure-broad- 
ened atomic line shape with a very close analogy to the 
theory of intensity distribution in molecular spectra. 
He calculated the stationary states of interatomic 
motion under the influence of an interaction between a 
radiating atom and a colliding one. 

For simplicity, consider the wave function e of a 
single pair of atoms consisting of a radiator and a per- 
turber in a spherical box of radius Ro, with the radiator 
at its center and with the boundary condition ¢(Ro)=0. 
In the Lorentz approximation, where molecular rotation 
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8 H. Kuhn, Z. Physik 72, 462 (1931) ; and see reference 146, 147, 
and 149. 
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Astrophys. J. 116, 444 (1953). 

91 A. Kantrowitz, Phys. Rev. 90, 368 (1953). y < 

2 F. N. Edmonds, Astrophys. J. 123, 45 (1956). i : 

93 M. Baranger, Phys. Rev. 91, 436 (1953). ‘ EF 

% Kivel, Bloom, and Margenau, Phys. Rev. 98, 493 (1955); 
H. Margenau and B. Kivel, Phys. Rev. 98, 1822 (1955). 

35 B, Kivel, Phys. Rev. 98, 1055 (1955). S 

96 H. Margenau and S. Bloom, Phys. Rev. 79, 213 (1950). 
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can be neglected, the relevant part of is only the 
radial wave function ø», where v and / are a set of 
radial and angular momentum quantum numbers for 
the relative motion of the two atoms. Since the inter- 
molecular forces are different for upper and lower 
states, which are designated by ' and ”, respectively, 
the solutions of two different radial wave equations: 


2m 
dev R4 (Wo y’ (R) 
h2 
V U+ 1) 


— (Iro 
2m R? 


)e«-» (101) 


and 


dev vini C. ir VU (R) 


h? 
i" ("t -- 1) 
ue) Poy = 0, 
2mR? 


are required. # denotes the reduced mass of the pair, 
Wy. the relative energy of the motion, and V(R) the 
mutual potential energy. 

It is easily shown that the two sets of rotational wave 
functions for upper and lower states are orthogonal. 
Hence, only transitions with /'—/" are allowed. If we 
denote the atomic transition amplitude by Mo, we 
may write the total transition amplitude as 


^ Disi f ote (102) 


Here we have assumed the classical Franck-Condon 
principle.” Clearly the matrix element D,/,^; depends 
on / through the solution «,; of (101). For large /'s 
in comparison with the difference of V'(R) and V"(R), 
both sets o,; and xı become practically identical 
and henee orthogonal. Therefore, no transitions v'—2" 
with »'z5»" will occur between states of sufficiently 
large /s, and there will be no appreciable change of 
translational energy. Thus, this region of large /'s 
corresponds to Lorentz’ impact parameters larger than 
the critical optical collision diameter. However, for 
smaller values of J, the dependence of D,;,"; on } be- 
comes very marked. Classically speaking, the effect 
on spectral lines produced by collisions depends very 
markedly on impact parameter. Thus, one is not justi- 
fied in assuming that all collisions with impact param- 
eter smaller than a certain optical collision diameter are 
equally effective.!:51.55 

The solution of Eg. (101) with WKB approxima- 
tiom is 


epu (m) co - f. pdst], (103) 


where p(x)=[2m(Wn— V(x)—?1(--1)/2?)] is the 
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radial component of relative momentum of the two 
atoms. p(), "which is the value of p(x) at x— co, to- 
gether with Ry in Eq. (103), is determined by normaliza ^ 
tion. The above solution is valid only for R> Ri, where 
R, is the distance of classical turning point given by 
p(R:)=0. à is a phase constant which is adjusted ac- 
cording to the solution for R<R;. The transition 
amplitude is ? 


Mo p'(o)p" (e)N! 
Dorv a 
NA b (R)" (R) ) 


«a Po P pera jan. (104) 


; h 


Obviously, the largest contribution to the value of this 
integral comes from the region R~R for which 
2 (R) 2 p" (R). Thus, the relative momentum p(R) of 
the nuclei of the two atoms does not change in the 
transition v/v", consistent with the classical conserva- 
tion law of momentum. It may be interpreted, there- 
fore, that the transition vv’ occurs at R— R.. Then, 
the energy change of nuclear motion involved in the 
transition is given by the condition ?' (R.) = ?" (RJ), i.e., 


W.i—Wyaz V'(R)—V"(R)). (105) 


'This energy must be transferred to the radiation, re- 
sulting in the frequency shift Ac. Thus, Aw may be 
expressed as a function of Re. Then, if D,,"; of Eq. 
(104) is known as a function of Re, iic probability of 
the frequency shift Ac will result. 

To obtain the function D,,";(Aw), Jablonski first 
expanded the integrand of Eq. (104) near R=R, and 
took only the first nonvanishing two terms. This pro- 
cedure depends primarily on the assumptions that the 
integrand of Eq. (104) slowly oscillates near R—R.. 


This assumption is clearly equivalent to the assumption . 


made by Kuhn and London.*5 

In the calculation of J(Aw) for absorption of a par- 
ticular atomic line, the probability D?,-,-; must be 
averaged over all initial and final states, v% and v% 
'Thus, after some reductions, the asymptotic form is 


3R2(1— V"(RJ)/W,)! 
I(Ao)9— ——————— á 


(106) 
R$ |AhdAc/dR|R-R. 


where #Aw= V'(R.)— V"(R.). This can be rewritten as 


I(Aw)do=CR2OR., 


where C is some constant. This is clearly an exp 
of Kuhn’s idea.” The relation, like Eq. (196), fo 
sion is obtained by replacing 2 doy; ^. 

If n free perturbers exist in the box and the i intera 
is additive, the total wave function à P SR 
energy will be such that 


Pvt ‘=I Pohi Wat-Y: ane " 
i j 


n= (4r/3)R N, where N is the number density of 
perturbers, and since the energy is additive, 


(1—V"(R.)/Wor) 


I'(Ao)— 2 aAnN f? TEER) (108) 


where a; assures the different probability arising from 
the’ different type of potential energy V(R), if any. 
f(Aw) is R. expressed as a function of Aw obtained from 
Eq. (107). Strictly speaking, I'(Ac) must be averaged 
over all W.: occurring in the gas under consideration, 
but, since the factor in brackets constitutes a small 
correction only, at least in a certain range of frequency, 
it is permissible to put W,.=$kT. Thus, the dependence 
on temperature of Z'(Ac) is very slight, as experimen- 
tally observed, except for the part of the line arising 
from transitions in the repulsive branches of the poten- 
tial curves, particularly at the points at which V(R.) 

»ı Apart from the above factor, Eq. (108) is 
identical with the equation obtained from the statis- 
tical theory.^? 

Since the WKB method is valid when the potential 
energy V(R) changes so slowly that the momentum of 
the particle is sensibly constant over many wavelengths 
of 1, Eq. (108) cannot be used for light perturbers or 

„light radiators such as helium. 


P D. THEORY AT GENERAL PRESSURES 


— There have been many attempts? 57.58.75.96,97 to span 
a bridge between the impact theory and the statistical 
/— theory, especially to find a theory valid at intermediate 

ressures, so that the ‘broadening behavior, including 
i25 line shape, over the whole range of pressures is 
= described. In practice, however, more stress was put 
on the line shape at the wings with conditions such as 
q 23000) because of the mathematical difficulties 


R E Anderson and Talman!* extended the use” 
e general Fourier integral formula, (40), in a more 
ral way. Equation (40) was obtained under the 
m ption of classical paths of perturbers and the 
tic assumption: It goes over to the expression in 
impact theory or the statistical theory de- 
on the additional assumptions made simply for 
mathematical. treatment. One of these made 
ti puce perturbation: Ao — — (y/ R?) 
interaction energy is usually 
mat the motions of per- 
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- with n is the total number of perturbers. As in Eq. (46), the 
V'(R9)!— V" (R)'—hAo. ` (107) average may be understood as over the configuration 
" ; ; : space. Since collisions are isotropic and independent, 
Again, ' designates the upper state. Then, since We assume without loss of generality that all collisions 


take place from the direction of x. Referring to general- 
ized coordinates p, xo, the impact parameter and the 
position on the trajectory at //—0 respectively, one 
finds that the volume, V, of our system is represented by 


V2 [ odp | dxo 


If we assume, in addition, that the perturbers de- 
scribe straight line paths and all travel with velocity ?; 
R?= (xo4-9t^?-4- p?. Thus, 


«el fares: f aem]. 
= 2/0 


—o0 


x[- eo (7 f antt enm] 


J]. say. 


Then, by making V and n—>%œ, while the number 
density of perturber N=n/V is kept constant, we have 


NY'(v)]. (112) 


(110) 


(111) 


e(r) =expl— 


This is the basic formula. 

For small values of 3, Eq. (112) yields the statistical 
distribution which is exact if the perturbers are sta- 
tionary. With 7—0 in Eq. (112), we obtain 


V(r) =4e Í re AAIR (HO) 


noticing that +x =R? and 2rpodpdxo=4rRaR. A 
simple calculation will show that Eq. (113) gives 
Margenav’s equation (93). Equation (113) is valid not 
only as v—0 but as 7—0. If one refers to Eq. (112), it 
becomes clear that when N is large (r) is only large 
for small 7 so that the above is indeed also the high 
pressure limit. 

For large and low density Eq. (112) should ap- 
proach the impact theory. Putting u= xo--?r, one finds 
that V'(r) becomes 


V' (1) 22v f pdp f dxo 
0 —0 


SHIFT 


The integrand in the xo integration is small whenever 


the exponent 
1 rzgFvr 
= f Aw ((p?-+27)3)du 


DEEA 


is small, that is, when 4y«— ?r or x0, since the ap- 
preciable values of this integral lie in the range of 
= Ur « xo «O0.|| Hence, 


a a 0 
V’ (1) ~ 2a f pdp f, dxo 
0 —vr 


1 
x[i-e»|[-: f no(t) zdu |, (114) 
v 


—0 


—2mT0T if pdp(1— e-*e(p)), 
0 


eg f 


—0. 


with 


oo 


1 
Aw ((p?3-1?)*) -du. 
Ü 


Referring to Eq. (53), we note that ©(p) is a phase 
shift at a collision. It is clear now that Eq. (114), with 
Eq. (112), gives Foley's expression (50). 

Equations (113) and (114) are the two limits of V’ 
for large and small /. To study the intermediate region 
we choose a dimensionless form. For the frequency per- 
turbation Aw= — y/ R?, we define Ro= (v/v). With 
new variables such that o— Rer, x— Roz, N=h/Ro', 
Aw=dAw'/Ro, (= Rou/d and 7— Roy/?, Eq. (112) be- 
comes 


e (Roy/0) =e", (115) 
with " 
Voz f rar f dz(1— ei9), (116) 
0 o— 
oo f [(z4-)? 4-7? Pdu. (117) 
0 


Hence, from Eq. (44) or (81), we have 


Ro pr? 
TA! /R) 5 — f castos, (118) 
TU 


—6 


neglecting less important factors. /(Ao*) is determined 
by one parameter only, h- NR -N(y/v)?G-», and 
hence it is the magnitude of this parameter which de- 
termines the validity of the statistical or impact 
theories. Lenz's** method is equivalent to the approxi- 
mation in Eq. (117) of replacing O(y) by its tangent at 
y 0 and is in disagreement with the statistical theory. 
Here notice that yz r/ Ro. Lindholm's*' method, which 
was carried out for a perturbation proportional to 1/R® 
with a simplified model of collisions during which the 
frequency was constant, is equivalent to the approxi- 


|| This corresponds to the physical interpretation that on 


ly 
those which pass by the absorber within ghe time 0 €/' <r affect ^ 


the line shape. 
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mation of replacing O(y) by a straight line which cuts 
the curve O(y) at y—0 and large, Thus, Lindholm 
obtained a result in agreement also wih the statistical 
theory in its extremities, which could, however, be 
wrong in intermediate cases. 

The problem of calculating a line shape has been 
reduced to that of calculating the dimensionless func- 
tion (116). However, y (y) cannot be obtained explicitly 
and is difficult to compute numerically. Anderson and 
'Talman used the method to calculate the behavior of 
Vy) for very small values of y and for large values of y E | 
and then to interpolate between the two. 

They gave, for the case p=6, and small y 


Am Sa 
vo) ih TO rS E (119) 


and for large y 


2 
OT 


2m —3/5 t 
oa en) T(2y--1.91--2.63j. (120) 
3 


The asymptotic behaviors of the two match very well 
so that these may be used to approximate (y). Equa- 
tions (119) and (120) will give numerically a line shape 
at any pressure for p=6, but no general analytic ex- 
pression for the line shape can be obtained. 

We shall be interested in the asymptotic behavior of 
I(w) for: (a) large positive Aw, (b) Aw near zero, and 
(c) large negative Aw, when + is large. Cases (a) and 
(b) cannot be properly treated by the statistical theory, 
as discussed before. For large values of 4, Eq. (118) 
is large only for |y| small, since the real part of (y) - 
is a monotonically increasing funetion of |y|. Hence, 
V(y) may be replaced by its expansion near the ofigin. 
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Therefor 


This is a general expression for Eq. (119). 


we have m 
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- neighborhoods of the points satisfying the equation, 
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= contribute Eppisciably to the integral (122). When 
>3, this is satisfied by y/i a large positive number, 
the third term being appreciable, or by y/i a small 
ER e number, the second term being appreciable. 
From the branch cut of the integral (122), the first 
choice must be made and 


18pAw’ 


E: [im c "(e SR 


To integrate Eq. (122) around this point, ¢ may be 
expanded into Taylor series 


$= (Ao y) Ho" (Aw yo) (y— y): 


/ g i 
in LUC WES jj 


72T[1— (3/2) ] 


xex| -2 


x 2 xex| — av ( 


position of the unperturbed frequency, the 
s off exponentially with both increasing 4 
reasing Ac. Both of these results disagree with 
result? such as const.XA«w "? on this 
owever, the difference is very small? 
e of validity of the statistical theory. 
d Knall? observed that the intensity 
j 2-35 which is very close 


Aw <, Anderson and Talman 
he same result as obtained by 
ey showed that it is also valid 


nall, the integrand in Eq: (118) 


esce aL See G. N. Watson, Theory of -Bessel Functions (Cambridge ULM 
d 'elicad, Physics (McGraw-Hill Book Company, 
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Thus, we have 


Ro 
I (Uo! / Ro)» — exp[$ (Ae/,yo) ] 
2m 


x f eve a9 o= y 


Ro 
= (— 2mo") et. (126) 
v * 


This, with Eq. (125), gives the asymptotic behavior of 
I(Ao'. However, for Aw’>>h, the intensity will be so 
low that it cannot be observed. 

In case (b) (Aw’ small), on the other hand, it is of 
greater interest. The same method" as above will be 
applied. Since Aw’~0, we have, from Eq. (124), 


(ES EAL tola) 


i 72r[1— (3/5) ] PET 
wail (127) 
(p—1) (26+ 1) [1— (1/9) ] 
Hence, Eq. (126) gives 
(128) 


72r[1— (3/9) ] 


| 


is independent of Aw’ for y «1 since expiAw’y varies very 
little in this range. Therefore, the line shape should come 
from large y, say, Eq. (120) for p=6. 


Ro p? i 
I (Aw /Ro) = Roa f exp(iAw'y—hoy—hC)dy, (129) 
T) -Ia 


3T ze 
g — goi 5. s ) r(2), 


C —1.914-2.63;. 


where 


Thus, we have 


i (130) 


SHIFT OF SPECTRAL LINES 


Therefore, the impact theory is valid only if the asym- 
metry term is small, namely, if Aw’—oo/ sin(m/5) is 
small for small %, as obtained by Spitzer.?* Hence, the 
impact theory is applicable in the region near the peak. 
However, the center of the line at moderate pressures 
must be discussed by ,a numerical integration of Eq. 
(118) using Eqs. (119) and (120) for ¥(y). Because of 
the fact that the line shapes thus calculated are almost 
indistinguishable from Lindholm’s lines, for the central 
*portion of the line the small y may reasonably corre- 
spond to the statistical theory and the large y to the 
impact theory. 

It may be noticed that the above theory is exact when 
its basic assumptions about intermolecular forces are 
correct. Thus, in view of the fact that the intermolecular 
forces assumed above are not entirely realistic, al- 
though they have been used widely in theories, recalcu- 
lation must be made. In this sense, the results?** might 
be much improved, especially on the violet wing, if 
Eq. (118) is numerically integrated for the Lennard- 
Jones potential. 


E. FINE STRUCTURE PRESSURE BROADENING 
AT ATOMIC LINES 


Many experimental results have shown that the 
pressure-broadening scheme is different for different 
multiplet components. Half-widths, shifts, and asym- 
metries are definitely dependent on J, the inner quan- 
tum number. 


, 1. Identical Atoms (See III B.a) 


If Furssow and Wlassow’s view? on resonance broad- 
ening (II. A. 1.a) is followed, the problem is reduced 
to the calculation of the dependence on J of the prob- 
ability of energy transfer per collision between excited 
and unexcited identical atoms. This transfer would 
work as a radiation damping of the radiating atom and 
gives a broadened line of the dispersion type. Following 
Foley’s calculation,” and making use of Eq. (55), we 
find the result for half-width to be 


Ae 2J+1\ 2 
( ) firs, 
mu AW zy: \2J'+1 


Aw; = ANA ^N (131) 


with 


2m, AW ry; 
E [Q^,m'|x|J,m) |?. 
3h? 2J-F1 mw 


Here AW zz; is the difference of the energies in the 
ground and excited states with inner quantum numbers 
J and J’, respectively. (J’,m’|x|J,m) is the matrix 
element for dipole radiation, the square of which must 
be summed over all magnetic quantum numbers mm’ at 
the excited state for absorption. JV is the number den- 
sity^of perturbers. For alkali doublets, the ratio of the 
half-width of the J’=$ and J'—$ component is ap- 
proximately V2, when we neglect the difference of 
AW ;. for the two. Lindholm!?.calculated also quan- 


fy 
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tum-mechanically the widths of Rb doublet components 
with the result of the ratio 1.6. 


2. Perturbation Due to Foreign Atoms? 
(See III B.b) ^ 


If we assume the perturbers are spherically sym- 
metric, we find the dispersion force is, different for 
alkali atoms in the states /=% and 3 to the extent that 
the levels for /—2 split, according as |m|=#% and 3. 
Therefore, the half-width for the °P, component of the 
alkali resonance doublet is larger than that for the ?P; 
component. Using the value of dispersion energy given 
in (II. A. 1.b) and Foley's relation (58) with p=6, we 
find the half-width for the ?P; component is roughly 1.12 
times larger than that of the ?P, component. But since 
the van der Waals force averaged over m for the two 
states is the same, no appreciable difference in shift is 
predicted. The difference of relative shift may come 
from the repulsive part of the interaction energy. Since 
the energy separation of the states ?P;I"l-! and ?P;|ml=} 
is dependent on the separation of the two atoms, 
greater asymmetry results for the °P, component. 

If the.foreign gas pressure is high, perturbers may 
be arranged spherically symmetrically around the 
radiating alkali atom. Then the quadrupole moment 
of the atom in /=2 has no effect on the van der Waals 
force. Thus, the difference in half-width of the doublet 
components decreases as pressure increases, although 
at the wing of the line contour the above effect may still 
take [dass 

However, at high pressure, the repulsive part of the 
interaction energy may be predominant. Then, the 
energy may be found from the expression (5). The 


wave function is ^ 
Givin) a 
C= Ont, —— (132) 
i W,—W; à 
Starting from this wave function, one calculates the 
spin orbit energy, neglecting the atomic core effect, | 
| 2 nt f j=1+3, 
—3(141)tm if j=I—4, | 


[7] e 
tu dus ni— GP/ | AW [ge f [Rn dr, (133) 
To r 


where dni nı is the unperturbed fn: and ro is given by the ; 
pressure equation p= —dE/4rroòdro with E from Eq. | 
(5). The separation of the doublet decrgases at higher 
pressure and one concludes that the shift of 
component is smaller than that ef the *P;, 
appreciable difference in half-width ahd as 


shifts would be reversed because of HRN 
the atomic core and its smaller Screeni 
nuclear charge.?® es 


Fic} 1. The red shift and broadening of the blue doublet of Cs 
produced by argon (after Ch'en and Parker’). 


Upper spectrum: Argon pressure= 128 atmospheres 


Temperature =262°C 
Lower spectrum: Argon pressure= 1.09 atmospheres 
Temperature =150°C. 


III. EXPERIMENTAL OBSERVATIONS 


A. PRESSURE SHIFT AND BROADENING 
OF ATOMIC LINES 


A review of the essentials of the experimental obser- 
varions published during the past twenty years on the 
effects of foreign gases at high pressures on atomic lines 
is given in the following five subsections. So far, except 
for Hg and Ag, all observations have been made upon 
the absorption lines of alkali atoms. The applied pres- 
sures of foreign gases have been increased to the order 
of a thousand atmospheres. For illustration, Fig. 1 is 
a picture showing the red shift and broadening of the 
blue doublet of cesium produced by argon, Cs(2)/A9, 
at 128 atmospheres (262°C). Figure 2 is a plot of the 
line contours of the same doublet produced by argon 

| and helium respectively. 

Customarily, the observations in absorption are 
carried out with a light source of continuous spectrum, 
as treated in the previous chapter. However, Kastha,!4 
using a mercury lamp as a line source, observed how 
the Hg 2537 A line shape was modified after it has 
passed through an absorption cell of mercury vapor 
at about 100°C. He repeated the same observation with 
the sodium D line from a sodium lamp through a 
sodium vapor cell at 200-300?C. It was found that 
every line appeared separated into two components. 
Using the vapor pressure-temperature formula, one 
observes that the separation is linearly proportional 
- to the pressure, and the two components extend to the 
: ‘position at which there was-originally no appreciable 
- intensity in the incident light. The change of frequency 
the transmitted linemay be caused by the absorbing 
-eemitting mechanism in the absorbing vapor. The 
2 diminished with increase in pressure. 
ee, the broadening ef certain lines caused 
sures of neutral particles can be observed in 

] discharges, provided that those 


at eléctrica 
j l i indicate the ^second"»member of the 
o c ation, Typa foreign gas pressure of "argon." 
d. frequently hereafter. 
deo p Soc. Am. 45, 22 (1955). 
). 


———oáÁ ——— —Ó—Á M" 


44 SREEGIEBBESNESASNIDITM 


anit being the density of, the same quantity of a foreign gas as that 
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lines, for instance, mercury infrared line! (10140 A) or 
neon (5852 A)™ are insensitive to the Stark broadening 
at low current. 


1. The Shift of Low Member Lines 


A resume of data for the shift** of the first member 
of the principal series (resonance lines) of a number of 
alkalis produced by argon is plotted in Fig. 3. The 
results for the Na— D lines were taken from Kleman 
and Lindholm’s observations? and from Figs. 2 and 3 
of Margenau and Watson's paper. Their corrections 
for "thermal transpiration" are omitted and the shifts 
are converted into cm™. Hull's*? and Ch'en's"? results 
are used for the K and Rb resonance lines, respectively. 
Robin and Robin’s® results are not drawn on the same 
scale but are attached as an insert, because (1) their 
data cover such a wide range of relative density that 
they could not be included in the figure without seriously 
reducing the size of the curve as presented, and (2) the 
precision of their results is rather low, the reciprocal 
dispersion being 160 A/mm at 7800 A and the errors 
of measurement being +5 to +25 A. For comparison, 
two of their readings are listed for r.d.11— 100. 

It is to be noted that for small values of r.d., below 
about 10, the shift increases approximately linearly 
with r.d. (at a rate of —0.32 cm™/r.d.). This linear 
dependence is predicted by the impact theory. For 
values of r.d. above 19 the curve deviates from linearity 
and then becomes linear again with about twice the 
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Fic. 2. The broadening and shift of the blue Cs doublet pro- 
duced by argon and helium. Vertical lines: Position for unper- 
turbed doublet. Curve A : for Cs(2)/A, P=127 atmos; T —536?K. 
Curve B: for Cs(2)/He, P=54.1 atmos; T=519°K. Curve B’: 
for Cs(2)/He, P=54.1 atmos; T=519°K, plotted to the same 
atomic absorption coefficient scale as for Curve A. (After Ch’en 
and Parker!). 


95 R. Rompe and Schulz, Z. Physik 108, 654 (1938); 110, 223 
(1938) ; P. Schulz, Physik. Z. 38, 899 (1938). 

16 K. Lang, Acta Phys. Austriaca 5, 376 (1951); Sitzber. IIa, 
161, 65 (1952). : 

** The notation for the sign of shift will be adopted as follows: 
If the shift is given in wavelength, “+” refers to red shift, and 
** —" refers to violet shift. If the shift is given in wave numbers, 
“+” refers to violet, and **—" refers to red shift. However, when 
a comparison of the amount of shift is described, its “absolute 
value" is always implied. 

107 B, Kleman and E. Lindholm, Arkiv Mat. Astron. Phys. 
32B, No. 4, Paper 10 (1946). 

08 H. Margenau and W. W. Watson, Phys. Rev. 44, 92 (1933). 
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Tf Relative density will be hereafter abbreviated as r.d., the 
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Fıċ. 3. The shift of the resonance lines of alkali metals produced by argon. Note: The ordinate for the 
main curve is shift in cm7, while that for the insert is shift in A. The abscissas are the relative densities 


of argon. 


former slope (—0.71 cm-!/r.d.) for r.d. above 25. 
Since it is almost impossible at present to get a correct 
idea of the atomic interaction forces for the excited 
states involved, a test of the theories as described in 
Part II can hardly be made. But, according to Mar- 
genau's rough approximation, the transition point is 
assumed to take place where the linear collision theory, 
"Eq. (57), would. give the same value for Avm as is given 
bythe quadratic statistical theory, Eq. (97), under the 
dispersion interaction alone, namely 


; 12.88 (= LL 


um: cn ax re - |y |, 
0.8227? 


(134) 
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y can be evaluated through^Eq. (3). The trans 
point JV should be somewhere near 20 es : 


higher r.d. for smaller y. 

However, the shift does not show a quadrati i 
ship with r.d. when the pressure is high. According 
the results of Robin and Robin the shift is 
linear up to about r:d. 400 for all obse 


increases linearly for values of 
a maximuin at r.d. about 260, an 
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of the second doublet of the absorption series of alkali metals (Rb and Cs) produced by 
ding curve for the first doublet plotted for comparison. 


the small f value of the line in comparison with the — 

SIA value of the alkali resonance lines.” d 
e shift of Ag 3280, 3382 is —0.284 cm-!/r.d. for 

« 42 and that of Pb 2833 is —0.5 a A 
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TABLE I. The mean shift of various low member lines per unit relative density, r.d., of various foreign gases 
under different ranges of r.d. values. 


2 d ae Mean shift/r.d. for low Mean shift/r.d. for high r.d. range Ratio ^ 
Absorption line/foreign gas r.d. range (A»/) (Av!) (Av"/ Av’) Reference 
(1) Na, K, Rb/A (i) for resonance lines, (Av), 3 a 1 
— 0.32 cm —0.71 cm 2.22 See Fig. 3 
(for r.d. <10) (25 <r.d. <200) : 
(ii) for the second member of absorption series, (Ave) " 
^ —2.81 cm^! — 6.03 c 2.14 Fig. 4 
(for r.d. <70) (120 Zed <300) 
Ratio (Av)e/(Av)i 8.80 8.50 2 j 
(2) Hg 2537/A —0.149 cm^! —0.323 cm^! 2.54 b 
(for r.d. «50) (200 <r.d. <300) Pi 
Ag 3280/A — 0.28 cm^! c 
3382/A (for r.d. <19) 
Pb 2833/A —0.5 cm 
(for r.d. <8) 
(3) Na, K, Rb/N: (i) for resonance lines, (Avi) 2.5 See Fig. 5 
— 0.27 cm^! — 0.67 cm™ 
(for r.d. <15) (20 <r.d. <50) 
(ii) for the second member of absorption series, (Av2) 
K, Rb, Cs/Ne —0.53 cm™ 
(for r.d. <8) 
i 
Ratio (Av)s/(Av)1 2.0 E 
Hg/N2 —0.124 cm™/r.d. —0.139 cm™ (r.d. 100) b 
(for r.d. <50) [ 
(4) Rb, Cs/He (i) for Rb resonance lines, (Av), d < 
+0.24 cm™ (?P1) 
+0.13 cm (2P4) (for r.d. <50) See Fig. 6 
(ii) for the second member of Rb, (Av2) e 
+1.3 cm™ (2P;) +3.6(?) cm (2P4) 2.8 (2) (2P;) 
(for r.d. <12) (25 <r.d. <50) 
+0.53 cm (2P4) -F2.4 cm^ (2P,) 4.5 (*P4) o 
. (for r.d. <12) (25 <r.d. <50) 
Ratio (Av)s/(Av) 5.4 (Py) 
4.1? (*Py) 
(iii) for the second member of Cs ^ f 
+1.4 cm^ (?) +3.51 cm™ VAS) 7 š ^ 
(for ?P1, r.d. <8) (for 2P,, 9<r.d. <40) à 
-F0.583 cm +4.65 (?) cm^! 7.9(?) 
(for ?P1, r.d. <12) (for P4, 18 <r.d. <40) . 3 
(5) Hg 2537/He +0.079 cm™ g 
: (r.d.=0 to 500) 
a See references 82, 85, 107-110. 4 See reference 110. { See reference 103. ‘ 
b See references 84, 111. * See reference 113. ® See reference 86. EM 


* See reference 112. 


argon is shown in Fig. 4. The results are taken from 
those of Ch'en and his associates.!9:!? The slope of the 
curve is — 2.81 cm-!/r.d. Robin and Robins observed 
the shift of the second doublet-of the principal series of 
Rb perturbed by argon for r.d. up to 300 with somewhat 
lower precision (+2 to +10 A). The two components of 
the doublet fused into a single band as a result of 
broadening at pressures higher than r.d. 70. Their 
cufve for r.d. less than 70 agrees very well with Ch’en’s 
* result» At r.d. about 90 the slope of the curve is practi- 
cally doubled (— 6.03 cm-!/r.d. for 120 « r.d. « 300). 
It 1s apparent at once that for the first two doublets 
of the alkali absorption series, the shift (in cm™) is 


Rev. 90, 1019 (1953). ^ 


13 S, Y. Ch’en and D. A. Kohler, Phy: 
$ ; CC-0.G 
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chiefly dependent on the member of the series ang ua 
the nature of the foreign gas but is essentially the sam 
for all alkalis (with exceptions at high press 
r.d.> 200, at which the anomaly for the 2P} comp 
of the Rb resonance ines is observed). As sh 
Table I, the slope of the curve for the second 
is about 8.6 times greater than that for the 
The curves for argon are very d 
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Fic. 5. The shift of the resonance lines of alkali atoms produced by nitrogen, 
plotted in the same way as in Fig. 3. 


excited states of the two series lines are different. 
Because of the fact that the shift of the second member 
is greater than that of the first member, the y value for 
the excited state of the second member should be 
greater. According to Eq. (134) the transition point for 
the second member would be smaller if the same type 
of dispersion forces are assumed for both members. 
Quite plentiful data are also available for nitrogen 
and helium. As shown in Fig. 5, Nz also produces a red 
shift and the curve swings up slightly at r.d. around 20. 
The shift für N- is,a little less than that for argon. 
The points for the Na—D lines are taken from Mar- 
enau and Watson and those for the K resonance 
EN. ] 109 ints in the figure for r.d. 50 
lines from Hull.” Thg points 1n , gu 
e obtained by interpolation from Robin's result,** 
Were a an insert. It is not easy to 
.which is again shown 25 


! Rok - ^ 


sure is higher than 30 atmospheres because the alkali 
will start to react with the gas."? Data for the second 
member of the principal series can be obtained from 
Watson and Margenau’s!4 result for K, from Ch’en 
and Pao's!5 result for Rb, and from Füchtbauer and 
Góssler's!* result for Cs. The shift of the second mem- 
ber [—0.60 and —0.45 cm-!/r.d. for K(2)/N» and 
Rb(2)/Ns, respectively] is twice that for the first 
member of the principal series. All authors reported that 
the shift of the third member is less than that of the 
second member by about 40% fot Na, 30% for K, and 
60% for Cs. According to Robin’s result, as shown in 
the inserts of Fig. 5, as the pressure of N» increases the 
shorter wavelength (?P;) component of the Rb reso- 


14 W. W. Watson and H. Margenau, Phys. Rev. 44, 748 (1933). 
15 S, Y. Ch'en and C. S. Pao, Phys. Rev. 58, 1058 (1940). 
16 C. Füchtbauer afd F. Góssler, Z. Physik 87, 89 (1934). 
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Fic. 6. The shift of the first doublet (Curve I) and of the second doublet (Curve II) of the absorption series 
of alkali atoms (Rb and Cs) produced by helium. The scale of the ordinate for Curve I is five times that for 
Curve II. The insert is the shift in A vs r.d. plot of the Rb resonance lines produced by He. -~ 


nance line first shifts towards red, then, at r.d. around 
160, the shift swings back quite rapidly, and then, 
when the r.d. was over 270, the shift turns to violet 
with respect to the position of the line with no foreign 
gas pressure. This would lead us to believe that when 
the pressure is sufficiently high, say many thousand 
atmospheres, the shift will be toward violet for all 
gases, at least for all resonance lines. (For higher mem- 
ber dines, the potential curves of the excited states 
could cross each other at some magnitude of inter- 
actions. The distortion of levels due to crossing will, 
prevent us from foreseeing, with jut detailed calcula- 
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tion, whether the shift wiil always be toward the violet 
at very high pressures.) M 
Helium produces a strong violet shift, as shown in 
Fig. 6 and Table I. The results are those observed by - 
Ch'en and his associates!9.119.13 for Rb anceCs. TI 
of the second doublet'is about five timeS greate 


shift for Cs(1)/He to Cs(2)/He, ard for Csi 
Cs(3)/Ne. The shift of Hg 2537 by helium w 
toward violet with a value of +0.031 à 
4-0.079 cm-!/r.d.8** (— 0.0051 A/r, í 
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Fic. 7. The displacement of the resonance lines of xenon due to the 
presence of argon (after S. Robin and J. Romand'»), 


Observations for neon were made on the second 
doublet of the Rb principal series up to r.d. 8 by Ny and 
Ch'en."? The shift produced by Ne is very small. The 
?P, component showed a weak shift toward violet 
while the ?P; component shifted slightly toward red. 

Hydrogen produces a red shift for the Na— D lines!07.105 
and Hg 2537 at low pressures,*? but a violet shift at 120 
atmospheres.**"8 Tt gives a violet shift for the ?P, 
component and a red shift for the °P, component of the 
first two absorption doublets!!?5 of Rb. 

The effect of temperature on the broadening and shift 
of the resonance lines of K in the presence of nitrogen 
was studied by Huil."* An increase in shift and half- 
width dué to increase in temperature was observed at 
low pressures (r.d.« 7). The effect decreased with 

‘increased pressure, and is entirely negligible for r.d. 
higher than 9, in agreement with Margenau's theory. 
The last fact was also observed by Robin* with Na/A. 

Robin and Romand!” observed the shift of Xe 1469 
as a function of the r.d. of argon compressed from 1 to 
800 kg/cm? (T—20?C). Except for indications of a 
slight red shift at low pressures, the shift was about 
—3 A (toward the violet) for r.d. 200, and then in- 

creased rapidly as further pressure was added. The 
results are shown in Fig. 7. If is particularly interesting 
that argon produced violet shifts and viole! asymmetry 
for Xe A1469 in contrast to all other observations with 
argon. The different behavior in this case, in contrast 
) the effects observed with alkali atoms, may be due 
| part to the fact that both argon and xenon have 
pleted electron shells in the ground states. Xenon 
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is unfortunately opaque in the region of the absorption 
line of argon 41048, preventing an otherwise interesting 
observation of the effect of xenon pressure on argon 
lines. 

It is interesting to note that the ratio of shifts per 
r.d. of the first two member lines is nearly the same for 
argon, whether at low ọr high r.d., but the ratio is 
different for other perturbing gases. 


2. Shift of the High Member Lines 


The displacement of the high members of the prin- 
cipal series of Rb produced by He, Ne, and A"! for 
pressures up to relative density 6 and that of Na, Rb, 
and Cs produced by H» and N+” for pressures up to r.d. 
5 were observed by Ny and Ch’en; that of K produced 
by He and that of Rb produced by neon, up to r.d. 
of about 20 were observed by Fiichtbauer, Heesen, and 
Hansler.? Their results are summarized in Fig. 8. 

Füchtbauer and Reimers?‘ also observed the effect 
on the high terms of Cs of these gases and of paraffin 
vapors, but did not vary the pressure. The displacement 
was found to be proportional to the r.d., dependent on 
the nature of foreign gases but independent of the 
nature of the absorbing atoms, in agreement with the 
theoretical treatment by Fermi.?? To illustrate how the 
shift/r.d. varies with various high member lines, 
Füchtbauer's"? data for K/He is chosen. The slopes of 
the straight lines for the violet shift vs r.d. plots are 
5.25, 6.20, 5.75, 6.2, 6.2, 5.63, 5.60, 5.50 cm~/r.d. for 
the 4thff up to the 11th members, respectively. Other 
gases that produced a violet shift, viz., H», Ne, and N», 
had curves of shape similar to those for He, the shifts 
for Ne and N: being very small. Gases that produced a 
red shift are A, Kr, Xe, methane, ethane, and propane.” 
The shift of the high member lines of Na displaced by 
Cs vapor was alsome asured by Füchtbauer and Hei- 
mann? and was found to follow the same trend in the 
series as those produced by argon. 

'To summarize the results of observations, for gases 
that produce a violet shift, the shift decreases with the 
molecular weight (or polarizability) of the gas. The 
shift first increases with the ordinal number of the lines 
in the series, then attains a weak maximum at the 5th 
to 8th members, and finally approaches a constant 
value for lines higher than the 15th member up to the 
limit of the series.?!? For gases that produce a red 
shift, the shift increases with the molecular weight 
(or polarizability) of the gas. The shift vs series member 
plots have the same shape as those in the first case but 
there is no such weak maximum around the 5th-8th 

121 T, Z. Ny and S. Y. Ch'en, Phys. Rev. 51, 567 (1937). 

12 T, Z. Ny and S. Y. Ch'en, Phys. Rev.-54, 1045 (1938). 


$3 C. Fiichtbauer and W. V. Heesen, Z. Physik 113, (1939); 
and reference 130. 
14 C. Füchtbauer and H. J. Reimers, Z. Physik 97, 1 (1935). 
125 E, Fermi, Nuovo cimento 11, 157 (1934). ; 
tt There might be something erroneous about their? data on 
the shift of the 1s—5p line, as given on page 327 of that paper, 
^ if the line was not shifted towards red for r.d. less than 2. 
CollectiénCDidittteh tb saeroamiatiéa. UBleimann, Z. Physik 110, 8 (1938). 
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Fic. 8. The mean shift of the high members of the principal series of alkali atoms produced by various gases. 


members. According to Fig. 8, the observed shift (in 
cm7!/r.d.) for A, Ne, Ne, He, and He are —9.7, +0.1, 
+0.2, +4.7, and 45.9, respectively. 


- * According to Fermi’s theory§§ the effective collision 


cross section of single atoms of perturbing gases for 


electrons at very low relative velocity can be deduced 
——— EE 


$8 Sampson and Margenau have adapted this theory to the 
broadening of impurity levels in ssinicqnducenie which arises from 
collisions between a hole and the phonons. D . Sampson and H? 
Margenau, Phys. Rev. 103, 879 (1956) ^ 


^ CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


from observation of the constant shifts of the high 
series lines of the alkalis at low pressure. The method 
is to take the difference between the observed shift A 
and the shift, A, due to the polarization of the foreign 
atoms in the field of the core of thé alkali atom to ob- 
tain A,, the shift caused by the perturbation of We 
valence electron by the foreign atoms. 


A= 20e? (eo— 1)N4/8rhcLo 


= 0.000922 (eo— 1) N 13/ Lo cm?! (35). 


$ 


j 
7 
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of very low velocity as measured by different authors. 


S By electrical method, 


By optical method, cm?/cm? (kinetic energy 


Gas cm?/cm? of electron) 
He LAS IG SHO ES 15.3 (0.03 ev)? 
Ne 0.23,», 0.24¢ 3.13 (0.2 ev)? 
A , 42," 25.2,> 23.7¢ 2.6 (0.03 ev)! 
Hs 12.3," 14.02 24.4* 

Ne 0.93," 5,> 2.08 10* 

Kr 121.3 . 20 (0.6 ev)! 

Xe 412! 58 (0.2 ev)! 

Hg 35-37.2! 250-300 (1 ev)" 
CH, 73E 

C2H6 1208 

Cs on Na 25.9X 103^ 1.110% 


* E. Amaldi and E. Segré, Nuovo cimento 11, 145 (1934). 
b Füchtbauer, Schultz, and Brandt, Z. Physik 90, 403 (1934). 
* See reference 121. 

4 See reference 122. 

* C. Füchtbauer and H. J. Reimers, Z. Physik 95, 1 (1935). 
t C. Füchtbauer and F. Góssler, Z. Physik 93, 648 (1935). 
£ See reference 124. 

b See reference 126. 

i See reference 127a. 

i See reference 127b. 

k See reference 114a. 

1 See reference 127c. 

m See reference 127d. 

a See reference 127e. 


where Lo is Loschmidt’s number, e, the dielectric con- 
stant of the foreign gas under normal conditions, and 
— W the number of atoms per cm*. A, is related to the 
effective cross section of a single atom of the perturbing 
|. gas, c, by 

A= dE ANol/Asimc— 41.09 X 10-6! cm. (136) 


E 
—— The A, values (in cm-!) for He, Ne, A, Kr, Xe, H», and 
Ne were found to be +6.1, +0.7, — 7.95, —17.2, — 31.6, 
+5.85, and +2.2, respectively. By multiplying o by 
Lo/160— 3.54 x 1015, the effective cross section for all 
atoms in 1 cm? at 1 mm pressure and 0°C is obtained 
ulated in the second column of Table II. The 
abulated in the last column were obtained by 
n and others?" using a direct electrical method 
the cross section at electron energies given in paren- 
The minimum energy of an electron attainable 
urement is that of the thermal motion per 
03 ev at room temperature). 
uations were derived for spherically sym- 
ecules. An extension of his treatment to 
etrical molecules as given by Reinsberg"$ 
that Fermi's equations can also be applied to 
without any appreciable correction. Furthermore, 
? repeated the calculation in a more general 
ound that Fermi’s theory is good for shift. 
the strong dependence of the cross section on 
E 'ermi's theory is satisfactory at 
LE IN L 
; (b) C. Nor- 
); D euer DÀ R. Kollath 
91 C 


1930); (d) R. B. Brode, Proc. 
0925); (e) R. B, Brode, Phys. 


6 (1935); (b) C. Reins- 
„S.S.R. 61, 357 (1949); 
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low pressures and provides the only values at present 
available for the low-velocity limit of elastic collision 
cross section of different atoms and molecules. 

The results of all authors indicate that when the 
relative density of the perturbing gas is high, namely 
above 5, the shift A, increases more rapidly than 
linearly with r.d. Thus, this gives the upper limit in 
pressure for the validity of Fermi’s equations, as easily 
deduced from the assumption he made in the derivation. 
This validity can be clarified in another way. Namely, 
according to Fermi’s equation, the shift should pass 
from violet to red with increasing relative density. This 
phenomenon is not observed, even when the Ne pres- 
sure is increased to a r.d. of 16, on the high series 
members of Rb.!*? 

The continuous absorption of Cs vapor beyond its 
series limit was found to be reduced in intensity, and 
the maximum absorption shifted toward violet in the 
presence of all gases employed by Ditchburn and 
Harding,"' viz. He, Ne, A, Kr, Xe, N», He, D», and 
Cs His. 


3. The Broadening of the Low Member Lines 


'The broadening of the first and second doublets of 
the principal series of a number of alkalis produced by 
argon is given in Fig. 9. The curves are consistently 
linear for the resonance lines of Na! and Rb"? 
with H», A, N», and He, A, respectively. For the reso- 
nance lines of K '? the curve swings slightly upward 
for high relative densities. The slopes of these curvés 
are given in the fourth column of Table III. These 
values are accurate only when the r.d. is low.|! || The 
strictly linear curves are indicated by “L” in column 4. 
Degrees of departure from linearity are indicated by / 
or /-. Robin, Robin, and Vodar® made a determination 
of the half-widths of the Na-D lines broadened by argon 
up to about 340 r.d. The half-widths, Arv}, increase 
linearly with r.d. up to about 80 and then the curve 
swings upward gradually as shown in Fig. 10. The 
broadening of Hg 2537 produced by H» and He was 
measured recently by Robin.55 The Av; (in cm-!) vs r.d. 
curve for both gases are nearly the same, and have a 
slope of 0.363 cm-!/r.d. up to r.d. 430, then swing 
gradually upward. 

The half-width vs r.d. curves obtained so far for the 
second member of the principal series of all alkalis are 
linear for low r.d., say up to 8, and for all gases. When 
the r.d. is high, the curve for argon still follows the 
linear relationship as before, while for helium the curve 
indicates a definite upward swing.'% "5 In plotting 
Curve II of Fig. 11, only readings for the ?P; componert 
were used. The curve for the ?P; component was left 

12 C. Füchtbauer and G. Hansler, Physik. Z. 41, 555 (1940). 


131 R, W. Ditchburn and J. Harding, Proc. Roy. Soc. (London) 
A157, 66 (1936). 


|| || When the r.d. was high, say above 10, the slopes were usually - 
‘aigher (see reference 11G and 117 in comparison with references. 
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Frc. 9. Pressure broadening of the first (Curve I) and the second (Curve II) doublets:of the principal series o of | 
alkali atoms produced by argon. 


out because of its overlapping with the Rb—He 
diffuse band appearing at the short wavelength side.!* 
The A»; vs r.d. plot for Hg (2537)/He is9*^ linear up to 

^ r.d. 110 approximately. 
The violet asymmetrical broadening of the resonance 
lines of K under the vapor pressure of Rb (150 mm Hg) 
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density of foreign gases for low relative densities. 


Avm 
cm-!/r.d. 


— 0.196, —0.248 
—0.213 

— 0.420 

— 0.360 

— 0.92 

— 0.83 

SOS 


= 
—1.0 
— 2.69 


—0.53 
=P. 

—0.214 

—0.223 

—0.277, —0.360 
—0.261, —0.300 
—0.83, —0.81 
—1.02, —0.70 
—0.57 

—0.62 
—0.52 ? 
—0.38 ? 
—0.58 

—0.50 

—0.16 


4-0.22 
—0.16 
—0.11 
—0.33 
—0.189 
—0.186 
—0.23 
—0.33 
+0.2 ? 
—0.2 ? 
+0.45 ? 
—0.14 ? 
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11.2 
14.4 
22.2 
13.4 
24.0 


22.2 


18.0 
26.2 


8.96 
10:2; 12.3 


17.5, 16.1 


16.3 


14.1 
18.4 


11.3 


13.8 


9.6 
13.3 


7.16 


13.0 


7.01 ? 


12.4 
12.3 
7.8 


14.5 


10.8 
16.2 


20.7 ? 


“ABLE III. The shift (Avm) and the broadening (Ax) of various absorption lines of alkali atoms produced by unit relative 


Authors 


oii 


Kleman and Lindholm’ 
Margenau and Watson? 


Hulle 

Fiichtbauer and Reimers! 
Ch'en* 

Ny and Ch'en! 

Ch’en and Parkers 
Füchtbauer and Góssler^ 


Margenau and Watson? 


Watson and Margenau,! 
Hulls 

Füchtbauer and Reimers? 
Watson and Margenaui 
Watson and Margenau! 


Ch’en and Pao? 
Füchtbauer and Gósslerh^ 
Füchtbauer and Reimers? 
Ny and Ch’ent 
Füchtbauer and Góssler^ 
Margenau and Watson? 
Füchtbauer and Reimers? 
Ch’en® 

Ch’en and Pao? 
Fiichtbauer and Reino 
Ch’en® 

Ny and Ch'ení 


Füchtbauer and Heesen* 


Fiichtbauer and Reimers! ı 2 


J See reference 115. 
k See reference 123. 
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and A. On the other hand, Hull!” found very large T 
effect on the K resonance line perturbed by nitrogen, 
about twenty times larger than what the theories 
predict, at low pressures. Furthermore, Horodniczy and 
Jablonski observed a reduction of asymmetry with 
temperature, which has been confirmed by Gorod- 
nichus* with Hg/A. 
> 4. Broadening of the High Member Lines 
The broadening of high member lines is found to be 
linearly proportional to the r.d. as is the shift, inde- 
pendent of the nature of absorbing atoms, but de- 
pendent on the nature of the foreign gas. The broaden- 
ing of the higher series lines of K produced by He, and 
of Na produced by He, Ne, A, He, and Ne were ob- 
served by Füchtbauer and Heesen!” and Schulz." 
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Frc. 10. Half-width of sodium D lines vs relative density of argon 
(after Robin, Robin, and Vodar*). 


They found that the half-width vs series member curve 
had a broad maximum at the 3rd member for K/He 
and at the 5th member for Na/A and Na/He. Then 
the broadening turned back to a stationary value for 
high series members, viz. from the 11th to 12th member 
up for K/He (from the 9th or 10th member up for 
high r.d.), and from the 16th member up for Na/A, 
Na/He, Na/Ns, Na/Ne, and Na/H», as shown in 
Figs. 12 and 13. The broadening of the series end of the 
Na principal series in cm-!/r.d. for He, Ne, A, Kr, Xe, 
Hy and Nz is 1.88, 1.42, 4.45, 8.12, 9.7, 6.16, and 6.16, 
respectively. A very large broadening of the sodium 
high member lines produced by Cs vapor was reported 
by, Füchtbauer and Heimann."* 


135 G, A. Gorodnichus, Izvest. Akad. Nauk. S.S.S.R. Ser. Fiz. 
18, 255 (1954). 
1335 C, Füchtbauer and P. Schulz, Z. Physik 97, 699 (1935). 
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Fic. 11. Half-width vs relative density of He, as in Fig. 9. 


The dependence of A», on r.d. for various members is 
shown in Fig. 14 for the case of K/He. The increase of 
broadening with r.d. (ie., the slope of.the curve) for 
the 4th and the 5th members of the K absorption series 
is greater for low densities than for high densities. 
The greater portions of the curve for the 6th and the 
7th members become straight for higher densities. The 
readings for the 8th up to the 11th members are crowded 
together rather closely in some locations. The curves 
are linear or slightly concave upwards for high r.d.'s. 

It is interesting to note in Table III that the average 
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Fic. 12. Half-width vs members of the rinaipal series of K^for 


relative densities 5, 10, 15, and 18 of helium. 
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Fic. 13. Half-width and shift vs members of the principal 
series lines of Na-in the presence of argon and helium. (r.d.=1, 
P=762°K) (after Füchtbauer and Schulzi3$). 


of the ratio of half-width to shift for argon is 2.2 and 
that for Ne is 2.3, which is in good agreement with 
Margenau’s theoretical computation.®® This ratio can 
be found easily also from Eqs. (97) and (98) to be 2.77 
or from Eq. (58) to be 2.75, by taking p=6 for dis- 
E persion type interaction. Ne gave unexpectedly a rather 
l large value of 4.4. The corresponding values for Hs, 4.1, 
= and He, should not be included when comparison with 
theory i is made. 
= Numerous cases have shown that for alkali atoms a 
line vhich undergoes greater broadening also undergoes 
a eater shift. But for certain lower member lines, 
SN a switch of red shift to violet shift takes place, a 
smal shift is usually accompanied by a large broaden- 
an example, the broadening of K(2)/N» was 
1/r.d. and that of K (2)/H» was 2.64 cm-!/r.d. 
' corresponding shifts were 0.93 cm™ and 0.28 
ectively. In these cases, forces of different 
almost equally probable and as a limit no 


he member of the series. For atoms other 
roms, such as Hg? and Ag, the line broad- 

al Ways) much greater than the shift. Nearly all 
e asymmetrically broadened. A red shift is 
accompanied by a red asymmetry and vice 

th 1 Cs /3876/N;* the only exception. The 
is, in general, larger for the doublet com- 
s the larger shift. The theory of line 
ries “limit has been discussed by 
ather p. agreement with experi- 


Es relation to the density 
bos the atom. The shift 
of D atom and 
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and N is proportional to N? and n~*. As a consequence, 
the width of spectral lines, for very high n, does not 
depend on n. His theoretical curves of the line width 
vs n relationship lie lower than the experimental one 
because the thermal motion of foreign gases is not taken 
into account. 


5. The Evaluation of Some Physical Quantities 


As described in Margenau and Watson's previous 
review article? the oscillator strengths f and transition 
probabilities 4 can be computed from the measurement 
of the amount of total absorption, .f/o^(n;)dv, by 
graphical integration of the line contours. 7, is the so- | 
called index of absorption defined by the relation 


À 
n =— logio/i, 
4rl 


(137) 


where / is the absorption path length. In practice, the 
line contours are often plotted with logio/o/7 (or density) 
as ordinate and the distance in mm from the central 
maximum of the microphotometer curve as abscissa. 
The area under the line contour is measured by a 
planimeter in cm?. Then it follows that: 


E 2.303 a 
f ndv= 3-10! Í logio(70/1)8A 
0 Ami 0 


2.303 
mu 


-10-§ 
GMD 
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where ^ is taken as the wavelength of the central 
maximum, a the area under the contour in cm?, D the 
density which corresponds to 1 cm in abscissa of the 
plot, and B/GM is the wavelength 6A (in A) which 
corresponds to 1 cm in ordinate, M being the magnifica- 
tion ratio of the microphotometer trace, and G tnat on 
the graph. 

According to radiation theory the oscillator strength 
of an atom is 


(139) 


ndy, 


4vma f 108-10? 1 e 
y= 
AD d © DEB) N 


for 4rir,/M«&1 and the transition probability per unit 
time, A, 


(140) 


From such measurements Ch'en"? computed the j 
values of the Rb resonance lines under different pres- 
sures of foreign gases up to r.d. 45.52 for helium and 
46.44 for argon. The f values without the pressure of —— | 
foreign gases were found by extrapolating to zero den- a 
sity of foreign gas. The results (0.33 and 0.66 for the 
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with Füchtbauer and Hofmann's determination! that 
the total oscillator strength is nearly unity. Although 
the precision of determination was not particularly 
high, it seems that the total absorption decreases with 
increasing r.d., so that f values decrease when the line 
is broadened. This was also true with Hg.!!! By means 
of exactly the same method, Michels and Kluivers9^ 
obtained the oscillator strength of Hg 2537 as 0.0255 
from their observations with He. 

The transition probabilities, 6.93X 10? and 3.53» 10? 
for the Rb *P; and the ?P; components, respectively, 
are in good accord with the results of the resonance 
lines of other alkalis. 

The optical collision diameters can be computed from 
the observed half-widths, using the relation 


p= [rAv,/2N (2rkT)]- [mM / (m4- M), 


where m and M are the masses of the absorbing and of 
the perturbing atoms, respectively. The accuracy of the 
calculation depends greatly on that of the values of 
half-widths per unit r.d. As the slopes of these curves 
change with r.d. and are different for different doublet 
components, it is hard to assign a proper value. Al- 
though the average values of the 4th column of Table 
III were used, the figures listed in the 6th column can 
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Fac. 14. Relationship of half-width and the relative densities 
of helium for high members of K principal series (after Füchtbauer 
and Heesen!2), 


138 C. Füchtbauer and W. Hofmann, Ann. Physik 43, 96 (1914): 
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not be regarded as accurate. In spite of these limitations, 
the values of p for a given member of the absorption 
series and a given foreign gas are found to be very close 
for different alkalis. The mean values of p (in A) for 
the first member of the alkali absorption series in the 
presence of A, Ne, He, and Hz are 13, 10, 8, and 7, 
respectively; and the mean values for the second 
member of the series in the presence of A,.N2, Ne, He, 
Hoe, CH4, CoHe, and C3Hs are, respectively, 21, 16, 12, 
12, 12, 14, 16, and 18 A. 


B. FINE STRUCTURE PRESSURE EFFECTS ' S 
1. Pressure Effects Due to Identical Atoms 


By direct measurement of the contours of the line 
wings, the broadening of the resonance lines of nearly 
all alkali atoms in absorption under various pressures 
of their own homogeneous vapor (resonance broaden- 
ing) have been observed.?-!? All observers reported 
that when the pressure was low (below 1 mm Hg) the 
line contours could be described nicely by the disper- 
sion formula and the broadening was essentially 
symmetrical. The half-width varied linearly with the 
concentration of the vapor. All but the first, who used 
K, found that the half-width of the transition from the 
? P1 level was greater than that from °P, level by a factor 
of about V2, quite in harmony with Foley's theoretical 
result? [see Eq. (131)]. Not only the ratios, but also 
the absolute values of half-widths given by Eq. (131), 
are found to be in accord with observations. However, 
when the thermal energy per perturber is comparable 
with the doublet separation, the theory will undergo 
some revision due to the fact that the J representation 
breaks down in such a case.!9 

Ch'en!? and Gregory'” observed also that indications 
of a violet and red asymmetry were present at high 
pressures for the ?P; and *P; components, respectively, 
and a definite band on the red side of the *P; and on 
the violet side of the °P, component were observed. 
This strong asymmetry was also observed with Xe! 
and Hg. 76.77 Tomiser’s observation shows that ‘the 


function of density. 
This self-broadening has also been observed in 


19 K: P. E. Lloyd and D. S. Hughes, Phys. Rev. 52, 
(1937), at pressures up to 20 mm Hg. Ay; (J= )/AnU 93) 
J. Tomiser, Acta Phys. Austriaca S 325 (1954), observ 
0.1 mm Hg with the result of ratio, 1.07— 1.59 (m: 
(theor. 1.42). 

49 Rb: S. Y. Ch'en, Phys. Rev. 58, 844 (1940), at 
to 152 mm Hg. Av (J=})/An (J 23): 1.75. J. Ton 
139, 9, 18 (1954), up to 0.08 mm Hg with ratio 1.19 
1. 26) (theor. 1.38). 

M! Na; K. Watanabe, Phys. Rev. 5^, 151 (194 
up to 70 mim Hg. An (J=4)/An(J 23) =1. SE. 
ence 139, 8, 198 and 276 (1954), up to u.9- 
1.27—145 ed 1.31) (theor. 1.42). 

:42 Cs: C. Gregory, Phys. Rev. 61, 465 1 
17.5 mm Hg. ang=D/an =D- 

13 M, Takeo, Bull. Am. Phys. Soc. 

14 J, C. Madenann and R. Turnb 
A129, 265 (1930); A139 
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discharge tube of mercury vapor on the lines Hg 10140 A 
(21P,— 21.99) and Hg 5770 A (2 Pı— 3D). The broad- 
ening of the former line is purely due to self-pressure, 
while the latter*was broadened proportionally to the 
electric current.!° Thus, by extrapolating the latter 
broadening to zero current, the self-broadening of the 
line was obtained for each corresponding pressure.!! 
Thus, the two lines were found to behave according to 
the impact theory with the same width. However, the 
experimental absolute width was 60975 larger than the 
theoretical value. 


2. Pressure Effects Due to Foreign Atoms 


The difference in behavior of shift and broadening 
of the doublet components of the principal series lines 
of alkalis and of Ag was first emphasized by Ch'en 
and his collaborators.912.13.17 For example, the shift 
of the first doublet of the Rb principal series produced 
by helium!? was — 6.88 A (4-10.88 cm™) for the ?P; 
component and — 2.68 A (+4.40 cm!) for the *P; 
component for r.d. 45.52 as determined by a 21-foot 
grating. The corresponding figures for the half-widths 
were 16.9 A (27.8 cm7) and 20.2 A (33.2 cm-3), re- 
spectively. The ratio of shifts for the two components 
is 2.5 and that of half-width is 0.84. 

The shift of the Rb second doublet!’ produced by 43.9 
r.d. of helium was —19.5 A (+110 cm~!) for the ?P, 
component and —12.2 A (+69.0 cm^) for the ?P; 
component. The corresponding values for the half- 
width were 48.7 A (277 cm) and 63.4 A (361 cm7), 
respectively. The ratios of shifts and half-widths are 1.60 
and 0.766, respectively. 

For argon, the difference of shifts of the two doublet 
components of all alkalis is very small, but the broaden- 
ing of the ?P; componen: is slightly greater than that 
of the *P; component by a factor of 1.12 on the average. 

The line shift, as discussed in Sec. II.B.b, originates 
in the smaller phase shift in the oscillation of an ab- 
sorber at a collision. The phase shift produced at a 
certain impact parameter depends strongly on the 
shape of the interatomic potential curves for various 
gases. For helium an impact parameter effective for line 
shift will be larger than the optical diameter, and the 
classical discussion of the shift may be adequate at 

rather high temperatvre by the following reason. 
Namely, for alkali resonance lines with helium as per- 
turbers, the optical collision diameter happens in many 
| cases to be nearly of the same order of magnitude as 
the sum of the atomic diameter of helium (3.5 A) and 
of th absorbing atom, both in the ground state. When 
ssorbereis excited, the overlap integral will be 
siably larger thafi otherwise, and a repulsion will 
inate the seoné-order dispersion energy at the dis- 
s for line shift impact parameters. Thus, a violet 
with helium pressure may be expected. The shift 
er members should be larger, not because of the 
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fact that the overlap integral is larger for higher states, 
but rather because of the fact that the number of col- 
lisions effective in line shift increases for higher states. 
However, this line shift is related to the shift of the 
center of gravity of the doublet. 

The difference of shifts for doublet components must 
be found in the variation of the doublet separation, 
which is determined by the change of the wave function 
at the absorber's nucleus. The larger impact parameter, 
effective for higher-member line shift, is unlikely to 
change the doublet separation more than otherwise. 
'Thus the ratio of shifts is smaller for higher members. 
On the other hand, observation shows that for alkali 
resonance lines with argon pressures the optical colli- 
sion diameter is about 1.5 times larger than the sum of 
atomic diameters concerned and lies well inside the 
region dominated. by dispersion forces. In this case, the 
ratio of shifts for the doublet components will be con- 
stant for different members. The same kind of argument 
may follow for the ratio of half-widths for doublets. 
But the phase shift most effective for broadening would 
be larger than that produced at the optical collision 
diameter. For helium, the impact paramerer lies inside 
a quantum-mechanical region, although for argon the 
classical picture is still applicable, using the result in 
Sec. ILA.b, that the ratio of half-widths for doublet 
components perturbed by argon should be nearly 
constant for different members. 

Peterman and Füchtbauer?* noticed that the half- 
width of K (2)/Ns and of K(2)/He was greater for the 
*P, component. Ch'en!^!5 also observed that hydrogen 
produced a violet shift on the ?P; component and a red 
shift on the °P, component for both the resonance and 
the second doublets of the rubidium principal series. 
More illustrations are given in Figs. 3, 5, 6, and 9. 
It is also apparent in Fig. 15 that the separation between 
the narrow peak and the broadened peak is different 
for different doublet components. Kleman and Lind- 
holm's precise measurement of the shift and half- 
width of the Na— D lines produced by argon!” revealed 
that the ?P, component had a smaller shift and a larger 
half-width than the ?P; component. 


(el 


Fic. 15. (A) Microphotometer traces of the doublet components 
of the second member of the Rb principal series broadened by 
argon at pressures 0.1 atmos (narrow peaks) and 12.18 atmos 
(broad peaks). (B) Corresponding traces for helium at pressures 
of 0.12 and 10.92 atmos, respectively. Note the difference in shift 
and broadening of the two components (after Ny and Ch'en!?), 
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Recent observations by Robin and Robin** showed 
that the shift of the ?P, component of Rb resonance 
lines when perturbed by A, He, and Ne up to several 
hundred r.d. was nearly linear with r.d., while that of 
the *P; component reversed its direction of shift for 
r.d. equal to 180 for N» and 260 for A. Because of the 
fact that the *P; component was broadened more 
rapidly than the ?P, component, the relative intensities 
of the two lines varied very much with pressure. The 
less intense °P, component at low pressure became more 
intense at high pressures. 

From the results of observations obtained so far one 
can make the following general empirical statements: 


(1) The difference in shift (when expressed in cm) 
of the multiplet components depends on the member of 
the series and the nature of foreign gases, but is inde- 
pendent of the nature of the absorbing atom. 

(2) For gases that produce a violet shift, the longer 
wavelength component (?P;) exhibits a greater violet 
shift than the shorter wavelength component (?Pj), 
as predicted at the end of Sec. II.C.b, and the ratio for 
the first doublet is larger than that for the second 
doublet. 

"These two statements are supported by all available 
data, such as Rb(1)/He, Rb(2)/He, Cs(2)/He, and 
Ag(1)/He without exception. For Rb(2)/Ne, the °P, 
component produced a violet shift while the ?P; com- 
ponent produced a red shift. For a given r.d. of He, 
the differences of shift (in cm-!) of the doublet com- 
ponents for the second member of Rb and Cs principal 
series are the same within experimental error. 

(3) The difference in shift of the double components 
for gases that produce a red shift is usually small as 
shown in Sec. II.C.b. There is no apparent indication 
as to which component should show a stronger red shift. 
For Rb(1)/A, Rb(2)/A, Cs(2)/A, K(1)/A, Ag(1)/A, 
K(1)/Ne, and K(2)/N» the ?P, component shows a 
slightly Stronger red shift ; while for Na(1)/A Rb(2)/N;, 
and Robin's high pressure observations of Rb(1)/A 
and Rb(1)/N?» the ?P; component has a slightly stronger 
red shift. 

(4) The broadening of the short wavelength (5Pj) 
component is greater than that of the longer wave- 
length (?P,) component. Observations confirming this 
statement are Cs(2)/H», K(2)/H», Rb(1)/He, Rb(2)/ 
He, Rb(1)/A, Rb(2)/A, and Ag(1)/A. Robin and 
Robin** proved indirectly, from the variation with 
pressure of the ratio of the optical densities of the 
maxima of the resonance lines of K and Rb, that the 
?P3 is broadened more than the ?P, component. 

Exceptions to this are Na(1)/A, Rb(2)/Ne, and 

Zu Cue only when the r.d. is low. As shown in 
reference 113, when the r.d. of He is above 19, the half- 
width of ili short wavelength component becomes 
greafer than that of the longer wavelength one. 

It is to be noted that in this and the following sections 
there is demonstrated very strikingly the important ^ 
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fact that there exists a conspicuous difference in the 
interactions at close distances for the two fine structure 
levels. There is no doubt that this phenomenon will be l 
useful in interpreting certain detailec: phenomena of | 
various basic observations. 

Many research problems dealing with these effects 
can be suggested, such as the pressure effect on high 
multiplicity components, the fine-structure pressure 
effects of multiplet components in relation to different 
couplings of the angular momenta of the optical elec- 
trons, etc. 


C. NARROW DIFFUSE BANDS OF VARIOUS METALS 
PRODUCED BY CLOSE ENCOUNTERS WITH 
FOREIGN PARTICLES 


The most intense part of a broadened spectra line 
should come from the majority of the perturbers and 
corresponds to distant collisions. The shapes of the 
wings, however, will depend on the phenomena occur- 
ring close to the absorber where spectral lines are 
affected most strongly. This phenomenon is manifested 
as narrow diffuse bands which appear as faint wings 
of the atomic lines if they are not resolved. They have 
been observed very conspicuously as separate bands 
or diffuse lines in the neighborhood of certain atomic 
lines. These bands which are often called "satellites," 
are present at foreign gas pressures even as low as a 
few milimeters of Hg. 


l. Observations in Emission Spectra 


This phenomenon was probably first observed by 
Oldenberg,'*® who obtained a narrow continuum of this 
sort on both sides of Hg 2536.7 in fluorescence by the 
irradiation of the mercury resonance line in a mixture 
of mercury and a few cm pressure of helium. When 
heavier rare gases were used one or two diffuse in- 
tensity maxima were found on the short wavelength 
side, lying closer to the atomic line the greater the 
atomic weight of the rare gas used. Kuhn and Olden- 
berg!“ interpreted the bands as due to loosely bound 
molecules or space quantization. 

Krefft and Rompe!‘ observed similar diffuse bands 
in the positive column of electric discharges in mixtures 
of Tl, In, Zn, Na, K, Rb, and rare gases. The vapor 
pressure of the metal was about 1 mm and the gas 
pressure about 2-10 mm. They found that the charac- 
teristics of the bands depend upon the rare gas used 
and also upon the atomic levels of the metal. These 
bands were classified according *o visual judgm: 
their shape, and a number of empirical relations 
suggested, such as the proportionality of the se 
of certain violet bands to 1/4/M, M being th 
weight of the rare gas used. 

Preston!? made an extensive study om th 


46 O., Oldenberg, Z. Physik 47, 184 (1928); y 
A H, Kuhn and O. Oldenberg, Phys. 
18 H. Kreft and R. Rompe, Z. Phi 

19 W. M. Preston, Phys. Rev. 51, 298 (19: 
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= a simple capillary discharge tube of Hg, Cd, or TI in 
= the presence of 10 cm of He or A. He used a Hilger 
— medium quartz spectrograph, and found that the 
—— intensity of the band was of the order of a few hun- 
> dredths to two thousandths of the intensity of the 
i accompanying metal line. The Hg 2537 band at 2526.0 A 
LX was not changed within a limit of error of about 0.3 A 
— — for three different temperatures, 55, 130, and 400°C. 
1 Also, no observable shift was reported when argon 
> pressure was varied from 1 mm to 10 cm, although the 
4 band may be visible, with much less intensity, even 
A with 0.1 mm of argon. He identified the collision- 
induced spectra near 13 lines of the spectrum of Hg, 12 
of Cd, and 6 of Tl. The majority of these spectra had 
roughly defined edges at the shorter wavelength side 
and no resolved maximum. Only three definite cases of 
maxima on the short wavelength side of lines were 
encountered, -all lying fairly close to and definitely 
associated with an atomic line. Several examples were 
also found of maxima at varying distances on the long 
wavelength side of lines, some at such great distances 
that they could not be definitely connected with any 
particular line. He pointed out that the bands associated 
b. with the lines of a particular spectral multiplet are 
much more alike in form and width than those belonging 
to unrelated lines. 

It should be noted that the conditions for the ap- 
pearance of the bands in emission, such as the presence 
of ions, electron impacts, inhomogeneity in temperature 
distribution and in concentration of emitting atoms, 
étc. in the source, could hardly be neatly defined for 
theoretical analysis. 


2. Observatioris in Absorption Spectra 
a. Observations with-Low Foreign Gas Pressures 


— Although the appearance of a new band of Hg at 
_ 2528 A due to the presence of foreign gases was first 
known to Moore!* and Oldenberg!*® systematic observa- 
— tions of the structureless alkali-foreign-gas absorption 
ds were perhaps first started by Ch'en and col- 
- Jaborators.5!359.757? With the Bausch and Lomb 
- or the Hilger large Littrow spectrograph the band 
appearing on the short wavelength side of the second 

Iber of the principal series of rubidium in the 
esence of foreign gasés.(H», He, Nz, and Ne) was first 
- observed, and then the observation was extended to the 
| Second member of cesium and potassium, and the third 
mber of the sodium principal series.” In the presence 

1m, bands were observed near the fourth through 
e seventh member of the lithium principal series.7® 
cently. wrth infrared plates and more careful tech- 


2 66, 543 (1927). 
y and S. Y. Ch'en, Nature 138, 1055 (1936) ; J. phys. 
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nique, the bands appearing in the neighborhood of the 
resonance lines and the third or higher members of the 
rubidium principal series were also observed with a 
number of other gases,’® viz., A, Kr, and Xe. Most 
recently Ch’en and Jefimenko!* first confirmed that 
the narrow bands exist simultaneously both on the red 
and on the violet side of the first few principal series 
lines of Rb and Cs, with the red bands having a higher 
intensity. In addition to the well-defined series of raze 
gases (also N» and Ho), fourteen different kinds of 
paraffin molecules, whose physical properties are very 
well known, were employed as a series of perturbing 
particles. Over two hundred more new bands of this 
kind were obtained. For details one should refer to 
these original papers. 

Only with heavy foreign gases, such as xenon and 
krypton, and saturated hydrocarbon vapors heavier 
than propane, was the narrow diffuse band resolved on 
the red side of each component of the absorption doub- 
lets of Na, Rb or Cs. Figure 16 is a set of sample spectra 
for the Rb/Xe and Cs/Xe “red” bands. The red 
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Fic. 16. (a) The red bands of Rb and Cs in the presence of 
xenon (1) for the resonance lines, (2) for the second doublet, (3) 
for the third doublet, and (4) for the fourth doublet of the prin- 
cipal series. The corresponding pictures for the fifth doublet 
showed only some red asymmetry (after Ch'en and Jefimenko!9s;b), 
(b) The red bands of Rb in the presence óf various paraffin 

*vapors (after Ch'en and Jefimenko!***), 
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TABLE IV. The Aym (in cm™) values for alkali-foreign gas red bands for the various members of the principal series. 
= Arm Arm Avm Arm ' 
(1st member) (2nd member) (3rd member) (4thomember) 
2P} 2P; 2P} 2P; 2P} 2P} 2P} be 2P} 
—— eee 
Na/Xe — 26.6" cm^! D — 716 cm^! —47 cm^! Il —16 cm^! M 
Rb/Xe —17.4 —33.3 —45.2 —43.5 —34.4 —21.0 —10.7 —9.5 
Cs/Xe —11.7 —31.4 —37.7 —52.7 —29.3 —29.4 —6.1 ^ —94 
- Rb/n-octane — 64^ —76* —53.0 —46.5 —21.9 —20.9 —10.5 — 10.6 
Cs/n-octane —47* — 695 —46.7 —49 — 19.8 — 19.9 —8.2 —9.7 > 
a The accuracy determination is low, because the absorption maxima could not be definitely established or resolved from the atomic line. = 3 
2 
G a 


bands become perceptible when the vapor pressure of 
Rb or Cs is of the order of 107? mm Hg or higher (tem- 
perature of absorption tube=120—150°C) and the 
pressure of foreign gas is higher than 20 cm Hg. { 
When the vapor pressure is increased (by increasing 
the temperature of the absorption tube to 200-270?C) 
the red bands and the absorption lines of Rb or Cs 
overlap, and the bands are no longer resolved from the 
broadened absorption line. Under these conditions the 
violet bands become intense enough for observation. 
When the temperature of the absorption tube is still 
increased (400-500?C) a number of additional bands 
are observed between the doublet components of the 
resonance lines. Owing to the fact that the appearance 
and the regularities of occurrence of these types of 
bands are quite different. They are described in separate 
sections. 

(i) The Red Bands.—As shown in Fig. 16 the red 
bands appear in general close to the atomic line as a 
single absorption maximum. No red bands are pro- 
duced by light gases, H», D», He, Ne, and N». Argon 
and methane merely give a red asymmetry of the 
atomic lines. A definitely resolved red band is observed 
for each component of the first four doublets of the 
principal series of Na, Rb, and Cs for all the other 
heavier ‘rare gases and saturated hydrocarbons em- 
ployed. 

Observations connected with the red bands associated 
with the principal series lines of alkali atoms may be 
summarized as follows: (1) The separation (in cm-!) 
between the band and the associated absorption line, 
Avm, varies strongly with the member of the principal 
series. For Kr and Xe, the largest values of Avm are 
those associated with the second member of the series, 
while for all paraffin molecules the highest value of 
Av, falls on the first member, and Aym decreases rapidly 
with the increase in the ordinal number of the member 
of the series, as illustrated in Table IV. No bands 
were resolved from the atomic lines of fifth and higher 

_agublets of the series. (2) The values of Avm are differ- 


"ent for the two doublet components. For both rare 


gases and saturated hydrocarbons all values of Av, 
associated with the short wavelength (?P;) component 


{If the foreign gas pressure is much lower than this value, the . 


vapor pressure of Rb must be increased to make the band intense 
enough for observation. 
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of the resonance lines are considerably greater than that : 
associated with the long wavelength (?P;) component. - 
For the second member of the Rb principal series the 
foregoing statement holds for Kr, and light hydro- 
carbons (propane and butane), but is reversed for Xe, 
butane, and all heavier paraffin molecules. The differ- 
ence becomes small for the third and the fourth member 
of the Rb principal series. (3) Red bands are resolved & 
only for heavy gases. As shown in Figs. 17 (a) and (b) 
for any given doublet, Avm increases linearly with the 
polarizability, a, of the gases (with possibly a satura- 
tion for very large particles). The slopes of the curves 
are almost the same for both Rb and Cs, viz., 0.31 and 
0.27 in cm™!/a (a being expressed in 105 cm?) for the ?*P; 
and the ?P; components of the second doublet, respec- 
tively. The corresponding values for the third doublet 
are both 0.11. (4) Although there are no sufficient data, 
the values of Avm for ?P, component for a given foreign ` 
gas appears to be a little higher for lighter alkalis. (5) 
The positions of the maxima of the bands is not ap- 
preciably changed by either a variation of pressure from 
3 to 2 atmospheres, or a change of temperature from 
120? to 190°C. (6) The widths ‘of bands decrease with 
the ordinal member of the doublets and are roughly of 
the same order of magnitude as those of the associated 
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"absorption line. (7) The intensity of the bands relative may be observed near the resonance lines. The values 3 


- to that of the associated atomic line is higher for bands of Av, for the violet bands near the resonance lines are 
with smaller Av, or smaller widths. When the pressure very much greater than those of the red bands, but 
_ of foreign gas is low, say below 3 cm of Hg, the inten- decrease much more rapidly towards higher members of 
_ sity depends strongly on both the concentration of the the principal series than in the case of the red bands. 
ibsorbing atom anc: that of the foreign gas. (8) The red For Rb, the values of Av,, for the second member of the 
nds are observed only for those gases which produce series are decreased by 8, 12, and 20-fold relative to 
d shift in pressure effects. those for the first member, for He, Ne, and A, respec- 

The Violet Bands.—The violet bands, i.e., the tively. If one followed this trend of decrease, the values 
a on the short wavelength side of the Absorption of Avm for the second member would be 11 and 8 cm™! 
et, appear usually when the temperature of the for Kr and Xe, respectively, so, experimentally, the 
r stion tube is appreciably higher than that at which band is never resolved. For the third member of the Rb 
. bands are first. perceptible. The behavior and absorption series, the violet bands are never observed 


TABLE V. The Avm (in cm^?) values for various 
alkali-foreign gas violet bands. 


ds: (1/ ) The violet bands are EE fainter m. 

the red bands. Althovgh no direct measurement m * 
ive intensities of the red with respect to the : 
j| lade yet, one can make a rough estima- Na oS E. 1201 "136 B. ee 

a eee eee eee wee ODD 

t vapor pressure at XS ee pees Na(3) 52 50 55 cae EPA 
be around 100. (2’) Violet ban 

"oe onanseMinesvof the KO 230 174 174 602 es c oe 
loyed, while red bands are — Rb() 921 778 718 448 433 342 _ 334 


He Ne Ne A Kr Xe 


gees that produceatedishift, — Rb 19 99 a 90 03 enn 
EN the short ya ne 428 356 408 231 213 151. 134 

values of Avm given in C) Peano acs, en 

ngth . Cs(3) Jod (One ite "EDO i oo 


llection. D gitized by S3 Foundation USA 


SHITE D OR 1S) 2) Gas ReAs ae eNGEAS é 63 


t Queens 
Cs <— A Rb Rb K 


Rb(I)/He 


"LT WE 


Rb(I)/Ne 


Rb(I)/A 


t - 


Rb(I/Kr 


Rb(I)/Xe 


Rb /Rare-gas bands 


.Rbo band 


Frc. 18. The violet bands of Rb resonance lines in the presence of rare gases. The lines marked with K and Cs are the 
respective potassium resonance lines and the shorter wavelength component of cesium resonance lines which appeared as 


impurities (after Ch'en and Jefimenko!), 


for heavy gases; for light gases they are so close to the 
atomic line that only "violet asymmetry was observed. 
(5^) As shown in Table V, the values of Avm for violet 
bands (in contrast to red bands) decrease with increases 
in the mass of the absorbing atom. As an illustration, 
fof a given foreign gas the Av,, values for Na(1) range 
from 1.5 to 2.6 times greater than those for Rb(1); 
the Avm values for Rb(1) are again twice those for Cs. 
(6^) The most profound difference between the violet 
and the red bands manifests in the dependence of Avm 
on the type of colliding particles. In contrast to the red 
bands, the Av,, values decrease with increasing mass of 
foreign gas particles, or remain essentially constant for 
paraffin series ones. This point is further detailed in 
next paragraph. (7^) The width of the bands is greater 
for those with a greater Avm. (8" The position of the 
bands is not appreciably changed by a smaller variation 
of pressure from 3 to 10 atmospheres, and point (7) for 
red bands is also true for violet bands. The effect at 
very high pressures for (8’) is discussed in the subse- 
quent subsection. 

As shown in Fig. 18, for a given absorbing alkali the 
violet bands produced by various rare gases near the 
resonance lines can be classified into three groups ac- 
cording to the magnitude of Avm: (a1) the alkali (1)/He 
. band which is very broad and stretched very far from 

the resonance lines, (bı) alkali(1)/Ne and alkali (1)/A 
“bands _ with two similar maxima: Avmı*** is much 
closer to the atomic line concerned than that for the 
case «of (a;) and Avmz lies between them, and (c) 


*** The subscript “1” in Avm refers to the value of separation 
for the intense maximum in the band; while subscript “2” to 
the much fainter maximum in the same band. 


alkali (1)/Kr and alkali (1)/Xe bands, in the same 
manner, with two maxima. Av4i is still smaller than 
that for case (bı). This effect may be correlated with 
the electron density at the surface of a perturber. The 
electrons having nearly the same energy associated: 
with the atomic surface are s? for He, s*p® for Ne and A, 
and s*p®d!° for Kr and Xe. Since their atomic radii are 
nearly the same, Kr and Xe are most unlikely affected 
at a close encounter by whether the alkali atom is in 
the ground state or in the excited state. e E 
Likewise, the violet alkali-paraffin bands near the 
resonance lines can be divided into three groups: (as) 
the bands in the presence of methane. They are charac- 
terized by a Avm smaller than that for any other hydro- 
carbons studied, and by Av,» smaller than Av». The 
bands resemble very closely those of (b)? in their 
appearance and positions. (b2) the bands in the presence 
of ethane and propane. These bands have only one 
maximum with a Av41 of apparently the same magni- 
tude for both hydrocarbons. (cə) the bands due to 
butane and heavier paraffin series. These always have 
two maxima, with essentially the same Av,1. They 
decrease slightly with the increase in the molecular 
weight of hydrocarbons; however, Ava» is greater nee 
Av,1 and increases slowly with the increase in the - 
weight of the hydrocarbon. These bands esemble ii 
appearance the violet bands in the"preseue 
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The appearance of new bands near the absorption 
-lines of alkali atoms due to collisions with its own vapor 
were also obseryed.7$:15!.154 


b. Observations wilh High Foreign Gas Pressures 


Robin and Robin*®:** observed a violet band near 
Hg 2537 in the presence of argon, nitrogen, and helium. 
The fusion of the band with the broadened line made 
the points of maxima deviate, and rendered it impos- 
sible to measure the broadening of the line. (A similar 

6 i 
situation occurred with the observation of the broaden- 
ing of Rb 4201 by helium.!9) The intensity of the band 
increased rapidly with argon pressure and became 
greater than that of the principal line at about 300 
atmospheres. As the argon or nitrogen pressure was 
increased, the maximum of the violet band of Hg first 
displaced toward the red, then seemed to be very little 
displaced between r.d. 250 and 400 for argon (with the 
band located at 2530 A) or between r.d. 150 and 350 
for nitrogen (with the band located at 2531-41 A), 
and then displaced readily toward the violet. The 
authors regard this change of the maximum position 
as due to the change in polarizability of both ab- 
sorbers and perturbers due to pressure. It has been 
pointed out!5* that for spherical nonpolar molecules the 
polarizability increases first with pressure up to about 
. several hundreds atmospheres and then decreases. As 
the pressure was increased to 5000 kg/cm? with N» 
‘and 6000 kg/cm? with argon (temperature 95°-160°C) 
a second satellite band was observed by Robin and 
Vodar'*® at the short wavelength side of the first satel- 
lite. For helium as the pressure was increased the violet 
band (which appeared at 250 kg/cm? and was located at 
252241 A at 600 kg/cm?) displaced toward the violet 
(25162-1.5 A at 1400 kg/cm’). 

A faint (broad) violet band was also observed for 
Na at 5565+10 A” when the pressure of argon was 
very high (at 1000 atmos and 400°C). The Na(1)/A 
band observed by Ch’en and Stauffer at low pressure 
was at 5543.5--5 A, showing that the band was shifted 
towards red at high pressures. Also, the Rb(1)/A band 
was reported® as displaced toward the red (757510 A 
to 7630+20 A) up to r.d. 120, then returned toward 
blue (7480+30 A at r.d. 390). The Rb(1)/He band at 
r.d. 100, displaced toward the blue (it was at 7250+30 A 
at r.d. 300, 260°C). Two KxX1)/A bands were observed 
(7370 and 7670+30 A) at r.d. 300 and 280°C, the last 

being only visible at high density. 

5 So far the effect of high foreign gas pressure on the 

E bands wl ich appear on the violet side of the atomic line 
EL can e oui ined in?four points: (1) For gases which 
roduce a red shift of the atomic line, the band will 


lace first toward the red and then will gradually 


x. 


^ 
E 7 phvsik 76, 782 (1932); T. Z. Ny and W. P. 
H. Kuhn, Z poyi: toes 20d. 429 and 860 (1936); D. K. 
id J. Murari, Indian J. Phys. 19, 20 (1945). 


PEYS 


8 


nd P. Maz 
1 B 


AND 


ose ed Gy Dog Colle 


M- TAKEO 

turn back to displace toward the violet as the pressure 
is increased. (2) For gases which produce a violet shift, 
the band will displace toward the violet when the 
pressure is increased. (3) The intensity of the band 
increases with increase in pressure. (4) For gases that 
produce a red shift of spectral lines the intensity of the 
violet band is much lower than that for gases that 
produced a violet shift. 

No observation has been made yet on the pressure 
shift of the recently observed “red band" of the alkali 
metals.’ Tt is to be noted that the pressure shift of 
the violet band as stated in points (1) and (2) of the 
previous paragraph are in harmony with the observa- 
tion of the pressure shift of spectral lines. 

Interpretations of these effects have never advanced 
beyond a qualitative level. A simple mechanism which 
accounts roughly for the presence of both the red and 
the violet bands can be formulated by means of the 
very versatile potential curves following the ideas of 
Kuhn," Oldenberg,"? and Preston.!?? These correspond 
strictly to the statistical theory for the line edges 
described in Sec. II.C. The frequency of the light ab- 
sorbed is given by the difference between the inter- 
atomic potentials for the upper and lower states con- 
cerned, since it is assumed that the energy of thermal 
motion of the system does not change during the elec- 
tronic transition. Hence, the frequency of the absorbed 
light observed should be confined within the region 
defined by the minimum and the maximum appearing 
in the potential difference curve. The potential differ- 
ence usually changes very slowly at the minimum and 
the maximum, so that rather pronounced bands will 
appear at the line edges corresponding to them. Thus, 
the minimum of the potential difference gives rise to 
the red band and the maximum to the violet band. If 
there are several minima and maxima in the potential 
difference curve related with an atomic line, several 
such resolved bands could be expected. : 

Red bands are not observed for light gases, such as 
He, H», and Ne, because their polarizabilities are too 
small to give rise to any striking minimum. Since the 
maximum of the potential difference appears at small 
interatomic distances and the radial distribution of 
perturbers falls off rapidly with decreasing distances, 
the intensity of the violet bands at low pressures are 
usually very weak. However, it increases enormously 
at high pressures, probably because of the smaller 
mean interatomic distances. 

The difference of the values of Av,, of the red bands 
for the two doublet components may correspond to the 
conspicuous variation of doublet separations at the 
intermediate (red band) distances of interaction av 
cording to the state of the absorber. The okserved 
linear dependence of Avm of the red bands with hydro- 
carbons on their polarizabilities certainly deserves à 
discussion. For a small region at intermediate dis- - 
tances, the R-dependent part of the potential difference - 

ctivu.Tigitized by/S3byeurdipiorüSimated by U{(6/p—6)(Ro/R)? 
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— (p/p— 6)(Ro/R)*} (as suggested by the Lennard- 
Jones potential function), where U is the minimum 
energy difference giving approximately the red band 
maximum Avm. p and Ro are adjustable parameters, 
independent of the Avm. If Ro, the position of the energy 
minimum, is nearly the same for all perturbers, U will 
be proportional to the polarizability and Av,, will vary 
linearly with it. Also, the rapid decrease in Av,, of the 
fed bands for higher member lines may be due to a 
rapid increase of Ro with the total quantum number. 
Thus, the relative intensity of the band to that of the 
associated atomic line should increase with the ordinal 
number of members. This has not yet been experi- 
mentally verified. 

The fact that the positions of the alkali-paraffin 
violet bands are essentially the same for all paraffins 
(Av,,(Rb(1) J~480—450 cm) except for methane 
(Avm Rb (1) ]--390 cm“) is considered to be due to the 
effect of collisions localized at a colliding part of the 
molecular surface, instead of with the whole molecule. 
Considering that intermolecular repulsion comes from 
electrostatic interaction between slightly bared nuclei 
due to distortions of the electronic distribution, Avm 
may be roughly inversely proportional to the charge 
density [roughlyc-(2z4-2)/13] at the contour surface 
and to the curvature (roughly — 1/53), where n is 
the number of carbon atoms in the paraffin molecule. 
Thus, Av,^-n2/(2n4-2), which predicts the smallest 
Av, for methane. Although this calculation would 
predict a larger Avn for large n, this effect is presumably 
suppressed by the larger dispersion energy of the heavier 
molecule. Actually, when molecules are approaching 
each other, the valley of potential minimum may tend 
to orient towards the colliding pair in spite of thermal 
rotations. This effect would be also one of the reasons 
for the same value of Av,, with butene-2 as with those of 
normal hydrocarbons. 

Although Preston's idea could be used to account 
for some observed phenomena as described above, one 
should note that his picture is still far from complete. 
Several bands associated with an atomic line require 
several minima and maxima in the potential difference 
curve, which is hardly to be expected, although the 
potential curve at close distances must be very com- 
plicated. The rapid decrease in Avm of the red and the 
violet bands for higher member lines and the usual 
expectation of less steep repulsive potentials for higher 
excited states may indicate that the potential difference 
curves tend to have less and less pronounced minima 
and maxima for higher members, resulting in a mono- 
tone curve such as Eq. (52). Then, for highly excited 
states the potential. well may be deep and wide enough 
for easier molecular formation, which is not observed. 
F "urthermore, the quantum number J may not be good 
any more, since an angular momentum originated in 
thermal motion of a perturber, including both transla- 
tional and, in the case of hydrocarbons, rotational, 
should be added. The intermolecular field deviates from 
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the spherically symmetric one at close distances when 
an alkali atom is in the state *P;, so that the angular 
wave function for thermal motion in the ground and 
excited states are not orthogonal to each other. The 
angular momentum of thermal motion may be required 
to change at an electronic transition although this is 
not obvious without calculation. Red and violet bands 
are modifications of atomic lines due to thermal motion 
of perturbers. But why is it possible to broaden the 
line several times larger in energy units than the energy 
of the thermal motion per particle? Although gererally 
the statistical theory does not lead to large errors, even 
when it is not obviously applicable, it has not been 
considered quantum-mechanically for the case of close 
encounters. The WKB method’? loses its validity, 
when the potential varies rapidly over the wavelength 
for the motion of a perturber. Also the representation 
of perturbers as points, instead of wave packets, used 
in the impact theory becomes worse. The interatomic 
region responsible for the red and violet bands may 
be largely affected by quantum-mechanical effects due 
to the noncommuting properties involved, including the 
radial distribution function of perturbers at close dis- 
tances. Thus, this region has been excluded, as a quan- 
tum-mechanical region, in the discussion of II.B., C, 
and D. 


D. PRESSURE BROADENING OF MOLECULAR BANDS 
IN THE INFRARED REGION 


The effect of transparent foreign gases in increasing 
the infrared absorption of a given amount of absorbing 
gas has been known since 1889.5" Beer's law,!57^ how- 
ever, states that each molecule of a gas absorbs inde- 
pendently and the absorption cpeffieient is proportional 
to the concentration of the absorbing gas molecules. 
This discrepancy has been attributed to molecular 
collisions in the gas mixture? and, later, to collision 
broadening of individual absorption lines.!5? 

A quantitative measurement of the effect of various 
transparent gases on the intensity of the absorp- 
tion maximum of NO at 4.54 and of CO at 4.66 u 
(T=298°K) was made by Cross and Daniels!9 with 
instruments of medium resolution. The effective cross 
sections of foreign gases for increasing infrared absorp- 
tion thus found are linearly related to the gas kinetic 
diameters. Likewise the effect was also studied for 
methane at 7.65 u, COs at 4.3 u, and isobutylene at 
14.8 u by Coggeshall and Saier, as shown in Fig. 19. 
They found that the pressure broadening, effects of 
certain gases on one absorber were chasacteristic of 


157 K, Angstróm, Ofversigt af K. Vetensk. “Akal. Fórh. 46, 549 
(1889); W. W. Watson, J. Phys. Chem. 41, 61 (1937). 

187b À, v. Beer, Pogg. Ann. 86, 78 (1852). „ 

158 Eva v. Bahr, Ann. Physik 33, 585 (ie 

19 C. Füchtbauer, Physik. Z. 12, 722 (1911) 

19 P, C. Cross and F. Daniels, ik Chem. Phys. 2, 6 (1934). 
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Fic. 19. Increase in optical density of constant pressure of 
methane as a function of foreign gas pressure (after Coggeshall 
and Saier!&). 


the nature of the absorber and the wavelength studied, 
just as the pressure effects on atomic lines. 

Usually the absorption coefficient is measured by 
observing transmittance T';, when a spectrometer is set 
to transmit radiation of a certain frequency v;. But it 
actually transmits a frequency band of finite width given 
by a spectrometer transmission function f(|v— i|, a), 
where a is the width of the entrance slit. T; is defined 
by I;/I«, where Io; is the intensity of the radiation 


T= 


further calculation, a detailed knowledge of the 
on f(|v—»;|,a) is required. Landenberg and 
el® took f(|v—»;|, a) to be constant in the fre- 
interval v;—a, v;d-a and zero outside. Den- 
used a Gaussian function of the form, 
(v—v;)?/a?]. Nielsen, Thornton, and Dale’ 
ed a triangular form, with maximum at y=»; 
xtendi g from v,—a to vita. With one of these 
tions, expansion of the exponentional function 
Eq. (144) and integration term by term give, at 
vhen (1/7?)«(al/7) <2(ma)?, 


V 32). dm 16 


AND 


f exp{ —aml/27?7[ (v— vn)’ + (1/277)? f( |y—v;|, a)dv 


an. Physik 42, 181 (1913). 
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transmitted by absorption cell and spectrometer when + 
the cell is empty and 7; is the intensity of the radiation 
transmitted when the cell is filled with the absorbing 
gas. If J, represents the energy distribution in the radia- 
tion reaching the slit through the empty cell, 


f I, exp( —k(v)/1) f(| v—vi| , adv 


ff ERI 
f I,f(|v—vil, adv 


0 


(142) 


where / is the absorption length and &(v) the absorption 
coefficient under collision damping, which is given by a 
general expression summing all single absorption lines m, 


1 S2 
k(v) - 35 ka (v) - 22 cm/s] [n Yn)? (—) | (143) 


m m 


v, is a center frequency of a single line and a,, is the 
total absorption coefficient of the line m. 

For simplicity, if lines are assumed to appear quite 
isolated and when the frequency interval transmitted 
is so narrow that J, may be considered to be constant 
over this interval, Eq. (142) leads to 


(144) 
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insensitive to the form of the transmission function. 
These expressions have been successfully used to ac- 
count for measurements on individual strong lines. But 
to get over-all dependence on am, T, l, and a of Tn, 
Eq. (144) must be numerically integrated.'* 

In infrared bands of polyatomic molecules, the indi- 
vidual lines generally lie so close together that a con- 
siderable number of them have their centers in the 
narrow frequency range transmitted by the spectrom- 
eter. The idealized case of an absorption band consist- 
ing of an infinite sequence of equidistant identical 
absorption lines, of which many fall in the frequency 
band transmitted by the spectrometer, has been treated 
by W. M. Elsasser.5* Starting from Eqs. (142) and | 
(143) with o,,— const (a) and v4, md because vm dis- 
tributes with equal spacing d in frequency, he obtained, - 
for small values of 1/d7 (low pressure), 
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® is the probability integral. For large values of 1/dr 


(high pressure), 
1 
pol 
dr 


Jo is the Bessel function of zeroth order. 

The above calculations are only for limiting cases and 
actual lines are neither quite isolated nor equally 
spaced in an infinite sequence, but rather are between 
them. Extensions to more general types of vibration- 
rotation bands have been given by Matossi and col- 
laborators.9? However, the above results for idealized 
cases lead to the correct functional relations between 
absorption, pressure, and optical density. 

The discussion above has been limited to the case of 
Lorentz broadening. With strongly polar or reactive 
gases, larger deviation from a simple absorption ex- 
pressed by Eqs. (147) and (148) may be expected. 

When instruments of high resolving power are used, 
the half-widths of the individual rotational lines can be 
measured instead of the total band absorption. Herz- 
berg and others!" investigated the self-broadening of 
the rotational lines in HCN. The same problem was 
studied by Kortüm and Verleger! for both self- 
broadening and pressure broadening due to the addi- 
tion of different foreign gases. The line widths of both 
the P and the R branch of the 0-3 vibration-rotation 
band of HCN at 1.0380 were measured. The self- 
broadening of the HCN band over the pressure range 
75 to 550 mm Hg is shown in Fig. 20. It is to be noted 
that the half-widths for both branches reach a maxi- 
mum at the density maximum of the band (J—-8), 
and decrease with both decreasing and increasing J’s. 

The broadened lines of linear polar molecules are 
somewhat less well understood because of the difficult 
calculation of the interaction energy involved. One 
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Fic. 20. The half-width values of the absorption lines of the 
0-3 band of HCN in relation to the rotational quantum number J 
of the P and R branch for different pressures of the absorption gas 
(after Kortüm and Verleger!95). 1: p=550 mm; 2: p=450 mm; 

"3: p= =300 mm; 4: p=150 mm; 5: p=75 mm. 


166 Matossi, Mayer, and Raucher, Phys. Rev. 76, 760 (1949). 

167 (y, Herzberg and J. W. T. Spinks, Proc. Roy. 'Soc. (London) 
A147, 434 (1934); S. D. Cornell, Phys. Rev. 51, 739 (1937); E. 
Lindholm, Z. Physik 109, 223 (1938); 113, 596 (1939). 
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Fic. 21. The half-width values of the absorption lines of the 
0-3 band of HCN in relation to the J’s of P and R branches when 
various foreign gases are added (after Kortüm and Verleger!$5). 


: HCN/HCN 5: HCN/(CH3):0 
: HCN/DCN 6: HCN/H2S 

: HCN/C:H;Cl 7: HCN/N:O 

: HCN/SO: 8: HCN/N: 
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should expect at least two types of interactions between 

HCN molecules, rotational and dipole-dipole, although 

the rotating dipoles should not have any permanent di- 

pole moment on the average. As described in Sec. II. A. 

2.b.i, the dipole-dipole interaction for lower rotational 

levels must obey the R-? law, since the interaction 
between molecules due to the thermal motion is easily 

larger than the level spacing /7J/I for such levels, I 
being the moment of inertia. Thus, a permanent dipole | 
moment may appear. Under these considerations, the 
interaction energy difference in the transition J—1—J, | 
will be 0.2 uu’/JR?, as given in Eq. (17), for lower 
rotational levels. Hence, through Eq. (55), a larger | 
half-width is expected for lines with smaller J values. 

In addition, for self-pressure, the two interacting mole- 
cules, with AJ— 2-1 either before or after absorption, 
oiedlogus resonance, according to Eq. (13), either before 
or after absorption respectively. 'This resonance causes 
another half-width which depends on J through Eq. (13) 
and on its statistical population, giving a maximum 
around J=8. The total half-width will be given ap- 
proximately by combining the effects due to rotational 
resonance and dipole-dipole interaction. 

The rate of decrease in half-width for increasing J 
is greater for higher pressures, and the absolute value 
of half-width for the R branch i$ smaller than those for 
the P branch, as theoretically predicted by Lindholm'*? 
through London's formula.*® The average half-width 
values for all band lines were strictly proportional to 
the pressure for the pressure range studied. The slope 
was apod 9. 1- 107! cm-!/ mm Hg. ; 
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Fic. 22. Mean values of the half-width values of all the rota- 
tional lines of the HCN O-3 band in relation to the dipole 
moment of the added gas (after Kortüm and Verleger!*5). 


the band, but reached a maximum for lines which re- 
sulted from transitions between energy states of low J 
values. This is to be expected from Eq. (17) and the 
discussion in the previous paragraph, since no resonance 
. energy is assigned in this case. The effect that the 
broadening decreases in both branches for increasing J 
was particularly apparent for ethyl chloride. The effect 
that the half-width due to DCN (with the largest 
| dipole moment of all) is smaller than that due to ethyl 
chloride was considered possibly due to the fact that 
the hydrogen bonds had a strong affinity for chain 
association. In particular, the resonance effect pre- 
dominant for the HCN case should be reduced for 
DCN, because of the different magnitudes of moments 
of inertia. Figure 22 is a plot of the average half-width 
of all the lines of a band vs up’, where y is the dipole 
moments of the added gases and yp’ that of HCN. It 
follows from the curve that the half-widths first 
changed slowly for small » and then the variation was 
amost linear with yu’ when p>0.75. 

The rotational lines of the near infrared band of HCl, 
HO and CO» were broadened to about the same extent 
and the line width could be accounted for by Lorentz 
theory, viz., approximate proportionality between the 
= width and the pressure and with intensity distributions 
C of the dispersion form. 

;  Coulon!947 examined the perturbation of the infra- 
- red fundamental bands of HC! (3000 cm™) by Nz, A, 
He, H» and O; and of the 2100 cm™ band of CO by N2 
and A compressed up,to 1000 atmospheres, using a 
Perkin-Elmer spectrometer with LiF prism. With He, 
Hy, or argon the rotational ‘structure was still visible 
= for the P branch of HC! at r.d. 350. The two maxima 
: ctor the P and the R branches were obvious even when 
the argon r.d. was 450, the highest attained. With 
ren thé, rotational structure disappeared around 
70. The perturbation grew stronger 1n the order 

T- A, O5, Nz. An absorption maximum very close 
rbidden Q branch of HCl was observed as 
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induced by the nitrogen pressure. The intensity of this 
Q maximum increased rapidly with pressure. As is 
characteristic of collision-induced absorption,!”!:!72 the 
total intensity of the band, I= fa(v)dv, increased 
linearly with the density of the gases beyond 50 r.d. 
(but more rapidly with N: than with a spherical atom 
A). For CO (with a smaller dipole moment than that 
of HCl) the changes in intensity are smaller than 
for HCl. 

In the case of the vibration-rotation bands of some 
other polystomic molecules such as NH;, no J de- 
pendence of this line broadening could be established, 
although there was a definite increase in line width with 
pressure. Other molecules such as CH, gave sharp lines 
under similar conditions.!” 

When the rotational half-width of molecules were 
very small, so small that the direct measurement of the 
line shape was beyond the resolving power attainable 
with most spectrographic instruments, it could be 
estimated indirectly by studying the dependence of 
apparent absorption on total pressure.!?* From Eq. (147) 
T~1—2(al/2T)?#/d or —dT/d(p):— 2(al/279)!/d where 
1/r— (1/ro)p, p being a total pressure and 1/70 a 
number of optical collision per unit time at a unit 
pressure. Thus, the last expression, i.e. the slope of a 
T vs p? plot can be used to determine half-width 1/2rrc 
at unit pressure. Thus, Penner and Weber showed that 
the rotational half-width of the fundamental line of CO 
in the presence of Hə or A was 0.077 cm™ per atmos- 
phere or 0.040 cm-^! per atmosphere, respectively. 
Similarly for He the first overtone of CO showed a half- 
width of 0.063 cm^ per atmosphere. These results are 
somewhat smaller than the values 0.10 cm™ atmos 
and 0.12 cm-! atmos™ for the fundamental and first 
overtone line with air.!75 

The pressure broadening of individual pure rotational 
lines, viz., the J — 23 line of the HCl band at 3.44 
and the /=4—5 line of the CH, band at 3.25 u, was 
studied by Benesch and Elder" using a matching 
method to establish a comparison between line widths. 
An absorption line was broadened by the same amount 
for each broadening (foreign) gas. The quantity of 
broadening gas necessary to produce this predetermined 
line width for a fixed number of absorbers was an 
inverse measure of the relative efficiencies for broaden- 
ing by these gases. The experimentally determined 
information on broadening ability was used to compute 
the relative optical collision diameters obtained from 
pressure broadening of an infrared line of HCl against 
the values of absolute collision diameters obtained from 


11 Crawford, Welsch, and Locke, Phys. Rev. 75, 1607 (1949) n. 
M. Mizushima, Phys. Rev. 76, 1268 (1949) ; 77, 149 (1950). 
ae Kiyama, Minomura, and Ozawa, Proc. Japan Acad. 30, 758 
173 H, Verleger, Physik. Z. 38, 83 (1937). . 
"^ For instance, A. M. Thorndike, J. Chem. Phys. 16, 211 
(1948) ; S. S. Penner and D. Weber, ibid. 19, 1351 (1951). - 
175 L, A. Matheson, Phys. Rev. 40, 813 (1932). } 
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pressure broadening of a microwave absorption line of 
NH; (by Smith and Howard? and Hill and Smith!) 
using the same foreign gases, as shown in Fig. 23. The 
correlation indicated in the figure emphasizes the 
fundamental similarity of pressure broadening results 
in the two distinct spectral regions. In this particular 
case, not only the frequency (3000:1) was enormously 
different (leading to a corresponding disparity between 
the duration of collision and the period of the absorbed 
radiation) but the dipole moments were different, and, 
furthermore, one line (HCI line) originated in molecular 
vibration-rotation and the other (NH; line) resulted 
from the inversion of the ammonia molecule. 

'To show the effect of a dipole moment in the ab- 
sorbing molecule Benesch and Elder'’® also used non- 
polar CH, as absorber. The relative collision diameters 
obtained for HCl absorption were plotted against 
those for CH, absorption as shown in Fig. 24. The 
points fall nearly along two straight lines, except for 
HCl which displayed a higher collision cross section 
due to resonance interaction. The lower lines belong to 
points for molecules with a high degree of symmetry, 
viz., the five rare gases and SFs. This line, like that of 
Fig. 23, nearly passes through the origin, showing that 
the interaction is probably dependent on the polarizabil- 
ity of the perturbing molecules. The strength of inter- 
action was not constantly enhanced by the dipole 
moment in the absorbing molecule. 

The much greater slope of the upper line indicates 
that the ratio of the interaction strength between the 
same molecules and CH, is much greater, due to the 
influence of the dipole moment of HCl. So additional 
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Fic. 23. Optical collision diameters obtained from broadening 
of a microwave absorption line of NH, compared with relative 
optical collision diameters obtained from broadening of an infra- 
red line of HCI (after Benesch and Elder!9), 
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Fic. 24. Relative optical collision diameters obtained by pres- 
sure broadening of an HCI infrared absorption line compared with f 
those obtained by pressure broadening of a CH, infrared absorp- 
tion line with the same gases (after Benesch and Elder!'5). | 
interaction strength due to this dipole moment was 


added to the common value shown in the lower line. | 
This investigation pointed out the source of difficulty 
inherent in previous interpretations of experimental | 
data. While a single type of long range interaction i 
between dipole moment, induced dipole moment and 1 
quadrupole moment of the absorber and the perturber 
may be capable of explaining the behavior of one par- 

ticular group of molecules, at least two different types 
of interactions were involved in the pressure broaden- 1 
ing of a dipole absorber when a variety of perturbers 
was used. | 


E. PRESSURE BROADENING OF LINES 
IN THE MICROWATE REGION 


More accurate measurements of the absorption in- 
tensities can be made in the centimeter wave region 
than in the optical or the infrared regions. Thus, the 
shape of the spectral lines and the variation of their 
widths have been studied over a, range Of pressures 

à ^ . 
from atmospheric down to 0.01 mm Hg or less. For low : 


neglected and the Van Vleck; Weisskopf expressi 
(36a) will be applicable, but the theoretical ana 
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G. 25. Absorption curves for ammonia at various pressures 
(after Bleaney and Penrose!”). 


78 such as the broadening of the inversion spectrum 
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| for J=6>8 line), water? (p~10A for 


y; Smith, and Trambarulo, Microwave Spectroscopy 
and Sons, Inc. New York, 1953), p. 185; C. H. 
V IE; Schawlow, Microwave S pectroscopy (McGraw- 
any, Inc., New York, 1955). 
, Phys. Rev. 70, 665 (1946); B. Bleaney and 
{ hys. Soc. (London) 59, 418 (1947) ; pe. 
don) A189, 358 (1947); B. Bleaney and J. H 
e 161, 522 (1948) ; Proc. Phys. Soc. GaN 
F. Smith, Phys. Rev. 74, 7306 (1948); I. R. 
plumbis University (1948), and reference 47. 
and Gordy, Phys. Rev. 82, 264 (1951); 
tev. 70, 53 1946); J. H. Van Vleck, Phys. 
oem Meng, and Ingersoll, Phys. 
[, R. L. Lamont, Phys. Rev. 74, 353 
id J. P. Gordon, Phys. Rev. 87, 277 


utler, Phys. Rev. 70, 300 (1946); 

UT "Phys. "Rev. 70, 558 (1946). 

ubser, reference 179; Gillam, 
, 1014 (1949). 

t, Phys. Rev. 73, 1334 

Phys. Rev. 74, 1113 

ev. 87, 677 


AND M. 


O-——À 


TAKEO 


values of p, the collision diameter, is indicated in each 
case. Figure 25 is a sample curve for ammonia at vari- 
ous pressures. The lines become sufficiently broad to 
obscure the fine structure at a pressure of 10 cm Hg. 

At low pressures, say, between 0.5 mm and 10 cm Hg, 
all results obtained by various investigators confirm 
that the line widths vary linearly with pressure, and 
there is no observable shift. For ammonia, however, 
when the pressure is high (above 30 cm Hg) the experi- 
mental curve!? shows a definite shift to lower frequen- 
cies as shown in Fig. 26, and the resonance frequency 
becomes substantially zero for pressures above two 
atmospheres. The line width no longer increases linearly 
with pressure but rather decreases with pressure, but 
above four atmospheres, again, it increases linearly with 
pressure. 

This pressure variation for ammonia, particularly of 
the shift, has been explained in a semiquantitative 
way.!! Margenau, applying the variational method, 
calculated the shift of and the transition probabilities 
between energy levels of two and three NH; molecules 
under dipole-dipole interaction in a simple model. He 
showed that the inversion line split, due to the pertur- 
bation, into respectively two or three lines. In either 
case, only one line appears with decreasing frequency 
but with increasing intensity with perturbation at the 
expense of the rest. Thus, the shift is obvious and the 
presence of two or more frequencies with changing 
intensities will destroy the proportionality of line 
widths with pressure and narrowing may take place, 
although no rigorous theoretical treatment about this 
effect has appeared. If the pressure becomes high, the 
most intense line component will accentuate its fre- 
quency reduction. The frequency of this line component 
changes as for a binary collision, 


yo = vo[ (12-32)! —A ], (149) 
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where A~2u?N/hvoc, vo being the unperturbed fre- 
quency of the inversion line. u is the permanent dipole 
moment, and NV the number of molecules per cc. For 
A>>1, vo’ equals substantially zero and the absorption 
should change from the resonant absorption to that 
of the Debye type. 

The experimental confirmation of Eq. (149) may be 
attributed to the work by Birnbaum and Maryott.!55 
The completely deuterated ammonia ND; is expected 
to behave in the same manner as NH; under pressure. 
However, since the resonance frequency vo of the ND; 
inversion line is near 1600 Mc/sec!** and 14.8 times less 
than that of NH;, the shift in the inversion frequency 
should occur at pressures about 15-fold lower than in 
the case of NH; according to Eq. (149). They observed 
this relationship with a good agreement using the 
results for NH; by Bleaney and Loubser.'? At higher 
pressures (above 6 cm Hg) the resonance frequency of 
ND; drops to zero more rapidly than predicted by 
Eq. (149). 

Measurement of the half-widths of 14 resolved mag- 
netic absorption!*? lines in the 5-mm wavelength region 
for oxygen were made by Anderson, Smith and Gordy!55 
and others.?. Line-breadth parameters[ff obtained 
ranged from 0.0319 to 0.0516 cm-!/atmos with a 
population weighted mean of 0.0475 cm-!/atmos. On 
the other hand, the half-width for the rotational transi- 
tion at 2.5 mm wavelength was found by Hill and 
Gordy! as Av, — 0.064 cm-!/atmos at T=300°K and 
0,09 cm7!/atmos at 195°K. 

'The difference between these half-width parameters 
can be understood as caused by the temperature 
difference. In this case, Av;, in units of cm atmos, 
will vary approximately as 7-! according to their 
measurement, although Beringer and Castle! ob- 
served that it varied as 7T-* to T~. Equation (56) 
predicts its variation as 7—* for constant Ay, since JV is 
proportional to pressure divided by 7. But since the 
populations of rotational levels J of perturbers change 
with temperature, Ay changes its value with T. Hence, 
this temperature dependence is extremely complex 
when rotational levels are involved. However, its 
observation offers one of the important methods of 
finding the nature of interaction forces. The tempera- 
ture dependence of the optical collision diameters, 7—°-? 


185 G. Birnbaum and A. A. Maryott, Phys. Rev. 89, 895 (1953); 
92, 270 (1953). 

186 Nuckolls, Rueger, and Lyons, Phys. Rev. 89, 1101 (1953). 

187 Oxygen molecule has no electric dipole moment, but it does 
have a magnetic moment of two Bohr magneton and gives rise 
to magnetic absorption. R. Schlapp, Phys. Rev. 51, 342 (1937). 
47188 Anderson, Smith; and Gordy, Phys. Rev. 87, 561 (1952). 

19 B. V. Gokhale and M. W. P. Strandberg, Phys. Rev. 84, 844 

1951). 

‘ ttt Line-breadth parameter is defined as the half-width meas- 
uredeat half-intensity (the half-intensity half-width), and will be 
indicated as Av’. The half-width, Av, (without a prime) as used 
in Sec. III(1) is half-intensity width, and is, therefore, twice larger. 

19 R. M. Hill and W. Gordy, (unpublished). 

11 R, Beringer and J. G. Castle, Jr., Phys. Rev. 81, 82 (1951). 


for OCS and T-®- for BrCN;,** has been theoretically 
analyzed by Smith, Lackner, and Volker. They find 
that the T dependence requires the introduction of a 
quadrupole-dipole interaction in additjon to the first- 
order dipole-dipole, and have determined the quad- 
rupole moment of BrCN as Q/e-— 5710-16 cm*. For 
ammonia, Bleaney and Penrose!?:9* obtained the T- 
law. Then, with Eq. (35), the absorption at wings is 
proportional to 7—, which has been confirmed experi- 
mentally by Birnbaum and Maryott.! 

Because of the special origin of a spectral line (mag- 
netic absorption), oxygen, like ammonia?! (inversion 
spectra), is one of the rare cases which has microwave : 
spectral lines in the significantly populated rotational 
states K. Since Eqs. (23) and (56) give? 


pc 


Avi—1.33X105Q(1/K-2-$K?)! cm for 


for high K values and the dispersion force gives the 
same type of K dependence,* the variation of the ob- 
served line width as a function of K may reveal again a E 
rotational resonance interaction, with its maximum at j 
the largest population predicted by the Boltzmann 
statistics, as mentioned before for the infrared lines of 
HCN (Fig. 20). This indication of resonance inter- 
ation might be checked by changing the temperature of 
the gas, since the change in K value for maximum 
population thus resulting could cause the shift of the 
K value corresponding to the maximum half-width. 
Pressure broadening due to foreign gases in the 
microwave region has been studied experimentally with 
ammonia, water and oxygen. Bleaney and Penrose?* 
and, later, Smith and Howard? and Hill and Smith! 
measured the collision cross sections of the (J;K)= (3,3) 
line at 0.796 cm™ of the inversion spectrum of ammonia 
for binary mixtures of seventeen different nonpolar and 
polar gases. The results are tabulated in Table VI, 
showing larger collision cross sections for polar gases 
than otherwise. The ammonia partial pressure was 
between 0.2 to 3 mm Hg (0.02 to 0.04 mm Hg for - 
Howard and Smith?) and the concentration of foreign 
gas to ammonia was about 10:1. The collision cross” 
section was computed from the measurement of the — 
absorption coefficient œ at the eenter of the line, wh 
is related to half-width Ay, by Eq. (36a), negle 
effects"5 of saturation® given by Eq. (36b) a 
collisions with the walls. With v— vo, Eq. (36a) lea ds | 
n Á 
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TABLE VI. Optical collision diameters for mixtures of various gases in the microwave region. 


eee 


5 Molecular Optical collision Kinetic 
ELM Absorber and ® u(z)® weight of diameter A collision 
+ line = Perturber Debye perturber Exp. Theor.» diameters* Reference 
ME NH; .  HCN(2.59)4 2.96 (0) 27.0 9.95 
d (3,3) CICN(—) 2.80(0) 61.5 11.9 
CHCl (4.56) 1.87 (0.47) 50.5 11.3 g 
$ SO2(3.72) 1.6(0) 64.1 10.4 
CH:Cl: (6.48) 1.59 (0) 85.0 10.3 
NH; (2.26) 1.44 (0.78) 17.0 13.8° 14.0! 4.43 h 
F T CHCI; (8.23) 0.95 (0.57) 119.0 13.7 
x t OCS(—) 0.71(0) 60.1 7.54 ; 5 
q N:0 (3.00) 0.25 (0) 44.0 7.32 4.35 i 
CS:(8.74) 0(0) 76.1 7.5-7.72 g, h 
CO:(2.65) 0(0) 44.0 7.59 4.51} 
CCl, (10.5) 0(0) 154.0 7.20 jt £ 
X O:(1.60) 0(0) 32.0 4.85-3.86 3.35 4.02 
N2(1.76) 0(0) 28.0 6.4-5.54 3.39 3.4 
H2(0.79) 0(0) 2.0 3.50-2.95 2.57 3.58 g, h 
A (1.63) 0(0) 39.9 4.6-3.73 3.42 4.04 
He (0.22) 0(0) 4.0 2.35-2.00 2.15 3.20 
W H20 Air 0(0) 5.4 3.5 | : 
1 (J.—5.,6.3) H0 (1.5) 1.94 18.0 10.0 10.2 f. J 
b O? NH; (2.26) 1.44 (0.78) 17.0 4.3 4.02 
(J 289) N30 (3.00) 0.25 (0) 44.0 44 4.15 
02(1.60) 0(0) 32.0 3.5-5 3.61 k 
N»«(1.76) 0(0) 28.0 2.8-4.5 3.68 
A (1.63) 0(0) 39.9 3.6 3.63 


a 1: Static dipole moment of a perturber. p: Weighted average of dipole moment over population of rotational levels. 

b See reference 41. 

* E. H. Kennard, Kinetic Theory of Gases (McGraw-Hill Book Company, Inc., New York, 1938). 

d Polarizability (in cm’ X10) averaged over three directions See Landolt-Bérnstein (Springer-Verlag, 1951), I. Band, 3. Teil, p. 511. t 


* For low pressure (7.7 A for pressures more than 4 atmos). 
í See reference 52. i See reference 177. 

£ See reference 176. 
h See reference 194. . 


i See reference 181b. 
k See reference 188. 


for-relatively sharp lines as are commonly observed 
= jn the microwave region. Here, 


e |uzx|?- square of dipole moment associated with the 

line (J,K). 

vo= wave number of the line in cm™. 

— Nyx=number of ammonia molecules per cc in 
rotational level (JK). 

Av;=the half-width in cm7!— fi2/mc, f being the 
collision frequency between the foreign gas 
and an ammonia molecule in state (3,3); 
c, velocity of light. 
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no the number of foreign gas molecules, M: and 
E ar weights, and Si2 the Cross sections 
mmo feign gas collisions, which is equal to 
the collision diameter. Since S3» is 
which is in turn proportional to 
-measure of the effect of collision 


Fi collision piamen is A» 


ie ty 


broadening of the (3,3) line produced by various gases. 
If the order of efficiencies for broadening by these foreign 
gases is that shown in Fig. 23, the result is in perfect 
agreement with that obtained with infrared spectra. 
No shifts of absorption line frequency were observed. 
These results show that the impact theory is a good 
approximation under low pressures, as seen in Table 
VI. However, it might be noticed here that although 
the idea of the collision diameters is very often useful, 
for instance, for the determination of the force law, 
the force laws in many cases are so complicated that 
the collision diameters are hardly meaningful without 
detailed discussion. 

Becker and Autler!! made accurate measurements 
on the broadening of the water vapor line at 0.742 cm™ 
for mixtures of water vapor and air at 45°C. The half- 
width Av;’=0.087-+40.001 cm! for zero concentration 
of water in air and, Av,/—0.1074-0.001 cm™ at a con- 
centration of 50 g/m? of water. The values of collision 
diameter are shown in Table VI. The value of the half- 
width is much smaller than for NH; because a water 


absorbers per cc) 912= (vi2-+-22?)4, the root-mean-square velocity 
of the perturbing molecule with respect to the ammonia molecules, 
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molecule is an asymmetrical top. Its dipole moment will 
have a fairly small steady component in the two rota- 
tional levels between which the transition takes place. 

Beringer and others!® measured the integrated high 
pressure absorption band of oxygen at 2 cm-! mixed 
with nitrogen and showed that the half-width at 
atmospheric pressure should be around 0.04 cm-!, 
«giving a collision diameter 3.8 A. 

The effect of various concentrations of foreign gases 
on the width of the oxygen absorption lines was studied 
by Anderson, Smith and Gordy!5? by measuring the 
half-widths of the rotational line (7289) at a 
fixed oxygen partial pressure (1.5 mm Hg) and variable 
total pressure of the mixtures of gases, as shown in 
Fig. 27. The chosen foreign gases NH3, N2O, No, and A, 
represent, respectively, large dipole moment, small 
dipole moment, large quadrupole moment and elec- 
trical inactivity. Since the half-width in Mc of Os with 
O» is larger than that with Ne, whose quadrupole 
moment is expected to be three times larger than that 
of Oz, the nonresonant quadrupole-quadrupole moment 
seems to be relatively ineffective in broadening spectral 
lines. 

In general, since the strong long-range forces give 
an optical collision diameter larger than a kinetic col- 
lision diameter with momentum transfer for the corre- 
sponding system, we may conclude that collisions take 
place at most without deflections of flying path. The 
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Fic. 27. The broadening of an oxygen line by various foreign 
gases. J=8—9. The partial pressure of Os is 1.5 mm Hg (after 
Anderson, Smith, and Gordy!?88). 


theory seems to be satisfactory for the system under 
interactions of such forces. The relations have been used 
to obtain force constants or quadrupole moments*:® as 
stated in Sec. II. A.2.d. 

The authors take great pleasure in acknowledging 
the encouragement and very valuable criticism of Dr. 
Henry Margenau, Professor at Yale University, and 
Dr. R. T. Ellickson, Professor at the University of 
Oregon, during the preparation of the manuscript. 
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1l. INTRODUCTION 


O describe a phenomenon correctly and con- 
veniently, one wants to represent the states of 
physical systems by parameters that are logically con- 
sistent and also have a familiar, operational significance. 
Difficulties in achieving this goal have come up, for 
example, in the study of atomic phenomena involving 
polarization, spin orientations, and angular correlations. 
In these phenomena, and in many others, the experi- 
mental procedure does not usually analyze all relevant 
variables to the maximum extent consistent with 
quantum mechanics. We refer to states of “less than 
maximum information," to indicate for example that we 
know less about the spin orientation of the protons in a 
drop of water than we would if each proton were in a 
state characterized by a magnetic quantum number. 

'The difficulty in familiarizing oneself with states of 
less-than-maximum information leads, for example, to 
ask : “Given a beam of unpolarized electrons, should one 
think of each electron as having a definite spin orienta- 
tion?” Questions of this kind are semantically slippery, 
of course, and should be argued in terms of some specific 
experimental arrangement. Even so, their clarification 
requires some effort. This writer regards the picture of a 
mixture of definite orientations as unrealistic because 
the choice of alternate orientations is not unique. This is 
shown, for example, by considering the analogous 
problem of y-ray polarization in the phenomenon of 
two-photon positron annihilation. No polarization of 
the y rays is observed with a single detector A, sensitive 
to polarization but which receives only one photon 
from any pair. Now, operate A in coincidence with 
another detector B sensitive to linear polarization and 
actuated by the other photon of a pair; A will detect a 
partial linear polarization. If, on the other hand, B is 
sensitive to circular polarization, A detects a partial | 
circular polarization. Having found that the polarization 
observed at A depends qualitatively on observations — 
performed at B, one has little basis for classifying the 
“polarization of individual photons" detected by A, as - 
either linear or circular. ; 

The difficulties met in these discussions derive in part 
from the circumstance that quantum mechanics has 
been mostly concerned with the "pure" states of sys- | 
tems, such as states of definite spin orientation, which 
are represented by state vectors y. States with less tha n 
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chanics and their discussion has been influenced by the 
historical background in this field. Moreover, most 
atomic physicists have not had much opportunity to 
become familiar with the representation of states by 
density matrices.! 

Calculations can be, and usually have been, performed 

without reference to density matrices even when maxi- 
mum information is not available. This is done by 
*calculating as though a maximum of variables were 
observed and then summing (or averaging) over the 
eigenstates of the.unobserved variables. On the other 
hand, when the states are represented by density 
matrices one can often expedite the calculations and 
avoid the introduction of unnecessary variables, which 
is of particular value for the treatment of many-body 
problems. 

'The variables to be dispensed with include the arbi- 
trary phase of the state vector y which represents the 
state of the whole system. 

It is also important that the density matrix of a 
system can be easily expressed in terms of the mean 
values of observables. Identifying a state by means of 
such physical parameters brings out the operational 
basis of the theory and helps in forming a mental 
picture. 

In the course of a phenomenon, the variations of 
density matrices, or of equivalent sets of parameters, 
can be represented and analyzed to a considerable ex- 
tent by operator techniques without reference to special 
representations of the operators. The whole treatment 
of quantum-mechanical problems in terms of density 
matrices can thereby reflect the features of physical 
phenomena more directly and in closer correspondence 
to macroscopic methods than is otherwise possible. 

This review proposes to familiarize the reader with 
the methods and the potentialities of quantum-me- 
chanical treatments in terms of density matrices, uti- 
lizing a variety of examples. It starts by stating briefly 
the basic facts regarding the identification of states for 
atomic systems and regarding the properties of density 
matrices as developed by von Neumann (N27).* The 
treatment is then developed toward the systematic 
application of operator techniques. Most, if not all, of 
the factual material is well known, but the point of view 
departs in some respects from that of standard references 
(T38, N55). 

The analysis of an experimental situation in Sec. 5 is 
designed to illustrate why partially polarized light 
should be described not as a mixture of different 
polarizations, but by parameters that define its ob- 
servable properties without reference to fictitious 
„models. ? 

' "This review does not cover the field of quantum 


1 The name “‘statistical matrix” is often used instead of “density 
matrix.” The name density matrix itself relates to the corre- 
spondence between p and the distribution function p(q:,:) in the 
phase space of classical statistical mechanics. This correspondence 
has been developed by Wigner (W32), see Sec. 9. 

* References are listed at the end of this article. 
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statistical mechanics, but it may clarity initial concepts 


and approaches to this field. 


2. IDENTIFICATION OF STATES 
(a) Pure States 


Quantum mechanics deals usually with phenomena in 
which a maximum of information is available about the 
system under consideration. This maximal information 
is attained, for example, for a spinless particle whose 
state at a certain time is represented by a wave function 
V(x,y,z2), for a nonrelativistic spinning electren in a 
central field with a specified full set of quantum numbers 
(n,l,j,m), or for a light beam of intensity 7, frequency v, 
direction c, and linear polarization A. States of maximal 
information are often called “pure states" or simply 
“states.” : 

A pure state is characterized by the existence of an * 
experiment that gives a result predictable with certainty 
when performed on a system in that state and in that 
state only. For example, linear polarization of a light 
beam in a given plane is characterized by 100% trans- 
mission of each photon through a suitably oriented Nicol i 
prism; no other state of polarization is fully transmitted 4 
by the same prism. Filtration through a Nicol prism 
defines a state of polarization completely because beams 
thus filtered behave identically with respect to any other 
polarization analyzer. 

An experiment that yields a unique predetermined 
result for a system in a given pure state can be designed 
to act as a filter which leaves the system undisturbed, 
like a Nicol prism traversed by light of the pertinent 
linear polarization. The experiment may then be re- 
peated again and again on the same system, at least in 
principle, always with certainty as to its outcome. Pure 
states can, in fact, be “prepared” by subjecting systems 
to a filter-type experiment. The example of light 
polarization often proves particularly helpful to under- 
stand the relationships between quantum mechanical — 
states and the experiments that characterize them; the 
relationships may be less obvious in other examples but - 
are essentially the same. b 

An experiment that characterizes uniquely a - 
state, as indicated above, and thus provides a ma 
of information about it is called a “complete” 
ment. The term “complete” may have a relative 
ing, with reference to only a part of the variab 
system. For example, filtfation through a Nico 
a complete experiment with regard to polariz 
has little relevance to the photon energy. 

A pure state can then be identified by : 
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1 Given such an operator, it proves possible to design, at 
1 least in principle, an experiment that constitutes a 
» measurement of the corresponding observable. For ex- 
ample the state (4,j,») of an electron bound in a 
central field is an eigenstate of the energy operator H 
corresponding to the eigenvalue E,;; and also an 
eigenstate of the angular momentum operator J, corre- 
sponding to^the eigenvalue m7. Experiments that 
measure energies and angular momenta are familiar; 
experiments to measure less familiar observables can 
nevertheless be designed. 
p- When it is not convenient to identify a pure state by 
‘ specifying the relevant complete experiment or its 
corresponding operator, the state may be identified as a 
linear superposition of eigenstates of any suitable com- 
plete set of operators. For example the wave function 
V (x,y,z) of a particle describes its state as a superposition 
W of all simultaneous eigenstates of the three position 
operators x, y and z, the amplitude of the eigenstate 
(x,y,z) being ¥(x,y,z). The representation of a pure 
state, either as an eigenstate of a particular operator or 
a as a superposition of eigenstates of another arbitrary 
4d operator, is usually called a “state vector" y. (It is also 
i often called a wave function even when y is not ex- 
pressed in terms of space coordinates.) 


(b) General 


Quantum-mechanical systems also occur for which no 
complete experiment gives a unique result predictable 
with certainty. For example, no polarization analyzer 
admits or rejects with certainty photons of partially 
polarized light. We say, loosely, that the information on 
such a system is less than a maximum, with reference to 
the lack of a complete experiment with a uniquely 
. predetermined outcome. The state of the system is 
nevertheless fully identified by any data adequate to 
predict the (statistical) results of all conceivable ob- 
servations on the system. Whether or not the predicted 
dispersion of these statistical results attains its theo- 
retical minimum is irrelevant to the concept of state. 
Indeed "state" means whatever information is required 
about a specific system, in addition to physical laws, in 
order to predict its behavior in future experiments. 

— States that are not “pure” have been called “mixed” 
3 states because they canvbe described by the incoherent 
J superposition of pure states. Incoherent superposition 
— means, by definition, that to calculate the probability 
= of finding a certain experimental result with a system in 
eee ects x 
E: _ the mixed state one must first calculate the probability 
for each of the pure states and then take an average, 
ting tg each-of the pure states an assigned 
2 
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defined values of all variables. The pure states of 
quantum mechanics were then visualized as analogues 
of the classic mechanical states and quantum-statistical 
mechanics was regarded as dealing with mixture of pure 
states. 

However, the description of a nonpure state as the 
incoherent superposition of pure states is not unique. 
There is in general no reason, for example, why un- 
polarized light should be described as a mixture of two 
linear polarizations rather than of two circular ones. 

We shall regard the state of a system, whether pure or 
not, as defined by its previous history, ie., by the 
method of its preparation. Information on the prepara- 
tion may be replaced by adequate experimentation on 
an ensemble of identically prepared systems. Frag- 
mentary information, inadequate to make statistical 
predictions about future experiments, is often comple- 
mented by plausible assumptions. Examples given in 
Sec. 4 show how the information is represented by a 
density matrix. It will also be shown that lack of 
information about a variable can often be expressed as a 
statement that certain operators have expectation value 
zero. For example if the spin orientation of a particle is 
wholly unknown, the expectation value of each com- 
ponent of its angular momentum vanishes. 

The point of view taken here differs to some extent 
from that which is often followed in standard treat- 
ments of statistical quantum mechanics, but the differ- 
ence may be regarded as a matter of preference rather 
than of substance. To illustrate this difference, it may be 
recalled how Tolman (T38) analyzes the fluctuations in 
the experimental results obtained from a system in a 
given state. He considers first a subset of fluctuations 
that should be expected if the system were in any one of 
a number of pure states. Then he combines these 
subsets into a broader set according to the probability 
distribution that the system be in any of these pure 
states. In this paper we consider only the broader set of 
all fluctuations among the experimental results obtained 
with an ensemble of systems prepared according to 
identical specifications. We do not analyze these fluctua- 
tions into subsets when this analysis is not unique and 
does not correspond to observable characteristics of the 
situation. We regard as somewhat incidental whether a ^ 
change in the preparation of the systems would reduce | 
the fluctuations to a lower level or whether they already | 
attain the minimum level set by quantum-mechanical | 
laws. That is, we deal with a single statistical ensemble of 
quantum mechanical systems prepared by identical pro- | 
cedures, not with a statistical ensemble of quantum : 
mechanical ensembles.? The terms “mean” or “average” 


* The point of view of Elsasser (E37) is in some respects close to 
that adopted in this paper, but differs rather substantially in other 
respects, because it rests on the notion that ''there exists no 
general a priori principle of how to collect samples which cai be 
represented by the same statistical matrix" and that accordingly 
“the problem of determining the statistical matrix is essentiallyan _ 
indefinite one." Here we take a more positive attitude toward the — 
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will be always understood, in this review, to relate to the 
statistical expectation regarding such an ensemble. 


3. DENSITY MATRIX 
(a) Formulas for Mean Values 


In the ordinary formalism of quantum mechanics, a 
pure state is identified by the coefficients c, of the 
sexpansion of its state vector V into eigenvectors tn» of 
some complete set of operators, 


Y=} n Cnltn. (3.1) 


For a system in this state, an operator Q represented by 
a matrix Qa’n has the mean value 


(Q)— un (O-n- (2-5 (0 (3.2) 


When a nonpure state is represented by the incoherent 
superposition of a number of pure states y(? with 
statistical weights 5(?, to each pure state corresponds a 
mean value (Q); and the mean value of Q for the 
incoherent superposition is given by the grand average 


(Q)= 25. POO) = Enn Qus i pO 6,6... (3:3) 
One defines then the density matrix as 
pun! = Doi POCO n*c (3.4) 
so that (3.3) becomes 
(Q)= E nn On'nPnn’ =Z n (Op) nn’ =Tr(Qp), (3.5) 


where TrA indicates the trace (ie., the sum of the 
diagonal elements) of a matrix A. 


(b) Definition 


We regard the density matrix as defined by Eq. (3.5) 
rather than by (3.4). It represents a minimum set of 
input data which serves to calculate the mean value of 
any operator Q for a system prepared according to given 
specifications.* The information from which this set of 
data is derived is equivalent to a knowledge of the mean 
values of as many independent operators Q™ as there 
are independent: parameters in the matrix pnn’. In fact 
the initial information on the state of the system is often 
conveniently expressed as a set of (Q(?) from which the 
Pnn are determined by solving a system of Eq. (3.5), one 
for each (Q?). Equation (3.5) which gives (Q) for a 
generic Q in terms of the matrix p may be looked upon as 
a device to calculate a generic (Q) from advance 
knowledge of a special set of (Q™)’s. 


(c) Limitations 


- Limitations on the matrix elements Pnn’ include the 
following: 


4 Any prediction about the behavior of a system can be ex- 
pressed as the mean value of a suitable operator Q. For example, 
the probability of.a certain event 1s the mean value of an operator 


whose eigenvalues are 1 when the event occurs and 0 when it does 
not. 
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(1) The condition that (Q) is real for every Hermitian 


operator Q, -requires p to be Hermitian too, 
(3.6) 


(2) The condition that the unit operator 7 has the 
mean value 1, requires 


ing (Ip) = Tr(p) Ix X Pnn— 1. (3.7) 


(3) The condition that every operator with non- 
negative eigenvalues (for example the operator dxndkn’ 
with eigenvalues 1 and 0) has a non-negativemean value, 
requires p to be positive definite. That is, every diagonal 
element of p in any matrix representation must be non- 
negative, 


-= * 
Pn'n © Pnn’ . ^ 


(3.8) 


The mean value of the operator ôknôkn’, namely prk, 
represents the probability of finding the system by a 
suitable experiment in the pure state x. Accordingly, 
Tro— 7. pxx represents the total probability of finding 
the system in any one of a complete set of orthogonal 
states and the condition (3.7) constitutes an obvious 
requirement. 

(4) The Hermitian matrix p may be reduced to the 
diagonal form 


Pera 0, 


pijp = D» Tn nno S eae (3.9) 


by a unitary transformation T. The conditions (3.7) and 
(3.8) require that 


Puej€EQQiey- [Tr(p) P= E (3.10) 


The ?2;p? is the Tr(p), and therefore we have in 
general 


Tr(pg) = Donn’ | Pnn’| 2«1, (3.11) 


which limits the value of every single element of the 
density matrix. 


(d) The Variations in Time 


The variations in time of the density matrix are 
governed by the Schroedinger equation. Any unitary 
transformation S that changes the vector y representing 
a pure state into Sy, also changes the matrix p repre- 
senting a generic state into SoS-'. The ordinary  - 
Schroedinger equation 3/8»: —ih Hy has, as a for- —— 
mal solution, the time variable transformation y(f) 
—exp(—iA-1Ht)V(0). The corresponding formulas for — 


the density matrix are «ii 
8p/0t— —ih-[Hp— pH ], : 


p(t) =exp(—i#H)o(Q) exp (iH). (343) — 

The mean values of observable> vary in 
cording to x x l 
(Q)=TrLQp()]=TrLQ exp(—îh -Hip (0) exp (it 
= TrLexp(i# HQ exp(— iñ Ht) p(0) ] 


"mos. 


"Phe transition from the Schroedinger representation 
— (Q-— const, p—p(/)) to the Heisenberg representation 
| (Q—Q(0), p— const) appears here asa trivial consequence 
= of the identity Tr(AB)— Tr(BA). 

— — In the scheme where the Hamiltonian H is diagonal, 
— with eigenstates vm, (3.13) takes the form 


Dmm' () = pmm (0) exp 727 (Em — Em) L). 


Notice that only energy differences and the corre- 
sponding frequencies 77 1 (E,,— Em) appear here, to the 
exclusien of absolute energies which are indeed not 
observable. - 


(3.15) 


(e) The Diagonal Representation 


The diagonal representation (3.9) of the density 
matrix is equivalent to 


^ 


Par =}; PiL in T jn. 


Comparison of (3.16) with (3.4) shows that a generic 
state can be represented by the incoherent superposition 
of orthogonal pure states y; with statistical weights p;, 
the state vectors y; being identified by their components 
which are the elements of the transformation matrix 
= Q E . 9 5 . 

T jn. This representation is ot unique in general. That is, 
an infinity of different representations (3.4) can be 
mstructed for a given density matrix unless: (a) one 
ipulates that the states V (? represented by the c,(?'s 
e mutually orthogonal, like the y,’s, and (b) no two 


e" 


(3.16) 


Nes s. 
n 


following sections. 
(f) A Pure State 


4 Ju e state is represented by a density matrix with 
one eigenvalue equal to 1 and all others equal to 0. (The 
eigenvalues of the matrix are invariant under unitary 
t ormations). Equation (3.16) reduces then to pnn’ 
`n. A density matrix pn, can be factorized in 


of independent parameters that identify 
trix depends on its number N of rows and 
the number of orthogonal pure states 
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but are nevertheless independent. Therefore it takes, in 
general, N°—J separate measurements, or equivalent 
data, to identify the state of a system which possesses N 
independent pure states. For example, a nucleus of Na? 
with spin $ has 4 independent pure states of spin 
orentation and the description of a specific state of 
orientation requires in general 15 independent data.® 

Note, for comparison, that a pure state is identified by 
the V complex coefficients c, of (3.1). The number of 
meaningful independent real parameters in the c,'s is 
reduced from 2N to 2N —1 by the normalization condi- 
tion Jn c,?— 1, and further to 2N — 2 because the phase 
of the state vector y is arbitrary and physically 
meaningless. 


(h) Interacting Systems 


The joint state of two interacting systems a and b is 
represented by a density matrix p‘*” of which each row 
or column is labelled by two indices (71,2) corresponding 
to eigenstates “m and v, of the separate systems. An 
operator Q(? of the system a may be treated as an 
operator of the whole system when multiplied by the 
unit operator of b, 1(9 =6,,,. The mean value of Q(? is 
then 


(Q9) Tr(Q@1p\=») 


— (a) > (ab) 
a Dar Om nn’ On Om m'n’ 


= Tre (0p), (3.17) 


where 
Dm OO E »3 n Pmn, m’ AC) = [ Tr, (pf* »YTE- m (3.18) 


represents the information on a alone contained in p‘*”. 
The states of the two systems are uncorrelated when 


(QQ ») = (Q0) (3.19) 


for all pairs Q(?Q(9? which requires the joint density 
matrix to be a product, I 


(d= pm pan. (3.20) E 


Dmn, m'n’ 


4. EXAMPLES E - 


(a) Orientation of Spin-1/2 Particles 


This spin orientation is represented by a density 
matrix with two rows and columns, corresponding to 


5 The clause “in general" refers to the possibility that a few 
initial measurements turn out to be compatible only with certain 
special values of the remaining parameters. In this event further 
measurements of these parameters would be unnecessary. For ex- 
ample, if a first experiment on an assembly of Na” nuclei utilizes a 
Stern-Gerlach inhomogeneous magnet and if every nucleus is 
found to follow the path corresponding to the magnetic quantum 
number m=}, the state is already fully identified. E 

6 The two systems may consist of two portions of matter, of tw 
different groups of particles (like nuclei and electrons of the same - 
portion of matter) or of different characteristics (like spin and | 
orbital motion) of the same particle. One can regard a system asan 
aggregate of two separate systems whenever there exists a com- 
plete set of operators O, pertaining to the whole system, that i 
sum of two sets of operators Q(? and O, such that O does 
operate onthe eigenstates tm of O(9, and O(? does not ope 
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two pure states of opposite spin orientation (e.g., up and 
down). In a generic state the degree and direction of 
spin orientation are indicated by the magnitude and 
direction of the vector 


P-—(o)-— Tr(po) (4.1) 


whose components are the mean values of the operators 
represented by the three Pauli matrices oz, oy, and oz. A 
‘pure state with definite spin orientation has P=1, a 
state of random orientation has P — O0. For particles with 
magnetic moment y in a magnetic field H, under condi- 
tions of paramagnetic polarization, we have P —4H/3&T. 

Knowledge of P is sufficient to identify the density 
matrix, considering: (1) that any 2X2 Hermitian 
matrix can be represented as a linear combination of 
oz, Cy, €z and of the unit matrix J, (2) that the Pauli 
matrices have the properties Tro;=0, Tr(ce;c;) — 28i, 
(3) that Trp=1 and Trý =2 require the coefficient of 1 
to be 4. We have, then, (TG49) 


p L(I-4- P zo :H- P yo y4- P ,0 ) 2 3 (1H-P- 0) 
|i+P,  Pi—iP, 
=} (4.2) 
\PztiP, 1—P. 


The representation (4.2) leads to a simple treatment 
of the Larmor precession of spin orientation in a mag- 
netic field. The magnetic moment u is represented 
quantum-mechanically by the operator y(3)/7e, where 
y is the gyromagnetic ratio, so that the Hamiltonian in 
a magnetic field H is —y(3)e-H. The Schroedinger 
equation (3.12) is then 


0p/0(— 10P/0t-o — iy [H-o P-o—P-o H-o } 


— HH XP-o, (4.3) 


and thus reduces to the classical equation 
9P/01— —yH XP. 


The extension of this equation to spin values j>% is 
indicated below, the extension to include the paramag- 
netic relaxation is given in Sec. 11g. 

The response of a particle detector, whose efficiency 
depends on spin orientation, and which therefore serves 
as a polarization analyzer, may be represented by an 
operator in a form analogous to (4.2). Maximum and 
minimum efficiency, ey and ém, correspond necessarily, 
for spin 3, to particles with opposite spin orientations 
indicated by unit vectors Q and — Q. The detector is 
then represented by an operator D with the spin 
orientation eigenstates Q and — Q and the eigenvalues 

er and em. When the z axis is parallel to Q, the matrix of 


(4.4) 


this operator is 


E (4.5) 


6 
and for a generic orientation of axes it is 


Dart e)ET (er em)Q 0]. (4.6) 
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The probability of response of this detector to particles 
with the density matrix (4.2) is the mean value 3 


(D)— Tr(oD) — 3L (emt em) + (eu— e») P-Q]. (4.7) 


(b) Orientation of Spin-7 Particles 


The density matrix of spin orientation has 2j-+-1 
rows and columns. For 77 1 the representation (4.2) can 
be generalized to include, besides the unit matrix and 
terms depending on dipole polarization, additional terms 
which depend on multipole polarization (see end of 
Sec. 6). This expansion of p constitutes a "reduction" in 
the sense of tensor algebra (FR57, Sec. 19) and the 
coefficients of the operators may be called the *reduced 
elements" of p.” The application of the expansion to 
collision and disintegration processes will be outlined in 
Sec. 11 a. L 

'The definition (4.1) of the spin orientation vector is : 
replaced for a generic 7 by ^x 


=(J)/ jh, (4.8) 


where J indicates the angular momentum operator. 
With this definition, the changes of spin orientation 
induced by a magnetic field H are described by (4.4) for 
all values of j.8° The multipole parameters of spin 
orientation remain constant, under the influence of H, 
provided they are expressed in a coordinate system 
which precesses with P. 


" 


(c) Polarization of Electromagnetic Radiation 


Light polarization is represented by a density matrix 
with two rows and columns, corresponding to two — - 
opposite polarizations, e.g. to linear polarizations indi- - E: 
cated by orthogonal unit vectors A; and A». Because of —— 
mathematical analogy to the density matrix for the 
orientation of spin- particles, the density matrix of 
light polarization can be represented in the form (4.2), 
but the indices x, y, and z no longer correspond to d in 
tions of the physical space. They relate to a ma 
matical representation of polarizations in a 3-di 


7 These coefficients have also been called “statistical te 
(F51a) and “state multipoles" (F53). 
8 This result is derived from the Schroedinger Eq. G. 12), taking 
into account that: (1) the magnetic moment u is represen 
the operator yJ, (2) therefore, the Hämiltonian i is EV J 
definition (4.8) requies the dipole term in the exp: 
have the form 3 Jr ( VoU jc DA], (4) ‘the D 
[J- H,P- J] equals ih à 
° The history of (4.4) has some interest. Thi 
precession by ordinary uantum-ntzchanical 
complicated (BR45). Bloch pointed out, vin bs 
induction (B46), that (4.4) can be establish ied wit 
Schroedinger equation, because the qu: 
value of any quantity follows in its ti 
classical equations of motion. Latet 
derived (4.4) from the Schroedin gi 
procedure equivalent to that indic 
classical and the Schro ua 
Spad in terms of 
rood nay ED 
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sional space, called “Poincaré representation,” in which 
the z axis corresponds to linear polarization along Au, 
negative z to polarization along As, positive x to linear 
polarization at 43° between A; and A: and positive y to 
circular polarization rotating from A; toward A» A 
unitary transformation of the base polarizations A; and 
n À» is represented by a rotation of Cartesian axes in the 
E representative space. : 
j This representation of the density matrix has proved 
convenient (F49, F54a), in the same manner as the 
corresponding representation for spinning particles. The 
| form (4.2) of the density matrix is normalized to provide 
the input for' the calculation of elementary processes 
involving one photon at a time. For macroscopic 
processes, one multiplies (4.2) simply by the intensity 7 
of a radiation beam. The quantities 7, 7P.;, IP,, IP: 
constitute a set of Stokes parameters which charac- 
terizes simultaneously the intensity and polarization 
state of the beam (S52, F49, FMcD51). 


Ti : o 
LO - 


(d) Joint Polarization of Photon Pairs 


In the positron annihilation by two-photon process, 
which was mentioned in Sec. 1, the emitted y rays 
display a polarization only when the two photons of a 
pair are analyzed simultaneously but not when the 
photons are observed singly. The experimental results 
can be described in terms of the mean value (DC?) DO»), 
where the operators D represent polarization analyzers 
serving to detect two photons A and P in coincidence. 
The matrix of D™ or D® is given by (4.6), where Q 
indicates now a vector of the Poincaré representation of 
polarizations. The usual statement that “the photons of 

Je pair have opposite polarizations" means actually that, 
for perfect analyzers with ¢,=0, one would find 
| DeED™y= (1/4) ear e? (1— QC? -Q®), which van- 
! ishes for Q=Q™ and. equals (3)ey C? ey. for 
/ osite analyzer settings Q9 — — QO9, whether Q^? 


+: » . . - . . . 
fs en esponds to linear, circular, or elliptical polarization. 
] e realistic application with imperfect analyzers one 
^ Y 

J 


Be ponds 
Eg ST?) 
Aas 


STOLA 


= 41 (eat em) O (emrt em) P 
— (em— em) 9 (eu — em) POM -Q ]. 


_ The joint state of polarization of the photon pairs is 
. represented by a density matrix p(^P with 4 rows and 
-columns, which can always*be expressed as a linear 
combination of the 16 matrices 1010», 1(%o,, 
)g, (P, The requirement that Tr(p(^9) DADB) 
i by (4.9) for all choices of e and Q implies that 


(4.10) 


(4.9) 


oB =G (110 —0. g (P), 
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(3.18), o9 — Trgo(4P = (4)7™ and indicates natural 
polarization as expected. 

The joint density matrix (4.10) can be derived, of 
course, by a theoretical calculation of the annihilation 
process. 


(e) Steady States (Constant in Time) 


When the state of a system does not vary in the 
course of time, the density matrix is constant. According 
to (3.15) we have then, in the scheme of energy 
eigenstates, 


Pmm' =0 for Em* E. (4.11) 


Any operator Q of the system may be split into two 
parts, Q— Q(?4-Q'?, one constant and one variable, by 
defining 


Omm =Qmm'OEmEm’) Qn O — Q5» (1 —ÓEmEm:). (4.12) 


A steady state may then be characterized by the 
property 
(Q)—0 for all Q. (4.13) 


In the Heisenberg representation formalism, Q(? may be 
defined by O™ (f) 2 Q(0) — Q(0). 


(f) States with Space Invariances 


Space invariance may be treated like time invariance. 
For example if the state of a system is invariant under 
translations along the x axis, its density matrix has a 
property analogous to (4.11) in the scheme of mo- 
mentum eigenstates, namely 


Dir. (4.14) 


States invariant under space rotation, i.e., states of 
random orientation and spherical symmetry, are very 
important. Here the relevant scheme is that of eigen- 
states of the squared angular momentum J? and of one 
of its components, e.g., Jz. Spherical symmetry is 
represented by 


przpz'=—O for 


j#j or (4.15) 
where j and m relate, as usual, to the eigenvalues of J? 
and J;; a is an additional quantum number relating to 
the eigenvalues of any additional operators that com- 
mute with J?, J; and among themselves. 

In the more restricted case of axial symmetry only, 


we have 


7 
Dajm,a'jm'7 O0 for mzm, 


(4.16) 


A nucleus that had initially random spin orientation and E 
has absorbed, or interacted with, a beam of unpolarized —— 
radiation has axial symmetry about the direction of the 
beam. Any operator Q can be split, as in (4.12), into a 


Pajma';m 70 for mm’. 


10 This property is fundamental for the theory of angular correla- 
tions. It was first stated tentatively, in a different form, by 
Falkoff and Uhlenbeck (FU50) and then .proved by various 
authors (L50, S50, L51, TG51), through arguments equivalent to 


entary considerations which lead to (4.16). F 
the eleme by AMA RENTA USA ) "3 
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part QC? having a symmetry property of interest, e.g. 
invariance under space rotation, and a residual part 
Q'9^9 which is not invariant. The mean value 
(Qon-5) vanishes for symmetric states. 


(g) States of Thermal Equilibrium 


Statistical mechanics shows that the state of a system 
at a temperature T is represented by the incoherent 
superposition of eigenstates of energy Em with weights 
proportional to the Boltzmann distribution factor 
exp(—£,,/kT). In order that the sum of the weights for 
all eigenstates equal 1, the weight of each state must 
equal the factor exp(—£,,/kT) divided by the “sum of 
states" Z(T) =) m exp(—Em/kT). That is, the density 
matrix is diagonal in the scheme of energy eigenstates 
and is given by 


g-EnlkT 
i Sate (4.17) 
Z(T) 
in this scheme and by 
e-HIkT e-HIkT 
(4.18) 


p= = 
Z(T) Tr(e-#/k7) 


in operator notation. 

Because p is a function of the Hamiltonian operator 
only, and this function can be expanded in series, the 
mean value of any operator Q can be expressed in terms 
of the traces Tr(QH"). In particular we have 


(°)=0 


for the whole class of operators Q(? such that Tr(Q(? 7) 
=0 for all n, ie. such that Tr[Q? f(H) ]- 0 for all 
functions of H. The derivation of (4.18) can be inverted 
to show that, whenever (4.19) holds, p is a function of H 
only. 

The functional dependence of p on H can be identified 
by the mean values (H), (H?).--(H")---, which are 
given by well known formulas of statistical me- 
chanics in terms of the derivatives of Z(T), e.g., (H) 
= —d InZ/d(1/kT), (H?) — (H4- [d/d (1/kT) P \nZ, etc. 

The derivation of (4.18) through statistical mechanics 
is, then, equivalent to showing that, for a system in 
contact with a thermal reservoir, the mean values of all 
operators Q(? tend to zero in the course of time and the 
(H") approach the values predicted by thermodynamics. 
'These results should follow from the Wangsness-Bloch 
equation discussed in Sec. 11g. : 


(4.19) 


5. ANALYSIS OF LIGHT EMITTED BY ATOMS 


As a further illustration we discuss here the polariza- 
tion of light emitted by atoms under controlled condi- 
tions in an ideal experimental arrangement (F49) 
(Fig. 1). The emission takes place in a chamber C on 
which an optical detector and polarization analyzer are 
collimated from a variable direction. The atoms enter 
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a OPTICAL DETECTOR 
POLARIZATION ANALYZER f Mari E 
z OY... 
STERN GERLACH 


BEAM SPLITTER 


ATOM DETECTOR 


BEAM 
SELECTOR d 
WITH BEAM SELECTOR 


RADIATION 
CHAMBER 
Fic. 1. Block diagram of an ideal experiment. 


the chamber as a molecular beam, preanalyzed by a 
Stern-Gerlach device A to select atoms with a specified 
magnetic quantum number m, referred to an axis z 
parallel to the magnetic field in A. 'To' be specific, we 
consider an optical transition from a p state (1—1) toa d 

state (/—2) and assume that the Stern-Gerlach ana- 

lyzer A has removed all atoms with 72740. In the ordi- 

nary language of quantum mechanics we say, then, that b 
the transition will lead from (/—1, m=0) to (/—2, 
m’=0, +1). 

The angular distribution of intensity and polarization 
of the light emitted by these atoms can be calculated, 
for example, by considering the light as the incoherent 
superposition of three components emitted respectively — - 
in transitions to m’=1, 0 and — 1. Alternately, one can 
derive by a density matrix treatment a general formula 
(F R57, 19.6) for the intensity and polarization distribu- 
tion of radiation emitted in transitions to a state whose 
orientation is not observed. 

'The result can be expressed as a density matrix for 
the polarization, in the forme (4.2), multiplied by an 
intensity distribution. Both the density matrix and the © 
intensity distribution are functions only of the angle 8 
between the direction of emission and the z axis, since 
the state of atoms filtered by A has cylindrical sym- 
metry about this axis if the atom velocity is disregarded. 
The result is i 


+ sin’) [z+ sin? 
I(8)p« (1+4 si S| | 
Op ee css 


where the subscript ¢ indicates the direction i 
representative Poincaré space corresponding to line 
polarization in a plane containing the z axis. In explic 
matrix notation with the first row and column 
to this polarization and the second to linear pola ri 
orthogonal to z, we have PE 


1+ (4/3) sin’ 0 
0 1 


o TOEN 
ex 


I(0)o« 


Because the matrix is diagonal in this < 
light can be regarded as the incohere nt sup 
two beams, one polarized linearl 
with, intensity œ 1+ (4/3) sin’ a 


Wi. 


E Pontal direction with intensity « 1. The excess polar- 
. ization i in the vertical plane relates to the fact that the 
transition to m ‘50, associated with an oscillating cur- 
rent parallel to.z, is more likely than the transition to 
either m= 1 by a factor 4/3. However this analysis of 
_ the polarization provides little justification for regarding 
the light as “a mixture of photons” with the two linear 
polarizations: That the density matrix is diagonal in the 
scheme (5.2) follows from the symmetry of the initial 
state m=O under rotations about z and under reflection 
on the:xy plane. 

If the device A selects atoms in the initial state m=1, 
instead of m=0, the symmetry under reflection on the 
xy plane drops out and the density matrix of the 
polarization is more complicated. We have here 


10 cos e, — sin?0 =] 
14— sin” 
(100 cos?6-1- sin*0)* 


14— sin? 


1 
I(8)p« (: -= sn‘) | 
14 


1 
= (1—— sw) 
14 


X (cosa a, — sine a); (5.3) 


where the subscript 7 refers to circular polarization and 
e angle o— arctg(sin?0/10 cos@) indicates the type of 
artial polarization, which varies from left circular to 
iptical to linear and again to elliptical and right 
cular as 0 varies from 0° to 180°. 
a Consider now another Stern-Gerlach device B added 
-at the exit of the radiation chamber C, which can select 
atoms having a specified quantum number m’ after the 
emission proceSs. These atoms are to be detected at 
he exit of B and the detector output can be used to 
gate" the light analyzer device. The light will then 
ap pear to be completely polarized. If the magnetic 
field in in B and A are parallel and A selects m=0, atoms 
will pass through Bin coincidence with radiation emis- 
Du =1, 0 or —1. For m’=0 the polarization is 
vertical plane; for m= =1 it is circular, 


vA I 


aa 
T(0)p a: 


Bp h 


T(t (Ap pei E us 


oe e 


f th e three intensity and polarization distribu- 


sinbo; F2 E) 
1-4-cos'ó 
for m’=+1. 


(5.4) 
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c E deeds one to visualize the 
y ) EM (5. 1) as a 
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classify the final state according to the same axis of 
quantization as the initial state. (Notice that we have 
here //ree incoherent components, whereas the diagonal 
matrix (5.2) suggests only two.) However, this repre- 
sentation does not rest on any intrinsic property of the 
emitted light. Indeed, if the analyzer B is tilted about the 
axis of the atomic beam, so that the final quantum 
number m’ relates to an axis oblique to z, the beam of 
atoms after radiation will be resolved into five com- 
ponents, with m’=0, +1, +2. Each of these compo- 
nents is associated with a light emission fully polarized, 
so that the light is in fact resolved into five incoherent 
polarized components, when the analyzer is gated by the 
output of B. Each of the five components is represented 
by a matrix /(@)p and the sum of these matrices 
equals (5.1). 

In summary, light is completely polarized only when 
maximum information regarding the state of orientation 
of the atoms which have emitted it (or have interacted 
with it) is provided, and actually taken into account. 
The information is required regarding the orientation 
both before and after the process. Incomplete informa- 
tion leads to partial polarization. Different representa- 
tions of partial polarization as the incoherent superposi- 
tion of polarized components correspond to different 
conceivable methods of completing the information on 
the atoms. None of these alternate representations 
appears intrinsically relevant—apart from analytical 
convenience—unless the complete information on the 
atom is actually collected and correlated with the 
polarization analysis. 

An experimental analysis, equivalent to that indicated 
here for light polarization, can be developed for the 
orientation of particle spins or for any other quanta 
mechanical variable. 

We have dealt here specifically with the information 
or lack of information on the orientation of the atoms 
after light emission, that is, with a follow-up analysis. 
One could as well have considered alternate types of pre- 
analysis. For example one could arrange the selective 
device A so that it first splits up the atom beam 
components with different » and then refocuses them. 
together on the entrance of the radiation chamber. It is 
then possible to select one or the other m value at will by 
stopping the other beam components with a diaphragm, 
or else to allow two or more beam components to radiate - 
together. 


I it, 


6. EXPANSION IN ORTHOGONAL OPERATORS 


The density matrix of the orientation of spin-(3) - 
particles is decomposed by (4.2) into a sum of standard 
matrices J and e. This decomposition was found con- 
venient. It replaces, in effect, the elements of the 
density matrix with the coefficients of the stan 
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of motion of the spin expressed entirely in terms of the 
observable vector parameter P. 

This representation can be generalized. The operators 
I, oz, oy, and c; are orthogonal, in the sense that the 
product of any two of these operators has trace zero. 
For a generic system one may consider a set of operators 
U ; which are Hermitian, except when otherwise noted, 
and obey the orthogonality condition 


Tr(U U;.) = Cox. (6.1) 


C represents a normalization factor which will be taken 
as 1, for convenience, unless otherwise noted. For 
systems whose complete operators have NV orthogonal 
eigenstates, so that p has N rows and columns, jV? 
linearly independent operators constitute a complete 
orthogonal set of base operators. 

Each operator Q of the system can be expanded into a 
sum of U ;'s, 


Q-—».;Tr(QU ) U;—-»i Q;U;. (6.2) 
In particular the density matrix is represented by 
p= D» i Tr(pU i) — »» QU QU = » i piU i 


The state is thereby identified by the parameters p; 
which are the mean values (U ;) of the base operators. 
The mean value of any operator Q is a linear combina- 
tion of the p;'s, 


(6.3) 


(Q) — Tr(Qp) = 271 Qipi. (6.4) 


“Suitable choice of the U;’s serves to eliminate irrele- 
vant variables, much like the choice of coordinates does 
in classical physics. The initial state of a system is often 
identified by the fact that certain types of operators 
have mean value zero, as seen in the examples of Sec. 4. 
It is then convenient to include these operators among 
the U ;'s. With regard to the final state of the system one 
is often interested only in predicting the results of 
certain experiments, i.e. the mean values of only a few 
operators. If these operators are included in the U ;s, 
then only a few of the p;'s have to be calculated. This 
approach is most effective, of course, when the equations 
of motion interlink only some subsets of the p;’s. 

It is usually convenient that one of the base operators 
be the unit operator, to within a normalization constant. 
This operator will be indicated as 


Vo= [Tr(Z) 4, (6.5) 
where the normalization is such that C— 1 in (6.1). The 


operator Up commutes with all other operators, and its 
mean value 


go (Uo) - LTr QD ]* (6.6) 


is the same for all states of the system, owing to the 
normalization condition Tr(Iog)-—1. A state is then 
identified by the N?—1 parameters p; with i~0. The 


condition (6.1) requires that 


M pns zumo =Tr{U;}=0, for 70, (6.7) 
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e., that the sum of the eigenvalues of U; vanish for 
iz*0. States of random spin orientation or of zero 
polarization, i.e., states of minimum. information, are 
represented by a density matrix proportional to 7 
(*equiprobability") and, therefore, by zero values of p; 
for i~0. Departures of p; from zero represent positive 
elements of information about the state. 

When there are V rows and columns, Uo=N +X. 
When N is infinitely large, the situation is somewhat 
akin to that encountered in the normalization of wave 
functions in the continuum and in the application of the 
Dirac à function: 

The Schroedinger equation (3.12) takes the form of a 
system of linear equations among the mean values 
pi=(U;). Replacing p with } x pkUp on the right of 
(3.12), multiplying (3.12) by U; and taking the trace 
one obtains 


0p:/dt=—th t Y THU [H,U os 
=ih" Zr Tr{H[U Ur ]} px, 


dp;/dt= De Q px, (6.9) 


where Qi is an antisymmetric matrix. The set of 
commutators [U;,,U;] can again be expanded into a 
sum of base operators 


iL U 4,Ux]-—2256:205, Cn? =Tr{U ilU SU, ]), (6.10) 


where the coefficients c;,?, antisymmetric in (i,k) and E 
real, are an important property of the set of base s 
operators. 

The matrix 2 of the system of Eqs. (6.9) is therefore 
real, 


(6.8) 4 


that is 


Qn=Dp Ce? Tr(àHU,)  —Qu, (6-11) 


and represents an infinitesimal orthogonal transfofma- 
tion. Notice that Q;=Qo.=0 since all U;s commute - 
with Uo. The eigenvalues of € are imaginary and = a 
to i times the beat frequencies 1 (Em — En) among. the 
eigenvalues Em of H, as seen in (3.15). 

The operators U ; need not be Hermitian. If they are 
not, one must consider also their adjoint, or Hermitia 
conjugate, operators U;t— Ü;* (where ~ indi : 
transposition and * complex conjugation). Equations nsum 
(6.1) to (6.4) are then replaced) by Eu 


Tr(U Ut} S6, 

Q=}: Tr(QU *)U;- Y. Qi*tU;- 5 QiUi*, 

p=}: Tr(oU j*) U;— 57: pit Ui 22i piU i*, à 

(Q)— 22:Qi*oi—7 Z: Qip, 
and (6.10) by 


[USU, t] .ca?U, —— C 

uec (6.16) 
The immediate gene 
ma gus I, oz, 0 
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double operators for two-photon polarization 1691€», 
i IOo, P, ..., o:o,), utilized in Sec. 4d, (b) the sets 
i of 16 Dirac operators J, yi Ys:cc, wviYzysya or Ñ, pı, 
pio z` ` -p3o:, (cC) the sets of (274-1)? multipole operators 
pertaining to the orientation of particles with spin j, 
which were referred to in Sec. 4b. The multipole 
operators are conveniently chosen in tensorial form 
Ura ie. so that they transform under coordinate 
rotations like the spherical harmonic functions Y;.,(6,¢), 
with k integer running up to 27 and q running in integral 
steps om —k to k (F53). The 27+1 operators with a 
given & and different g represent the components of the 
2*-pole moment of the particle, to within a normaliza- 
tion constant. Because of the Wigner-Eckart theorem 
(FRS7, Sec. 14), the matrices of the multipole operators 
are standard Wigner coefficients, properly normalized. 
The operatars 0“, defined in Sec. 4g as orthogonal to 
all powers of the Hamiltonian H, may also conveniently 
be chosen as orthogonal to one another; together with a 
set of orthogonal functions of H, they form a complete 
system. The Wigner phase-space density operators to be 
discussed in Sec. 9 also constitute a complete orthogonal 
set. 
Orthogonal sets of operators have a role analogous in 
many respects to the role of orthogonal coordinates in 
the phase space of classical particle mechanics." 


7. HILBERT SPACE REPRESENTATION 


Equations (6.4), and (6.2) and (6.3) as well, have the 
familiar form of scalar products of vectors. A geo- 
metrical representation in Hilbert space is indeed ap- 
propriate but this space is not the usual Hilbert space of 
quantum mechanics. 

In the usual representation the JV eigenstates un of 

4 (3.1) are taken as base vectors, and all pure states y are 
' vectors of unit length of an N-dimensional Hilbert 
— space. The density matrix pnn’ is a second degree tensor 
... of this space. 
— Here we consider a Hilbert space with JV? dimensions, 
of which the eigenstate products 2,7w,/* constitute one 
set of base vectors. The density matrix p is a vector in 
this space, with the components pnn’ in the coordinate 
system of base vectors Unun’. Any operator Q is also 
represented by a vector, with the components Qn’, in 
— this system, and the mean value (Q) may be visualized, 
— according to (3.5), as a scaler product Q: o. 
y The condition (6.1), with C=1, defines the set of 
= a perators U; as an orthonormal system of base vectors, 
HR ich replaces the system UnUn?. The following equa- 
1s of Sec. 6 simply restate the vector equations of the 
space in terms of the new coordinate systems. In 
Jr note tfun (6.2), (6.3), and (6.4) read, respectively, 


with the aim of 

itive mean values as stochastic 
Uruku 

d$ 


um Ec "ox . 4 


I Kangri University Haridwar Collection. Digitized by S3 Foundatioh SK Tr(p)-— Q:oX1 


FANO 


Q=>'.(Q-U)U:=> 0.0, e=} lo U)U;— 7; o, U; 
and (Q)— o-Q. All physical equations are real when 
expressed in terms of the hermitian operators U ;. 

Equation (6.6), equivalent to (3.7), fixes the value of 
the component po of o, and thus states that the tip of the 
vector which represents p as drawn from the origin of 
the Hilbert space lies on the hyperplane of points x with 
the coordinate xo—['TTr(Z)]*-—V-i. The condition 
(3.11) takes the form p: p 1 and thus limits the tip of p 
to the interior of a hypersphere of radius 1. The condi- 
tion o:o—1 is achieved only for pure states, of which 
there is only a (2M — 2)-dimensional manifold, as dis- 
cussed in Sec. 3g. In mathematical language, this 
manifold at which o: o reaches 1 consists of the “extreme 
points" of the “convex core" which contains all possible 
positions of the tip of o (W32, p. 79). 

The unitary transformations S of the pure state 
vectors y are represented by all rotations of the ordinary 
Hilbert space of quantum mechanics. In the Hilbert 
space considered here the S are also rotations, which 
transform a vector Q representing the matrix Q into a 
vector Q’ representing SQS-!. The S are only a subgroup 
of all rotations in this space, because they are limited by 
the requirement of leaving invariant the manifold of 
extreme points o: o— 1. The ordinary Hilbert space is 
convenient for ordinary quantum mechanical applica- 
tions because it represents as generic rotations the 
transformations S, which include the changes of state 
arising in the course of time from conservative inter- 
actions within a system. The representation considered 
here is convenient for more general applications, in 
particular for the transformations arising from inter- 
actions that are in effect nonconservative (see Secs. 10 
and 11). 


8. MEASURES OF INFORMATION 


Pure states of a system, with p: o— Tr(p?) —1 afford 
a maximum of information; states with p=poVo 
— [Tr(2) H1, and 9-e=[Tr(Z) ]- =N=, afford a mini- 
mum of information. The statistical fluctuations of a 
physical quantity, represented by (Q*)—(Q)?=Q -o 
— (Q-o)*, tend to increase as ọ:ọ decreases from 1 to 
IN, because the second term is quadratic in o. $ 

The eigenvalues p; have the distribution (1,0,0- --) 
for pure states and become increasingly uniform as p: 
decreases, to the point of being all equal to N~ for 
states of minimum information. This transition of the : 
spectrum of p may be represented by variations of 
functions of the form 


255 f (o3) - T1L f (o) ] (8.1) 


which serve as indices of the quantity of information 

about the system. A quantity of this type is independent 

of the representation of p and also invariant in the 

course of time if p obeys the Schroedinger equation. 
The quantity 


" a 


(8.2) 


ERPS teria eS i t 


DESICRIP TION (Ob SSavAGaE Ss 


serves itself well as a measure of information, for many 
purposes. In the representation in terms of orthogonal 
operators (Sec. 6), we have 


N21 N?— N?-1 
Tr(e)= X p@=N+ X pm NOH D (U). (8.3) 
i=0 i=l i=l 
The quantity of information above the lower limit N~! 
appears here to consist of additive contributions repre- 
sented by the squared mean values of operators with 
trace zero. The spin operators o of (4.2), the operators 
Q of (4.12) and Q(? of (4.18) are all traceless. The 
degree of polarization P in the spin orientation density 
matrix (4.2), or in the corresponding light polarization 
matrix, is closely related to 'Tr(p?), since in this example 
we have 


o:\? 
Tr(g)) =3+4P%, =20(=). (8.4) 


One may generalize the concept of degree of polarization 
by defining 
N 
dac i219 2. (8.5) 


Qualitatively, the idea of quantity of information 
implies that the total information in a number of 
separate systems is the sum of the quantities of infor- 
mation on the various systems. According to (3.20), 
the density matrix p(^? of two uncorrelated systems is 
the product of density matrices p(? and p(? of the two 
systems. We have then 


Tr(p(s9*) — Tr(p(?)* Tr(p(?)*. (8.6) 


Thus In Tr(p?) is additive and corresponds to the con- 
cept of quantity of information better than Tr(p?) 
itself. The In Tr(p?) ranges from — nV up to 0. 

In statistical mechanics it has been known for a long 
time (N55, T38), that the entropy of a system coincides 
with the mean value of — k Inp,? where k is the Boltz- 
mann constant, that is, with 


(—k Inp)= — k Tr(p Inp). (8.7) 


The connection between entropy and quantity of in- 
formation suggests then that Tr(p np) — (Inp), or, still 
better, Tr[o In(Npg) ]- (In(Vp)), be regarded as a suit- 
able definition for the quantity of information. 'This 
definition allows one to introduce a quantity of informa- 
tion operator In(Np), which has itself the additivity 


property 
In(N aop) =In(V ap) +In(V op) — (8.8) 


whenever the states of a and 6 are uncorrelated. 
Notice that Tr(p Ino) and In Tr(p?) vary between the 
same limits and that their values are never very differ- 


12 i is identified by having the same eigenstates as p 
and Dee dua Inp;, equal to the logarithm of the eigenvalues 
of p. Stratonovich (S55) has emphasized that Tr(p np) is con- 
veniently expressed as Z; p; Ine; even when p is initially identified 
otherwise than in terms of its eigenvalues and eigenfunctions. 
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ent. Since Tr(p? may be expressed as (p), we are com- 
paring here (Ing) with In(p). ; 
The condition Tr(p Ing) = minimum may be utilized in 
quantum mechanics much like the condition of maxi- 
mum entropy in thermodynamics or the condition of E 
maximum number of complexions in classical statistical | 
mechanics. The condition Tr(plnp)=min with the 
subsidiary condition that certain operators L(? have 
assigned mean values (L(?) determines (N27, S55) that 


p— exp(y— 22. yrl”). (8.9) 


The constants y, Yr are fixed as usual by the subsidiary 
conditions. The state of thermal equilibrium (4.17) is 
obtained by this procedure, when the set of L™ consists 
of the Hamiltonian H only; theny:=1/kT andy — — InZ. 
The discussion of Sec. 4g shows that the condition 
Tr(p Inp)=min incorporates into p the following infor- 
mation, in addition to the values of the (£?): (a) all 
quantities Q(? such that Tr[Q? f(L®---L@---)]=0 
have mean value zero, (b) all quantities f(L - - - L0. - -) 
have mean values which are specified functions of the 
(L(?) and of the parameters y, Yr- 


UT. 


9. WIGNER PHASE SPACE DENSITY OPERATORS 


Wigner has defined (W32) a quantum analog of the s 
function p(R,P) which represents a statistical distribu- 
tion in phase space of the states of a particle according l 
to classical mechanics. If the state of the particle is 
identified by the density matrix in the scheme of posi- 
tion coordinates r, (r’|p|r’”), the Wigner distribution 
function is 


LT 


1 

ARE = f ento R—n) exp(i#P-2r). (9 1) 

ks ' x | 

This function can be generalized immediately to a many- à 

particle system and has proved useful in statistical 
mechanics (see, e.g., M48, IZ51). 

The values of the function p(R,P) constitute a set of 
parameters p;—(U j), as defined by (6.3). They are the 
mean values of the operators UmP with the matrix 
representation 


(r'| UnP|r") = (4:3)38(2R—r'— r^) 
Xexp[i4-P-(r'—r")]. (9.2) 


(R and P are parameters, not operators.) The operators 

Urr are Hermitian, have trace 4’, and form an 

orthogonal set, since one verifies from (9.2) that 
6 


Tr(Urp’Urp) =h5(R—R’)5(P—P’), — (9.3 


but this set does not include the unit operator. Th 
normalization constant C of (6.1) is, therefore, ae P. 
operator with a matrix (r'|Q|r") can be represented Es 
linear combination of URP; the coefficients /? Tr(Q. 
are calculated by selecting out the matrix eleme 

on the skew diagonal r’+r’=2R and tak 
Fourier transform. 


BE operator Ure applied to a function f(r) changes 
it into (r) exp[i&-P-2(r— R) ]f(2R—#). It follows 
_ that Ure has eigenfunctions of the form 


E f (n) 2 exp (iP -r)u (r— R), (9.4) 


where 1) is an even or odd function of its variable. The 
corresponding eigenvalues are Æ (r), respectively. 
These eigenvalues are highly degenerate; complete 

systems of orthogonal functions (9.4) can be con- 
structed. 

'"The.eigenfunctions (9.4) are wave packets which 
represent states of the particle with (r)= R and (p)=P. 
The existence of negative eigenvalues of Upp constitutes 
a quantum effect to be contrasted with the condition 
p(R,P)>0 obeyed by the classical distribution function. 


10. INTERACTION WITH AN UNOBSERVED 
SYSTEM. IRREVERSIBILITY 


When two systems a and 5 interact, or have been in 
interaction for a certain period of time, practical interest 
often centers in the resulting state of a only, irrespective 
— of what has become of b. This state is described at a 

— time /, according to (3.18) and (3.13), by 


(o9) = = Del (p(* d») t] 


= Trol exp(— ih 1) (p*) =o exp(izr^H1)], (10.1) 
r E where the Hamiltonian may be regarded as 
H—-H,-Hy-V, (10.2) 


being the interaction. 

_ "The density matrix p(9?, as defined by (10.1), does not 
obey the Schroedinger Eq. (3.12) or the equivalent 
iq. (6.9). If orthonormal operator sets U; and V, are 
introduced for the systems a and b, respectively, the 
com plete density matrix p‘*” is identified by parameters 
Pir r according to (6.3), p(«9 —»^;. p;,U;V,, and p™ by 
the subset of parameters po, 


p(? — [Tr (0) J 7; pioU i. 
1 Schroedinger Eq. (6.9) governs the simultaneous 
on of all the pir, but we are interested here in the 
of the pio only. In the Hilbert space repre- 
n, the complete density matrix is represented by 
ae 9 which experiences a rotation in the course 
e components pio define, through (10.3), a 

y which is the m n of of? on the 


(10.3) 


bs ce w 
2 ab) is conserved. in tbe course of time but the 
ade of its projection, 0-9, which indicates 


y eee on the system a, is not 


the operator URP is repre- 
xen ha OR f(r) 
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inquires about the density matrix of the final state 
f, corresponding to ¿= œ. The operator expl—7#“ Ht] 
in (10.1) takes then an asymptotic value for t= co 
which may be represented by a scattering or reaction 
matrix T and (10.1) becomes 


(op) , — Tr, (o(?9) -= Trl T (p? do T=]. (10.4) 


If one calculates (o(?), or (p(?); as a matrix, one 
takes only the trace over eigenstates of b, as indicated in 
(10.1) and (10.4). Alternately one may want to calculate 
the corresponding parameters (pio)¢ or (pio)s, or even 
only the mean value of certain operators Q(? which are 
of interest. In this event one takes the trace over 
eigenstates of both 5 and a, 


(oso) v [Tro (X) F* Tras U: exp( — 92 AD) (pan)o 


Xexp(inHt) ], (10.5) 
(0) =TrasLO™ exp(—2H1) (pan)o 
Xexp(/Ht)]. (10.6) 


Equation (10.1) is a suitable point of departure for 
the description of irreversible processes, such as vis- 
cosity or the relaxation of spin orientation in nuclear 
induction. Quantum mechanics is set up to treat re- 
versible, conservative, processes, and deals in principle 
with any phenomenon by extending the treatment to a 
system large enough to be isolated, and hence conserva- 
tive. Indeed the complete system a+b considered in this 
section is assumed to be isolated and the variations of 
(p(*9), in the course of time are reversible, inasmuch as 
the initial state description (p(^?), can be generated 
mathematically from (p‘*”), by the inverse transforma- 
tion exp (71H) (p(«?) , exp(—7# HI). 

In the calculation of (p(?), according to (10.1) much 
information about the whole system is discarded when 
one calculates the Tr,[--- ]. It is nevertheless implied, 
in general, that the full matrix (p(^9), which results 
from a reversible transformation, has to be calculated 
prior to the trace calculation. Furthermore, the calcula- 
tion of (p‘*), implies, at least in principle, a calculation x 
of (p(*9), for each ¢’ between 0 and £. 

Irreversible processes are special phenomena in which 
much of the information included in p‘*” at a time /' is 
not relevant to p(? not only at the same instant / but 
also at later times /7/'. For example, when a nuclear 
spin S;, part of a macroscopic amount of matter, is 
driven to precess by a magnetic field, its precession 
exerts a magnetic disturbance on the surrounding E 
particles and these disturb, in turn, particles further 
away. Owing to the very large number of particles, the — 
initial disturbance keeps propagating away and will not 
react back onto S; at later times to any significant - 
extent. The details of this disturbance may accordingly 
be ignored. That is, one may replace at each time / the 
actual (p(^?), with a simpler (p,(*9?), which contains : 
less information about b without introducing any sig 
nificant error in the final result (p(?), of (10.1). I 
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replaced with a different, "shorter," o,(^9 which not 
only has the same projection o(? but also will evolve in 
the course of time so that its projection remains 
effectively the same as that of the correct o(^?, The 
difference between o, (^9? and o(*" is, however, essential 
from the standpoint of generating back (p(*9), by in- 
verse transformation ; exp (777 H1) (p, (^ 9) , exp( — iñ Ht) 
cannot be expected to resemble (p(*9),. That is to say: 
the transformation of (op,(*"), in the course of time is 
adequate to represent correctly (p(9),— Tr, (p(*?), 
^[r,(p,(*9), but it is definitely irreversible, whereas 
the transformation of (p‘*”), is reversible. 

In conclusion, the interaction of a with b constitutes 
an irreversible process when the resulting variation of 
p‘® may be adequately described in terms of an irre- 
versible!! (p,(*?), instead of the correct (p(*"?),. Section 
11g will indicate a simplification of (10.1) which consti- 
tutes an adequate approximation under typical condi- 
tions of irreversibility and which leads to a variation of 
(p?) , governed by a differential equation. Section 11h 
will give an equivalent but somewhat more systematic 
derivation of the same result. 


11. APPLICATIONS OF OPERATOR TECHNIQUES 


'The results of quantum-mechanical calculations can 
always be expressed by the trace of multiple operator 
products, like (10.6). Whenever the initial or final 
states are not specified with a maximum of detail, the 
final formula of a calculation has in essence the same 
structure as (10.6), whichever analytical procedure has 
been employed. 

The elementary procedure for calculating a 
'Tr(A B---F) is to calculate a matrix representation for 
each factor, A, B, ---F, and then to work out 
the multiple sum over products of matrix elements 
$geaAdgBg:Fa; This procedure requires one to 
specify several states with complete sets of quantum 
numbers, indicated here by 2, 7---, which are usually 
irrelevant to the problems. Therefore, this procedure 
not only is laborious but tends to obscure the underlying 
physical processes and the nature of approximation 
methods through the introduction of irrelevant variables. 

These disadvantages can often be avoided by working 
on the formal solution of a problem, as indicated in 
Sec. 10, by a variety of operator techniques. An ap- 
proach of this kind has been utilized widely in problems 
involving Dirac spinor variables (see, e.g., H54, p. 216) 
and is sometimes called the ‘‘Casimir trick" (C33, K55). 
Procedures of operator algebra and calculus (F51) and 
reduced matrix techniques (FR57) may be utilized in a 


14 Van Hove (VH55) has given a quantum mechanical treatment 
of irreversibility which has elements in common with the develop- 
ments of Sec. 11g and h but which deals with a somewhat different 
question. It considers a single large system, such as a and b com- 
bined, and inquires about the variations of an operator Q which 
commutes with an. unperturbed Hamiltonian, corresponding to 
H ,--Hy in (10.2), but not with V. The connections between the 
Van Hove approach and the approach presented in this review 


have not been fully explored. 
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variety of problems to take advantage of symmetries 
and invariances and to carry out approximation ex- 
pansion, with no resort to the explicit matrix repre- 
sentation of operators. The correspendence to the 
classical variables represented by the operators remains 
thus in sight. 

Many of these procedures have been developed re- 
cently and in connection with specialized applications. 
This section will survey a number of different examples 
in condensed form, referring to the original literature for 
details. The last two subsections, relating to irreversible 
processes with which the author has been particularly 
concerned, will be developed in somewhat greater detail. 


(a) Rotational Invariance. Tensor Operators 


For systems effectively isolated in space, the results 


‘of a calculation must be independent of the orientation 


of any coordinates which are utilized. As an example, 
we consider here the emission of a particle a by a 
radioactive nucleus which is left in a state 6 subject to no 
orientation analysis. We inquire about the angular and 
spin distribution of the radiation a, on the basis of 
information on the initial state of the nucleus indicated 
by ab. 

A harmonic analysis of this distribution is per- 
formed, in effect, by representing (o(?), in the form 
[Trot ]} $2; pioU it, corresponding to (10.3) and (6.14), a 
with the U ;* chosen to be tensor operators, i.e., such as to 
transform under coordinate rotations like the spherical 
harmonic functions Yin(6,¢). (Because the Yim are 
complex, the transformation law implies that the U; are 
not Hermitian, hence the expansion of (p(9), follows 
(6.14) instead of (6.3)). The parameters p; vary contra- 
grediently to the U;* and are to be calculated through 
(10.5). In this equation the Hamiltonian Æ is invariant 
under coordinate rotations, if the nucleus is isolated. 
Since H is invariant and the whole Tr,i[- -- ] in (10.5) 
is to be invariant, the initial state matrix (pab)o may 
then contribute to the trace only through a portion of — 
itself that varies under coordinate rotations contra- 
grediently to U ;, so as to cancel out the variation of U;. 
If (p‘*) is represented, according to (6.14), in - 
form 2^, o,U,*, with the U,* chosen again to vary | 
spherical harmonics, there will usually be only 
operator U,* with s=s,, that transforms con 
grediently to U ;, and only.this term s= s; will contrik 
to Tras[- -- ]. (At most there will be a few such ter 
Equation (10.5) reduces then te f 

AN 


(pi) c [Tra (X) 7? Tra U: exp( —i&-1H1) Usi 
X exp (iñ HÀ ]os;. 

Thus each parameter pio of the radiat ic 
depends only on the parameter ps; of t 


state which has the same transf 
coordinate rotations. This selection 


Opes pE = 
with Ps» ( 


88 U. 


spin is oriented by paramagnetic polarization—all its 
tensor parameters p, that depend on coordinate rota- 
tions about the symmetry axis vanish. Equation (11.1) 
shows that the corresponding p;o's vanish too. Therefore 
the radiation distribution has also axial symmetry, 
which indeed was to be expected. 

This analysis of calculations on the basis of rotational 
transformation properties has been exploited to various 
extents in applications to the theory of angular correla- 
tions and of disintegration processes (TG49, F51a, D52, 
WAS2> CJ53, F53, W53, W54b), and is developed 
systematically by tensor algebra in (FR57, particularly 
Sec. 20). 


(b) Depolarization Coefficients 


An analysis based on tensor algebra also exploits the 
following consideration, for the calculation of Tras- - - ] 
in (11.1). Since the angular momentum is a constant of 
the motion, the Hamiltonian operator is diagonal in the 
scheme of eigenstates with quantum number j, where j 
is the spin of the initial nuclear state. It is then con- 
venient to represent all operators in this scheme. The 
operators U; of the emitted radiation are initially ex- 
pressed in the scheme of angular momentum quantum 
numbers j. of the radiation. The transformation from 
the scheme 7, to the scheme 7 depends on the spin ;' of 
the residual nucleus, owing to the conservation of 
angular momentum in the disintegration, J= J'4- J,, but 
involves only geometrical relations of coupling inde- 
pendent of the physical process of disintegration. When 
no observation is performed on the orientation of the 
residual spin, the transformation of U; to the scheme j 
consists in essence of multiplying its matrix by a Racah 


coefficient W which is a function of the quantum 


' numbers j, f», and 7’ and of the degree of the spherical 


- harmonic with transforms like U;. The factor W thus 
- introduced in (11.1) is no larger than 1 in absolute value 
and thus reduces the value of the parameter (p;o): which 
is a coefficient of the harmonic analysis of the radiation 
distribution. The larger the spin 7’ of the residual 
nucleus the smaller are W and (oio); so that the radia- 
tion distribution is more smeared out. This was also to 
be expected because more potential information has 
been lost by failing to observe the orientation of this 
nucleus. Therefore W may be called a depolarization 
— coefficient. It indicates how. much of the information 
originally available on the orientation of the nucleus 
. fails to express itself in the radiation distribution owing 
to failure to observe the residual nucleus. 
—The experiment on light emission discussed in Sec. 5 
f course quite analogous to the nuclear disintegra- 
'OCess quadered here. Equation (5.1), expressed 
is of S herical harmonics, has the form 


LI 
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the calculation of (11.2) the coefficients of Poo and Ps 
have been reduced by a factor 455 owing to a W coeffi- 
cient which takes into account the quantum number 
j'—2 of the atom after the radiation emission. If the 
atom were left in an s state ( 7 — 0), this factor 35 would 
Hot appear; indeed the light emitted in a transition 
from (J=1,m=0) to /—0 is fully polarized and its 
angular distribution is well modulated, as indicated by 


I (0)p œ [1— Pso(0) ]L4- 61 P»; (0)o; — $ sin*0(14-o,). (11.3) 


(c) Interaction Representation—Feynman Calculus 


Equation (3.18) shows that the calculations of a 
mean value (Q) in the Heisenberg representation 
(Q=Q(4), p— const) and in the Schroedinger representa- 
tion (Q— const, p—p(/)) are manifestly equivalent. 
When the Hamiltonian consists of two or more terms, as 
in (10.2), other representations are possible, in which 
the time variations induced by different terms of the 
Hamiltonian are separated out. The Hamiltonian (10.2) 
contains independent-system terms H,+H, and a 
coupling term V. In the "interaction representation" 
the variations induced by H,+H, may be applied to Q 
and the residual influence of V applied to p. This 
representation is particularly convenient when Q=Q“ 
and commutes with Hy, because H, causes then no 
variation of Q. 

The formal derivation and the applications of the 
interaction representation are facilitated by Feynman’s 
operator calculus (F51) which shows how to *disen- 
tangle" operators contained in the same exponential 
function, to find 


exp[ — it! (H 44-H y4- V)t] 
—exp[ —24-(H «4- H 5)t] 


xex| - acf. voar), (11.4) 
with : 
V (t) & expe (H +H ə) t] V 

Xexp[ — 777 (H «4- H 9)t], 
and the reciprocal formula 


exp[ 7/21 (H 44- H y4- V)t] 


(11.5) 


t 
=op a7 f vae | exp[z3(H,4-Hs)t). (11.6) 
0 
Equation (10.6) becomes, in this representation, 


(9) ml oo epf - i f vae | (p62), 


t 3 
xex i f voar |}, (11.7): 
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where Q(? (/) is independent of H+, and (10.1) becomes 


(p( 9) ,— exp( — 71H al) 


t 
Trofexp| - a f var |o») 
0 


t 
xexo| f voar] | exp(ih!H at), (11.8) 
0 


where H, has dropped out from the expression of the 
trace. 

Feynman (F51) has also pointed out how, given an 
operator, such as V, acting on both systems a and b, one 
may calculate its matrix elements between states of b 
only, so that these matrix elements are still operators 
with regard to a. To this end one may expand the 
operator V into operators U; of a, according to (6.2), 
V=}; V,U, the coefficients V ; now being operators of 
b only. We have then 


V (t) 255: Vi(QUI(t) =}; exp 2H w)V ; 
Xexp(— ih ot) exp (iH 4QU, 


Xexp(—ih-H,), (11.9) 


which enables us to calculate directly the matrix ele- 
ments of V;(f) only, or also expressions such as the 
Trl- -- ] in (11.8). 

In the calculation pertaining to b one may treat the 
operators U;(/) as though they were ordinary functions 
rather than operators. A main point of Feynman’s 
méthod lies in utilizing variable indices, such as /, to 
keep track of the correct ordering of the operators of the 
system a, even though the usual operator algebra rules 
may have been formally disregarded in the calculation 
relating to b. 


(d) Perturbation Expansions 


The results of the usual time-dependent perturbation 
theory are easily obtained in a more general form by 
utilizing the expansion (F51) 


t z t 
exo| f Ayr |=1+ f A (t)dr 
0 0 
m f dl! f d^ AQP)A(")2----, (11.10) 
0 0 


which enables one to substitute in (11.7) or (11.8), 


t t 
exp| - i f vei oor. ey [i f. voe] 
0 0 
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The usual perturbation formulas are obtained by repre- 


senting (11.11) in the scheme of eigenstates of H 4-1-H p ;. 


the matrix elements of V (/) are then simple exponentials 
in /, as in (3.15), and the integrations over /' and /" may 
be Carried out analytically. 


(e) Correlation Functions 


When the systems a and 5 are initially independent, 
ie. when (p‘*)o= (p(2),5(p(9), V is expanded in the 
form (11.9), and the perturbation expansion (11.11) is 
utilized, the Tr;[---] in (11.7) or (11.8) depends on b 
through a series of terms of the form 


Tr{ Vi()V;(t")- -- V ,(109) (p©) 9} 
—(Vi()V;(t )---Vi(t).. (11.12) 


These parameters are time-correlation functions of a 
kind often considered in statistical mechanics, that is, 
mean values of products of physical quantities taken at 
different instants of time. (However, in classical me- 
chanics the averaging is usually done by an integration 
over time intervals, whereas in (11.12) we deal with an 
ensemble average.) 

In the frequent case where 5 is initially in a steady 
state, i.e., when (p(?); commutes with H», the correla- 
tion functions (11.12) depend only on the time intervals 
I — t", i" —("", etc. but not on the absolute values of //, 
t”... In this event (V ;(/)) is altogether independent of 
/', and the pair correlation function (V;(/)V;(/^)) de- 
pends only on / — t” and may be written as(V;V ;(t — t^). 

If the expansion V=}; U,V; is not utilized, we 
have instead of (11.12) expressions of the form 
Traf V (U)V (t) --- V (£69) (pt 9)9) which are operators of 
the system a, whereas the parameters (11.12) are 
numerical KORETS of the operators U;(t’)U;(t”)--- 
If (p‘) 9 commutes with H+, the dependence on “he 
absolute time scale can still be brought out of the 
correlation function; we have then 


Tr(V (P) V (P^) - - - VE) (o(?)o) 
— exp (1H at’) Traf VV (tU —0)- - -V ((09—1) (poy 
-exp(— iH). (11.13) 
The correlation functions are proving increasingly 
useful for representing and classifying the properties of 
a system which are relevant to its interaction with other 


systems. For a system initially in a steady state, the 
static parameters (V;) represent constant fields that 


produce elastic scattering effects, whereas the pair 


MER (V.(0) V; (2) represent to first-order inelastic 
interaction parameters. For exaniple, Van Hove (VH54) 
has represented the neutron scattering properties of a 
crystal in terms of a pair correlation between the 
positions of nuclei r;, r; in the crystal - 


VT 


Gc) x( X Xl dv'S(r-Ex (00) 


t,7=1 


X65(r’—4;(2)) Jk (11 14) : E 


ee dopu M. Bc. 


"U»U,-— ng SUMI 


U. 


The function G(r,) is a macroscopic property of the 
crystal, but its definition is quantum-mecHanical, atom- 
istic, rather than phenomenologic. As a further example, 
the dielectric constant of a material, determined by 
electron polarizability, is defined, in terms of the G(r,/) 
function for electrons (F56), by 


Ne rz 
elw) = fi+ f die f de 
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(£) Probability of Energy or Momentum Transfers 


There is another approach which leads one to express 
the probability of an interaction effect in terms of a 
correlation function (AP47). Suppose one inquires about 
the probability P(w)dw that system a transfers to b an 
energy amount between kw and 7(w+dw) in the time 
interval from 0 to /, irrespective of other effects of the 
interaction. This probability is represented by the mean 
value of an operator P(w) which is diagonal in the 
scheme of energy eigenstates of a and has in this scheme 
the form ô(Ear— EaotHhw), where Eq, and Eao are 
eigenvalues of H. pertaining, respectively, to states at 
the times / and 0. The mean value of P is to be evaluated 
according to (10.6). We represent P(w) in the form 


1 eo 
oos Beot he) = Í dr exp(iwr) 
T Yo 


Xexp(thE ait) exp(—iħ Ear) (11.16) 


and notice that both Ba: and Eao may be represented by 
the Hamiltonian H% operating, respectively, after and 
before the interaction. Entering into (10.6) Q(? = P (w), 
we may write, in operator notation independent of a 
specific matrix representation, 


1 oa) 
e f ee (isn) 
2m Jo 
X'Tras(exp(7/7-1H ar) exp(—ih Ht) 
<exp(—ihH at) (p(*9) exp(ih™Hi)}. (11.17) 


Further, utilizing the interaction representation (11.7) 
and the expansion (11.9), and considering that for any 
operator F(t) in the interaction representation 


exp (à 1H ar) F (Dexp!—t#H ,7)— FC (t4- 7), we have 


[-#f = Ult +r) vn ore». 
9 0 


ih uot |] (11.18) 
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In the first Born approximation the integrations over 
/' are carried out through the second order term of the 
perturbation expansion (11.11), and (11.18) becomes 


(poo (o Js dr exp(ior) Mint ae Ü,()V.] 


X (0) of; U;V;]), (11.19) 


where U,V; represents that portion of the operator 
product U;V; which is diagonal in the total energy and 
induces transitions with energy conservation, namely 


UV = (2a) jl À aU (t)Vi(). — (11.20) 
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It follows that Ü;(r)V ;— UV ,(— 7). 

Expressions like (11.19) and (11.20) show explicitly 
how transition probabilities depend on a time variable 
whose role is obscured in the usual quantum-mechanical 
formulas. For example, the absorption or emission of 
light by an atomic electron depends on the correlation 
between the electron's position r or velocity v at time 
intervals r. (In this problem, we have >>; U ;V ;— ev: A(x), 
where A is the vector potential.) The probability of 
emitting or absorbing a photon w is proportional to the 
spectral component w of the correlation function. Van 
Hove was led to consider the correlation function G of 
(11.14) (VH54) through a formula similar to (11.19). 
Wick (W54a) utilized such a formula as the point of 
departure of an approximate calculation of neutron 
scattering in which the correlation function is expanded 
into powers of r, to reflect the fact that a neutron 
scattering process is short as compared to the vibration 
period of a crystal lattice. 

The probability of a momentum transfer 4q may be 
treated much like that of an energy transfer, in terms of 
an operator ó(pa.— pao--7:q) expanded into a triple 
Fourier integral. The operators exp (4-17! p,- £), which 
replace exp(i#—H ar) in (11.17) have the effect of 
shifting all space coordinates in the operator U; by &, so 
that the trace takes the form of a space correlation 
function of the type (f(r) f (r4- £)). 


(g) Wangsness-Bloch Equation for Irreversible 
Processes 


Wangsness and Bloch (WB53) treated the relaxation 
of nuclear spin orientation, in essence, along the lines 
indicated at the end of Sec. 10. The variable orientation 
of the spin of a fixed atomic nucleus constitutes the 
system a, whose Hamiltonian H , represents the coupling 
with an external magnetic field H, and the system of all 
surrounding particles constitutes b, the Hamiltonian Ha 
being unspecified. At the initial time /— 0, the states of 
the two systems are assumed to be uncorrelated, so that 
(062) >= (p(9)o(p(9)o, according to (3.20), with (o)o 
unspecified and (p(?)o assumed to be a state of thermal 
equilibrium according to (4.17). The coupling V of a and. 
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b is also left unspecified except that Tr,V is assumed to 
vanish, though only for simplicity. 

The state of spin orientation at a somewhat later time 
!=r, represented by (p‘”),, is then given by (11.8) but 
r is assumed to be sufficiently small to warrant applica- 
tion of the perturbation expansion (11.11) extended to 
second order terms only. Disregarding further some 
minor side effects, one finds 


(p(9), =exp(—ih"Har) Trol (p(?)o(o 9)o 


-TEP ET (o) o1] exp (iter), (11.21) 
h 


where V represents that portion of the operator V which 
is diagonal in the total energy and is defined according 
to (11.20). (The first-order term is missing because Tr,V 
is assumed to vanish.) 

To extend the calculation to larger intervals ¿>r one 
would need, in general, to know not only (p), but the 
density matrix of the whole system (o(*9),. At this 
point Wangsness and Bloch take into account that b is a 
large system through which the effects of interaction 
with the spin a dissipate away quickly. Therefore, it is 
argued, the state of b will not have changed significantly 
during 7. The actual density matrix (p‘*”),, resulting 
from (p(?)o(p(9), by reversible transformation, is re- 
placed with 


(p: 9), — (p(9), (pX 9),. 


The evolution in time of the combined system becomes 
thereby irreversible. 

If this (p,(*?), is entered into (11.21) in the place of 
(p(9)9(p€9)o, the result is (p ?)»,. The operation can be 
repeated chainwise yielding (pí?), at successive time 
intervals v, 27, 3r, ---n7---. This repetitive operation 
is analogous to the numerical integration of a differential 
equation. Indeed, the variations of (p‘”), thus obtained 
obey a differential equation, where the interval r is 
treated formally as a differential d/!* 


(11.22) 


dp 


1 T Bae Ts 
= =A TrliV LV pto (p(9)9]]. (11.23) 
di nh p 


Wangsness and Bloch (WB) pointed out that (11.23) 
is a quantum analog of the Boltzmann equation of 
statistical mechanics, and generalizes the Schroedinger 
equation to incorporate irreversible transformations. 


Expansion of p‘? into orthogonal operators, p(9? 


As ivation of (11.21) it is assumed that r is not 
Apulie sony, rather, that is sufficiently large for the spectrum 


EI teractian) * V(t) exp(—iwt)dt to be effectively constant 


1 7-1, Therefore (11.21) and (11.23) represent 
use 2n nts XE ic time varia sons of OUR lleva: out 
E E D a finer scale of time intervals € (59)71. 
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=}; pU ;, brings the WB equation to a form analogous 
to (6.9), 


dpi/di— 5, (Qir +M ir) pr (11.24) 


with Q;, as in (6.11) and 
T T = 
M i= FA Tra;(U;LV,LV,U&(p(9)o]]. (11.25) 


Equation (11.24) represents a transformation of the 
vector o(? in the Hilbert space of Sec. 7, but we deal no 
longer with a simple rotation because M, 1s not 
antisymmetric. With U;= Uoc TI, we havé Mox.=.=0 a 
(but M io0 in general), so that ðpo/ð3t=0 as required ; E. 
it also follows that the determinant of Q4+Mi, y 
vanishes, so that (11.24) has a steady state solution. 3 

Further expansion V=}, U,V, makes it possible to E 
represent the matrix M ix in terms of separate properties 
of the systems a and b. The relevant properties of a í 
depend only on its mechanical structure as represented 4 
by relationships among the operators U;. They depend Í 
in particular on the coefficients ¢;,? of (6.10) and on the 
corresponding symmetric coefficients. 


Sirr =Tr[(U:U+U,U:)U , ]. (11.26) 


Entering the expansion of V into (11.25), working out 
the double commutator, and separating out symmetric 
and antisymmetric terms, one finds 


7T E m 
M ik= — irs A care AV Vat Vae) 
L 


EA (11.27) 


where > 


? 
A ikra— A kisr — Dy p Cir" Cks?; 
Bikre= — Biksr= 22 p Gir? Ska? 
=D »(BsixPersP-- 3e Psy? 10er Su? 
— {Cis Skr FH dci, PSi,?). 


The coefficients A and B represent the propert 
They obey selection rules, arising from the invarianc 
traces under coordinate rotation or under reflecti 
space or time. For example, the cix? vanish unle 
product of the parities of U;, U x and U , is odd, : 
Siz? vanish unless it is even, so that Ay, 
product U;U,U,U, is odd'and Bix,,=0 wh 

` The mean values (V-V.+V.V,) and (iL 


equivalent to the admittance matrix, wi 
columns indicated by r and s, which has 
by Callen and co-workers (CWS1 
authors considered the reaction of a la 
to an external time vari: 
representing the reaction 
of change of another. ope 
order perturbat 
analogy bety 
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tential and to the interaction V with another quantum- 
mechanical system a, by permitting one to calculate the 
reaction to a without considering at every step that V 
is also an operator of a.!* 

A system a with N orthogonal eigenstates has JV? 
operators U;, so that the matrix Q;,+ Mix has N? rows 
and columns. The relevant characteristics of b are 
represented by WV‘ coefficients (V,V.--V.V,) and as 
many G[ V, V. ]). The matrix Q;4- M ; has N? complex 
eigenvalues, whose real parts are time-relaxation con- 
stants; one of these eigenvalues vanishes, in corre- 
spondence to the steady states, the remaining V?—1 
relaxation constants determine the rate of approach to 
the steady state. All these parameters need not be 
different and their number is often greatly reduced 
owing to symmetry. 

In the nuclear induction with spin 2, there could be 
N?—1=3 relaxation constants, but axial symmetry 
about the main magnetic field reduces this number to 2, 
corresponding to the well-known longitudinal and trans- 
verse relaxation times. For spin 1 we have V*—1=8 
Bh constants, reduced to 5 by axial symmetry. However 
1 Wangsness and Bloch argue that dipole and quadrupole 
polarizations are effectively uncoupled in this case.!? 
Hence the magnetic dipole polarization, which is re- 
sponsible for nuclear induction, behaves for j—1.as 
though 7 were 3. 


(h) Irreversibility Approximation by Expansion 
in Cumulants 


Instead of introducing irreversibility through the con- 
vention (11.22), one may formulate a systematic ap- 
proximation procedure (F54b), which, when applied to 
first order, reduces the exact expression (11.8) for (p°): 

to a solution of the Wangsness-Bloch Eq. (11.23). 
= Qualitatively, if a system b is large and quickly dissi- 
' —pates the effect of disturbances, one expects b to show a 
; “Jack of memory” in its interactions with other systems, 
such that the time variations of an operator V (/) in the 
neighborhood of time instants ¢’ and /" would be un- 
correlated, for ¢’—?” sufficiently large. Mathematically, 
this lack of correlation should cause the mean value of 
an operator such as (V ;(t) V ;(t^) - - -V ,(t")) in (11.12) to 
approach rapidly the product of mean values (V (V jV) 
as the time intervals /'- -/" . - .// —1(? increase. 
In order to take advantage of this circumstance one 


16 The analog of Callen’s time variation exp (70) of the external 
_ disturbance is included in the WB problem through the definition 
7 (1) — U,V (0) 2 Tr(exp GEH at) U, exp(—thH at) 
uc ur NT es GSH WV exp C b^) 
E BP. 4 : o EIT, 
= whic tainsa factordepending on all eigenfrequencies of Ha. 
e neo etnis V-V.+V.V,) and G[V 7,V ,.]) can be classified 
ding to tire multipolarity of the operators U, and U,. If U, is 
ole and U, a quadrupole operator, V, represents a magnetic 
41 an electric field, and WB assume that the fluctuations 
ent fieids are uncorrelated so that the mixed-field 
E t follows then from the parity selection rules of 
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considers in particular the departures of an operator 
from its mean value, defining for example U (A= V (i) 
—(V (t))a (where (A), means TrA), so that (0(2),-0 


VQ=(V()) +V) (11.30) 
and 


(VV ())s= (VV) KV) + (UV) ». — (1131) 


The mean value (U0(/));, is the correlation of ‘“devi- 3 
ates." It represents the correlation effect proper and is 
expected to vanish when / increases above an effective 
memory range, or relaxation time, of b. This procedure 

may be continued by separating out deviates of suc- 
cessively higher orders, defining, for example, 


*O (ty (t^^) « CO (90 (07) HW LOWE’), — (11.32) 


so that the deviates W have not only (*W(/)),—0 but 
also (W (/)59 (/7)),—0; the *W's contribute only to 
quadruple and higher correlations. 

When expressions like (11.30) and (11.32) are entered 
in the perturbation expansion (11.11), the mean values 
of different orders (V(/))s, CO(/)0((")),, etc. can be 
sorted out from the expansion. Leaving out the compli- 
cations due to commutation with (p(*9), (see F54b), 
and using (11.13) the reader may verify that the 
simpler expansion 


t 
Tr{exp( == f voar Jae | 
0 
t 
-T| |- f V (t^)dt ; 
0 


-r> f a f avvene] (11.33) 
0 0 


condenses to the exponential form 


t 
exp| ihi f dt’ exp rH at’) 
0 
t^ 
x [ansa f arce ov, 
0 


u Ut 
==) au” f dt” (VU (t! — yo (Y —10))sd- z ] 
0 0 
xexp(—4iA-1H at’) l. (11.34) 


The average of the exponential operator in (11.33) has 
been thereby reduced to the exponential function of a 
sequence of averaged operators, which are correlation 
functions of increasing order. The reduction of (11.33) 
to (11.34) is analogous to the equation of probability 
theory (exp(/£)) 5 exp (52, t’x,/v!), where £ is a random 
variable and the x, are the cumulants (£), ((E—(8)*), 


(Aog O3) ss coh dés distribution (C46). 
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The expansion (11.34) affords a suitable point of de- 
parture for an irreversibility approximation. Three 
steps are involved in deriving from (11.34) a simpler 
expression equivalent to the Wangsness-Bloch Eq. 
(11.23): (1) It must be assumed that, because of the 
internal mechanics of system 5, the correlation functions 
in (11.34) vanish rapidly as / — t”, t — ("^ - - - increase, so 
that, as /' increases, the integrals in the brackets reach 
rapidly a limiting value corresponding to //— and 
thus are no longer explicit functions of /' (short-memory 
approximation). (2) The whole expression in the 
brackets can be handled as a single operator of the 
system a, acting at the time /’, even though some por- 
tions of it actually should operate at times /", //^... 
somewhat earlier than /’. Disregarding these fine dis- 
tinctions in the time scale is equivalent to treating the 
time intervals 7 as differentials in the derivation of 
(11.23). (3) The terms of third and higher order can be 
disregarded. This assumption relates to the short- 
memory approximation (1) because high-order interac- 
tion effects would build up if allowed to accumulate for a 
long time. It implies that second-order perturbation 
treatment is adequate, as in (11.21), to describe the 
effects of interaction upon a during each memory 
interval. 

'Thus the whole effect of irreversible interaction with 
system b is represented by pair correlation integrals of 
the type A” di(0'0 (— £)) ». Upon expansion into ortho- 
gonal operators U(/) = 7, U.U,(¢) these integrals depend 
on,b through mean values (0,0,(— £)) which are again 
equivalent to Callen's admittance matrix mentioned at 
the end of Sec. 11g. 
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I. EARLY LINE BROADENING THEORY 


N *pproaching the subject of line broadening the 

original work of Michelson provides an entree which 

i” utilizes the historical and phenomenological approach 

simultaneously. The causes of line broadening advanced 

in this author’s early work remain as valid today as they 

were sixty years ago. So let us therefore utilize this work 
i as our starting point. 


A. The Causes of Line Broadening (1895) 


i Michelson began his consideration of line broadening 

i effects by a summarization of the hypotheses which had 
| been advanced previous to that time to account for 
these phenomena, and a verbatim restatement may be 
of interest here. 


“1, As a consequence of Kirchhoff's law ‘the ratio of 
brightness of two immediately contiguous portions of a 
discontinuous bright-line spectrum constantly de- 
creases, if the number of luminous strata is multiplied or 
if the coefficient of absorption of the single stratus is 
increased, until the value is reached which, for the same 
wavelength and the same temperature, corresponds to 
the ratio in the continuous spectrum of a body com- 
pletely opaque for a given thickness.” 

“2. The direct modification of the period of the 
vibrating atoms in consequence of presence (sic) of the 
neighboring molecules. 

“3. The exponential diminution in amplitude of the 
vibrations due to communication of energy to the sur- 
rounding medium or to other causes. 

“4, The change in wavelength due to the Doppler 
effect of the component of the velocity of the vibrating 
atom in the line of sight.” 


To these causes Michelson added: 


«5. The limitation of the number of regular vibrations 
by more or less abrupt changes of phase amplitude 
- — er plane of vibration caused by collisions. — 
: “6. The possible variations in the properties of the 
atoms within such narrow limits as to escape detection 
by other than spectroscopic observations.” ° 


i istorical list, let us use it in a 
 — A Having p*eserced the historica ; 
ecd apical consideration of the general line 
oadening situation. ' 
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We consider an emitting atom which we shall proceed 
to remove to infinity and reduce the “temperature” to 
the point where, classically at least, no translational 
motion exists. Now from the classical picture of a 
vibrating electron or the simple picture of a pair of 
energy levels between which our radiating transition 
takes place, we should expect these conditions to yield 
a spectral line of a single frequency. We, of course, do 
not obtain this result, but, rather, we obtain the familiar 
natural line shape which is attributable to Michelson's 
Cause 3. We shall not specifically deal with the problem 
of natural line shape. 

Having observed the behavior of the emitted radia- 
tion when the atom is removed from all neighbors, its 
translation motion reduced, let us now give the atom a 
certain translational velocity. As we are, of course, 
aware, the resulting atomic “heat” motion leads to a 
line broadening which Rayleigh first demonstrated as 
due to the Doppler effect.” 


B. The Doppler Effect in Line Broadening 


First, let us define the word ''intensity" of emission 
(absorption) as the energy emitted (absorbed) per unit 
area per unit time. Then, if one makes a plot of fre- 
quency vs intensity for this “almost homogeneous” 
radiation, one obtains a distribution of intensities over 
a small frequency range giving rise to a spectral line of 
definite shape. We are desirous of eventually obtaining 
the intensity distribution. 

We suppose our emitting molecule possessed of a 
velocity component £ in the line of sight of the observer. 
Then if the molecule is emitting radiation of wavelength 
^, the Doppler effect decrees that our observer will 
receive radiation of wavelength à’, such that 


N=X(1—£/c) (L1) 


in which expression we assume that <&c. 

The distribution of the velocities in the line of sight 
is given by the Maxwellian distribution as exp[ —5£ ] 
where 


B=m/2kT. (1.2) 


In Eq. (L2) m is the molecular mass, k is the 
Boltzmann constant, and T is the temperature In 
degrees Kelvin. 

From Eq. (I.1) 


#=)?(Ay)?. (1.3) 
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In Eq. (1.3) \ may now be considered as the wave- 
length corresponding to the maximum intensity of the 
line (line center), and Av as the frequency increment 
between the line center and the frequency whose dis- 
placement corresponds to the line of sight velocity £. 

Thus, if one arbitrarily equates the line center in- 
tensity to one, the Doppler effect alone produces a 
distribution of intensities over the spectral line which 
may be represented by the expression 


mX? (Av)? 
rme -—7 |. (1.4) 


L kT 


Let us define the quantity “half-width” which we 
shall designate by the symbol ô and which we shall 
encounter rather frequently throughout our considera- 
tions of line shape. Quite simply, this quantity is defined 
as the width—a frequency measurement—of the spectral 
line at an intensity equivalent to one-half the maximum 
intensity in the line. In the present case then 


2/RT i 
i--(— m2) 
ANM 


These equations are Lord Rayleigh's solution to 
Michelson's Point 4 and our explanation of the results 
of “warming” our atom. 

We next bring this emitter in from infinity so that it is 
surrounded by other atoms and inquire as to the effect 
of these neighbors on the radiation which is emitted. 
The answer to this inquiry is furnished by Michelson's 
Causes 2 and 5. Indeed these line broadening causes are 
quite as valid from the contemporary viewpoint as from 
any earlier one. 

Cause 2 provides an explanation of the statistical 
theory which we shall consider in a good bit more detail 
at a later point. For the statistical considerations we 
shall find it necessary to proceed from a classical con- 
sideration of electron vibrational frequency disturbance 
to atomic energy level distortion, but the analogy is 
quite precise. 

Cause 5 underlies what has variously been called 
collision broadening, impact broadening, velocity broad- 
ening, and what have you. We shall designate this 
phenomenon interruption broadening, the mathematics 
of which were originally contributed by Michelson. 


(I.5) 


C. The Application of the Fourier Analysis 
to Line Broadening 


In considering the Michelson development, we shall 
begin by referring to Fig. 1. The circles in the figure in 
question represent the broadening atoms while the 
arrow we suppose to be the path of the emitter amongst 
this assemblage of broadeners. Now Michelson used a 
billiard ball atomic model so that a collision between the 
emitter and a broadener will have taken place when the 
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separation of the emitter and broadener centers is equal 
to or less than their mean atomic diameter. Let us 
suppose that at point “c”? on our emitter path such a 
collision has just taken place. Then Michelson supposed 
that this collision has the following effect. 

For all practical purposes we may suppose that the 
classical oscillator model of the emitting atom began 
emitting at time minus infinity and will continue to do 
so until plus infinlty. The collision which occurred at 
"c" has the effect of rendering the radiation emitted ; 
prior to the collision completely incoherent with the : 
radiation emitted subsequent to this time. This is the 
crux of the argument for it forms the basis for the 
Michelson broadening mechanism. 1 

Thus, according to our theory, since a collision has E 
just been undergone at point “b” (on Fig. 1), radiation 
will effectively begin at this point. If 7 is now the time 
which elapses before the next collision, this is also the 
time during which radiation continues. Finally the 7 
radiation is terminated at point “c,” and we are left 
with a wave train of finite length cr where c is, of course, 
the velocity of light. 

Now we may recall that theefunctions, e*t form. a. 
complete orthonormal set, in terms of the members of 
which any function may be expanded. Further, each of 
these functions represents a wave train of appropriate 
frequency and infinite extent. Thus, if we expand our 
finite wave train in terms of these functions we are i 
essentially expressing the finite wave train as a sum of 
an infinite number of wave trains of infinite extension. 
In this expansion the amounts of each train which we 
take are regulated by the magnitude of the vibrational _ 
amplitude. As a result of all this,” we obtain 


M= i J (cet tdes 


er. 
ansion : 


1* 
^ , 


which is, of course, the familiar Fourier exp 
amplitudes given by 3 


J(@)= f M (De-»'dt— const, ii eina dt, 


where wo is the angular frequency of 
train. Em 
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The last integral is, quite naturally, carried out over 
_the intercollision time 7, with the result 


sin[ (— vo) r] 
CEDE 


v—vo)m 


JO =cons (1.7) 


We now suppose the Fourier components which have 
been expressed as Eq. (1.7) to represent the observed 
spectral line. Intensity, from the classical viewpoint, is 
always associated with the square of the amplitude, so 
that Michelson supposed the distribution of intensities 
within the line to be given by 


[= Me »wr] (I.8)t 
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If we now suppose the width of the spectral line to be 
the separation of the minima to either side of the line 
intensity maximum, the width is 


1» zvNo? 


4c C 


(1.9) 


Michelson found that Eq. (1.9) gave an order of 
magnitude agreement with experimental data. Some- 
what better agreement was achieved by him when he 
took the “half-width” as given by Eq. (1.9) and added 
it to the half-width Eq. (1.5). As Michelson noted the 
problem is not herewith solved, but it will be of interest 
to see if “. . . such able contributions . . . recently 
. . . justify the prediction that a complete and satis- 
factory theory will be forthcoming in the near future."'5? 

Finally, Point 1 is of no particular interest to us, and 
Point 6, although it shrewdly predicts isotopic spectra, 
is related to a *pseudobroadening" with which we shall 
not concern ourselves. 

It seems particularly interesting to note the correct- 
ness of the factors which Michelson listed as causing line 
broadening, correctness at least from the contemporary 
viewpoint. 

Certainly of great historical interest is the Lorentz 
theory of line broadening which appeared some ten 
years after Michelson's considerations. For our pur- 
poses, however, suffice it to say that this theory con- 
sidered the mechanics of absorption in obtaining an 
interruption type result. 


II. STARK BROADENING 


Ina study of the line broadening problem that portion 
of the work done in the field subsequent to the period 
which we kave designated “early” attains such volumi- 
nous propartica that some subdivision of the problem 
must be attempted. We shall divide the field into areas 
dependent on the phenomenon involved, at least insofar 


D 


the mere application of a random distribution 
"of E e to this intensity distribution yields the more 
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as this is practicable. Our areas of consideration will 
then be: (1) Stark broadening by the electric fields of 
the perturbing atoms. (2) Statistical broadening. (3) In- 
terruption broadening. (4) Resonance broadening by 
like perturbers. (5) Molecular broadening. We shall 
take up these sometimes overlapping areas of considera- 
tion in the order in which we have enumerated them, 

Holtsmark’s Stark broadening treatment is ad- 
mittedly a statistical one, but the phenomenon with 
which his treatment deals is sufficiently unique and, 
perhaps more important, the subsequent treatments of 
the phenomenon are sufficiently removed from anything 
statistical that the assignment of his work to this 
section seems the proper one. 

In the theoretical treatment of the Stark broadening 
there have essentially been three general treatments 
each of which remains of importance within its range of 
applicability. The first of these is the venerable 
Holtsmark classical treatment of the ionic Stark broad- 
ening. The second is Spitzer’s quantum treatment of the 
same problem. The last is the quantum treatment of 
Stark broadening by electronic fields. We shall consider 
these three theories in precisely this order. 


A. The Simple Holtsmark Theory 


Following Lorentz’s treatment of broadening by 
atoms other than the emitter almost fifteen years were 
to elapse before another detailed study of the problem 
was to be carried out. This study was, of course, 
Holtsmark’s classical consideration of the broadening by 
ionic fields. i 

As weare presently well aware, the Michelson-Lorentz 
theory of line broadening falls far short of explaining the 
various shifts which spectral lines may be made to 
undergo and the shapes which they may be made to 
assume. Now Stark"! himself had suggested that some 
forms of line broadening might be due to fields of the 
surrounding atoms. Holtsmark?*?? developed the idea 


'and carried out the analytical attack which demon- 


strated precisely how these fields might be responsible 
for this broadening. To this attack we now turn our 
attention. l 

We begin by dividing the atoms which surround our 
emitter and cause broadening into (1) ions, (2) dipoles, 
or (3) quadrupoles and further specify that there will be 
only one type of field producer present. A certain spatial 
configuration of these surrounding, broadening atoms 
will produce a certain electric field at the emitter. Since 
all field producers will be of the same type, the only 
difference between one electric field and another will be 
a difference in perturber configuration. This is simply 
because the other factor which enters into the field 
strength determination, the electrical constants (ionic 
charge, dipole moment, quadrupole constant) are Just 
that, constants. Now the heat motion of these perturbers ; 
will result in various electric fields at the emitter which — 
will occur, of course, with various probabilities. If we 


LINE SHARE 


suppose a random spatial distribution, then the proba- 
bility of a particular field strength will be a function of 
the spatial configuration and hence expressible as a 
function of the field strength itself. Finally a given field 
strength will be responsible for a certain Stark splitting 
of the emitted spectral line. Since the field strength 
probability is a function of the field strength, the proba- 
bility of a Stark splitting appropriate to this field 
strength will also be a function of the field strength. 
This line of reasonlng and the probability expression 
obtainable because of it are all very well, but the 
mechanics of the broadening remains to be particu- 
larized. 

We now suppose our spectral line to be split into its 
Stark components by a linear Stark effect due to one of 
these fields of magnltude, say, Fo. We agree that the 
distribution of intensities in the split spectral line is 
given by I (Fo,v). If our electric field were Fi, we should 
obtain a different intensity distribution in the split line, 
and so on. The spectral line which we actually consider 
is made up of contributions from all these possible 
intensity distributions, each distribution weighted by 
the probability of occurrence of the electric field re- 
sponsible for the contribution. Then in order to obtain 
the intensity distribution in the Stark broadened line 
we must sum over all such distributions weighted by the 
probability of the distribution occurrence 


Idv= f í I(CF,W(F)dF, (II.1) 


where the W (F) are the field strength probability func- 
tions which we shall consider later. 

The probability expression of Eq. (II.1) we can calcu- 
late but the expression for the intensity in the split line 
I(F,v) is something else again. The actual expression is 
an extremely complicated one within the limits of the 
outermost Stark components, but an approximation, 
which proves quite satisfactory, does exist. Quite simply 
we suppose Z (7v) to be a constant within the limits of 
the outermost Stark components and zero outside these 
components. A rectangle of height 7(F,v) and width 
2v,—wherein we suppose different F values to yield 
different heights and widths but the same area, g= 2»,,. 
I(F,v)—then results. 

This rectangular assumption would appear to require 
a little change in our integral limits in Eq. (II.1). Let us 
suppose ourselves interested in a frequency v on the final 
spectral line. (This must not be confused with what 
might be called the initial spectral line, that is, our 
rectangle.) Then only those rectangles will contribute to 
the intensity at this frequency for which vm>v while 
rectangles of lesser v,, will not contribute. Thus, for a 
given frequency in the final spectral line, we integrate 
over all electric field strengths greater aan the field 
strength producing a splitting equal to this frequency. 


Equation (IL.1) then becomes 


ayes f E W(FjaF—d» f —w (ma, (11.2) 
F’ + 
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where the relation 2v,,— aF arises from the linear Stark 
effect, and F’ is that field for which v,,— v. E 
In evaluating Eq. (II.2) we must first evaiuate W (F). 


B. Probability of an Electric Field E 
at the Emitter 


Holtsmark? began with the assumption that the 
probability of a particular field strength F is a function 
of Fo, and set out to determine this probability. 

Let the components of the field strength at 0 due to 
the zth perturber be Xn, Yn, Zn. The compone of Fo 
will then be given by 


, 


Xo— X. 


n=l 


N’ 
Zo= »5 Lia 


n=l 


N’ 
Yo= Y. (IL3) ^ 

nel 4 
We desire the probability that Xo lies between Xo and 
Xo+dXo, etc. 

Let the position of the mth broadener be specified by 
the c coordinates x15, Ven, ` **, Xon. Then the Xn, Vn, Zn 
are functions of these o coordinates. It follows that the 
Xo, Yo, Zo of Eq. (II.1) are functions of the N's coordi- 
nates thus introduced. An Wo dimensional space is next 
set up, and to each point in this space there now 
corresponds a stipulated field strength. These points will 
be distributed in space according to some probability 
law, or what amounts to the same thing, some density 
function. 


The probability that all JV'c, coordinates lie in the 
range dx11, dxay, ---, dx, v: is * EE 


101 - Ndxyudxis: 7 dxyod xoi: - -dxNn'¢. (II. 4) : - 3 
It should be noted that this coordinate distributiogi 3 
establishes our electric field strength within a cel 


small range. 


etc. ae the proper Dirichlet factors 
introduced, and we obtain EV 


W (XoY oZo)d XodY odZo 


E 
Xe 


all space T : 
xeren wht2Z "dx- 


The Xm, En a 
while the Xo, Y 
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It should be stipulated now that all the broadening 
atoms are considered the same, that is, the Stark 
broadening is not treated for the case Where! for atoms, 
more than ong element acts as a broadening agent. In 
- this event, identical electric field strength CORT 
; ES. Y. Z. will be the same functions of x15, Yen, * * * Xen. 
- Tt follows from these considerations that for Eel 
Xn, Ya, Zap Wi, ws `, ww: Will all be equal. As a 
consequence the inner integral in Eq. (IL.5) can be 
— broken up into a product of NV’ identical integrals, each 
of which is integrated only over the ø coordinates of a 
‘single atom. .The result is 


W (XY Zo) 
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all space 


e to assuming three types of broadeners— 
is to say, (1) ions, (2) dipoles, and (3) quadrupoles 
oltsmark carried out a rather lengthy calculation 
ich we shall not detail) for the field strength proba- 
ty functions. The result for the dipole is 


. 
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(II.7) 
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N Ra, may be defined as 


F,=¢3=4.54uN (II.8a) 


(IL.8b) 


(II.9a) 
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In the case of the ion 


1 C2 Fs d 
— zm Ilczm (=) =) F,=co!=2.61N łe. 
Bi FY \Fo 


If we take as the mean separation of two of the particles 
ro(4/3)rróN —1 where N is, as usual, the particle 
density, then this mean particle separation would give 
about the same result for a normal field strength, 
namely, for F'— 2.60N te. 

The ion result is 


W (Fo)dFo= W (XoY 0Z0)4rF dF o 
4 
=E —0.4628?+0.12276* 
T 


—0.023256°+--- J. (IL9b) 


Equation (II.9b) converges only for small 8. For large 
B one obtains 


DRM. 2555 
W(Foary- a o6 14—— 
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14.43 0 
+—-+:: +} (IL.9c)§ 
B? B? 
The plot resulting from Holtsmark’s versions of 
Eqs. (II.9b) and (II.9c) is given in Fig. 2. 
Finally the probability of a field strength Fo is re- 
quired for the quadrupole and has been found as 


4 dp 0.730 
W(Fo)dFo—— —0.805| 1——- 
m p gt 
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0.328 0.621 0.163 


y E biu e 
i ay drach p? 


for small values of £. 
Again B= Fo/Fn where F,— ci. 
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Fic. 2. The field strength probability function for the three cases, 
(After Holtsmark.??) - 


$ Holtsmark obtained 
W (Fo dFo 82. 350[ 1+ 


ET gp " 
check of the work preceding is sufficient to show t that this is 
erweiz®® as reported. m. Uo which is 
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For 0«8 «1, Holtsmark obtained 


4 4 
W (Fo)dFo= BUCO — 2.448? 
3 --11.258*—728*4-...]. (IL9e) 


Equations (II.9d) and (II.9e) yield the quadrupole 
curve in Fig. 2. Figure 2 tells us that, since the proba- 
bility of zero field strength is zero, we must expect some 
broadening due to the Stark effect under any conditions. 
The maxima of the three curves give us the most 
probable field strengths in the three cases, and it may be 
noted that the slopes of these probability curves vary. 
The positions of the maxima indicate that the ion yields 
the greatest relative broadening, the dipole the inter- 
mediate, and the quadrupole the least. It should be 
recalled, however, that, since 8 depends on a different 
*Normalfeldstarke" Fo in each case, these comparative 
considerations cannot be directly carried over to com- 
parisons of broadened lines in the three cases. 

Equations (II.9) now give the probability W (Fo) for 
the existence at a certain time of the field Fo due to one 
of three causes, which is to be utilized in Eq. (II.2). 


C. Line Shape and Half-Widths According to 
the Early Stark Theory 


When Eq. (II.9a) is substituted into Eq. (II.2), the 
result is 
4 ° g Bd g 
Idv=dv if =d- 
S GF, (12-8) — 2aF,a (16) 


in which 8'— 2(v— vo)/aF n= 2Av/aF n, so that 


(II.10) 


2g GP, 
I (v) =— ———————. (II.11a) 
m @F2+-4(y— vo)? 
The half-width of the line can be seen to be 
6=aF ,= aA.54Ny. (II.11b) 


The dependence of the line half-width on the electric 
dipole moment and the gas density is apparent from 
Eq. (IL11b). With which comment we turn our atten- 
tion to the ion and the quadrupole. 

Equation (II.2) may be rewritten as 


2v, — aF B (11.12) 
* W(8)d8 
M DRAIN f AEE, (11.13) 
GF, Jg: B 
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D lline shape as predicted by the Holtsmark Stark 
Fuge id OE (After Holtsmark.?8) FA 
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Fıc. 4. The line shape according to the Spitzer theory for single 
encounters as a function of phase shift. (After Spitzer.79) 


Holtsmark evaluated Eq. (IL3) graphically for the 
cases of the ion and the quadrupole. Figure 3, represents 
his results for the intensity distribution for all three 
cases. In Fig. 3 the abscissae have been changed for the 
three perturbers so that the half-widths coincide, thus 
giving a curve shape comparison. The half-intensity B's 
for the ion and the quadrupole may be obtained from the 
curve as 1.25 and 0.67, respectively. These values of 8 
yield the half-widths: 


6=1.25aF ,=3.25aN! (II.14a) 


(II.14b)|| 


Equations (II.14a), (II.14b),°and (II.11b) show the 
dependence of the half-width on the electrical properties — 
of the perturbing molecule through e (charge), u (dipole — 
moment), or A (quadrupole constant) and also on the — 
gas density through N. : p" 


Ion: 


Quadrupole: ô= 0.67aF,— 5.53aN!A. 


D. The Introduction of Finite Molecular 
Diameters 


It may be recalled that we have essentially conside 
the atoms involved in the theory as points, in tl 
when the integration was carried out over the ato: 
positions in space, no portions of space were exch 
the basis of previous occupancy. In 1920 Deby: 


|| Debye!? obtained approximate e&pressions fo 
strengths and hence, an idea as to the behavior of the hal 
as follows: Electric charge is taken as 5X 1071 gk : 
radius of the molecule as 10-78 cm. We assume 
charge 5107 gi-cm!-sec™, (b) the moment 
5X 1078 gi-cm5? sec"! and (c) the quadrupole coi 
gi-cm?/2-sec71, Since the electric field has 
and since we may assume the field to b 
(b), or (c) and some power of V 
approximate expressions for th 
cases. Hence, we obtain for ( Nì 
(c) F=0N*!3 or 4500 esu, 135 esu, and 
plicatiye constants would [ 
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mented on this “punktformig” assumption to the effect 
‘that this was responsible for the infinite value resulting 
for second moment of the probability distribution. This 
appears to be a reasonable objection, and so Holtsmark 
evidently considered it, for in 1924, he attacked the 
problem again,* this time with finite diameters assigned 
to the atoms under consideration. Gans?! had approached 
the problem earlier under the assumption of finite 
diameters for the emitting atoms, but he had retained 
the point assumption for the broadening atoms. As 
Holtsrark noted, this would be a good assertion for the 
case where ions are the field producers, since we would 
normally expect the ions to make up only a small 
portion of the total number of atoms present. On the 
other hand, these assumptions would not appear to be 
valid for the dipole or quadrupole case. Gans further 
found a Gavssian distribution for very high field 
strengths, *. . . wie zu erwarten war." 

In this development, Holtsmark retained the simpli- 
fying assumption which classifies the broadening atoms 
as ions, dipoles, or quadrupoles, that is, he again took 
only the first term in the series for the potential. Since 
these assumptions are predicated on large R (radius), it 
is apparent that when the gas density or pressure is 
high, R no longer remains large enough to justify them. 
How high “high” is, is, of course, a matter for dis- 
cussion.{] For these “high” densities the calculations 
cannot be carried out, but the field strength distribution 
in these cases is assumed Gaussian. Holtsmark thus 
limits himself to those gas densities where the first term 
in the potential series does give a good approximation of 
the electric field. 

We begin with Eq. (IL5) rewritten in a slightly 
different form.  . 
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where 
G(s)= f dowe iXX ntn¥ HZ») (II.15b) 
(II.15c) 
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and where the integration oyer the angular coordinates 
has been carried out. 

Now in the computation of L(s) and M (s), the 
finiteness of the atomic diameters is to be taken into 
- account. In the earlier computation, it was possible to 

transform Eq. (IES) into Eqs. (II.6), a product of 
atical integrals. This was legitimate, due to the 
idependency of the atoms in that the motion of one 
mic point is not interfered with by the other atomic 
This integral product is no longer admissible 


onsideration, Spitzer (see infra, this 
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after finite diameters have been assigned the atoms, for 
we may not now allow the center of an atom to be 
separated from the center of another atom by less than 
this atomic diameter. We let 


r —gisFn COSXn 
in 


(II.16a) 
so that 
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where the first integral is carried over the space not 
occupied by the other (/V'— 1) atoms and the Oth atom 
(emitter). Thus, the first integral is dependent on the 
coordinates of the other atoms and must be included 
under the integral sign of the second integral, and so on. 
This fact obviously does not simplify matters. The 
difficulty may be eliminated, however, by selecting a 
suitable initial distribution for atoms. This selection 
would appear to be justified, since our results should not 
depend on the arbitrary initial distribution of the 
atoms. As an initial distribution we group all the atoms 
together at a point, of arbitrary initial selection hut 
remaining fixed during the first V’— 1 integrations. The 
position of the first atom is chosen for this union. After 
locating the atoms in this manner, we may move atom 
N’ about space in the process of the integration, while 
keeping the remaining atoms at position one. This 
process is carried out for V’—1 of the atoms. Without 
belaboring the details of the remainder of the calcula- 
tion, let us remark that Holtsmark obtained 


3p^— Fe 
lel t| (11.17) 
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where F'=4.54N qu. 
The factor in brackets in Eq. (II.17) is identical to 
Eq. (I1.9a) the probability for the case of point atoms, 
while the remaining factors essentially correct it for 
finite diameters. Gans had already obtained the cor- 
rective factor e*/* which, it may be noted, is independent 
of field strength, and thus does not take into account 
any field strength changes. As a consequence, this factor - 
will not influence the broadening. We should remember 
that Eq. (IL17) breaks down for very large field. 
strengths, and the Gaussian probability function must 
be utilized. Equation (II.17) may be written as , < 
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where 
7) F/F’. 


A simple calculation shows the maximum of the 
probability curve to fall at n= 1— 5, while this maximum 
is at 7=1 for the dipole on the uncorrected curve. The 
resulting line width is changed by the same percentile 
amount. 


E. Dipole Line Shape from Refined Stark 
Broadening Theory 


Although Holtsmark did not work out the line shape 
for this corrected case, let us make the short calculation 
necessary to obtain an idea of this shape. We shall 
utilize Eq. (11.13) and assume that for n’/<n<7”. 
Equation (11.18) yields the correct form of W (n) while 
forn’ Ln c» Erf(m) yields the correct W (n). We are as- 
suming q” very large. Equation (II.13) becomes 


ee a " 7 3—7? 
I (v)dv— dve*' 8— f fie s Jy 
TEn y (14m) (14-7) 


4 g g 
+dy- f Erf (n)dn 
T GP, DJ y 
4 g e" (24-50)4- (2+4b)n? 
=- — —————— — 0hr”). (11.19) 
war, 4 (123-39)? 


The spectral line given by Eq. (II.19), if we neglect 
the O(n”) term, will still be symmetrical about the line 
center. For small b, and b has been assumed small, the 
curve shape as given by Eq. (II.19) is very nearly 
identical with the shape given by Eq. (II.10). A good 
approximation for values of b up to 0.0020 is 


(14-20)aF, 
(Hn) m  @F,2+4(vy— rv) 
X DA azn 
m (v—vo)? (8/2)? 


Holtsmark calculated b for four monatomic and four 
diatomic gases on the basis of Debye's work! and ob- 
tained values of 6<0.0020 in all but one instance. 


4 1+2b 2g 
I(v)=- d e% l3 ga'l3 
T 2aF, 


F. The Line Shift 


We might now, with Holtsmark, consider another form 
of broadening which may arise. Suppose the line is not 
split to give a band for the field strength F as was 
assumed in deriving Eqs. (II.10) and (II.20), but that 
it is simply displaced by a frequency Av. Now for a 
linear Stark effect the right (or left) side of the W (Fo) 
curve is the intensity distribution curve for the broad- 
ened spectral line, since the probabilities for a shift of 
the line by an amount corresponding to this field 
strength, and, hence, the eio intensities at th 
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frequencies. If y is the line shift per unit field strength, 
we may read the shifts of the line intensity maxima di-- 


rectly from Fig. 4 as e 

i Av=1.5yFn Ion : a3 
Av — 1.0yF;, Dipole (II.21b) 
Av=0.65yF,, Quadrupole. : (IL.21c) 


Thus, this type consideration gives an asymmetrical 
spectral line whose maximum intensity has undergone a 38 
frequency shift. Qualitative examples of this shift and Y 
asymmetry had been given by Takamine and Kokubu*? 
for certain He lines and for many metal lines by x5 
'Takamine.?! im 

The Holtsmark Stark broadening theory has its 
region of applicability although, it is not, of course, the 
complete answer to the problem. Some conclusions as to 
applicability were drawn by Holtsmark as a result of his , 
comparison of theory with experiment. i 

Two possibilities arose from these comparisons. (1) 

The Stark effect, if it is a factor, is not the only factor 

which contributes to the broadening of a spectral line. 

With this statement there can be little disagreement. 

(2) Simultaneous broadening by both ions and dipolesor ^ 
quadrupoles occurs and the fields produced may be 
inhomogeneous ones. 

A further comment in definition of this inhomogeneity 
may be in order. Let us consider, say, an alkali atom in 
which we may only be concerned with the spectrum- 
producing valence electron. For our purposes here we 
can deal either with a Bohr orbit for this electron or = 
those regions of space where dae is relatively high for 
the electron. Then in order that the fields producing — 
Stark broadening be homogeneous for this case, these — 
fields must be essentially constant over the region of the — 
orbit or of high pydce. x 

We have restricted our gas to low pressure in order —— 
that the results may be valid, and another restriction — - 
has been inferred but not actually stipulated. Ifa given — 
field F at time / is to broaden a line into one of 
rectangles which have been assumed for the vario 
values of F, the F must be a constant for a time interval 
sufficient to allow the atom to emit under conditions — 
which will produce this rectangle. The field at the 


] 


emitter varies due to the motion of the atomic b - 


P». 


on the lifetime of the upper of the two quantu: 
involved in the emission, must be placed o 
atomic velocities, and hence, the gas tempera: 


for forbidding the application of this 
of neighboring electrons. 


theo 
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in parabolic coordinates, one obtains 


TF q 
EO =—71(ke— ki) SS 
° 2ue 7? 


for the linear Stark effect, and 
F C) 
1640? N € 


eo xn([17—3(k;—k)—9m*--19] (II.22b) 


(II.22a) 


BDOS 


for the quadratic Stark effect. 

- Spitzer began with three simplifying assumptions: 
**(1) the matrix elements of the interaction potential 
between states of different total quantum number may 
be neglected, and . . . the other matrix elements may 
be computed 'on the assumption that the atom is in a 
homogeneous field of strength Z&/r- --. (2) Each colli- 
Sion . . . may be assumed isolated from all others. 
(3) The mass of the colliding particles may be taken 
infinitely large."7? 

Assumption (1) supposes a homogeneous field F over 
the "boundaries" of the atom, or, say, over the electron 
orbit. If a field is imposed from “outside” there can be 
little objection to this. Now, however, we are supposing 
our field to be produced by an ion, and, if the separation 
of the hydrogen and the ion r is not large compared to 
the average distance of the electron from the hydrogen 
nucleus (rj), this approximation surely breaks down. 
Thus, some lower limit R must be set on 7, and Spitzer 
chooses this limit as R> 10(r.). Now (r;) may have as its 
maximum value 37a,?/2---d is the radius of the first 
Bohr orbit—so that R7 8.0x10-? n? where n is the 
total quantum nuxüber: The exchange integrals as well 
as quadratic Stark effects will be small for these dis- 
tances as we may show by Eqs. (11.22). 


24n(kı— ho) R? 
Av; E® [1 71?—3(ko—hs)?-+9m?-+19 Ja? 


When ka—kı is set equal to 2/2 and m and 19 are 
neglected, the result is 


Ay 3R2 27/7 RN? 
— = t =—( ) >150. 
Ave Aa 16 \(re) 


This is the binary assumption which, together with 
the third assumption; will become familiar ones. It is 
certainly obvious that the treatment of a two particle 


interaction is far simpler than the treatment of a three 


* 


M e 


or more particle interaction. In addition, it is rather 
apparent thatat the lower pressures the approximation 


should be a reasonable one by virtue of the following. 
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T i robability is that the separation of a single 
pe Re. E Mee molecules from the emitter 1s 


Es ‘sufficient! ; 
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small to insure that its interaction over- 
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said that, although Assumption (3) is reasonable for 
heavy particles, this will certainly not be true where the 
ions are electrons. 

In considering the broadening problem we suppose 
the change in the potential as adiabatic so that the 
quantum state of the system will remain unchanged 
during a collision. Let us digress for just a moment on 
the subject of adiabatic processes, since we shall en- 
counter them continuously in our further consideration 
of line broadening theories. 

An adiabatic process may be considered as one in 
which the entropy of the system—or the degree of 
disorder thereof—remains unchanged. Now if the proba- 
bility that an atom is in state X has the value unity 
before and after the occurrence of some phenomenon 
which affects the atom ''system," the degree of disorder 
of this system remains unchanged and hence, the 
occurrence of the phenomenon constitutes an adiabatic 
process. On the other hand, if the probability for state X 
is unity at the initiation of the process and changes by 
virtue of the occurrence of this process to 0.6 for state 
X, 0.3 for state Y, and 0.1 for state Z, the degree of 
system disorder has changed, and in consequence, a non- 
adiabatic process has occurred. 

In the present adiabatic case, a two state atom with 
an upper state A and a lower state B is considered 
where Ea and Es, respectively, are the energy of the 
two states. 

Since the electric field is assumed directed along the s 
axis of the emitting hydrogen atom, and since this 
electric field is radial from the perturber to the emitter— 
this, of course, would only be strictly correct for the one 
perturber assumed—the coordinate system will rotate 
with the passage of the ion so that the z axis is always 
directed toward the ion. Adiabaticity requires that this 
rotation occur for the following reason. The quantum 
number m specifies the projection of the angular mo- 
mentum on the electric field of the ion. In order that m 
remain constant as required by the adiabatic hypothesis 
the atom must rotate with the changing direction of the 
ionic field. . 

We now define 3€ as the atom-field Hamiltonian, Wa a$ 
the eigenfunction for the upper state (no photons in the 
field), and y»; the function for the lower state (a photon 
of frequency v; in the field). 

The Schroedinger equations, 


pa = Ea (ial) 
Sey: — LE (£)-- hw; Wos(/) 
result. 
In Eqs. (11.23) / is a parameter; and E4(f) and Es(}) 
are the atomic level energies as perturbed by the linear 


Stark effect of the ionic field. 
The state growth equations are 


iha=E,(1)+a(t) +E Wav.d,(t) 


(I1.23a) 
(11.23b) 
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As usual we suppose a(0)= 1 and 5,(0) —0 to obtain the 
solutions 


1 t 
a(t) =g iyt exp| x3 M Ea Wat | (II.25a) 
L9 
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b:()= — exp| riva f Es (dr 
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i 
f eart At exp| 2min + 
0 h 


x ri Lent?) E. ^j (II.26b) 


By time /— « the emitter will certainly be in the 
ground state, and a photon of frequency v will be in the 
field. The intensity distribution in the spectral line is 
surely given by |5;55(«») |?, since this will represent the 
probabilities for the appearance of these various fre- 
quencies. If we call 7’ (v) the intensity of the frequency v 
there results 


(Ico ia)? 
he 


I'(vy)= 


ce i 
f e rdi! exp [rivi 
0 h 


2 


“all List) Bate") a" | (11.26) 


A few algebraic manipulations lead to 


Y W (ff, £) 
I(x) =-~] 14-— ——21? fr (£) | (II.27a) 
2ma? Y 
where 
+0 exp[z(£u— T tan) 
IO f sels (i E, (II.27b) 
—o0 1+? 
and 
xR v" QA—QB 
£—-—; u=—; u-"-F; T= (II.27c) 
v R v 


where q has been defined by Eq. (II.22a). W(T,£)=0/R 
is the number of collisions per second. 

From Eq. (II.27a) it is possible to show that for £ 
small (v large or the density small and hence p large) the 
interruption distribution (which we consider in Chapter 
IV) holds. It is also possible to demonstrate the appli- 
cability of the statistical distribution (which we con- 
sider in Chapter III) for & large (v small or the density 
large). Finally, Eq. (II.27a) may be integrated, if rather 
laboriously—an operation which we shall not detail. 

Figure 4 gives the results of Spitzer’s calculations 
for several values of T. Xmax is nothing more than 
(qa—qB)/hR?. The limiting value for T= co corresponds, 
of course, to zero velocity according to Eq. (II.27c). 
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Thus, this value of T should yield the line shape as given : 
by the statistical theory. 3 
These then are the Spitzer results for the Stark 
broadening of a line due to the adiabatic collision of the = 
emitter with a broadener of a particular velocity and 
distance of closest approach. A detailed consideration of 
the nonadiabatic case for the first Lyman lines of 
hydrogen showed that the breakdown of ‘the adiabatic 
hypothesis (for this particular case) necessitated the 
replacement of T by o where now c?— 1--1?. We might 
remark that there is no particular reason to expect the 
same replacement for any other situation since the 
problem applies solely to these first Lyman lines. 

The problem which remains consists of the averaging 
of Eq. (II.27a) over the requisite distributions of the 
optical collision diameter (distance of closest approach) 
and the velocity.9 Together with the sum over the 
various type broadeners these operations result in 


0j 1 2 
ra= dv 


x af «o C4 (y 


x f Wo f do (11.28) . 


W (p,v) is the collision frequency for collisions of 
diameter p and velocity v. The introduction of a 
Maxwellian velocity distribution and a random collision 
diameter distribution leads to an integral whose evalua- 
tion requires approximations and graphical evaluations . 
which we shall not detail. Equation (II.28) may be 
rewritten without much difficulty, however, as 


ee. t 


Y 4 /mTN 
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where 
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The Holtsmark £ of our classical Stark conside 
may be obtained by the transformation 


W (8)d8 — I (x)daX—582W (8) : 
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k Fic. 5. The line shape for a single H line component. The solid 
line is the Holtsmark result. The dashed lines arise from the simple 
interruption theory. (After Spitzer.5?) 
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B= 5 (II.30b) 
qa— qg 

These results through Fig. 5 afford a convenient 
method of comparing this theory with the interruption 
and statistical theories as well as demonstrating the 
predictions of the theory itself. 

The horizontal lines in the figure represent the inter- 
ruption result—the oft-called Weisskopf result—for 
several values of y». Inner agreement is actually ob- 
tained only for y5— 0.047. This is a demonstration of the 
; E error involved in the failure of the simple interruption 

theory to include the effect of distant collisions and 
. nonadiabaticity. We mention this fact with no special 
_ emphasis, since we shall go into a much more detailed 
consideration of these facets of the interruption theory 
. in Chapter 4. 
— One other rather obvious point seems worthy of 
mention in connection^with Fig. 5. Equation (II.29c) 
tells us that y2 is directly proportional to the density, 
s since ‘it is inversely proportional to the mean molecular 
separation. The result is that as the density i increases 


eee simple way to demonstrate these 
about the two tynes of theories. One more item of 
es t may be garnered from a perusal of the figure in 
) e parameter y» in addition to being density 

inversely velocity dependent through Im 
-29c) ]. Firstly then, it is rather obvious that 
vard the RE ien] theory with decreasing 
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Spitzer's and Holtsmark's work on ionic broadening 
still appears to leave the field of electronic Stark 
broadening rather neglected so that for this area of 
cueste we must turn our attention to recent work 
of Kivel, Bloom, and Margenau,* and Meyerott and 
Margenau.° 


H. The Broadening Effect of Electrons 


Perhaps the prime reason for the inability of the 
theories which we have thus far considered to deal with 
the broadening of spectral lines by electrons is their 
implicit assumption of a classical path. When an ex- 
pression for the perturbation due to the broadening 


_particle depends primarily on an emitter-broadener 


separation, then a classical path assumption has surely 
been made. Now the Heisenberg uncertainty principle 
tells us that such an assumption constitutes an ex- 
tremely poor approximation when the particles involved 
are electrons, so we must look to a completely quantum 
treatment of this type broadening. 

The familiar time dependent form of the Schroedinger 


equation 
(x- i) =0 (11.31) 
we suppose satisfied by the expansion 
Y= 2 x ” ana (Ds (r) eA" (R) 
Xexp[—:(64"4-E,)/Ah]. (11.32) 


The Hamiltonian appearing in Eq. (IL31) may be 
written out as 

$6—3C€,(r)J-3e,(R)4-3e'(r,R)--5e"(r) (11.33) 

where 3C,(r) is the Hamiltonian of the isolated atom; 

3C, (R) is the Hamiltonian of the electron in the field of 

this atom; 3C’(r,R) the Hamiltonian of the atom- 

electron interaction; and 3C" (r) the Hamiltonian of the 


atom-field interaction. The eigenfunctions of the ex- 


pansion Eq. (II.32) are given by 


(cet ih ei It ex" AR yni = ENS (11.34a) 


and 1 


(cet f jeu, ta) pa” = Ea” pn.  (IL34b) 


The substitution of Eq. (IL31) into Eq. (II. E po 
sults in the state growth equation 


ifa, y explL—i(Sar"-+En)t/h] 
=k 2 ? Gad | Su™ea7dR 
Xexpl—1(6a"+Z£,)t/h] : 
ate 2l m nd f Qu"OC S eA"dR 
KexpL.- (Ba IJ - (I3) 


| by S3. eoundation USA 


LI 


a 
E- 


LINE SHAPE 


wherein we must recall that the electron eigenfunctions 
are not orthonormal. 

The second term on the right of Eq. (II.35) represents 
what Kivel, Bloom, and Margenau (KBM hereafter) 
have called the “polarization effect." For the two states 
of our atom degenerate or nearly so this term is actually 
a polarization term. For such not the case the combina- 
tion of these states through this term represents a 
quenching effect. We shall consider this in a little more 
detail at a later point, but let us now turn our attention 
to the subject of this section which is representable by 
the first term on the right side of Eq. (II.35). 

The first term represents what these authors have 
dubbed “‘universal broadening," or, perhaps more con- 
cisely, it represents the interaction effect responsible for 
this phenomenon. The effect was termed universal since 
it will always be present by virtue of requiring no change 
in the atomic state. It represents a radiating atomic 
transition during which a change in the interacting 
electron energy takes place. 

In our sketchy treatment of the mathematics of the 
situation we shall begin by neglecting the 3C,, in Eq. 
(IL.35). We thus consider a two state atom whose 
transition simply takes place in the field of a broadening 
electron. The coefficient a4 we take to be associated 
with the upper of the two states wherein no photon is in 
the radiation field. The coefficient b, refers to the 
lower of the two atomic states in conjunction with 
which a photon of frequency w, is in the field. Further 
Mar m= Gai— Ea and co.—o4m—oc. Next we shall 
accept the exponential decay quality of a4, the proof of 
which may be found in Kivel, Bloom, and Margenau. 
At any rate, one may then obtain for the line intensity 
distribution 


Ty(w)=%, aK co) |? 


z| OM 20711 
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(II.36) 


The introduction of the time development matrix 
representation for a(/) and 5(/) and a goodly bit of addi- 
tional manipulation of an algebraic nature leads to 


T7|J/Z|? R 
=| ES | (II.37a) 
ye? +a? 
where 
IDS WV ODD, IVT 
A M 
(IL.37b) 
ARAM a Bam 
Ra ——À 
d a y+ (w—Qam)? YQ)? 
and z 


y=rT|J/h|?. 


I 2 3 2: 
E; /le 2/2) E M. 
Fic. 6. Electron density versus energy. In the region below the 


curve the universal broadening effect is negligible compared to the 
natural line width. (Kivel, Bloom, and Margenau.*02) 


In Eq. (IL37b) the first term in Ram arises for the _ 
situation in which energy is not conseryed during the — — 
radiation process. The resonance condition, - 


Qau=w 


we suppose to exist. Then, when w,>wa the radiation 
has received more energy than the atom gave up. It 
hasn't received this additional energy from the electron, | 
however, since the electron too has gained energy. The — - 
effect, resulting from this nonconservative phenomenon, _ 
these authors point out, will be small. The second term — 
in the expression for Ran represents energy transfer - 
which adds up in such a way that conservation can be 
claimed. This may be demonstrated as was the first case. 

The remainder of our consideration of this treatment — 
will be just sufficient so that the terms with which we 
shall be presented will be defined with a degree of - 
clarity. To begin with the electron-field interaction may — 
be written as 


-— 


We may surely write the unperturbed electron f func- 
tions as plane waves 


1 
km exp (ik, : R) 


where now k is the electron momentum NS. 
same time we define a momentum transfe: 
K=k,;—ky, which enters our considerations tl 
electron eigenfunction products arising in t 


elements. Also é 
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Fis. 7." The collision frequency as a function of velocity according to various of the electron broadening theories. 
(After Meyerott and Margenau.992) 


curve (very high densities) a statistical type (static). 
theory may be used. 
(11.39) 
As Meyerott and Margenau have pointed out, Su may. 
be approximately written as 


Sy—4.3(1— 67412). (1140) 


The collision frequency (v.— vv) obtainable through 
Eq. (II. 39) from Eq. (IL40) is plotted in Fig. 7. 
indicated in this figure are collision frequencies as 
: obtainable from certain other theories of. electron 
i irst let us consider the Unsold result 


LINE 


atomic charge distribution at r to be 


€ 
Ac — —U (r). 
i; 


Then the Weisskopf form of the interruption theory (we 
shall consider this in detail in Chapter IV) yields 


(11.41) 


where po is the minimum transit distance for perturba- 
tions effective in broadening. 

The classical result which has been obtained by 
Lindholm—and which we shall also consider in Chapter 
IV—is 


Ye= INvrpo 
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and the phase shifts may be calculated from 


2 
n=-f(p)= 
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wherein we remark that particular atomic states have 
been specified. The potentials are those of the atomic 
distribution—averaged over angles—that act on the 
broadening electron specifically 
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The quantum form of the Lindholm result, 


y.— Nv } ci[1— cos(q1—71) J, 
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(II.43) 


also appears in Fig. 7. Meyerott and Margenau have 
used the calculations of Swan and Massey and 
Moiseiwitsch in addition to their own for the phase shift 
evaluations in this equation. 

'The comparisons between the universal broadening 
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. Potential curves going with two different electronic states 
ye mE in connection with the statistical theory. 
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effect of KBM and these other theories should be rather 
apparent from the figure in question. 

Let us now conclude our study of Stark broadening by 
an inclusion of the second term in Eq? (II.35). 

As we have remarked, this term results in what these 
authors have called “polarization broadening.” The line 
shape is of the same form, and when both the polariza- 
tion and universal effects are included, one obtains 


emo eee V 
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where, as for the universal effect, 


y —2NveS p 
** |Gam|? 
Sp= Ii dx (II 44a) 
0 x2 
Gan= fete ir. (ILA) 


KBM have'given a comparison of the universal, 
polarization, and ionic Stark broadening effects for the 
Lyman a line which we reproduce: 


Universal broadening: yu/y= 0.13 
Polarization by reorientation 
(250—25-2-1): yrı/y= 0.027 
Quenching (2204150): Yo/Y 0.0013 
Polarization by induction 
(250—250) : yP2/y= 2.7 
Ionic stark broadening: "Y Star/ y= 80. 
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As concerns P1, YP2, Yo We note that they all arise from 
the second term in Eq. (II.35). The only difference is the 
specific off-diagonal matrix element which is involved. 
Depending on what this element is, one can physically 
qualify the phenomenon involved as “polarization by 
induction,” “polarization by reorientation,” or *quench- 
ing." For example, if we reorient the dipole from m=0 to 
m=1, we obtain the “polarization by reorientation” 
effect. 


II. STATISTICAL BROADENING 
A. A First Approach 
Any consideration of statistical broadening may p 


Condon?:!5 principle, for if we are to point to any 
concept as fundamental to this type broadeni 


Condon. Having startled 
statement, let us eT 
Ata 


Ps : molecule, our considerations will relate to two free 
atoms. The potential curves of the figure we suppose 
' give the energy, as a function of atomic separation, for 
two atomic states. In the form in which we shall utilize 
it, this principle hypothesizes that the atomic transition 
takes place vertically on the figure, that is, it supposes 
the interatomic separation R to remain unchanged 
during this transition. 

Jablonski first utilized this principle in advancing a 
qualitative explanation of spectral line broadening. 
Now during an electronic transition we suppose (as a 
consequence of the Franck-Condon principle) that (1) 
the separation and (2) the relative velocity of the 
interacting emitter and broadener remain unchanged. 
Let us again consider Fig. 8 in detailing the fashion in 
which such a pair of assumptions may be expected to 
lead to line broadening. 

First of all, the level separation at infinite interatomic 
distance corresponds to the frequency of the emitted 
radiation in the absence of any broadening perturbations. 
Next let us suppose the transition to take place when the 
atomic separation is Ra. Under these conditions the 
level energy separation will be different from the un- 
perturbed separation, and radiation of a different fre- 
quency will be emitted. From this it follows (and we are 
supposing binary collisions for conceptual clarity) that 
the line intensity maximum will be shifted to the fre- 
quency corresponding to the most probable atomic 
separation. Around this maximum will then be distrib- 
uted other frequencies—corresponding to other separa- 
tions—with the intensity (probability) of these fre- 
quencies corresponding to the probabilities for the 
_ various separations requisite for the frequencies. As we 
. shall later see detailed the type of spectral line will 
d Speud on the type of interaction curve. 


“na fal COME of the atom and the frequency 
observed i is made up from the relative velocity of the 
tv "c involved. To our two potential curves— 


ODE the relative velocity will remain constant 
ing the transition, it will change (in that it will be 
erned by a new kinetic curve) subsequent to the 
ion. In this fashion one can create a picture of this 


tion-kinetic energy exchange. 
B. Statistical Theory 


series of papers on the subject Margenau®®*5, 62 
bed the statistical theory from the qualitative 
of the last section to the sophisticated, 
In his earlier studies of the 
elf largely to the specific 
als Drosdening, primarily, 
explanation 
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of the broadening by foreign gas atoms possessed of no 
permanent poles. From our present apparent vantage 
point, the Holtsmark theory appears to be simply an 
explanation of Stark broadening which we may neatly 
categorize and apply at the proper time. At the time it 
was written, however, it was meant to be a little more 
than this. It was advanced in order—at least so the 
author tells us in the original article—to supplant the 
earlier Michelson-Lorentz theory which had been found 
wanting in general applications. It was found wanting, 
as we might suppose, since it requires the possession of a 
permanent pole on the part of the broadener. Margenau 
essentially advanced the van der Waals force as a 
broadening agent quite applicable to such situations 
and, at the same time, created the theory which was to 
provide the framework within which this broadening 
agent could be utilized. Some time later, however, he set 
forth the development of the generalized theory which 
we shall detail and from which the earlier work may be 
obtained. 

The broadening we attribute to some sort of forces 
which act between the two atoms. Now these forces 
give rise to potential curves of the type which we have 
discussed in the preceding section. Let us further sup- 
pose that the differential energy level distortion due to 
these forces is given U —»;; U; where U; is the interac- 
tion between the emitter and the ith broadener. The 
assumption of such additivity of potentials, of course, 
supposes that there are no interactions between broad- 
eners, an assumption corresponding to the assumption 
of point broadeners in the simple Holtsmark Stark 
theory. The mathematics of the statistical theory is now 
devoted to answering the following question: What is 
the chance that a configuration of broadeners exists such 
that a displacement of the spectral line corresponding to 
U results? This “chance” is, of course, precisely the 
intensity of the displaced frequency in the broadened 
line. 


In detailing the mathematics of the situation, we N 
must begin by determining an expression for the po- 
tential. Firstly, we suppose this potential to depend on — : 


some inverse power of the emitter-broadener separation 
since van der Waals, dipole-dipole, and many other 
interactions of a type which we shall wish to investigate 
are dependent on such a separation. Primarily in order - 
that the potential may change sign—this is not to say — 
that this does not describe the physical situation—we 
also introduce a spin interaction w(£) such that u(é) 
disappears in the mean. If the assumption as to #(€) is ` 
incorrect, it will lead only to incorrect numerical factors. - 
All of which leads us to the following choice for the E 
potential: 

U;— ar iu (&;) 
where 
—1 for £&<0 
u(E)-— ; 
+1 for £&>0 
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We suppose the volume occupied by the entire gas to 
be (4/3)rR*. The distribution of broadeners may be 
taken as random** so that the probability that the 
emitter-broadener separation be r is 


dV r*sinddddgdr 3 
—=— — —(—$(r)dr--—rdr  (1II.3a) 
V (4/3). R* R3 
and of a spin £ 
dl 
(III.3b) 
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The probability that the spectral frequency radiated 
by the emitter differs in energy from the unperturbed 
frequency by an amount between U and U+dU is 


3 
I(UgU-IlI 2m Juge (III.4) 


The integration in Eq. (III.4) is to be carried out over 
those portions of space which yield the perturbation in 
question. This integration may be extended to one over 
all space by an application of the proper Dirichlet factor 


g 
I(U)dU =— NR . -ndri . dr d£: D -dën 
2R? 


1 r sin[(4dU)s 
A= f sin Adu Se 
AY 
3 : 
— av f f [ven 
47. R3 

all space 

Xdrad£i:--d£,ds  (III.5a) 
where 
T= ÜÜ, (III.5b) 


Now we have supposed there to be no interactions 
between broadeners so that the » product integrals here 
are identical, and we may rewrite Eq. (II[.5a) as 


1; 
W,(U) = f € U A (s)ds (III.6a) 
TT * —oo 


where 
A,(s)= | f 2(8d£ f p(r)dr expLisor-in(@)]| * (III.6b) 


Using no subterfuge whatever, we may rewrite Eq. 


(IIL.6b) as A. (s) =[1—-3B(s)/2R*] (III.7a) 


where 


R 
B(s)= f is dé f (1— exp[7sar ?u(£) ]) rar. mu» x 


** A Maxwell-Boltzmann distribution. 
to have little effect. 
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Equation (III.7a) may surely be expanded according © 
to the binomial theorem. In the result we allow R to, 
approach infinity which converts our binomial ux 
into the infinite MacLaurin series for 


A (s) » exp[ — 2zN B (s) ] 
so that our Eq. (III.6a) becomes 


TL) ; 


1 pt 
wo=— f exp[—isU—2xNB(s)]is. (II.8) 


T "—w 


Next, Eq. (IIL7b) may be integrated over Ésothat  — . 


+o 
B(s)=2 f (1—cossv)r?dr (IIL9a) . 2d 
0 
where 3 
v=ar i. (III.9b) E 
If we let E 
sv—S, (ILE-9c) am 


B may be written as 


B-4Glsper f Fèli sinFdF (111.10) . 
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where integration by parts has been utilized and 
l'Hospital's rule applied. This application of 'Hospital'Ss — | 
rule results in the restriction of j such that 77$. Thisis — 
actually no restriction on the theory, since none of our — 
interaction laws will require a value of less than $. 

For convenience, let 


(/30 s smsds-g; (11a) — 
| 


so that De a . 2 


2rB(s)=g;|s|*/?. 


(IIL.11b) ) E 

Our probability W(U) is a real affair, and the. 
utilization of this reality and Eq. (IIL11b) in 
(III.8) yields 


Gg 


1 o0 x bm 
W(U)=- f expl—WVg;s*/7] cos(sU)ds  (III.12) 
7T 0 3 x 
since the integrand is an even function. 
By evaluating Eq. (III.12) for the case 1 U=0 (no 
shift) 


QUADRUPOLES 


Fic. 9. Dipole and quadrupole line shapes according to the 
statistical theory. (After Margenau.®) 


then Eq. (III.12) may quite readily be written as 


1 U 
wa)-— 31) (III.14b) 
| U| Uo 
where ; 
Uo= (N g;)?^*. (III.14c) 
E: All of which leads us to the departure point of special 


= cases, and, with Margenau, we shall consider three, 
. namely, broadening by (1) permanent dipoles, (2) 
= quadrupoles, and (3) forces which do not change sign. 
s In the dipole case we have j—3 so that from Eqs. 
= (III.14c), (III.11), and (III.14a) 


x 
Uo=ĝr Na; Is(x)———— 
o=3r Na; Is(x) E 


Eq. (III.14b) becomes 
0 
AU — (III.152) 
m T(U?*4- Ug) 
or, whe n we recall that U=h(wo—w) 
E A U fir 
MEN yom <) 
e (@o—w)?+ (U0o/h)? 


me interest, since it is the Michelson- 
sion form of the line shape. 
n of Eq. (IIL11a) and Eq. (III.14a) 
justify the statement that numerical 
expansions are requisite for the 
s in these equations for other 
carried out this numerical 
pole case, j=5, and the 
ompared to the one for the 
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the same sign so that the spin interaction factor in the 
potential energy expression is simply equated to unity, 
As we have remarked the statistical theory was origi- 
nally developed by Margenau in conjunction with a 
consideration of these van der Waals forces. 

Under these conditions we obtain in place of Eq. 
(III.10) 
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nef. (1— e**)r?dr 


= -i&alsp f 837 exp (iS) dF 
0 


1 
—-3|s|?7g——|s|??7(g'4-ig") (111.16) 
2T 
corresponding to which one obtains 
1 oo 
wo=- f exp( — V g's?!7) 
T Jo 
Xcos(sU--g"s*?iN)ds (111.17) 


for forces which do not change sign. For the van der 
Waals interaction m=6, and Eq. (IIL17) may be 
evaluated utilizing the g’ and g” values obtainable from 
Eq. (111.16) with the result 


1 o 
I(Av)—— f exp[ — 2 (27as)? | 
T Yo 


Xcos[s(Av) — rN (2nas)! |ds 
2m^/a 4 q3aN? 
retten] 
(v— vo)? 9 (v— vo) 


which is precisely the result Margenau had originally 
obtained for this special case. The half-width of this 
distribution is 


(III.18) 


bu... 


6=0,827%aN? (III.192) 


and the line shift 


Avmax (27)3aN?. 


(III.19b) 


We have compared the van der Waals distribution 
predicted by the theory with an observed line in Fig. 10. _ 
Although the good agreement in the red wing is ap- | 


10. A comparison of the theoretical prediction o the 
ical theory for the van der Waals forces with an experi- 
t (After Margenau I) l ~ 
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Fic. 11. An example of Margenau’s application of the integrable block and triangle function 
to the statistical theory. (After Margenau.®”) 


parent, we note the poor agreement between theory and 
experiment in the blue wing. Albeit other limits (such as 
the low velocity approximation) are imposed on the 
theory, one reason for the discrepancies appears worthy 
of mention at this point. Were the theory itself com- 
pletely free of limiting assumptions, the precise potential 
curve for a given broadening situation would have to be 
known in order that a precise agreement between the 
theoretical results and the observations could be ob- 
tained. In general (although one could probably say in 
all cases) the potential curve due to the interaction be- 
tween emitter and surrounding broadeners is known 
with but little accuracy. Thus, an approximate curve 
must be used which may be a reasonable assumption but 
which cannot be expected to detail the behavior of the 
potential energy and from which we can hardly expect to 
obtain completely correct broadening answers. Along 
this line, Margenau had, in one of his early studies of the 
situation, considered a block and triangle approximation 
to the interaction potential curves and then numerically 
integrated the results of inserting these approximations 
into the line shape integrals. As an interesting example 
of the method we give a few of his results in Fig. 11. 
Particularly in the study of forces by means of line 
shapes does it appear that this technique might have 
some interesting possibilities. 


C. The Jablonski Theory 


Jablonski felt that a wave mechanical theory of line 
broadening should be developed and that this develop- 
ment might well follow the line of attack utilized by 
certain authors in their treatment of molecular rotation- 
vibration spectra. To this end Jablonski’s paper of 
193754 and those which followed***8 were devoted.TT 

We begin, with Jablonski, by assuming that our 
absorber (emitter) and the WV’ foreign gas atoms, whose 
perturbing influence shall be responsible for the broad- 
ening of the spectral line, go to make up a very large, 
(N’+1)-atomic molecule. 


tt One of these articles? was not available to the author. The 
material contained in this article, however, is covered by subse- 
quent papers which were consulted. 
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In treating the molecule Jablonski applied the tech- 
nique which had originally been developed in connection 
with molecular electronic-vibration theory, that is to 
say, he supposed the (JV'--1)-atomic molecular eigen- 
function to be a product of one electronic and NV’ two 
atomic eigenfunctions each of these latter is concerned 
with the interaction between the emitter and one of its 
perturbers. Since such is the case, the probability for the 
shift in the emitted radiation frequency will be partially 
dependent on the matrix element whose evaluation is 
possible through a utilization of these eigenfunctions. 
The calculation inferred is one familiar from inelastic 
scattering theory. 

We now suppose that we know the probability distri- 
butions Pi(xi), P»(x»), ---, Pw(xw.) of the quantities 
X1, €2, *--, “nw. Then the problem with which Jablonski 
was faced was the determination of the probability 
distribution of 


N’ 
X=} t; 


i=l 


which by the judicious utilization of an inductive proof 
he was able to show was | 


x Wo» (X)e-toy ax . (11.20) 


^ 


Let us make the connection between Eq. (III.20) and 
the development somewhat more apparent. To begin 
with we shall wish that z,— E/— E; that is, this 
variable refers to the translational energy separation 
between two levels à propos to the two particle system 
consisting of the emitter and the ith? broadener. - 
Jax P(X)dX gives the probability forthe small indi- . 


integral the first term represents the probability f 
translational energy change in the system; the — 


a 


Fic. 12. A physical model for the calculation of the optical collision 
diameter probability. 


term within the sum (the second term on the right of the 
equation) gives the probability of a binary collision, 
that is, of a collision between the emitter and one 
broadener; the second term within the sum gives the 
probability for an emitter-two-broadener collision, and 
so on. The probability distribution in question then 
allocates the requisite relative importance to the various 
types of collisions and may certainly be of some interest 
under certain broadening situations, although it has not 
been utilized in any problems. What we now do is 
effectively ignore our result, Eq. (III.20), and again 
suppose binary collisions. Thus, we content ourselves 
with an interest in W(X). 

Now the probability that the emitter-broadener sys- 
tem in a state n'l shall undergo a transition to a state n] 
is given by 


W(X) - WO (Ey — Enr) 


Imax Dan” 
=, Oa 
1—0 o 
D Dawe 


n'-l 


dn’ 
dE, 


(a am dn’ 
E. S dE, 


Tmax dn’ 


— ( Ann? 
Q) TE 


di 


di (111.21) 


n’ 


wherein we have utilized the relations S=M0, Dan 
- — £91%9A n'a, and Drar is the matrix element for the 
- electronic transition. 2(/) is the probability of occur- 
"ence of a certain | and dn’/dE,, the density of levels in 
ipper state. In the case of emission we replace 
2, by dil AB. 
nsider probability Q(D of a particular / value. 
us make an appeal to correspondences (on 
mption of high / values) in order to equate the 
nd quantum angular momenta : 
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where, as usual, p is the distance of closest approach of 
broadener to emitter. 

We turn our attention to Fig. 12 for an evaluation of 
Q(o). 

In the figure, one half the atoms may be considered as 
moving toward (or across) the plane A—A from the left, 
while the remainder proceed toward the plane from the 
right. The probability under a random probability 
assumption, that a collision of optical collision diameter 
between p and p+dp occurs is thus the volume of the 
tube shell of thickness dp divided by the total volume 
available to the broadeners. We suppose the assemblage 
to be confined to a sphere of radius R. In consequence 


f 2Tpdpdr 


19 
QO’ (p)dp = ——————— = —1 maxpdp 
(4/3) R? R$ 


from which when we suppose 


3 
Q'(p)dp= 37x (P) = Q' (p)dp 


9 


3h 
= (214- 1)dI. 
A4R*i 


(111.23) 


Next the evaluation of Ann leads, for Eq. (III.21), 
to the result 


ore U” (re) i 
W(X)= (: = ) 
dX Ly 
R3|— 
dr T=Tc 


lh (l54-1) 
X 1-(1- 
1 (1,4-1) 
The asymptotic form (/—1;) of W® (X) is 
3r2(1— U” (r))/ E,-.)! 
dX 


dr 


b 
) Jean. (111.24) 


WO(X)= (111.25) 


R? 


T=Tc 


and a corresponding form results for the emission line. — - 
Although it is from Eq. (III.25) that we shall obtain — - 
the line shape, let us remark the implications of à 
complete calculation. 3 
It has been tacitly assumed that there is one interac 
tion curve for the upper electronic state and one for the is 
lower. This is not generally the case for there may well 
be several interaction curves for each electronic state) 
and for single encounters we would then have various: 
W(X) (see Eq. (III.20) for the various pais 0 
curves. Our W(X) would then have the form 


wo = 2» aW © (X ) a 
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It should also be apparent that since each Anny 
would be different for each W D (X), each A yn would 
have to comprise a separate calculation for each 
W:® (X). When one considers that we have here dis- 
cussed only single encounters, the complexity of the 
accurate computation for multiple collisions appears 
rather staggering. In general, we do not know one such 
pair of curves with any accuracy, however, so we shall 
content ourselves with having mentioned the general 
case. 

In Eq. (III.25) we now suppose the potential function 
to depend only on some inverse power of the collision 
partner separation—Aw= (1/5) X =K/r."—so that this 


equation becomes 
2a" Ac ! 
dm. 
3KRT 


Equation (III.27) corresponds to the statistical result 
after an approximate fashion in the wings of the line, the 
second circumstance restricting the theory to this 
region. 

The fact that the Jablonski theory simply leads via 
another route to the Margenau statistical results renders 
its practical value somewhat limited. However, the 
worth of the theory appears to lie in the quantum 
treatment involved, and, perhaps, some additional re- 
sults may be drawn from the theory itself by a slightly 
different use of the approximations or the replacement 
of certain of them. Foley used certain approximations to 
show that his form of the Lorentz result could be ob- 
tained from the Jablonski theory. This led to a mild 
. controversy, but the flaw in the theory which we have 
just considered lies not so much in the fact that a 
judicious utilization of approximations results in some- 
one else's theory—this is usually the case—but in the 
necessity for the approximations which must be used to 
obtain any results whatever, for these are the limiting 
features. 


I(w)= 


4nNK3I1 
( (III.27) 


n (Aw) Tk3/n 


IV. INTERRUPTION BROADENING 


A. The Interruption Theory for Zero 
Collision Time 


Now we have remarked in Chapter III that the 
Holtsmark Stark broadening theory was originally 
advanced partly due to the belief on Holtsmark’s part 
that the Lorentz—and consequently the Michelson— 
theories could not be expected to withstand the advent 
of the quantum theory. Beginning with Lenz’s appeal to 
correspondences in 1924,** however, a large number of 
authors have devoted themselves to demonstrating the 
incorrectness of such a viewpoint, quite often in no 
uncertain terms. We shall give one short consideration 
of quantum classical equivalence a bit later, but now we 
consider the early work of Lenz only in order to extract 
from it his major contribution to the development of the 
interruption theory. 
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We have seen the fashion in which Michelson's 
utilization of the Fourier transform results in Eq. (1.8) 
for the spectral line shape. Let us also remark the 
Lorentz utilization of a random distribution of electronic 
vibrational coordinate and time derivative thereof. 
Now our further interruption considerations will consist 
to a large extent in developing the Michelson conception 
of line broadening. First in this development then is the 
Lenz procedure of averaging Eq. (1.8) over the Lorentz 
distribution of 7. If we let the J of Eq. (1.8) be given by 
I’ and consider 7 as the mean intercollision time, there 
then results 


ie s 


TO= f OE s 
j (1/217) E 


= const — S RUDI 


(v— vo)? + (1/277)? 


wherein the exponential function defines the Lorentz 
distribution. 

This rather familiar line shape equation has as its z 
half-width E 


(IV.2) 


wherein (v) is the relative velocity. The symbol / refers _ 
to the mean free path. In defining the symbol p we shall hi 
find the next refinement in the theory arising quite — 
naturally and almost unbidden. d 
In the Michelson consideration we recall that p is 
simply the atomic diameter since the atom was con- __ 
sidered a billiard ball sort of thing whose diameter occurs —— - 
specifically in the expression for the free path. This is  _ 
admittedly a more strained physica: interpretation than p : 
the one subsequently given by Weisskopf.??. = 
Now surely we can expect, say, the van der Waals 
forces between an emitter and a broadener to exert — 
some influence on the broadening of a spectral lir 
before the two collision partners are separated by 2 


e 


that we define p as the “optical collision diamet 
quantity which defines an atomic collision for pur 


sider in some detail. 
We begin by considering the quantity «o EY | 
This quantity, of course, represents the angul d 
tional frequency of the spec 
electron. In the Michelson treatment it 
since nothing was present which co 
the sudden bang of the billiard b. 
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some sort of interaction fotei h 


= n 114 R. G. 
say, a function of emitter broadener separation—which 
we generally consider them—of the form A(r) then 


[S 


t 
esce f A (r)di' =w +n (IV.3) 
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wherein wọ is the vibrational frequency of the photo- 
electron in tke absence of any perturbing forces while 
the remaining term is the change in the phase of this 
vibration due to perturbing influence of the collision 
partners. Perhaps redundantly, let us note that for 
conceptual clarity we are considering binary collisions. 
All of which means that the phase of the emitted radia- 
tion will change with the approach of the emitter. And 
at this point we introduce the crux of the Weisskopf 
argument: A collision has been undergone by the 
emitter when the phase of the emitted radiation, y, has 
changed by unity. This is an admittedly arbitrary 
collision definition, but one which has proven quite 
satisfactory for certain physical situations and, further, 
one which forms one of the bases for the simple form of 
the interruption theory. 

Having defined an optical collision we now simply 
consider the wo of Eq. (I.6b) again a constant between 
two such collisions in order to obtain once more Eqs. 
(IV.1) and (IV.2) for the line shape and half-width. The 
optical collision diameter which we shall now evaluate 
from our definition of an optical collision has been 
changed by this new collision definition. As an example, 
let us determine the optical collision diameter for use in 
Eq. (IV.2) for the case of van der Waals forces. For this 
case A(7) — C/r* in Eq. (IV.3). If we now let «=(v)t/p, 
we may then write 


=f". Cdt e ie: dx 
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C f3r 
S 
pv) \ 8 
and wherein we see that from our definition of a collision, 
the closest approach occurs at /—0, from which 
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and we remark that C is in angular frequency units, w. 
In this section then we have discussed the Lenz- 

= Weisskopf modifications of the Michelson theory which 
— resulted in what may be called the simple form of the 
"interruption theory. This simple theory certainly has 
s areas of Application which may roughly be described 
 préssures and frequencies near line center. Now 
sons for such restrictions to the theory may be 
Be. uite ‘physically plausible by a reference to 


inations of Chapter I we considered points 
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occurred. Now we simply consider these locations as 
defining the optical collisions of this section. The re- 
mainder of our earlier description of the figure is pre- 
cisely the same. Now then, it is apparent that such a 
physical picture of the optical collision process is 
possessed of the following flaws: (1) It neglects the 
effects of distant collisions. In this connection let us 
consider the “A” broadeners. They will actually have 
some effect on the resulting spectral line, but, since they 
are too far removed from the emitter path to cause 
phase shifts as great as unity, their presence is neglected 
by the theory. (2) The effect of close collisions is also 
neglected. At point “c” the emitter is at such a distance 
from the “B” broadener that the phase has changed by 
unity. As a result we declare a collision to have occurred 
and cut off the wave train. Thus, we neglect the effect of 
greater phase changes. This second neglect is essentially 
the same as neglecting the time of collision. A further 
consideration of the physical situation suffices to demon- 
strate that (1) limits our application of the theory to 
relatively low pressures while (2) restricts the applica- 
tion in the line wing. This second restriction arises since 
surely we may expect the large frequency perturbations 
of the line wing to arise as a result of phase shifts greater 
than unity. Although, as we have remarked, there is a 
definite region of applicability of this theory, there are 
refinements which result in theories of more compre- 
hensive application. The first and perhaps most obvious 
of these is the inclusion of the time of collision. Such an 
inclusion was first attempted by Lenz‘? in an effort to 
obtain an interruption theory which would allow for the 
shifts and asymmetries often observed in spectral lines 
and totally unprovided for in this simple theory. He 
did, indeed, achieve his end, but, unfortunately at the 
expense of applicability, for his result was even more 
restricted than those which we have already considered. 
Lindholm* showed that these shifts and asymmetries 
may be obtained from the interruption theory without 
considering the time of collision. Actually, he eliminated 
approximation (1) rather than approximation (2) as we 
shall see. 


B. The Inclusion of Various Phase Shifts 


Let us begin by rewriting Eq. (I.6b) with the help of 
Eq. (IV.3) as 
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from which we may obtain for the spectral line shape: 
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We now consider the integral over dt’ in Eq. (IV.4). 
It was Lenz who developed the ingenious method of 
evaluation which we shall presently detail: Lindholm 
later utilized it, and Foley!" appears to have named it. 
At any rate the Lenz idea may be described as follows. 

If we suppose a random distribution in time, then the 
integral in ¢’ has the look of a time average, specifically, 
the time average of the exponential. Now let us recall 
Boltzmann's ergodic hypothesis. A consideration of this 
hypothesis in connection with the average in question 
suffices to demonstrate the equality of this time average 
and a statistical average of the exponential. Quite 
simply then we evaluate this integral by determining the 
statistical average of the exponential. We will surely 
agree it legitimate to equate the average to exp[ — A (/) 
+iB(t)]. Since I(v) and «(/) are real, we require 
A (—1)— A(t) and B(—1)-— — B(t) so that 
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Next it is assumed that but three different phase 
changes occur on collision.{{ These we shall designate as 
Na) Nb, Ne- This in turn would mean that three different 
“differential collision cross sections," c; occur. 

The total cross section is >= satoto., and the mean 
time between collisions is +. The probability that z 
collisions of type a corresponding to a phase shift na 
(a collisions), m b collisions, and / c collisions will occur in 
time / is 


Ta\"/Od m" ^g. l 1 t ntm-+l 
(=) C) C) zal is m ao 
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Further, our exponential may be evaluated as 
ntt) -9(^) - 3 ns (4-0) 70407) ] 
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In this case then the mean value of efit +—n(t)) 
which Lindholm assumed equal to the second integral in 
Eq. (IV.4) is given by 
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As we shall see, we could initially assume some other number 
set extend the number of allowed phase changes as desired. 
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Equation (IV.8) becomes 
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Utilizing Eq. (IV.9) in Eq. (IV.4) we obtain 
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where we have taken the real part of exp(? sinņ;) since 
the intensity is a real quantity. Thus, from Eqs. (IV.5) 
and (IV.10) there results 
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In obtaining Eq. (IV.12) the collision time has been | : 
neglected in that we simply took the various phase E 
changes as having occurred, thus neglecting the effects — 
of close collisions. Equation (IV.12) of course, yields no - 
line asymmetry. This we shall obtain on consideration ¢ 
close collisions. 

It might also be noted that we restricted oursel: 
three phase changes na, m», and ne, in settin; 
(IV.8), but there is no reason to restrict Eqs. 
the shift and half-width in this manner. 334 

In Sec. A of this chapter we have remarked ' 
in which the simple interruption I 
effects of (1) distant and (2) 
developement which v 
of this ignoration of | 


A 
~~ 


0.5 BROADENING 


WEISSKOPF 7-1 


0.5 


4f 2m T m/2 || 0.5  .oe5 0.1 7 
5 2 


I 2.5  P/Pg 


Fic. 13. An illustration of the reason for the failure of the 
simple interruption theory to yield a line shift. (After Lindholm?? 
and Unsold.?7) 1 


- fashion in which consideration of these distant collisions 
` leads to a line shift. This fact is further borne out by a 
study of Fig. 13. 

'The vertical line in about the center of the figure is 
the Weisskopf collision diameter. Now the area under 
the upper curve is related to the integral in Eq. (IV.11a) 
and is hence a measure of the broadening. In like 
. manner the area under the lower curve is a measure of 
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the shift. The simple theory only considers those areas 
to the left of the abscissa specifying the Weisskopf 
collision diameter. It thus becomes quite apparent that 
with the adoption of this diameter we obtain almost all 
the broadening effects (insofar as this theory is con- 
cerned) while we obtain almost none of the shift effects, 
In addition these curves serve to illustrate the relative 
importance of near and distant collisions in broadening 
and shift. 


C. The Effect of Close Collisions 


Next Lindholm* considered the problem with the 
collision time included, thus essentially including the 
effects of both near and distant collisions. 

Although our consideration of this more general 
interruption treatment shall be quite sketchy, we par- 
ticularly want to emphasize Lindholm’s manner of in- 
cluding the time of collision (close collisions) within the 
framework of his earlier theory. 

Let the collision time be /;, and the phase change per 
unit of time during the collision be k;. Then the total 
phase change in collision will be n:= kiti. Let us consider 
Fig. 14. The coordinates x and y measure time back from 
t and /" respectively as shown. The five arrows below 
the temporal axis represent five different collisions whose 
duration is represented by the respective arrow lengths. 
Only those collisions which occur at least partly during 
t’’—1' are to be included. 

It can be seen directly from our definitions that these 
collisions will contribute to eth =] the factor 
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where 
e(t;—x)=0 for t;—x<0 
e(ti—x)=t,—-x for O«t;x«t'—! (IV.13b) 
e(t;—x)-1 for /"—(!'«t;—x. 


Equation (IV.13b) is merely a restatement of our 
restriction of the collision such that at least a portion of 
it occurs within /"—/', and the method of including 
close collisions has been demonstrated. 

In analogy to pe (IV.8) one obtains for the present 
case 
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In Eq. (IV.14) the x(/) represent the possible dx time 
intervals during which included collisions may originate. 
The y(7) represent the possible dy time intervals during 
which included collisions may originate. Thus, 72(51 is 
the number of collisions of the type one originating with 
some probability during the dx(/) time interval. 

Equation (IV.14) in conjunction with Eqs. (IV.4) and 
(IV.5) may be evaluated for the van der Waals case. 
For high pressures the result is 


I(v)-Io-—caN(Q)85(Av)-3 exp(—N?cs/Av). (IV.15) 


A consideration of Eq. (IV.15) shows that Lindholm's 
line shape has reduced to Margenau's statistical shape 
. for the case of high pressure. If we let the phase shift 
©=16/3r=1.7 instead of the 0.75 which Lenz had 
used, we obtain exact agreement between the expo- 
nentials in the Margenau statistical theory Eq. (IV.15). 
Since the statistical theory had yielded such excellent 
agreement with experiment at high pressure Lindholm 
chose 16/3mr as the value for $ on the basis of this 
resulting agreement. Lindholm justified his disagree- 
ment as follows. 

First, let us recall that the time duration of the colli- 
sion is essentially 2$ and consider Fig. 15. Curve (a) in 
this figure is the actual curve for the phase integral 
2«b,f dt/((v)*?-+p)’. Curve (b) is Lenz’s approximate 
curve where $$—0.75, and curve (c) is the Lindholm 
curve where $—1.7. ‘Lindholm felt that the larger $ 


value is more justified in that it includes the slow fre- 
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Fic. 15. The Lenz and Lindholm approximations to the phase shitt 
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The low pressure solution for van der Waals forces rs 
yielded 
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which is essentially the Lenz result. 
Having considered the Lenz and Marg 
cases, let us turn our attention to the b 
van der Waals result in the wings of the 
For this case, Lindholm was ‘able to 
mate numerical evaluation to obta 
equations for the red and violet 
respectively, i 
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If the first term in Eq. (IV.18a) is taken as the ex- 
¿pression for the intensity in the red wing, agreement 
with the expressions of Kuhn’? and Margenau is, of 
course, obtained. The earlier verification of Kuhn’s 
expression for the intensity distribution in the red wing 
in the case of Na broadened by A as obtained by Kuhn? 
provide experimental justification for the Lindholm 
result. e 

Let us assume that the first term in Eq. (IV.18b) is 
sufficient to describe the intensity distribution in the 
violet wing. When a comparison of this expression with 
the measurements of Minkowski” for the violet wing of 
the Na D; line broadened by A is made, really excellent 
agreement is obtained. It might be mentioned here that, 
although the (Av)? dependence had been previously 
obtained for the red wing, the (Av)-? dependence had 
certainly not been previously obtained for the violet 
wing. Minkowski had attempted to use a (Av) de- 
pendence without the success which attended Lindholm's 
utilization of (Av)-7^. 

Kleman and Lindholm* experimentally investigated 
the broadening of Na lines by A and obtained excellent 
agreement in shift, half-width, and line contour with 
this theory. 

The interruption theories to which we have so far 
devoted our attention may reasonably be classified as 
classical ones based on the Michelson application of the 
Fourier analysis to the problem. We shall show rather 
shortly that a quantum consideration also may lead to 
the mathematics of the Fourier analysis. Before doing so 
however, let us consider the interesting and important 
matters of distributions and detailed balancing which 
were studied by Van Vleck and Weisskopf and by Van 
Vleck and Margenáu, respectively. 


D. A Maxwell Distribution of Dipole Moments 


) Van Vleck and Weisskopf’! were of the opinion that a 
' — revision of Lorentz’ development, such that an agree- 
— ment between this work and that of Debye be obtained 
was required. In essence this revision consisted in 
substituting for the random Lorentz distribution of x 
and £ after a collision the Maxwell-Boltzmann distribu- 
tion, and let us detail this. 

The Lorentz solution to the equation of motion for the 
. .. vibrating photoelectron is 
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We begin by considering a molecule of electric dipole 
moment u which makes an angle 2 with an external 
electric field a coswt. In this case now, we assume that 
after collision a Maxwell-Boltzmann distribution governs 
the dipole orientation (and hence, the orientation of 2), 
If the last collision occurred at time fo, the energy due to 
the dipole-field interaction is u- a. Then we may obtain 
the mean polarization 
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when we have expanded the exponential in a MacLaurin 
series and only retained the term containing a. The 
polarization per cubic centimeter may be obtained by 
averaging Eq. (IV.20) over the Lorentz distribution 
a exp(—t/r). The result is 
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The work done on the molecule by the radiation field 
will surely be given by the average value of a coswi(dp/dt). 
Finally, if we divide this work by the energy flow in the 
field, ca?/8r, we should determine the energy taken out 
of the field by the molecule, or, simply, the absorption 
coefficient. 

Now 
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As a consequence we obtain the Debye result 
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Now we note that the same result could have been 
obtained if we had set 


(IV.24) 


from Eq. (IV.21). This tells us then that, from Eq. 


(IV.19b), 
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From the Lorentz theory we obtained Eq. (IV.25), 
the quantum analog of which is obtained by replacing 
1/m by (4/3)v/hv;;|x;;|?. Next we introduce a Maxwell- 
Boltzmann distribution over the energy states and sum 
over these states with the result 
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Let us now write 
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Now if Eqs. (IV.25) and (IV.27) were truly equiva- 
lent, as it would appear they should be, the latter would . 
be expected to reduce to the former for v;;—0. It is 
rather apparent that zero instead of such a reduction 
results. Van Vleck and Weisskopf remédied this dis- 
crepancy by using a Maxwell-Boltzmann distribution 
for x and 4 in the equations of motion for the vibrating 
photoelectron. Lorentz had used a random distribution 
of x and £ in these equations. 

A. solution under these conditions yields, in place of 
Eq. (IV.19), 
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In analogy to the method of obtaining Eq. (IV.25) 
we may then obtain 
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Utilizing Eqs. (IV.30), we do indeed obtain Eq. p 
(IV.23) for the case of zero resonant frequency, Vij 
and €P |x;|?=u? which at least is of impor 
resolving the paradox in the low-frequency reg 
Equation (IV. 29) on the other hand, offers little c 
in the visible region, the (o/ c)": [ox Pd 
more line asymmetry. 
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E. Detailed Balancing 9S 24 
The studies of Van Vleck and Mar, js 


RING 


and emission balance each other in a Rayleigh-Jeans 
¿radiation field, detailed balance of emission and ab- 
sorption results from this equivalence of absorption and 
emission line shapes. That is, a given frequency interval 
absorbs as much as it emits. The balance was obtained 
by a hitherto untried technique, that is, the summing of 
the work done on the oscillator by the electric field at 
collision as well as during the intercollision intervals. 
This yielded the same frequency by frequency power as 
that emitted between two collisions. 

If our oscillator motion is described by x(t) 
— X9 COS (wol-+ e) we may quite readily write down the 
Fourier analysis of x(/). We may then integrate the 
expression for x(w) and average |x(w)|? over a random 
distribution of ¢ to obtain a result which, when averaged 
over a random distribution of intercollision times, 
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where now a— 1/7. 
A point charge which is oscillating in one dimension 
radiates power of amount 


from the equation for simple harmonic motion — — ox. 
In addition, normalization of the Fourier components 
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We thus obtain for the power emitted by the oscillator 
in the frequency interval between w and w+dw 


2e 
Pr’ O |x(w)|?dw. (IV.32a) 


This must be modifed to include the intervals be- 

— tween all collisions ove: a long period /, however, since 

js the Fourier analysis has only been carried out over one 
C gerod., As a result, Eq. (IV.32a) becomes 
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Substitution of Eq. (IV.31) into Eq. (IV. 32b) then 
yields 
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Now in order to obtain detailed balancing, we must 
needs show that P4(w), the power absorbed at the 
frequency w, corresponds to this. 

If the velocity proportional viscous drag force gi is 
dropped from the electronic equ ation of motion, the 
Van Vleck-Margenau equation is obtained as 
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a solution to which is sought under the Lorentz bound- 
ary conditions, x— 3— 0. 

The solution in question leads to the following result 
for the work done—per unit time—by the field on the 
electron between collisions: 
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The work done—per unit of time—by the field at 
collision may be obtained as 
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A consideration of Eqs. (IV.33) and (IV.36) is suf- 
cient to show that detailed balance has not been 
obtained if for no other reason than that the shape 
factors as given by the brackets in the two equations 
differ. Van Vleck and Margenau overcame this difficulty 
by passing from the Lorentz to the Van Vleck-Weisskopf 
boundary conditions on x and 2 at collision. This has the 
effect of adding the term 
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to Eq. (IV.37) to arrive at the power absorbed from the. 
light wave as a function of frequency. 

If we let T(w)dw be the energy density in the field fo 
the frequency interval w to w+dw, we may replace ra 


LINE SHAPE 


Eqs. (IV.36) and (IV.37) by 
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in the sum of Eqs. (IV.36) and (IV.37) to obtain 
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A comparison of Eqs. (IV.33) and (IV.39) shows that 
a detailed balance condition between absorption and 
emission has indeed been obtained by considering, in 
absorption, the work done by the field (a) between 
collisions and (b) at collisions and by including the 
Maxwell-Boltzmann boundary conditions. 

We have remarked that the boundary conditions 
especially are an approximation. In an actual atomic 
system, of course, finite collision times would have to be 
considered. In addition, the Planck radiation law would 
more logically replace the Rayleigh-Jeans law. In the 
limit of low frequency, however, the former reduces to 
the latter, so that, as in the case of the earlier Van 
Vleck-Weisskopf considerations, the results are particu- 
larly applicable to the microwave region. 
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F. The Correlation Function Treatment 


At the beginning of the present chapter we remarked 
on the various methods which have been utilized to 
demonstrate the quantum justification of the use of the 
Fourier analysis in line broadening. We shall now give 
an extremely simple demonstration of such a justifica- 
tion by using the state growth equations for transitions 
accompanied by the emission of radiation. 

Let us suppose that the natural width of the spectral 
line is small compared to the interruption width so that 
we may neglect the radiation damping constant, y in 
Eq. (11.24). Then this equation may be approximately 
written down as 
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We have previously considered the argument which 
results in the relation between state growth coefficient 
and line intensity distribution : 
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where now P(t) is the angular frequency separation of oe 
the perturbed energy levels. E 

We will agree that Eq. (IV.41) is'a form of the 
Fourier integral which we have previously encountered, 
for example, Eq. (IV.4). Having obtained this Fourier 
integral after a quantum fashion, we should now feel 
justified, as did Foley,” in proceeding with the treat- 
ment of what this latter author was pleased to dub the 
“correlation function." 211 

In connection with the evaluation of Eq. (IV.4) we 
mentioned the replacement of the second integral by the E 
statistical average. The principal behind such a pro- 
cedure had, as we have remarked, been set forth by | ; 
Lenz. The exponential factor [which we now designate — 
as e(l) ] was named by Foley. The remainder of the __ 
work which has been done on the interruption theory __ 
has consisted of the attempts of Foley! and Anderson? 
to evaluate this correlation function, a term which 
appears to have been given a favorable reception. Let us 
sketch Foley's evaluation and turn to that of Anderson 
which does seem a bit more general of application. 

We write: E 
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Much after the Lindholm fashion we may replace the - i 
integral within the exponent by a sum over phase shifts: 
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which we now average over the distribution of phase — 

shifts, p(n): 
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Finally this result is averaged over the sta 
distribution of intercollision times, 
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which, when substituted into Eq. (J 
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The line shift and half-width for this intensity dis- 
tribution are then 


: A=B/r 
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Equation (IV.43) provides the means for the requisite 
evaluation of the coefficients A and B, a somewhat 
lengthy procedure which we shall not detail. With which 
we tuzn our attention to Anderson’s work on the 
subject. 

Margenau** had early (1935) demonstrated that the 
Fourier integral will reduce to the Margenau statistical 
distribution for sufficiently low velocities. Now Ander- 
son, armed with the Lenz method of evaluation, has 
carried this procedure a step further. He has (1) ob- 
tained the statistical distribution for high pressures and 
for the line wing, (2) obtained the simple interruption 
result for low pressures and near line center, and (3) 
numerically evaluated the intermediate cases. 

We begin by supposing that the perturbations arising 
due to the various members of our gaseous assembly are 
additive so that 


2 Aw= > Aw(R;). 


i=1 


This means that Eq. (IV.42) assumes the form 
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Now let us remark in connection with this equation 
_ that the replacement of the average of the product by 
j the product of n identical averages is predicated on (1) 
z asome a nature of all broadeners and (2) the absence 
nas BE — of interactions between these broadeners. No 
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and where 


V'(h) = 2x if 


x | i-ex|i f i Ce ooa | (IV.49b) 


oo 


with V=n/N. 

Now in order to obtain the low velocity statistical 
limit, one simply lets (2) — 0 with the desired result. A 
comparison with Eq. (III.8) serves to demonstrate this 
quite nicely. 

For the simple interruption theory limit we suppose 
the reverse situation to prevail, namely, (v) large com- 
pared to xo, thus justifying ignoring this latter coordi- 
nate in the exponential. It would seem intuitively 
apparent that the range of integration —(v)r to +()r 
would make the greatest contribution to the integral in 
Xo. Such a limitation on the range of integration of x» 
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from which one obtains [through Eq. (IV.58) ] for the 
intensity distribution 
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This should suffice to demonstrate the fashion in 
which the theory reduces in the two limiting cases. For 
the intermediate values numerical calculation is re- 
quired. It is understood that Anderson has carried out 
such calculations, but the results have not as yet been 
published. 


V. RESONANCE BROADENING 
A. The Qualitative Basis of Self-Broadening 3 


In our specific studies of the last three chapters the 
broadening phenomena considered have resulted from 
the presence of other atoms. Although different inter- 
atomic forces have been utilized. as agents for this 
broadening, no direct consideration has been given to 
the relation between the emitter and the broadener, that — 
is, no consideration has been given to whether the 
broadeners are of the same or of a different species than. 
the emitter. In this chapter we propose to devote our 
selves to that unique set of phenomena which oc 
when the broadeners are the same type atoms as t 
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emitter, as opposed to the various broadenings which 
may occur when the broadeners are of a different type 
from the emitter. 

In 1915 Rayleigh?* appears to have first raised the 
question as to the possible difference in broadening 
effects in the presence of like atoms as broadeners and in 
the presence of foreign gas atoms. When foreign and self- 
broadening were subsequently studied as distinct phe- 
nomena, it was early recognized that the magnitude of 
the latter was much greater than that of the former. We 
may rather easily present a qualitative picture of these 
self broadening (a term which we shall subsequently 
replace by resonance broadening) effects either from the 
classical or quantum viewpoint. Since such is the case, 
let us begin with the classical explanation of the 
phenomenon. 

In the classical sense, the similar atoms of a radiating 
gas are made up of a collection of like oscillators of the 
same natural frequency. Because of the sameness of this 
natural frequency, a strong coupling of these oscillators 
may be expected to occur in the usual classical manner 
given some basic, say electrostatic, coupling force. This 
in turn will cause a spread of the coupled oscillator 
frequencies about the natural frequency of a single 
oscillator. 

From a quantum-mechanical sense, the same strong 
broadening can be inferred. Let us hypothesize a two- 
atom system in which the level degeneracy arising 
from the sameness of the atoms results in an energy 
perturbation dependent on the inverse cube of the 
atomic separation. We recall that under the same inter- 
action force two unlike atoms give rise to an inverse 
sixth power dependence on the atomic separation. Thus, 
obviously greater broadening will result from the pres- 
ence of like molecules. We shall later discuss the 
reduction in state lifetime for the case of resonance 
broadening which results in a broadening of the spectral 
line, but the state degeneracy which we have mentioned 
above we shall allow to suffce as an introductory 
consideration. 


B. The Coupled Oscillator Theory 


The first attack on the problem of resonance broaden- 
ing was made by Holtsmark’! in 1925. This author 
considered the problem from a classical point of view 
which depicted the atoms of the absorbing, self- 
broadening gas as classical oscillators. 

Now we suppose a coupling force, dependent on the 
electric dipole moment of the atoms, to be present. Let 
us begin by considering two of these classical oscillators 
each consisting primarily of a “quasi-elastically bound” 
electron. If xı is the vibrational coordinate of the first 
oscillator and #2 that of the second, and these two 
coordinates are coupled through the potential term 
k3x1%2, then the frequencies of the coupled system are 
surely 


(V.1) 


. Es 2. H 
emi (otro etc (7) |). 
CC-0. Gurukül gri-Urfiversity Haridwar cdMáfh. fgiuize 


4 


123 


If the two atoms are unlike then |w2—w2?|>>k3/m 
and we obtain 


ke ð 
w? — w], 2= 


ES (V.2) 


m? (o—o2) i: 
whereas, in the case w1=w2=w (like atoms), we obtain 
kz 


— w= ET 
m 
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A consideration of Eqs.’ (V.2) and (V.3) serves to 
illustrate the much larger frequency shift accompanying 
the coupling of like oscillators since ką is always small. 
This essentially forms the basis for Holtsmark's con- 
siderations. Let us first determine k3, and then proceed 
with the problem. 

We have assumed our coupling force to arise from the 
electric dipole moments of the oscillators, and we may 
write the dipole potential as 


e 
U= Se Wr COSY ik ]X iX, (V.4) 


where u; and u, are the dipole moments of the ith and 
kth atom. 

ix is now the angle between either u; or uy and r. We 
further have supposed u.|u;. 

Then the force on atom 7 due to the field produced by 
atom k is, since ý= — VU 


€W iXX 
= = MA EXE (V.5a) 
rie 
with 
Uik = (1—3 COS*y +k). * (V.Sb) 


Now if we consider a system of n atoms instead of our 
original two-atom system we may obtain 


Erodes th Qir =Q 


From Eq. (V.6) we evolve the secular determinant 
for the problem Aa 
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where the abbreviation A=w*—wo" has bee 
Now it is rather obvious that it wouk 


pears impossible. We can, 
and the root-mean-squ 
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to make an assumption which does not appear too 
-well justified in the light of subsequent—and one might 
add previous—:nowledge of resonance broadening. 
Quite simply he supposed the spectral line to be of a 
Gaussian shape. In the extreme wings of the line this 
appears to be a reasonable supposition, and we might 
recall that earlier Holtsmark had been required to 
assume such a shape in the wings of the electric field 
strength distribution in connection with the Stark 
broadening. The connection between the two situations 
is certainly obscure, however, and subsequent studies of 
resonance broadening seem to confirm the fact that the 
Gaussian distribution is not the proper one. At any rate, 
such an assumption leads to 


1 
I (o) = exp (— w2/(w’”) (V.8a) 
co 0 
of half-width ' 
AN 
5—25/—2.36[()]i—103.5x 10-— — (V.8b) 
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in which ( ) indicates the mean value of the quantity 
enclosed. 

The feature in the half-width equation which appears 
most striking—although perhaps not most pleasingly so 
—is the dependence on the root of the density. Other 
theories as well as available experimental evidence 
appear to be unanimous in their refutation of any such 
dependence claim. A consideration of the half-width 
equation will probably indicate to the reader, however, 
that p offers a bonnet out of which we might possibly 
produce a different pressure dependence. Schutz- 
Mensing® has produced just such a dependence in what 
seems a very straightforward manner. 

We take the separation of the emitter and the ith 
broadener as p;, and proceed to average over the p;. 
Schutz-Mensing obtained a value 0.55 for (o). It is 
obvious that such a value for p in Eq. (V.8b) results ina 
linear density dependence for the half-width. For the 
root mean square spread of the energies—resulting from 
the roots of the determinant—this author obtained 
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C. The Statistical Resonance for Binary 
Encounters 


(V.9) 


Let us assume that one member of our two like 
particle system will proceed from a state of energy E, to 
he ground state of energy Eo with accompanying 
iation. Then familiar degenerate perturbation theory 
ds, as the energy of this interaction 
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where, as usual, m is the magnetic quantum number, 
and where 


3h 
Iris]? fiz; (V.10b) 
8m?’ mvo 
all of which leads to 
Gia? 
LA fi for m=0 
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Av= (V.11) 
e i 
— fi for m=-+1. 
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From Eqs. (V.3) and (V.4) the classical result, 


e (1 —3 COS"y ik) 


Av=+— 
055 An?m(v+ vo) 
r e (1—3 COS"y ix) 
= ~ ~ (V.12) 
5 Sa?mvo 
may be written down for comparison. 
Equation (V.11) may be rewritten as 
€&hfis N 1 
2,0 = Io! =o ) (V.13) 
82° myo r? 


where y is the statistical weight factor associated with 
m. After the fashion of Margenau and Watson, let us 
equate y to unity. We consider this an averaging process 
over the possible atomic orientations. The result is 


2h 
U= 2, =ar-"=( Ste s (V.14a) 
Sa?mvg 
so that 
2} 1 
NS he (V.14b) 
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From Eq. (IIL15) the half-width of the resonance 
broadened spectral line is 


so that 


6=——_NV. (v.15) 
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Equation (V.15) was originally obtained by Margenau —- 
and Watson® in a slightly different manner. E 


D. The Simple Interruption Result 


As we recall the simple interruption theory prognosti- 
cates the same spectral line form regardless of th 
interaction forces which give rise to the broaden 


the line shape and half-width remain unchanged by 
virtue of the resonance forces. Now this is, of course, 
not the case for the optical collision diameter p for it 
will be given by Eq. (IV.3). Let us specificize. 

The resonance interaction may be expressed in the 
form 


A(r) - K/r 
which means that the phase change is 
ANE Kdt K es dx 
S ie PEHI O J. CHIT 
2K 
pog 1. (V.16) 


From Eq. (V.16) we obtain 


2K} 

3 A 

which is here expressed in angular frequency units o. 
Now Eq. (V.13) tells us that 

K= &/2maro. (V.18) 


'The substitution of Eqs. (V.17) and (V.18) yields the 
optical collision diameter from which we may obtain the 
half-width as 


(V.17) 
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E. Qualitative Consideration of the Energy 
Transfer Theory 


Some four years after the publication of Weisskopf's 
theory Furssow and Wlassow? entered the field with 
what did amount to a new conceptual approach. Their 
entry was marked by the intriguing statement that the 
Weisskopf theory—and the Lenz theory in passing— 
was completely incorrect. |||| It would appear reasonable 
for us to briefly consider the reasons which they advance 
for this conclusion. 

For greatest accuracy of consideration let us quote the 
Furssow and Wlassow statement verbatim before at- 
tempting to consider their reasoning. 

“To be sure Weisskopf’s considerations of the collisions 
between the like atoms is not entirely correct. Weisskopf 
without foundation applies the correct concept of the 
mechanism of the collision damping in the case of non- 
extinguishing atoms of different types to the case of like 
atoms. As is known the broadening of the lines through 
collisions result not only when the wave train emitted by 
the atom is propagated after the collision (extinguishing 
gases) but also at the time when at the collision a change 


I Houston took mild exception to this statement to the effect 

at . the criticism of Weisskopf's work contained in this 
paper does not appear to be justified . ."** but did not reply to 
the Furssow and Wlassow criticism specifically. 
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of the vibration phase of the excited atoms sets in (non- 
extinguishing gases). In order to compute the phase 
shift during the collision one must take the change of ~ 
frequency Aw{{ of the emitting atoia which occurs 
through the interaction with foreign atoms and integrate 
over the collision time. {| If one makes this integral equal 
to one then the magnitude of the optical collision 
diameter can be evaluated. The collisions of the like 
atoms Weisskopf takes instead of arbitrarily the differ- 
ence between the frequency of one of the normal 
vibrations of a system of two dipole linked like linear 
oscillators and the frequency of the isolated atom. It is 
clear that this computation is based on a misunder- 
standing. Aw is in terms of its nature the change of the 
frequency of the emitting atom, the light of which is 
analyzed according to Fourier. That however which 
Weisskopf substitutes instead of it has nothing at all to 
do with the matter because of the degeneracy . . . the 
concept that in the collision of two like atoms one of 
which is excited and the other of which is unexcited the 
vibration phase of the excited atom is changed does not 
at all correspond to reality.” 

It might be remarked first that the Aw which they 
believe to have been improperly chosen seems to be the 
very one whose choice they advocate for the following 
reason *. . . take the change of the frequency Aw . . . and 
integrate over the collision time"? Now it is true that 
integration is not extended over these limits in Eq. 
(V.16), but let us recall that these limits are a good 
approximation which is predicated on the reasonable 
assumption that no appreciable contribution to the 
integral arises outside the proper limits. If they base 
their argument on the *degeneracy""—they do not define 
this degeneracy but we can assume that it is that 
degeneracy arising from the indistinguishability of the . 
atoms of our ensemble—then the question of which 
approach is more nearly correct has to be answered a - 
little more conclusively than has been done to date. 
Surely though the simple interruption theory has not 
been so devastated by the above quoted argument tha 
it cannot be considered as remainlng a reasonable ap- 
proximation on proper application. E 

The Furssow and Wlassow theory really has its basis. 
in a conception advanced by Kallmann and London” 
1929 to the effect that like atoms may simply exch 


broadening. We may examine it from either a q 
or a classical viewpoint. s D NT 
First the classical viewpoint. To begin wit 
sider our atoms as classical oscillatd. d 
have the dipole interaction betwee 
one of which is excited and 
unexcited. Asa Iesu his : 
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the unexcited atom increases, that is, an energy transfer 

. occurs. This is effectively the same as damping the 
oscillations of the excited atom, and, as in the case of the 
Lorentz damping will result in a broadening of the 
spectral line* Let us now consider qualitatively the 
quantum-mechanical explanation of this effect. 

Energy is assumed to be transferred as a result again 
of the dipole interaction from an excited to an unexcited 
atom of the same kind. Whatever the lifetime of the 
excited state would be under conditions of no transfer 
this lifetime will be greatly shortened by a high proba- 
bility of transfer before radiation. Now we may recall 
that one form of the Heisenberg uncertainty principle 
states that AHAi>h. Thus, if, as is the case in the 
ground state, the state lifetime is infinite, the ground 
state will be infinitely well defined or virtually infinitely 
narrow. Ás soon as we consider a state with a finite 
lifetime, however, the situation changes. A certain life- 
time A? will give us a certain indefiniteness AZ in the 
state energy, or a certain level width. This level width in 
turn will mean that a spectral line arising from the 
combination of this level with another will be broadened 
as a consequence. If we decrease our state lifetime by 
this energy transfer, quantum mechanics decrees that 
we indirectly broaden our spectral line by widening the 
energy level. 

These then are the classical and quantum forms of the 
theory as advanced by Furssow and Wlassow. It now 
remains only to rewrite our qualitative conjectures after 
a quantitative fashion. Let us do so rather briefly. 


F. The Classical Energy Transfer (Low Pressure) 


To begin with it is of course necessary to make a few 
. simple assumptions regarding our system. In this con- 
sideration we are assuming our atom to be a classical 
harmonic oscillator. Now we shall consider that the 
electronic transition which gives rise to our broadened 
spectral line proceeds to the ground state. We will 
= assume that only one valence electron is responsible for 
the spectral line under consideration. Finally let us 
suppose that the excited atom, of which our system 
contains one for our purposes here, moves in the 
neighborhood of the remainder of the unexcited atoms. 
The excited atom we then consider as moving recti- 
linearly with velocity v. We might possibly bring up the 
same type of objection to the utilization of a linear 
velocity here as was brought up by Jablonski in objec- 
tion to Weisskopf's utilization of a linear velocity in a 
central force problem- However this is probably minor 
at this stage. "** 
In considering or interaction which leads to the self- 
. broadening of the line, we shall assume this interaction 
to take place between our emitter and one of the 
= unexcited broadening atoms. The interaction in question 
we presume to be due to the electric dipole. Lagrange's 


"m Most authors appear to consider it minor at any stage, 
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equations may then be solved by a method of successive 
approximations to obtain 


3A : 
xı = — A cosa cosydt sinwof 
2wo 
3A : 
4,0 = — A cos@ cosydt sinwol 
2w * (V.20) 
A : 
gj (D = ——— A(1—3 cos^»y)dt sinwol 
2c9 
xD =y —0; 2,0 -—.4 coswol. 


Equations (V.20) are quite enlightening in that they 
serve to show the manner in which the energy is 
transferred from the initially excited atom to the ini- 
tially unexcited one during the course of an optical 
collision. 

Let us assume that the optical collision, which serves 
to transfer energy from the excited to the unexcited 
atom, lasts a time interval ro. If this is the case, and if 
we assume the collision to begin at time /—0, then the 
collision must be initiated at a distance — vro/2 from o. 

Then after a collision of duration ro, the amplitude, 
for example, of xı® we may obtain from Eq. (V.20) 


3A TO 
(V.21) 


A cosa cosydt. 
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It is apparent that ay are time dependent through 
the heat motion of the atoms. We may express these 
quantities as functions of time and integrate to obtain 
e 
X0) — —— — (2 cosas cosy2+cosa; cosy1), etc. 

Mary pv 


(V.22) 


We are now desirous of obtaining the amount of 
energy which is transferred during the collision from the 
initially excited atom to the initially unexcited one. In 
the present case the energy E which has been transferred 
to the initially unexcited atom will be given by the sum 
of the squares of the amplitude components as given by 
Eq. (V.22) multiplied by 4mwç?. We then obtain for the 
transferred energy 


e 


G= — siny, E (V.23) 
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where E, the initial energy of the excited molecule is, of 
course, 3o^A?. 

Equation (V.23) is predicated on the first approxi- 
mate solutions as given by Eq. (V.20). The validity of 


these Eqs. (V.20) is assumed only for large transit - 
distances. Furssow and Wlassow defined the minimum 
distance of closest approach—transit distance—as that 


distance at which the transferred energy is equal to th 
energy at time zero of the initially excited oscillato 
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that is, 6— E. Thus if po is taken a3 the minimum 
transit distance Eq. (V.23) leads us to the following 
criteria for large distances 


1/po?0= moo/ €. (V.24) 


In order to determine the total energy which our 
initially excited atom will lose in the course of time, it 
will be necessary to ascertain the total loss of energy to 
all the atoms in the neighborhood. In passing through a 
layer of thickness As lying perpendicular to the direction 
of motion of the excited atom to those atoms a distance 
po or more away the emitter will lose energy of amount 


oo el 1 
dE=—2nrNAs ‘il Spdp= —7NAs sin?y; E 
po mw pov 
ie 
= —7N— sin*y1 Edt (V.25) 
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from Eq. (V.24) and As=vdt. From Eq. (V.25) 


E= Eye! (V.26a) 
where 
2r Ne 
y=— (V.26b) 
3 moo 


From this knowledge of the attenuation of the 
initially excited atom's energy we would like to de- 
termine the line broadening. 

The electric vector of the radiation field will be of the 


form: 
F= Fot tennt, 


In the usual manner the electric vector may be ex- 
panded in a Fourier integral from which may be 
obtained 

(y/2) 


I(v)—|F(v)|?« SS (V2 
(ye |) *« const—— (v.21) 


the half-width of the emitted spectral line is found to be 
(V.28) 


It is then apparent that the effect of this energy 
transfer at large transit distances is a damping of the 
atomic oscillations resulting in a broadening of the 
spectral line whose half-width is given by Eq. (V.28). 

For the close approaches they simply took the half- 
width as given by the simple interruption theory: 


: 2 
ôr=2rp N (v) = 2r— N. 


(V.29) 
Mw o 
The total half-width is then 
; 8r & 
ô= (6r’+67’) f=— SW fe (V.30) 
3 mw 


The manner in which the dipole interaction between 
two like atoms causes a transfer of the oscillatory energy _ 
from the initially excited atoms to;the remaining 
initially unexcited atoms has been shown. This energy 
transfer then acts as a damping force on the oscillatory 
motion of the atom and, as a result, the emitted 
radiation is broadened into a spectral line of finite 
width. We shall see that a quantum consideration under 
certain specific assumptions leads to the same results. 


G. Quantum Treatment of Low-Pressure 
Self-Broadening n 


We have sketched qualitatively the quantum-me- 
chanical theory of resonance broadening by energy 
transfer, and our first task in a quantitative considera- 
tion will be to ascertain the time change of eigenfunctions 
—probability amplitudes—of the excited atom due to 
this energy transfer. ; 

Again the system is initially taken as two like atoms 
one of which is excited and one of which is unexcited. 
The motion of the atom will be considered classically as 
is normally done in problems of this kind with quite 
reasonable justification. The potential of interaction 
between the two atoms is still the dipole potential. The 
symbols such as p, a, etc. which were utilized in the 
classical consideration will again appear with the same 
connotation. 

Familiar procedures of degenerate perturbation theory 
may be used in obtaining the state growth coefficients. 
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The a; refer to the states of the initially excited while * 
the b; refer to those of the initially unexcited atom. In — E 
finding a matrix element of U we carry the angle func- — — 
tions as constants—it may be recalled that these angle - a 
functions depend on the heat motion of the atoms. 
Finally then Eq. (V.31) becomes 


1=— PC | 10)? t, etc. 


7» (1—3 cos?y) 
f R3 


Again, as in the classical case, we allow | 
collision time) to approach infinity and. 
Eq. (V.32). 

It is apparent that the probability for e 
the initially unexcited atom is bo 
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and, if we suppose |c1|?= |c|?, the change in |a|? may be 
. determined from Eq. (V.34) as 


Ala|?=|ax|2= |a|2=—(|b1|2+| 422+ lbs]? 


e 1 
= — | a| fnm — sin?y: (V.35) 
TWOnm — pw 


where e 
Jam= (2mwnm/h) (000 2| m10)?, 


the oscillator strength of the mn transition. 

We earlier set the condition = E for determining po. 
Similarly, we now establish the criteria for po as A|a|? 
= |a|?. From Eq. (V.35) po may then be defined as 


Le] 


7HO nm v 


(V.36) 


If there are W atoms per unit of volume of our gas 
then surely 2rpdpvNV of them appear per unit of time 
lying a distance between p and p+dp from the emitter. 
Furssow and Wlassow asserted this to mean that the 
total change of the probability per unit of time is the 
result of averaging over p: 


e 
—|e|*- —|a|*— fan sin; (V.37) 
dt THO nm 

If Eq. (V.37) is averaged over y, and the resulting 
equation solved for |a|?, the quantum-mechanical 
analog of Eq. (V.26a) is obtained: 
|a |*— |ao|*e-7* (V.38) 

where 
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Thus the state lifetime has been decreased by the 
energy exchange as predicted, and this decrease is 
dependent on the gas density. 

If we simply consider the atom-field interaction, then 
the state growth equations are given by 


1/1 moo- - -0,0--- (t) 
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From Eq. (V.41) it is apparent that our half-width is 
given by the following: 

2r € 

6 k — 2 ——— 

3 moss 


fan. (V.42) 


It can be seen that Eq. (V.42) yields the same results 
for the half-width as Eq. (V.28) which latter equation 
was found for the case of distant collisions. 

For the case of near collisions let us utilize the 
Heisenberg uncertainty principle in the form 


AEAt=h 


where we shall now assume AZ to be the width of the 
state and A/ to be the mean lifetime of the state. 

Let us suppose that the life of a state is terminated by 
a collision so that A/—7 where 7 is the mean time 
between collisions. This means that the width of the 
state will now be 


A kh c2 
AE=— =-= 2 ]m—— fnn 
At rT mMwo 
or 
AE e 
6;=Aw= =21— fanlV- (V.43) 
h no 
Finally we obtain for the half-width 
8r e 
ô= ô, +ô r= — —— fan (V.44) 
3 "oo 


which is the same as the classical result given by 
Eq. (V.30). 

In the main Furssow and Wlassow considered their 
results to hold only in the case of low gas densities. We 
may question the Furssow-Wlassow procedure in which 
they work out the broadening effect of one like atom and 
then simply extend these results to the case of N 
similar atoms. Because of the procedure Furssow and 
Wlassow felt that their results were only applicable to 
low gas densities. In a later paper” on the subject they 
investigated the self-broadening of a spectral line in the 
case of high gas densities. They found it necessary to 
use a slightly different although comparable method of 
approach to which we now turn our attention. 


H. High-Pressure Quantum Resonance 
Broadening 


The previous theory was really predicated on 
collision between two particles. Now if, as in the Sch 
and Rompe experiments, we take wo= 1.02x 107 ec 
f=1.3, T=6000°, we will obtain a p of approximately 
5.35X 107. Then with the pressure used by Schulz and 
Rompe N—2.57X10!? cm-?. This means that in 
"sphere of action" we shall have (4/3)ro*N —17 mole. 
cules. Thus, the approximation of a two-particle colli- 
sion is hardly reasonable. 1 
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A modification of the first theory is certainly called 
for, on the basis of these considerations. 

Let us begin by supposing the gas density sufficiently 
high that we can expect a large number n of atoms 
within the “sphere of action.” If we allow this system of 
n-++1 atoms to possess two levels, the resonance level and 
the ground state, methods of degenerate perturbation 
theory lead to the state growth equations: 


ihá- Y; (a| U |b3)b; (V.45a) 
k=l 


ihb,— (b,| U|a)e-FY (sl U | bi). (V.ASb) 


Again under the initial conditions stipulating that 
atom 0 is initially excited we obtain a(#)=a(0)=1 and 
b(0)=0. Subsequent to the time /—0 we can expect the 
transfer of energy from the initially excited to the 
unexcited atom to proceed as governed by the matrix 
element (a| U|5,). In addition Eq. (V.45) tells us that 
there will be a secondary transfer of energy among the 
initially unexcited atoms as governed by the matrix 
element (b| U |bx). We now introduce the approxima- 
tion that the secondary energy transfer process as 
governed by (5,| U |b,;) can be disregarded and suppose 
U to be time independent. This latter is nothing more 
nor less than saying that the thermal motion of the 
atom is so small as to be considered negligible during the 
energy transfer process. As we shall see, at high pressure 
for the resonance level this is a reasonable approxima- 
tion. We now substitute for b; from the thus modified 
Eq. (V.45b) into a differentiated Eq. (V.45a). This 
yields 


2 =O S (wey (V.46) 


If we now ignore the angular dependence of the dipole 
interaction there results 


é+pa=0 (V.47a) 
TEE SM V.47b 
frs k=l R PIENE: WAT) 


A solution of Eq. (V.47a) which satisfies the initial 
condition a(0)=1 is 


a= cospt. (V.48) 
A collision has occurred when a=0 so that 
To— 7/25. (V.49) 
We assume the step function 
a=1 for OS!&€re 
(V.50) 


a=0 for 0<t>7 
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for a so that the Fourier integral for a is 
T f 
= f g(w)e* tdw" 
E : (V.51) 
(a) 1 1—e-i9r 
£(0) ————— 
2r 1o 


We average the absolute square of this expression 
over all collision times in order to obtain the intensity: 
distribution in the level: 


€ 
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0 
Let us utilize the expression 
T? 
ym———* (V.53) 
4T9? 


for a change in variable in Eq. (V.52) as follows: 


mw (m/24/ v) 


w(ro)dro— (V.54) 


dv= — I'(v)d». 
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In order to find 7'(v)dv we suppose a random distribu- 
tion of spatial coordinates to exist. Let us establish a 
configuration space of 3n dimensions whose volume is 
aAL— V^ where V is the volume of our gas. Now if we 
temporarily disregard the interatomic forces, we can 
expect equal probability for the occupation of any 
portion of this space. This means that the followlng = 
relation will hold: 1 


AW 
I'(v)dv=—, (V.55) 
U 
where AU represents that portion of configuration space ——— 
for which our » lies between » and v--d». This value of» 


will, of course, depend on the distribution of the R, in 4 
Eq. (V.47b). Thus E 


E: 
ARL— n» f o » f ReRe --Ru’dRidRo- + -dRp. (V.56) | 

The analogy to Margenau’s equation (IIL.4) is ap- ; 
parent. Our solution then is given by Eq. (111.18) as — 
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We may now transform back to our - a 
utilizing Eq. (V.54). We obtain rae 
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Equations (V.49) and (V.58) may now be substituted 
-into Eq. (V.52) and the results integrated to obtain 
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as the distribution of energies in the resonance level. For 
the breadth we obtain 


fe 
6=2.54y — 3——N. 
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In order to find the spectral line width, it would 
appear reasonable to assume that we must needs have a 
knowledge of not only the resonance level width but 
also the width of the level from which the radiating 
transition originates.tt} The phrase ‘from which" leads 
us to the next consideration. 

Furssow and Wlassow felt that these results should 
only be applied to transitions proceeding from upper 
levels to the resonance level, that is, these results should 
not be applied, to the transition from the resonance level 
to the ground state. A short consideration renders this 
assertion plausible. 

Let us suppose that the initially excited atom 
undergoes a transition from the resonance level to the 
ground state with the accompanying emission of radia- 
tion. This emitted radiation may be absorbed by one of 
the unexcited atoms where absorption would not be 
possible were this radiation the result of a transition to 
some level above the ground state. This process, which 
should not be confused with the transfer of energy 
without accompanying radiation has certainly not been 
considered in the theory, and, since it can be expected to 
have some effect on the line broadening, this theory 
cannot be expected to hold in such cases. 

The justification for the assumption of fixed atoms, 
that is, d/dt(a|U|b.)=0 which led to Eq. (V.46) 
appears worthy of note here. Let us consider the Rompe 
and Schulz case./5 The pressure is 80 atmospheres and 
T=2800°. The experimental width was found to be 
6=7X10” sec? so that the mean life of the resonance 

level is ro>=1/5=1.4X10-* sec. The mean relative 
velocity is (7) — 1.33105 cm/sec, which leads us to the 
conclusion that during'the mean level life we may expect 

= our atoms to move a distance (?)ro— 1.8X 107? cm, or 
the order of their own diameter. Thus, the approxima- 


. tion appears a reasonable one. 


Furssow and Wlasrow's high pressure theory yields 
results in reasonable agreement with those of Schulz and 


Rompe n | 4 


of computing the width of a higher level may 
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These three equations have been compared with the 
experimental results, for rubidium by Chen," for sodium 
by Watanabe,* and for caesium by Gregory.” 

Other than demonstrating the fact that none of the 
theorles propounded in explanation of the resonance 
broadening phenomenon is precisely correct these ex- 
perimental results indicated that the combined reso- 
nance and, say, van der Waals forces should be investi- 
gated. Such an investigation might provide the 
explanation of the observed line shape variations with 
radiating transition as well as with pressure. 


VI. MOLECULAR BROADENING 


A. Early Studies of Polyatomic Molecular 
Broadening 


In beginning our considerations of the last chapter we 
remarked that those studies which had gone before had 
not distinguished between broadeners of a type different 
from the emitter and broadeners of the same type as the 
emitter. In this same vein we might now remark that, 
for all practical purposes, we have not differentiated 
between atoms and polyatomic molecules, for the 
broadening phenomena to which we have so far devoted 
some little attention are equally as applicable to the 
latter as to the former. It is really by the appearance of 
rotation and vibration spectra that we may differentiate 
between the polyatomic and monatomic molecule so 
that by such a statement we mean that these previous 
broadening considerations are properly applicable to 
this type spectra as well as to electronic spectra. It was 
originally felt by such authors as Kussmann* and 
Lasareff'? and Grasse”? that these theories were not only 
applicable but also sufficient. The intimation that some 
different approach to the broadening of rotation-vibra- 
tion lines was in order appears to have arisen first in the — 
work of Herzberg and Spinks." These investigators 
found a decrease of the line width with higher values of — 
the rotational quantum number J in the near infrared 
spectra of HCN. This would surely indicate that 
rotation-vibration spectra should be treated differently 
than electronic spectra, but this clear indication Was. 
rather clouded when the work of Cornell and Watson!t 
and Herzberg, Spinks, and Watson?” failed to verify this 
variation with J. The hint had been given however, and 
it was certainly apparent that the possibility of J wi 
EOM and other unique molecular phenon 
e theoretically investigated. 
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B. The Directional Effect and Rotational Resonance 


In studying broadening phenomena one usually looks 
first to the molecular or atomic interaction to which we 
can attribute responsibility for the broadening in ques- 
tion. In molecular broadening an interaction which 
plays quite a major role is the directional effect, a special 
case of which is the rotational resonance effect, to which 
we now turn our attention. 

Let us specify the dipole moments of two rotators by 
yı and us and their separation by R. In this case then, 
the dipole-dipole interaction leads to the interaction 
energy 


2 ui?us* 1 
(E@) = — 
3 R* (2Jı+1)(2J:+1) 
241 245 1-1 241 245 r1 
«I ies 
J11 J Fi Jo Ji+1 
2A, 24211 241 242] 
-| T | +l +=] | (VI.1) 
Jott Jy J» Ji 


where the J; refer to the lower state, and A ;=/f?/2T;. 


LED) Za =| (Ji+1)?—K? | (J2+1)?—K.? 
3 R$ | (44-1) (201-41) 
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A consideration of Eq. (VI.2) tells us that a rotational 
resonance condition sets in for identical rotators for 
|Ji—J2|=1. Further, Eq. (VI.2) indicates that for 
dissimilar dipoles an accidental rotational resonance 
condition comes about when Jede=(Ji+1)Ai or 
(J2+1)A2=J1A1. For these cases a first-order perturba- 
tion energy exists and must be evaluated. 

The method of evaluation which is applicable here is 
the variational perturbation treatment. In carrying out 
this treatment one obtains a determinant of the form, 
say, Eq. (V.7) whose order is, of course, dependent on 
the J values involved. This means that no solution for 
the general case (any J value, as, for example, is given 
by Eq. (VI.1)) is obtainable since no such general 
solution to the determinant is available. The root-mean- 
square value of the first-order energy perturbation is the 
same for all determinants, however, and it may be 
obtained as 
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If the two molecules are identical so that A4;= A2 and 


L1— ps Eq. (VI.1) becomes . 
2 A j 
B= aR | 
Ji(Ji 1)-72(J722-1) 


x———— s 
(Ji +J) U'34-J24-2) (J1— J2— 1) (J1— J 24-1) 


A special case arises when the broadener is in the 
ground state, a case for which we shall find specific use: 
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In passing, let us note a corresponding expression for 
the dipole-dipole interaction of two symmetric top 
molecules possessed of dipoles as given by Carroll”: 
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As an example of the specific calculation, if we let 
J,=0, J2=1, the perturbation amounts to 


(VI.6) 


A further consideration of Eq. (VI.2) suffices to show 
that J;3=J2=0 also leads to a rotational resonance. 
condition, but this case corresponds to the precise - 

2y3I? 


solution: E 
A? Li 
Eo =—[1- (15) | 
I SARS 


Equation (VI.7) tells us the first order int ctio 
energy for two like dipole linear rotator 
Ji:=J2=0. For large R, the radical in 
be expanded with the result - Ee 
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and for small R Eq. (VI.7) becomes 


= 24.3 y? 
3 EO geo ( -) a 
e 3/ R$ 


Let us now sketch a resonance development of London 
in just enough detail so that the results which we shall 
later utilize. will be somewhat intelligible. This author 
used what we might call an order-of-magnitude tech- 
nique to arrive at the secular determinant 


o| Uris (Er, — Er, — E,O)5v,7;| —0. (VI.9) 


We shall be able to define the new symbols Er; and 
Er, after another step in the development. 

London considered only the eigenfunction Wry" Ws"? 
and the thirteen eigenfunctions with which this eigen- 
function may combine, as always, under the influence of 
U, thus rendering his treatment an approximate one. 

Under these restrictions then, we shall utilize the 
eigenfunctions: 
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165—131 My 75 —1 M? 

1g 714-1 MYHy ps 1 M271 bp 
1 — Worth p, i MH. 


14197 Vi-1M Ws 1M? 
Tio 


T, 
(VI.10) 


131—371 21 MT Hy y, 1 M7 
Us 11M ps 1 MH 


from which we may define Er; and Er,. 

Er, is in all cases the zeroth-order energies going 
with uo. Er; are the zeroth-order energies going with 
U1, U2, ---, 243». We may note that the energies associated 
with 24, 42, us are the same as are those associated with 
U4, Us, Us and so forth. Thus 

" 2 


Ey= Er: — Er) = Gatt); etc. (VI.11) 


A secular determinant results. In addition, we let 
Uo;= U ; and from this secular determinant, the equation 
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For the resonance case (J,>0, Jo>0, Ji=Jo+t) 
Eq. (VI.12) becomes 
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For large R and pes nd : 


Jat (VI.14b) 
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whose solution is 
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Equation (VI.15) gives the first-order perturbation 
energy for the rotational resonance case. We note the 
comparison with Eq. (VI.6). 


C. Broadening by Molecules with No Permanent 
Poles 


Margenau? initiated the first attack on the theory of 
molecular broadening in 1936. He chose to investigate 
the case of broadening by foreign gases which possess no 
permanent poles since Watson and Hull?! had previously 
obtained experimental data on this case. These authors 
had investigated the broadening of AIH by H: and 
concluded that all rotation-vibration lines associated 
with a particular electronic transition would be broad- 
ened by the same amount. 

From Eq. (VI.3) we may obtain the perturbation on 
the energy of the absorber averaged over all orientations 
of the absorber as 


(Eo) = = | (er)oa|? Lee (VLI) 
3R 6 49 Ea— Eo HE9— Ex 


where © and A refer to absorber and broadener, 
respectively. 

We have stipulated that Ep is the lowest energy of the 
perturber. This means that E,— Eo will always be 
positive. In addition we have not allowed this perturber — - 
a permanent dipole moment. This means that no pure 
rotational transitions, which amount to the lowest 
energy transitions, are possible. Thus the vibrational 
transitions are ite lowest energy allowed. ri 

On the other hand, E($)— E, may be positive or — 
negative. Consequently (EO) may be greater than or 
less than zero so that the spectral line may exhibit either: 
a violet or a red asymmetry. 

Now where we simply have dealt with a set of 
relatively widely spaced electronic levels in our mona 
tomic considerations, we now also deal with the clo 
spaced superposed notationsvibcation levels. When 
are considering the visible and ultraviolet portion 


spectrum. we may, (Ag an approximation, conside 


LINE SHARE 


the electronic contributions to E($) — £,—they surely 
constitute the largest ones—and merely let the rotation- 
vibration levels superposed upon them amount to 
degeneracies accounted for by a summation in Eq. 
(VI.20). It follows that the result will closely correspond 
to that for monatomic molecules. 

In order to consider the possible effect of molecular 
rotation Jet us approximate our absorber by a rigid 
rotator of dipole moment u. Now J is usually of the 
order of 10~*°, and, with / of the order of 107? we see 
that A will be small compared to Ea— Eo when the 
perturber has no permanent dipole. When A is neglected 
Eq. (VI.3) becomes 


eee 
BON cae 
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If the dipole moment u= 10755, the perturbation given 
by Eq. (VI.17) is about 1/20 of that for the electronic 
case. Now let us write Eq. (VI.3) as 


au? 2A 
(E,)= -Hi4 


OL O 
4(J2+J+1)A? 
-— «| (VI.18) 
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It is apparent from Eq. (VI.22) that the portion of 
(E;9) which depends on J is very small due to the 
appearance of A? in the numerator and (£4— Eo)? in the 
denominator involved. 

Margenau carried out his considerations of the effect 
of molecular vibrations in an analogous manner. In this 
case we obtain 


cup 


mo? R$ 


(E,)=3 a. (VI.19) 


On the basis of these investigations, we may conclude 
that within the limits of experimental error all rotation- 
vibration lines associated with the same electronic 
transition should show broadening and shift of about the 
same degree when the broadening agent is a nonpolar 
molecule. In addition these lines should be affected by 
foreign perturbers almost in the manner of the corre- 
sponding monatomic lines under similar circumstances. 

As Watson? has noted ''dispersion forces"—the type 
considered—also appear to predominate in the self- 
broadening of nonpolar molecular lines. Were the normal 
resonance forces between like monatomic molecules 
present, we would not.normally expect this to be the 
case, but the closely spaced rotational levels of the 
polyatomic molecule render this predominance reason- 
able. As we have noted, the rotational levels specified 
by, say, just J are comparatively closely spaced 
energywise. As a consequence a Maxwell-Boltzmann 
temperature distribution of molecules over these levels 
will not lead to the preferential population of the 
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monatomic case, and they will be more equally divided 
among many levels. On the other hand, the allowed J 
change in transition is generally limited-to +1 or 0 so 
that the probability of energy exchange with the re- 
sultant degeneracy is severely restricted. In toto, then, 
this resonance effect would not appear to be primarily 
responsible for self-broadening, and we may safely look 
to these dispersion forces as broadening agents for non- 
polar molecules. This conclusion had been verified for 
the case of methane by Childs,* Dennison and Ingram," 
and Vedder and Mecke,** for atmospheric pressure and 
above, and for the case of acetylene by Hedfield and 
Mecke,” Herzberg and Spinks,” Lochte-Holtgreven and 
Eastwood,*?and McKellar and Bradley® for atmospheric 
pressure. 

We have broadened molecular lines by nonpolar 
molecules, and it would appear a logical next step to I 
broaden these lines by polar molecules. - A 


D. Qualitative Explanations of Broadening l 
by Dipole Molecules 4 


It is to the directional effect of Sec. B that we may 
look for an explanation of the relatively large, J- 
dependent broadening effects due to dipole broadeners. 

To begin with we must hypothesize unpolarizable 
(rigid) dipoles, and we recall from Sec. B that (1) the 
intermolecular forces are relatively weak except when 
the near resonance condition, |Ji—J2| <2 or 3, set in A 
and (2) the lowest rotational state is most strongly i 
influenced by other molecules in the lowest of neigh- 5d 
boring states. A 

The lower state J,” we take as other than the lowest ; 
rotational state so that we can concern ourselves with 
(1). As has been mentioned, the rotational levels lie 
sufficiently close together so that ^ thermal distribution 
over them may be expected. Suppose J,” to designate a 
level near the maximum of this thermal distribution. 
Then a much greater number of perturbers can be 
expected to fulfill the condition |J;—J»"| «20r3than __ 
would be the case were the J,” level to be found toward 
the wings of this thermal distribution. Since the upper — — 
level will also enter into the line broadening one cannot — — 
say more as yet than that those most intense lines __ 
arising from J levels near the maximum of the thermal — 
distribution should be broadened more than the re- 
mainder of the lines of the band. B 

In regard to (2) this indicates that a greater broade 
ing of the line arising from the lowest rotational lev: 
to be expected, but only under certain conditions 
normal temperatures, the therm distribution | 
not populate levels lying near J;" —0 very highly: 
the effect may not be very pronounced. As thé te 
ture is lowered, however, these low level póp 
increase and we should expect to see an inc 
broadening of the line with J;"—9 o 
spectral lines. It might be noted | 
“greater flexibility downward" a v 
this line may be expected. — 


i 


We now devote ourselves to Margenau and Warren’s 
. more quantitative consideration of the broadening 
effected by dipole interactions. 


E. Statistical Broadening by Symmetrical 
Top Dipole Molecules 


For our two interacting molecules we choose two 
identical symmetrical rotators each possessed of a per- 
manent electric dipole moment u oriented along the 
molecular figure axis. The interaction potential between 
the two rotators is again given by Eq. (VI.1) where now 
Hi—g»-—p. The eigenfunctions for this system are the 
familiar product functions for sufficient separation R. U 
is not dependent on the Eulerian angle x so that K;" 
=K, and K;"— K; under the aegis of U, and the 
matrix of U is diagonal in Kı and K, as a consequence. 
Hi After a reasonable amount of mathematical manipula- 
Wu tion one obtains 


! 1 ! (MyM, | U|My'M2’) 


g KK: 
R8 J3(Jy+1)Jo(Jo+1) 
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X6(M2!, Mo'’—1)}. (VI.20) 
* From Eq. (VI.20) it is apparent that the first-order 
_ perturbation energy does not disappear. The secular 
= determinant breaks into blocks, with identical blocks 
.. symmetrical about the secondary diagonal. Thus every 
. root of this determinant will be a double root so that 
— general equation describing the level splitting due to 
— tbis interaction is not to be found, but an idea as to the 
= maximum splitting may be obtained, and the example 
. of a special case may be presented. 
'e may write down from Eq. (VI.20) the double root 
ich lies at either end of the principal diagonal and 
i where J1— M; and J= M;. 
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46 illustrates the level splitting with the ro- 
aration R and the magnetic quantum number 


special case J1— K1—2, J;/— K;'—1 for the 
o and Jı=Kı=1, Jo — K5'—1 for the lower 
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would all be zero so that the effect considered would not 
take place. 

Insofar as second-order effects are concerned, we cer- 
tainly are aware that they will depend on the inverse 
sixth power of the molecular separation. In addition 
Margenau and Warren felt that for finding those regions 
in which the first order perturbations predominate, 
London's second-order results for diatomic molecules 
should be sufficient. Under these assumptions a limiting 
range of about 74 for the predominance of the forces 
which we have considered was imposed by these authors. 

The root-mean-square energy perturbation may be 
obtained as 


2x3? Kike 
70 ]2\— f — 
(ee?) i) R? [J(14-1)J2 (72-1) ]* 


Now surely a reasonable approximation to the half- 
width arising from these considerations may be expected 
if we equate a to 


(VI.22) 
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for the statistical result. 

It is true, of course, that we have here found the level 
width while we are really desirous of the spectral line 
width. The level here (JıKıJ2Kə) would have to be 
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considered in conjunction with another possible level 
(Ji1, 0; Ki+1, 0; J2K2). One may perhaps consider 
the Kı and Jı appearing in Eq. (VI.23) as the mean of 
the quantum numbers for the two states. 

We might conclude by noting that the effect as given 
by Eq. (VI.23) is around 20 times as weak as the self- 
broadening effect in monatomic resonance lines. 

The results of this theory were born out order of 
magnitude wise by Cornell’s results.” 


F. Broadening by the Linear Dipole Molecule HCN 


The first attempt at a rigorous theoretical interpreta- 
tion of the self-broadening of the absorption lines of a 
linear dipole molecule was carried out by Lindholm,‘* 
for the HCN molecule. In essence Lindholm used the 
energy perturbations due to the directional and reso- 
nance effects within the framework of the simple 
interruption theory to determine the broadening of the 
HCN lines in a manner which we now consider. 

According to the simple interruption theory the half- 
width of the lines for a heterogeneous gas containing Vy, 
molecules with optical collision diameters pi, JV» with 


diameters p», etc. 
ô=) > Nip? 
i 


if all molecules are of the same mass, thus allowing a 
common (v).ttt Let us consider the necessity for 
introducing Eq. (VI.24). 

From Lindholm's experimental results, it is quite 
apparent that a marked dependence on J is present in 
the line width. In the interruption theory, this can only 
come about through some variation in V and p with J; 
(the absorber J value) and J» (the perturber J value). 
Thus, we hypothesize a dependence of p on J; and J2 
which a little consideration immediately bears out. To 
begin with a frequency perturbation Av— b/ R5 (which is 
brought about by the directional effect | J1— J| #1) or 
Av— B/R? (due to the resonance effect |Ji—J2|=1) 
leads to the optical collision diameter 


san 


i (E (v) =). 
respectively. 


This then is at least a part of the general manner in 
which p may depend on J; and Je, and let us now 
specificize this into usefulness. Lindholm dealt only 
with the P branches (AJ — — 1) of the two HCN bands 
which he considered. Insofar as the vibrational quantum 
numbers involved are concerned v” =v: =0. We now 
let 


(VI.24) 


(VI.25a) 
or 


(VI.25b) 


A=]: — Ji" (VI.26a) 
so that 
Ji! — Jy! = Ja’ — (Qa — 1) = AF 


ttf Lindholm defines (v) as the mean relative veloci 


(VI.26b) 
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for the upper state since we consider only the P branch. 

A is now a convenient parameter for the determination ~ 
of the type effect to be considered, and leads to three 
cases. 


. 


Case (1): Resonance effect in ground state and direc- + 
tional in upper (A=+1). 1 
= 


Frequency perturbation: 


? m 
E (VI.27a) ET 
R$ R3 «© Á 
Srb 1 eB d 
f aa Avdl= | = a 
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Case (2): Directional in ground and resonance in upper 
(A=0, —2). 
Same as Case (1). 
Case (3): Directional effect in both states (all other A). 


Frequency perturbation: 
Ay — b/ R$ 


37? b 75 
| 4 a 

In cases (1) and (2) p may be found as roots of Eq. 
(VI.27b), in particular there will be roots p, for the 
repulsive case (positive sign) and p_ for the attractive 
case (negative sign). In all cases of multiple roots p the 
highest valued root will be taken as significant. Further 
we shall suppose there to be equal amounts of resonance 
repulsion and attraction so that for p? from Eq. (VI.27b) 
we shall write p,?-++-p_?/2. Now the p values furnished by Ww 
the three possible sets of physical conditions may be — 


substituted into Eq. (VI.24) with the result E 
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(VI.28a) 
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Let us first consider the directional effect contribu- | 
tions. Lindholm approximated Eq. (VI.2) for this case 
by the expression 


uiT 
Ei =— ——_a__ 
R* 3h2(A2—1) 


which he noted is asymptotic for large Js 
J12 Js, 86% of the correct value for J;= J 
92% of the correct value for J,— 2, J4—4. 

We obtain 6 for Eq. (VI.29) from M (VI. ( 
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In order to find IV; a Maxwell-Boltzmann distribution 
of the molecules over the rotational levels is assumed and 
the first term în Eq. (VI.29) now becomes 
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where the prime on the summation sign decrees the 
dropping of those Jz values for which A=+1, 0, —2 
(resonance effect). 

Lindholm found it necessary to use the first twenty or 
thirty terms in the sum. 

We first consider the case of both molecules in the 
ground state with A= 1. For the vibrational quantum 
numbers, the same Eq. (VI.19) is valid as it stands. 
London has evaluated a, a», and az and Lindholm 
evaluated a4 so that Eq. (VI.15) becomes 
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I Equation (VI.33) then gives the first-order interaction 
- . energy for this resonance condition, in the lower state 
— (Case 1). Equations (VI.27) must now be solved for p. 
Em Eq. (VI.27b) B is simply given by the coefficient of 
E in Eq. (VI.33), but 5 presents a slightly different 
- case. Since in the upper state, we have the directional 
— effect taking place, bupper will be given by the coefficient 
E = of R* in Eq. (VI.30). On the other hand, the resonance 
effect of the lower state furnishes biower which is the 
- coefficient of the R-* term in Eq. (VI.33). Finally 


(VI.34) 


The: yanes of B and b thus obtained may now be used 
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v some resonating upper vibrational state. Corre- 
sponding to each of London's matrix elements U;z Ug; 
there are now two matrix elements. As an example, to Uy 
there correspond 


Un-U;- fom 
XYI POW 7. s M Wy (Dr Wy (2)do (VI.36a) 
U= first 9289 Q) 


XUY s42 pu (Dog Wy (2)do. 


Let us look at Eqs. (VI.36) rather carefully since 
some important physical phenomena are inferred by 
them. The rotational resonance condition |J;—J;|21 
is fulfilled by all four two-molecule eigenfunctions, In 
Eq. (VI.36a) the individual vibrational quantum num- 
bers remain the same for both system state functions 
appearing in the matrix element. Equation (VL36b) 
presents a different case, however. In this matrix 
element, the vibrational quantum number for molecule 
one changes from v to v’ under the aegis of U while the 
vibrational quantum number for molecule two changes 
from v’ to v. Thus, one or more quanta of vibrational 
energy are exchanged in this process, and resonance in 
the sense of Chapter V sets in. It seems important to 
clearly differentiate between this exchange type reso- 
nance and the rotational type of Eq. (VI.2). Perhaps 
this type differentiation is not too satisfactory for 
|Ji—J2|=1 also implies an exchange in that the two 
molecules may exchange one quantum of rotational - 
energy between themselves. The semantics of the situa- _ 
tion should hardly trouble us, however, if we have a 
clear picture of the physical phenomena involved. iE 
order to determine one of the reasons for neglecting — 
exchange resonance, the portions of Eqs. (VI.36) per- — 
taining to vibration may be written as 


(VI.36b) 
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Equation (VI.37a) tells us that U; =U; London's S 
matrix elements. Equation (VI.37b) is proportion T 
the intensity of the rotation-vibration band involved. 
For the bands which Lindholm considered, the intensity 
is very low which means that Eq. (VI.37b) v vill be 


which allows us to neglect the exchange reso! 
Another consideration leads to the weakness of ex 
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transition among myriads of rotation-vibration levels. 
The net result of all this is a further decrease in the 
exchange resonance effect which we now proceed to 
neglect. This means that we are again only concerned 
with the twelve matrix elements of Eq. (VI.36a). 

A calculation similar to the one leading to Eq. (VI.14) 
results in 
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where a; is again given by Eq. (VI.13). This equation is 


of solution 
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Fics. 17-21. Comparisons of various of Lindholm’s 
theoretical results for the HCN molecule with experi- 
mental results. (After Lindholm.‘’) 


in which the term in R-? under the radical hs 
dropped. 

The second term within the curly br 
(VI.39) gives us bupper- Blower iS” again ob 
Eq. (VI.30), from which - 
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the two states since this variation will in turn cause a 
_ variation in the rotational level separations for the two 
vibrational states. 
Lindholm then obtained the Case (2) contribution as 
the additional directional effect contribution 


oo * 
2) wp 
J/=0 


with the wy defined as before. 

The total, half-width is now the sum of Eqs. (VI.32), 
(VI.39), and (VI.35). Figure 17 gives the individual 
directional and resonance effect contributions as well as 
the sum of the total directional effect plus the resonance 
effect. Figure 18 gives the individual directional effect 
contributions as well as the sum of the total directional 
and resonance effects. Figures 19, 20, and 21 simply give 
the total predicted widths in comparison with Lindholm’s 
observed widths. 

In a later paper Lindholm? concluded that his ap- 
proximation, Eq. (VI.41), was not sufficient and that 
Eq. (VL27b) in conjunction with Eq. (VI.39) and 
(VI.40) should be utilized for a numerical calculation of 
p for each J value. This has the effect of raising the plot 
of Eq. (VI.41) in Fig. 17 0.06 cm™ for J=2, 0.12 cmt 
for J=5, 0.11 cm™ for J — 10, 0.05 cm™ for J — 16, and 
0.02 cm™ for J — 20. 

Lindholm also carried out an investigation similar to 
that of HCN for the HCI molecule. Although his results 
are rather impressive, the general method of their 
obtention is precisely the same. Thus, since we have 
rather thoroughly investigated this method, we shall 
content ourselves with having mentioned the HCl 
investigation. i: 


G. An Application of Symmetric Top Dipole 
Broadening. Ammonia 


The development of microwave spectroscopic tech- 
niques in recent years has naturally led to a quickened 
interest on the part of many investigators in pure 
rotational spectra and the line broadening particular to 
these spectra. In this and the next several sections we 
shall consider some of the theories which have been 
advanced in recent years aimed directly at microwave 
broadening effects or at microwave and infrared effects. 
3 Bleaney and Penrose* have furnished the microwave 
field with some excellent results on the widths of the 
ammonia inversion lines. Some of the results of their 
. experiments are contained in Fig. 22. Bleaney? used an 

E erruption type approach to this broadening under the 
issumption that the disturbing ammonia molecule 
a certain perturbation of the absorbing ammonia 
le due to the field of its dipole. A collision is 
A as having occurred at a certain separation or 
v nergy, and, under an application of the 
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simple interruption theory, Bleaney determines the 
half-widths as proportional to 3 [K?/(J?--J)]. Al- 
though a cursorily satisfactory agreement between 
theory and experiment was thus obtained, Margenay# 
has made a telling point which casts more than a little 
doubt on the meaningfulness of this agreement. 

In order that this interruption approach succeed in 
explaining the broadening, it was found necessary that 
an interaction energy (corresponding to a minimum 
collision-defining separation) of around twice the in- 
version doublet level separation be used. In suggesting 
this, the theory implies that the molecule could go right 
on absorbing when the perturbation is larger than the 
unperturbed level separation, even resulting in a nega- 
tive frequency. This appears a bit difficult to accept. 

Margenau thus decided to use the interaction between 
two symmetric dipole rotators in conjunction with his 
statistical theory to account for this broadening. His 
results were in good agreement with those of experi- 
ment, but, equally important, they were based on 
tenable theoretical assumptions. 

In carrying out the requisite calculation Margenau 
did not use any of his previous results but worked the 
entire problem through to obtain an answer which we 
shall obtain by multiplying Eq. (VI.23)—which should 
be applicable—by the square root of m. We do not repeat 
the Margenau development since it is a repetition of the 
obtention of the statistical theory and the root-mean- 
square energy perturbation. The result is 
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Finally the average value of the involved combination 
of perturber quantum numbers over a Maxwell- 
Boltzmann distribution is taken 
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In Eq. (VI.43) the E(J;K;), are the symmetric - 
rotator energies. The g(J5K) are the statistical weights — 
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Fic. 22. The line width of the NH; inversion line as a function 
rotational quantum number. (After Margenau.™) E 
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LINE SHAPE 


of the levels. Smith’® has carried out the calculation 
indicated by Eq. (VI.43) to obtain 0.54 for T= 20°C. 
For ammonia u = 1.44 10755 esu. On this basis Margenau 
obtained the result 


6 
—=1.1310-3 
p 
Kı 
X— — — — cem (mm Hg)! (9 20°C, (V144) 
[Ji(Ji+1) }? 
and the straight line in Fig. 22 yields the results of 


applying this equation. 

This then is Margenau’s low pressure (and the theory 
has not here developed for any but low pressures) result 
for ammonia inversion lines, and its success for this case 
is manifestly apparent from Fig. 22. Some of the 
modifications which higher pressures invoke will become 
apparent in Margenau's more refined treatment of 
interactions between potential hill molecules which we 
consider next. 


H. Interactions between Linear Vibrators 
with Mirror Potentials 


'The shift to the red with increase of pressure of the 
NHsinversion line, which had recently been observed,*?5 
provoked the Margenau investigation? of the phe- 
nomenon which we shall now consider. First let us note 
that in applying the term “linear” to NH; (or other 
mirror potential molecules) we simply wish to imply 
that the mirror potential of the molecule is a function 
only of the separation of the N atom from the H plane. 

Now two interacting molecules of this type are to be 
considered. Margenau has carried out a variational 
perturbation calculation which details the effects of such 


A 
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Fic. 23. The splitting and shifts of the NH; inversion line due 
to the binary interaction. Intensities are indicated. (After 
Margenau.*!) 
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an interaction. The treatment need not be given, but the 
results, which are rather informative, can be gleaned by 
a consideration of Fig. 23. On this figure the two 
eae into which our inversion frequency has 
split by virtue of the interaction, are given by A; and 
Aj. The probabilities—which correspond to the in- 
tensities—associated with these two frequencies also 
appear on the figure and are indicated as wr and wrr. 
These four results of the Margenau calculation are 


plotted as functions of the inversion doublet separation. 


The parameter A is proportional to R. From this figure 
then we may gather that the binary interaction between 
two such mirror potential molecules splits the inversion 
line into two components, the most intense of which is 
shifted by the greatest amount. 

The interaction between three molecules with mirror 
potentials was next considered by Margenau using a 
variational perturbation technique, and we have indi- 

cated the results in Fig. 24. The inversion line has been 
split into four components of which we have indicated 
only three since the fourth is of such low intensity as to 
be not reasonable of display. We might remark that the 
dominant intensity (frequency-wise) is more strongly so 
than was the case for the two molecule interaction and 
becomes dominant more rapidly with A. Further, the 
frequency shifts much more rapidly with A than does 
the dominant frequency in the binary encounter. The 
trend with higher orders of interaction appears to be 
apparent then and, we might add, in the proper direc- 
tion. Thus, this study would indicate that as the pres- 
sure increases we may no longer accept the binary 
approximation as a reasonable one. Let us now consider 
the low pressure case further. 

Under the assumption that the resonance frequency 
could be approximated by the mean frequency, as given 
by h(v)=wyAi+wrAn and that Margenau obtained for 
the shifted frequency 


(y) 2 vo(1— 4°). (VI.45) 
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SE p is the ammonia pressure in atmospheres, 


— E37: 0.8 cm™ u— 1.44X 1075 and the temperature 


is eee as 0°C, Eq. (VI.45) becomes 
(v) = vo(1— 0.36%). 


since (a) it has been obtained under the assumption of a 
binary collision or a two particle interaction and (2) th 
factor A has been assumed as small. The “do 


frequency may also be written approximately for low 
pressures from the binary theory as mee a 


w= vo(1—0.6) 
and this may be compared with ths ; 


(VI46) z E 
This can only be expected to hold at low pressures 
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the microwave the situation changes, however, since the 
levels between which the contemplated transitions take 
place move closer and closer together. It follows quite 
readily that a distortion of these levels may be sufficient 
to bring about a change of state of the emitter. When 
the collision causes such a change then we have, of 
course, experienced a nonadiabatic collision. As a result 
of all this we can see that, although the adiabatic 
collision assumption may be a reasonable one in the 
visible region, it becomes less and less so as we progress 
into the microwave region. This theory of Anderson's! 
to which we now propose to devote some little con- A 
sideration, treats nonadiabatic collisions, since it was 
written for application to the long wavelength transi- 
tions of the microwave and infrared regions. 

We begin by making the assumption of a classical 
path. For all save electrons this is a reasonable approxi- 
mation. We then arrive at the equation for the intensity : 
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which has a somewhat familiar appearance. In essencea 
quantum mechanical solution of this equation for the 
line shape, line width, and line shift under certain rather 
standard interruption assumptions constitute the resi- 
due of the theory. 

First the matter of obtaining Eq. (VI.48) must be 
considered, and we shall simply accept the replacement 
of the classical Fourier expansion for the dipole moment 
by an operator and the quantum averaging of the result 
over a density matrix. 

Letting |l4(2]| -||U-uoU||, we then perform a few 

2 familiar matrix operations which transform Eq. (VI.48) 
X34 into the correlation function form: 


X 12 I(w)=constw'Tr 
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e splittings of thi i ion line due to the th : 
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re made some mention of the adiabatic collision cc a 

in our considerations of Chapters II and x (a|t (2) |b) (b| uo] c) 


essary here. Let us suppose we are - (c| F(t) |d) (d | uo] e) (e| 9 (^) | a). (V1.49b) 
g nondegenerate states which are 


by the collision interaction The assumption to be made is that the time between 


EORUM : : collisions is much greater than the time of collision. 
(ener. DON a s OF nee This assumption ses applied to a consideration of the 
ratign " hl e matrix elements of ||Ug-2H;U.;|| leads one to the con: 
os cuu evel e clusion that these matrix elements and hence Eq. 
; ES a3 o dd (VL.62b) disappear unless 
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We specify the density matrix by a typical matrix In evaluating Eqs. (VI.57) the assumption Sur a 


element as ) minimum distance of approach—what we might referto 3 
(|p|) bamgn exp ( — E, /ET)/ . as a cut-off distance—is introduced. Finally, one obtains ins. za 
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We now suppose that different types (this means A 7 ; F ee 

collisions of different optical collision diameter and or mr) QJrr1 Bé 170 
direction) of collisions are designated by different values (JM 4J3M3|.P|J 4M ;J2M 2) E 
of c. The probability that a collision will occur during i e| (VL58b) —— 
the time interval di” and lie in the type range do is given QJ FD) QJ F1) - M 

p(do in dt") — Nododt". (VLS2) gy | (JTM J2M2| P? | JM JoM2) E 
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Next do(/) is averaged over these collisions as MiM2 (2J +1) (2J2+1) i ae : 
GEFEIERT (VIS 1 
1o (1^) — di" Ni f dof e(t" --di^) — e(t!^y] (VI.53 — :58c) END 


and e(/^4-di) and g(t”) may be obtained by utilizing 92()miaue— X 27 E 


an isotropic collision assumption. MP MM ^ 
The solution of this equation is a E E 
GUN — eN” (VI.54a) (JAMM |J AJ M) (TAM M| TAT Mi) — E 
where (2J +1) QJ 24-1) 
o=o, tisi. (VI.54b) 
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In order to obtain the intensity distribution in the € 
broadened spectral line we substitute Eqs. (VI.54a) in UM TJZMY|P|JI;M JM), (VI.S8d) — 
Eqs. (VI.49): where ‘(ia s 
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(co — co; A N00 3)? + Qvo)? shift while the S2(p) contributes only to line bread h, 
not that these facts should prove startling. ; 


From Eq. (VI.55) we may obtain the line half-width As has been the case WHERE rene deen ime 


and shift as 


No theories which we have considered, the theory 
=r, (VI.56a) down for small values of p. This transpires i 
T following manner. He depends—for the dipole- 
interaction which is the only one which Ang 
54 A (VI.56b) considered§§§—on 7~ in first order and r&i 


D order. Mak means that for sufficiently small 7 r 


It would appear that were o in a form which was terms of P, Eq. (VI.58a), is ‘only valid, ho 
amenable to calculation the problem would be essentially small P. Thus does the theory, through S 
solved, and indeed this remains the major step to the for small p. Anderson treats this i inam 
solution. Now may now detail. 

o=} s|T|J2)ozs (VI.57a) To begin with we assume thaá for v 
$ p the collisions are so m hat t] 


and we may write ove as 
os2= if 2mpdpS(p), (VI.57b) 

0 
where S(p) is a trace which is being averaged over all 


possible optical collision diameters p. 
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Fic. 25. Anderson's approximation to S(p). The probable actual 
shapes of the curve are also given. (After Anderson.!) 


S(p) contains only the first term, unity so that while 
S2(p) is given by Eq. (VI.76) values of p greater than pı 
where S2(p:)=1, it is simply given by one for lesser 
values of p. 

Anderson also tried two other approximations for 
S (p), namely 


S21(e)=1—cos(—2S2(p))? 
and 
Sa3(p) — 1— exp(— 25»(o)). 


These three possibilities for Sə are illustrated in 
Fig. 25 and we might note here that Anderson found the 
best agreement with experiment to arise from Sz». 

Several applications of this theory have been made, in 
general with a good measure of success. In some of these 
application was made of the dipole-dipole interaction 
which Anderson considered while in others the dipole- 
quadrupole and quadrupole-quadrupole interactions, 
which Tsao and Curnutte have studied, was applied. Our 
approximations here have mainly concerned themselves 
with (1) the classical path, (2) collision duration very 
Short compared to intercollision time, (3) binary colli- 
sions. Approximation (2) is perhaps the least justifiable 
of the three except at quite low pressures. From our 

earlier considerations, it is apparent that as the pres- 
sures increase, this short collision time approximation 
becomes a very poor one. Quite recently Tamita® has 
produced a theory which includes the nonadiabatic 
considerations of Anderson and to them adds a con- 
sideration of finite collision time. In general he finds 
that the Anderson theory is applicable to the line center 
or low pressure which is what one would expect from our 
studies of Chapter IV. This latter theory is also pri- 
marily concerned with the region of the microwave. 
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EVIEWS OF MODERN PHYSICS 


G 


consistency in the present field theory. 


1. INTRODUCTION 


NFORMATION about the internal structure of 
individual nucleons is contained in the results of a 
variety of experiments performed in recent years.’ 
Those experiments in which the interaction with the 
nucleon is electromagnetic (or is thought to be so) are 
susceptible of a considerably more precise and unam- 
biguous interpretation than those involving meson 
interactions. Of the former type (which alone will con- 
cern us here) the best known is that involving neutron 
scattering by atoms, which, when analyzed, gives in- 
formation about the electron-neutron interaction (to be 
i specific, its volume integral). The Lamb shift and the 
hyperfine splitting can also give such information, al- 
though much less precisely. The fact that the anomalous 
magnetic moments of the nucleons are equal and oppo- 

- site has important implications for a meson model of the 
— nucleons, of course. Recent experiments on the scatter- 
_ ing of high-energy electrons by hydrogen and deuterium 
— now give considerably more detailed and complete 
—— information about the proton and, to some extent, about 
= the neutron. The aim of this paper is to examine the 
extent to which the results of the separate experiments 
- can be combined into a consistent picture of nucleons as 
charge-current distribütions. We make no claim for the 
originality of most of the theoretical ideas presented 
h re; they have all appeared in various forms in the 
erature, and we have brought them together for the 
purpose of discussing these experiments. In Sec. 2 we 
present the phenomenology of the electromagnetic 
interaction of electrons and nucleons. This is interpreted 
c. 3 in terms of a simple meson model of nucleon 
st re in which it is assumed that the "physical" 
nucleon is made up of “bare” nucleons and pions inter- 


a cting in a charge-synimetrical manner. In Sec. 4 other, 
re speculative, ways of interpreting these results are 
ested, and the implication of these ideas, and their 
on the interpretation of other experiments, are 
d on. The Appendix, due to one of us (D. R. 
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The theoretical implications of various experiments relating to the electromagnetic structure of nucleons 
are examined in the light of current field theory. It is concluded either that the nucleon core is about three 
times as large as would be expected from intuitive considerations of meson theory, or that there is some in- 


Y.), gives a general treatment of the charge-current 
density of particles of general spin. 


2. PHENOMENOLOGY OF ELECTRON-NUCLEON 
INTERACTION 


The scattering of an electron from a nucleon caused 
by their electromagnetic interaction? is represented by 
the Feynman diagram of Fig. 1. We write the matrix 
element for the process as 

— Ar ij?" (P', P) (1/9?) j,* (',k), (2.1) 
which includes both the Coulomb interaction and the 
effect of the exchange of transverse photons? The 
interpretation of this expression is as follows: the factor 
(1/q?) represents the propagation of a virtual photon of 
four-momentum q, between the electron and the nucleon 
where q, is the recoil momentum, 


q,— P,—P,— x (Ru — Fa) 
In the center-of-momentum frame (qo= 0), q? is given by 


q*— (2k, sin$0.)?, Oy 


(2.2) 


where k. and 6, are the electron’s momentum and scat- 
tering angle in this frame. The factor j,* is the electron's 
charge-current density, which, assuming no internal 
structure, is given simply by 


Jue (k',k) = —ieü (Ryu (k) , 


where u,ū are Dirac spinors for the electron. The charge- 
current density of the nucleon j,?^(P',P) (proton or - 
neutron) includes all of the effects of the internal struc- 
ture.* The purpose of the experiments we are discussing - 


"flo MEE 


(2.4) 


P' q k Fic. 1. Feynman diagram - 
of the scattering of an elec 
"ORE ST tron by a nucleon caused by 
P the exchange of a virtual. 
k photon. d 
NUCLEON ELECTRON 3 


? Scattering due to nonelectromagnetic interactions is discussed 
later in this Section. DOE 

3 R. P. Feynman, Phys. Rev. 74, 939 (1948). Our notation dilers 
from Feynman’s somewhat, in that e, the electric charge, is 8 
in unrationalized units, and the four-vector product a:b j 
a-b—dobo. Usually we put 72;2c—1. - 
* Technically this is the vertex operator evaluated between 
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ELECTROMAGNETIC STRUCTURE OF NUCLEONS 1 


is to determine information about this charge-current 
distribution beyond what is already well known from 
static experiments (the total charge and magnetic 
moment). 


The problem has been simplified by Foldy,? and ` 


later, in more generality, by Salzman.5 They show that 
the nucleon charge-current density must have the form 


ju?" (P^, P) = ied (PP) y, Fi?" (g?) 
+ (k?-"/2M ogy 2? "(q?) Ju(P). (2.5) 


The assumptions are (i) relativistic covariance, which 


means that 7,?*" transforms as a four-vector; (ii) a 
differential law of current conservation, which in 
momentum space is expressed as 

(P'— P),j,P"(P',P)0; (2.6) 


and (iii), that the nucleon is a Dirac particle. In Eq. 
(2.5), the quantities v, are Dirac spinors for the nu- 
cleon, «?:^ is the anomalous magnetic moment of the 
nucleon in nuclear magnetons, and the rest of the sym- 
bols have their usual meanings. The functions Fj, ??:"(g?) 
describe the internal structure, and in the static limit 
(q?—19) take the value unity, except for Fı” (0), which is 
zero. As regards the uniqueness of the form of Eq. 
(2.5), it should be mentioned that there are other co- 
variant expressions satisfying Foldy's assumption, e.g., 
the convection-current term (P’+P),d(P’)v(P). How- 
ever, such terms always can be expressed in the form 
(2.5) by the use of the Dirac equation, 


(y,P,— M)v(P) —0, 


(2.7) 
DP’) (y,P,! — M) —0. 

| The functions F, and F» are relativistic generaliza- 

| tions of the form factors characteristic of finite exten- 

sion occurring in other experiments, for example, in the 

scattering of electrons from nuclei.” There, the form 

factor is simply the Fourier transform of a radial density 
function, 


F(= f 0) exoGa- 9a. (2.8) 


The function f(r) comes from the product of the 
initial wave function of the scatterer at rest and the final 
wave function of the scatterer after it has absorbed the 
recoil momentum q. For heavy nuclei, where the recoil 
velocity is negligible compared with c, nonrelativistic 
wave functions are sufficient, and f(r) is just the static 
charge or magnetic-moment distribution. For the scat- 


5L. L. Foldy, Phys. Rev. 87, 688 (1952); G. Salzman, Phys. 
Rev. 99, 973 (1955). An even more general derivation has been 
given by A. C. Zemach, reference 35. We thank Dr. Zemach for 
informing us of this work. 

6 This last restriction can be relaxed, as is shown in the Appendix 
so that Eq. (2.5) holds for any spin one-half particle, e.g. Ch. Th The 
Dirac spinors are used merely for convenience in representing jy 
in a covariant form. 

1 Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 (1953); 
L. I. Schiff, Rm Rev. 92, 988 (1953). 
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tering from a nucleon, however, the situation is quali- ; 
tatively different, in that for values of q large enough, 
that the finite nucleon size may be detected, the recoil e 
velocity is comparable with c. It should be emphasized, 
however, that it is always possible to analyze the experi- 
ments in terms of the invariant functions Fi(g?) and 
F2(g*), and for intuitive convenience to define structure 
functions j(r) as their Fourier transforms.’ An accurate 
calculation of f(r) from some theory would require a 
correct relativistic description of the internal state of the 
nucleon. Physically, f(r) would contain the overlap of mv 
two wave functions, each Lorentz-contracted,* but in | 
different directions. (Actually the structure will be 
described by a relativistic many-body wave function, so 
the problem is in fact more complicated than this.) > 
Thus, in relating f to the nucleon wave functions, effects 

of order v*/c? (or g?/M?) are introduced. Consequently N^ 
there will be a dependence of F on q? which is in a sense 
kinematic in origin, in addition to that coming from the 
finite extent of the internal wave functions. The essen- 
tial point is that measurement of structure to within a 
distance d requires values of |q| of order 1/d, and if 
absorption of this momentum causes relativistic recoil i 
(i.e., if |q| 2 Mc/A) then intuitive concepts of static _ 
charge and current distributions are no longer vaild. 
Since we expect nuclear structure to extend a distance of 

order 4/uc, there should be a range of |q| values 
(uc/h<|q|<Mc/h) for which the interpretation in 
terms of static distributions has some validity. A correct : 
relativistic theory for nucleon structure would, of 
course, avoid these difficulties by allowing a direct cal- 
culation of F as a vertex operator. 

To the extent that it is possible to interpret F in 
terms of static charge-current distributions, it is in- 
structive to make a nonrelativistic reduction of (2.5). 
This is done in the usual way by expressing the small — - 
components of the nucleon spinors in terms of the large _ 
components ¢, which are independent of momentum.  - 
In the center-of-momentum frame, and for |q| <M eh, ^ 
the components of 7,?:^ become Ru 


cce (E/ M)os*eiLFi— (g/8M?) (Fit 2kF 2) ], (2.92) - 


jee[ (P’+P)/2M ]es*&iFi E 
+ (e/2M)eés* (io x q): (Fit). (2.9 b) 


In (2.9b), the first term ee the convection cur- 
rent, and the second the effect of the magnetic m: 
In the expression for jo, in (2.92), there is, in additi 
the expected term Fj, a kinematic term of o d 
arising from the overlap. of the two spinors 
portance of this term in connection 

neutron scattering was noted by s v 


8 We mean here the three-dimensional Fou R 
tained by inverting Eq. (2.8). 

? L. L. Foldy, Phys. Rev. 88, 693 (195 
to define the spatial distribution o 
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Fic. 2. Intuitive concepts of the 
neutron and proton charge densi- 
ties and of the interactions poten- 
tial between these particles and an 
electron. The quantities ôV rep- 
resent the departure of these po- 
tentials from their values for point 
nucleons. 


am 1x us liec ne Ee So ie is Sica. n a 


Vp (=5Vp) 


For convenience, the functions F can be expanded in 
powers of g?. The coefficient of g? is simply related to the 
mean-square radius of the distribution”: 


BOLT AOF, (- i Pf()dr. (2.10) 


Because of the relativistic complications discussed 
b. previously, there may be contributions to the coefficient 
E of q? other than those coming from the finite extension. 
If this extension is of order 7;/uc, they will not completely 
invalidate intuitive considerations based on static 
models. With these limitations in mind, we note that 
the mean-square radii of charge and moment distribu- 
tions of the nucleons are, from Eqs. (2.9), 


1 Bao OEC n 

i m= Lht) A). i 

___ In Fig. 2 are shown the usual concepts of the proton and 

X — neutron charge densities, and the interaction potentials 
between those particles and an electron. The quantities 
6V represent the departure of these potentials from their 

_ values for point nucleons, and they can be related to the 
mean-square radius by Poisson’s equation, 


f 6Vd'r= (27e/3) if rp (r)d5r 
= Qnre/3)(r)a. 


Electron-Neutron Interaction 


Py . c^ 4 x 
Aside frome the static limits, the first information 
ut nucleon structure was obtained from experiments 


ept í all of the f’s have unit volume integral be- 
eaS C ie F(0) is unity. Because Fı, n(0)=0, the 
ty () depends on the amount of charge displaced as well 
| For reasonable distributions (7?);, n will be negative, 


tities positive. 


(2.12) 
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on the scattering of neutrons by atoms. Analysis of the 
results yields the volume integral of the electron- 
neutron interaction potential, Eq. (2.12). This quantity 
is conventionally represented by a constant potential, of 
strength Vo, extending out to a radius ro— e?/mc,, the 
classical electron radius. (This convention is rather con- 
fusing since rọ has nothing to do with this particular 
interaction.) Hughes ef al." find for Vo the value 
— 3860+370 ev, and more recently Melkonian et a].2 
report the value —41654-265 ev. Using the mean of 
these two results, and expressing it in terms of a radius 
by means of Eqs. (2.11) and (2.12), we find that 
(r*) eh, n= — (0.35X10- cm)?. This is accounted for 
completely by the magnetic term of Eq. (2.11), so that 


(72, n= (0.00027 0.006) & 10-26 cm?. (2.13) 


Expressed in terms of potentials, as is customary, the 
magnetic contribution, first calculated by Foldy; is 
— 4070 ev, leaving for the Vo associated with (7°), n the 
value 0+ 200 ev. Had the neutron structure been com- 
parable in extent to that found for the proton, a value of 
about 0.7X 107 cm would be obtained for (7?) 43, or for 
Vo about 16 000 ev! The conventional interpretation of 
this very surprising result is either that the radius 
associated with the Dirac term is very small, or that the 
structure, if extended, is almost neutral. In the light of 
our previous remarks on the meaning of f(r), it is also 
possible (although perhaps unlikely) that the static 
charge-current distribution is extended, but that its 
contribution to f(r) has been canceled fortuitously by 
relativistic corrections. 

Another method for examining neutron structure has 
been suggested, and is being carried out, by Hofstadter.? 
In the inelastic scattering of electrons from the deu- 
teron at high energies and large angles, binding effects 
are unimportant, and the neutron and proton scatter 
independently. Since the electron-proton scattering has 
been measured separately, the electron-neutron cross 
section can be deduced. This method can give informa- 
tion about F”, and possibly also about Fi". 


Electron-Proton Scattering 


The extensive experiments on the scattering of high- 
energy electrons by hydrogen of Hofstadter et al," 
have given much detailed information about the struc- 
ture functions of the proton. The analysis uses the for- 
mula, first derived by Rosenbluth," for the cross section 
for the scattering of a relativistic electron by a proton, 


n ee Harvey, Goldberg, and Stafne, Phys. Rev. 90, 497 
(1953). 

2 Melkonian, Rustad, and Havens, Bull Am. Phys. Soc. 
Ser. II, 1, 62 (1956). E 

13 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

“R. N. McAllister and R. Hofstadter, Phys. Rev. 102, 851 
1956). 
15 E, E. Chambers and R. Hofstadter, Phys. Rev. 103, 1 
(1956). 

16 M. Rosenbluth, Phys. Rev. 79, 615 (1950). 
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In the laboratory frame this can be expressed as 


o (0) — o y s(0)( (F19)H- (g?/4M?)[2 (F?-+ «PF oP)? 
Xtan'*$04-(«x?F,P)']), (2.14) 


where ows is the cross section for scattering by a point, 
spinless particle of mass M : 


ons (0) — e cos*36/ (4IP[ 14-2 (&/ M) sin?40] sin*30). 


The terms in the square bracket in (2.14) arise from the 
magnetic moment of the proton. The interesting fact 
that one term involves the total moment while the 
other contains only the anomalous moment is related to 
the mixing of F, and F% in the expressions for charge and 
current density (2.9). 

At the present experimental energies F, and 
(Fi+KF) are the dominant terms of Eq. (2.14). Since the 
dependence on angle and energy of the quantity in the 
curly brackets cannot be expressed in terms of q(— 2k. 
sin30,) alone, it is possible to separate the contributions 
from F, and F» by performing experiments at various 
energies and angles. If finite size effects are ignored, so 
that F,— F»— 1, the first term has the very strong an- 
gular dependence and &^? energy dependence character- 
istic of scattering in a Coulomb field. In contrast, the 
second term is approximately a constant, independent 
of energy and angle. Thus the charge scattering and 
hencé the effect of finite charge extension is seen at 
small angles, while the magnetic moment size is 
apparent at large angles. The situation is illustrated in 
Figs. 3. and 4. The “total form factor" §(0,k) defined by 


o (0)= c point (9) L9 (6,8) F , (2.15) 


where gpoint is given by Eq. (2.14) with F;— PF»—1, is 
plotted as a function of q?. The three different proton 
models used for illustration assume either equal charge 
and moment radii, or else that one of these radii is zero. 

McAllister and Hofstadter! have measured the elec- 
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Fic. 3. A plot of the square of the total form factor &, defined 
by Eq. (2.15), vs g?, at 200 Mev. Three different proton models are 


illustrated, Corresponding to the following choices for the values of 


(r2), p? and (r2)», p?, in 107? cm: (a) 1.00 and 0.00; (b) 0.70 and 
0.70; (c) 0.00 and 0.85. 
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Fic. 4. A plot of 9? vs g? at 600 Mev, 
for the same cases as in Fig. 3. 


tron-proton scattering cross section at 100, 188, and 
236 Mev, while more recently experiments at 200, 300, 
400, 500, and 550 Mev have been carried out by Cham- 
bers and Hofstadter.!? The detailed analysis of the ex- 
periments in terms of F, and F», and their associated 
distributions fi(r) and fə(r), has been carried out by 
Hofstadter and his colleagues, and here we shall quote 
from their results. A feature which makes the fitting 
with theory a little more flexible than Figs. 3 and 4 
might indicate is that the absolute values of the experi- 
mental cross sections are not known, although the rela- 
tive normalization of results for the various energies is 
known for the latter series of runs. In their analysis, the 
above authors use the simplifying ássumption that the 
analytic forms of fi(r) and f»(r) are identical. The best 
agreement is found to occur for shapes which are not 
singular at the center, and which drop off fairly rapidly 
at large radius. The best fit is then given for equal radii; 
their actual value depends a little on the choice of shape, 
but an average value is 


(0°) p) = ((7") 2, ») = (0.77-£0.10) X 107? cm. (2.16) 


It is possible to have slightly different radii, but neither — 
can be less than about 0.6X 10-7? cm, or greater than — 
about 1.5X10-" cm. For the case of equal radii the 
results are illustrated in Fig. 5, where 4rr° f(r) is plotted — 
against r. Chambers" has also considered the possi 
bility of different analytic forms for fi(r) and folr). He 
finds that it is still not possible to relax the above limits 
on the radii. The general conclusions are that th 
radii areas given in Eq. (2.16), and that there 
centration of charge or magnetic moment at 
There are possible corrections that might b 
the above analysis, but they are quite th 
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PROTON MODELS 


GAUSSIAN MODEL 
%=070X 10 cM 


EXPONENTIAL MODEL 


R=0.80X i0 "cw 


Fic. 5. Graphical representation of proton distribution func- 
tions, from the analysis of Chambers and Hofstadter.!® For the 
assumption that fi(r) = f»(r), these authors find that the Gaussian, 
exponential and hollow exponential models all give a good fit to the 
experiments. The Yukawa model, which is suggested by the 
theory of scalar mesons weakly coupled to nucleons, is given for 
comparison only; it is in fact inadmissible as a fit to the data. 
What is plotted vs radius 7 is 47? (7), so that these curves have 
equal area. 


comparing with the results of a partial wave analysis of 
the scattering process, it is found that the Born 
approximation used by Hofstadter e/ al. gives cross 
= sections accurate to about 0.25%. The effect on pre- 
- dicted radii is completely negligible. A complication 
— which might influence the interpretation of the form 
— factors F arises from the possibility of virtual excitation 
_ of an isobaric state of the proton, corresponding to the 
_ resonance in the cross section for photoproduction of 
mesons. Drell and Ruderman? have estimated that the 
ct of this on the predicted radii is less than about 
f a percent. The radiative correction of Schwinger” 
Xf course been taken into account by Hofstadter et 
al. in their handling of the experimental data.” Through- 
out the analysis it has been assumed that the functions 
F(g?) are analytic and “smooth” over the regions of q 
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d. A theory that would predict such functions 


'enhall, anG Wilson, Phys. Rev. 95, 500 (1954), 
calculations. 
| and M. A. Ruderman, Phys. Rev. (to be pub- 


Phys. Rev. 76, 790 (1949). 
Ee iene E the radiative 
e (~20%) but its variation over the angular 
3 that it is not an important correc- 
fere that considered by 
bsorb photons; but 
ari ing from inter- 
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would itself be very peculiar, and we do not consider the 
possibility further. 


Electron-Deuteron Scattering 


There exists at present no relativistic theory for the 
binding of nucleons of finite size to form a nucleus. In 
the nonrelativistic limit, the solution of the Schródinger 
equation describing the interaction of a group of point s 
nucleons is presumably to be interpreted as giving the 
distribution in space of the centers of mass of the ex- 
tended nucleons. A difference between this calculated 
distribution and the measured charge distribution could 
then be ascribed to finite nucleon size. Use of the non- 
relativistic theory unfortunately forces us to ignore the 
relativistic effects discussed at the beginning of this 
section. 

Experiments on the elastic and inelastic electron- 
deuteron scattering have been carried out by McIntyre 
and Hofstadter.??* Following the analysis of Schiff," 
Jankus? has made extensive calculations of both pro- 
cesses, investigating the effect of various assumptions 
about the neutron-proton potential, and taking into 
account the effects of magnetic dipole and electric 
quadrupole moments. Calculations of elastic scattering 
for particular potentials have been carried out by 
McIntyre,” Bernstein, and Ravenhall? For the 
detailed comparison of the experiments with these 
calculations, we quote from the work of McIntyre. He 
finds that even with the most favorable choice of po- 
tential, the experimentally observed charge distribution 
is significantly more extended than that given by the 
above calculations. His results are illustrated in Fig. 6. 

In the nonrelativistic approximation these calcula- 
tions give the distribution in space |Wp(r)|? of the 
centers of mass of the neutron and proton. Neglecting 
distortions of the nucleon structure due to the binding, 
the observed deuteron charge density is then 


p= | Tfal D+] 
X [Yo (r) | dr". 
The form factor for electron-deuteron scattering is thus 
F(g?) = [F (P) 3- Fw" (g)) ]F (2), (2.18) 


where F(g?) is the form factor calculated directly from 
|Vp (7) |?. The factor contributed by the nucleon struc- 
ture is for small q just 


(2.17) 


mine. M bw 


[R= (/9 (rot dt Q9) 


On the basis of the naive meson theory discussed in the - 
next section, it was expected that the proton and - 


22 J. A. McIntyre and R. Hofstadter, Phys. Rev. 98, 158 (1955). 

23 J. A. McIntyre, Phys. Rev. 103, 1464 (1956). 

^ L. I. Schiff, Phys. Rev. 92, 988 (1953). , 

?: V. Z. Jankus, Phys. Rev. 102, 1586 (1956). 

26 J. Bernstein, unpublished calculations. We thank Dr. 
stein for communication of these results. 

27 Unpublished calculations. 
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Fic. 6. Experimental and theoret- 
ical results of McIntyre on elastic 
electron-deuteron scattering at 188 
and 400 Mev. The theoretical curves 00 
include only deuteron S-state con- ` 
tributions; magnetic dipole and elec- % 
tric quadrupole effects are small and 
would in any case increase 7?. This 
figure illustrates the fact that the 
experimental results predict a more ool 
extended charge than that obtained 
assuming point nucleons. 00 


neutron contributions to the q? term would cancel, 
leaving no correction to (2.18) due to the nucleon struc- 
ture. On the other hand, use of the results of the experi- 
ments on the free nucleons means that Eq. (2.19) 
reduces to the proton form factor. In fact, the analysis 
of McIntyre strongly favors the latter choice, and can 
thus be regarded as confirming the difference in size of 
the neutron and proton. Alternatively, the assumption 
of nucleon sizes as obtained from the other experiments 
would give valuable information about the deuteron 
wave functions. 

A possible source of error in the above treatment, 
associated with the use of the first Born approximation, 
has been studied by Schiff ?5 In the second Born approxi- 
mation there is, as well as the usual contribution in 
which the nucleus stays in its ground state, also a dis- 
persion contribution associated with the possibility of 
virtual excitation. He shows that the sum of these two 
effects is of order 1/137 of the elastic scattering, and so 
is quite unimportant. For the special case of the deuter- 
on, a more exact calculation has been carried out by 
Volk and Malenka,? which confirms his result for the 
total second Born contribution. 

At present, little is known about the accuracy of the 
nonrelativistic approximation, and of the effect of 
binding on the nucleon structure. A start to the calcula- 
tion of relativistic corrections has been made by 
Blankenbecler,? who has treated the deuteron pheno- 
menologically as an elementary vector particle, in 
analogy with the electron-proton calculation of Rosen- 
bluth.!5 Estimates of mesonic corrections by Bernstein?! 
will be discussed in the next section. 


28 L, I. Schiff, Phys. Rev. 98, 756 (1955). 


?» H, S. Volk and B. J. Malenka, Phys. Rev. (to be published). 


* R. Blankenbecler, unpublished calculation. 
31 J. Bernstein, Phys. Rev. (to be published). 
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Hydrogen Spectra E 
There is known to be a discrepancy of 0.6 Mc be- E: 
tween the experimental and theoretical values of the — 
Lamb shift for the 2s; and 25; levels of hydrogen and 
deuterium. Part of this can be ascribed to the finite — 
proton size: according to Eqs. (2.11), (2.16), and (2.12), 3 
this produces a shift in the 2s; level of 0.1 Mc; reducing — 
the discrepancy to 0.5 Mc. In deuterium most of the — 
effect of finite size has already been taken into account — 
with a term corresponding to Fp(q?) of Eq. (2.18). 
Because of the small neutron size, the finite proton size — 
gives an additional shift of 0.1 Mc in deuterium, the — 
same as in hydrogen. Wc 
According to Zemach;?5 the hydrogen hyperfine struc- 
ture can be used in combination with other experiments 
to determine a mean electromagnetic radius (r)em of 
the proton: present experimental values lead to t 
result that (r)en «0.5X 10 cm. This mean ra 
depends on both the charge and the moment distrib 
tions, the relationship among the distributions 


(r)em = (r)ad- (Ca) ns T7. 


For the shapes predicted by the electron- 
experiments, which are not peaked at th 
(rem should not be much smaller than (om 
electron-scattering values for the radii pre 
ever, that ((r*)em)! is approximately 1. 
There is an apparent disagreement bety 


2 Triebwasser, Dayhoff, and Lamb, | 
this paper contains references to th 
co-workers in this fi 5 
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determinations oi the proton size. We regard electron 
scattering, however, as an inherently more accurate 
method for examéning nucleon structure. 


Nonelectromagnetic Interactions 


The preceding discussion, and in fact all previous 
analyses of electron scattering, have assumed a purely 
electromagnetic interaction between the electron and 
the scatterer. Although the agreement between experi- 
ment and this theory is remarkably close,™ it is still 
desirable to consider the possibility of nonelectromag- 
netic interactions. As is well known, there are five 
possible nonderivative interactions, 


duVs (scalar), 

Uy uv? (vector), 

W,y,4MV' (tensor), (2.20) 
ÜysY,u V?”  (pseudovector), 

diy siu V Ps (pseudoscalar), 


where the potentials V are of short range. The presence 
of the vector interaction would not modify the pre- 
ceding phenomenological analysis, since the finite size 
effects appear in just this form. For example, the po- 
tentials ôV of Fig. 2 are ūy,uV” in this notation. It 
would alter, however, the interpretation of F, and F; 
in terms of nucleon structure; we shall return to this 
point later. An example of the tensor interaction is given 
by the electron's anomalous magnetic moment; the 
Schwinger radiative correction to scattering includes it 
automatically. For simplicity we will consider first the 
scalar interaction. 
The scalar interaction differs from the interaction 
with an electrostatic-potential by the factor of the Dirac 
. matrix $. For low energy electrons £ is effectively unity, 
and the two interactions will have the same effect. For 
example, a change of 0.5 Mc in the Lamb shift, men- 
tioned earlier, would require a volume-integral for V* of 
8X10-9 Mev cm?. At high energies (EXM) it turns 
out that there is no interference between the two inter- 
actions, and the scattering cross section can be written 


c (0) —Oem (6) +a,(8), 
(0) = | f Vear /árhe| PLE (@)] 


[1+2(hk/Mo) sin236}~, 


< = where F(q?) is the form factor for V*. By comparing 
(2.21) with (2.14), we see that c, has the same form as 
term in cem invólving the total moment, except for 
xtra factor Cf g’. Thus the effect of c, is to reduce 
observed magnetic moment size. For example, a 
interaction with £he above volume integral would 
2). by (1.7X 10-9 cm)?! If, more p we 
sume that (r2), is really (1.0X 1075 cm)’, then 
e phenomenological analysis has given 


(2.21) 
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its value as (0.8 107 cm)? could be ascribed to the 
presence of a scalar interaction with volume-integral 
3X10-*? Mev cm‘. 

It is probably true that all of the interactions (2.20) 
behave similarly, i.e., they would all have effects on the 
Cross section indistinguishable from those coming from 
the finite electromagnetic sizes. It seems clear that there 
is no interference between the vector interaction and 
any of the others. Thus, except for a possible anomalous 
vector interaction, the effect of the interactions (2.20) 
is to increase the cross section, and, therefore, to reduce 
the apparent electromagnetic size. From a theoretical | 
point of view, such interactions would be very unpleas- 
ant, and we do not regard the possibility very seriously. 


3. MESON-THEORETICAL IDEAS ABOUT 
NUCLEON STRUCTURE 


The discussion of this section will be based on the 
assumption that “physical”? nucleons are made of 
"bare" nucleons and pions interacting in a charge- 
symmetrical manner. The results of the phenomeon- 
logical analysis of the previous section will be examined 
from this point of view in as general a way as possible. 
Various calculations of nucleon structure, based on 
particular meson theories, can then be compared with 
these conclusions. Some effects associated with the 
presence of K mesons will also be discussed. 

The assumption of charge symmetry implies a rela- 
tionship between proton and neutron structure. Some of 
the component states of physical nucleons are repre- 
sented pictorially in Fig. 7. Charge symmetry requires 
that, whenever a proton state contains a charged meson, 
there is a corresponding neutron state with a meson of 
the opposite sign of the charge. (If the interaction is 
also charge-independent, the amplitudes of the states 


Physical proton Physical neutron 


LANT T" IE 
F 


Fic. 7. A pictorial representation of some of the component 
states of physical nucleons, following the ideas of weak-coupling 
meson theory. The bare proton is indicated by the black dot, the 
bare neutron by the open circle. S 
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containing neutral mesons are related to those for the 
charged mesons.) This is clearly true not only for those 
component states containing one meson, but for all 
states. Following Sachs, we can use this result to 
eliminate the meson part of the nucleon charge density ; 
if we add the proton and neutron charge densities, the 
meson part cancels completely. The resulting charge 
distribution, which is a combination of the bare nucleon 
parts of the proton and neutron charge densities, is 
called the core distribution; 


pc(r) — Pe, »(7) +Pe, n(7) 
=pp(r)+pn(7). 


It includes nucleon pairs as well as single nucleons. 
From (2.11), the mean square radius of p. is given by 


(r?)c7 (?)4, pH 97), nt (83/4M?)[ 14- 2 (x? -k?) ]. (3.2) 


There may be some doubt about the treatment of the 
Foldy terms, but fortunately they tend to cancel each 
other. The experimental values discussed in Sec. 2 then 
give 


(3.1) 


(2) ¢!=0.77X 10-8 cm. (3.3) 


For comparison, the nucleon compton wavelength is 
0.21 107? cm, and the charge radius of the proton 
calculated in the above way is 0.84X 107? cm. Thus 
the core radius is three and one-half times the nucleon 
Compton wavelength! The results of Chambers and 
Hofstadter on the shape of the proton charge distri- 
bution, which indicate no concentration of charge at 
small distances, are consistent with this result, and 
would be inconsistent with a small core radius. 

It is very difficult to understand this result. The 
picture we are considering for nucleon structure would 
attribute core size to the recoil of the nucleon upon 
emission of mesons, since the bare particles are assumed 
to have no intrinsic extension. If the momenta of the 
emitted mesons are small compared with Mc, by a 
simple velocity argument the core size will be about 
one-seventh (1/7&u/ M) of the size of the meson cloud. 
Under these circumstances the meson cloud extends a 
distance 7/uc, so that the core should be no bigger than 
A/Mc. If, on the other hand, the virtual mesons are 
emitted with momenta comparable with Mec, then, 
because of the relativistic increase in the meson’s mass, 
the core and the meson cloud will be about equal in size, 
this size being, however, around #/Mc. For the states 
with more than one meson present, the situation is not 
clear to us. From a semiclassical standpoint, there seem 
to be a number of possibilities, of which we give two ex- 
extremes. As a starting point we assume a recoilless 
theory in which all of the mesons have the same wave 
function, centered about the fixed source. A possible 
approximation to the problem with recoil is to neglect 
its effect on the state function, and to calculate the core 


3 R. G. Sachs, Phys. Rev. 87, 1100 (1952). 


CC-0. Gurukul Kangri University Haridwar Collection, Digitized by S3 Foundatioi 


151 


radius by assuming the relation 
MR+u(nitret---+r,)=0, (3.4) 


where R is the coordinate of the bare nucleon, and 7 is 
the coordinate of the ith meson, all measured from the 
position of the center of mass. It is then easy to show 
that 


ee 31 


(R?) =ñ (u/ M )(r?)nesoh; (3.5) 


where ñ% is the average number of mesons present. 
Clearly this result cannot be correct if 7 is large. It 
seems to us that a more reasonable assumptión is that 
the meson wave functions are centered on the instan- 
taneous position of the bare nucleon. The result is to 
replace ñ of Eq. (3.5) by the average value of 


n/ (1--nu/ My. (3.6) : 


Since this quantity has an upper limit of about M/4y, : 
(R?) is close to (#/Mc)*. Although these semiclassical 
arguments are difficult to justify, the second seems to us 
the more valid. A correct quantum-mechanical version 
of Eq. (3.4) will contain field operators, which may link 
states containing different numbers of mesons, so that 
the final result may differ from what we have given here. 
A similar situation with regard to the meson cloud has 
been pointed out by Sachs.: On the other hand, many- | 
meson effects on the meson cloud in the Chew-Low 

theory do not change the one-meson results qualita- 
tively,” and the same result may hold with respect to 
the core.?5 t 


37 S. B. Treiman and R. G. Sachs, Phys. Rev. (to be published); 
S. Fubini, Nuovo cimento 3, 1425 (1953); H. Suura (private 
communication). We are informed by Dr. F. Zachariasen that, due 
to a computational error, the numerical values given in his cal- 
culation [Phys. Rev. 102, 295 (1956) ], which are in disagreement 
with those of the aforementioned authors, are incorrect. c 

38 A different opinion on the size of the nucleon core has been 
put forward by Tamm [I. Tamm, International Congress on 
Theoretical Physics, University of Washington (1956), reported 
by N. N. Bogoliubov ] and is as follows. In strong-coupling theory 
the spatial distribution of nucleon-antinucleon pairs will be closely 
the same as the meson distribution. If a pair annihilates again, it 
will not contribute to the nucleon core. Those processes in which 
the antinucleon of the pair annihilates with the original nucleon do 
contribute, however, and the large cross section for antiproton 
annihilation in nuclei observed at Berkeley suggests that they can — 
happen even for pairs created relatively far out in the meson dis- — — 
tribution. Thus the presence of many bare-nucleon pairs in the — — 
physical nucleon can explain a core diştribution which is as largeas —— | 
the meson distribution. These qualitative arguments are, we think, | 
open to question on several counts. That the pair distribution — 
follows the meson distribution will only be true for very strong — 
coupling, where there are so many virtual mesons present tha - 
additional amount of many times 2Mc? added to the en 
denominator is inappreciable. Yet the work done on the Chew: 
theory would suggest that the coupling is weak. The applicati 
the experimental results relating to physical nucleon pairs 
annihilation of bare nucleons is not obviously justifjal 
difficult to believe that the pair contribution can be so 
same as the meson distribution that the electron 
action cancels from an expected 10 000 
To settle these questions, it is very n 
calculations of the core size. As a 
pointed out that if Tamm's si 
is a strong-coupling theory 
cleon pairs, and all meson c 
are of little value. 
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ans From a theoretical point of view, the correct proce- 
— — dure would be to calculate the appropriate vertex 
operator with a relativistic field theory, taking account 
of renormalization. The resulting form factor would in- 
clude all of thé relativistic effects discussed in the last 
section, and which the above physical arguments ignore. 
Unfortunately, present techniques allow calculation 
only in the lowest orders of perturbation theory. A 
summary of the results of such calculations is contained 
in Sec. 46 of reference 1. Fried? has examined the elec- 
tron-neutron interaction using pseudoscalar coupling in 
second ofder perturbation theory. Using g?/7Z:— 13.5, a 
“reasonable” value, one finds his formula gives 1300 ev 
for the specific interaction. Combining this work with 
Rosenbluth's calculations of electron-proton scattering 
using the same theory and approximation,!? one obtains 
for this value of g?/7c a core radius of 0.38X 107? cm. 
Thus the theory to this approximation predicts a not 
unreasonable value for the electron-neutron interaction, 
but the core radius is too small by a factor two. The 
reliability of such calculations can be gauged by looking 
at their predictions for the anomalous nucleon magnetic 
moments. There the second-order calculation gives for 
the ratio —un/(up— 1) about seven, instead of its ob- 
served value close to unity. Although the fourth-order 
calculations improve the situation somewhat, the results 
are so different from those in second order as to indicate 
that no valid conclusions can be drawn from such low- 
order calculations. It is conceivable that if a correct 
j calculation could be done the results would agree with 
—. the experiments. We feel, however, that this is unlikely, 
A and that either the physical model used is basically 
— wrong, or the phenomena can be explained in some other 
|. way. 
ES Various calculations of neutron and proton form 
factors have been made using current cut-off meson 
theories. In these theories the bare nucleon is treated 
as a fixed source, and the meson-nucleon interaction is 
nodified to include a cut-off function which suppresses 
he high momenta. Because the mesons, being pseudo- 
scalar, are emitted into p states, their wave function 
falls off rapidly outside the source, and its size depends 
sen: tively on the source or cut-off distribution. The 
cut-off function found by Chew“ to give agreement with 
ther meson experiments (e.g., meson-nucleon scattering 
on photoproduction, etc.) leads to a meson cloud of 
onable size (~0.710-" cm). In order to obtain 
eement with the observed nucleon sizes, Salzman“ 
ssumed arbitrarilycthat the core extends as far as 
on cloud. As our previous arguments suggest, 
s unlikely that present meson theories can lead to 
: € core? A very necessary improvement, which 
been made ho our knowledge, is the calcula- 


y 88, no 1952. 
5, f 3 (1955); 
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tion of the core size with this theory. As a first step it 
may be sufficient to treat the nucleon nonrelativistically, 

It has been assumed previously that these static 
theories do not include the Foldy terms. A proof of this, 
given by Salzman,“ involves a two-component re- 
duction of Dirac spinors, taken in the limit as M tends 
to infinity, but with the anomalous nucleon moment 
held at its observed value. A different treatment of the 
charge-current density, given in the appendix, con- 
siders charge and magnetic moment as independent 
quantities. From this point of view the static calculation 
of the charge density should give all of the interaction, — * 
including what from the other viewpoint are called the 
Foldy terms. It seems to us that all nonrelativistic 
theories are ambiguous in their treatment of these 
terms. 

An interesting suggestion about the effect of heavy 

mesons on nucleon structure has been made by Sandri.” 
Because of the “strangeness” selection rule, the K- 
meson cloud surrounding the nucleon will contain only 
positively-charged and neutral particles. Thus jn adding 
proton and neutron charge densities to make the core 
distribution, the K-meson contributions do not cancel. 
As Sandri points out, s-state mesons extend further 
than p-state mesons of the same mass. However, the 
relatively large K-meson mass together with the small 
coupling constant lead to only a small addition to the 
core size [about (7/Mc)? to (7?), ]. 

The conclusions about the nucleon core are confirmed 
by the electron-deuteron scattering. In fact, from Eqs. 
(2.18) and (3.1), we see that the elastic scattering is a 
process which, so far as its dependence on nucleon size 
is concerned, automatically measures just pe. Of the 
various corrections to this simpie nonrelativistic 
picture, Bernstein? has considered the fact that the 
binding is due to the exchange of mesons, rather than 
to an instantaneous potential. He identifies the state of 
two physical nucleons, with no mesons being exchanged, 
with the phenomenological wave function. The addi- 
tional contribution to the scattering comes from the 
state in which one meson is being exchanged. The 
scattering from the exchanged mesons vanishes by —— 
charge symmetry; the effect comes from scattering by 
the nucleons in this state. The nucleon distribution in 
the one-meson state is much more peaked at the center 
than for the no-meson state, and as a result the cross 
section is enhanced for large g. Bernstein calculates the 
effect to be more than 10% at the largest q values 
shown in Fig. 6. It is not clear to us what the phe 
nomenological Schrödinger wave functions are an - 
approximation to, and even if the identification with — 
the no-meson state is valid, the calculation has neglected 
the effect of states containing two mesons on the one- 
meson state, which is presumably as important as the 
effect Bernstein has examined. There may well be 
effect of this kind, however. 
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4. ALTERNATIVE INTERPRETATIONS OF 
THE EXPERIMENTS 


Since it is not clear that orthodox meson theory will 
be able to explain the experimental results, we consider 
in this section possible alternative interpretations. 


Charge Symmetry 


Present experimental evidence for belief in charge 
symmetry and charge independence is discussed in 
Sec. 30 of reference 1. Charge symmetry is a very 
plausible hypothesis that, according to experimental 
results, is clearly true to a good approximation, although 
it is impossible to make a very accurate quantitative 
check. A possible solution to the dilemma about 
nucleon structure is that charge symmetry holds for 
interactions over large distances, but breaks down 
completely for short distances. This would imply that 
the fundamental interaction is not charge symmetric; 
that the large distance effects are charge symmetric 
is then difficult to understand. The stronger assumption 
of charge independence contains charge symmetry. 
It is used in all current theories of phenomena involving 
nucleon and pions, and plays a fundamental role in 
theories of the strange particles. It would be a pity to 
throw out such a beautiful and simplifying hypothesis 
if any other way can be found out of the difficulty. 


Current Conservation 


In deriving Foldy’s result, Eq. (2.5), it was necessary 
to assume a differential law of current conservation. 
Now we might imagine that, since the nucleon has a 
complicated structure, charge may not be conserved in 
small regions, but only as a whole. Although such a 
modification is objectionable because it violates gauge 
invariance, for the sake of completeness we consider 
it briefly. 

Current conservation is expressed by Eq. (2.6), 
which in momentum space says that 7, should be 
orthogonal to the momentum transfer g,. The simplest 
and most general charge-current density which violates 
this condition is 


Ju = — ieg ( P^y(P). (4.1) 


In the static limit this implies a radial current flow, but 
gives no contribution to the charge density. If (4.1) is 
inserted into the matrix element (2.1), the result is 
zero because of the conservation law obeyed by the 
electron. Thus, in order to obtain an electron-proton 
interaction, we must assume that the electron also 
violates current conservation. Following this through, 
we arrive at an additional cross section of the same 
form as o,(6), shown in Eq. (2.21). Thus, as with the 
anomalous interactions discussed in Sec. 2, violation of 
charge conservation will not help in interpreting the 
experiments. 
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Electromagnetic Interaction 


We can easily explain all of the experiments in terms. 
of a modification of quantum electrodynamics at small 
distances. The high-momentum cutoffs introduced into 
the theory by Feynman* to suppress the ultraviolet 
divergences have just this effect. Following Feynman, 
we may introduce this cutoff as a modification in the 
photon propagator, * 


1/gC(g)/q. (4.2) 


From Eqs. (2.1) and (2.5), the effect on éhe phe- 
nomenological analysis is seen to be the replacement of 
any form factor F by CF; hence these experiments 
cannot be used to separate finite size effects from those 
of a possible modification in the Coulomb law. The 
physical reason for this is that the scattering involves 
not the charge distribution, whose extension is charac- 
terized by F, but its electromagnetic potential V, 
which depends also on the force law; with the modifi- 
cation (4.2), even a point charge could give a potential 
of the form shown in Fig. 2. 

Because the observed form factors CF, and CF» 
in the electron-proton scattering are essentially the 
same, it'is possible to ascribe all of the effects to C, 
although we expect some intrinsic nucleon size. (If — 
the form factors had been unequal, the two effects would 
be to some extent distinguishable, in that an upper 
limit could be put on the radius associated with C, 
and a lower limit on the actual finite extension.) The — 
modification does not affect the results for the neutron: 
charge radius, since the product C(g?)F,&(g) is still — 
approximately (1/6)g(7?),4 for small q. For the other  — 
experiments—electron-deuteron scattering, Lamb shift, 
and hyperfine splitting—the effects of finite nucleon — 
size can be reinterpreted as being caused partly or 
entirely by a modification in the Coulomb law. Such 
an interpretation makes the reconciliation of the variou: 
nucleon properties much easier. With the assumptio 
that, for example, the meson cloud extends only t 
about Z/Mc, it is quite plausible that the core 


"S 


neutron interaction can be as low as 200 ev, espec 
since the effect of K mesons can be important a 
small distance. At the same time the meson clouds 
the neutron and proton arè charge symmetric, s 
near equality of x? and —«^ is maintained. — 

It is hard to devise experiments which would c 
distinguish between a modification in quan 
dynamics and the effect of finit nucleon s 
obvious possibility is high-energy 
scattering, but the laboratory ener 
a center-of-momentum energy 
Processes which involve only 
Compton scattering, not 
the photon propage sii 
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! particle m. will alter the process. Other electro- 
.dynamic processes, such as bremsstrahlung and pair 
production, usu&lly involve such a small momentum 
transfer that nuclear size itself is unimportant. In 
estimating thé electromagnetic effects in proton-proton 
scattering, and in the properties of light nuclei, the two 
alternatives have slightly different effects, but they 
would be masked by the greater uncertainty in our 
knowledge of nuclear forces. 

A modification in the Coulomb law would alter 
slightly the results of other experiments. For example, 
the radit of nuclear charge distributions deduced from 
mu-mesic atom level structure and high-energy electron- 
nucleus scattering would be reduced slightly. For mean 
square radii the effect is given by 


(r?)ovs = (r*\charget (72)... 


There would also be some alteration in the nuclear 
surface thickness. 

The theoretical implications of such a modification 
in quantum electrodynamics have been discussed by 
Feynman,* in an article reviewing the present situation 

- jin fundamental theoretical physics, and we will re- 
d capitulate some of the points discussed. The renormali- 
zation view of the theory regards the cutoffs as mathe- 
matical devices to eliminate divergences, with no 
physical consequences. In contrast to this, Feynman's 
viewpoint is that they are the manifestation of effects 
not included in the present theory, which we do not 
know how to describe in a more fundamental way. 
According to the former view the theory cannot be used 
to calculate quantities which depend sensitively on 
the cutoff—the neutron-proton mass difference, for 
example. From the,latter view, such quantities can be 
used to give information about the cutoff. Feynman's 
results for the IV — P mass-difference correspond to a 
cutoff of the same order of magnitude as that required 
for the electron scattering. 

Vacuum polarization affects the photon propagator 
in the manner indicated by Eq. (4.2), but in the 
opposite direction to that of a finite size. Feynman 
brings about the finite size modification described by 
Eq. (4.2) by introducing “heavy photons." Because 
their potential must at short distances cancel the 
—— — Coulomb potential, it is unfortunately necessary that 
E. = their coupling constant be imaginary. As has been 
- — discussed by Feynman, this leads to very fundamental 

ifficulties with regard.to conservation of probability. 
fact it seems to be impossible to obtain the finite-size 
. effects required from a consistent, poirit-interaction 
Š theory. Genera}, arguments lead to an expression for 


i. 
v. 


i ined in Hahn, Ravenhall, and Hofstadter 
gee ACLI the nuclear surface thickness is 
ae bout 13%, while the value of c (the point where the 
T Ed dropped to a half of its central value) is 


tribution has ; 
yy about one percent: |... Ciênc. 26, 1 (1954). 
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the renormalized photon propagator of the form! 


E 


Drie f oaeee), 


0 


(4.3) 


where o(x*)20. The form factor must then be of the 
general form 


f ONA 


E40 


ce- h- 


=] 


+f o (i2) dx?/x? (q?-+ x?) (4.4) 


Even though it may not be possible to expand the 
integral of Eq. (4.4) in ascending powers of @, it is 
clear that the whole expression is an increasing function 
of q^, and so cannot represent a finite-size effect. 

Thus, unless it is possible for pion-nucleon theory 
to explain the large core size, it seems necessary to 
make a fundamental revision of present electrodynamic 
theory. Theoretical arguments concerned with the 
consistancy of the theory have been advanced by 
many authors” for such a revision, and the nucleon-size 
experiments may be the first experimental manifestation 
of this need. It may be necessary to describe nucleons 
by nonlocal fields, or even to alter our usual concepts of 
space at small distances. 


Finite Electron Size 


As can be seen from Eq. (2.1), the experiments could 
also be explained in terms of a finite electron size. 
Most of the remarks made in connection with the 
modification of the Coulomb law apply here also. In 
particular, electron-electron scattering at ultra-high 
energies would distinguish this possibility from the 
others. The main objection to this explanation is that 
there is no reason why the Dirac electron theory should 
break down at this particular wavelength, since it is 
clearly valid to wavelengths considerably shorter than 
h/mce, its natural length. We do not regard it as a very 
likely explanation of the experiments. 


46 Section 25c of reference 1; G. Källén, Helv. Phys. Acta 25, 417 
(1952); H. Lehmann, Nuovo cimento 11, 342 (1954); J. S. Schwin- 
ger, Lectures at Stanford, 1956. We would like to acknowledge the 
clarification of these points produced by Professor Schwingers 
stimulating lectures. : 

* G. Källén, Proceedings of the CERN Symposium (Geneva, 
Switzerland, 1956), Vol. 2, p. 187; L. Landau and I. Pomeranchuk, 
Doklady Akad. Nauk. U. S. S. R. 102, 489 (1955) [a review of 
the work of Landau and colleagues on this subject is given in 
Pomeranchuk, Sudakoy, and Ter-Martirosyan, Phys. Rev. 103, 
784 (1956) ]; J. S. Schwinger, reference 46. ; 

T Note added in proof.—A recent determination of the electron's 
magnetic moment by P. A. Franken and S. Liebes, Jr. [Phys — 
Rev. 104, 1197 (1956) ] gives the result that (ue/u0)exp=1-- a/2x) 
4-(0.72-2.0) (2/22). The value of the third term predicted by 
quantum electrodynamics [R. Karplus and N. Kroll, Phys. Rev. ; 
77, 536 (1950)] is —2.973 (o/22). The discrepancy may perhaps 
be another indication of the breakdown of quantum electr 
dynamics. 3 
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5. SUMMARY 


An examination has been made of the present 
experimental situation regarding the electromagnetic 
structure of nucleons. It is difficult to understand the 
remarkable difference in charge radius between the 
neutron and the proton. Relativistic effects are not 
expected to be too important, and current meson 
theories which are charge symmetric seem to us unable 
to explain the difference. It may be that our physical 
considerations have leaned too heavily on weak- 
coupling concepts and results, but a calculation which 
does not make this approximation, and which at the 
same time does not neglect recoil, has not yet been 
made. Apart from this, there seem to be two relatively 
simple explanations: (i) that charge symmetry does not 
hold for very small distances; or (ii), that quantum 
electrodynamics fails at high energies—in other words, 
that the interaction between two charges is not (1/7) 
at very small distances. The first alternative would 
destroy the simplicity of present charge-independent 
field theories. The second would require a fundamental 
alteration of present field theory. 
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APPENDIX. GROUP-THEORETICAL TREATMENT 
OF CHARGE-CURRENT DISTRIBUTIONS 
OF RELATIVISTIC PARTICLES 


There are well-known group-theoretical arguments 
that nonrelativistic particles of definite spin and 
parity can possess only certain electric and magnetic 
multipole moments. In this appendix those arguments 
will be extended to relativistic particles, and it will be 
shown in particular that for a spin one-half particle 
the most general expression of the current density is 
given by Eq. (2.5). 

We shall be interested primarily in matrix elements 
of the current-density operator between states of 
definite momentum and spin projection 


J, (R'm ; P)8(P!— P—q)= (P’,m|ju(@|P,m). (A-1) 


The physical states of the particle, |Ps), |P’m’), 
include all of the effects of the interaction which 
produces its internal structure; here we need use only 
the information that these states form a basis for a 
representation of the inhomogeneous Lorentz group 
corresponding to a definite spin. The operator j,(g) is 
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the Fourier transform of the current-dénsity operator 


Jul) — (20) | jule) d'a. (A-2) 
The 6 function representing energy and momentum 
conservation arises from the fact that j,(«) may be 


expressed 


jux) = e PV j (0)e Pv, (A-3) 


where P, is the energy-momentum operator for the 
system. In momentum space, charge conservation is 
expressed by 


asl 


quu (q) — 0. (A-4) 
This imposes a condition on the matrix elements of 7, 
(P'— P),J,(P'm' ; Pm) -— 0. (A-5) 


Under a homogeneous Lorentz transformation the 
state vectors |P»:) and the operators j,(g) transform 
in a definite way (which fortunately we need consider 
explicitly only in special simple cases). Thus a knowl- 
edge of J,(P’m’; Pm) for one pair of momenta P, P' 
and all m, m’ will determine J, for all other Pm, R'm’ 
that can be reached from the first set by a Lorentz 
transformation. The totality of such pairs is given by 


(P'— Py (P'— Pyzg. (A-6) 


Thus, for a given gq’, the current density is charac- 
terized by at most 4(2s4-1)? independent constants: 
in fact, as we shall see, the actual number of such 
constants is (2s+1). For a given value of q? it now 
seems appropriate to study the properties of the current 
density for some particularly simple values of P, P". 
The simplest choice seems to be 


ee ee 


(A-7) 


For simplicity we orient the z axis along q; then since 
qo necessarily vanishes for this combination of momenta, 
Eq. (5) reduces to 


R 


(A-8) 


It will also be convenient to take the direction of spin 
quantization along the z axis. Then under a rotation 
about the z axis through an angle ¢, the states and the 
operators j, will transform according to 


R.(¢)|34,m)= ei* | +3q,m) 
Rl) jl) R47 (6) —jo(9) 
R.(9)Lj«(g) 2e (9) IR Os d 


J.(4q,m/; —$q,m) — 0. 


From this we can easily deduce that isi 
the m dependence) 


Ja (m'm)— J me | 


E urther E. can be obtained by making the 
. following combination of transformations: (i) space 
- inversion, which leaves mm, m’ unchanged, but reverses 

the sign of q and the spatial components of ją; (ii) 
- rotation of 180? about the y axis, which reverses the 
— sign of m, m’, but restores the original sign of q and 
the x component of j,. Since this combination of 
operations must leave the matrix element unchanged 
(the specific effect of the parity operation on the states 
of the particle cancels out because the particle has 
definite parity), we find the relations 


A(m)— A (—m)- A(|m]) (A-12a) 
Bs. (m) = — Bx (—m). (A-12b) 


The minus sign arises from the fact that R,(v) |3q,m) 
—(—1)*7|—2q,—7), according to the usual con- 
ventions. The reality properties of the operators 


j* (a) —j.(— 9); *(9) -3(—9), (A-13) 


in combination with a space inversion, lead to the 
further relations 


A* (m) — A (m) (A-14) 
B4* (m) — — Bx (m4-1). (A-15) 


__ Thus the A's are real. The reality properties of the B's 
— are not fixed by the present considerations alone, but 
— it can be shown by time-reversal arguments‘? that 
By(m)— B,[(m--1) for the usual choice of phase of 
the angular momentum states. When this is combined 
= with Eqs. (A-12b) and (A-15), it is seen that the B's 
fz E also real. No additional information can be obtained 
_ by considering rotations about the x and y axes since, 
in contrast to the situation in the nonrelativistic case, 
preferred axis (q) énters the definition of the spin 


“We may now illustrate these results for the few 
lowest spins. 


Spin Zero 


The m label may be omitted, and for the special 
hoice of momenta we have simply 


Jo— A (g)), (A-16) 
“J=0. 
el be puse in covariant form, 
TG ;P)= UPD (P4-P^),F(g), (A17) 
u, arta (g). (A-18) 


orm for the current density of a Klein- 
eC % by a form factor F(?), 


A new feature arises in the case of spin one | 


- 
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which may represent possible internal structure. We 
emphasize again that it is not necessary to assume the 
particle to be a Klein-Gordon particle, but only that 
it is a spin-zero particle. 


Spin One-Half 


The nonvanishing matrix elements may be written 
out explicitly 


Jo($; ? 2)= Jo a —$)- A (q?), (A-19) | 
J.(—38;23)9 —J_@; —$)— B(g). — (A-20) 


Inorder to write these in covariant form, it is convenient 
to introduce Dirac spinors which transform in the same 
way as the states | Py); these are the usual quantities 
Ypm, Which for convenience we take to have the rela- 
tivistic normalization 


(A-21) 


D m VPm >= Ihe 


The form of current density given in Eq. (2.5) has the 
right transformation properties and the arbitrarines 
necessary to fit the two functions A and B; it is therefore 
one possible way of writing Eqs. (A-19) and (A-20) 
covariantly. Any other covariant forms can always be 
reduced to Eq. (2.5); this analysis shows also that the 
most general covariant expression for a current which 
is not conserved is given by Eq. (4.1). The relation 
between A, B and Fj, Fs is 


A (P) - eL Fi(g?) —«(g/4M?) F(q)) J, 


(A-22) 
B(g)) -2e(|g| /2M)LFs(g?) 4-«Ps(g))]. 
We may also define a “charge” form factor by 
Faq?) - LM/ M 192] 
XLFi(g) -x(g/4M?)Fs(g)]. (A23) 


The factor M/ (M?-4-1q?) is the reciprocal of the usual 
E/M factor in the relativistic charge density [see 
Eqs. (A-17) and (A-18) ]. 

We can now see why there is an ambiguity in calcu- 
lating the nucleon's charge distribution according to a 
fixed source meson theory. In the limit M—o, there 
is no distinction between A (q?)/e, Fi(g?) and Fa . 
however, for finite M we do not know with which 
quantity the static charge distribution is to be associ- 
ated. The difference between the first and second — 
possibilities is just the Foldy term, which is not negli- 
gible. The difference between the first and third | 
possibilities is associated with the Lorentz contraction - 
of the charge and it is comparatively unimportant fo 
the analysis of the present paper. 


Spin One 


y to specify two gee? in 
2 mee | 


er- 
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determine the charge density completely. The’ new 
constant is clearly associated with the possibility of an 
electric quadrupole moment, so we write the charge 
density in the form 


Jo(m'; m)=A1(q)bmrm+ As(g?) (m*—2)8,,. (A-24) 


The second term has been so chosen that it vanishes 
upon averaging over m. Only one constant is needed 
to specify the current density in the special Lorentz 
frame. 

This result has applications to electron scattering 
from deuterium. R. Blankenbecler? has performed such 
a calculation by expressing the current density in a 
covariant form using the 8-matrix formalism. 


Spin Three-Halves and Higher 


One new constant is needed to describe the current 
density of a spin three-halves particle. It is associated 
with the possibility of a magnetic octupole moment 
and occurs explicitly because J4,($,3) and J,(4, —4 
are not related to each other by group- cssc 
considerations. In this way, every increase of the spin 
by one-half will result in the possible addition of an 
electric or magnetic multipole moment. 


Cross-Section Formula 


In practical applications we often have to evaluate 
quantities of the form 


VJ, ad ») Ay 25 


s+1 mm’ 


XJ,* (Pm ; P’m’)J,(P’m'; Pm). (A-25) 


In the special Lorentz frame it is easy to see that 
('o*J o) — A?, 


(JJ i} =Q, 
à (A-26) 
B3, 1=%,9, 
SFT w= le : 


? 1—2, 
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where 
1 
=—— . |A(m)|?, I 
aul! (m)| c 
he (A-27) 2 
hae —y |B, (mn) 2. A 
zum 9l | 
Defining P,— P,--P', Eq. (A-26) may be expressed — — 
in the covariant form m 
(Su*J,)w= A*EP,P,/ (— P?)] JN 


--B*[8,,— (qg.9//q?) — (923274221. : (A-28) if 


In order to calculate the cross section, a similar sum 
must be carried out over the electron spins; the result is 


GM, ad) N= (e/ 2m?) { (4+5?) E 
xL-e-— (P-ky/P*H-2B'g), (A-29) 


where k,— k,-- k,'. From this the cross section may be — 
obtained directly in any coordinate system by inserting — | 
the proper expressions for incident flux, density of 
final states, etc. 


Possible Extensions of the Method 


The same method may be applied to the matrix 
elements for pair production with only changes of 
detail. In this case g?<0 and it is convenient to choose 
the frame in which q—0. Then the matrix elements of ~ 
jo vanish, while those of 7, do not. Because the range c of | 
q? is different from that for scattering, group theory © 
seems to impose no relationship between pair producti 
and scattering. However, if these matrix elements 
used directly in higher order perturbation calculatio: 
the result will not usually be gauge invariant (in spite — 
of charge conservation!), and it wiil be necessary m 1 
introduce extra terms to maintain gauge invariance. 
At present the method seems fruitful only in . 
order perturbation theory. 


procedure would be quite clear, so we shall not 
any general rules. Suffice it to say that the result is 
relativistic generalization of the usual i 
description of radiative transitions. 
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1l. SPECIAL RELATIVITY 
l(a) Basic Principles 


HE theory of relativity cannot be separated 

from the rest of physics, for every physical theory 
is supposed to conform to the basic relativistic 
principles, and any concrete physical problem involves 
a synthesis of relativity and some specific physical 
theory. 

To mention one historically important example: 
When Sommerfeld first derived the fine structure of 
the hydrogen spectrum, his success was widely con- 
sidered to be primarily a confirmation of relativistic 
dynamics. Today we know that the relativistic basis 
of his analysis was much more secure than the quantum 
theoretical one. After all, ten years were to pass before 
the electronic spin was discovered, not to mention wave 
mechanics or Dirac's theory of the electron. 

Ishall concentrate here on some of the basic principles 
relevant to all applications, and on some instances 
where relativity was crucial for the development of new 
physical theories. 

Special relativity originated from electrodynamics. 
But only the rudiments of electrodynamics, namely, 
the fundamental laws of light propagation, were 
actually used for its foundation. This was the strength 
of Einstein's position compared to that of Lorentz and 
Poincaré. Both Lorentz and Poincaré put electro- 
dynamics very much into the foreground, on the 
assumption that in the last analysis all interactions 
are electrodynamic interactions (with the possible 
exception of gravitation). The development of rela- 
tivity, however, has shown that the theory is in no way 
restricted to electrodynamics and that it is quite 
independent of our views on the ultimate nature of the 
interaction between elementary particles. 

For the purpose of this talk, I define the postulate 
of special relativity as the assertion that in the absence 
of gravitation the laws of physics have the same form 
in all inertial frames of reference and that any two 
inertial frames are connected by a linear coordinate 
transformation (inhomogeneous Lorentz trans- 
formation) 

a —aMXjx (5j-—1,---,4) 
which leaves the Minkowskian metric 

ds?= — (da)? — (da?) — (dx)? + (da)? (at=ct) (1.2) 


invariant. 2 
To make this statement unambiguous, several 


remarks must be added. 


(1.1) 


(1) Einstein’s definition of the space-time coordinates 
—in particular, his definition of simultaneity—is 
explicitly assumed. Thus the postulate contains the law 
of light propagation in free space as well as relativistic 
kinematics. E 

(2) In a given inertial frame, K, the state of a 
physical system must be given by a well-defined set 
of quantities, say, fı, ---, fn (which may or may not be 
functions of space-time), and the transformation law 
of the f, must be explicitly stated. This means that in 
a second inertial frame, K', the same state is described 
by n similar quantities f'e which are related to the 
original fe by n equations 


fla=Fa(fi,--- fn), (1.3) 
where the form of the functions Fe is determined by the 
Lorentz transformation connecting K and K’. (Dirac’s 
equation shows how intricate the transformation law 
may prove to be.) I list here indiscriminately all 
quantities describing the system, such as hydro- 
dynamical and electromagnetic ones, and the equations 
(1.3) imply in no way a close relationship between the 
various fa. 

(3) Passive and active Lorentz transformations. The 
transformations considered so far—relating the descrip- 
tions of the same physical situation in two different 
frames K and K’—may be termed passive Lorentz 
transformations. Since the laws of -physics have the 
same form in K and K’, it follows that the f^, describe 
also a possible situation in K, different, in general, from 
that described by the fa. This leads to an interpretation 
of (1.3) as an active transformation. If, in a fixed frame 
K, {fi,---,fn} is an admissible state of the physical 
system in question, so is (f^i: : *,f^4). 

(4) Finally, not all Lorentz transformations need be 
admitted. The minimal requirement is that a theory be — — 
invariant with respect to the “restricted” Lorentz 
group, i.e., the group of all transformations which —— 
involve neither time reversal nor spatial reflexions. — 
[In terms of the coefficients in (1.1) these are defined - 
by: (i) X412 0, (ii) the determinant of the Aj is eq 
to 1.] E 


As is well known, three other Lorentz 
mations may be adjoined to the restricted Li 
group: NC 


= 
a 
a 


(C) x"——«* (i—1, 


The Bicfinction of the different possibilities is 
= particularly important for the *active" interpretation. 
Thus invariance with respect to time reversal expresses 
the reversibility of the phenomena described by a 
given theory. In the past one has considered at least 
the group of all transformations that do not invert the 
time (ie. the "restricted" group together with A), 
but the recent observations on "strange" particles have 
led to the suggestion of dropping!—tentatively—the 
spatial reflexion A.* 


1(b) Experimental Verification 


Regarding the experimental verification of rela- 
tivistic kinematics, I refer to Robertson’s analysis of 
the observational basis of the Lorentz transformations.’ 
| It concerns three basic optical experiments, and it is, in 
my opinion, a particular virtue of this analysis that it 
depends as little as possible on any specific physical 
theory. As in the definition of the Lorentz group only 
the basic laws of light propagation are involved. The 
three experiments are (1) the Michelson-Morley 
experiment, (2) the experiment by Kennedy and 
Thorndike? (whose arrangement is similar to that of 
the Michelson Morley experiment, with the distinction, 
however, that the two arms along which tbe light is 
propagated are as different in length as feasible), (3) 
the experiment by Ives and Stilwell on the transverse 
Doppler effect, which exhibits the time dilation required 
by the Lorentz transformation. Robertson has shown 
that under very modest assumptions one can deduce 
from the results of these experiments—to the extent 
that such a thing can be deduced at all—the validity 
= of the Lorentz transformation (and, hence, of rela- 
— fivistic kinematics) including terms of order 1°/c?. 
Apart from these optical experiments, application 
and verification of special relativity have, of course, 
_ been mostly connected with elementary particles. This 
- holds in particular for relativistic dynamics as distin- 
guished from relativistic kinematics. 


4 


— 1See C. N. Yang’s report on new particles. 
___* Note added in proof.—In the meantime the nonconservation 
ra of parity has been brilliantly and successfully demonstrated. By 
mselves, however, the experiments do not prove that spatial 
exion must be omitted from the invariance group of special 
tivity, because—as wzs pointed out in the previous remarks 
invariance of a theory with respect to a given Lorentz 
ormation can only be adequately discussed if the trans- 
n laws (1.3) are explicitly stated for all physical quan- 
ccording to the highly satisfactory interpretation of the 
experiments by Lee, Oehme, and Yang (to appear in 
) the theory ~emains invariant if spatial reflexion is 
th charge conjugation. Thus the change in our the- 
ws does not lead to the omission of spatial reflexion 
t of admissible Lorentz transformations, but it rather 
to a radical alteration of those transformation laws (1.3) 
-h correspond to spatial reflexion, an alteration involving the 
t rom particles to antiparticles. Since heretofore charge 
} itself had been considered a symmetry operation 
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A most impressive confirmation of the kinematic 
effect of time dilation is provided by a comparison of the 
decay time of c mesons in flight with that of m mesons 


‘at rest.4 


Today there is no longer any need to stress the 
experimental verification of relativistic dynamics, 
Particles of extreme relativistic energies are an everyday 
occurrence in physical laboratories, and no failure of 
relativistic dynamics is known. This applies specifically 
to the most important consequence of relativity, namely, 
the equivalence of energy and mass. - 


l(c) Significance of Relativity for 
Quantum Theory 


Let me mention a few instances where relativity has 
been crucial for the development of quantum theory. 
I might start with the very notion of a photon, for the 
relation E— cp between the energy and the momentum 
of a particle can certainly not be understood on the 
basis of Newtonian mechanics. (Planck’s book on heat 
radiation contains a proof that light cannot be assumed 
to consist of particles, because such an assumption 
would be incompatible with the relation P= jw between 
the radiation pressure P and the density of radiation 
energy, u. Planck’s analysis rests, of course, on the 
Newtonian formula E= p?/2m.) 

The second instance I want to mention is the dis- 
covery of de Broglie’s relation. It was the requirement 
of Lorentz invariance that led from Planck’s equation 
E=hy to the relation p=h/). 

The third is the inauguration of relativistic quantum 
mechanics by Dirac. Not only did Dirac's equation 
provide the correct description of the kinematics and 
the dynamics of the electron, but it also led to the 
concept of antiparticles and to the prediction of the — 
creation and annihilation of pairs, thus turning the — 
apparent paradox of negative energy states into the 
most remarkable success of the theory. 2 

Finally, all of quantum field theory belongs here, = 
because relativity has played an increasingly important — 
role in its development, particularly during the last ten 
years. i 
In addition to these instances, where relativity has | 
been of vital importance for the discovery or the 
formulation of new laws of physics, there are some. 
general results which give a deeper insight into the 
structure of quantum theory. Firstly, the connection” 
between Lorentz invariance and conservation laws. 
Conservation laws follow whenever the field equations 
are derived from a Lorentz invariant Lagrangian. 
(Admittedly, this connection is not specifically quantum. 
theoretical, but is equally valid for a classical field. 
theory.) Secondly, Pauli’s analysis of the relation 


between spin and statistics," which is based on Lorentz 


í See reference 13 (bibliography). Here the factor (1—f 
order 1.5. : 
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invariance, and thirdly Wigner’s investigation of the 
representations of the inhomogeneous Lorentz group, 
which resulted in the classification of all free relativistic 
systems that obey the basic laws of quantum theory.® 

Relativity did not start out as a specifically atomic 
theory, but it has survived the transition from classical 
to quantum theoretical concepts. This, I believe, is not 
a coincidence, for those laws of physics which express 
a basic “invariance” or “symmetry” of physical 
phenomena seem to be our most fundamental ones. 
(Even in Newtonian physics Euclidean geometry— 
and, consequently, also the group of orthogonal trans- 
formations—plays a much more important role than 
the traditional expositions seem to indicate.) 

The present difficulties of relativistic quantum theory 
are familiar, and it is not known how they will be 
resolved. If we shall have to abandon the Minkowskian 
description of the space-time continuum the notion of 
Lorentz invariance will no longer be directly applicable. 
But there is no doubt that even then the basic rela- 
tivistic postulate of the equivalence of all inertial frames 
will remain valid in some—suitably modified—form. 


2. GENERAL RELATIVITY 


This second part is concerned with the classical theory 
of general relativity as originally formulated by 
Einstein. Various attempts to go beyond this theory are 
surveyed in Parts III and IV.{ 

Ishallanalyze the logical and mathematical structure 
of general relativity in much greater detail than I did 
in the case of special relativity in Part I. For one thing, 
special relativity is an every-day working tool of many 
theoretical physicists, whereas general relativity is not. 
For another, many of the details are relevant to the 
discussion in Parts III and IV. 

Familiarity with the elements of Riemannian 
geometry is assumed—to the extent that they are 
treated in Einstein’s “Meaning of Relativity.” I also 
follow Einstein's notation. 


2(a) Basic Principles 


General relativity starts with Einstein's equivalence 
principle. It follows from the equality of inertial and 
gravitational mass that for purely mechanical phe- 
nomena a uniformly accelerated frame of reference is 
equivalent to a frame at rest which carries a uniform 
gravitational field. (“Acceleration’” and “rest” are 
taken here with respect to an inertial frame of 
Newtonian mechanics.) Einstein's principle postulates 
the equivalence of such frames for all physical phe- 
nomena and thereby makes gravitation an integral 
part of general relativity. The analysis of even the 


6 See reference 15, also 16(a), (b). f 
t Note added in proof. —The July issue of the Reviews of Modern 
Physics will contain a number of papers on various aspects of 
general relativity, in particular on the quantization of covariant 
theories, a question which is only briefly discussed in part IV 
of the present article. 
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simplest cases shows that coordinate differences are no 
longer directly measured by clocks and measuring rods. 
Thus, one is led to the introduction of general coordinate 
systems for the local description of the space-time i 
continuum. 

General relativity rests, then, on the following 
assumptions: 


I. General covariance. 'The laws of physics have the 
same form in all coordinate systems. 

II. Local validity of special relativity. The laws of 
special relativity hold locally in a coordinate system 
with vanishing gravitational field. 

'To these must be added 


III. The precise form of the field equations. 


Let me begin the analysis with assumption II. : 
First of all it is meant to imply the existence, in the 1 
neighborhood of a given point in the space-time 1 
continuum, of a frame of reference in which no gravi- 
tational field is present. In this Lorentz frame we have 
a Minkowskian interval 


ds?— — (day? — (da?)?— (dx)?+ (dat)? (2.1) 


which is measured by “ideal” clocks or measuring rods 
according as ds*>0 or ds? «0. In an arbitrary coordinate 
system this interval takes the form 


(gie gs) (22) 


the components g;; of the metric tensor being functions — 
of the coordinates. Here is the origin of the Riemannian — 
structure of the space-time continuum, which is 
fundamental for general relativity. 

Secondly, in a Lorentz frame the world line of a test 
particle is a time-like straight line in the absence of 
external forces, so that d?*x'/ds*—0. For a general 
coordinate system this leads to the principle of the 
geodesic line: In a purely gravitational field, the world | 
line of a test particle is given by the equations A 


ds?— g i dx'dx* 


dx? dxi dx 
—+T;,.*—_—=0 
ds? S 
dx’ dxi : 
Siz aU 


Here, Ij? are the coefficients of the affine conne 75 
defined by the metric tensor, 
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i 
the coefficients T and, hence, by the derivatives 
0g;;/0x*. The gi themselves act as the potentials of the 
gravitational field and thus appear in their dual role 
describing both the metrical properties of the space-time 
continuum and the dynamical action of gravity. 

In the neighborhood of a given point Po of the space- 
time continuum a coordinate system (‘‘geodesic” 
coordinate system) can be introduced such that at Po 
(1) the line element has the Minkowskian form (2.1) 
and (2) all coefficients D;;? vanish (ie., the giz are 
constant in first approximation). This well-known 
mathematical fact clearly demonstrates the dependence 
of the gravitational field on the frame of reference, 
and it also permits us to express the “local validity" 
of special relativity in a precise mathematical form. The 
coordinate system referred to in assumption II is such 
a geodesic coordinate system, for which the gravitational 
field vanishes at Po. 

With the help of the principle of general covariance 
the equations of special relativity can then be ‘“‘trans- 
lated" into general relativity in an unambiguous way 
if we assume the general relativistic equations to 
contain no higher than first-order derivatives of the 
gik, and if no new quantities, in addition to the metric 
tensor, are introduced to describe the system in 
question.? 

Examples are Maxwell's equations, the equations of 
hydrodynamics; furthermore, the equations of motion 
for a charged particle in an external electromagnetic 
field, which are obtained by inserting the relativistic 
Lorentz force on the right-hand side of (2.3). (One 
might also mention the world line of a light ray, which 
is a null geodesic as follows from Maxwell's equation.) 


2(b) Field Equations of Gravitation 


To establish the field equations we must go beyond 
special relativity. In the case of a weak static gravi- 
tational field, (2.3) go over into the Newtonian equa- 
tions of motion if one sets in first approximation 


£17-14-29/c, (2.5) 


where $ is the classical potential of Newtonian gravi- 
tation. The general relativistic equations ought to be 
obtained by generalizing Poisson's equation 


Vb = 4myp 


(y= Newtonian gravitational constant, p=mass density 
of the sources of the gravitational field). In view of the 
= special relativistic principle of the equivalence of mass 
— and energy p must be replaced by the total energy 
. density of the sources, or rather by the total (sym- 
- metric) energy-momentum tensor Ti; of the sources. 
Hence, we are led to a tensor equation of the form 


Hg-Ti, (2.6) 


ification is added does the principle of 
SAM igna unambiguous meaning. [See also the 
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where the components of the symmetric tensor Hj 
are universal functions (ie., the same in every co- 
ordinate system) of the gix and their derivatives, To 
maintain the analogy with Poisson's equation the 
following—very modest—assumption is added: H 
contains no higher than second-order derivatives of 
the gix, and it is linear in the second derivatives, The 
mathematical analysis shows that Z;; has then neces- 
sarily the form 


H j= Rijt agi; R+ ag ij, 


where A;; is the contracted curvature tensor, R the 
curvature scalar, and the a; are constants.’ 

In a Lorentz frame the energy-momentum tensor 
satisfies the conservation law, 


0T /dxi=0, (2.7) 
which implies for a general coordinate system 
T 3.,—0. (2.8) 


Here, and in the sequel, the semicolon indicates 
covariant differentiation. In view of the assumed field 
equations (2.6) we must then have Z7,;—0, which is 
generally true if and only if a= — j$a;, for in every 
Riemannian space the curvature tensor satisfies the 
“Bianchi” identities 


G?.,—0 (Gij=Rij—43gijR). (2.9) 
Dividing by a, we obtain finally 
Gij Agi-— KT; (2.10) 


(with A— as/a;, x= —1/a,). Comparison with Poisson’s 
equation for a weak gravitational field (produced by a 
mass distribution of low density) shows that 


Kk Sry/ct 


if Ti; has the dimension of an energy density. 
'This completes the derivation of the field equations 

to the extent that they are determined by the assump- 
tions made. The cosmological constant A—which has 
the dimension 1/(length)—remains undetermined. 
Einstein introduced it—reluctantly—in 1917 in order 
to account for a static universe on the basis of general 
relativity, but later, particularly when the idea of a 
static universe had to be abandoned, he strongly - 
advocated discarding it. I believe that many physicists È 
share this view today. Although the astronomers will - 
probably have the last word on this question, I may 
indicate some of the objections: (1) A universal length — 
A“ is introduced whose value is in no way determmed i 
by the theory. (2) Even in the,absence of any sources 
(T;=0) the Minkowskian metric form is no longer a 
solution of the field equations—In any event, t 
length A-! has cosmic dimensions so that A may 
disregarded in all applications outside of cosmology 
Accordingly, I shall omit it throughout most of 
following discussion. 


RELATIVITY 


In a complete description of a physical system, Ti; 
will depend on other field variables (electromagnetic, 
hydrodynamic, etc.) which in turn satisfy an additional 
set of field equations (Maxwell's, Euler's etc.) 


2(c) Consequences of the Covariance of 
the Field Equations 


'The covariance of the relativistic field equations has 
striking consequences. I shall confine myself to the 
gravitational equations, but what I have to say holds— 
with minor modifications—for any covariant set of 
equations, in particular for any general relativistic 
unified field theory. 


Continuation properties” 


Consider a pure gravitational field (7;;=0) with 
vanishing cosmological constant. Then 


G ;j— 0. 


Given the "initial values" gip and 0gü/0x' on the 
hypersurface S which, in a suitable coordinate system, 
has the equation x*—0. To what extent do the field 
equations determine the continuation of the gix in the 
x* direction? The covariance of the equations implies 
immediately that the continuation cannot be uniquely 
determined, for if g;;(x) is a solution with the given 
initial values, so is any field g'a(x) obtained from 
£u(x) by a (continuous) change of the coordinate 
system outside SS. 

If, everywhere on S, ga40 (geometrically: if S 
nowhere touches the local light cone gixdx‘dx*=0) the 
covariance of the theory may also be utilized as follows: 
Assuming the a* direction time-like, we may introduce 
a coordinate system in which 


gu=g=1; gia git-0 E 273). 


Then we are left with ten equations (G;,=0) for only 
six unknown functions gag(o, B= 1, 2, 3). One finds that 
six equations (viz., Gag=0) determine the continuation 
in the a* direction, i.e., they may be solved for the 
derivatives ?g,5/(0x*)?, while the remaining four 
(G44—0, G4, 0) are conditions to be satisfied on a 
section x!— const. 

Finally, once the conditions G44—0, G44—0 are 
satisfied for xt=0 and the gag are determined from the 
six equations G,5— 0, the field equations must insure the 
validity of G4,— 0, Gss=0 also outside the hypersurface 
S. That this is indeed the case follows from the Bianchi 
identities G?,;—0 [see Eq. (2.9)] which, in the co- 
ordinate system we have chosen, imply 0@,./dx'=0, 
AG 44/dx'=0, where G= |g|!G* (g=determinant of 
the gir). 

It should be emphasized that these are purely local 
considerations. Strictly speaking, they hold for a 
sufficiently small part of S and for sufficiently small 


10 See reference 3 (bibliography), Chap. II, in particular pp. 
31-32. 
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values of a*. Little is known on the very difficult 
question of how far the g;, may be continued free of 
singularities. 


. 
Identities and Conservation Laws" 


The covariance of the field equations, by itself, does 
not insure the existence of the necessary identities. 
But if the field equations are derived from a covariant 
variational principle, the identities as well as the 
conservation laws may be deduced. This fact demon- 
strates the importance of a variational principle for 
covariant field equations. 
Einstein's gravitational equations (2.10) are obtained 
from 4 


ô fao; e-9L-algi—,. — Q1) 


Here, g is the determinant of the ga, |g| its absolute 
value, R= |g|!.R, and €, is the nongravitational part 
of the Lagrangian, the subscript s referring to the 
sources of the gravitational field. For pure electro- 
magnetism, 


(2.112) 


CON en ie PUR RS epa 
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The quantities to be varied are (1) the components gix 
of the metric tensor and (2) whatever additional field 
variables are contained in £, (e.g., the four components 
of the vector potential in the electromagnetic case). 
Variation of the giz yields the gravitational equations, 
variation of the other variables the remaining field 
equations (for example, Maxwell's equation). As usual, 
the variations of the field variables (and, if necessary, 
of some of their derivatives) are supposed to vanish 
at the boundary of the fixed four-dimensional region 
over which the integration is extended. 

I shall illustrate the procedure for the derivation of 
ideutities for the pure gravitational field, ie., for 
$—9t (setting A—0), the essential fact being that 9t 
is a scalar density.” 

We first define the following transformation of fields. : 
(1) Assume that with every point x of some region in — 
space-time a point y is correlated by the equations 


yi-y(x) or y=y(x). 
(2) This point transformation induces a corresponding 


Toe 


transformation of scalars, vectors,eetc.: A scalar field 


11 See reference 2 (bibliography), art. 23. E 

12 While the essential features of the method are cor 
described here the particular form (B), (C) of the 
laws is obtained if we follow the customary proced 
$t by a Lagrangian $' which contains only fi 
of the gix. € is formed by subtracting from Jka st 
$/—9:—9'/0x5. [See reference 2, art. 23 or 
(bibliography). ] &” is no longer a scalar dens 
ôl induced by (2.14) is still a div 
(2.14a) and (2.14b) remains the cruc 
9t must now be expressed b val 
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$ (x) is Co onned into 
fg’) =o(y(x)), 


a covariant vector field v;(x) into 


ày* 
v; (a) —— 7». (2)); (2.12) 
Ox; 


contravariant vectors and tensors of all ranks and types 
being transformed accordingly. 

Jt is a universal function of the g; and their deriva- 
tives. If the “transformed” values g’ i; (a), 9g' x/dx! etc., 
are inserted, one obtains 


R (2) =R (gal Ig a/9x'- - -) 2J-9t(y(x)) (2.13) 


(J is the Jacobian 9 (yl, - -,y5)/8 (al,- - -,2*)) because 9t 

is a scalar density. Incidentally, it is precisely at this 

point that the covariance of the theory is used. 
Introducing a family of transformations 


y(x,e) =x e£ (2), 
we find that, for a given choice of the functions é*, the 
transformed field variables are turned into functions 
of x and e. Their variations are the first-order terms 
of their expansions in powers of e, thus [from (2.12) ] 


ð otk Q7; 
ôv; = e—37; (x, €) | -o= (S 3 
de GP —— Gn 
(2.14) 
92^ OB Oey 
àg;j— (er nat 2) 
Ox; Ox? ðx* 


The variation of Jt may now be expressed in two ways. 
On one hand, . 


oR oR o Ôgij 
Miro A (si) 
Ogi; Og, k Oxk Oxk 


or, using the standard device of variational calculus, 


EP 

ô= — G%5g;;+— (2.14a) 
Ox* 
(G4 are the left-hand sides of the field equations, $8: 
ate expressions linear in the variations 6g;; and their 
derivatives.) On the other hand, since §t is a scalar 
density [see (2.13) ], 
i 


Qt oR ð 
se (Ane p)= Ew. (2.14b) 


on! Oa 


S T $ i incide for every 
Pe “he last two expressions for ôN coincide r 
; A p if TUA variations (2.14) are inserted in 

(2 14a). Equating the cioefficients t the * ae Z nr 
DE ati Sous orders in (2.142) and (7. 
peoe A oe d. series of relations which hold 
P f whether tor not the field equations are 
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In the case of $t these relations may. be reduced to 
the following three sets: 


f 93 19g; 
A) ger -8;—0. (G87—]|g|19,) 
Ox? 2 ðx? 
ð 
(B —@/-Us)=0. ’ 
Ox? 
99 (,7* 
G/-Uv= a , = 
Ox* 
(C) 


ð 
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I turn now to the interpretation of these relations. 
(A) are the Bianchi identities whose significance for 
the field equations [ have discussed already. The 
equations (B) constitute conservation laws for energy 
and momentum. (The ll; are quadratic in the gravi- 
tational field). Using the gravitational field equations 
(with A=0) 


© f= —«S = —x|g| TT 
we may rewrite (B) in the form 
96; 


Ox? 


(2.15) 


=0; Gf=T/+t,, 


where &,/ is the energy-momentum density of the 
gravitation producing field, while t?— —«-1; may 
be considered the gravitational part of the total energy- 
momentum density. The t; form a "pseudo-tensor" 
density, i.e., they transform like the components of a 
tensor density only under linear coordinate trans- 
formations. (At any given point in space-time, the t; 
vanish in a geodesic coordinate system, in which the 
gravitational field vanishes.) 

Regarding the equations (C) we see, first of all, that — 
the conservation equations (B) follow from them, inview — - 
of the antisymmetry of 2,7* in 7 and k. Furthermore, 
they greatly facilitate and clarify the transition to the 
conservation laws for total energy and momentum. 
These may be defined for an isolated system whose 
metric is “asymptotically Minkowskian," so that, ina 
suitable frame of reference, the gi approach the special 
relativistic values sufficiently fast as r= ((x3)d- (€)! 
+ (43)?)1— œ. Then the integrals 


J. i= f e 


(extended over a three-dimensional section «= const 
exist, and in virtue of the local conservation law 
8€5;/0xi—0 they are independent of the "time"; 


13 Explicit expressions for 11;? in reference 2 (bibliograp 
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It follows from (C) that then 


J ;= Jim gu ends) (8—1, 2, 3). 
Sa 


a) 


(Sa is the "sphere" r— a, and ng are the components of 
its outward normal.) These last integrals are, in many 
cases, easy to evaluate, and they show explicitly that 
total energy and momentum are uniquely determined 
by the values of the gi; for large 7, irrespective of the 
specific nature of the system considered.“ Likewise, if 
we apply a coordinate transformation which does not 
change the asymptotically Minkowskian character of 
the metric and is thus asymptotically (for large 7) a 
Lorentz transformation, the J; themselves undergo 
this same Lorentz transformation.!® 


2(d) Problem of Motion 


Of the later developments in the theory of general 
relativity proper (i.e., excluding for the present the 
attempts at constructing a unified field theory) I 
shall mention only the analysis of the problem of 
motion, which is of considerable interest. 

This problem concerns two related, but separate, 
questions. The first is the motion of a test particle 
(a particle of vanishing mass) in a given gravitational 
field. The second is the z-body problem where the 
task is to find both the gravitational field produced by 
n particles and the motion of these particles. I shall 
briefly review some of the more recent work in this 
direction. 


Motion of a Test Particle 


We have seen that the principle of the geodesic line 
is one of the assumptions of the theory, adopted from 
special relativity. Rather early the question was raised 
whether it could be derived from the field equations. 
Infeld and Schild!® treat this problem as follows: 
Given a gravitational field gi, free from singularities. 
The world line Lo of a test particle is regarded as a 
limiting case (for m—0) of the world line Lim) of a 
particle of mass m, which is treated as a singularity 
of the field. Thus, no energy-momentum tensor (T;;) 
need be introduced, and outside Lm) the free field 
equations G;;=0 (or R;;—0) are satisfied. Both the 


M For a static field whose metric form coincides with the 
Schwarzschild line element for large r one finds J4-mc, 
J;=0(¢4). Here m is the mass constant that appears in the 
Schwarzschild line element. 

15 The connection between the covariance of the field equations 
and the identities and conservation laws was recognized very 
early. The method described here was developed and studied by 
Einstein, Hilbert, Klein, Lorentz, and others. [For full references 
see Pauli, art. 23.) But it was not until 1939 that an explicit form 
for (C) was first derived (by Freud, reference 18 (bibliography). ] 
The particularly simple expressions used here are due to Landau 
and Lifschitz [reference 5 (bibliography), Eq. (11-78) ].—For 
recent investigations on this subject see references 35a, 19, 20, 33 

bibliography). i 
( 16 See reference 21 (bibliography). 
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field and the world line Lm) depend on m. As m—0, 5 
it is assumed that the field converges to.the given field - 
£i, and that the world line approaches a limiting 
position Lo, the test particle's world line. Infeld and — - 
Schild show that Lo is necessarily a geodesic line of the 
metric gik- " 


n-Body Problem =a 


This problem, which is considerably more compre- d 
hensive and also more difficult, has been investigated E- 
by two groups: By Einstein and his co-workers" 
(in particular Infeld), and by Fock! and some of his 
students. Both groups use approximation methods 
adapted to the assumption that, in a suitable frame of bh 
reference, the velocities are small compared to the 
velocity of light and that the gravitational field is 
relatively weak (so that the Minkowskian metric may 
serve as a starting point for the approximation pro- 
cedure). In addition, both assume an asymptotically 
Minkowskian metric, hence treat the n bodies as an 
isolated system. 

Einstein treats the n bodies as point particles, i.e., 
as singularities of the gravitational field and has, 
therefore, merely to satisfy the free field equations 
(R;,— O0) outside the singularities, so that he can avoid _ 
the introduction of a specific energy-momentum tensor. 
In addition, it is explicitly assumed that each singularity - 
has the character of a pole—not that of a dipole or 
higher pole—and that no spontaneous radiation is 
emitted. The masses of the particles appear as inte- 
gration constants, and it follows from the analysis ^. 
that they are time independent. The first approximation - 4 
yields the Newtonian potential and the Newtonian law — . 
of motion. The second approximation, yields additional 
terms, from which, for example, the advance of the  — 
perihelion of a planetary orbit may be derived. - er 

Fock works from the start with extended bodies — 
described by a suitable energy-momentum tensor T; - 
and deals thus with a combined gravitational anc 
hydrodynamical problem. If the linear dimensio; 


HU 


distances, he obtains the same results as Einstein 
has, however, gone further by allowing not oi 
translatory but also rotatory motion, and has a 
investigated the (gravitational) radiation problem 
detail. E 


2(e) Mathematical Investigations of the 
Free Field Equations 


EM. 


Since the gravitational field equation 
by generalizing Poisson's equation ° 


17 See reference 22 (bibli 
.' The whole Chap 
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density p, oné may expect similar results for them, in 
particular, that for vanishing 7'; no stationary gravi- 
tational field exists. I refer, of course, to a field free of 
singularities. This has been proved under very general 
assumptions. The strongest results are due to 
Lichnérowicz.? They relate to a field which, in a 
suitable frame of reference, is independent of the time 
like variable x*. The assumptions on the three-dimen- 
sional space S of the coordinates x!, a?, a? are of two 
kinds: Either S is closed, in which case no further 
conditions are needed; or S is infinite (topologically 
Euclidean) and, in addition, asymptotically Minkow- 
skian. In both cases the Riemann curvature tensor 
vanishes, and the space-time continuum is (at least 
locally) Minkowskian, although for a closed S it is, of 
course, topologically different from the Minkowskian 
world of special relativity. 

Very little is known on the nonstationary case. 
(The classical analog would be the wave equation— 
instead of Laplace's equation—which does admit 
solutions with the proper asymptotic behavior.) This 
question certainly deserves further study. It would be 
highly interesting to know what kind of solutions, if 
any, are possible. é 

In this context I should like to mention Wheeler’s 
work,” which deals no longer with the pure gravitational 
field, but with the Einstein-Maxwell theory, the 
combined gravitational and electromagnetic equations 
for a field free of charges and currents. Wheeler con- 
structs solutions, his ‘‘geons” (short for gravitational- 
electromagnetic entities), which have the properties of 
“bodies”: The electromagnetic field remains confined 
to a finite region under the gravitational attraction 
produced by its own energy density. The mathematical 
analysis is partly based on approximations, but it has 
been made highly probable that rigorous solutions of 
this kind exist. 

Due to the “weakness” of gravitational interaction 
the ratio of the linear dimension R and the mass M of a 
geon has the uncomfortably small order of magnitude 


y/2=0.74X 1075 cm/g 


so that either the extension or the density of a geon 
1s tremendous. 


2(f) Verification of General Relativity 
by Astronomical Observations" 


There are the three classical astronomical effects. 
(1) The observations on the advance of the Mercury 
_ perihelion are now in very good agreement with the 
theory. (2) As xo the deflection of light in the gravi- 
tational field of the sun, it is generally admitted that an 


t of the predicted order of magnitude exists, but 


is no unanimity among astronomers as to whether 


reference 3, Chap. VIII (bibliography). 
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the theory is quantitatively confirmed.” (3) Finally, 
there is the gravitational shift of spectral lines. The 
theory predicts 


(vo— Ve)/Ve= (6«— $0) /c*. 


Here, v, and vo are emitted and observed frequencies, 
respectively. The emitting light source and the observer 


are assumed at rest in a static gravitational field. à, ~ 
and ġo are the corresponding values of the Newtonian 
potential, which provides ap excellent approximation 
in all cases of interest. For a star, e= —4M/R z 


(M — mass, R=radius of the star), while the terrestrial 
ġo is negligible. Thus we have the red shift 


(vo— v/v, — —yM/Rc 


which for the sun has the order of magnitude 2X10-. 
For rays coming from the limb of the solar disk, the 
observed red shift has the theoretical value, but it is 
smaller for all other rays from the sun. Although an 
explanation for this behavior may be given, this is still 
an inconclusive result. The theory seems best confirmed 
for some stars of very high density (e.g., the companion 
of Sirius), for which the red shift should indeed be 
considerably. bigger than it is for the sun. Unfortunately, 
in these cases M and R are not very accurately known. 

It may be that in the not too distant future terrestrial 
experiments will, at long last, become possible. For an 
observer on the earth, and the emitting light source 
at rest at height #, we have a “violet” shift 


(vo— Ve) / ve gh/ c? 


(g— gravitational acceleration on the earth’s surface). 
If 5— 1 km, this shift is of the order 10-5, still outside 
the range of the most accurate detecting devices. Here 
the artificial satellites? may provide the solution in 
magnifying the effect by a factor 10°. (The Doppler 
effect due to the satellite’s motion changes the shift 
into a red shift, as long as / is smaller than half the 
earth’s radius, but does not appreciably alter the order 
of magnitude of the effect.) 

Unfortunately, I do not have the time to talk here 
about the field of cosmology, the field on which general 
relativity has had by far the most fruitful and stimu- 
lating effect and which is now advancing so rapidly, 
due to the recent extraordinary achievements of - 
astronomy. Let me stress just one fact. For a long time, 
as you know, the observed value of the Hubble constant — 
was very disquieting because the age of the universe — 
appeared smaller than the age of the earth's crust as 
determined from radioactive measurements. During 
the last few years, however—mainly through Baade's: 
work?'—the distance scale of distant nebulae has more 


? See R. Trumpler's report to the Berne conference, refer. 
ence 11 (bibliography). Trumpler considers the observati 
data in good agreement with the theory. 

73 See references 24 and 25 (bibliography). a 

* See W, Baade's report to the Berne conference, referen 
(bibliography). ! 
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than doubled. According to recent determinations of 
the Hubble constant, 1/Z is of the order of 5x10? 
years. If this is confirmed, then the main difficulty 
will have disappeared. 

Outside of cosmology, the impact of general relativity 
on the rest of physics has not been nearly so great as 
that of special relativity. One of the reasons is un- 
doubtedly the smallness of the observable effects 
predicted by the theory and, generally speaking, the 
weakness of gravitational interactions, particularly in 
comparison with other interactions between elementary 
particles. The smallness of direct gravitational effects, 
however, does not prove that the principles of general 
relativity are unimportant even for microscopic 
phenomena. If all frames of reference are equivalent 
with respect to the laws of macrophysics, it is hard to 
believe that this equivalence has no counterpart in 
microphysics, even though the mathematical form in 
which the equivalence is expressed may greatly differ 
from the customary one. 

To quote Klein?*: “In atomic physics there has been 
a tendency to neglect the importance of general 
relativistic invariance on account of the small influence 
of gravitational forces on ordinary phenomena. Quite 
apart from the fact that gravitation will probably be 
important at very small distances? such a point of 
view would seem no more justified than would be the 
neglect of atomic spin in atomic structure because in 
most problems the direct action of spin magnetic 
moments is very small." 


3. UNIFIED FIELD THEORIES 


I shall now take up the attempts to go beyond the 
theory of general relativity in its original form. There 
are two main trends: on one hand, the search for a 
unified field theory, on the other, the attempts to 
quantize the gravitational equations. 

Throughout the years many unified theories have 
been suggested and investigated. It is not my intention 
to consider them in any detail; I shall rather try to 
characterize some of the main ideas and procedures 
which have been developed. 

General relativity, as we have seen, leads in an 
essentially unambiguous way only to a theory of the 
gravitational field. Accordingly, in the field equations, 


Gij- —kTij, 


only the left-hand side is determined. General rela- 
tivity can accommodate virtually any additional field 
and its energy-momentum tensor, but it provides no 
method for choosing ámong the various possibilities. 
When Weyl, in 1918, developed the first unified field 


25 Reference 32, p. 17 (bibliography). 

26 Landau points out that for this reason quantum electro- 
dynamics may not be considered a closed system, because for very 
high cut-off momenta (i.e., for very small distances) gravitational 
effects can no longer be neglected. See reference 26, p. 60 
(bibliography). 
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theory? the unification of various fields of physics had - 
progressed very far. The study of atomic phenomena, . E 
in particular, had revealed the predominance of electro- E 
magnetic interactions, and it seemed probable that 
in the last analysis all physical forces could be reduced 
to electromagnetic and gravitational ones. It was 
therefore very tempting to complete the synthesis by 
combining gravitation and electromagnetism in a more 
comprehensive entity. The unification was to achieve 
two things: (1) to deduce, at least in principle, all 
physical interactions from one law, (2) to modify the 
field equations in such a way that they would admit 
solutions corresponding to stable charged particles. 

In the course of time, specifically after the advent of 
quantum mechanics, the program which I have sketched 
has undergone many changes and has been interpreted 
in many different ways. There was the possibility of 
interpreting the "particles" either as part of the field 
or as genuine point singularities; there was the possi- 
bility of interpreting a unified field theory either as a 
c-number theory later to be quantized or as a field 
theory which implicitly contained the quantum laws 
already. Also the view that the gravitational and 
electromagnetic fields were the only fundamental ones 
was no longer generally accepted. 

So far, none of these theories has actually attained 
the objectives of the original program. To a large 
extent the work has been concerned with the search for 
a mathematical structure—more comprehensive than 
the four dimensional Riemannian space—on which to 
base a unified or generalized field theory, even a theory 
that would effect only a partial unification. 

While in general relativity the equivalence principle 
and the principle of general covariance lead directly 
to the metric structure of space-time and also to the 
explicit form of the field equations, no such general 
principles are available to guide the search for a more 
comprehensive structure. As a result, the search has 
proceeded in quite different directions. 

I shall discuss here only two types of theories, both 


which is far from trivial. The fourteen field variable 
namely, the ten ga and the four components ¢; 


equations that describe the gravitational and e 
magnetic fields in a four-dimensional sp 
continuum S4 may be interpreted in terms of 
five-dimensional Riemannian space Ss. > 
Ss is characterized by the following proper 
appropriate coordinate system all compone 
1 B iy 
eme E Weyland O en M 
28 The original papers are references: 


its metric tensor? are independent of the fifth 
coordinate 2x5. 

Through every point P of S; passes a curve C : a? 
=const (i=1,:--,4), and any vector a% at P may be 
decomposed: into two vectors a, and aj which are, 
respectively, parallel and perpendicular to C. For their 


lengths hı and /, one obtains 
M? = (dasa9)?/dss; 
l3—h;gaaà; his=9is—Gis5/Yos. 


The correspondence of the field variables in S4 with 
the metric in Ss is then defined by 


£j-hs (4, j=1, 90.0, 4), 
E. 236:=Gis/Gss (i=1, ---, 4). 
This identification® is justified by the following facts: 


(3.1) 


' Transformation Properties 


There are two types of coordinate transformations in 
Ss which leave the curves C unchanged : 


e ai = Fil. +a); 


p RS 
x =x"; 


x9 = a5. (3.2a) 
x5 —x5-Et(xl. x9. (3.2b) 
Under (3.2a), À;, $i, Gos transform respectively like a 
tensor, a vector, and a scalar in four-dimensional space. 


Under (3.2b), hi; and gss are unchanged, but ¢; is 
subjected to a gauge transformation 


p:i = $;— 2-30t/0a. 


Field Equations 
In the original form of the theory Kaluza added the 
. condition 
"d » Q Qs55— = 1, 


thus reducing the number of independent ĝas to fourteen, 
the number of field variables. Under this assumption 
one finds for |g| *& (R the curvature scalar of Ss, and 
g the determinant of the metric tensor) the expression 
j* 


lg R= |g] (R— 3 f) (3.3) 


Gi=Gi+Ti=0 
T is the, Maxwellian energy-momentum 
nd Maxwell’s equations are 


red quantities refer to the metric in Ss. 
it A dices from 1 to 4. 
tric of S, with giz (4,7—1,. . .,4) and 
in-Maxwell equations only as a first 
‘The equations (3.1) are due to 
osen that the curves C 
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The world line of a charged test particle in four- » 
dimensional space-time corresponds to a geodesic in Ss. L 
Such a geodesic intersects each curve C it meets ata _ 
fixed angle which is determined by the specific charge 
e/m of the test particle. 

So far the “five-dimensional” theory merely provides 
a reinterpretation of the Einstein-Maxwell theory in 
quasi geometrical terms without changing its content ' 
in any way.? Nevertheless, the relations discovered by 
Kaluza and Klein have repeatedly attracted the atten- 
tion of mathematicians and physicists, and they have 
suggested genuine generalizations. 

The theory of Jordan-T heory.? If Kaluza’s assumption 
Jss= —1 is dropped a fifteenth variable, say, x —ğĵss, 
which is a scalar in four-dimensional space-time, is 
introduced into the theory. What is its significance? 
The expression for the curvature scalar R changes 
from (3.3) to 


l2 R—Àxf wf g (x x) sk 


(x:=0x/dx*), which suggests the interpretation of x 
as a variable gravitational constant. On this basis 
Jordan has developed an extensive theory. It is based 
on a variational principle whose Lagrangian is slightly 
more general than |g|*E and contains two adjustable 
constant parameters. In addition to the fourteen 
Einstein-Maxwell equations—which are, of course, 
modified—there appears a fifteenth field equation for x. 

Dirac* first advanced the idea of a variable gravi- 
tational constant. He argued, roughly, as follows. For 
two electrons the ratio of the Coulomb force and the 
Newtonian gravitational force is the dimensionless 
number e?/ym? of the order 10%. It is highly unlikely 
that a constant of this size may be explained by any 
theory. 

On the other hand, numbers of this order are obtained 
if astronomical magnitudes are expressed in atomic 
units (for example, mo=proton mass, /o=electron 
radius, /o— /o/c). Thus, we find ~10* for the present 
age of the universe (of some billion years), ~10~ for - 
the average material density in the universe, etc. The 
difficulty of explaining the value of e?/^m? disappears, - 
therefore, if y is not a constant but inversely propor- - 
tional to the age of the universe, while the atomic units. 
remain unchanged. This argues for a time dependence 
of the gravitational constant, and in a relativistic theory - 
y must then be treated as a function of space-time. — 

In a very interesting critical analysis Fierz® has 
pointed out that Jordan’s theory in its present form 
(which includes only the pure electromagnetic field) 
does not yet lead to an unambiguous interpretation 


(3.4) 


* This holds also for the mathematically more elegant versions 
of the theory. The “projective” theory is described in reference 
(bibliography), Chap. IIT. Me 

8 See Jordan's book [reference 8 (bibliography) ] and reference 
29 (bibliography). E. 

3 See reference 30 (bibliography). 

See refe 1 (bibliography). 
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either x as gravitational constant or gi; as the true 
metric tensor. For an unambiguous interpretation it 
would be necessary to make specific assumptions about 
the action on material particles. Depending on these 
assumptions also the ratios of different atomic units of 
length may or may not be constant. 

Apart from any particular theoretical views it would 
be very worthwhile to attack the question of the time 
dependence of y by experiment comparing “‘astro- 
nomical" and “atomic” times.’ 

Kleim's (heory95—O. Klein has generalized the 
original Kaluza-Klein theory in an entirely different 
way. He drops the condition that the field quantities be 
independent of xë, and develops a truly five-dimensional 
theory. The fifth coordinate has a quantum theoretical 
significance. 

As I have mentioned, the world lines of charged 
particles correspond to geodesics in Kaluza's Ss. These 
may be obtained from the Lagrangian 


(a= da*/dr) 


(r is an auxiliary parameter), and in suitable units the 
specific charge e/m of the particle equals the momentum 
ps=0L/d«>. The fifth coordinate is thus conjugate to 
the charge, and in view of the quantization of charge 
Klein assumes x? to be an angular variable, or, in other 
words, he assumes the field variables to be periodic in 
x5. Expanding each field variable in a Fourier series in 
xë, one obtains a sequence of Fourier coefficients which 
are functions of the space-time coordinate «*. They 
presumably refer to different particles and are to be 
quantized. Particles with half-integral spin may also be 
incorporated in the theory. 


L= ğapt it 


3(b) Nonsymmetric Theories of Einstein 
and Schródinger?? 


In contrast to the theory of Kaluza and Klein, these 
theories operate in the ordinary four-dimensional 
space-time continuum. 

While the basic element of the mathematical struc- 
ture of general relativity is the Riemannian metric ds? 
of the space-time continuum, the mathematical re- 
investigation of infinitesimal geometry—which was 
greatly stimulated by Einstein’s theory—has revealed 
the more fundamental structural element of the affine 
connection (or affinity") or the parallel displacement 
of vectors defined by the equations 


60 — —Tj'aidx*. 


3 The feasibility of such an experiment was discussed by 
G. M. Clemence and R. H. Dicke at an astrophysical seminar at 
Princeton (April, 1955). - 

36 See reference 32 (bibliography) and Klein's report to the 
Berne conference. 

31 For the final version of Einstein's theory see reference 33 
(bibliography), and “Meaning of Relativity," Appendix II. For 
Schródinger's theory see reference 34 (bibliography) and his 
book, reference 9 (bibliography). An excellent account of the 
nonsymmetric theories is given in M. A. Tonnelat's book [refer- 
ence 10 (bibliography)], which contains also an extensive 
bibliography. 
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In the hands of Levi-Cività and of hi; successors this 
new concept has, indeed, led to a very remarkable . 
mathematical progress. It is more fundamental because 
it remains applicable if no metric is defined. The 
curvature tensor, in particular, is directly defined in 
terms of the Is. 

Quite generally one finds that the symmetric part 


Tit= (DHT) (3.5a) 


of an affinity is itself an affinity, while the antisym- 
metric part 


TP SNO (3.5b) 


is a tensor. Accordingly, the symmetric and anti- 
symmetric parts transform separately. In a Riemannian 
space an affinity is uniquely defined by the requirement 
that it be symmetric and that the length of a vector 
remain unchanged by parallel displacernent [see Eq. 
(2.4).]. 

The first who based a unified field theory on the 
affinity—instead of the metric—was Eddington. (The 
affinity was assumed symmetric.) Both the metric and 
the electromagnetic field appeared as derived quantities. 
Eddington did not postulate specific field equations. 
This was done, in 1923, by Einstein, who derived the  . 
field equations from a Lagrangian depending only on 
the components Rix of the contracted curvature tensor. 
Soon after, however, Einstein abandoned the theory 
because the electromagnetic field equations appeared 
to lead to inadmissible consequences (for example, 3 
the vector potential was proportional to the current). 5; 

For many years this theory lay dormant until it 
was revived, about ten years ago, by Einstein and his 
co-workers and by Schródinger. The most significant 
change was the introduction of'a nonsymmetric 
affinity and of a nonsymmetric metric tensor. 
Schrödinger introduced only the I’s as primary field — — 
variables (obtaining the gi; as derived quantities); 
Einstein, on the other hand, used both the Pj and the — 
nonsymmetric g as building stones for the theory. 

For a nonsymmetric g;; the equations iat 


api 


gug?—à/; g"— |g|'g? 
define g? and g”. The amate and antiy ane UN ic 
parts of 9?! are given by ge 


sgi=4 (994-979; agit = 4 (g — gi). 

In the following, I shall mainly report on 
form of the theory. Since the symmetri 
symmetric parts of the T and of the 
separately under coordinate transfo: 
tion might be raised that no geni 
achieved, and that the field equa 


theory. To the extent t t 
Einstein has meg i 


= 
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that two affinittes T and I" describe the same field if 


On 
T;,”= jjj! (3.7) 


3 
Oak 
e 


where À is an arbitrary coordinate function. This A 
transformation, which resembles the gauge trans- 
formation of electromagnetism, mixes the symmetric 
and antisymmetric parts of D;;?; these lose therefore 
their independent character if the A transformations 
are combined with ordinary coordinate transformations 
to form*the full covariance group of the theory. The 
symmetric and antisymmetric parts of g`, however, 
remain independent. 

The à transformation has a simple geometrical 
significance. Under two affinities, T and I”, the ratios 
a‘:a? of the components of a vector change in exactly 
the same way if and only if 


Dj" =T H; Ek 


where t; is an arbitrary covariant vector. If we require, 
in addition, that under T and I" parallel displacement 
along closed paths is the same for the vector components 
themselves (not only for their ratios) we find as a 
necessary and sufficient condition that ¢; is a gradient, 
i.e., (.=0A/0x*, as in (3.7). 

Since the curvature tensor measures the change of a 
vector by parallel displacement along infinitesimal 
closed paths it follows immediately that the curvature 
tensor as well as its contractions are unaffected by ^ 
transformations. 

In order to facilitate the formulation of the theory 
Einstein and Kaufman replaced the Ij,‘ by the 
combinations 


Uir =T i—i T; 
which, by a ^ transformation, change into 


i } On On 
Uy." = U jr’ â; — 6," D 
OX; Ox? 


No direct geometrical interpretation has been given 
for them. 

Transposition invariance-——The field equations are to 
be derived from a variational principle 


ô f Qd — 0. 


. The Lagrangian is a scalar density invariant under X 
transformations, which is a function of the gi and the 
Uji. The gi and U ji, are to be varied independently. 
— "Inordet to narrow down the choice of the Lagrangian, 

n introduced the postulate of transposition 
mains unchanged if g and Uz, are 


nce: g re E 
d, respectively, by their transposed 


te 


^ i ATA 
zi=g"; nim Ug. 
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Presumably, this expresses the symmetry of the theory 
in positive and negative electric charges. The trans. 
position invariance of € implies that the field equations - 
admit, together with a field g,U also the transposed 
field g, U as a solution. 

Einstein’s choice for the Lagrangian is 


Q—gVR;;. 
It satisfies the conditions of transposition and of \ 
invariance, and it is a natural generalization of the 
Lagrangian of general relativity to the nonsymmetric 
case. 


The field equations —Variation of the q*7 and of the 
U;x* yields the two sets of field equations 


(A) Rj-0 


dg” " sag 
(B) Pr E Tufg^ Dag" E es 
x 


(A) consists of 16 equations. (B) consists of 64 equa- 
tions, which immediately imply 


07g/^/9x* — 0. (3.8) 


Einstein's original equations for a pure gravitational 
field (T;;—0) follow from (A) and (B) for symmetric 
g and T. The set (B) is then equivalent to Eq. (24), 
and the set (A) reduces to ten equations, because Ry 
is then symmetric. 

Comparison with Schrüdinger's theory—In Schró- 
dinger’s theory the primary field variables are the Tj, 
the Lagrangian € is a function of the R;;, and the gë 
are defined as 

gï = OS/OR ;;. 


Schrödinger chooses £= (2/A) (— A)*. A is a constant, 
and A is the determinant of the R;;. The resulting field 
equations are similar to Einstein's. The set (B) is 
unchanged, and (A) is replaced by 


(A’) Ry=Agi; 


so that A plays the role of a cosmological constant. — 

Content of the theory.—While the mathematical basis 
of the theory has been perfected, and may now be 
presented in a simple and transparent form, very little 
can as yet be said about the content of the theory. 
Even the interpretation of the field variables is difficult; 
it cannot be totally separated from the analysis of the 
field equations and of their solutions. 

A few clues, however, are available regarding the 
symmetric and antisymmetric parts of the tensor Q^. 
The first is furnished by the equations (3.8). These. 
coincide with the second set of Maxwell's equations 
if we put : 


E= a (4g, 2q 31 2912) ; B=a (2915,29*5,79*4) 


38 The assumption II of Sec. 2(a) is no longer applicable, ed 
presumably the gravitational and electromagnetic feds, i 
exemple; can only be clearly separated in the limit of very W 

elds. 


RELATIVITY 


with some constant a. Hence, Einstein 
identifying ^g? with the electromagnetic field. 

Secondly, Lichnérowicz has shown what corresponds 
to the local light cone of relativity, as far as the propa- 
gation of waves (or disturbances) is concerned. By 
an analysis of the continuation properties of the field 
equations he finds 


suggests 


L,,dx'dx?=0, 


where *q*];;=6;*. Note that, in general, /;; is not 
proportional to the symmetric part of the covariant 
tensor g; Note also that the light cone defines only 
the ratios of the /;; and hence only the ratios of the 
207 

Being derived from an invariant variational principle 
the field equations satisfy the necessary identities and 
lead to conservation laws [see Sec. 2(c) ]. Because of 
prohibitive mathematical difficulties, it has not been 
possible to derive much more than that from the field 
equations. 

A number of explicit solutions (with special sym- 
metries) have been found, but all of them are singular. 
According to Einstein's program, however, the field 
equations (A) and (B) must be considered complete, 
and their solutions must be free of singularities. So far 
no such solution (for reasonable boundary conditions) 
has been found, nor has it been shown that no such 
solution exists. 

Einstein has made it quite clear that he regarded the 
variables of this theory as classical field variables which 
were not to be quantized. 


4. REMARKS ON THE QUANTIZATION 
OF COVARIANT THEORIES 


There have been, of late, a number of investigations 
on the quantization of covariant field theories. The 
most extensive work has probably been done by P. G. 
Bergmann and his students.“ For details I refer to his 
report to the Berne conference. 

Since the mathematical analysis is rather complex, I 
shall be quite brief, and shall confine myself to pointing 
out the specific difficulties which have their root in the 
covariance of the theory to be quantized. 

In applying the Heisenberg-Pauli method of field 
quantization the first step—still on the c-number 
level—consists in transforming a theory from its 
Lagrangian to a Hamiltonian form. This leads to 
difficulties whenever the momenta are not independent. 
The best known example is Maxwell’s theory, where 
zi, the momentum ‘conjugate to the scalar potential, 
vanishes identically. 

Any covariant theory leads to four independent 
relations between the momenta, the “primary” con- 
straints in Bergmann’s terminology. These are obtained 


99 See reference 3, p. 288. 
w See reference 35 (bibliography). 
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by the same method which furnishes the identities 
and conservation laws for a covariant, field theory and 
which has been sketched in 2(c).4! The condition that the 
primary constraints, if satisfied at some initial time, 
remain valid in virtue of the Hamiltonian equations of 
motion yields four additional, the “secondary” 
constraints. 

The situation has been sufficiently well analyzed, 
so that it is known, at least in principle, how to proceed. 
The difficulty remains, however, to express the relations 
which have been derived—notably for the gravitational 
field—in a tractable form. 1 

There still remains the possibility of by-passing the 
Hamiltonian formalism and of working, instead, 
directly with the Lagrangian, in analogy to Feynman's 
method of quantization. Attempts in this direction 
are being made. 

The experience with quantum electrodynamics would 
seem to indicate that, in any event, a thorough knowl- 
edge of the solutions of the classical field equations is 
indispensable, which makes the investigation of non- 
stationary solutions (mentioned in 2e) all the more 
important. 

Since the work, so far, has been preparatory to an 
actual quantization it is not known to what extent 
specifically quantum theoretical difficulties may arise. 


REMARK BY H. P. ROBERTSON IN THE DISCUSSION 


I would like to know if any of you or your experi- 
mental colleagues know of any attempts at the repe- 
tition of the Kennedy-Thorndike experiment. It seems | 
to me that the time may be ripe for the retest of this i 
experiment which is radically different in principle 
from the Michelson-Morley. I think the other two j 
experiments are adequate. 
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XA ITHIN the ‘framework of a short review it is 
impossible to discuss all outstanding problems 
in nuclear physics. I therefore restrict myself to the 
problem of nuclear structure and stability. The main 
problem can be formulated as follows: Given A nu- 
cleons, what can we conclude from our present incom- 

e knowledge of nucleon interactions, in regard to 
structure and properties of the nucleus which they 


form? 
-Qur knowledge of interactions is, in fact, extremely 
ited. The properties pf the deuteron and the nucleon- 
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potential and not from the mere phase shifts. Asan _ 
example, let us look at a slow nucleon whose wavelength 
X is large compared to the radius r* of the scatterer. 
The scattered wave We will then be an S wave 
(Vs. [ sin (kr— 8) ]/r). If it hits a second scatterer at a 
long distance d>>A from the first scatterer, the wave will 
be essentially constant over the second scattering 
region, and there will again be mainly S scattering. 
However if the second scatterer is near the first (KA), _ 
the scattered wave Ws. is far from constant over the | 
scattering region because of the preponderance of the 
1/r dependence, if dX. In this case, p scattering will 
be quite important in spite of the low energy. In the 
usual mathematical terminology, this condition is ex- 
pressed by saying that the elements of the scattering — 
matrix between states of different energy are also 
important in our problem. This makes our problem - 
rather difficult since the scattering phase shifts only 
determine the scattering matrix elements between 
states of equal energy. i F 
Apart from the incomplete knowledge of the inter- 
action between two free nucleons, our problem 
complicated by the fact that we do not know wh 
this interaction is changed considerably when the i 
: other nu cleons. 
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existence of such a many-body effect is neither proved 
nor disproved. The average distance d of nucleons in 
nuclear matter, d=1.8X10-" cm, is not very much 
larger than twice the root mean square r* of the spacial 
extension of the proton as measured by the Stanford 
group, 7*—0.8xX 1079 cm. Hence, the “meson clouds" 
of the nucleons almost touch one another in nuclear 
matter. It isa matter of personal inclination whether the 
fact d>2r* can be used as an argument in favor of a 
nondense packing in which the forces are expected to 
be similar to the ones between two isolated particles or 
whether d~2r* is an argument in favor of dense packing 
with appreciable changes in the meson clouds and 
therefore in the nuclear forces within nuclear matter. At 
present no direct experimental decision of this alter- 
native has yet been devised. 

Since it is not possible to derive the properties of 
nuclei deductively from the nucleon interactions, we 
must start at the other end and study the observed 
properties and try to find some explanations of the 
salient features of the observed facts. They are: 

(A) The existence of “nuclear matter.” Nuclear shape 
measurements have shown that all nuclei except 
the very lightest reach a universal density near the 
center of about po— 1.7 X 1038 particles/cm?. This seems 
to be the density at which nucleons reach a certain 
equilibrium. We are allowed to extrapolate and to as- 
sume that, were it not for the Coulomb repulsion, 
nuclear matter would be thinkable in a stable state of 
infinite extension and of the density po. It would 
consist of an equal mixture of protons and neutrons, 
having a binding energy of roughly 15 Mev per particle. 
Here the “saturation” of nuclear forces enters, which 
prevents nuclear matter both from collapsing to a 
density less than po and from flying apart. 

(B) Independent particle aspect. 'The dynamics of 
nuclear matter exhibits certain unexpectedly simple 
properties at low excitation energies: They can be 
fairly well reproduced by assuming that the nucleons 
within nuclear matter move almost independently of 
each other in a constant potential. Considering a nucleus 
as a finite spherical chunk of nuclear matter, we obtain 
a model of the nucleus consisting of independent 
nucleons moving within a spherical potential well in the 
lowest quantum states permitted by the exclusion 
principle. With the additional assumption of a strong 
spin-orbit coupling, this model reproduces a surprisingly 
large amount of experimental facts concerning the 
properties of nuclei at low excitation. On that basis we 
can understand the systematics of nuclear binding 
energies, most of the structure of nuclear spectra, and 
a good part of the electric and magnetic properties. We 
learn from this that nuclear matter at low excitation 
. behaves somewhat like a degenerate gas, a fact which 
poses a grave problem of understanding at the present 
stage of our knowledge. The source of the spin-orbit 
coupling is also a problem which has not been satis- 
factorily explained. 
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(C) The third group of important nuclear properties 
waiting for explanation contains features of less general 
character. We quote here the deviation from sphericity 
found in many nuclei, the problems connected with the 
interpretation of the ensuing rotational spectra, and the 
vast amount of material accumulated in the study of 
nuclear reactions. 

As mentioned earlier, there are two approaches to 
the problem of understanding the principles underlying 
the nuclear structure. We characterize them by the <i 
assumptions r*<d/2 and r*>>d/2, where r* is the radius E 
of the meson cloud around a nucleon and @ is the j 
average distance apart of the nucleons. Actually, of 
course, r*~d/2. In the first approach one endeavors to 
understand the phenomena on the basis of two-body 
forces between pairs of particles. Examples of this 
approach are the papers by Brueckner, Eden, Levinson, 
Mahmoud, Bethe, Goldstone and others! We wil 
call it the Brueckner approach. In the other approach —— 
one assumes that the meson clouds of all nucleons merge i 
completely into a one-meson field within the nucleus. 

The consequences of the latter approach are difficult 
to argue in view of our lack of any specific meson theory. . 
It is plausible, however, that such a model would lead 
to a lack or to a strong reduction of all interactions in 
nuclear matter at its normal density at which the meson — 
field probably reaches a certain saturation value. This 
picture has been discussed by Duerr and by Johnson and 
Teller? and contains some interesting speculations as to — 
the nuclear interactions of antinucleons. The “Teller - 
approach" contains the lack of interactions as a basic - 
assumption and explains automatically our group B of - 
facts. There exist certain observations, however, which : 
seem to indicate that the lack of interaction between 
nucleons in nuclear matter is restricted only to low 
excitations. If this is correct, this lack is only apparent | 
and is caused by the special properties of nuclear matter - 
in its lowest states, as it would be from the point of 
view of the Brueckner approach. Some of these observa- _ 
tions are: The analysis of nuclear reactions has shown — 

that the mean free path of a nucleon entering nuclear 
matter is large only for relatively low energy of the 
particle. It can only be considered as moving 
dependently of the others when the incident ene 
less than, say, 10 Mev. At higher energies, but not 
high ones, say from 10 to 50 Mev, the mean free p 
quite short compared to the auda radius, i 
subject to strong interactions. Other indic 
strong forces within the nucleus come fro 
production of m mesons, from p-@ processes, a 
pickup reactions. In all dco cases, the Its 
that the nuclear wave functions co. x LI 


HD Duerr, Phys. Rev. 103 
E. Teller, Phys. Rev. 8 
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ever the argunfents presented here against the Teller 
approach are not quite convincing. After all, it is only 
assumed that tne interactions disappear in the center 
of the nucleus where the density reaches the maximum 
value. The nuclear forces would be functions of the 
density and assume their known strength at zero 
density. Hence there would be increasingly stronger in- 
teraction towards the surface of the nucleus where the 
density drops to zero. It is perfectly possible that the 
effects mentioned before can all be explained by these 
surface effects. In particular, the z-meson production 
and the'pickup reactions are typical surface phenomena. 

The Teller approach will not be further discussed in 
this review. We would like to face the question whether 
one can understand the nuclear properties if the forces 
between the constituents are roughly what we know 
from the two-nucleon interactions. A large amount of 
work has been spent recently on this problem by 
Brueckner and his colleagues, and a formalism has been 
developed which seems to be adequate to describe the 
situation. It is a generalization of a formalism originally 
invented to deal with multiple-scattering phenomena. 

There certainly is a good deal of similarity in the 
problem of a wave scattered by a dense array of centers 
and the problem of the motion of a nucleon in a nucleus. 
The path of a nucleon should suffer many scatterings in 
traversing nuclear matter. The aforementioned group B 
of facts, however, indicates that there must be a funda- 
menta] difference in the two problems which prevents 
those scatterings from being effective in the nucleus. It 
was pointed out some time ago? that the Pauli exclusion 
principle plays an important role in this since, from a 
naive point of view, all end states into which a scattering 
of two nucleons can lead are already occupied at low 
excitations. It is not clear, in the first place, why one 
can use free particle states as actually existing in 
nuclear matter. However, the present theoretical treat- 
ments of the situation seem to bear out this idea and 
point towards the decisive role of the exclusion principle. 
Unfortunately, the mathematical difficulties are still 
very great, and it is not clearly understood what 
properties of the nuclear force make the independent 
particle approach a good approximation and lead to 
the observed density in nuclear matter. 


ELIT 
Let us now approach the problem in a less deductive 
way. We learn from experience that the independent 
particle model is a good description of the facts and we 
E — ask what consequences we can draw from this circum- 
E stance. It means that the wave function Y of the 
L^ pu approximately a product of one-particle wave 
„ duly antisymmetrized so as to fulfill the 


W=A ile Palri). (1) 
the coordinate of the ith particle, a is the 
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quantum state in which it is located, and “A” sym. 
bolizes the antisymmetrization which makes all gs 
different for particles of the same kind. The waye 
functions e, are given by a one-particle Hamiltonian 


Higa= [Ti+ U, (rj) ] 2a = Es ea, (2) 


where the first term is the kinetic energy T= bé[2m, 
and the second term is the potential energy, which is 
assumed to be a potential well of the size of the nucleus. 
It also contains a spin-orbit term which we will neglect 
in the following rough estimates. We put approximately 


U.(r)=—-Va 
U.(r)=0 


for r<R 


(3) 


for r>R, 


where R is the nuclear radius and V , is a positive energy 
(the well depth). We do not assume that all particles 
have the same well depth; hence U,(r) and Va may 
depend upon the state œ in which the particle is found. 
The actual exact Hamiltonian can be written in the form 


A A 
JE Tii p Viz(ti—rz), (4) 


i-—l i,k=1 


where V ;; is the interaction potential between the pair 
of particles 7 and k. We assume that only pair forces 
exist. If (1) is an approximate solution of (4), then the 
one-particle potential energy U.(r;) is the average 
effect of all other particles on the ith particle. 

The total energy E of the system is given by the 
expectation value of H in the state Y: 


b= [viva (Tati DD (Ua); 


where T', is the expectation value of the kinetic energy 
in the state a, and (U,) is the average value of U, in 
that state a. The sums are extended over all occupied 
states a. Here the energy appears as a sum of con- 
tributions from each occupied state. The factor 4 in the 
second term is of great importance. It comes from the 
fact that the potential energy of the particle in the state 
a is the sum of all pair interactions with the other 
particles. Hence, if no factor 4 were present, the  . 
interaction between a given pair 2-& of particles would 
have been counted twice, once in (U4) and then agan —— 
in (Us), when a is the state of the ith particle and f the — 
state of the kth one. This factor 4 also makes it impos: 
sible to define a “model Hamiltonian," i.e., a Hamil- 
tonian for our wave function (1). The Hamiltonian 
H=}; Hi, whose eigenfunctions are the ones defined” 
by (1), has eigenvalues different from (4) ; namely, the - 
values one would get without the factor 3. à 
We have assumed that the potentials U, are squa 
wells with a depth V ,. Hence, neglecting surface effects 
each wave function e, has a well-defined momentum f 
and a kinetic energy 7,: 


Ep 2m, 


(Ua)= — Va: 
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Also, in the lowest energy state, all levels up to the 
Fermi kinetic energy Tr are occupied. Then we get 


2 (Ta)=sAT x, (5) 
where the sum is taken over all occupied levels. The 
packing fraction P is given by 


1 
P=——=—3T r+2Vm, Lap? Vox (6) 


where Vw is the average value of the well depth over 
all occupied states. 

We now determine the separation energy S, which is 
the minimum energy necessary to remove one particle 
from the nucleus. The easiest one to remove is the one on 
the top of the Fermi distribution. We get 


S=—Trt+Vr, (7) 


where V p is the well depth for the top particle.* Now, 
S and P are closely related ; in fact, in the limit of large 
nuclei they become equal if surface effects are neglected. 
The equality of these two magnitudes is an expression 
of the fact that the total energy is proportional to the 
number of constituents. By equating P and S we get 
from (6) and (7) 


S=—t7T r+ Va,— Vr. (8) 
'This equation demonstrates the necessity of assuming 
well depths depending on the momentum p:. If all 
depths were equal, we would have V,,— Vr, and we 
would get the nonsensical result of a negative separation 
energy. 

Equation (8) does not tell us in what way V; depends 
on the state i. Let us make the simplest assumption of 
a quadratic dependence upon the mementum #;: 


pi 
VEI Ug s 


pr 


(9) 


where Vo and V; are constants and pr is the Fermi mo- 
mentum. Then, of course, Vayw= Vo—$Vi, Ve=Vo—Vi, 
and we calculate Vo and V; from (7) and (8): 


A quadratic dependence of the well depth can always be 


4 Note must be taken here of the fact that the nucleus decreases 
its size by a factor (4 —1/4)! when one particle is removed. In 
order to see clearly the effects of this, let us divide the separation 
of a particle in two steps. First we remove the particle without 
changing the wave functions of any of the other particles. This 
requires the energy (7): We then have a nucleus with A—1 
particles, but with slightly too large a radius. As a second step we 
compress this nucleus to its normal density. This will raise all 
kinetic energies slightly, but it also will decrease the potential 
energy because of the increased density. These two effects must 
cancel each other almost completely since we know that the actual 
nuclear density pois a stable equilibrium value and hence ðE/ðp=0 
for p=po. Hence, (7) is the actual separation energy apart from 
very small corrections. As to details of the corrections, see R. A. 
Berg and L. Wilets, Phys. Rev. 101, 201 (1956). 
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expressed in terms of an effective mass,m*. The energy L 
of the ith particle is then written in the form $ 
^ 
2 2 i 
Ex=—— Vi=——Vo 
2m 2m* 
with 
m Vi SI S (11) 
—=1+4+—=3+3 —. 11 
m* Tr Tr 


These relations should only serve as a first orientation 
and must not be regarded as quantitative. Nevertheless, 
it is interesting to put in some numbers. The Fermi 
energy T r depends only upon the nuclear density and is 
(with R= 1.2 AX 10-8 cm)T r=33 Mev. Hence, with 
S=8 Mev we get m/m*=2.1, which is near enough to 
the value m/2 commonly used for the effective mass. 
Evidently the assumption (9) of a quadratic depend- 
ence of V; on pi is arbitrary. All we can conclude is the 
fact that the average of V; is larger than Vr. The main 
point is the recognition that a decrease of the well 
depth with increasing momentum of the particle follows 1 
directly from two facts: One is the independent-particle 
motion, the other is the approximate equality of P and k 
S, which is a consequence of the saturation of nuclear 
forces. 
It is not hard to understand in a qualitative way why 
a momentum-dependent well depth may arise from a 
nuclear force which has saturation effects. A simple 
example is the case of repulsive forces at close distances; [ 
if a particle moves slowly, it will follow a path avoiding k 
near collisions. When it goes fast, it will penetrate | 
} 
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somewhat into the region of repulsion, thus increasing 
the average potential energy. Another example is an 
exchange force in which antisymmeétric pairs lead to 
repulsion. The nearest distance of approach between 
antisymmetric pairs is of the order of the reciprocal 
relative momentum. Hence, the repulsion will be more 
effective for a fast-moving particle. This latter example 
was already treated in 1935 by VanVleck.® At that time 
the independent particle model was in fashion and 
he has shown that the exchange terms in the average 
potential energy go to zero with increasing energy of 
the particle. This gives rise to a momentum dependence 
of the potential which is quadratic only for momenta 
small compared to pr. It reaches a constant value for 
p> pr. di 
The question arises as to whether the momentum è 
dependence of the well depth can be found directly — 
from experiments. The most dect way would be a 
study of the nuclear energy levels. The excitation — 
energies are altogether higher if the wel depth de- - 
creases with increasing momentum. In fact, they she uld -— 3 
be twice as high as calculated with the normal m: x 
when m*/m is about 3. Unfortunately, however, nu 
spectroscopy is not as direct a way as it seems to 


5 J. H. VanVleck, Phys. Rev. 48, 367 (19. 
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3 ^ . this effect since, one rarely observes the actual energy 


À differences between shells. What one measures are 

= mostly energy‘ differences within one shell, which 

-. depend on the finer details of the well shape and are 
therefore not useful for our problem. The studies of 
Ross, Mark, and Lawson® have shown that the essential 
features of the low-lying nuclear spectra are not very 
sensitive to the effective mass. 

Levels of higher excitations are difficult to observe 
and to identify. Once the excitation energy becomes 
comparable to the distance between shells, the number 
of levels.is so great that a comparison with theoretical 
predictions becomes hardly feasible. In this connection 
it is worth mentioning Wilkinson’s’ idea that the giant 
resonance in photonuclear process might be explained 
by one-particle transitions, but only if the effective mass 
is taken into account. 

Recently Rand? investigated this suggestion quanti- 
tatively and has calculated the cross section for nuclear 
excitation by gamma rays on the basisof an independent 

' particle model in which the particles move in a square 
well and have an effective mass of one-half. The 
dependence of these cross sections upon the energy of 
the gamma rays (he considered only electric dipole 
transitions) shows the characteristic maxima, usually 
called “giant resonances." They are almost at the 
correct energies, although perhaps 10 to 20% lower than 
the experimental maxima. Without the reduced effective 
mass, however, the independent particle model gives 
absorption maxima at energies less than half of the 
experimental value.? 

It has been often suggested that the effective mass 

; enters into the contribution of the orbital motion to the 

— magnetic moment. One might suspect that the orbital 
= g factor (e/2mc) is-changed by replacing m by m*. The 
= experimental evidence does not bear this out. The slope 
= of the so-called Schmidt lines directly gives the orbital 
= g value, and it seems that the experimental magnetic 
moments reproduce the slope fairly well. It is true that 
he values do not lie very close to the lines because of 
- configuration interaction, but a change of the g factor to 
twice its value seems out of the question. The problem 
- of the effect of the momentum dependent potential on 
_ the orbital g factor is difficult and has not been com- 
Et pletely cleared up. It is certainly incorrect, however, 
- merely to change m into m* in the expression for g. One 
m ust keep in mind that there is no Hamiltonian in which 
- the m* appears. The mass m* only enters into the cal- 
culation of the expectation value of the energy in 

the independent particle model state X. The exact 

Hamiltonian H contains the mass m and not m, 

= " $ x] 
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and the corresponding operator of the orbital magnetic 
moment is (e/2mc)Lp, where L, is the orbital angular 
momentum of the protons and m is the actual mass. 
Therefore, if Y is a good wave function, one should use 
the actual mass in calculating the magnetic moment, 
and the original Schmidt lines are correct. However, Y 
might be a good wave function for energy computations, 
but a bad one for magnetic properties. 

Recently Blin-Stoyle? has suggested the possibility 
that the effective mass might play a role in determining 
the moment of inertia of a deformed nucleus. According 
to Inglis! this moment is given by 


z-z CLW 
k Er Eo 


> 


where L is the operator of the angular momentum 
around the axis of rotation, and the indices 0 and & 
denote the ground state and an excited state of the 
deformed nonrotating nucleus. E, and E; are the 
respective energies. If this formula is applied to a 
system of independent particles of mass m moving inan 
ellipsoidal potential well, one gets for J the so-called 
"rigid" moment of inertia, which is the one correspond- 
ing to the rigid rotation of the mass distribution. This 
moment is larger than the observed ones. Blin-Stoyle 
points out that an increase of the excitation energies of 
the system (and that is just what m*/m<1 means in 
effect) would decrease the resulting value of J. Figure 1 
shows that the observed values of nuclear moments of 
inertia seem to reach just one-half of the rigid moment 
for large deformations. This is just the value expected 
for m*/m=%. If this argument is correct, it is an 
example showing that interactions between particles 
can reduce the moment of inertia. Bohr and Mottelson 
have mentioned that a similar effect takes place when 
one introduces explictly attractive interactions between 
particles outside closed shells. They have shown that 
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Fic. 1. The ratio of the observed values of the moments of 
inertia to the value for rigid rotation are plotted against t 
deformation parameter 8. Values taken from Bohr and Mott 
Kgl. Danske Vid. Medd. 30, No. 1 (1955). 
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the small values of J for small deformations are very 
probably caused by such effects. 


III 


We now turn to the discussion of nuclear reactions. 
The recognition of the relatively independent motion 
of nucleons in nuclear matter has had its effect upon the 
interpretation of nuclear reactions. Under the impact of 
the successes of the shell model it seems questionable to 
assume that a nucleon, which enters the nucleus from 
outside, will share its energy immediately with all 
other constituents as assumed previously. The old 
description of a nuclear reaction as proceeding in two 
stages, the formation of a compound nucleus and the 
subsequent independent decay, is an idealization which 
cannot be considered to be valid in all cases. 

We would like to propose a more general scheme for 
the description of nuclear reactions that allows for 
phenomena which do not fall within the framework of 
the old two-stage description; Fig. 2 presents a graphic 
representation of such a scheme. We divide the nuclear 
reaction in three successive stages, the independent- 
particle stage (I.P. stage), the compound-system stage 
(C.S. stage), and the final stage. In the first stage we 
find the incident particle interacting with the target 
nucleus, but in this stage the nucleus acts upon the 
particle as a potential well. The particle enters this well 
without losing its distinct individuality; it is refracted, 
and partially reflected, at the surface because of the 
change of potential. In order to provide for the sub- 
sequent events in the next stages, the potential must 
have a real part, Vi, and also an imaginary part, V». 
Then the first stage is described by an incident wave 
which is not only scattered by the nucleus, but also 
partially absorbed. “‘Absorption” in this picture means 
that the particle disappears from the entrance channel 
such that it can no longer be considered as existing as 
an independent particle distinct from the target 
nucleus. It is just this absorption which leads to the 
actual nuclear reaction. The scattering which takes 
place in this stage is called “shape-elastic” scattering. 
Both scattering and absorption in this stage are given 
directly by the scattering and absorption of a wave in a 
complex potential VitiV2. Hence, the events in the 
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first stage are described by the optical model of the 
nucleus. It is a description of what, happens in the 
entrance channel only. 

The second stage contains the events which cause the 
absorption in the first stage. This "absorption" com- 
prises any effect in which the particle leaves the entrance 
channel and therefore has undergone an interaction 
with the target nucleus which cannot be described by 
a potential only. The state of the system after the 
particle has been removed from the entrance channel 
will be called a compound system (C.S.). It describes 
the situation which exists when the particle &nteracts 
with the target to a more intimate extent than can be 
described by a potential in the entrance channel. This 
can happen in many ways. The incident particle can 
collide with a nucleon in the target (direct interactions); 
it can set up some collective motion as surface vibrations 
or nuclear rotations. The concept of C.S. is somewhat 
more general than the concept of “‘compound-nucleus” 
(C.N.) as used before in the two-stage Bohr description 
of a nuclear reaction. The C.N. is characterized by the 
fact that the state of the incident particle is indistin- 
guishable from the state of any other nucleon; it has 
completely “coalesced” with the target. The C.S., 
however, is a state in which some energy exchange 
between target and projectile has taken place, regard- 
less of the role of the incident particle. Hence the C.S. 
includes the C.N., but contains also other forms of 
interaction, namely, all those in which the incident 
particle is removed from the entrance channel. 

There remains a question of what part of the inter- 
action between the incoming particle and the target 
nucleus can be described by a potential in the entrance 
channel and what part leads to an absorption in respect 
to this channel and therefore to a C.S. This problem is 
not yet clearly understood. After all, the phenomenon 
described by a potential well is also an interaction, but 
the target acts in this case only as a whole. Although it 
might be partially excited when the particle is within 
the nucleus, it remains in its original state after the 
particle has left. 

The third and final stage contains the processes in 
which the reaction products separate from each other. 
In some respects it is similar to the first stage, since the — 
emitted particle can be considered as an outgoing wave c 
from a potential well representing the residual nucleus. - ! 

The first stage is the one we know most about. A 
long as one restricts oneself to the first stage onl; 
details of the nuclear reaction are buried in vi 
appears as an absorption from ythe entrance cl 
Hence an understanding of this stage provides onl: 
very rough picture of the reaction.  Neverthele 
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Fic. 3. The average value of r„/D (neutron width) divided by 
level distance as a function of A. The theoretical curve is cal- 
culated with a potential as given by (12) with R—ro4! and 
Ko= (2m V o/72)3. 


traversals of the nuclear well or even less. It then is 
impossible within the first stage to ascribe an energy to 
the particle which is better defined than by the margin 
given by the uncertainty principle, and this margin is 
about 0.1 Mev or more. Hence the optical model can 
only give information which is an average over a 
relatively large energy region; it therefore cannot 
account for the closely-spaced resonances which are 
observed in so many nuclear reactions. 

Within these limitations the optical model description 
of the first stage has been very successful. It can 
reproduce the main features of the total neutron cross 
section as a function of energy and nuclear radius by 
means of a simple potential square well with rounded 
edges. It can predict reaction cross sections; for 
example, the theory predicted before the experiment 
that the average neutron width T, divided by the level 
distance D for low energies, when plotted against the 
nuclear radius, should have maxima at certain radii. 
These are the ones at which a standing wave can be set 
up within the nucleus [R=(n+4)A, where A is the 
wavelength inside, and z is an integer ]. Figure 3 shows 
that the experiments have borne out this prediction. 
It also can predict the size and the angular dependence 
of the elastic scattering of neutrons and protons.” 

Actually all one can' calculate by this method is the 
shape elastic scattering which differs from the observed 

one by the compound elastic scattering. However, this 
difficulty is not important for protons, in which case the 
compound elastic part, is negligible. In the case of neu- 
trons, the compound elastic cross section, which is im- 
portant only at lower energies, can be estimated Pune 
difference between the observed reaction cross section 
d absorption cross section. The angular 
and the calculate E nd scattering is nearly 
- dependence of the compou 
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isotropic. It is gratifying that the difference between 
the observed elastic scattering and the calculated shape- 
elastic one can be explained completely by the experi- 
mentally determined compound-elastic part. 

The best potential for the description of the first 
stage of a nuclear reaction is at present 


AVe vcr, | 
Vi— — Vo(1--expl (r— R)/d ]) 

Vo=4343 Mev, d-—0.52-0.1X 10-9 cm (12) 

R= (1.27A!+-0.6)0.10-. - 


The value of ¢ which determines the imaginary part 
depends strongly on the energy. For low energies up 
to a few Mev one finds ¢~0.08. At higher energies it 
increases sharply and reaches about 0.2 around 10 Mev 
and perhaps 0.4 to 0.5 at still higher energies. These 
values and the sharp rise with energy can be qualita- 
tively understood on the basis of the independent 
particle model and the Pauli principle. The latter pre- 
vents the exchange of energy and momentum between 
the incoming particle and another nucleon if the 
resulting states are occupied by other particles. With 
increasing energy of the incoming particle, this will 
happen less frequently, and therefore more opportu- 
nities exist for the incoming particle to interact." 

Although ¢ is the most energy-dependent variable 
in the potential (12), the other values are not completely 
energy independent either. In particular, the well depth 
Vo has a tendency of decreasing with increasing energy. 
Some proton measurements indicate that Vo~36 Mev 
at an incident energy of.30 Mev, and an analysis by 
Taylor? has shown that it reaches a value of about 
15 Mev at very high energies. This is just what one 
would expect from previous considerations as to the 
momentum dependence of the well depth. 

The second stage of nuclear reactions is much less 
well understood. Here we face a varied range of phe- 
nomena, which can be grouped between the two 
following extremes: One is the direct interaction in 
which the incoming particles hit one single nucleon in 
the nucleus, and one of the two partners leaves the 
nucleus without interfering at all with the other 
nucleons; the other extreme is a formation of a real 
compound nucleus in which the energy of the incoming 
particle is divided among all (or very many) partners 
before the final stage of the reaction. 

In recent years many reactions have been observed 
which lie between these extremes ‘and some which 
definitely are almost pure direct interactions. Most z 
important among the latter ones are the stripping and 
pickup reactions. In spite of this fact it is still probable 


3L. Rosen and L. Stewart, Phys. Rev. 99, 1052 (1955); 
Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). > 

^ V. F. Weisskopf, Helv. Phys. Acta 23, 187 (1950); Science — 
113, 1 (1951). This idea was worked out more quantitatively by 3 
A. M. Lane and C. F. Wandel, Phys. Rev. 98, 1524 (1955). 
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that compound nucleus formation plays an important 
part in most reactions. There is good experimental 
evidence!? that the low-energy neutrons emerging from 
nuclear reactions have a “Maxwellian” distribution in 
energy (if the energy is high enough to allow for many 
excited states of the residual nucleus) which is isotropic 
in space. Hence the statistical description of the second 
stage as a "heated" compound nucleus is a good 
approximation. One can conclude from these observa- 
tions that, for incident energies up to 25 Mev (neutrons 
or protons), a C.N. is formed with at least 80 to 90% 
probability. 

In recent years attention was mostly concentrated 
upon those reactions which do not go via C.N. Espe- 
cially in the reactions in which charged particles are 
emitted, the C.N. necessarily plays a minor role, since 
the potential barrier discriminates against charged 
particle emission after the C.N. is formed. Most of the 
emissions of charged particles must come from the 
nuclear surface, because it is a region in which the 
barrier is somewhat lower. Figure 4 shows a plot by 
N. Rosen, comparing the observed proton spectrum in 
a (n-p) reaction on Zn with the one calculated from the 
statistical theory. The maximum is much lower than the 
barrier at the nuclear radius (6 to 7 Mev) would admit. 
Hence, most of these protons must have been produced 
in an outer surface region. ' 

This example should serve to show that the problems 
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Fic. 4. Comparison of calculated and observed proton spectra 
from Zn**4-5--14.1 Mev. 


of nuclear reactions are far from being understood. Many 
more similar examples could be quoted. The situation is 
rendered difficult because of the likelihood that the 
properties of the nuclear surface enter essentially into 
those reactions which do not go via C.N. What happens 
in the surface is even less understood than what happens 
in the interior of the nucleus. 

The increasing complexity of experimental facts from 
nuclear reactions shows how far we are yet from a 
systematic understanding of wbat is going on in a 
nucleus during a reaction. It is to be expected that the 
picture will be clearer when some of the fundamental 
questions of the structure of nuclear matter are 
answered. 
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 ĮDEFORE talking about recent progress of the 
nuclear shell model, it might be worthwhile to 
4 give a very brief outline of its history. The shell model 
is about as old as nuclear physics, or at least dates 
from the discovery that the neutron was a constituent 
of the nucleus. By the shell model I mean the assump- 
tion that it is a good approximation to describe each 
nucleon as moving in an average field of force produced 
by all the other nucleons. This system is so analogous 
to the Bohr atomic model that it is not necessary to go 
into details. One obtains a series of degenerate levels 
which are to be filled according to Pauli's principle. 
Whenever one encounters two levels which are widely 
separated, the filling of the lower one means something 
like a shell closure. 

Much has been said about the average potential in 
Dr. Weisskopf's talk. For the moment, let us assume 
that it is spherically symmetric; this assumption is not 
as well founded as in the atomic case. In Dr. Mottelson's 
talk it will be seen what a great variety of models is 
accessible when this simplifying assumption is dis- 
carded. The other assumption was (at least in the early 
— stages of the shell model, that is, in the early 30's) that 
- the average potential should be a function of the 
. coordinates only. We now know that it might be more 
_ reasonable to include a velocity dependence of the 
= potential, say with a term which is proportional to the 
— square of the momentum, but it should still be scalar. 
_ This new idea about the best average potential does 
not affect the general arguments seriously. 

T should now like to say a few words about the rather 
- great success which the old shell model attained through 
the efforts of many theoreticians, especially Wigner 
and his co-workers, in explaining many facts about the 
light nuclei which were generally known with rather 
“poor accuracy at that time. I mention as an example, 

t the shell closures of He‘ and O!5, and to a certain 
xtent of Ca*, were the first theoretical predictions 
about the particular stability of certain nuclei. The 
z shell model provided a very neat explanation of the 
surprising fact that until far up in the atomic table 
was only one element (argon) which had no odd 
isotope: One knew that the only odd mass argon 
e which might be expected to be stable was 
his would fie on the slope of increasing neutron 
+h increasing charge, but the shell model 
d rather quantitatively the instability of this 
st by the fect that the twenty-first neutron 
e to be brought into $ new shell and would 
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energy, and therefore there is no odd mass isotope of 
argon. 

These are only a few examples for the general success 
of the early shell model. Yet the model somehow got 
out of vogue. This was partly for the reason that there 
were other nucleon numbers which were distinguished 
in the same way as the numbers 2 in helium, 8 in oxygen, 
and 20 in calcium, from the natural radioactive decay 
one knew that there were similar phenomena at the 
numbers Z=82 and V=126, and from the table of 
stable nuclei together with the abundance chart it 
could be concluded that Z=50, and .V—50 and also 
iV — 82 played a similar role. However, these numbers 
never arose as shell closures from a reasonable assump- 
tion about the average potential even if one included 
velocity dependence. The main reason, however, was 
the tremendous success of Niels Bohr's' compound 
nucleus model in explaining the data on nuclear 
reactions. The underlying idea of the compound 
nucleus is that all nucleons somehow equally share the 
responsibility for the properties of the nuclear states 
involved, and Bohr rather convincingly suggested that 
this were a necessary consequence of the close packing 
and the short range of the nuclear forces. It was 
generally believed that this feature not only held for the 
excited levels in nuclear reactions, but also for the 
lowest levels, and I think that mainly in consequence 
of this generalization the shell model was not considered 
seriously for about ten years. 

This morining we learned about Dr. Brueckners 
confidence that these arguments may be overcome, 
and that the independent particle model can be justified ; 
in spite of close packing, and the short range forces,and ^. 
even for forces with a repulsive core. The principal 
objections may therefore no longer be serious, and I 
hope that in the near future this point can be completely — 
cleared up. As long as it is not convincingly shown that 
the Hartree model is a good approach even for these 
extreme forms of nuclear interactions, the success of 
the shell model is like explaining magic by miracles. — 

At any rate, some years ago Dr. Goeppert-Mayer 
and, independently, my friends Haxel and Suess m - 
Germany dug up the old shell model. At that time We 
were not very hopeful that we could learn very much 
about elementary nuclear interactions in this way, 
but we thought that even a poor model might be useful 
in finding some correlations and orientations in the 
rapidly increasing wealth of isolated nuclear data. | 
thought the situation might be rather similar to that 
organic chemistry before quantum mechanics wa 
developed. At that time, the experimental chemists 
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could not wait until the physicists had developed an 
entirely consistent and fundamental theory of matter, 
and they had to use concepts of their own, like valence 
or the Kekulé model. We investigated the shell model 
in this spirit and we were quite surprised that it appears 
to be possible to obtain some fundamental physical 
information from it. 

The first reason why we reconsidered the shell model 
was the rapidly increasing evidence for the particular 
behavior of the nucleon numbers mentioned above; 
since they were not explained at that time, the name 

magic numbers” was used in the literature. Beyond 
that, I should like to mention two other aspects. First 
of all there was the different behavior of the magnetic 
moments of odd proton and odd neutron nuclei, 
namely that nuclear moments of odd neutron nuclei 
did not show any dependence on the angular mo- 
mentum (they are by no means greater for large 
angular momenta than for small angular momenta) 
whereas there is definitely an increase of the odd proton 
moments with increasing angular momentum. This 
suggests that only the orbital momentum of the odd 
charged particle, contributes to the magnetic moment 
of odd mass nuclei. I will not go into details, but in 
addition there is a grouping which even suggested a 
difference in orientation of the spin of the odd particle 
with respect to its orbital momentum. Thirdly, there 
was another point which Niels Bohr emphasized in my 
discussions with him, namely the absence of rotational 
levels. At that time none were known, and there are 
still no rotational levels with moments of inertia of 
the whole nucleus. Now in a model in which each 
particle is moving in an average field, there is no place 
for a rotation of the nucleus as a whole because any 
angular momentum must be given by the orbital 
momenta of the single particles. Of course, there might 
be superpositions, but the shell model was the simplest 
way to get rid of the surprising fact that there were no 
rigid nuclear rotations. 

We next tried to find the proper ‘‘magic numbers” 
and, as is well known, they could be obtained uniquely 
by one additional assumption about the spherically 
symmetric potential. To the purely radial potential one 
has to add a strong spin-orbit coupling of the form 


f(r)o-rXp. 


This additional strong spin-orbit coupling gives the 
right ordering of levels. 

At that time, the existence of a potential of this type 
was an arbitrary assumption, although such a term 
does arise as a first order relativistic effect if one 
considers the motion of a spin 4 nucleon to be described 
by a Dirac-like equation with a spherically symmetric 
scalar field V (r). In the Pauli approximation this leads 
to a term of the type 
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where 
h 2 
lee) 
The sign of the term with (oe-L) is negative, otherwise 
the term is just the same as the Thomas term. In the 
electromagnetic case, where the potential is the fourth 
component of a four-vector, it has a positive sign. The 
negative sign is just what is necessary to account for 
the experimental data, but the factor A is too small 
by at least one order of magnitude, and therefore the 
spin-orbit potential was originally an ad hoc hypothesis. 

I do not know to what extent the Brueckner theory 
is now able to give a spin-orbit coupling of this type 
from conventional nuclear forces as they are suggested 
by meson theories (for example, from the tensor 
forces). At the moment one can hardly give a simple 
reason for the occurrence of this peculiar potential. 
Of course, the spin-orbit splitting need not necessarily: 
be described by such a term, but it is certainly the 
simplest one. 

I should like to emphasize the experimental evidence 
for this spin-orbit coupling from the scattering of 
neutrons or protons by helium. Helium can be con- 
sidered as a very spherically symmetric nucleus, it 
has no excited states up to its dissociation energy of 
about 20 Mev, and therefore I think that if the shell 
model should work at all, it would be most usefully 
applied to the interaction of the helium nucleus with 
an incoming proton or neutron. The analysis of the 
proton scattering showed very different behavior of 
the phase shifts for the p} and p; states. There is a 
rather sharp resonance which means the p phase shift 
goes through 7/2 at about 2.5 Mev (laboratory system) 
whereas the p, phase shift shows a’ very gradual slope. 
This obviously indicates a very strong spin-orbit 
interaction. These. phase shifts were confirmed at  — 
Minnesota by the experimental observation of the 
polarization of proton beams, through double scattering — - 
in the classical arrangement by which Barkla showed 
polarization of x-rays. 

The first scattering on helium produces the pole 
zation and the next scattering provides the oa 
the polarization. The amount of polarization predicted — 
by the phase shifts (as obteined from the angu 
dependence of the single scattering at different ener, 
was quantitatively confirmed. = 

This experiment has been extended, and Bes 
phase shift analysis confirmed by ‘experimer 
Illinois. Jentschke and co-workérs let the firsts 
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theoretical prediption was found. I think that the 
spin-orbit dado for a nucleon moving in nuclear 
matter is now an established fact. 

Breit and his co-workers tried to obtain these phase 
shifts through the whole region from zero to 15 Mev 
under the assumption that the proton or neutron moves 
in a velocity independent, spherical symmetrical 
potential with a spin-orbit term of the Thomas type 
superimposed. For a Gaussian well one had to take 
the spin-orbit coupling 30 times the Thomas value, and 
for a square well potential, one had to take even 50 
times the Thomas value. The phase shifts were described 
over the whole energy interval with velocity in- 
dependent central forces. Perhaps this is an accident 
but we cannot draw conclusions until these calculations 
are repeated with velocity dependent potentials. 

I shall not discuss how these shell model predictions 
were useful in giving the spins and parities, etc., not 
only of stable nuclei, but also of radioactive nuclei, in 
the classification of 8 decays, in the explanation of the 
phenomenon of isomerism, etc. But I will discuss some 
recent more detailed calculations which were made 
with the aim of getting more quantitative agreement 
with experimental facts, and of getting information 
about elementary nuclear forces. 

The closed shell nucleus is very trivial, and equally 
simple are nuclei with one neutron or one proton 
missing from a closed shell, but as soon as there are 
several particles outside closed shells the situation is 
very peculiar. If the shell model were really a very good 
approximation the particles in an incompletely filled 
shell could couple their spins in various ways, even if 
one takes the requirements of all the symmetry 
principles : isotopic spin, and Pauli's exclusion principle 
into account. The prediction would be that very close 
to the ground state there should be other levels with 
different spins, so that such nuclei should have a very 
confusing spectrum. From the fact that this is not the 
case, one sees that simple shell model functions are a 
crude approximation and that there are certainly 
correlations between the nucleons. The adopted 
procedure is quite similar to what was done in the 
theory of atomic shells and the early nuclear shell 
model: One takes the shell model functions as first 
approximation, describes the interactions by pairs of 
particle forces, and then one calculates what mixtures 
of different shell model configurations gives the lowest 

energy. One hoped that at least the bulk of the eigen- 
function could be represented by only one configuration. 

That is actually not true, and to solve this problem 

there have been carried out a great deal of numerical 

— calculations by very many theoreticians. l À 

= Tt is impossible to talk about all the details which 
been obtained. Hawever, I should like to mention 
ich I happen by accident to know p Aa 
think are rather consistent. One is the work by 
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nuclei between helium and oxygen. In pure jj coupling 
first the p; shell would be filled, and after that one had 
to fill the p, shell. But all other forces besides the 
spin-orbit force (which we have not really understood 
as yet) tend to produce a mixture of these configurations 
so that in the simplest case the Li® ground state should 
be a linear combination of (51)?, (51,21), and (53). 

Calculations show that, with reasonable forces be- 
tween pairs of particles and a single particle spin-orbit 
coupling superimposed, one arrives at a very consider- 
able mixing of configurations. The situation is inter- = 
mediate between a pure LS configuration and a pure jj 
configuration. Kurath showed that with rather good 
over-all agreement not only the ground states but 
also the excited states can be obtained. 

If one allowed for admixtures of further configura- 
tions which arise from higher single particle states, 
the agreement could certainly be improved, because 
this procedure is a legitimate and systematic way of 
taking all correlations between the particle positions 
into account. But it is reassuring that with p configura- 
tions alone the experimental data can be reproduced 
so well. To give this agreement the single particle 
spin-orbit force has to increase systematically from the 
beginning of the shell (He*) towards the end of the shell 
(N!5). Such a behavior of the phenomenological 
f(r)o-L-force follows from the assumption that it 
arises from spin-orbit interactions between pairs of 
particles. The beginning of the shell (He*) is therefore 
better represented by a pure LS configuration, whereas 
the end of the shell (N1) resembles more closely a 
pure 77 configuration. 

Not only the energies and quantum numbers of the 
nuclear states are well accounted for, but also the 
matrix elements for radiative and f transitions agree 
fairly well with the observed data. This is a more 
sensitive test for the quality of the eigenfunctions, 
because it is well known that the energies (which can 
be obtained from a minimum principle) usually come 
out quite well even with poor eigenfunctions, whereas 
the transition matrix elements are much more sensitive. 
The long lifetime of C", i.e., the small matrix element 
for its 8 transition to N“, which was a worrying puzzle 
to the theoreticians for many years, is now well under- 
stood. The matrix element becomes accidentally so 
small through a destructive interference between the 
contributions of the various configuration which 
represents the ground states of CH, respectively NP. 
From central forces between pairs of particles and 
c-L forces alone one cannot obtain a configuration 
mixture with such amplitudes and phases that the 
matrix-element is smaller by a factor 10-? than the 
value calculated from a simple shell model configuration. 
However, it was shown by the Harwell group that the 
addition of a small tensor interaction between the two 
particles, of sign and magnitude as in the deuteron, 15 
sufficient to yield precisely such a configuration mixture 
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that the calculated 8-transition matrix element vanishes, 
whereas the ordering and spacing of the excited levels 
is practically not disturbed. 

Kurath’s p-shell results agree well with those obtained 
by the Harwell group, and this group achieved equally 
satisfactory results for the nuclei with one to three 
nucleons beyond the O!* shell. In this case they find that 
an appreciable mixing of the d;, s}, and d; configurations 
results from the same type of internucleon forces. 
Again good agreement with observed data not only 
of the level schemes but also of electromagnetic mo- 
ments and of the transition probabilities is obtained 
without additional f-state configurations. All these 
calculations were carried through with shell model 
eigenfunctions obtained from a velocity independent 
potential and a f(r)o-L term. 

In these calculations one difficulty in the concept 
of the shell model has also been eliminated, namely, the 
additional degrees of freedom of the "center" around 
which the auxiliary single particle potential is assumed 
to be rotationally invariant, which has no physical 
significance. The total nuclear wave function should 
be invariant under translation, whereas the determinant 
of the A single particle wave functions gives an oscil- 


lation of the center of gravity around^th i e nonphysical 

“center.” For the nuclear ground states this unrealistic 
feature can be removed. However, if one considers all 
possible states of all shell-model configurations one 
would obtain states which have no physical meaning. 
The simplest example is an “excited state" of He*. The 
ground state is an {s*} configuration. For excited states 
a configuration (s?!) could be considered. Among the 
properly antisymmetrized functions there appears one 
which can be written as (5*5!) ;-1=R- (sf), where R is 
the center of gravity vector of the four nucleons. This 
would describe an unphysical state. Only after elimi- 
nation of all such spurious shell model states does one 
obtain level schemes which agree with the observed 
ones. 

[ could give only a brief summary of a few of the 
numerous calculations which have shown that the 
shell model can account for a great number of quanti- 
tative nuclear data as well as for general features of 
nuclear structure if correlation effects are properly 
accounted for by the introduction of mixed configura- 
tions. This practical success must however be solidified 
by a general proof that the Hartree method is self- 
consistent for the nucleus. 
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OR many purposes it is possible to consider each 
nucleon as moving, almost independently, in an 
average nuclear field generated by all the other nu- 
cleons. She existence of such independent particle 
motion in the nucleus gives rise to a nuclear shell struc- 
ture which is similar in many respects to the familiar 
atomic shell structure. There is, however, at least one 
very important difference between the field in which the 
electrons move and that in the nucleus. In the atom the 
field is dominated by the attraction of the heavy central 
nucleus. The fact that the nuclear field is generated en- 
tirely by the nucleons themselves implies that the 
nucleus will be much less stable against oscillations in 
shape. Already in the early considerations about nuclear 
structure, it was pointed out by Bohr and Kalckar! that 
this relative instability in shape should imply the 
existence of low-frequency shape oscillations as an 
important mode in the nuclear dynamics. The under- 
standing of most of the low energy nuclear properties 
requires an analysis of the interplay between the 
collective shape oscillations and the independent 
particle degrees of freedom in the nucleus.” 

In general, the period for the shape oscillations of 
lowest frequency is considerably longer than the 
period for independent particle motion in the nucleus. 
One may thus employ an adiabatic approximation in 
Ru solving the equations of motion. That is, we can proceed 
in two steps: first we solve for the intrinsic motion 
Q p to a constraint which specifies a particular shape 
and orientation. In practice we may attempt to satisfy 
iis constraint approximately by solving for the motion 
. nucleons in a potential which possesses the re- 
. uired shape and orientation. The eigenvalues, E;(o), 

f this first part of the problem are functions of the 
parameters, a, which define the nuclear shape. These 
unctions are called the potential energy surfaces. They 

A play a role very similar to the potential energy surfaces 
- in molecules. Next, we consider the additional energy 
_ which the system acquires when we let a vary slowly 
ith. time. Expanding the energy in a power series in & 


: H=E;(a)+43B;(a)é?. (1) 
Bohr aud F. Kalckar, Mat.Fys.Medd.Dan.Vid.Selsk. 14, 
dd.Dan.Vid.Selsk. 26, No. 14 (1952). D. 


Phys. Rev. 89, 1102 (1953). A. Bohr and 
des dd.Dan. Vid.Selsk. 27, No. 16 (1953). 
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The neglect of the nondiagonal couplings proportional 
to & is justified only if there are no degeneracies or 
near-degeneracies in the spectrum of the intrinsic 
motion. In general it is only the even-even nuclei that 
are free from such degeneracies. I shall mainly confine 
myself in this talk to these even-even nuclei for which 
the above especially simple collective Hamiltonian is 
adequate. Unfortunately, I shall not have time, within 
the scope of this talk, to discuss the many very inter- 
esting effects which arise in the odd-A nuclei. 

In the early discussions of the nuclear collective 
properties, an attempt was made to estimate the func- 
tions E(a) and B(a) by employing a liquid drop model. 
Thus, E(o) would depend on the nuclear “surface 
tension" which in turn could be related to the observed 
nuclear binding energies, and B might be calculated 
from the kinetic energy associated with surface oscilla- 
tions of an irrotational fluid. 

We now know, however, that the functions E(q) and 
B(o)are influenced in an essential manner by the nu- 
clear shell structure. Let us consider, for example, the 
function Eo(a) which represents the lowest potential 
energy surface in an even-even nucleus. Beginning with 
a closed shell nucleus, we know that the system possesses 
an especially great binding energy which is associated 
with the degeneracies of the nucleon orbits in a spher- 
ical potential. Any attempt to distort the system from 
the spherical shape is very costly in energy, and the 
potential energy curve for this configuration is thus 
stable at the spherical shape and rises very steeply as 
we go away from this shape (curve a, Fig. 1). 

Adding additional nucleons beyond the closed shell, 
the potential energy curve will be a result of the com- 
petition between the particles outside closed shells, 
which exert a polarizing effect on the nuclear shape, and 
the particles in closed shells which prefer the spherical 
shape. The existence of this important polarizing effect 
of the individual nucleons outside of closed shells was 
first recognized by Rainwater? He pointed out that 
since the orbital motion of a single nucleon is mainly 
confined to a plane perpendicular to the direction of its 
angular momentum vector, the particle will exert a 
centrifugal force in this plane tending to distort the 
nucleus. 


The polarizing tendency of the particles outside of ' 


closed shells is modified in an important way by the 


residual forces which are not included in the average 


nuclear field. These tend to couple the nucleons into à 


Rainwater Phys, Rey, 79, 432 (1950). 
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Fic. 1. Potential energy 
curves for the lowest con- 
figurations in even-even 
nuclei.? 


Flowers, Racah, and others have shown that the short 
range attractive forces, which act in the nucleus, favor 
a state of J—0 for an even-even nucleus. Thus, in a 
spherical potential (a— 0), the particles in an even-even 
nucleus will have J —0, a spherical density distribution, 
and no net polarizing effect on the nuclear shape. How- 
ever, when we consider intrinsic motion in a nonspher- 
ical field, J is no longer a constant of the motion, the 
particles become decoupled from each other and exert 
their polarizing effect. 

Thus if we add a few particles beyond a closed shell 
we obtain a potential energy curve which remains stable 
at the spherical shape, as a consequence of the residual 
interactions, but which is much softer against distortion 
away from the spherical shape as a consequence of the 
polarizing tendencies of the added nucleons (curve b, 
Fig. 1). Continuing to add still more nucleons beyond 
the closed shell, the spherical shape continues to become 
less and less stable, until, if there are enough nucleons 
outside of closed shells, the spherical shape may be- 
come unstable and the lowest energy of the nucleus is 
then associated with a nonspherical shape (curve c, 
Fig. 1). With still more nucleons added, the magnitude 
of the equilibrium deformation increases and the sta- 
bility of the system with respect to displacements from 
the deformed equilibrium also increases (curve d, Fig. 
15 

I would like now to discuss the characteristic col- 
lective excitation spectra which are associated with 
these different types of potential energy surfaces. 

The situation is most simple for nuclei with non- 
spherical equilibrium shapes, so I shall start by dis- 
cussing the spectra of the nuclei in the regions farthest 
from closed shells. The regions in which nonspherical 
nuclei have been observed are roughly defined by 
A724, 150« A4 «190, and A47 220; these are just the 
regions farthest from the closed shell configurations. 
Such systems, possessing a nonspherical shape, exhibit 
a very low energy collective motion which simply corre- 
sponds to the reorientation of the nucleus in space with 
preservation of the shape and intrinsic structure. Indeed 
the nuclei in the above regions do exhibit rotational 
spectra which for the lowest intrinsic state in the even- 
even nuclei have the form 


h? 


Enc) I=0,2,4,6,---even parity. (2) 
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Fic. 2. Coupling scheme 
for the lowest grotational 
band in an even-even nu- 
cleus. 
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The nature of this rotational spectrum tells us quite a bit 

about the symmetry properties of the nuclear shape. 1 
Thus the dependence of the nuclear energy on Z (73-1) E 
implies that we have to do with the rotations of a 
symmetrical top; the fact that we most.often observe 
only the even spin and even parity states in these spectra* E. 
implies that usually the nuclear shape is symmetric with 
respect to reflection in a plane perpendicular to the 
symmetry axis and passing through the center of the 
nucleus; and finally, the absence of other states in the 
rotational band which would correspond to rotation 
about the symmetry axis implies that the effective 
moment of inertia for such rotations is at least an order E 
of magnitude smaller than that for rotations about an t 
axis perpendicular to the nuclear symmetry axis. The 
nuclear coupling scheme is sketched in Fig. 2. These 
symmetry properties of the nuclear shape are related 
to the nuclear potential energy surfaces. It has indeed 
been shown that the nuclear shell structure will almost - 
always prefer such axially symmetric shapes. The | 
smallness of Sj, is a special case of a more general | 
result which we shall discuss further a little later. 

The experimental evidence on the rotational spectra - 
of the even-even nuclei is shown in Fig. 3. This gives 
the ratio of the measured excitation energies of the  - 
excited states to the energy observed for the first ——— 
excited, 2+, states in these nuclei. According to the — 
above expression we would expect the second excited - 
state to have I — 4-- and an energy 3$ times that of the — 
2+ state, the third and fourth states should have 
I=6+ and 8+, and energy respectively, 7 and 12 
times the 2+ energy. The experimental data agree quite 
well with this interpretation; in the regions of 
largest deformations the energy ratio of the 4+ 
24- states agree with the above expression with 
tenths of a percent. The deviations are always. 
increase with increasing 7, and with the approa 
transition regions where the deformed sh 
longer a stable equilibrium. Such deviati 
interpreted in terms of centrifugal di 
slightly changes the nuclear shape a 
rotational frequency. A 
í In some cases, especially aroun 
rotational bands have been ob 


Christy that these be inter 
clear shape from reflectic 


188 BEN R. 
d E73 
15 JE 
o 07S 


10 


200 240 260 A 


208 


140 160 180 220 


Fic. 3. Experimentally observed energy ratios for excited states 
in rotational bands in even-even nuclei.? 


Besides the simple energy expression governing the 
rotational spectrum, there are also intensity rules that 
govern the relative strength of 6 or y transitions to 
different members of a rotational band. These intensity 
rules follow directly from the geometric nature of the 
rotation, in the same way that one obtains intensity 
rules for the relative strength of the transitions in a fine 
structure or a hyperfine structure multiplet. The ex- 
perimental evidence supports these intensity rules 
within the experimental accuracy, which is about 10% 
in the best studied cases. 

While the relative energies and intensities in a rota- 
tional band are geometrical quantities which are inde- 
pendent of the detailed nature of the intrinsic motion, 
the effective moment of inertia, SY, appearing in the 
rotational energy, is a dynamical quantity which de- 
pends in an essential way on the intrinsic structure of 
the system. We may attempt to estimate XY by employ- 
ing a method first suggested in this connection by 
Inglis. He pointed out that, since Sy represents the 
additional kinetic energy which the nucleons must have 
in order to follow the rotation of the nucleus, we can 
estimate {{ by considering the motion of particles in a 
rotating nuclear field. Due to the equivalence of a 
rotation to an externa] magnetic field, this problem is 
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very similar to the calculation of the diamagnetism of a 
gas of charged particles. 

If we first consider this problem in the limit where we 
may use classical mechanics we find that the moment 
of inertia must have the value Spig corresponding to a 
rigid rotation of the nuclear density distribution. This 
result corresponds with the statement that a classical 
electron gas has no diamagnetism, as was first shown 
by N. Bohr and later independently by van Leeuwen. 
We can see this result most easily by looking at the 
system in the rotating coordinate system in which the 
potential remains constant in time, but where we 
must add the appropriate Coriolis forces to the Hamil- 
tonian. However, the Coriolis forces do not change the 
isotropy of the velocity distribution. There is thus no 
net current in the rotating coordinate system; in the 
space fixed system the whole nucleus is rotating as a 
rigid body. This result is independent of any details of 
the intrinsic structure such as the mean free path of the 
particles in the potential. 

When we consider the actual nucleus we find that 
there is a very important quantum-mechanical cor- 
rection to the above result, which is a consequence of 
the tendency of the intrinsic structure to go into a state 
of J=0 as the nuclear deformation, a, goes to zero. As 
mentioned previously, this tendency is a consequence 
of the residual forces in the nucleus. Since a state with 
J=0 has a spherical density distribution, its energy is 
independent of the orientation of the nuclear field, and 
thus it does not contribute to the moment of inertia. 
Even for the appreciable eccentricities encountered in 
the most deformed nuclei, this single quantum state 
with J=0 constitutes a significant part of the intrinsic _ 
state of motion and thus the nuclear moments of inertia 
are appreciable below the value £y; and become smaller 
as the eccentricity becomes smaller. The experimentally 
measured moments of inertia are shown in Fig. 4 in 
units of the moment Sig. The abscissa is the nuclear 
eccentricity, 8, deduced from the nuclear quadrupole 
moment determinations. The solid curve is obtained 
from an extremely simplified model which provides an 
interpolation between the small and great deformation — - 
limits. This interpolation expression depends on the 
strength of the residual interactions as measured by 
the parameter v. 

As we approach the closed shell configurations the 
deformations get smaller, the moments of inertia get 
smaller, and the accuracy of the simple rotational energy — 
spectrum gets poorer. Finally, we reach a point where — 
the nuclear potential energy surface no longer has a 
nonspherical equilibrium and then the nuclear coupling 
scheme changes in an essential manner. The nucleus - 
now has a spherical equilibrium shape and the system 
cannot exhibit simple rotational motion; the low-fre- 
quency collective degrees of freedom now correspond to. 


5 For a more detailed discussion of the nuclear momen 
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Taste I. Data on nuclear vibrations around a spherical equilibrium shape. The table? lists all cases in which the second excited state is 
known to have spin and parity 2+ (the first excited states are all also known to have 2+ character). The second. third, and fourth 
columns list, respectively, the energies of the first excited state, the second excited state, and the ratio of these two znergies. The fifth 
column gives the ratio of the observed cross section for Coulomb excitation to that expected for a single proton transition. The sixth 
column gives the ratio of M1 to E2 radiation in the cascade transition between the second excited state and the first. The last column 
gives the ratio of the reduced transition probabilities for #2 radiation for the crossover decay to ground and the cascade decay of the 


second excited state. 


s E E': B(E2; 0—2) B(E2; 2’—0) 
Nucleus (Mev) (Mev) E's/ Es Bs (E2) (M1/E2)o_.2 B(E2; 2'—2) 
sc Fe 5s 0.81 1.62 2.00 0.2 0.01 
SOL Lae 2.18 1.64 17 (3X 1073) 
30Z4n 1.00 2.27 2.27 15 0.1 

Zn 1.05 2.40 2.29 11 (0106) 

345e7° 0.55 1.19 2.17 EET ~1 0.1 E 

aos Kr&? 0.77 1.45 1.88 (0.01) 
Kr% 0.9 1.9 2.1 20.1 
oZ, r?? 0.93 1.83 1.97 (0.05) 
Rule 0.54 1.36 2.52 22 (0.05) 
ud ed 1.10 2.34 45 (0.15) 
sz Te? 57 1.26 2.21 26 0.1 0.01 
Tere 0.65 1.40 2.16 17 (0.004) 
54.0126 0.39 0.86 2.20 (0.01) 
Xel25 0.46 0.99 2.15 (0.01) 
Pt? 0.32 0.61 1.90 0.025 0.004 
PM 0.33 0.62 1.88 50 small 0.01 
ptis 0.35 0.69 1.97 38 0.05 <4X10~ 
soH g!98 of tio 2.66 29 0.7 0.04 
s4 Po% .61 1.38 2.26 13 >2 


quadrupole vibrations around the spherical equilibrium 
shape. Each quantum of vibration carries two units of 
angular momentum, since we are dealing with quad- 
rupole oscillations. If we assume small amplitude oscil- 
lation, the motion will be approximately harmonic and 
the excitation spectrum of an even-even nucleus would 
have the form indicated in Fig. 5. Of course, higher 
order terms in the collective Hamiltonian will modify 
the exact equality of the energy spacings and remove 
the degeneracies. 

As was first pointed out by Scharff-Goldhaber and 
Weneser,” the low-lying excitation spectra of the even- 
even nuclei, outside of the above regions where rota- 
tions are observed and excluding the few nuclei imme- 
diately adjacent to closed shells, agree very well with 
this picture. Thus the first excited states all have spin 
2 and even parity. The energy of this state varies in a 
regular manner with A and in the sense suggested by 
the qualitative considerations about the potential 
energy curves. The frequency decreases regularly as we 
go away from closed shells, corresponding to the de- 
creasing stability of the spherical shape caused by the 
polarizing effect of the nucleons outside of closed 
shells. 

Coulomb excitation of these first excited states has 
been observed in about fifty nuclei, and in every case the 
cross section has been appreciably greater than would be 
expected for the excitation of a single proton; the en- 
hancement ranges between about a factor of ten to fifty. 
This provides very direct evidence that we are dealing 
here with an excitation mode that involves the motion 
of an appreciable number of nucleons. The Coulomb 


i ESON 
7 & Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 
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excitation cross sections also increase as we go away 
from closed shells, reflecting with the expected increase 
in the amplitude of the oscillations of shape. 

The second excited vibrational states have been 
observed in many cases and their energy is found to 
vary between 2 and 2.5 times that of the first excited 
state (with two or three unusual exceptions lying out- 
side this interval). The observed second excited states 
have in all cases 7—0--, 2+, or 4+. The whole triplet 
is not usually observed because the states are populated 
in B or y decays which obey very strict selection rules on 
the allowed spin changes. 

The vibrational character of the second excited state 
is especially shown by the y decay of the second excited 
2+ states. These states may decay by M1 or E2 
radiation to the first excited 2+ state or by #2 radiation 
to the 0+ ground state. If all matrix elements were of 
the order of single particle values, the M1 cascade decay 
would be the strongest by factors of the order of 100. 
However, the observed M1 cascade radiation is usually 
no stronger than the #2 cascade and is sometimes 
appreciably weaker. This smallness of the M1 transi- 
tion matrix elements follows at once from the fact that _ 


the fundamental excitation mode involved is a quad- __ 
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Fic. 6. Representative low-energy excitation spectra of even- 
even nuclei in the region 170 « 4 «208. The ratio of the energy 
of the second excited state, E(?, to that of the first excited state, 
EÙ, is shown under each level scheme. In the region of non- 
spherical nuclei the limiting expression (2) predicts that this ratio 
TS be 34; in the region where the spherical shape isstable, the 
assumption of approximately harmonic vibration implies that this 
ratio should be close to 2 (see Fig. 5). 


rupole motion, even though A/—0, and thus in this 
description the M1 matrix element vanishes. 

The reduced £2 transition probabilities for the cas- 
cade and crossover decay of the second excited 2+ 
states are observed to differ by an appreciable factor. 
'The reduced transition probability for the cascade 
decay is observed to range from 10 to 1000 times greater 
than that for the crossover transition. The existence of 
this selection rule also follows as a simple consequence 
of the above description of these states. Since the electric 
quadrupole transition operator is linear in the quad- 
rupole shape parameter, a, it cannot change the number 
of vibrational quanta by more than one. 

The empirical evidence on the vibrational spectra of 
even-even nuclei is summarized in Table I. This con- 
tains all the cases in which the second excited states 
are known to have spin and parity 2+. 
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To summarize, the general picture of the lowest ex- 
cited states of the even-even nuclei is as follows: 

In the regions farthest from closed shells the nuclei 
possess a nonspherical shape as a consequence of the 
polarizing effect of the nucleons outside of closed shells. 
The lowest excitations are then rotations with the 
spectrum (2). As we approach towards a closed shell the 
magnitude of the nuclear eccentricity decreases and the 
moment of inertia also decreases. At a point which may 
be still quite distant from the closed shell configuration, 
the spherical shape becomes a stable equilibrium as a 
consequence of the residual forces between the nucleons 
and the whole nuclear coupling scheme changes. The 
lowest excitations now correspond to approximately 
harmonic shape oscillation of quadrupole type. With 
the further approach to a closed shell configuration the 
frequency of such shape oscillations increases. Finally, 
in!the immediate neighborhood of a closed shell con- 
figuration the collective vibrational frequencies may 
become comparable to those of independent particle 
motion. It is then no longer possible to employ an 
adiabatic approximation as in the derivation of (1). 
In such cases it is most appropriate to treat completely 
all the degrees of freedom of the particles outside of the 
closed shells, as has been done by Inglis, Elliott, and 
Flowers, Redlich, Ford, Levinson, Pryce, and others. 

The general sequence of spectra is illustrated in Fig. 
6. The levels of Hf!® follow the rotational spectrum 
quite accurately, as is the case for all the nuclei in this 
region (Fig. 3). With Os!9? deviations from the rotational 
spectrum (2) are about ten percent. The transition to 
vibrational spectra occurs at Pt!?. All the observed 
spectra from this point to the immediate neighborhood 
of the closed shell configuration of Pb% correspond to 
approximately harmonic vibrations. 

Finally, by the time we come to Pb” the collective 
frequencies have become higher than those of individual 
particle motion. The observed low-lying excited states 
of this nucleus have been shown? to correspond well 
with the two-neutron excitations expected from the 
known single particle levels available in this region. 


3 M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952); 
D. E. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 (1954). 
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1. INTRODUCTION 


HE richness of phenomena encountered in the 
study of nuclear reactions is revealed by the 
colorful terminology in current use: cloudy crystal ball 
model, knock-out processes, boil-off processes, stripping 
and pickup reactions, and so on. In a brief survey with 
any pretensions to coherence, it is impossible to make 
detailed mention of all phenomena. Consequently, the 
present review will be purposely restricted to the 
central features of nuclear reactions. Coulomb exci- 
tation, heavy ion reactions, fission, and other such 
specialized subjects will not be discussed. Furthermore, 
little will be said about the older and well-known 
subjects such as the Breit-Wigner formula and the 
statistical theory of the compound nucleus. Rather we 
will stress the developments of recent years, with 
particular emphasis on the cloudy crystal ball (or 
complex potential) model and direct reactions. 

Ideally, the task of a comprehensive theory of 
nuclear reactions is to predict the cross sections for all 
the individual energetically-allowed processes that can 
be initiated by the bombardment of a given target 
nucleus with a given projectile. In the search for such a 
theory, it is convenient to begin by limiting oneself 
to a more modest goal, namely the prediction of the 
cross sections for scattering and absorption. 

When the target nucleus and projectile come together 
in a bombardment, there are two basic types of events 
that can occur as a result of their interaction. Either 
the nuclei are scattered by each other without change 
in relative energy or internal structures (scattering 
event), or else they exchange energy and change their 
internal structures (absorption event).* In the latter 
case, the event implies the formation of a “compound 
system" of all the particles.! This may decay quickly 
(direct process) or after a long time interval (compound 
nucleus process). Evidently, any given individual cross 
section is determined by the relative probability for the 
decay of the compound system into the appropriate 
final nuclei. A theory giving all these relative proba- 
bilities can be called a theory of “individual cross 
sections” as opposed to one which only gives only the 


* Strictly speaking, there may also be the third possibility of a 
charge in relative energy without a change in internal structure. 
This will be so if energy can be stored in collective motion which 
preserves internal structure. For instance, if the target nucleus 
has a nonspherical shape, it may be set into simple rotational 
motion. We ignore this possibility until we make special mention 
of itin Sec. 4(b). 
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two basic cross sections for scattering and absorption. 
Section 2 is devoted to discussion of the cross sections for 
diffraction and absorption. This is followed, in Sec. 3, 
by a review of the present theory of individual cross 
sections. Finally, in Sec. 4, some remarks are made on 
the general contemporary situation in the study of 
nuclear reactions. 


2. CROSS SECTIONS FOR SCATTERING 
AND ABSORPTION 


The sum of the scattering and absorption cross 
sections defined in the Introduction must evidently 
constitute what is normally understood to be the 
“total” cross section. However, it is not true? that the 
two cross sections separately can be exactly identified 
with what one normally calls the “elastic” and “non- 
elastic" (or *reaction") cross sections. The reason for 
this comes from the possibility that, of the totality of 
absorption events which constitute the absorption cross 
section, some of them may ultimately lead to the 
production of the original bombarding pair of nuclei. 
In the scheme which divides the total cross section into 
elastic and nonelastic, such events would be included 
in the former, not the latter. These special events are 
said to account for the ‘‘compound-elastic” part of the 
elastic cross section. This distinguishes them from the 
“scattering” or ‘‘shape-elastic” events which constitute 
the rest of the elastic cross section. Fortunately, except 
at energies of less than a few Mev, the compound- 
elastic cross section is quite negligible. Thus in the 
following, we will identify the usual quantitative 
definitions of elastic and nonelastic cross sections with 
the shape-elastic and absorption cross sections, respec- 
tively. Later on [Sec. 2(d) ] we will describe the special 
situation arising at low energies. 

At this stage we make an important specialization 
in the discussion, namely it will be assumed that the 
projectile in the bombardment is a nucleon. Clearly, a 
necessary preliminary to the basic understanding of 
reactions initiated by deuterons, alphas and other 
composite particles is the understanding of reactions 
initiated by simple single particles. x 


2(a) Parametric Analysis of Cross Sections 


Let us, for simplicity, ignore -the presence of the 
intrinsic nucleon spin. The shape-elastic and absorption 


2 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). Ex 
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cross sections then have the well-known forms 


Pi(cos) |? 


a.a (009— 0. (0)40=— x Oe rare dQ 


T 
1 Td: aa 5» (214-1) (1— (S13, 
l 


| where & is the wave number of the relative motion of 
the colliding nuclei, / labels the orbital angular momenta 
| of relative motion, and Sz is the scattering amplitude 
| | for the /th partial wave defined by the following 
ik asymptotic form of the wave function of relative 
motion at large distances of separation 


1 
—(e-iUér- Q2/2)1 — S eti Ikr x21) P. (cost). 
r 


erst memm ee 


f When the nucleon spin is taken into account, these 

Í formulas become somewhat more complicated. For 
| instance, for a zero spin target nucleus, each S; is 
replaced by two scattering amplitudes Su, and Sm; 
for two possible values, J —/4-3. In addition, there is a 
new cross section to be considered, the polarization 
cross section, which depends on the differences (Si, 
— Sı). The presence of nucleon spin is only significant 
when there is some force coupling the spin to the orbital 
motion, so that Sı, and Sı; are not equal. Experi- 
mentally, it appears that this coupling is not very large, 
although it is certainly necessary to take it into account 
if the observed differential cross sections are to be 
fitted in better than a qualitative manner. (Also, 
evidently, it is necessary to consider it if one wishes to 
fit the observed polarization cross sections.) For the 
present discussion, it is convenient to ignore the spin- 
orbit coupling. 

At any given energy the set of complex S; form a 
doubly infinite number of parameters that are, in 
principle, deducible from experiment and which are 

only restricted by the conditions |S;| X1. We might 

guess that any theory of reactions containing a similar 
number of parameters is always capable of fitting the 
data.? In situations of physical interest, only a restricted 
number of / waves are involved in nuclear collisions 
because of the finite size of nuclei. In a given collision, 
there are only ~2/max parameters to be considered, 
where Z5 is the / value of the highest partial wave 
involved in the collision. If a theory contains a similar 
number of parameters, then it can always be made to 
t the data. Such a theory gives no physical insight 
ato the mechanism of reactions. It only gives a “repre- 
ntation" of the data, but does not provide evidence 
gainst a particular model, although it may be 


by a model. 
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2(b) Complex Potential Representation 


Many successful attempts have been made to fit 
observed cross sections by representing the interaction 
of incident nucleons with target nuclei by a spherical 
single particle potential well — V (r)—iW (r), where 
V(r) is the real, refracting part and iW (r) is the imagi- 
nary, absorbing part. For any such potential, one solves 
the Schrodinger equation for each / wave, thereby deter- 
mining the amplitudes Sı. In the high energy limit, 
where many / waves are involved in the collision, the 
formulas for ca(0) and cabs naturally take on the forms 
characteristic of the “optical model" that can be used 
in this limit. SS; is evaluated as exp(ikfnds) where 
the integral is taken along the optical path corre- 
sponding to impact parameter b=//k, and where n isa 
complex refractive index defined by 


w—1=(V+iW)/E, 


E being the relative energy of collision. It is usual to 
write 
1 iK 
n=1-+ (it ) 
k 2 


where kı and K are real quantities and K is the “‘absorp- 
tion coefficient" equal to the reciprocal of the mean free 
path against collision. If W is small compared to 


V+E, then 
ky V\3 
z (1) —1 
k E 
K W 
ae 


Vv} 
e(t) 

E 
These relations are correct to a sufficient approximation 
in cases of physical interest. 

In order to fit the data with the complex potential 
model, it is evidently necessary to restrict the potential 
to approximately the size of the target nucleus if the 
theoretical value of Imax is to be made to coincide with 
the experimental one. This still leaves one with freedom 
to adjust the shapes of V (7) and W (7), and this freedom 
surely means that, at any given energy, the data can 
always be fitted by a suitably chosen complex potential.] 
At very high energies, where the elastic scattenng 
closes up into the forward direction, there is effectively 
only one experimental quantity, viz., cabs, and the 


í Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). = 

f For instance, the quantity 1— | S:|? giving the absorption 
in the /th wave is essentially e^ W (r) |va (7) | 3d ; i.e., the volume Lo 
integral of W(r) weighted by the square modulus of the wave 
function y;(r) of the lth wave. Thus one can give cab» any desired. 
value by adjusting the value of W (r) near the impact distance for. 
the Ith wave where |y,|? is peaked. However it must be stress& 
that no rigorous proof has been given of the conjecture that t 
set of S; can always be fitted by a suitable choice of poten 
V (r)+iW ia: Such a proof has been reported for only the sp 
case of W (r) =0, i.e., no absorption.? ` 
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corresponding theoretical parameter is an integral 
over K (7). Thus, at any energy, there seems to be ample 
freedom in the model to guarantee a fit of the data. 


2(c) Evidence for the Optical Properties 
of Nuclear Matter 


The very important question that now arises is: 
how can one establish whether the complex potential 
corresponds to physical reality or not? In other words, 
we want to know if nuclear matter really has optical 
properties so that the complex potential is a genuine 
physical model, or whether the complex potential is 
just to be regarded as no more than a representation 
of data. Merely to fit the data at a given energy with 
an adjustable complex potential proves nothing. To 
confirm that the model has a physical basis, one must 
go further and compare the experimental values of V 
and W as functions of radial distance and energy with 
values computed theoretically using a calculation based 
on optical model ideas. Generally speaking, such ideas 
enable one to express V and W in terms of the scattering 
amplitudes of individual collision processes between 
the incident nucleon and the nucleons in the target. 
Since the observed amplitudes for nucleon-nucleon 
scattering are smooth functions of energy, it follows 
that a precondition for the physical reality of the 
complex potential is that V and W are smooth functions 
of energy. Furthermore, since the radial dependences 
of V and W are expected to be simply related to that 
of the nuclear density, the known smoothness of the 
latter leads to the requirement that V and W be also 
smooth functions of radial distance. 

Experimentally elastic and absorption cross sections 
have been measured for neutrons and protons incident 
on many nuclei with bombarding energies up to 1.4 
Bev. These cross sections have been analyzed using the 
complex potential with the following results. 


Observed Radial Dependence of V and W 


As far as the radial dependences are concerned, all 
the data are consistent with a shape much like that of 
the nuclear density distribution with its flat central 
part and an appreciable surface fall-off distance. These 
two qualitative features are essential for fitting the 
data,5/9 at least in the case of V(r). The radial distri- 
bution of W is less well determined and some success 
has been achieved with a distribution of W concentrated 
at the nuclear surface. For both V and W there is 
uncertainty about the details of the shapes deduced 
from experiment. This arises partly from the neglect 
of spin-orbit coupling in most attempts to fit the data. 
To carry out a full analysis of the polarization, differ- 
ential and absorption cross sections with a complex 


"ARES iocur Eel 
5 Bjorklund, Fernbach, and Sherman, Phys. Rev. 101, 1832 


1 
( MATES Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956). 
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potential model including a spin-orvit term U(r)l-s 
would be very laborious. Unfortunately it seems that 
such an analysis must be done if the complex potential 
model is to be exhaustively tested. 


Observed Energy Dependences of the Central 
Depths of V and W 


The values of central depths of V and W that are 
extracted from the data depend on the radii of the 
radial distributions of V and W. (In principle, such 
radii should be determinable uniquely from’a careful 
analysis of the data and so V and W could be assigned 
unique values. In reality, most analyses have not 
approached this ideal stage.) To a first approximation, 
the cross sections are determined by the combination 
(k+k,+1K/2)R, where R is the mean radius and £; and 
K are the “bulk” values of our previously defined quan- 
tities. It follows that V and W depend on the choice 
of Ras (V4- E)-- R?, W~R=. The values of V and W 
that we now quote, have been obtained from the 
reported values by normalizing to the choice R— 1.334! 
X10-9 cm. 

For protons,’ the central depth of V after correction 
for the mean Coulomb potential is observed to decrease 
from 55 Mev at zero bombarding energy roughly 
according to the law V—55—0.5E. Above E=40 
Mev, the values flatten off to V~20 Mev at E=100 
Mev and appear to stay at this value up to E2400 
Mev.' At higher energies, the values of V are not 
obtained very precisely from the data. 

For neutrons?" the same remarks apply except that 
the depth of V at zero bombarding energy? is about 
10 Mev less than for protons. Such a difference is to 
be generally expected from the velocity dependence of 
V. It is easyt to see that, if the mean potentials felt 
by a neutron and a proton are assumed to be the same 
as functions of kinetic energy except for the Coulomb 
potential V., then the two potentials as functions of 
total or bombarding energy differ not only by Ve but 
also by a term which is opposite in sign to Ve and 
proportional to Ve. 

For protons and neutrons the value of the central 
depth of W increases from W~3 Mev at zero bombard- _ 
ing energy to W~15 Mev at E—32 Mev.’ There isa — — 
broad maximum with W~20 Mev centered at E~70 —— — 
Mev, followed by a shallow minimum of W~12 Me 
at E~200 Mev. From then on W increases monotoni 
cally passing through W~17 Mev at E=350 Mev’ an 
W~70 Mev at E~1400 Mev.? , 

Me cone a viste E Maia add T. ft 
S rme, Phil. Mag. 44, 1028 (1953 CHE 

If, for a neutron, V= AS where T is 
energy, the corresponding formula for V as a functi 
total energy E=T+V is V=(—a+, + or a p 
the formula V — —a--8T--V. leads to V= -EBE--V 
— (—a--BE)/ (1--8)-V.—8/(1--8)V... < S. 
neutron potential not only in V; but alsoin 
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To appreciates the physical implications of these 
magnitudes of W, it is convenient to consider the ratio 
of the corresponding mean free paths 1/K to a typical 
nuclear radius which we will choose to be 7X 107? cm. 
This ratio exceeds unity only below a few Mev. Above 
these energies it falls steadily to about 0.25 around 
E=40 Mev, then rises to a maximum of about 0.7 
at E~350 Mev and falls again to 0.3 at 1.4 Bev. Thus 
the mean free path of a nucleon against collision in 
nuclear matter is always of the order of the nuclear 
radius, but only actually exceeds it at low energies. 

On the simplest classical particle picture, one expects 
the mean free path 1/K to be simply (p(c))-! where p 
is the nucleon density in nuclear matter and (ve) is a 
suitable average of the nucleon-nucleon total cross 
section, taken over the various velocities of neutrons 
and protons in nuclear matter. This relation follows 
from the more general one of the classical optical wave 
model’: : 


n—1-— pk (rk, f, (0)). 


Here f,(0) is the forward part of the nucleon-nucleon 
scattering amplitude and the preceding expression for 
K follows on taking the imaginary part of this equation. 
It is unfortunate that one cannot proceed to calculate k, 
directly from the observed nucleon-nucleon data. The 
reason is essentially that the singlet and triplet scatter- 
ing amplitudes are not determined separately by the 
data as analyzed at present.§ No such difficulty is 
present in the case of K however and this quantity is 
straightforwardly computed. The observed values of 
K above E~100 Mev are immediately found to be 
predicted correctly. From the simple formula for K, 
its energy dependence for E>100 Mev ought to be 
that of the nucleon-nucleon cross sections. The fall-off 
in the n-p cross section from 100 to 300 Mev and the 
subsequent rise (due to meson processes) are directly 
eflected in the observed values of K. 

Below H=100 Mev the decrease in K can be 
 ttributed to the effects of the Pauli principle which 
orbids collisions that would otherwise take place. A 
simple calculation? with a degenerate Fermi gas at 
zero temperature reproduces the observed values rather 
well if one ignores the velocity dependence of the 
nucleon potential and takes V=Tr+8 Mev, ie. 

E=T—(Tr+8 Mev) where T is the kinetic energy of 
the bombarding particle and Tr is the maximum energy 
in the Fermi distribution. A more consistent calculation 
which takes the velocity dependence into account 
reduces the predicted values by nearly an order of 
magnitude, thereby destroying the agreement with 


been made to compute kı by hypothesizing a 
tential and evaluating the forward scattering 
rn approximation. For example, A. Kind and 
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experiment. However the agreement can again be 
restored by allowing the Fermi gas to have a suitable 
temperature." The effect of doing this just about 
cancels the effects of the velocity dependence. 

In spite of the absence of an optical calculation of V, 
the agreement obtained in the case of W between optical 
theory and experiment seems sufficient to establish the 
physical reality of the complex potential. The final 
task is now to explain why nuclear matter has apparent 
optical properties. This is really a problem of nuclear 
structure rather than nuclear reactions, so this difficult 
question will not be discussed here. However it seems 
appropriate to draw attention to the fact that the 
model’s success is somewhat surprising. The model is 
essentially a classical one, based on the concept of 
two-particle collisions with energy conservation in each 
collision. On the other hand, the nucleus is a quantum 
system of closely packed particles and there are usually 
particles present in the wave zone for a given collision 
between two particles, and these would normally lead 
to nonconservation of energy in the collision. Perhaps 
the present situation can be optimistically summarized 
by the observation that the optical model picture is at 
least internally consistent in the following sense: the 
model certainly demands as a necessary condition that 
the localization length (i.e., the wavelength) of the 
incident particle be much less than the distance between 
collisions. Assuming the validity of the model, one 
computes this latter distance (i.e., the mean free path 
1/K) and finds it to be large and to satisfy the necessary 
condition. 


2(d) Special Situation at Low Energies 


In the beginning of this section, we mentioned that 
the absorption and shape-elastic cross sections differ 
from the usual nonelastic and elastic cross sections 
by an amount equal to the compound-elastic cross 
section, thus? 

C o1 Cah olci C comp.e! 


Tnonel= Oabs Ocomp.el 


At energies above a few Mev, ccomp.e1 is reduced to a 
negligible amount because of the competition of this 
process with all the many possible decay modes of the 
compound system. In the case of low energies, when this 
is not the case, the first thing to notice is that the 
complex potential model is to be associated with the pre- 
diction of e; and sabs and not with oe: and Cnonel|l 
(This follows from the physical meaning of the complex 
potential in which “absorption” signifies an energy- 
exchanging collision of the incident nucleon with a 
target nucleon.) Thus, it might be thought that, in 
order to compare the observed oe) and Gnone1 with the 


1 K. A. Brueckner, Phys. Rev. 103, 172 (1956). — — 

|| The complex potential model makes no specification at all 
about ocomp.el, and so does not predict cci and cnonel: To determine 
Tcomp.el, One has to introduce a complete detailed theory of. 
reactions as in Sec. 3 (see reference 13). 
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complex potential model, one must subtract and add 
Tcomp.e1 to these quantities. This is correct, but this is 
not the only modification to be made at low energies. 
There is a second one, which appears at first sight to be 
quite different, but really is also due to the non- 
negligible value of ocomp.e1. This second modification is 
that cross sections must always be averaged over the 
fine-structure resonances before comparing with the 
complex potential. The complex potential model cannot 
retain its usual physical meaning when applied to 
sharply defined energies, if only because the values of 
V and W must be allowed to fluctuate to follow the 
resonances. There is a good physical reason! why the 
complex potential cannot be applied to vanishingly 
small energy intervals, but is restricted to energy 
intervals including many levels. If the split of the total 
cross section into casei and Cabs, as given by the complex 
potential, is to be a valid physical one, there must be no 
interference between the compound-elastic scattering 
and the diffraction-elastic scattering, i.e. the two must 
be completely incoherent. On a time scale, this means 
that the incident wave packet must be sufficiently short 
in time that the shape-scattered wave is well clear 
of the nucleus before the compound-elastic wave 
appears at the nuclear surface. The time for the latter 
is 2r/D, where D is the mean fine-structure level 
spacing. Application of the uncertainty relation 
AtAE> h shows that, for no interference, the incident 
energy must be spread over many resonances. 


2(e) ‘Strength Function" Representation 


For some years there has been available a proper 
general theory of reactions formulated in terms of fine 
structure resonance levels.” This theory is a quantum 
mechanical theory from the beginning, and so the use 
of it avoids the awkward questions of interpretation 
that arise with the use of the complex potential [see 
Sec. 2(c) ]. It is to be expected that this theory would 
be more formal and forbidding. Nevertheless, it is 
possible to use the fine structure theory to define 
absorption and shape-elastic cross sections which are 
identical in physical meaning to those we have already 
introduced.?:? (The essential point of comparison is 
that the absorption cross section includes that part 
of the elastic cross section that is incoherent with the 
shape-elastic cross section.) These cross sections are 
given by the formulas of Sec. 2(a) with S, replaced 
by its average (Sı) taken over many resonances. .$; is 
related in a simple way to the logarithmic derivative 
fi of the wave function“ evaluated at the nuclear 
surface, i.e., at the interaction radius r—a. It can be 
mE. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947); 
P. L. Kapur and R. E. Peierls, Proc. Roy. Soc. (London) A166, 
277 (1937); G. Breit, Phys. Rev. 69, 472 (1946). 

1 E, P. Wigner, Proc. Cambridge Phil. Soc. 47, 790 (1951); 
Ann. Math. 53, 36 (1951); 55, 7 (1952); R. G. Thomas, Phys. 
Rev. 97, 224 (1955). 


u T. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
goi: Wiley and Sons, Inc., New York, 1952). 
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shown?*'!5 that (S;) is given by the san.e relation with f; 
replaced by a quantity (R4(O --zrsg()- where Re” 
and sr“ are two parameters defined statistically in 
terms of the widths and energies of the fine structure 
resonances. T| sr is the “strength function," defined as 
(y1)/D ; i.e., the mean reduced with y}? of resonance 
levels A, divided by the mean level spacing of these 
levels. Re is essentially the deviation of the potential 
scattering phase angle from that due to a hard sphere 
of the size of the target nucleus of interaction 
radius r—a. ° 

Since the complex potential and the strength function 
theories both specify the same cross sections, the 
condition that they give the same cross sections gives 
relations between the parameters of the two theories. 
Thus, since we know that the complex potential fits the 
data with certain values of V and W,. we can avoid 
reanalyzing the data with the strength function theory 
by using these relations. The condition that the two 
theories give the same cross sections is equivalent to the 
condition that they give the same effective value of f. 
This quantity is (Rise) in the case of the strength 
function theory. In the case of a square complex 
potential V-++iW, with single particle energies E, (say), f 
may be written as!*15 


1 h?/Ma? 
-= X ———— 
jf. pian 


and so, taking the imaginary part 
1 (2/Ma?))W 
T» (E,—Ey--W* 


SR— 
Thus the form of sg needed to fit the observed data 
is a sum of Cauchy terms, each one centered on a single 
particle energy Ep. It is of considerable interest to try 
to predict this form of sg from the theory of nuclear 
structure. (In particular, the numerical prediction of 
the width 2W of the peaks is especially important.) 
The starting point for such an attempt is the relation? : 


Ro-tirsp=R(E+%8), 


where R(E)=>oaxyn?/E,—E is the “R function” of the 
fine structure theory” and where 6 is an energy much 
larger than the mean level spacing. The presence of 6 
removes the singularities in R and makes it smooth. 
Eventually ô must be allowed to«go to zero. Now we i 
may write!s 1 c 


(Dy Lo oleo x lalol 
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15 Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955). E 
{ Since the fine-structure theory is general, there must be as a 
many parameters in it as there are in the set of Si. For each | DR 
(complex) Si, there correspond the two paremeters, RAO nd "a MEE 
ito; BIBI BP Patidaion GEA 0n, we drop the label }, 
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= where (A| is the resonance state \ and |$0) is the 
product state of the single particle state p and the 
ground state |0) of the target nucleus. The last in- 
| equality follows on assuming random signs for the 
— amplitudes (| 20). Thus 


K Q |20) 
) 27 =e 
Ma » * E— E—i 


cor 


The matrix elements can now be developed in a pertur- 
E- bation series! in terms of H— H, where Ho is the 
Hamiltonian for the state (p0|. Each term in the series 
is a sum over processes in which the incident particle is 
scattered through several states before returning to its 
original state p. One can argue that, if the matrix 
elements of H — H connect states separated by energies 
up to some energy 6, then under reasonable conditions 
on 6, one process contributes more than all the others.!* 
This is the process in which the incident particle is 
returned to its original state by each alternate scatter- 
ing. The contributions of such processes to all terms in 
the perturbation expansion can be summed in closed 
form to give just the required Cauchy form. In this 


form, : 
w- AOE- 
D(E) 


RE+i)=( 


1 
H — E— 16 


where |$'/) labels those product states with energies 
_ near E, and the average is taken over these states. 
— . D(F) is the mean level spacing at energy E. 
— This calculation seems to be a more precise derivation 
- gi the same result obtained from more intuitive con- 
= siderations’? in which one calculates the energy shift 
. in the state |20) due to the interaction (H— Ho). The 
| previous approximation in which the incident particle 
is returned to: its original state by each alternate 
‘scattering corresponds to the Tamm-Dancoff method 
- of radiation theory in which single photons are allowed 
- to be created and destroyed. The energy shift from this 
_ theory contains an imaginary part just like the W 
Es. n by the above formula. Although quantitative 
. numbers are unreliable, the qualitative values of W 
from this formula are in agreement with experiment.” 
^ particular, the Pauli principle is decisive in reducing 
. the value of W at low energies. à 
_ The strength function theory does not depend in any 
way on the complex potential model and the calculation 
oss sections just described may be said to give a 
description of these cross sections without any 
ce to the complex potential. However the latter 
a very sitaple physical model that is known 
: data. Therefore a better description of the 
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strength function theory would perhaps be that it 
gives a proper quantum mechanical basis for the 
complex potential model. In this connection we note 
that the foregoing expression for W (E) can be reduced 


to the form 
2 


h 
W (E) = oar 9e) (k4- ki) 


which is very similar to that implied by the optical 
theory in Sec. 2(c). The only difference between the 
two expressions is that, where the optical formula 
contains the actual nucleon-nucleon total cross sections, 
the other contains Born approximation expressions for 
these quantities. It is not clear at present whether this 
difference is a result of approximations made in the use 
of the strength function theory (the selection of leading 
terms) or whether it implies that the classical optical 
model ought to be modified to the extent of this differ- 
ence. At high energies the Born approximation re- 
produces the observed total cross sections and the 
two expressions become the same. 


3. INDIVIDUAL CROSS SECTIONS 


So far, this review has only mentioned the prediction 
of the cross sections for shape-elastic scattering and 
absorption of incident particles. Now the attempts to 
decompose the absorption cross section into its com- 
ponent parts (the individual cross sections) will be 
described. 


3(a) Statistical Theories of Reactions 


In general, a given bombardment may result in the 
production of very many different products. In the 
course of producing these, a very large number of 
nucleon-nucleon collisions occur and one must resort 
to some type of statistical treatment. Until a few years 
ago, it was assumed that, for all but high energies 
(say2 50 Mev), the incident nucleon is absorbed into 
the target nucleus as soon as it crosses the surface and 
forms a long-lived compound state. The qualitative 
features of this state have been described so many 
times" that there is no need to repeat them here. The 
prediction of any individual cross section on this model 
has the form of a product of (i.e. the geometrical cross 
section ma? at sufficiently high energies) and the 
probability of decay into the particular final products - 
specified by the cross section. This probability is - 
computed on a statistical basis assuming that the 
intrinsic probabilities for decomposition into all 
individual final products are the same. One prediction 
of this theory is that the spectrum of emitted particles 
of a given type (say protons) should be essentially 
Maxwellian (£-7/7) except for a low energy cutoff due 
to barrier penetration. 

An essential condition for the validity of this “strong 
absorption" picture is that the mean free path of the 
j leonaagaiBst collision be much smaller tha: 
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the dimensions of the target nucleus. As we have 
already seen, the use of the complex potential model in 
analyzing observed cross sections shows that this 
condition is not satisfied. The empirical mean free paths 
obtained in this way are of the order of the nuclear 
radius with the consequence that the incident particle, 
after its first collision, still has an appreciable proba- 
bility of escaping from the nucleus. It was fortunate 
that this information from the complex potential model 
appeared when it did, because there was growing 
experimental evidence against certain aspects of the 
“strong absorption” picture, and it was not known at 
what point the theory was at fault. It is fairly straight- 
forward to modify the “strong absorption” model to 
allow for the long mean free paths. Using a classical 
treatment of particle-particle collisions, one imagines!? 
the incident particle to collide with a target nucleon, 
then the two nucleons collide with other nucleons and 
So on, so that a cascade develops. After each collision 
there is a certain small probability that a nucleon will 
escape directly. For a reasonably high energy, say 50 
Mev, there are a very large number of collisions, so 
that it is almost certain that one or two nucleons will 
escape directly. The end of what might be called the 
"cascade stage" of the reaction comes when all in- 
dividual nucleons have less than the requisite energy for 
escaping out of their mean potential well. At this point 
we can imagine that a true compound nucleus is formed 
and that this lives for a relatively long time before 
eventually decaying.** TT 

The method of calculation for the “cascade stage" of 
the reaction depends on what one wishes to predict. 
For instance, it is clear that the products of the first 
collision will have a strong memory of the incident 
direction and energy. The products of second collisions 
will have less memory i.e. they tend to appear at wider 
angles and lower energies. With each collision, memory 
is progressively lost so that particles from the sixth or 
seventh collisions emerge nearly isotropically with low 
energies. If one observes the high-energy particles in 
the forward direction, it follows that these are mostly 
due to first collisions. It is quite easy to make an 
analytical calculation? of the energy and angular 


18 R. Serber, Phys. Rev. 72, 1114 (1947); M. L. Goldberger, 
Phys. Rev. 74, 1269 (1948). 

**Tt may happen that so much energy is left in restricted 
regions of the compound nucleus that anomalous effects such as 
*spot boiling" occur. Theoretical work on this phenomenon 
indicates that it should become important when local nuclear 
temperatures exceed 7 Mev [see A. Kind and G. Patergnani, 
Nuovo cimento 11, 106 (1954) ]. 

Tf The decay of the compound nucleus is expected to be 
essentially that pictured by the earlier “strong absorption" theory 
with particle spectra of Maxwellian type. The fact that the nucleon 
mean free path is longer than implied by this theory is only 
expected to affect the spectra to the extent of imposing certain 
mild modulations on them. These come from the fact that the 
transmission probability of a nucleon escaping across the nuclear 
surface is modulated because of its motion in the average nuclear 
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spectra of these nucleons (using the “impulse approxi- 
mation"). This can be extended to the second collisionj? - 
but the method becomes tedious for higher order 
collisions. This means, in particular, that it is not 
useful for predicting the excitation energy left in the — 
compound nucleus. For following these higher order 
collisions, one usually takes resort to the type of 
mathematics known as Monte Carlo calculations, in 
which one follows many cascades through the nucleus 
and builds up statistical results.? Such calculations 
have been done for an incident nucleon energy of 100 
Mev on a nucleus of mass 64, under the assumption 
that a nucleon cannot escape after its energy falls below 
the maximum Fermi gas kinetic energy in the target 
nucleus plus 8 Mev.? Out of 200 particles, 30 pass 
through the nucleus without collision. 4 lead to the 
ejection of 4 particles, 42 to the ejection of 3 particles, 
82 to the ejection of 2 particles, 43 to the ejection of one 
particle, and 1 to capture with no ejected particles. In 
all cases when particles are ejected, the consequent 
compound nucleus has a mean excitation energy of 
about 25 to 40 Mev. 

Calculations at lower incident energies!" indicate a 
transition between 30 Mev and 20 Mev from a situation 
in which each capture usually leads to a direct ejection 
to a situation where each capture does not usually lead 
to a direct ejection. Such a transition is expected from 
the following considerations. At lower energies, there 
are three tendencies. One of these is the increase in 
the nucleon mean free path, which tends to increase the 
direct ejection process. On the other hand, the number 
of collisions in which direct ejection is energetically 
possible falls sharply with decreasing energy. Finally 
surface reflection effects become important" so that, 
even if a particle reaches the surface with enough energy 
to escape, it is probable that it will be reflected back into 
the nucleus. The latter two effects easily compensate k 
the first one, so that only a few direct ejection processes ; 
occur below 20 Mev or so incident energy on a medium 
sized nucleus. Ee 


3(b) Surface Reactions at Energies<20 Mev  — 


Certain low-energy (E«25 Mev) reactions have been — 
given an attention quite out of proportion to their 
small cross sections. These reactions can be generally 
called “surface reactions" because they only oc 
when the bombarding particles pass through the 
of the target nucleus. The usual direct ejection c 
sections fall to negligible values at low bomba: 
energies, largely because of surface reflection. : 
incident particle interacts with a target pari 
it is actually in the surface, then this refle 
is not so important. On the other hand, t 
—_ y . + 
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bility of finding la particle in the surface relative to 
finding it in the volume is small so the cross sections 
for these processes are small. The reason why they have 
excited so much attention is that they can be made to 
show up very dramatically under suitable experimental 
conditions. Because of the direct nature of these 
processes, they tend to produce particles of high 
energiest{ directed in the forward hemisphere. This is 
in contrast to the compound nucleus process which 
tends to produce particles of low energy distributed 
over all angles. 

The two main types of surface reaction initiated by 
incident nucleons are the “surface knock-out’ (in 
which inelastic nucleons appear) and the “surface 
pickup” (in which deuterons appear). In other words, 
the interaction of the incident nucleon with a target 
nucleon may either lead to the escape of one of these 
two nucleons, or to the escape of both joined together as 
a deuteron. The so-called “stripping” processes^ are 
simply the time inverses of the pickup processes. It is 
to be expected that the only significant contributions 
to surface reactions come from the first collisions so 
that, in calculations, one does not have to follow 
cascades using the classical statistical method. Instead 
it is simple to make a quantum mechanical calculation 
in which the initial and final nuclei are represented as 
proper quantum states. For a first orientation one can 
carry out a Born approximation calculation in which 
the initial and final particle states are represented by 
plane waves. However this leads to an unwanted and 
spurious volume contribution? unless one simply ignores 
the part of the Born approximation matrix element 
from inside the nuclear volume. A better and more 
consistent treatment consists in representing the initial 
and final particle states by distorted waves corre- 
sponding to some complex potential?5 §§ In this way, 
the volume contribution is naturally made small as a 
result of surface reflection and the absorption inside the 
potential. 

The main qualitative features of surface reactions 
leading to definite final states are that the details of the 
angular distribution are sensitive to the amount of 


tł The energy spectrum actually depends on a second factor 
besides the kinematical,,momentum conserving, factor which 
favors high energies. This second factor is the ‘‘parentage overlap" 
between the initial and final nuclear states. Generally speaking, 
the shell-model predicts that this overlap should decrease with 
increasing energy separation between the initial and final states. 
[See A. M. Lane and D. H. Wilkinson, Phys. Rev. 97, 1199 
(1955) ]. This factor is somewhat compensated by the fact that 


‘extended for higher excited ipates but, on the whole, it appears 
is factor als? favors high energies. 

ru Butler, and McManus, Phys. Rev. 92, 350 (1953). 
24S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 
Daitch and J. B. French, Phys. Rev. 87, 900 (1951) ; Bhatia, 
d Newns, Phil. Mag. 43, 485 (1952). 
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angular momentum transferred in the reaction, while 
the absolute cross section depends on the probability 
of finding nucleons in the surface of the target nucleus. 
Consequently, a proper analysis of the data enables one 
to derive useful information about the spins of states 
and their reduced widths?? for break-up into a nucleon 
and a daughter state. 

In general, the cross section for the production of any 
particular final state at energies <20 Mev contains two 
contributions, one from the (delayed) compound 
nucleus process and one from the (direct) surface 
reaction. If the incident energy is spread over a range 
larger than the resonance widths, it can be argued that 
the two contributions are incoherent. For more sharply 
defined energies, the two contributions may interfere 
coherently. As yet, no satisfactory theory that includes 
both processes in a natural way has been formulated, 
although some progress has been made towards such 
a theory.?? 


4. GENERALIZATIONS AND CONCLUDING REMARKS 


Hitherto we have consistently retained two restric- 
tions specified in the opening paragraphs, viz., we have 
taken the bombarding particle to be a nucleon, and 
assumed the target nucleus to be spherical. We end by 
removing these restrictions to some extent. 


Bombardment with Composite Particles 


The scattering and absorption cross sections for 
bombardments with deuterons, alphas, and heavy ions 
have been analyzed with a complex potential just like 
those for nucleon bombardment.”’ One can find complex 
potentials that fit the data rather well, but the physical 
interpretation of these potentials is not obvious. One 
may guess that the absorption coefficient K should be 
considerably larger than that for nucleon bombardment 
at corresponding energies since the interaction of any 
single one of the incoming nucleons with the target 
will be enough to cause loss of energy. This speculation 
is confirmed by observation. The experimental values 
of the mean free paths for alphas and deuterons” are 
much less than nuclear radii and the mean free path 
for a nitrogen ion is only a few percent of a nuclear 
radius.” 

Nonspherical Target Nuclei 


It is now known that many target nuclei have a 
spheroidal deformation in their shape. Although these 
deformations are not usually large enough to invalidate 
our discussion of reactions with spherical nuclei, they 
do give rise to an important new type of process. This 
is a special and interesting process which cannot be 


labeled as diffraction or absorption in the senses in - 


26 J. E. Bowcock, Proc. Phys. Soc. (London) A68, 512 (1955). 
?! R. G. Thomas, Phys. Re 100, 25 (1955); C. Bloch (to be 
published). T 
28 C, E. Porter, Phys. Rev. 99, 1400 (1955). 
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which we have used the terms. It consists in the target 
nucleus being set into rotational motion as a result of 
the interaction of the incident nucleon with the de- 
formed potential field of the nucleus. This implies the 
excitation of rotational states and a consequent loss of 
energy by the nucleon. In principle, the problem can 
be handled quantitatively by solving the one-body 
Schrödinger equation for a nucleon interacting with 
a deformed one-body potential associated with a body 
possessing a certain moment of inertia. In practice 
however there are analytical problems in solving this 
equation, and, in the reported treatments, various 
approximations have been made in order to estimate 
cross sections for the processes. 


4(c) Concluding Remarks 


During the last ten years, several new and important 
nuclear reaction phenomena have been established 
experimentally. These include the mountain resonances 
in total nucleon cross sections, surface reactions, and 
knock-out processes. In the present review, we have 

3$ C. F. Wandel, thesis, Copenhagen (1953) (unpublished); 
D. M. Brink, Proc. Phys. Soc. (London) A68, 994 (1955); S. 


Hayahawa and S. Yoshida, Proc. Phys. Soc. (London) A68, 656 
(1955); Progr. Theoret. Phys. 14, 1 (1955). 
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discussed how the earlier models of nuclear reactions 
have been revised to give some account of these phe- 
nomena. The basic essential revision has been to allow 
the nucleon mean free path to be comparable with 
nuclear dimensions, instead of assuming it to be very 
small as in the earlier *strong absorption" model. The 
result of this revision is a very satisfying synthesis 
between the ideas of the Bohr model of the compound 
nucleus and those of the nuclear shell model. The 
revised model retains many useful features of the 
"strong absorption" model. For instance, the theory 
of the compound nucleus that was part of the older 
picture is still widely applicable within the framework 
of the revised model. 

There is such a wide measure of agreement between 
the present model and experiment that it seems unlikely 
that any further substantial revision wjll be necessary 
in the future. In such circumstances, it is natural that 
considerable theoretical attention!94" should have been 
given to the problem of trying to understand the 
validity of the model from a fundamental point of view. 
There are many interesting but difficult questions which 
arise in such attempts. Most of these however belong 
to the study of nuclear structure rather than of nuclear 
reactions. 
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N this survey I shall try to describe what are, in my 
view, some of the main lines along which the work in 
statistical mechanics has developed in recent years, and 
what are the difficulties encountered. In doing so I shall 
leave out of consideration more specialized fields of 
application of statistical mechanics, like solid state, 
ferromagnetism, superconductivity, and superfluidity. 
I shall also concentrate on general problems and broad 
lines of development rather than on any attempt at 
surveying the recent literature systematically. 
' As is well known statistical mechanics aims at es- 
tablishing relations between the observed properties of 
x large systems composed of many identical particles 
(gases, liquids, solids) and the mechanical properties of 
these particles and their interaction. The subject 
— — — maturally subdivides into two parts, one dealing with the 
1 properties of many-particle systems which are in 
equilibrium in the thermodynamical sense, the second 
treating systems in nonequilibrium situations and deal- 
— ing with irreversible processes. 


I. STATISTICAL MECHANICS OF SYSTEMS 

IN EQUILIBRIUM 
_ This is perhaps the best instance of a subject where 
_ at first sight everything seems to be known, since the 
- basic equations are formally very simple and are familiar 
to every student of physics. The free energy F of a sys- 
m in thermal equilibrium at temperature T (canonical 
ensemble theory) is, classically first and then quantum- 
mechanically, 


exp( — E/ET) - GP") | expC- /kT)drs- - -drw 
= 


E Xdpi--dpy- X. exp(—Ea/kT) (1) 


(N number of particles, H Hamiltonian, E, eigenvalues 
of the energy). The value at equilibrium of a quantity 
s given by 


HI 


(4) Geni f'A expl(P—H)/AT in dw 
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the case of large N (asymptotic limit N— ) where their 
formal compactness is completely misleading. This 
explains why a fully satisfactory derivation of physical 
predictions on the basis of (1) and (2) could, until now, 
only be achieved in very few cases. The problems met - 
with in this connection can roughly be classified in three 
groups of increasing difficulty, to be described in suc- 
cession hereafter. 


Imperfect Systems 


We shall understand under imperfect systems the 
many-particle systems with a Hamiltonian H=Ho+V 
split into a main term Ho giving rise through separation 
of variables to a simple evaluation of (1) or (2) anda 
small perturbation term V mixing the modes of motion 
which are independent under Ho alone. This is the 
simplest type of situation, since all complications con- 
nected with the large value of N enter only through the 
small perturbation term V. As examples we quote im- 
perfect but still very dilute gases (V is here the inter- — 
molecular interaction), crystal lattices (the anhar- 
monic forces play the role of perturbation), the Bloch 
theory of metals (V is the interaction between conduc- 
tion electrons and lattice vibrations), impurity prob- 
lems in solid state. Although such problems seem to re- 
duce at first sight to simple applications of perturbation 
calculus, they actually may present non-negligible 
difficulties due to the fact that the perturbation, even 
when small per particle, is in total made large by the 
presence of many particles. Perturbation theory must, - 
to be adapted to this circumstance, undergo considerable - 
modifications which until now have been carried out in 
full detail only for classical dilute gases.' t 

How difficult such perturbation problems may be is — 
illustrated by the example of the imperfect Bose- 
Einstein gas, where the effect of the intermolecular 
interaction on the Bose-Einstein condensation phenom- - 
enon is still unknown, even for the simplest case where 
the range of the forces is very small compared with the 
mean de Broglie wavelength. The solution of this 
problem, in addition to its intrinsic interest, would 
probably be quite instructive for our understanding of 
the superfluidity of liquid helium at low temperature. 
Similarly, a complete understanding of the physica 
effects resulting from the interaction between Bloch 
electrons and lattice vibrations in a metal should be 
very helpful for the eventual explanation of the mecha- 
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nism of superconductivity. Needless to say, the existing 
treatments of these problems are still very incomplete. 


Liquids and Dense Gases 


The problems connected with the liquid state and 
with the gaseous state at high densities are much more 
difficult than those related to imperfect systems be- 
cause the complexities resulting from the large number 
of degrees of freedom, instead of appearing through a 
small correction term in the Hamiltonian, now play a 
dominant role. Neither for the calculation of thermo- 
dynamic properties, nor for the prediction of the ob- 
servable local structure properties (e.g., the pair dis- 
tribution function) does one have theoretical methods 
deriving the main part of the results from basically 
simple calculations and providing an approximation 
scheme of reasonably fast convergence to deal with the 
remaining corrections. 

The most natural approximation method, initiated by 
Lennard-Jones and Devonshire,’ pictures each particle 
of the fluid as moving in the average field of force of the 
neighboring particles, thus neglecting all correlation 
effects. Much work has been devoted to the improve- 
ment of this so-called cell theory of liquids by including 
interparticle correlations in various ways. Although, as 
shown by de Boer,’ the introduction of correlations 
involving more and more particles can be constructed as 
a systematic scheme of successive approximations, the 
convergence is too poor to make this approach really 
successful. Another approach, first proposed by Kirk- 
wood and taken over with minor modifications by Born 
and Green,‘ postulates a simple expression of the three- 
particle correlation in terms of two-body correlations. 
Beyond lacking any basic justification for the densities 
of interest, this approximation turns out to be quantita- 
tively rather poor and it does not seem to lend itself to 
convenient inclusion of further corrections.* 

It seems fair to say that no truly satisfactory theory 
of liquids has been found so far. The reason for this 
failure can be formulated by saying that liquid structure 
has not revealed any clear-cut element of simplicity 
similar to the scarcity of intermolecular collisions in 
dilute gases, or to the smallness of anharmonic forces in 
the crystalline state. Still it is not obvious that such 
elements of simplicity are altogether absent. Thus, 
despite the complicated »-body correlations present in 
liquids (with n going perhaps up to #210), there is the 
striking fact that all correlation effects are of short 
range (except in the immediate neighborhood of the 
critical point), a simplifying feature which one might 
expect to be quite significant. Whether it can form the 


2J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(London) A163, 63 (1937); ibid., A164, 1 (1938). 
3 J. de Boer, Physica 20, 655 (1954). 
1J. G. Kirkwood, J. Chem. Phys. 3, 300 (1935); M. Born and 
H. S. Green, Proc. Roy. Soc. (London) A188, 10 (1946). — 
5 For further details on the theories of the quid state, see J. 
Boer, Proc. Roy. Soc. (London) A215, 4 (1952). J | 
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While the structure of liquids and dense gases con- 
fronts us with the problems just discussed, the occur- 
rence of a discontinuous phase transition between these — 
two states of matter for all temperatures below a certain _ 
critical temperature is an even more striking phenom- 
enon to be accounted for. In view of its great general- 3 
ity, this condensation phenomenon must be explainable 
in terms of the qualitative properties of the inter- 
molecular force (strongly repulsive at short distance, 
attractive at larger separations beyond which it rapidly 3 
converges to zero). Considerable work has been devoted 
in the last twenty years to the statistical mechanics of — 
the gas-liquid transition and of similar transition 
phenomena (order-disorder transition in binary alloys, — 
ferromagnetism, etc.), in an attempt to derive the - 
existence and exact nature of the transition from first — 
principles without recourse to ad hoc thermodynamical E 
arguments. E 

Indeed, if arguments of the latter sort are admitted, - r 
the theoretical prediction of phase transitions is nowa- 
days a simple matter, and such a half-phenomenological — 
approach has met with repeated success for various 
kinds of systems, starting with the pioneer work of van — 
der Waals who derived the liquid-gas transition and 
existence of a critical point from the simplified equatio: 
of state bearing his name. This equation of state gives 
below the critical temperature an analytical p—v curve — 
(p pressure, v volume per particle) with à2/90v»0 over — 
an interval of v values, from which one then obtains by 
application of the Maxwell rule the observed non 
analytical ?—v curve with a horizontal part (6=con- | 
stant) outside of which the inequality 0p/dv<0 holds E 
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The Maxwell rule is in this case the ad hoc thermody- 
namical argument. The condensation problem to be 
discussed here consists in establishing without any : 
argument the occurrence of the observed phase trz 
tion. Relevant to its understanding is the fact t 
from the principles of canonical ensemble theory. 
inequality ðp/ðvŞ0 is bound to hold (implying 
equivalence of the canonical and grand canoni 
semble theories) as a consequence of the general sha 
the intermolecular potential. From a calculation 
sum of states (1) condensation must be fou 
$-— constant part in the p—» curve, i.e., as 
singularities in the thermodynamical fun 
for finite number N of particles the exp: 
perfectly regular function of the total - 
must conclude that the abovemention 
can only appear when the 
ill have t 
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ceeded in giving a mathematical treatment of the 
problem powerful enough to decide whether the canon- 
ical theory is able to account for the condensation 
phenomenon of gases. Still, very strong evidence that 
the question has to be answered in the affirmative was 
obtained from an exact study of a simplified two- 
dimensional model by Onsager.’ This study, developed 
by Onsager for a model of ferromagnetism (the Ising 
model), has been extended by Yang and Lee? to a related 
model for a gas (the lattice gas). The result is that below 
a finite critical temperature condensation occurs with 
a $— constant part in the ?— v curve. In the absence of 
any conclusive treatment of realistic cases, this result 
is of the utmost importance because none of the over- 
simplified features of the model seems likely to affect 
the significance of the conclusion. 

Onsager's contribution stands alone, with its well- 
established positive result, in contrast to a variety of 
essentially unsuccessful attempts at settling the con- 
densation problem for realistic systems. We shall men- 
tion one of these attempts here because much more work 
has been devoted to it in the last twenty years than to 
any other. It is the approach initiated by Mayer? and 
designed to derive the condensation point of a gas from 
the existence of analytic singularities in the functions 
expressing p and v3 in terms of the activity z. For a 
dilute gas these functions are obtainable as power ex- 
pansions in z, with coefficients readily expressed in 
terms of the intermolecular potential. The hope was 
that the analytic functions defined by these series, while 
representing correctly pressure and density for the whole 
region of existence of the gas, would exhibit a singu- 
larity at the condensation point (low density end of the 
$-— constant interval in the ?— v curve). Up to now all 
attempts at establishing these conjectures have however 
failed: neither could the occurrence of such a singu- 
larity be established, nor could one show that such a 
singularity, if found, would correspond to the conden- 
sation point. As to the latter question, a recent result 
concerning Bose-Einstein condensation shows that a 
negative answer is perhaps not so completely unlikely 
as was originally thought. For the ideal Bose gas, while 
the series expansions of p and v! in powers of z have 
long been known to exhibit a singularity at the con- 
densation point, one new knows that the expansion of p 
in powers of the density v (virial expansion) has a 
radius of convergence that, although finite, is much 
i larger than the value of v at condensation." It is of 

course not excluded that for a classical imperfect gas a 
similar situation mignt hold not only for the virial 
: expansion but alse for the expansion in ote 
1 In conclusion, despite extensive investigations by 
there is very little progress to report on 
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the statistical mechanics of transition phenomena, 
This clearly shows how difficult the problem is and 
underlines the practical importance of the less ambitious 
half-phenomenological approaches (as the van der 
Waals theory of condensation and the quasi-chemical 
approximation for order-disorder phenomena) relying 
on a thermodynamical argument of the type of Max- 
well's rule. It is therefore good to clarify a little more 
the position of such approaches with respect to the 
rigorous canonical ensemble theory. They all have in 
common one aspect which accounts very simply for the 
partial significance of their results. The approximations 
which they introduce are always based on the assump- 
tion that the system is homogeneous in space; in other 
words, only homogeneous configurations (i.e., con- 
figurations of constant density for the condensation 
problem, configurations of constant concentration for 
the order-disorder problem) are taken into account in 
the evaluation of the sum of states. This approximation, 
while reasonable outside the transition region, restricts 
in this region the choice of configurations to unstable 
ones (possibly metastable near both ends of the transi- 
tion region) and excludes the infinitely more probable 
two phase configurations. This explains why under such 
an approximation the calculated thermodynamic quan- 
tities exhibit no singularity and why the observed quan- 
tities can be obtained from the calculated ones by 
thermodynamical criteria of stability. This may how- 
ever also suggest the possibility of improved approxi- 
mate discussions of the canonical sum of states which, 
although less ambitious than the direct attacks on the 
condensation problem attempted until now, would lead 
naturally to the observed singularities in the thermo- 
dynamic functions and would be such as to insure that 
the nature of these singularities would not be affected 
by the inclusion of further corrections. 


Il. STATISTICAL MECHANICS OF NON- 
EQUILIBRIUM PROCESSES 


In contrast to the case of thermodynamical equilib- 
rium, no general set of equations is known to describe 
the behavior of many-particle systems whenever their 
state is different from the equilibrium state and, in 
view of the unlimited diversity of possible nonequilib- 
rium situations, the existence of such a set of equations 
seems rather doubtful. Still there are at least two broad 
questions concerning nonequilibrium states which seem 
precise enough to be answerable: (i) under which con- 
ditions does a many-particle system move toward 
thermodynamical equilibrium from what may rea- 
sonably be called almost every nonequilibrium state, 
and (ii) by which equations can one describe this ten- 
dency toward equilibrium under properly specialized 
assumptions on the initial state (taking possibly into 
account the presence of external constraints preventing 
the system from attaining equilibrium). These are the 
questions dealt with in the theory of nonequilibrium - 
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still seem very far out of sight, considerable progress 
has been booked in recent years and the prospect for 
further development is hopeful. 

The recent contributions deal mainly with the second 
question, but they provide at the same time special 
answers to problem (i). As is well known, from the 
desire to solve the latter problem in entirely general 
terms has grown the whole body of ergodic theory, re- 
sulting some twenty-five years ago in the establishment 
of ergodic theorems (von Neumann, Birkhoff, E. Hopf) 
of great mathematical scope. Such theorems however 
suffer from the very generality of the conditions they 
state for ergodicity, inasmuch as the validity of these 
conditions for actual physical systems is overwhelm- 
ingly difficult to establish and is still undecided. This 
line of work has therefore advanced little in recent 
years.” 

Turning now to less general investigations, we have 
to mention first the development by Onsager! of a 
phenomenological theory describing in macroscopic 
terms the irreversible behavior of systems for not too 
large deviations from equilibrium. This theory plays 
for irreversible processes a role analogous to that 
played by ordinary thermodynamics for equilibrium 
systems and it is ordinarily referred to as the thermo- 
dynamics of irreversible processes. Lately it has given 
rise to a large number of applications and to a critical 
review of the statistical foundations. 

In the last ten years a strong revival of interest is to 
be noted for the investigation of statistical transport 
equations, i.e., equations describing the time evolution 
of some statistical property of the system studied as it 
moves toward equilibrium. The oldest and best known 
of these equations is the Boltzmann equation describing 
how the one-particle distribution function f of a dilute 
gas varies as a result of interparticle collisions. In 
familiar notation’ and for the case of a system homo- 
geneous in space, without external forces, this equation 
reads 


[o] 
+f Uf frondem, (3) 
ðt 


where the last term is the so-called collision term. Equa- 
tion (3) is valid to lowest order in the density p— v! 
(v volume per particle) and is accordingly restricted to 
the effect of binary collisions. Both the derivation of this 


u For a discussion of these theorems and their significance for 
REL mechanics, see L. Rosenfeld, Acta Phys. Polon. 14, 3 
(1955). 

2 For a critical study of the quantum-mechanical ergodic theo- 
rem x the recent paper of M. Fierz, Helv. Phys. Acta 28, 705 
(1955). 

33 L, Onsager, Phys. Rev. 37, 405 (1931) and 38, 2265 (1931). 

M'Two monographs on the subject are I. Prigogine, Etude 
T'hermodynamique des Processes Irréversibles (Dunod, Paris, and 
Desoer, Liége, 1947), and S. R. de Groot, Thermodynamics of 
Irreversible Processes (North-Holland Publishing Company, 
Amsterdam, 1951). : 

16 See, for example, D. ter Haar, Elements of Statistical Mechan- 
ics (Rinehart Publishing Corporation, New York, 1954), p. 38, 
Eq. (2.507). 


equation and its extension to higher orders in the den- 
sity have been the object of various investigations. 
Much clarification has been achieved on the main 
difficulty involved in deriving (3) from: the reversible 
Newtonian equations of motion (or from the Liouville 
equation describing the reversible time evolution of a 
probability distribution for the total system in its 
6N-dimensional phase space), namely, the need for an 
exact formulation and proper justification of the 
assumption being made on the states of the system and 
accounting for the irreversible nature of the equation 
to be established (for Boltzmann this assumption was 
the Stosszahlansatz).!6 

On the other hand a unique procedure has been 
proposed by Bogoliubov to extend Eq. (3) to general 
order in the density." It is based on a far-reaching 
assumption concerning the interparticle correlations in 
the gas, namely, that they are time-independent func- 
tionals of the one-particle distribution function, so that 
their time variation results entirely from the time 
variation of the latter. This assumption is supposed to 
hold after some initial time interval short compared to 
the time needed to reach equilibrium. With its help and 
with an additional assumption on the vanishing of 
correlations in the remote past Bogoliubov obtains a 
unique prescription to calculate the time evolution of 
the one-particle distribution function f to all orders in 
the density. The result is of the form 


9 f(t 
TO SALTO 


where the time-independent functional A is found as a 
power series in the density. In lowest order Eq. (3) is 
obtained. 

Another approach to the same problem has been 
adopted by M. S. Green.’ It is based on a very elegant 
formal solution (in powers of the density) of the in- 
finite set of equations following from the Liouville 
equation for the one-particle, two-particle, etc., dis- 
tribution functions (the so-called hierarchy). An 
analysis of this formal solution enables Green to in- 
vestigate in detail the significance and validity of 
Bogoliubov’s assumptions. 

Another type of statistical transport equation, also 
frequently used and especially well adapted to quantum 
theory, is the equation describing the irreversible time 
evolution of the probability distribution of the whole 
system over a complete set of states. Let us consider 
(compare with the imperfect systems of part I) a quan- 
tum system with a Hamiltonian H= H+ Vcontaining 
a perturbation term V to be held responsible for the 
irreversible behavior. The equation in question, now 


16 See on this subject the Proceedings of the “Colloque Inter- - 
national sur les Phénoménes de Transport en MESSEN Station 1 
tique" Gres September 1950); 

11 N. N. Bogoliubov, Dynamical Problems in Statistical Physic. 
(in Russian), Moscow, 1946) ` tical Physics 
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often called the master equation, involves the proba- 
bilities P4 that the system be in the various stationary 
states a of the unperturbed part Ho of the Hamil- 
tonian. It is only valid in lowest order in V and reads 


dP. 
dt 


=Die(WasPs—WpaPa). (4) 


Wag is a transition probability of second order in V. 
Equation (4) was first derived by Pauli? on the assump- 
tion that the phases of the wave function in the un- 
perturbed representation « are randomly distributed at 
all times. It was recently realized that the perturbations 
occurring in the many-particle systems of quantum 
statistics (as examples see the imperfect systems 
mentioned in part I) possess remarkable analytical 
properties which essentially result from the systems 
being very large and the perturbations coupling together 
their many degrees of freedom. On the basis of this 
recognition it was possible to give a new derivation of 
Eq. (4), requiring randomness of phases at the initial 
time only, and to generalize (4) to arbitrary order in the 
perturbation. The extended master equation thus 
obtained is integrodifferential in the time and corre- 
sponds to a non-Markofhan stochastic process.?? 

The classical analog of the quantum-mechanical 
master equation (4) has also been considered. Prigogine 
and Brout, using action and angle variables, have ex- 
pressed classically the special properties of the pertur- 
bation which had been recognized in the quantum case 


WW. Pauli, Festschrift zum 60 Geburtstage A. Sommerfelds, 
(Hirzel, Leipzig, 1928), p. 30. 

2L. Van Hove, Physica 21, 517 (1955) reference 16 and Phys- 
ica (to be published). 
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as being responsible for the irreversible motion. They 
have thereby achieved in lowest order of the perturba- 
tion a satisfactory derivation of a classical master equa- 
tion.” Brout has derived in lowest order in the density 
a master equation for the irreversible motion of a dilute 
gas.” The relation of such an equation to the Boltzmann 
equation (3) had been previously clarified by an investi- 
gation of Kac using a simplified model.” 

It is clear from this review of recent work that the 
statistical theory of irreversible processes is in a period 
of rapid development. The results attained are un- 
doubtedly fragmentary, but the techniques used to de- 
rive them are far from being fully exploited and further 
progress is to be expected. As a problem which still 
presents considerable difficulty we might mention the 
treatment of situations where external constraints (like 
temperature gradients, concentration gradients, etc.) 
prevent the system under study from reaching equilib- 
rium. For instance the statistical foundation of the 
phenomenological equations known to describe non- 
equilibrium steady state processes has not been sufh- 
ciently clarified. Another much more ambitious question 
is the statistical mechanics of nonequilibrium processes 
in liquids and dense gases. On this last subject we are 
greatly hampered by the absence of formal techniques 
properly adapted to the liquid state (see part J), al- 
though there are indications that at least for slow irrever- 
sible changes this difficulty might not be so essential." 


21R. Brout and I. Prigogine, Physica 22, 621 (1956). 

2 R. Brout, Physica 22, 509 (1956). 

?3 M. Kac, “Foundations of kinetic theory," Proceedings 
Berkeley Symposium on Mathematical Statistics (1954). 

24M. S. Green, J. Chem. Phys. 20, 1281 (1952) and 22, 398 
(1954); N. G. van Kampen, Physica 20, 603 (1954). 
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Superfluidity and Superconductivity 


R. P. FEYNMAN | 
Norman Bridge Laboratory of Physics, California Institute of Technology, Pasadena, California Tw. 


I AM sorry that Professor Landau was unable to come 
for two personal reasons. The first is that I have 
worked on this problem of helium upon which he has 
also done so much, and I would have liked to have 
Spoken with him about it. The other reason is that I 
wouldn't have had to give this lecture. 

Quantum mechanics was developed in 1926, and in 
the following decade it was rapidly applied to all kinds 
of phenomena with an enormous qualitative success. 
The theories of metals, other solids, liquids, chemistry, 
etc. came out very well. But as we continued to advance 
the frontiers of knowledge, we left behind two cities 
under siege which were completely surrounded by 
knowledge although they themselves remained isolated 
and unassailable. The first of the two very similar 
phenomena for which we still lacked a qualitative 
explanation is the superfluidity of helium. I may remind 
you that the discovery that helium flows without 
resistance through very thin tubes was made as far 
back as 1911. The second phenomenon is the super- 
conductivity of metals. The fact that electricity flows 
through some metals without any resistance at low 
temperatures was discovered, I believe, in 1905. Of 
these two phenomena, I think we now understand 
qualitatively the superfluidity of helium, but we do not 
yet understand qualitatively the superconductivity. I 
propose to give a brief summary of views on liquid 
helium insofar as they may give some clue as to the 
kind of thing that is involved in superconductivity. Tt 
is clear, however, that the solution of the superfluidity 
problem does not give us a very good clue because we 
have solved the first problem but not the second. 

First, I make some semiphilosophica] remarks about 
the kind of problem facing us, and the kind of view that 
I take toward it. I do not want to discuss all of the 
aspects of superconductors and of superfluids. I want 
to discuss only the interesting qualitative features, i.e., 
the curious problem of how does it work more or less. 
In other words, we would like to make an analogy 
between the problem of, say, superconductivity and 
the problem of friction. After all, how is friction 
explained on the basis of the Schródinger equation? 
No one has ever computed the coefficient of friction of 
two blocks of copper, but qualitatively we feel that 


_ Fic. 1. Specific heat of 
liquid helium as a function % 
of temperature. 
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somehow when we rub the atoms together we can 
understand, more or less, how friction arises. But we do — 
not understand, more or less, how superconductivity — 
works and I would like to address my attention to this - 
problem of understanding it more or less, not of under- — — 
standing the details of a lot of special phenomena. In 
other words, I would like to concentrate here on the 
problem of interpretation from first principles. We 
would like to connect the Schródinger equation directly 
to some experimental facts. There are many interesting 
things that happen when one works on a problem in - t 
this way. For example, if one makes some approxi- 
mations, they cannot be justified by comparing them 
with experiments. It is necessary to justify the approxi- _ 
mations directly in terms of arguments from the 
equations as a mathematical problem. E~ 
In the first stage of the development of such explana- 
tions there is an enormous amount of phenomenological 
explanation made which is of great value, and I dont 
mean to say anything against it. That is just not what I 
want to speak about. This phenomenological develop- 
ment is vital in combining various experiments together 
and is helpful in giving us hints as to what to try to 
explain. If we were any good, however, we wouldn't - 
need the experiments and we wouldn't need the hints. 
We could simply calculate everything directly from tl 
Schródinger equation. So I will assume some familiarit 
with the wide range of experimental properties and wi 
only make a very brief mention of the salient points. ' 
First we will discuss the properties of liquid helium. - 
As a function of temperature, the specific heat appears 
something like Fig. 1 experimentally. The details near 
the transition are unknown. There is a certain tempera 
ture at which there is a transition, the so-called À po 
and the properties of the liquid below the tran: 
are very peculiar. First, helium remains a liquid all 
the way down to absolute zero, which we know is due 
to the zero point motion of the atoms. The reaso : 
the existence of the transition is undoubtedly 
as for the transition in the corresponding Einste 
gas neglecting interaction between the aton 
Einstein-Bose transition for an ideal gas, how 
quite a different shape. It looks something lil 
and the problem of why the actual transitio n 
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Fic. 2. Einstein-Bose C 
transition for an ideal gas. 


206 Is -J25 


Fic. 3. Coefficient of vis- 
cosity of liquid helium 
versus temperature as deter- 
mined by rotating two 
concentric cylinders relative 
to one another. 


Fig. 1 when there are forces involved is not yet com- 
pletely solved. The detailed behavior near the transition, 
however, is a very delicate and difficult proposition. One 
is convinced that the transition is due to an Einstein- 
Bose condensation, but exactly how interatomic forces 
modify the Einstein-Bose specific heat is not yet 
thoroughly understood. 

'To discuss superfluidity, I would like to discuss the 
properties of helium near 0°K, far from the transition 
region. If one measures the viscosity of the liquid as a 
function of temperature by rotating two concentric 
cylinders relative to one another, the coefficient of 
viscosity behaves as in Fig. 3. Near the transition 
temperature nothing in particular happens. 

On the other hand, if one measures the viscosity by 
making the liquid flow through a very narrow tube, 
the liquid flows through such a tube with an apparent 
viscosity above the transition temperature, but below 
the critical temperature it flows with apparently no 
viscosity. Incidentally, if one measures the resistant 
force to push the liquid through a tube at different 
velocities then above a certain critical velocity a 
resistance does arise but below the critical velocity the 
resistance is zero. A relatively thick tube has a lower 
critical velocity than a thinner tube as is shown approxi- 
mately in Fig. 4. The explanation of these things at 
least in a qualitative way, has come essentially from 
Landau. He pointed out that we should imagine that 
the liquid at, say, absolute zero is a perfect fluid for 
some reason (or rather it is a perfect liquid when the 

ow is potential flow and has zero curl). As we heat 

1e sample up, the energy goes into local excitations 

! some kind, for example, quantized sound waves 

lled phonons and excitations of higher momentum 
and energy called rotons. If, as the temperature rises, 
the excitations are few and far between (a fact directly 
indicated by the very small specific heat), then they 
will be localized inside the liquid and bounce around 
within it. The local excitations behave very much like 

a gas, and the system behaves in many respects like a 
mixture of two fluids. Thus we have a basis for the 
two-fluid model, which*was a phenomenological model. 
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Fic. 4. Coefficient of vis- 
cosity versus velocity in thin 
and thick tubes. 
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The energy of the excitations required as a function of 
their momenta to produce the specific heat and general 
properties seems to be a curve of the general nature of 
Fig. 5. The curve is linear for smaller momentum, 
meaning that at long wavelengths sound waves are 
excited. But the states of higher momentum excitations 
are of some other kind. At any finite temperature one 
excites states mainly in two regions ; small ? near where 
the curve is nearly straight, and near the bottom of the 
concave part of the curve. The lower states are called 
phonons and the higher states are called rotons. 

The reason why the flow is perfect, from the point 
of view of Landau, can be seen in the following way. 
Put a little ball inside the liquid at absolute zero and 
try to make it move through the material, allowing the 
liquid to flow around it. How can the ball lose energy 
to the liquid? Only by exciting states inside the liquid, 
and if the aforementioned states are the only ones 
available, it is easy to show by the conservation of 
energy and momentum that a very high velocity is 
needed before we have the necessary energy at.the 
given momentum transfer to produce such a state. The 
ball must have a velocity v high enough that the straight 
line E= pv intersects the curve in Fig. 4. Actually, the 


Fic. 5. Energy of exci- 
tations required to produce 
E specific heat and general 
properties of liquid helium * 
in the two fluid model as 
a function of their mo- 
mentum. 


resistance sets in at a very much lower velocity by a 
factor of about 100, and this fact has to be explained. 
We have to explain not the superfluidity, but why it is 
not quite so perfect a superfluid as it should be from 
this point of view. l 

The essential feature of the liquid is that there are 
very few states of low energy, a fact directly shown in 
the specific heat and one which also explains the super- 
fluidity ultimately. So the question is, why are there so 
few states of very low energy? Why in this liquid, for 
example, can’t we get a very low energy quantum state, 
say, by letting some portion of liquid slowly rotate? 
The portion of liquid could have a big moment of 
inertia and one unit of angular momentum would have 
a very low energy. Or alternatively, say, one of the 
particles inside the liquid decides to drift slowly 
through the liquid while the others remain stationary. 
The explanation of why there are no such low energy 
states in the liquid has been worked out and published 
in different places.!-* Time does not allow me to describe 
it here. 


1R. P. Feynman, Phys. Rev. 91, 1301 (1953). 
2 R, P. Feynman, Phys. Rev. 94, 262 (1954). A 
3R. P. Feynman, Progress in Low temperature Physics (North 
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But there is a point that isn’t discussed very often: 
the question of how is it that we do get some resistance 
even at a velocity lower than the velocity required to 
create an excitation directly. We must discuss the 
character of the wave functions representing the liquid 
in ‘various states of flow. If the wave function for the 
ground state of the liquid is represented simply by 9, 
then it is very easy to represent the same system in 
motion at a uniform velocity in a straight line. The 
wave function for the moving system is simply 


$ exp (iP - Ro/A) = exp (im^;V- R;/R), (1) 


where P=NmvV is the momentum of the whole liquid 
of N atoms moving with velocity V, and Ro— »;R;/N 
is the position of the center of gravity of the atoms 
whose individual positions are R;. This wave function 
represents a whole system moving at a uniform velocity, 
but we would like to represent something more compli- 
cated. Suppose the liquid flows in some more elaborate 
fashion in which the velocity is not the same everywhere. 
If the velocity is a very slowly varying function of 
position V(R), and does not change appreciably in an 
atomic distance, we can try to represent the wave 
function by simply making the velocity of the previous 
formula dependent on position. The wave function 
now becomes 


$ exp(im>_:V(R;)- RAR) 
which has the mathematical form 
v= expt>_i5(R;)/h 


where S(R) is some function of position. We have said 
it is mV(R)-R but this is not quite right. The mo- 
mentum for a wave of slowly varying wavelength is the 
gradient of the phase, not the phase divided by the 
coordinate, so the correct relation is 


V=VvS/m. 


This implies that the curl of the velocity is zero. We 
have thus only accomplished the description of flow 
which has zero vorticity by such a method, and the 
problem of how to describe the flow of the liquid with 
vorticity becomes very serious. There is no structure 
in the liquid with which we can tie down the atoms in 
any given region; they are all the same and identical. 

I have already published some work on this problem 
and Onsager eight years previously* also published the 
same type of discussion. So for variety Pll give a 
slightly different argument, the first one that I thought 
of. It is not a good one but it gives us a clue as to 
what’s going to happen. I tried to force the liquid to 
have vorticity, to have some kind of nonpotential flow. 
I imagined that the liquid in region I of Fig. 6 is flowing 
to the right with the velocity v and that some kind of 
barrier or sheet of infinitesimal thickness separates 
region I from region II. In region II the velocity is 


* L. Onsager, Nuovo cimento Sup 949 
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tions separated by an o o o cS 
infinitesimal sheet. 
v=0 
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zero. In region I the wave function should look some- 
thing like Eq. (1), and the wave function in II is just ®. 
If such a separated flow has been progressing for some 
time, what happens if all of a sudden I Ei out the 
sheet? It's got to do something. In spite of the fact 
that the velocity according to formula (2) always has 
to have the form of a gradient of S, it cannot be a 
gradient in this case. I have to make a rule that the 
atoms in the upper section are in a different state than 
the atoms in the lower section. If I siniply restrict the 
motion so there is no flow across the boundary I will 
get a possible kind of motion. There must be a layer 
here with an associated surface tension where the atoms 
in I can't wander into II or vice versa. Hence, there is a 
certain energy associated with relative flow with a 
sheet of surface tension in between. 

Suppose that the velocity in I becomes smaller and 
smaller. Is it reasonable that, even with a very small 
drift in I, the surface energy per unit area is still the 
same no matter how small this velocity is? Why 
can’t the atoms from I go into II? If they can't, then 
I need the surface tension, but if I can allow them to 
mix, I don’t need that surface tension. They can’t mix 
because the wave function must vary from one position 
to another. Suppose an atom moves along just above 
the interface of Fig. 6. The phase must change according ~ 
to formula (1), from 0 to r and so forth as sketched 
in Fig. 7. At points where the phase is m, the wave 
function cannot be smoothly connected with the 
constant wave function in I, while at those points 
where the phase is zero, or 27, etc., the wave function _ 
can be connected smoothly. The cosine wave and the __ 
constant 1 have places where they are equal. In those __ 
places I can erase the surface locally without any - 
effect. What I imagine in the next approximatio: 
that there are certain slots of surface tension with flo 
around the slots. What is the best length of slot? T. 
is a certain energy of motion around the slot, and so 
If I continue the distortion further I probably 
the energy in every case until I come down to sc 
like a string of holes instead of slots. The 
distribution then is sketched im Fig. 8 and th 
function changes by 2m when it goes around or 
holes, as it went around the slot. But it i$ now con 


Fic. 7. The sheet I 
of Fig. 6 is erased at 
those points where (0J 
the wave func- 
tions can be joined 
smoothly. 
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Fic. 8. Velocity distri- 
`~ 
m bution when the slots of 
(^ e 5 Fig. 7 distorted into a 
e x CN string of holes. 
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tinuous everywhere except at the holes. The curl of 
the velocity is still zero, but .S is a multiple-valued 
function of position (and is not defined in the holes). 
'Thus the integral of the velocity around a circuit is 
2xnh. In this way I was led to the idea that when liquid 
He flows, the vorticity is quantized and all the vorticity 
is along certain lines of one unit each. And when I was 
all finished I found a reference to a remark made by 
Onsager in a meeting in Italy, to a lecture on a differ- 
ent subject, in which he mentions the same solution! 
| What happens is this. If the object moves too quickly 
1 through the liquid vortex lines are formed. If the 
velocity is too slow there is not enough kinetic energy 
in the motion to create even one vortex line. For a 
very thin tube, for example, there is not enough kinetic 
energy to construct a vortex line. Before a vortex is 
made, there is no resistance and the whole system 
coasts together. With thin tubes and velocities that 
are not too high, we have not enough energy to create 
even the first line so the material maintains its super- 
fluidity. There remains a theoretical problem to 
establish these lines firmly as they have not been 
established very well theoretically so far. The argument 
used is not very good so it is desirable to make a better 
theoretical argument about the quantized lines. In the 
meantime I would like to see an experiment to show that 
the lines of vortices really exist directly.5 The resistance, 
= for example, would be irregular when it first starts if it 
comes in quantized units. How the vortex lines actually 
. form from a surface has defied my analysis. This, with 
_ the omission of the part about why there are no excited 
Ps is all that I have to say about helium. 


_ Problems associated with this field still remain. 
Chere are no problems of understanding the phenomena 
qualitatively any more, but there are problems of 
; usate understanding. For example, we need more 
details about the exact wave functions for the rotons 
and phonons and their properties. We would like to 
calculate the cross section for the collision of two rotons. 
The collisions determine, for example, the viscosity and 
absorption of second sound, as was pointed out by 
— Khalatnikov and others. They use an arbitrary cross 
= section to fit the expériment, but the question is how 
E calculate the cross section from first principles. A 
uch more interesting problem probably is the behavior 
— statistical mechanically, or otherwise—very near the 
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Today we do not have a good description of what 
happens within a few tenths of a degree on either side 
of the transition. We have approximate views about 
the shape of the curve, but whether it has a vertical 
tangent or contains a jump in specific heat is not 
known. 

Another problem is the problem of what is the ground 
state energy. Here we have a strongly interacting system 
of particles with known interaction and the problem is 
to find the energy, or other properties of the system in 
the ground state. It is a quantum mechanical problem 
and has never been solved, but it would be interesting 
to work that out from first principles. The energy of a 
roton has been worked out now. The curve of energy 
against momentum has been calculated experimentally 
with the data and also been computed theoretically. 
The energy of the roton theoretically is 11.5 deg and 
experimentally is 9.6 deg. To make the theoretical 
calculation we had to use some properties of the ground 
state, namely the correlation function of the ground 
state. To put everything on purely first principles, it 
would be necessary to calculate the correlation function 
of the ground state by solving the Schrédinger equation, 
and I don’t know how to do that. 

Another liquid of great interest is liquid He’. I do 
not believe that liquid He? is a superfluid. I think that 
there are an enormous number of states reaching to 
absolute zero. I believe that the specific heat would 
be proportional to the temperature as it is for an ideal 
gas and that the forces would not modify it. I have no 
reason to believe all these things; I have thought a lot 
about He’, but I find it too difficult to analyze accurately 
from first principles. If there is a high density of states 
then He? will not be a superfluid in the same sense as 
He‘. I think that the same thing will happen in nuclear 
matter, so that superfluid is not a very good term to 
apply to the nucleus. It is a quantum fluid but I don't 
think it is a superfluid. 

Another interesting problem is the following example 
from He’. The particles interact with strong forces ina 
Fermi system. The problem is to determine the tem- 
perature dependence of the viscosity of the system as 
T goes to zero. There are a large number of similar 
interesting problems in He?, and it would be fun to do 
them before the experiments, for the first time. I don't 
think anybody has ever computed anything in solid- 
state physics before the experimental result was out, 
so we have consistently predicted only what we have 
observed! . 

Now we turn to the unsolved problem of super- - 
conductivity and again talk from the point of view of — 
what we will have to do from first principles to solve 
this problem. The first thing that is troublesome is that _ 
the metals that become superconducting are always the 
complicated ones near the middle of the periodic table 
Superconductivity depends on the crystal struct 
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and not in another. Also, some alloys are superconductive 
even though neither of the constituents is by itself super- 
conductive. The simplest metals, the alkalis and alkaline 
earth metals, are not superconductive. The temperature 
of the transition corresponds to an energy &T'— 10-4 ev, 
while the electron energies are of the order 10 v or so. 
Hence, we have a very delicate problem here. It is not 
like the case of helium, where the energy of the transition 
is comparable to the thermal energies involved. In the 
helium case, when the thermal wavelengths, or the de- 
Broglie wavelength corresponding to a temperature of 
the transition, becomes equal to the spacing of the atoms 
then all the excitement occurs. On the other hand, in 
superconductivity the effect is very small and therefore 
quite subtle. I have to make some excuse, you see, for 
not having immediately solved the problem. 

The specific heat of a superconductor looks something 
like Fig. 9. According to the theory of an ideal electron 
gas, the specific heat should be proportional to T. 
Experimentally, there appears to be a discontinuity in 
the specific heat at the transition, and the electronic 
specific heat at very low temperatures may be ex- 
ponential. The curve is certainly not linear with T; 
it is much, much less. 


Fic. 9. Sketch of specific © 
heat of a superconductor 
versus temperature. 
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It is possible to maintain the material in the norma! 
state with a sufficiently large magnetic field. If one 
applies a magnetic field for different temperatures the 
stronger magnetic field for lower temperatures, the 
curve of the transition temperature against magnetic 
field looks like Fig. 10. Even at absolute zero, the 
superconductive state can be destroyed by an appli- 
cation of a sufficiently strong magnetic field, and the 
specific heat of the normal state behaves linearly right 
down to zero temperature. 

The electromagnetic properties of the superconductor 
have been studied in great detail and summarized in a 
very simple way by London, at least for low frequencies. 
London deduced that the law stating that the current 
density is proportional to the vector potential correctly 
describes all of the properties. I have to omit all the 
details of the experiments and the arguments which led 
London to this law. It is necessary that the vector po- 
tential A be in such a gauge that the normal component 
of the current density at the surface be zero everywhere. 
London also gave a kind of explanation of how this 
may have come about. The formula for the current 
density of the electrons in the. quantum mechanic 
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given by 
€ N h e $ 
Y9--5x. fv (n. 5h62) $ 
mM k=l 4 C 


XYôlx—xr)dY x, 


where W is the wave function of the electrons and the 
integration is carried out over all electron coordinates. 
Now suppose that for some reason a small electro- 1 
magnetic field A changes the wave function Y very little. — 
For the wave function without the potential of course, ^ 
the mean value of the current would be the expectation — 
value of >°.6(a—sxx)(eh/mi)Vx, alone and would be 
zero. If the wave function does not change much, this 
term is still essentially zero. Then all one has is the 
vector potential at the point x averaged over all the 
electrons. In other words, one has J (x)= —ne*/mcA(zx). 
London would then explain his law on the assumption 
that the wave function does not change much whena — . 
small magnetic field is applied. 

Now what is it that we would like to explain about 
superconductivity and with what are we going to 
explain it? There are a whole set of properties such as 
the specifc heat, the London equation, etc. to be 
explained in terms of the Schródinger equation. The 
first question is, which property shall we choose first — 
to try to explain? The next question is whether we need — 
the full Schrödinger equation, or can we take an 
approximate Hamiltonian that is simpler to work with 
as a reasonable model of the actual situation. E 

I would like to maintain a philosophy about this  - 
problem which is a little different from usual: It does — 
not make any difference what we explain, as long as we ^. 
explain some property correctly from first principles. — 
If we start honestly from first principles and make a 
deduction that such and such a property exists—some _ 
property that is different for superconductors than for | 
normal conductors, of course,—then undoubtedly we 
have our hand on the tail of the tiger because we have — 
got the mechanism of at least one of the properties. — 
If we have it correct we have the clue to the other — 
properties, so it isn't very important which prope 
we explain. Therefore, in making this attempt, 


handle with the kind of mathematics that is invoh 
in the Schródinger equation. I want to summarize : 
thoughts on this question, although they do 
represent a solution. They represent a statement o 
problem and a little bit of a personal view. ; 


Fic. 10. Transition tem- 
perature versus magnetic 
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I decided it would be easiest to explain the specific 
heat rather than the electrical properties. In the case 
of the electrical properties we have to consider both the 
temperature ahd the magnetic field, which is more 
complicated than the temperature alone. But we do not 
have to explain the entire specific heat curve; we only 
have to explain any feature of it, like the existence of 
a transition, or that the specific heat near absolute zero 
is less than proportional to T. I chose the latter because 
being near absolute zero is a much simpler situation 
than being at any finite temperature. Thus the property 
we should study is this: why does a superconductor 
have a specific heat less than T? Let us say that the 
specific heat is essentially zero. Thus the density of 
states above the ground state is very much less than 
that of the ideal gas. It is orders of magnitude of 
infinity less, to get a different power of T. The property 
to be explained for superconductors is that the ground 
state is separated from the higher excited states by a 
region where the density of states is low. The simplest 
thing would be that there are no states in between and 
in fact it may be that that is the case. The specific heat 
curve looks like it. Let us suppose that the density of 
states is very low just above the ground state. All we 
have to do is to explain why the excited states have a 
definite separation energy from the ground state, or 
that there are only a very few states near the ground 
state. 

I have not got much further and this conclusion is 
well known to many others, but I would like to make 
some remarks on some work in that direction. I tried 
to state this property directly in terms of some property 
of the Hamiltonian. First why is the density of the 
excited states so high in the ideal gas, and how could 
it fail to be so high in a superconductor? 

The ideal gas is easily represented in momentum 
space by drawing a Fermi sphere with a lattice of 
momentum that is very fine. The lattice spacing 
| Keen on the size of the container and the spacing, e, 
3 inversely proportional to the cube root of the volume 
»f the container. If one calculates the excitation energy 
of the system at temperature T, one realizes that all 
the states within a range of kT of the Fermi surface 
are excited. Thus the number of states excited is 
kT/e times the number of states around the sphere, 
which is the square of the radius times 4z/ €. All of these 
states are excited on the average by the energy kT, so 

this total excitation energy is proportional to the volume 
and to T? so the specific heat is proportional to T. 
Now where did this enormous specific heat come from? 
Essentially; it came from the fact that there is a state 
in any direction from the center of the Fermi sphere. 
It seemed to me likely that here is the feature that 


— fails in the real situation. How can we define this 
= failure? In order to define one of these states, and to 
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representing states of enormous angular momentum of 
very low energy. 

Consider a big box, the metal. If one excites a 
particle, that is, takes it out of one state and puts it 
somewhere else, then this excitation has a tremendous 
angular momentum around the center of the box, 
because it has finite momentum (the Fermi momentum) 
and is a long distance from the center. It takes practi- 
cally no energy to create this large angular momentum, 
according to the ideal gas picture. One hardly has to 
lift it out of the shell. Thus just above absolute zero, 
with an infinitesimal energy, one can create very high 
angular momentum. If the distance required to get 
superconductivity in small grains corresponds to 10! 
atoms or so, then this means that in a normal conductor 
in order to create 10°% units of angular momenta 
requires infinitesimal energy. 

Therefore, in the superconductor we probably have 
the following property. The difference between the 
energy of the lowest state with large angular mo- 
mentum and the ground state, must approach a finite 
number as the volume of the box goes to infinity. This 
is the property that the superconductor has that I now 
look for. But the angular momentum of the electrons 
does not commute with the Hamiltonian. Let L be the 
operator representing the angular momentum of all the 
electrons, the z component of which is > :(xipiy—yipiz): 
Take Eo to be the ground-state energy. If f is any 
normalized wave function, for which the expected value 
of Lis greater than 10° (the exact value is unimportant), 
then 


fra- E) fdv>n, 
for 


I f*Lfdv>105, 


where 7 is finite as the volume goes to infinity. This is 
not true of an ideal gas, but I believe it is true of the 
Hamiltonian of the superconductor. 

I don’t know if I have made any progress over the 
simple remark that the density of states above the 
ground state is very low. That is as far as I was able to 
get with the specific heat problem. If one assumes the 
truth of the previous equation one cannot necessarily 
explain all the properties of superconductors. But if 
one can find the correct explanation of one of the unique 
properties of a superconductor, one can then see the 
mechanism for all the other properties. Actually, we 
can almost see how the electrical properties will come 
out of such a procedure. If one considers a cylindrical 
piece of metal with a field along the axis of the cylinder, 
then the Hamiltonian of the system with the field is 
related to the Hamiltonian without the field by H 
— He/c— B- L. That is, the A -p term is equal to B-L — 
for such a cylinder. Let ¢ be the ground-state wave 
dim Pidómd St hesetAMastate the expected value of H is 


the lowest energy, Eo. (¢,H) = Ey. The expected value 
of the angular momentum is zero. For any other state, 
which has a reasonable amount of L, we get 


(f,H f) = Eo+n—105 (he/c)B. 


If B is not too big, this energy is larger than Eo, so 
with a small enough field, we would get the lowest 
state, which would be the ground state not the new 
state, and therefore the wave function would be the 
same as it was before. States with smaller angular 
momenta do not affect the argument since B has little 
effect on these. Thus, London’s explanation of super- 
conductivity would result. This argument is not very 
good. It must be more complete, since one has to show 
that if we took other states where L is larger than 105, 
the energy rises fast enough for a sufficiently large L. 
When we do finally understand the reason for this gap, 
we will understand how the energies will vary with 
the angular momentum of the states that are created. 

Now the next part of the problem is with what do we 
make this explanation? That is, what approximate 
Hamiltonian should we use? The question is, have we 
included enough junk in the model to include the effect 
of superconductivity? The first and simplest model is 
the model of the ideal gas of electrons. There we know 
we do not get superconductivity, because we do not 
get the right specific heat. The next thing to be added 
that seems to be very important is Coulomb interaction. 
Sometimes it has been thought that a Coulomb inter- 
action would make some kind of lattice of electrons 
which would move through the material. However, 
everyone argues, and I think correctly, that this cannot 
produce the small effect, because it is too large. That 
is, the Coulomb interaction energies in a material are 
of the order of a volt or so per electron, while the 
energies we are looking for amount to 10-? v per 
electron. We have all kinds of other effects, such as 
spin-orbit couplings, spin-spin couplings, magnetic 
interactions, and so on. Because we have factors 2?/c? 
in these cases, we get the right order of magnitude. 

But there is one little piece of experimental in- 
formation of vital importance, which shows that we will 
not get superconductivity even if we include all these 
effects. That fact is that the transition temperature 
depends upon the ionic mass. Or better, the energy 
difference between the superconductive state and the 
normal state, depends upon the mass of the ions. If these 
w/c? effects were the cause of superconductivity, it 
would not depend upon the mass of the ions. 

Could it be that the superconducting state depends 
upon the mass, not because the phenomenon which 
produces the energy depends upon the mass, but 
because when you heat the material up, the shaking 
of the lattice breaks the state down at a temperature 
that depends upon the mass? I think this approach is 
wrong. Since the difference in the energy even at 
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energy must involve dynamically the motion of the 
lattice. So we have to include lattice interactions. Now 
the hope is that if we include lattice interactions, we 
will not have to include these other interactions. 

One of the most popular models of a Hamiltonian to 
explain superconductivity is the one used so much by 
Frohlich and Bardeen. Their model consists of a jelly 
of positive charge, an elastic continuum which can 
vibrate, in which the band structure of the electrons is 
neglected. In the jelly of positive charge, one considers 
a gas of electrons of the same density as the charge 
density of the positive charge. The electrons do not 
interact with each other, but they all interact with the 
vibrating jelly. It is the simplest Hamiltonian which 
has been proposed that would seem to be able to 
represent superconductivity. 

A lot of people have tried this model. However, they 
are not absolutely satisfied. Some still worry whether 
the band structure has something vital to do with the 
phenomenon. Perhaps superconductivity does not 
occur in the case of sodium etc., because the band is so 
very simple and it occurs only for the complicated 
metals, because their band system is complicated. 
There may be small regions in momentum space, for 
instance, where the electrons behave as positively 
charged particles, that is, places where the conductivity 
is by holes and other regions where they behave 
normally. There is some indication that this is the 
case because it has been noticed that the Hall effect 
is very small when the material has a tendency to be 
superconductive. The Hall effect is very small when the 
positive and negative carriers cancel. Thus some people 
think that this, in conjunction with the lattice vibra- 
tions, may have something to do with super- 
conductivity. Of course, that makes the problem more 
complicated, because it would mean that if Frohlich 
and Bardeen could solve their model exactly, they still 
would not find superconductivity, since it would still 
involve only negative carriers. Er 

As long as one makes a list of such things, one can ay 
always add a few things which might have something — 
to do with it. In case they do, at the end then people __ 
can say, “Oh, he thought of it,” but I don’t believe - E 
the one I will mention bas anything to do with it. The | 5 
closed shells have been treated adiabatically and 
forgotten about and they might have something to do 
with superconductivity. I just do not think that the 
closed shells have much to do with it. i 

I also tried the same thing as Frohlich and B 
which is to solve the Frohlich and Bardee 
with such precision that the estimated erro 
calculation are less than the difference in energ 


all kinds of wonderful tricks that one 
diagrams. I calculated the specific h 
precision, and the specific heat was s 
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pointed out that the series expansion which I was 
carrying out may not lead to the lowest state at all. 
Suppose, for example, that one has a harmonic oscillator 
and considers-the effect of a small perturbation, ex, 
on the ground-state energy. Regardless of how small e 
is, one can never derive the answer from perturbation 
theory even though the series appears to be nicely 
convergent. The reason, of course, is that if one goes 
far enough from the origin the potential becomes 
arbitrarily large and negative, and hence no lowest 
state exists. In other words, what happens is that one 
starts with a function which is qualitatively different 
from the correct function and the right answer lies in a 
qualitatively different place. Thus when one starts with 
a simple kind of wave function to make a succession of 
approximations, one cannot produce the qualitative 
features of the.isolated lowest state of the real system 
with the original wave functions. Nor can one be sure 
that the qualitative difference doesnot exist just because 
one computes so accurately. Thus, even if one treats 
this model very carefully and accurately, as long as it is 
done by a series method one can never be certain that 
the model does not lead to superconductivity. That 
is, we may simply be calculating the normal state 
specific heat very carefully. It is going to be very hard 
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to show that the phenomenon does not exist in this 
model. It is also going to be hard to show that it does 
exist. 

I am now brought to the same position as Casimir, 
who first told me about this problem. He said, “There 
is only one way to go about working this out. It is 
simply to guess the quality of the answer." I think I 
have come unfortunately to the same position, what 
we must do is not compute anything, but simply guess 
what makes the ground state isolated at a lower energy. 
That is, guess what kind of correlation exists at long 
distances. Why haven't we theoretical physicists solved 
this problem yet? We have no excuse that there are not 
enough experiments, it has nothing to do with experi- 
ments. Our situation is unlike the field, say, of mesons, 
where we say, perhaps there aren't yet enough clues 
for even a human mind to figure out what is the pattern. 
We should not even have to look at the experiments. 
Every time we look at another experiment, we make 
the problem easier. It is like looking in the back of the 
book for the answer, which is slowly being unveiled 
by the details of the various experiments. There is no 
reason to require the experiments. The only reason 
that we cannot do this problem of superconductivity 
is that we haven't got enough imagination. 
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I? is really very hard to say something definite and 
precise about meson theories. This is partly because 
of the strong interaction between mesons and nucleons, 
as well as between two nucleons. But more than that, 
it is so because any simple-minded meson theory 
cannot be a complete and closed theory. Obviously, 
it is much more an open theory than quantum electro- 
dynamics. There are two reasons for this: First, the 
existence of new strange particles compels us to enlarge 
the scope of the theory so as to include these particles; 
second, we believe some real fundamental change is 
necessary in quantum field theory. We do not know 
when and how it will come, but the future modification 
in field theory will affect meson theory substantially 
whereas, in the case of quantum electrodynamics, the 
change will be much more academic. For these reasons, 
it is clear that the validity of any simple meson theory 
is considerably limited. 

Despite the fact that the present situation is difficult, 
definite progress certainly has been made in meson 
theory in recent years due to Taketani, Levy, Chew, 
and many others. This has been partly due to the 
increase in our knowledge of the pion-nucleon inter- 
action. In the early days we had only limited knowledge 
about the nucleon-nucleon interaction. We actually 
knew nothing about mesons themselves. They were 
just introduced in order to account for nuclear forces. 
At that time I was a little more ambitious; I wanted to 
incorporate the phenomenon of beta decay into the 
same scheme, but this was also rather speculative. 
'Though important progress has been made in recent 
years, there are still many uncertain points in connection 
with the pion-nucleon and nucleon-nucleon interactions. 
All we can say now is that we can correlate pion-nucleon 
scattering and a part of the nucleon-nucleon inter- 
action in a consistent way. Of course, you may still 
argue whether this could be done really consistently 
or not, but it is significant that, if we adopt a rather 
naive approach to meson theory and adopt the pseudo- 
vector coupling with cutoff, then we reach the con- 
clusion that the coupling constant and the cut-off 
momentum necessary to account, semiquantitatively, 
for pion-nucleon scattering at energies up to about 200 
Mev, agree quite well with the corresponding 
parameters which are necessary in order to explain the 
nuclear potential between two nucleons at distances 
larger than 0.6 or 0.7 times the meson Compton 
wavelength. 

There are still many questions unanswered; we can- 
not yet decide which of the two interactions linear in 
the meson field, i.e., the pseudovector or the pseudo- 
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scalar interaction, is correct, and further, we do not 
know exactly what is meant by the cutoff in the theory. ^ — 
A safe way of explaining the cutoff is to accept the E 
view that it is a mere expression of our ignorance. | 
Perhaps this is an extreme viewpoint, but it is not easy 
to express more moderate views clearly. In the case 

of the pseudoscalar coupling, it is well known that the 
effect of nucleon pair creation is so enormous that so 

far there is no satisfactory way of dealing with it. 
This question is certainly very intimately connected 
with the question of the nucleon-antinucleon inter- 
action. We do not yet know exactly what the inter- 
action is; perhaps the complete understanding of the 
antinucleon and nucleon system will come in a later 
stage of development in what we may calla comprehen- ` 
sive theory. 

There was another feature in the simple-minded _ 
meson theory from which we started. Twenty years - 
ago, beta decay was a very important and outstanding —— | 
problem. Although Fermi's theory worked very nicely; -— , 
we could think at that time that we didn't needa 
direct Fermi interaction, but could account for beta 
decay equally well through the meson field, by intro- 
ducing some weak interaction between the meson field 
and electron-neutrino system. Later such attempts 
became more and more difficult for two main reasons; 
one was that we came to know that the interaction 
responsible for beta decay is mainly scalar and tensor. _ 
This is contradictory to the pseudoscalar nature of - 
the pion. Furthermore, the intervention of the mu-  - 
meson spoiled the whole picture. Thus, as for the weak — 
interactions, we could not stay in the meson theory 
the narrow sense, but we had to go over immediately — 
to more comprehensive theories including other types 
of particles. n 

Now let us go back to the case of the strong meson- 
nucleon interaction. The assumption of a stror 
meson-nucleon interaction was generalized in r 
years, so as to include strong interactions betw 


acting particles was reached on these lines 
of the important concepts in meson the 
over. That is the concept of charge in 
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space works quite well, if you consider only strongly 
interacting particles. 

Very recently, Schwinger has suggested that the 
analogy between the electromagnetic interaction and 
meson-nucleon interaction could be carried much 
farther. In that case, the interaction between pi mesons 
and K mesons may play a very important role. I do not 
know yet what will be the correct way of interpretation 
of strongly interacting particles, but it is clear that 
we need, at least, one more degree of freedom, which 
is usually called the strangeness. The notion of strange- 
ness is very important in that we cannot hope to 
construct from any simple meson theory a compre- 
hensive theory including strange particles, just because 
pions and nucleons are not strange. You need, at least, 
one type of strange particle in order to have the whole 
system of particles. This situation can be compared 
with the old problem of constructing composite particles 
from more elementary particles; you can hope to 
construct particles with integer spin from half-integer 
spin particles, but the opposite is not true. From the 
standpoint of a composite particle theory in a broad 
sense, the half-integer spin particles are necessary 
from the beginning; for the same reason, the strange 
particles are also necessary. But, of course, there are 
other standpoints and whatever be our standpoint, 
we cannot deny that the Gell-Mann-Nishijima scheme 
is so nicely mapped out for strongly interacting particles, 
that one of the main questions for future study is, 
perhaps, “What would be the real significance of these 
new degrees of freedom?" I shall come back to this 
subject later on. 
<The next question to be considered is that of weak 
interactions. The problem of weak interactions is not 
yet answered, or, at least, I cannot easily accept the 
current interpretations, because some of the conser- 
vation laws which hold in the case of strong inter- 

ctions are violated in the case of weak interactions. 

f we know merely that some conservation laws 
re just violated, I don't think you can hope to con- 
truct a consistent theory, which implies certain 
universal symmetry properties. If you have started 
from a theory with perfect symmetry in isospin space, 
it should stay on until the end. Of course, the violation 
of selection rules which is connected with isospin 
and strangeness may not be very serious, because, 
after all, we do not know much about the significance 
of these new degrees of freedom; but if the conservation 
laws which are connected more directly with our 
ordinary space-time world begin to be in question, the 
| situation is really-serious. All of you know that they 
really have been the subject of vigorous discussions 
in connection with the tau-theta dilemma. I do not 
know whether or not parity should be the ony suc 
space-time symmetry property in question; d PM 
we cannot wholly reject the possibility that angular 
we Aum conservation is also violated in weak 


c^ 


L r 


CC-0. Gurukul Kangri University Haridwar Colle 


YUKAWA 


The intervention of the mu meson completely 
destroyed the picture which I had had in mind. Today, 
I still do not understand mu mesons at all. Where does 
the big difference between the masses of the electron 
and the mu meson come from, if we suppose that the 
mu mesons interact with other particles only weakly? 
Maybe the spin of mu mesons is higher than one-half, 
but in such a case you have to worry about why the 
radiative cross sections are not large actually. Perhaps 
you would have to take into account certain internal 
structure of the mu meson. Whatever you may think, 
the problem of the mu meson is very challenging. 
There are also mysteries surrounding photons. If you 
look at the whole body of elementary particles including 
all the new particles, then the photon, which is most 
familiar to us, is in a sense the strangest of all. One of 
the mysteries of the photon is related to the concept 
of charge independence, which seems to work quite 
well in the cases of meson-nucleon and nucleon- 
nucleon interactions and also in a more comprehensive 
theory of particles. However, the introduction of 
electromagnetic interaction destroys the isotropy of 
isotopic spin space. This seems quite strange to me. I 
have no way of understanding this strange situation so 
far, and I cannot be very confident about the notion 
of isospin space, until there appears a good idea of 
explaining the peculiarity of electromagnetic inter- 
action. 

One of the mysterious properties of strongly inter- 
acting particles is that they can interact sometimes 
very strongly, and sometimes very weakly. I have been 
trying to give a possible interpretation of this remark- 
able difference in strong and weak interaction for the 
same kind of particles. Of course, there are a number 
of different approaches to this problem, but I take the 
way in which we suppose that the known principles 
and symmetry properties of present physics stay on, 
that is to say, special relativity and the principles of 
quantum mechanics stay on as far as they can, just 
to see how far we can go on this way. We consider only 
those particles which can interact strongly with each 
other. Each of them is supposed to have a certain kind 
of structure which is in conformity with special rela- 
tivity. I know that this is not only a severe restriction, 
but also this gives rise to a very difficult problem 
connected with causality. I know very well how difficult 
it is to conform to causality in any nonlocal field theory. 
But, let us just try to see to what extent such a model 
will work. 

Now, such a particle with internal structure could 
be expressed in terms of a wave function y, with a 
number of components depending on the coordinates 
of the particles as a whole and also on a number of 
internal variables. Of course, there may be extra 
degrees of freedom which have little to do with our 
ordinary space-time concept. For instance, 1sospin 
space might be something which cannot be incorporated 
dptoewtaaption.eisspage-time in the narrow sense. For 
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the time being, at least, we have to deal with the isospin 
as such. However, we may suppose that there are other 
extra degrees Bf freedom which are more directly 
connected with our space-time world. In other words, 
it may be possible to single out those hidden variables 
which are called the internal coordinates in the narrow 
sense. Of course, we shall have to envisage eventually 
the over-all structure of the world underlying all the 
ordinary and extra degrees of freedom, but let us 
Suppose for the moment that a subspace of the whole 
space underlying the extra degrees of freedom has the 
Same structure as the external space-time world. If we 
adopt such an assumption, what we have to deal with 
is a kind of nonlocal field. However, we are not so 
much interested in the detailed procedure of formu- 
lation of such a theory as the new possibilities for 
understanding the behavior of particles in terms of 
nonlocal field theory. For the latter purpose, let us 
simplify the situation as much as possible. The field 
for each type of particle is a function y of not only one 
set of space-time coordinates X,, which is related to 
the motion of the particle as a whole, but also of 
variables £, which could be identified with internal 
coordinates designating a point in the internal world. 
The latter is supposed to have the same structure as 
the external space-time world. If we ignore all other 
extra degrees of freedom, the field can be denoted by 
Y(X mé.) which may consist of a number of components. 

Now let us introduce the following three drastically 
simplified assumptions: 


(I) In the zero approximation, the field for each of 
the strongly interacting particles is written as a product 
of external and internal wave functions: 


y (X,,£.) —Vext (Xy)Wint (&) E 


Each of V4. and Vint may have a number of components, 
which transform linearly under a Lorentz trans- 
formation. Thus, external spin and parity can be 
discriminated from internal as well as from total spin 
and parity by considering the Lorentz transformations 
of X, and £, separately as well as the simultaneous 
transformations of both. 

(II) Each of the interaction terms in the Lagrangian 
or the Hamiltonian for a system of elementary particles 
should be constructed from three fields in such a way 
that it is a relativistically invariant product of two 
factors, of which one is an invariant product of three 
external wave functions and the other is an invariant 
product of corresponding internal wave functions in 
the case of strong interaction. 
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(III) In the case of weak interaction, the interaction 
term in the Lagrangian should again be relativistically 
invariant as a whole, but not necessarily be so for 
external and internal parts separately. For instance, it 
could be a scalar product of external and internal 
spinors, vectors etc. In the following, we shall consider 
only the case of scalar product of two spinor functions. 

If, in addition to these three assumptions, we take 
into account the charge independence of pion- 
nucleon interaction, we obtain the following scheme 
as one of the simplest possible examples of assignment 
of external and internal wave functions to each type 
of strongly interacting particles: 


PORTO eee eee 


Vext Vint total spin (and parity) 
T pseudoscalar scalar 0- 
N Dirac scalar 4 
A scalar Dirac 


Dirac anti-Dirac 0+, 1* 


Here anti-Dirac means that the wave function trans- 
forms like the charge conjugate of Dirac wave function. 
If we adopt this scheme, it follows from the second 
assumption that the strong interactions are restricted 
essentially to the cases such as ÑrN, AKN, KrK... 
Similarly, according to the third assumption, the weak 
interactions could be restricted to the cases ÑrA,: - - and 
possiby «m K. All of these strong and weak interactions 
are acceptable and some of them, at least, are necessary 
in order to account qualitatively for both the production 
and decay processes of strongly interacting particles. 
The total spin and parity are conserved always, but 
the weak interaction is distinct from the. strong inter- 
action in that the former gives rise to the exchange of 
angular momentum of an amount #/2 between external - 
and internal degrees of freedom of interacting particles. _ 
If we compare this scheme with the Gell-Mann- - 
Nishijima scheme, we notice immediately that the — 
strangeness quantum number is equal to twice the 
internal spin. As already mentioned, the isospin neal 
quantum numbers are left out of our scheme in view 
of the peculiarity of electromagnetic interaction. 
Perhaps the most disappointing feature of o 
scheme is that we still cannot easily get rid of th 
well-known dilemma of theta and tau modes of decay 
of K mesons. I do not know whether a more complic: ted 
scheme involving higher spins could serve for the fina 
solution of this crucial problem. We cannot y 
whether we are already facing the problem w 
concerns the validity of the rigid framework of s 
relativity. 
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Y WOULD like to discuss in a qualitative way how 
À far we can come in understanding the behavior of 
low-energy pi mesons. I would like what I say to be 
understandable to people who are not experts, and I 
hope that^the experts present will forgive me for over- 
simplification and omission and even half-truths, 
though I hope there will not be very much of that. 
The two real mesonic phenomena that take place 
at low energies are scattering of mesons by nucleons, 
and photoproduction of mesons. Clearly experiments 
—— with real mesons are a better way of trying to under- 
— Stand the meson-nucleon system than experiments 
= involving virtual phenomena, such as the neutron- 
E - proton potential or the charge densities of neutrons and 
_ protons. These virtual phenomena are difficult to 
- — understand and interpret, and the connection between 
. — the numbers that one can measure and real behavior 
— — of mesons is not as clear. So I prefer to say very little 
— . about the virtual phenomena. 
— Let me give an example of the importance of real 
D By the study of meson-nucleon scattering 
_ in the last few years it has been possible to verify quite 
_ accurately an aspect of the theory originally proposed 
m by Yukawa, which it had not been possible to verify 
_ by means of the study of virtual processes: In the 
guage of field theory we now know that the meson- 
nucleon interaction is linear in the meson field; in 


kj 


particle language that the meson interacts by virtual 
absorption and re-emission. I will come back to this 
point very often. Almost all of what small success there 
has been in understanding the meson-nucleon system 
nas been in terms of understanding this particular 
spect of the interaction of mesons and nucleons. 

Let me review briefly the experimentally known 


x. 


rties of pi mesons. The pi meson has spin zero. 
| odd parity, which means that when a negative 
; absorbed by a proton, the result of this absorp- 
being a neutron, the “orbital” parity of the system 
) change. This has rather striking consequences 
nteraction, because it means that a pi minus 
S state cannot be absorbed by a proton to become 
utron, because then the orbital parity cannot 
e. The pi minus can be absorbed from a P state, 
rer, because then there is a negative. orbital 
ty which can ‘disappear in the absorption act. 
fc if this picture of the meson-nucleon inter- 

. one suspects immediately that P-wave 


cy 


ed the case; and I will come back 
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isotopic spin of mesons and nucleons is conserved 
approximately in the course of their interactions. I 
would like to digress for a minute here and remind you 
that the conservation of isotopic spin is approximate. 
One hopes that the degree of approximation is measured 
by the fine structure constant, 1/137. There are known 
violations of isotopic spin conservation which are z 
larger: the mass difference between neutral and 
positive charged mesons is about 3%. As may be seen 
simply from phase space arguments, this mass difference 
can induce violations of isotopic spin conservation of 
9% in P-wave scattering. There is another, possibly 
large, violation of isotopic spin conservation which may 
turn up: there may be a difference of a few percent 
(how many no one knows) in the coupling of charged 
and neutral mesons to nucleons. Let me therefore 
interpose a warning in the interpretation of experi- 
mental data: details of the analysis of experiments 
that depend upon 5% accuracy are unreliable. For 
example, the determination of the isotopic spin 3, 
P-wave phase shifts would be very hard even with 
considerably more accurate experiments, in view of the 
difficulties just mentioned. In this talk I will not be 
concerned with 5975 effects, and, will assume that 
isotopic spin is conserved. 

For general orientation as to orders of magnitude, 
Fig. 1 shows the total pi-plus and pi-minus cross 
sections on protons between zero and 1.8 Bev energy 
in the lab. Starting at the left: notice the very small 
cross sections at zero kinetic energy—already an 
indication that the S-wave scattering is anomalously 
small at low energies, and a strong hint of the dominance 
of the P-wave scattering. This is almost a direct 
verification from experiments of the Yukawa absorp- 
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Fic. 1. Cross sections for scattering of m+ and mesons by 
protons as functions of meson kinetic energy in Bev in reference 
rame protons are initially at rest. andi 
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tion and re-emission mechanism mentioned at the 
beginning. Moving to the right in Fig. 1 to 200 Mev, 
the large maximum in the positive pi cross section, the 
famous 3-3 resonance, and its smaller reflection in the 
pi-minus cross section are seen. At still higher energies, 
above 400 Mev, the cross sections remain large. For 
example, at 800 Mev the pi-minus cross section is as 
large as it is at the resonance; this fact has some 
unfortunate significance for understanding of the low- 
energy phenomena. I return to this point at the end of 
my talk. 

Very little of a specific nature is understood about 
the high energy region, however, so I will limit myself 
to energies smaller than 300 Mev. Low-energy pion- 
nucleon scattering can be understood extraordinarily 
well on the basis of the hypothesis first proposed by 
Brueckner, that the scattering goes predominantly 
through a P state of angular momentum 2 and isotopic 
spin $, this state having the resonance shown in Fig. 1 
at about 185 Mev in the laboratory. Now let us see just 
how well this appears to account for the data. Figure 2 
shows three times the negative pi cross section and the 
positive pi cross section plotted against energy. Were 
the scattering all in the state of isotopic spin $ these 
curves would be identical. Their striking equality is 
evident. The experimental errors are not shown, but 
the curves overlap in the energy region under considera- 
tion when these are included. 

In order to investigate the accuracy of the assump- 
tion of an angular momentum of $ we refer to Fig. 3, 
which shows the angular distribution in the positive 
meson scattering by protons. The experiment is at 
189 Mev, which is very near the resonance. (This is 
somewhat of a cheat since the angular distribution 
will fit the J= assumption best near the resonance.) 
Were the scattering in a P state of angular momentum 
$, the angular distribution would have the form 
14-3 cos'ó. Again the agreement with experiment is 
extremely good. Figures 2 and 3 emphasize the fact 
that the Brueckner resonance hypothesis fits the data 
extremely well. One can really predict what will 
happen on the basis of this resonance. The fact is that 
the (3,3) state dominates the entire low energy picture, 
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Fic. 3. Angular distribution of the scattering of x* mesons by 
protons as measured at a meson kinetic energy of 189 Mev. 


including phenomena as far removed from meson 
scattering as the Compton scattering of photons by — 
protons. Thus, if one can understand the resonance, 
to a great extent one also understands the low-energy 
scattering. We can understand a little bit about the 
resonance, and I would like to explain what that is. : 
Let me outline a group of questions, which represent . 
a possible program for understanding moderate energy — — 
pion phenomena. First, can we predict that there will — 
be a resonance in the (3,3) state, and can we calculate - 
the meson energy at which this resonance will take - 
place? Second, having predicted a resonance, can we 
calculate the shape of the resonance, for example, - 
its width? Third, having taken care of the resonance 
and its shape in the problem of meson-nucleon scatter- _ 
ing, can we calculate other processes involving real - 
mesons at low energies, such as photomeson production __ 
from nucleons? Fourth, can we say anything at all — 
about fine details of the pion-nucleon scattering? By 
fine details I mean, for example, S wave scattering, - 
P-wave scattering in the nonresonant states, D-wave - 
scattering, and so forth. These are the problems thata - 
theory faces in trying to account for the low energy 
data. Unfortunately the theoretical situation is v 
complicated. Here is how things stand. 
In the first place we are faced with the unfortur 
situation of not knowing the correct theory tha 
have to use to try to explain the phenomena. 
theories have become fair .game for theoretic: 
physicists. The first of these is the relativistic, 
metric pseudoscalar meson theory, the ys th 
the second is the Chew theory. Neither is a co 
theory in the sense that quantum electrodyna: 
correct theory. Let me emphasize the two 
quantum electrodynamics is what we c: 
theory. In the first place the fine struct 
small, 1/137, so we can calculate in a powe 
quasi-power series, and get accurate 
second reason is that the mass ratio. of 
that are involved in quantum 
particles hien we lik 
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For this reason the contribution of pi mesons to the 
vacuum polarization part of the Lamb shift is (1/273)? 
compared to the contribution of electrons. This is 
simply luck, but nevertheless it does mean that there is 
a wide domain within which quantum electrodynamics 
does not get major contributions from other particles. 

Neither of these two conditions holds in a meson 
theory. Considering first the ys theory. This, as far as 
we know, is a possibly correct physical theory. 
That is, it might have given a complete description of 
reality. It has room in it for pi mesons; it is covariant; 
it has room for nucleons and antinucleons. Unfortun- 
ately, it does not contain the other apparently strongly 
interacting particles which we now know exist. There- 
fore, it is a model which does not describe the real 
world. It is a model which might have described things 
over a large energy range, but which in fact does not. 
The mass ratio of the electron to the pi meson, the 
relevant mass ratio of quantum electrodynamics, is 

1/273. The mass ratio in the pion theory case is effec- 
tively about 2; therefore, pi-meson phenomena probably 
may not be isolated from the effects of other particles. 

The second trouble is that the pion-nucleon inter- 

action is a strong one. The interaction constant, 
instead of being 1/137, is about 14. These difficulties do 
not mean that the ys theory is a useless theory. If we 
can deduce consequences from it which do not depend 
very strongly on whether there are other particles 
which are strongly coupled, then these consequences 
are useful, and certainly much more believable than 
consequences which do depend on whether there are 
other particles. Because of the strong coupling, we 
cannot really calculate anything with this theory; all 
we can do is prove theorems and sum rules, such as the 
dispersion relations. Happily, everything we can do 
with the pseudoscalar theory does not depend mani- 
festly on what particles really exist at higher energy. 
We conclude that the theory may be incorrect, or it 
may be only incomplete. It could be that an essentially 
correct theory could be made by adding curious 
particles and their interactions to the pion-nucleon 
interaction already included. This may or may not be 
the case. 

The second theory which has become fair game in 
the last few years is one which has existed for some time, 
but was first taken up seriously by Chew four years ago. 

In this the nucleon is assumed to have an infinite mass; 
that is, there is no recoil in the theory, no nucleon, 

antinucleon pairs, and no curious particles. In order 

to calculate anything in-this theory one must introduce 

a cutoff; otherwise, the theory is divergent. The 
— importance of this theory is that Chew was able to 
obtain with it quite striking agreement with experiment. 
Je was able to calculate the (3,3) phase shift, and 
21 ; btain the resonance. Also, he was able to calculate 
— photomeson production with good So eee 
) parameters in the theory, a coupling 
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theory works, because in calculating with it (by 
expanding in powers of the coupling constant), almost 
every integral diverges very strongly, and hence 
depends strongly on wm. Apparently, therefore, the 
results of the theory depend strongly on what really 
goes on at high energy, on recoil, on antinucleons, on 
things which are not adequately described by the theory 
and which violate the conditions of the theory. Yet 
agreement is obtained, and it is not completely obvious 
why this is the case. I will try to communicate to you 
some of my feelings about why this works. 

The reason the Chew theory works is that there 
exists a representation in which the virtual inte- 
grations, because of the resonance, are to a good 
approximation kept in the low-energy region. In this 
representation. the equations of the static theory 
become 
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where à, are the phase shifts, w, and q the meson 
energy and momentum, and v*(q) is the cut-off function. 
The subscripts a and £ refer to the four states of different 
total angular momentum and isotopic spin. The meson 


mass is taken to be unity. The constants Aw and Aas 
are known and are given by 
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Finally, f? is the pseudo-vector coupling constant, 
f’?=0.08, and ca the total cross section in the state a. 

The derivation of these equations is unimportant 
for present purposes. They hold exactly for the Chew 
theory. If the cut-off function v*(q) is taken to be one, a 
divergent theory results, and there are no solutions. 
If v? (g) is cut off at a finite value of the momentum, the 
equations do possess solutions. 

Let us investigate further the possibility that the 
dominant contributions to the integrals in Eq. (1) 
come from low energies. Such a possibility is reasonable 
because of the low energy (3,3) resonance. The reso- 
nance energy, about 200 Mev, is an energy at which the 
assumptions of the theory are moderately valid, since 
it is a small energy compared to the nucleon rest mass; 
therefore, one might hope that the theory is, in a sense, 
self-contained at low energies. If the (3,3) resonance 


is assumed to dominate the integrals, Eq. (1) may be 
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written in a much simpler form, 
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where o33 is the total cross section in the (3,3) state, 
and the meson energy corresponding to the momentum 
qis denoted by w4. The cut-off function has been omitted 
from these equations since it is sensible to take it as 
one in the low-energy region. Whether these equations 
are useful depends on the high-energy contribution. If 
the high-energy contribution is important, then the 
static theory has no hope of working. If the high-energy 
contribution is unimportant, then the static theory 
can work. 

I have said that one can deduce these equations from 
the static theory, and that these equations do in a 
sense close in on themselves at low energies. It does not 
follow from this that the equations are correct. We 
would like to have a derivation of these equations which 
starts from more reasonable assumptions than those of 
the static theory. How can one hope to derive these 
equations? The only derivation that can be given, as 
far as I know, is based on the dispersion relations about 
which you have heard so much at this meeting. The 
dispersion relations have apparently been proved, so 
I will accept them as correct. Examples of dispersion 
relations are given in Eq (5). 


T;(v,x?) — Bj(v,c) 
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where 
KL=} (4b)? v=or—/M. 


Here wz represents the total laboratory energy (ex- 
cluding the nucleon rest mass), and (Ap)? is the mo- 
mentum transfer squared, in the center-of-mass system. 
The quantities T; represent the fouspattgung ampli 


tudes which correspond roughly to linear combinations 
of the two isotopic spin states, 4 and 4, and to spin-flip 
and non-spin-flip scattering. The amplitudes B; are 
the Born approximation values of the scattering ampli- 
tudes, which may be calculated from pseudoscalar 
meson theory. e is the usual real positive infinitesimal. 

These relations give the scattering amplitude as a 
function, not quite of energy and angle, but of energy 
and momentum transfer squared. There are various 
difficulties associated with these dispersion relations. 
One is that the integrals of Eqs. (7) may not converge. 
If they fail to converge, these dispersion relations are 
incorrect. In such a case dispersion relations which are 
presumably correct may be obtained if a convergence 
factor is placed under the integral sign, and the Born 
approximation amplitudes are modified by unknown 
functions of the momentum transfer. Such equations 
are shown in Eqs. (6). 
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where B;' represent the modified Born approximation 
amplitudes. 

The experimental situation suggests that for one of 
the four amplitudes, one needs to use the dispersion 
relation (6), but that for the other three, one may use 
the dispersion relations (5). These, incidentally, are not 
the dispersion relations originally published by Gold- E 
berger; those were for the forward direction, corre- 
sponding to x*=0. Here the momentum transfer is 
different from zero, and one must integrate the variable 
v' down to essentially zero kinetic energy. Since, one 
cannot have a finite momentum transfer at zero kinetic 
energy, this implies that one must have some prescrip- 
tion for analytically continuing the amplitudes T;(v’,x?) 
into a region where the momentum transfer is too large 
for the available energy. At present we are unable to 
continue these functions analytically into a very large 
unphysical region (though the recent derivations of ; 
the dispersion relations may reveal the correct rule — E 
for doing this). However, we may still obtain a useful - 
set of equations by differentiating various numbers of 
times with respect to x? at x?—0. In general, we 
obtain by subtraction of such differentiated equatior 
an equation in which the leading term on the left is 


higher waves are small, for example, it is clear th by 
subtraction we can obtain equations for the $^ 
amplitudes and P-wave amplitudes at low 
On the right side of these equations will. 
over imaginary parts of these amplit 
imaginary parts can be As by 
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it is total in the sense that it includes inelastic as well 
as elastic effects. 

The S- and P-wave dispersion equations are quite 
complicated and will not be listed here. However, again 
one might hope that in the integrals that occur on the 
right sides of these equations (if the imaginary parts 
of the amplitudes are replaced by cross sections), 
the 3-3 resonance is dominant when the energy »' is 
not too high. If this hope is correct, one can calculate 
the right-hand sides of the equations in a simple way 
by dropping everything except terms referring to the 3-3 
state. By this method one again obtains equations for 
which the dominant contributions come from low 
energies, and one can again make nonrelativistic 
approximations. If one assumes the nucleon mass to be 
large compared to the pion momenta, one obtains 
exactly the equations obtained before from the static 
theory, Eqs. (2), (3), and (4). 

I would like to emphasize the difference between this 
and the previous derivation. Previously, we neglected 
terms of order 1/m in the pseudoscalar theory and 
obtained a static theory. Such a process is really self- 
contradictory, however, because the virtual inte- 
grations which must be carried out in order to solve 
the equations involve the high-energy region in which 
the initial assumptions are invalid. The dispersion 
relation method is a different thing; here we have 
neglected 1/7; terms only with the assumption that a 
real observed resonance makes this neglect valid. This 
deduction of the static theory is on a quite different 
basis from the usual one. I hope that that point is clear. 
Although I believe it is a reasonable deduction as far 
as it goes, it is not a complete deduction, since it 
depends, in addition to the neglect of high-energy 
integrals, on the existence of a low-energy resonance. 
s As we shall see, the location of this resonance is 
= very sensitive to high energies; put differently, Eq. (2) 
= is very insensitive to the location of the resonance. 

The above argument shows roughly why the Chew 
theory agrees with experiment. I realize that it is an 
involved and complicated argument; I apologize for 
the complications. Of course, the assumptions made 
here may not be right. The high-energy contributions 
we have neglected in the dispersion relations are 
different from those neglected in the Chew theory. 
The equations which were deduced from the Chew 
theory contain high-energy contributions from the 
states (3-3), (3-1), (1-3), and (1-1). The dispersion 
relations we have deduced contain high-energy contri- 
— butions from whatevez happens in the world, however, 
| not just from what happens in a static P-wave theory. 
In order to compute these high-energy contributions 
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If we can show that the contributions from such terms 
are indeed small, then we will have understood to some 
extent why the static theory is not inconsistent with 
experiment. I will come back to this at the end of my 
talk. 

Now let us return to the discussion of what may be 
calculated in the ys and Chew theories. The first thing 
we try is to predict the resonance. In the ys theory 
this cannot be done. Calculations which produce a 
resonance may be made by keeping only certain terms; 
one way is the Tamm-Dancoff method, which does 
produce a resonance in the (3,3) state. I don't want to 
say anything against this method, because it is an 
extremely good one for calculating when the coupling 
is weak. When the coupling is strong, however, nobody 
knows how to calculate anything in relativistic field 
theories. It has been shown by Wyld that the Tamm- 
Dancoff calculation of the resonance in pseudoscalar 
meson theory is invalid. Wyld calculated the complete 
fourth order of the pseudoscalar theory and found that 
the contribution of the resonance producing terms are 
canceled almost exactly by terms which are neglected 
in the ordinary Tamm-Dancoff calculations. Therefore 
the enhancement which had been produced in the 
(3-3) state in the ys theory disappeared. When we 
can't show that the resonance exists, we can't calculate 
the resonance energy either. 

In the Chew theory the situation is somewhat 
different. In this static theory there are three or four 
quite independent methods of calculating. None of 
these is numerically reliable, but all of them agree that 
there is a resonance, and all of them can make use of 
the same coupling constant and the same cut-off energy 
to locate the resonance at approximately the right point. 
The different methods of calculating with the Chew 
theory give formulas for the resonance energy wr of i 
the type | 
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where the energies are in units of the meson mass. 
This equation is not exact; different methods of calcu- 
lation give results which differ by a factor of two or so. 
This is not a fundamental calculation of the resonance 
energy. Assuming the coupling constant to be fixed | 
by some other method (in practice, this may be done — - 
by photoproduction measurements), one can always 3 
obtain the correct resonance energy by choosing 
Gmax appropriately. However, the theory does give a 
resonance in almost every limit. That is the main 
difference between the static theory and the ys theory. 
One might tentatively conclude that if the ys theory 
could make itself look like the Chew theory it would 
have a chance, but nobody really knows now how to 
make it do that. E 
I hope I’ve made it plain that one can't calculate the — 

resonance energy in either theory. However, if one is 
given the resonance energy from experiment, wha 
can be done then? Then on the basis of the assumptio 
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that I have outlined, one can hope that the integrals in 
Eqs. (2), (3), and (4) exhaust the complete dispersion 
integrals, that is to say, that the high-energy contri- 
butions to these equations are indeed negligible. One 
can then hope that the low-energy behavior of T3 
can be calculated from Eq. (2), and that is, in fact, the 
case. The shape of the resonance can be calculated from 
this equation. There are many simplifications in Eq. 
(2). For example, as w approaches zero, the behavior 
of the left-hand side is given by the term, (4/3) (f?/o). 
In other words, if the scattering amplitude is considered 
as an analytic function of the complex variable w, then 
the singularity of the function at w=0 is known. 
Furthermore, the resonance is a narrow resonance, the 
width being given by the small coupling constant, f?. 
(The resonance is at low energy not because of the 
size of f°’, but because wmax is large.) Thus, there is a 
resonance with a narrow width, and if a narrow width 
is assumed in Eq. (2), it follows that the resonance has 
the shape given by the following “effective range" 


formula 
4 q 
-f° cotôss— = 1—w/wr. (8) 
3 w 
This equation may be written in the form 
s jJ : (1-w/wr) (9) 
—g/w coté33=—(1—w/w,). 9 
3 if? 


One sees that the left side of Eq. (9) must be a linear 
function of the energy. This equation determines two 
things. First, it gives the shape of the resonance, and 
second, it provides a method of determining the coupling 
from the intercept of the straight-line curve at zero 
energy. Figure 4 shows the experimental points plotted 
against energy. The plot is a very good straight line 
and its intercept gives you the coupling constant. 
(This coupling constant is known as the Watson- 
Lepore coupling constant.) The fact that it is g/w cotó 
which is a straight-line function of w and whose intercept 
at w=0 determines f? rather than g*coté (as in the 
nucleon-nucleon case) is an experimental verification of 
the linear interaction mechanism which I have already 
mentioned; it arises from the term As/o in Eq. (1), 
which, in turn, comes from those Feynman diagrams 
which directly represent the emission and absorption 
of the real meson by the nucleon. The actual plot is 
made against w* rather than w for reasons which are not 
essential to this conclusion. Here w*=w+q?/2m is the 
center-of-mass energy. 

Icannotsay very much about photomeson production 
because of time. This is unfortunate because the 
calculation of photomeson production is a real success 
of the present approach. Everything that was said 
about the scattering can be translated to the photo- 
meson production problem; on the basis of this type of 


formulation one may calculate photomeson production 
to about 15% accuracy. 
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Fic. 4. Graph based on Eq. (9) showing determination of the 
Watson-Lepore coupling constant from experimental data. 


Now let me discuss the question of the fine details. 
How accurate is the whole approach? How far can we 
go with it? Can we say anything about S waves at all? ^ 
Again, on the basis of theory, the honest answer to 
almost all these questions has to be no, with perhaps 
one very interesting exception. On the basis of the — 
dispersion relations plus certain assumptions about 
the high frequency behavior of scattering amplitudes, 
one can calculate one S-wave number. (This has been — 
shown by Goldberger.) One can calculate apparently — 
the threshold value of the charge exchange scattering we 
amplitude. This amplitude may be written as an energy — 
integral over the difference of two cross sections. Sucha _ 
determination is successful because the integral con- - 
verges at 2 Bev, whereas the cross sections are still — — 
large at 2 Bev. There is no evidence that they are not — 
essentially of the same order of magnitude at 200 Bev, _ 
and there is no reason to have expected any assumption _ 
about asymptotic forms to have been useful at so low 
an energy as 2 Bev. There are plenty of particles still to. 
be made; there are plenty of strong couplings left. — 
Therefore, we cannot be sure the integral receives no 
large contributions from  unexplored high-energy 
regions. Nonetheless, the integral apparently converges 
and gives a value of the charge exchange scatterin 
length in agreement with that given by Orear. 
calculation, I would say, is an isolated S-wave succ 
it simply happened to work. If you like, you ca: 
this is an indication that the pseudoscalar theor 
quite as crazy asit might have been because this 
calculation involves the same coupling consta 
P-wave calculations and essentially the san 
larity [the term involving f?/w in Eq. ( 
scattering amplitude. OR. 

Let us turn now to the last questi 
is this whole approach? That questi 
answer, because in order to answer 
the partial cross sections for 
(D waves, F. waves, etc.) at 
whereas all that is measu 
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cross section. Sooner or later we may know a little 
more about the high-energy contributions, but it is 
hard to see how we will ever know very much more. 
However, we see from the constants multiplying the 
different partial cross sections in the dispersion relations 
[for example, the factors, (/+1)(/+-2)(/+3)(/+4) in 
the expression, Eq. (7)] that the higher the angular 
momentum which contributes to the total processes, 
the less accurate our low-energy theory will be. In 
order to make a rough estimate of the high-energy 
contributions to Eqs. (2), (3), and (4), assume that 
the hump in the z-— P cross section at about 900 Mev 
(Fig. 1) results primarily from scattering in a single 
angular momentum state. Because of the magnitude 
of the rise in the cross section in this hump, we must 
assume that the angular momentum involved is not 
too low; a D; wave is about the lowest we can assume. 
Assuming then the hump to be caused by D; scattering, 
what is the effect of this h.e.c. on the low-energy 
amplitudes? One finds that the order of magnitude of 
these high-energy contributions is not very small. The 
contribution of the D; hump to Eqs. (2), (3) and (4) is, 
roughly, f?/3. In the equation for the (3,3) amplitude, 
this js not too serious, since the two important terms 
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on the right of Eq. (2), 4/3f?/w and 


(4s) Ji Bose (c5) (ROO 


are both positive at low energy and add to a value of 
roughly eight or more times /?/3. However, in the 
equations for 613, 031, and à; the high-energy contri- 
bution is more serious, for in these equations the f?/o 
terms are negative, and, when combined with the 
integral term, give results of the order of f?/3. ' 

This result is unfortunate. What it says is that the 
predictions that can be made on the basis of the static 
theory about the small phases are quite unreliable. 
It says that precise predictions about the large (3,3) 
phase also cannot be made. It had been hoped that for 
the P waves some miracle would happen so that the 
low-energy description really was self-contained. This 
miracle has only happened with low accuracy. Because 
of the (3,3) resonance, as I have tried to make clear, 
we can obtain a rough understanding of low-energy 
scattering and photoproduction. To do better, to make 
precise predictions, to calculate S waves, I believe we 
will have to understand much more about what really 
goes on at high energy. 
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R. Yang will speak to us on the “new” particles. 
In this talk, I shall speak only of the “old” 
particles. To simplify the matter, the main part of this 
talk will be concerned with the question whether it is 
possible to explain all the properties of the “old” 
particles by adding only one interaction to the gravi- 
tational, electromagnetic, and nuclear forces. This 
interaction, which I shall call the “Fermi interaction," 
was first proposed by Fermi in 1934, and represents the 
most successful application of the ideas of the quantum 
theory of fields outside of quantum electrodynamics. 
In this paper (Fer 34),* Fermi uses a plain second 
quantization language; for instance, he does not speak 
about negative energy states; we shall follow here his 
example. For shorthand, I shall call fermion a spin 4 
particle. I shall follow Fermi’s procedure in trying to 
construct a relativistic interaction between the four 
fermions in the 8-decay process, 
n>pt te Fr, 
for example. The way to proceed is to take two fermion 
wave functions, say, those of the heavy particles, and to 
construct with them the five covariants: a scalar S, a 
vector V, a skew-symmetrical tensor T, an axial vector 
or pseudovector 4, and a pseudoscalar P. Now take the 
corresponding covariants constructed with the light 
particle wave functions, and contract them with the 
first set of covariants. In this way, one obtains five 
scalars and five pseudoscalars; which are scalars and 
which are pseudoscalars is really a matter of con- 
vention, because to define parity you have to define it 
relative to something. In the literature, one set, the 
so-called “even coupling" has been used much more 
frequently than the *odd coupling," but a priori one 
set is as good as another. As a matter of fact Fermi just 
happened to choose an odd coupling, the coupling with 
the vector current of the nucleon field (in analogy with 
electrodynamics) and he left the other couplings to be 
worked out by the reader. The main conclusions of 
Fermi's paper were the following: when the initial 
and final nuclei have the same spin and parity, the 
electron spectrum is essentially the statistical spectrum. 
More precisely 
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* A complete bibliography is listed at the end of the article. 
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where #=c=m,.=1; the coupling constants are gs, ——— 
gv, £r, ga, gr; v is the neutrino mass; W is the total 
energy released by the nucleus; $(Z,Z) is the influence — 
of the Coulomb interaction due to the charge Ze of the 
nucleus, i.e., $(0,E)—1; and |M|? depends on the 
nucleus and is called the nuclear matrix element. $ 
The constant g appears to be very small: 6X10 
in this unit system or 3X 10-? erg cm? in cgs. 4 
A precise determination of the electron spectrum at — 
the end point would give a measurement of the neutrino — 
mass, and also, if v0, it would impose a choice between — — 
even and odd couplings. Indeed, as was pointed out by 
Konopinski and Uhlenbeck (Kon 35), one must change 5 
v into —v in (1), to obtain the corresponding formula ` 
for even coupling. But it is mot true that a precise  — 
measurement of the end point of the electron spectrum 
would enable one to decide between the two following 3 
possibilities for a neutrino theory: the Dirac theory —— 
(used by Fermi) in which there are two kinds of - 
neutrinos, corresponding to particle-neutrinos and 
antiparticle-neutrinos, and the Majorana theory (Maj 
37, and add to it Rac 37) in which all neutrinos are | 
identical. ; 
It happens that vis very small, maybe zero (v—7,/m, — — 
— 10-9). We shall neglect it from now on. E 
At the time when the Fermi theory was proposed, the — 
experimental data were very sketchy, and it was not | 
clear that the theory worked well. However, it soon had  . 
two successes: it allowed for 8* decay which was 
discovered a few months later, and it predicted K  - 
capture, which was discovered three years later. Since - 
it has survived many difficulties connected with. 
imprecise experimental data; these difficulties are of 
historical interest only, and will not be mentioned he 
As a first approximation in his calculations, Fe 
noted that the velocity of the nucleon in the nucle 
is nonrelativistic, and its effect either averages ou 
can be neglected ; further, he noted that the wavel: 
of the outgoing electron and neutrino are of the 
of 100 times larger than the nuclear radius, and 
fore he kept only the constant term in the 
of the wave functions of the light particles. 
approximations are made and a nonvan 
rate is obtained, the transition is calle 
requires for the nucleus the following se 
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gr and ga couplings: A/—0 or 1, 0—0 transitions 
excluded, no parity change (Gamow-Teller selection 
rules, Gam 36), 


£» does not induce allowed transitions. 


'Transitions not allowed are called first, second, 
---nth forbidden according to the order of the first 
nonvanishing term. An important development of the 
beta-radioactivity theory was the study of the forbidden 
transitions. : 

But here we shall not study chronologically the 
evolution of Fermi theory. Instead, we shall try to 
answer the very important question: which of the five 
possible Fermi couplings exists in nature and with 
what relative magnitude? This question has provoked 
many papers. Here, to answer it, we shall give the most 
straightforward proofs, without caring for historical 
ones. 

* First, what do the allowed transitions tell us on this 
subject? 

There are many allowed transitions (e.g. He?, 

'" AI—1) which obey Gamow-Teller and not Fermi 
selection rules. Since 1949 several allowed transitions, 
00, have been found: they do not obey Gamow- 
Teller selection rules; e.g, 


0—g*--N (She 49) 
CS spy (She 52) 
QPS yess (Arb 53) 
AT$—58*--Mg?5 (Kav 55). 


Therefore, the two following hypotheses are ruled out: 
&s=gv=0 and gr=ga=0. 


In allowed transitions, there are interference between 
£s and gy couplings and also between gr and ga 
couplings. What is the experimental value of those 
interference terms (called Fierzterms, Fie 37). To be pre- 

ise, here is the most general electron energy spectrum 
i allowed transitions: 


+ (E)dE 
=2r $ (XFX'/E)5(Z,E)E(E?—1)}(W—E)4dE, (2) 


where = indicates 8* or 8- decay and 
X= (gs*d-gv) | M |*-- (gr°+ga")|N|? 
X'—2(1—2?Z?) (gsgv|M |*-- grg4| N|?) 


~ ain which M and N stand for these nuclear matrix 
elements connecting initial and final states, 
=e 


M= f Vi pdr and N= f ptoydr. (2’) 


way to measure grga is to compare 
Bt decay and K capture for a 
o gs and gy contribution). The 


most sensitive 
f competing, 
o, transition 
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and the nuclear matrix elements are the same. This 
study has been done first by Sherr and Miller (She 54— 
see also Kre 54, All 55). Their result is that one g is 
0.00+0.02 the other. (Results from the spectrum shape 
of Cu*'8* and P? by Mah 52, Dav 53, Poh 56, area 
little less precise.) 

It is more difficult to measure gsgv (Mah 52 on N’ 
and S$, when both Fermi and Gamow-Teller couplings 
compete, say that gsgv/ (gs*-- gv?) is “substantially less 
than one"). It will require more experimental work on 
0—0 transitions, which were discovered quite recently 
and have short lifetimes. The precise shape for these 
transitions is not yet known, and we have to get what 
information we can from the activity, i.e. the ft value, 
The integration of the spectrum [ Eq. (2) ] yields for a 
0—0 transition, 


205 log,2— fi[ gs’ + gy?4- 2(1— o?Z?)!gsgy (E) ]| M |? (3) 


where 


= f "5 (Z,E)E(E2—1)(W—B)¥E, 


(E+) =f |  S(Z,E) U?— 1) (W — EYE, 


and / is the half-life. Thus a plot of 27? log,2/ft|M|? 
as a function of (1—0?Z?)*( E?) for different (0—0, no) 
transitions, will give the desired ratio 2gsgv/(gs’+gv’) 
as indicated in Fig. 1. The quantities Z, f, t, (1/E) are 
experimental quantities and | M |? can be computed to 
good accuracy, usually a few percent. An analysis of 
Gerhart and Sherr (Ger 56) using the ft values for 
01, Al’®, and Cl* yields for the ratio 0.00+0.15. 

Therefore, we need essentially only one g from each 
pair gs, gy and gr, ga. This leaves us with four possi- 
bilities, and we must find out which of these possi- 
bilities fits with experimental data. 
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Fic. 1. Up-to-date discussion of Gerhart and Sherr, Bull. Am. 
Phys. Soc. Ser. II, 1, 195 (1956). The slope of the dotted line gives 
the cross term gsgy. The interaction with the vertical axis gives 
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The most direct answer has been given, after years of 
effort by experimental physicists, by detecting the 
recoil of the nucleus in beta decay. The experimental 
data on recoil is most conveniently expressed in terms 
of a parameter a which appears in the correlation 
function f(0) between the electron and neutrino 
directions of emission. For allowed transitions 


f (8) — 1--av, cosh (4) 


where v, is the electron velocity and 
a—[(gv?—gs?)| M |*--$(er? — g4) |N|? ] XE X" / E) 


in which X and X' are the same as in (2). 

'The results of Rustad and Ruby (Rus 53, 55) and 
of Allen and Jentschke (All 53) for He* (a Gamow- 
Teller transition) unambiguously point in favor of gr. 
Using this result one may apply this analysis to nuclei 
in which the transition obeys both Fermi and Gamow- 
Teller selection rules. The experiments on the recoil of 
Ne? by Alford and Hamilton (Alf 54) and by Maxon, 
Allen, and Jentschke (Max 55) as well as the correlation 

studies of Robson (Rob 55) in the neutron decay 
` unambiguously lead to gs>>gy, so that we may say 
that the allowed transitions are essentially induced by 
gr and gs. 

To find the ratio of these coupling constants we shall 
neglect gv/gs and ga/gr. The integration of Eq. (2) 
then yields 


A- fit| M |?-- R|N |*]9 2v5g5-? log.2. (5) 


Here A is independent of the decaying nucleus, and 
R= (gr/gs). The value of ft is given by experiment, 
and the nuclear matrix elements have to be computed 
theoretically. Now in a plot of A vs R, each nucleus is 
represented by a line. If our assertions are correct, all 
these lines should pass through a single point which 
defines a unique value of A and R. The data (Fig. 2) 
show indeed that the lines do converge. The lines 
correspond to the neutron decay, N!5 and F" decays 
(mirror transition of one closed-shell + one nucleon). 
Those nuclei are the most reliable for calculation of 
|N|?. The dotted line represents He*, the horizontal 
lines OM, AP, CI, From Fig. 1, we can conclude 
qualitatively that gs and gr are not very different and 
les] € |gr|. Similar discussions have been done since 
1950 by Feingold and Wigner (Fei 50), Moszkowski 
(Mos 51), Trigg (Tri 52), Kofoed-Hansen and Winther 
(Kof 52, 53, 56, Win 52), Nataf and Bouchez (Nat 52), 
Blatt (Bla 53), Wu (Wu 54), Feenberg e/ al. (Fee 55, 
Bol 55). Here we have followed Gerhardt's (Ger 54) 
notation. 

The most recent, and not yet published, systematic 
analysis to my knowledge is Kofoed-Hansen and 
Winther's (Kof 56. In their notation B=A/(1+R), 
x=R/(1+R)). They use more mirror transitions and 
their value of |N|? is semiempirically deduced from 
the measured magnetic moment of the nuclei, according 
to the Bohr Mottelson collective model. They claim 
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that an analysis with gy=0 is not consistent with 
quoted experimental errors. This is not surprising 
since physicists often overestimate the accuracy of 
their experimental or theoretical results! However, 
after a more systematic discussion, not neglecting 
gv/gs, these authors obtain a better fit of the datat 
with the introduction of an admixture of gy interaction 
with gy/gs=0.15. This result needs to be confirmed. 
I am not competent to discuss the assigned value of 
experimental errors, but I can give an example of 
overestimation of accuracy by theoretical physicists. | 
The nuclear matrix elements |M |? for 0-0 transition : 
between mirror level of nuclei is easy to compute, with 
a good accuracy and its value is actually independent 
of nuclear models (Rad 53, M Do 54). However, for 
£s interaction, the accurate expression for m is 


M= if V; By idv 


to which the previously given expression (2’) is only an 
approximation, used in all the papers under review. 
The theoretical value of the accurate expression does 
depend on the nuclear model. Professor Jensen tells me 
that Stech has made an unpublished computation for 
OH which shows a 4% difference between the accurate 
and the approximate expressions for M. 

Let us summarize what we learn from the allowed 
transitions. 

The Fermi interaction for 8 decay is mainly in gs 
and gr. It is possible that gy—g4-—0. The tentative 
limits are 


gv/gs=0.0040.15, ga/gr=0.00+0.02, 
(gs°+gv?)3/| gr| =0.90-0.04. 


In order to learn about the sign of gs/gr and the 
value of gp we have to turn to the forbidden transitions, 
which I did not discuss, but the study of which nicely 
confirms all of the above conclusions. Some authors 
(e.g., Pea 53, Tio 55) say that the sign of gs/gr can be 
different for B+ and 8- processes. They use a language 
different from that used here and by the majority of 
physicists. Both conventions agree for 8- decay. In 
chronological order, Morita, Fujita, and Yamada 
(Mor 53) using shell model theory, j-j coupling, 
claimed that they could fit the spectra of Fe9, Rb*, 
Te’, and Cs" with a mixture of gs and gr only and a 
negative sign for their ratio. Radium E, a nickname for 
Bi?? has, because of its queerly shaped spectrum  — 
excited a lot of interest, but with its spin having been — 


a Te 


f The data they use are for OM, “older” than that I have used 
in Fig. 1. This may modify the numbers to be given in the pub- 
lished paper. I thank these authors for communication of the 
manuscript and discussion. I thank J. B. Gehrart from whom 
learned the new datum for OH: unpublished data on 


f1—30912-100 sec. In the vernacular of physicists wo 


B decay, ft is expressed in the unit system 
for unit of time. 
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4 _ measured to be unity (in 1954), a number of papers 
= based on the wrong spin assignment became obsolete. 
— Recently Lee-Whiting (Lee 55) fitted its spectrum 
with gs/gr>0, and criticized the conclusions of Morita 
et al. on the grounds that the nuclear model which they 
used may not be very suitable for the nuclei they 
considered. Fujita (Fuj 55) re-examined the problem 
using the Bohr-Mottelson nuclear model and is stronger 
in his assertion that the sign is negative, while Takebe 
et al. (Tak 55) looked at RaE again, and concluded that 
it is impossible to determine the sign of gs/gr from this 
nucleus. As you see from the above, one may at least 
conclude that the prediction of the value and even 
the sign of the nuclear matrix elements for the forbidden 
spectra requires a much better knowledge of nuclear 
forces inside the nuclei than we now possess (see also 
Mor 56). The same problem arises when one tries to 
say something about gp, the pseudoscalar coupling. 
Of course gp cannot be very much larger than the other 
£5; otherwise the allowed transition spectra would not 
have the shape they have. However if one wants to 
set an upper limit to |gp/gr| one has to go to pretty 
high values. For example, the neutron decay spectrum 
which has the allowed shape sets an upper limit of the 
order of 100. Looking at more complicated nuclei, the 
value depends quite sensitively on the type of assump- 
tion made about the nuclear forces: many papers have 
stressed this point. Another possibility is to compare 
systematically the transitions A/ —0, yes (where gp can 
compete) with other first forbidden transitions (where 
= £» plays no role). Some people see a difference between 
_ the two classes, others do not. Furthermore one still 
— has to prove that the difference is due to the presence 
; | of gp. I think it is fair to conclude that the question 
_ of the value of gp is still completely open, and strictly 
speaking, there is no compelling evidence that gp740. 
-— To finish with the question of the nature of the Fermi 
coupling, we have to say if it is an “even” or “odd” 
coupling. As we have seen, if the mass of the neutrino 
were not zero, it would be possible to answer this 
question just from the shape of the allowed spectrum, 
y near tbe end point. However, the data are 
compatible with a vanishing neutrino mass. Several 
methods have been studied for the determination of the 
‘neutrino mass: closed cycles of nuclear reactions and 
alues and spectrum shape of low energy 
sition. The best case is H?. It must be 
mphasized that the influence of the neutrino mass on 
can be exactly compensated by a Fierz interference 
m. The most sensitive method is therefore to study 
shape of the spectrum. The most recent study 
53, see also Lan 52) gives y— m, m. «0.0003 
odd couplings, » «0.0010 for even couplings. If the 
ino has a zero rest mass, one will have to dare to 
re the polarization of the emitted neutrino 
1 een even and odd couplings. It 
wever, the 
ervation o 
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parity for weak couplings. In Fermi theory of beta 
radioactivity, this means that we take a mixture of 
even and odd couplings. The situation is then different - 
and requires study of the polarization of any of the | 
four involved particles. Lee and Yang (Lee 56) have 
proposed several experiments for testing this hypothesis, 
Before leaving the topic of beta radioactivity, I must | 
mention that before 1947 the Fermi theory ran second- | 
best to the Yukawa theory of beta radioactivity ; 


(n,p)>Y—>(e,v) 


because the latter not only explained this process, but 
also the decay of the then known meson. Discovery of 
the z meson, and its pseudoscalar character, showed that 
the Yukawa theory could not explain beta decay, and ~ 
this brought the “phenomenological” Fermi theory 
back. There are many reasons for this (e.g. Cai 51a). 
An extension of Furry’s theorem (Mic 52) requires a 
specific covariant nature for the Y meson, in order to 3 
obtain what was discussed by gs or gr interaction. But 
it might still be possible to explain all 8-decay data by 
couplings through virtual, hypothetical mesons. Some . 
Japanese physicists have galantly supported this possi- 
bility (Ino 48, Nak 50, Ume 52, Tan 48, 52, 53a, 53b, 
Oga 56). It was soon strengthened by the observation 
of Klein (Kle 48), Puppi (Pup 48, 49), Tiomno and 
Wheeler (Tio 49), Lee, Rosenbluth, and Yang (Lee 49) 
that identical Fermi couplings could explain u-meson 
physics. 

By 1947 it was shown that u^ mesons, when stopped 
in matter, are captured by the nucleus from a Bohr 
orbit and a noninteracting energetic light particle is 
emitted, the final nucleus getting rid of its excitation 
by the evaporation of a few nucleons. This is quite 
similar to the process of K capture. The literature on a 
capture is quite abundant, and I shall just mention the 
most straightforward comparison made of the coupling 
strengths in an experiment by Godfrey (God 53). The 
experiment is essentially this 


u--4-C9A— B+ p 
B2—0C»-- e--4-y. 


The decay rate of B was known and Godfrey had to - 
measure the capture rate of u capture when the final - 
state of the nucleus is the ground state of B?. (What — 
he measured actually, was the transition rate to bound — 
states of B}; the two rates must be practically equal.) 
Since the nuclear matrix elements are the same in the - 
transitions (11) and (12) (after a small correction due 
to the very different wavelengths of the neutrinos in 
those two reactions), the ratio of the transition rates 
gives directly the ratio of the strength of the coupl ng 
producing them. Since A7=1, no, it is only gr and 
Godfrey’s result is E 
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Therefore this experiment is well explained by the 
hypothesis that the “same” Fermi coupling exists 
between npev and uv. This shows a puzzling kinship 
between the u meson and the electron. 

There is no contradiction between present u-capture 
experimental data and theory. It seems not possible 
in the near future to make experiments leading to an 
unambiguous choice of the five couplings constants for 
u capture. But some crucial experiments can be done 
to see if the “same” choice of Fermi coupling constants 
as that of 8 decay can explain u capture. This is 
thoroughly discussed in a forthcoming paper of 
Primakoff (Pri 56). Among the best experiments are 
the capture of u^ mesons in hydrogen and deuterium. 

The Fermi interaction is also quite successful in 
explaining the u decay 


pt—et+ v». 


To a good approximation it predicts the following 
electron spectrum (Mic 49) 


P(E)dE—A(E:/W*)[3(W — E) 3-2p(AE— 3W))) 


where the parameter p depends on the nature of the 
coupling. This shape forms a one-parameter family of 
curves, and is shown in Fig. 3. As two neutrinos are 
emitted, one must distinguish two cases: (i) the two 
neutrinos are identical, i.e., both are “neutrinos” or 
both are “antineutrinos” or the neutrino is a Majorana 
particle, in which case it turns out that 0 € p <3, and 
(ii) the neutrinos are not identical in which case 
0 <p <1. The experimental spectra have the shape given 
above, and the nearly two dozen experiments measuring 
p roughly agree with the most recent and precise 
published results of Sar 55, Cro 55 which are, respec- 
tively, 0.642-0.10 and 0.50-40.10. 
Hè 
lo of (dU 
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Fic. 2. In Gerhart’s notation fee 54), plot of R versus A for 
some super-allowed transitions. The curve marked “r” should 
be marked “n.”) Sepe š 
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Fic. 3. Electron spectrum from j4-meson decay. 


If one wants to compare the Fermi interaction in 
(npev) and (uevv), one must recognize the following 
complication: the interaction is sensitive to the order — 
in which the particles are written in the interaction 
term. On changing the order (from a very general 
theorem of group theory, see also Fie 37) the new five 
invariants will be linear combinations of the old five — — 
invariants. (Everybody in 8 radioactivity respects a 
traditional order.) Therefore, to make a comparison 3 
between different Fermi interactions, one must adopt 
a one-to-one correspondence between the sets of four 
particles one wants to study. There are 4!=24 such 
correspondence. However, only three classes of corre- 
spondences give different physical results, and therefore 
to make a comparison, one must state the class chosen, 
and decide whether the neutrinos emitted in the decay — 
are identical or not. E 

Finally a test of the equality of the Fermi interaction — 
strengths in (zpev) and (uev) is the experimental value — — 
of the parameter A (Mic 52), which represents essentially _ 
the ratio of the u-meson decay ft value to that of the — 
neutron decay. 
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where the parameters A and R have been defin 
before. Experimentally, A= 1.052-0.14 from the neut 
data and 1.11-40.06 from superallowed 6 decays. The 
recent data used is u— 206.92-0.2 (Bar 56); Ta is” 
u-meson mean life; and for the neutron ha 
7! n= 132290 sec (Spi 55). 
- It turns out to be possible to explain all of t 
in terms of the same interaction, provided on 
the correspondence between pairs as follows: 


(np)— (ev)— Qu). — 
(Triangle of interaction of Ti r. 
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Fic. 4. Identical neutrinos. gs/gr —0.9. Correspondence 
"np ev 
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which the neutrinos in the » decay are identical, to 
agree with the experimental value of p and À we need 
|gp/gr| of the order of 3. In the second case, when the 
neutrinos are taken to be distinguishable, one can obtain 
a fit by assuming essentially no pseudoscalar coupling. 

The situation is summarized in Figs. 4 and 5. It has 
not essentially changed since the summary of the same 
analysis I published with 4. Wightman two years ago 
(Mic 54). I apologize for keeping your attention on such 
old stuff while so many new things are discovered every 
day in the field of “new” particles. Is it not a striking 
coincidence that the “same” Fermi coupling is able to 
explain all data up to date on 6 radioactivity and 
-meson physics? However, there is one process that 
has challenged theoretical physicists: the -meson 
decay ; mainly the fact that the ratio of the experimental 
values of the rates (Lok 55): 


Rate (r—e4-v) 


Rate (z—e4-»4-y) 
Rate (r+) 


<5 10-5 
Rate (r—y+7) 
cannot be accounted for within the framework of the 
universal Fermi interaction as is described here. 
So presently physicists are confused. Before the 

discovery of new particles, the hypothesis of Fermi 
interaction looked so promising that some physicists 
had become more ambitious: they tried to predict in 
an a priori way between which sets of four fermions the 
universal Fermi interaction exists. (For instance we 
know from experiments that ut+-p—p+e; ud-n—n- e, 
| u48e do not exist.) Such attempts have been either in 
the direction of adjusting phases under space or time 
reversal (Yan 50, Gam 50, Cai 51b, 52) (this is of 
urse equivalent to saying (Wic 52) arbitrarily that 
e exist super-selection rules forbidding d 
rring processes) or by adding a o ELE ay 
r to the conservation of nuclear and electric 
(Mah 52, Zel 53). These attempts emphasize 
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the existence of selection rules and it seems fair to 
that we do not understand them. 

Theoretical physicists have also attacked the problem 
of justifying the form of the Fermi coupling, by a 
variety of proposals involving all kinds of symmet 
principles, some simple, some very sophisticated. The 
oldest and simplest was proposed in 1941 by Critchfield 
and Wigner (Cri 41): 
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say 


g&s=—ga=— gP, gv=gr=0. 


All papers proposing a coupling with gs0, gr0, have 
arrived essentially at the same conclusion (up to a 
sign) |gs|=|gr|=|ge|; £v g4—0 (Pur 51, 52, Mah 
32, Pry 52, Pea 53, Fin 53, Ste 55, Tio 55, Pea 55), 
As we have seen |gs/gr| is actually somewhat <1, and 
gp/gr is experimentally unknown. The calculated value 
of p is 2, which is barely inside the experimental error, 
and the calculated value of A is 4/3, which appears to 
be ruled out by experiment. 'Then some physicists have 
said more: corrections for radiative mesic effects are 
important for 8 radioactivity and not for y-meson 
decay. These corrections were actually calculated 
(Fin 54, Ger 55, Ste 56, Ros 57) in the hope that they 
would raise |gs/gr| from 0.9 to 1.0. Although the 
results depend on the meson theory used, the meson 
corrections are larger than expected and they seem to 
give |gs/gr| 1. 

As far as fitting the new particles into the framework 
of the Fermi interaction is concerned, I will not say 
much. The lifetimes for the decays of the new particles 
seem to agree well with this kind of coupling, but 
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fitting them in does not suppress the obstacle that is 
caused by the experimental result that the rate for 
decay r—e+ or c—e--v4-y is roughly 5X10-5 times 
smaller than the rate m—>y+yv. (By playing with 
interactions you can explain this, and some of the 
lifetimes, but then you have to forget about explaining 
beta radioactivity, which is no advantage!) 

In conclusion, an analysis through a Fermi coupling, 
shows that the rates of decay processes lead to a 
striking equality for the strengths of the weak couplings 
which are responsible for them. 

Since we have no consistent quantum theory of 
fields interacting through a Fermi coupling it seems 
that we do not understand what could be an universal 
Fermi interaction (the electric charge e is truly universal 
and we know that e is the renormalized coupling 
constant). We can even say : since the analysis through 
a Fermi coupling uses only the first Born approximation 
of an unrenormalizable coupling, it is mainly phe- 
nomenological and has not much to do with quantum 
field theory. 

'To conclude, it seems to me more suitable to speak 
about the neutrino and the u meson since they do not 
belong to the subject of other reports at this conference. 
Indeed, with the electron, they are the only known 
particles with no strong coupling interactions: this, in 
some respects, makes easier theoretical interpretation of 
their experimental properties! They are not often taken 
care of in general schemes on strange particles. As ex- 
ample of exception, see Schwinger, this conference and 
Sachs (Sac 55) which suggests giving them a half-integer 
strangeness. 

This year everybody has heard about the neutrino, 
since it made front-page news in the press! It has become 
a tame particle and with it, Reines and Cowan (Rei 56) 
from Los Alamos have changed a few protons into 
neutrons and electrons (inverse reaction to B decay). 
We know even more about neutrinos. After seven years 
of controversy on the rate of double 8 decay, it seems 
now that experimental physicists agree and their 
conclusion is there is no double 8 decay without 
neutrino emission (Aws 56). Double 8 decay is the 
second order process: 2 neutrons (bound in a nucleus) 
are changed into protons with emission of light particles. 
'This can be done according to two different schemes 


2n—2p*--2e-4-2v (5a) 


n+n—>ptte+yu+n—pt+e + ptte 
=2pt+2e-. (Sb) 


Reaction (5b) is possible if all neutrinos are identical 
(var Majorana neutrino). Then the neutrino emitted 
virtually by the first neutron can be absorbed by the 
second neutron. This does not seem to occur. Double 
B decay goes according to (Sa). This requires that there 
are neutrinos and antineutrinos in nature (indeed a 
neutrino emitted by a neutron cannot be reabsorbed 
by another neutron; only its antiparticle can be 
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absorbed). This is also the conclusion of Davies (Dav 
56) who found experimentally a much too low (0.9 
instead of 2.6% 10-* cm?) cross section for pile neutrinos 
(from 6- decay) on CI?. 

I already spoke about neutrino mass. For the 
neutrino spin we can say that a direct interaction 
1, p, €, v, for spin >4 neutrions would not give the right 
energy spectrum for allowed beta decay (Ono 51). 

There is also a lot of u-meson physics going on and 
there will be much more in the near future. The u-meson 
mass is well known now (Bar 56). Its spin assignment 
is old (Chr 41) but it can be soon measured again as 
well as its magnetic moment (u-mesic atom, electro- 
magnetic u pair production). Electromagnetic radiative 
corrections can be studied experimentally and theo- 
retically (u-mesic atom, u decay). The radiative 
correction to u-meson decay has been computed by 
(Abr 51, Len 53, Beh 56). In the last paper it is proved 
that for a given coupling, these corrections can change 
p up to 4%, and that the study of the low energy part 
of the spectrum would give more information on the 
coupling. I have already spoken about the proposed 
u-meson capture experiment. The u meson, although | 
indeed a very strange particle (what is its kinship with 
the electron?) is becoming also a tame particle, and 
will probably help us to probe the nuclei. 


Note added in proof.—Since this has been written, there has been 
important news. Parity nonconservation has been "discovered. 
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REVIEWS OF MODERN PHYSICS 


Present Knowledge About the New Particles 


C. N. YANG 
Institute for Advanced Study, Princeton, New Jersey 


HIS discussion is divided into the following four 
sections: First an introduction to the subject, 
dealing mostly with generalities; then, a brief descrip- 
tion of what seems at present to be established knowl- 
edge concerning the strange particles; thirdly, some 
topics currently under discussion by theoretical 
physicists; lastly, a question which has in the past year 
occupied a great deal of attention, namely, the identity 
of the K particles. 

The discovery of the strange particles dates back to 
1947, when Rochester and Butler! found, in a magnetic 
cloud chamber, V-shaped events in a penetrating 
shower induced by cosmic rays. This was followed in 
1949 by the observation and identification? by Powell’s 
group in England of the decay of the 7 meson in electron 
sensitive emulsions. Experimental work on these 
strange particles, and others found later, rapidly 
expanded in the last few years. With the completion 
in 1953 of the cosmotron and in 1955 of the bevatron, 
experiments entered into a new era in which one can 
work with controlled beams of strange particles and in 
which one is able to make relatively accurate measure- 
ments on their interactions and decay. The scope and 
intensity of the experimental activities on this subject 
may be gauged from the fact that at the Brookhaven 
National Laboratory in the United States, 60% of the 
cosmotron time at present is devoted to the study of 
strange particles, the remaining time being divided 
between pion physics, radio chemistry, machine design, 
and other subjects. 

What have we learned about these particles? We 
know the identity of quite a number of them; that 
is to say their masses, their charges, their lifetimes and 
decay modes. We know something about the processes 
by which they are produced. We could say that we 
know enough, so that there has emerged a common 
language among us in talking about them. We know 
enough to be able to plan controlled experiments which 
will tell us more about them. But the sum total of our 
knowledge goes very little beyond this. We are still 
confused by the identity of some of them, and we 
know very little about their spins and their parities. 
Above all, we do not have any idea or even any hint 
about the reason for their existence. Their relationship 
to each other and to the familiar particles do not seem 
to emerge in a simple pattern. Unlike Yukawa's m 
mesons, which fit into the physicist's picture of the 
world, the strange particles seem to be uncalled for, 
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and unwanted. Do they presage the physicist’s future 
understanding of small distances? Of the mass spectrum $ 
of particles? Or do they presage the breakdown of the 
concepts and laws that we have learned in the physics 
of nonstrange particles? These questions remain 
completely unanswered. 

In view of our profound ignorance of what the whole 
subject is about, we must admit that we are very 
fortunate indeed to find in the experimental data many 
regularities, and many irregularities, which we hope 
may provide keys to a future understanding. We 
cherish such a hope mainly because of two facts: (a) 
The experiments consistently confirm a concept which 
we have had before, namely, that there is a natural E 
classification of interactions into strong and weak 
interactions with very widely different orders of magni- 
tude in their strengths. One senses that perhaps herein 
lies a very fundamental order of nature. (b) We recall 
that in the past, the concept of symmetry has played 
a very important role in physics. To quote a few ; 
examples: The theories of special and general relativity 
are founded upon such concepts of symmetry. Again, 
we could say that in essence the structure of the 
periodic table and therefore the properties of matter 
are largely determined by the isotropy of space, or in 
other words, by the symmetry of nature under space 
rotations. The prediction of the existence of the positron 
and of the antiproton were based upon the symmetry 
of nature under Lorentz transformations. Now it is 
observed that symmetries, and the related concepts of 
quantum numbers and selection rules are very much — 
involved in the regularities and irregularities in the 
behavior of the new particles. We may therefore hope - 
that the study of them will lead to a further under-  - 
standing of nature. [ 

To go on to the second topic, let us briefly out Tam 
our knowledge about the new particles. The wel- 
established law of conservation of the number of — 
nucleons requires that all particles have a “heavy 
particle quantum number" WV. The nucleons hz 
N=1. The pions, photons, electrons, neutrinos, 
u mesons have A —0. The antinucleons have JV 
It is customary to call the strange particles 
N —1 hyperons, those with N —0 mesons. Table 
the experimental knowledge about the hypéror 
II lists that about the positive and neu 
Negative mesons are expected to beha: 
charge conjugates of the positing a nd they 
to do just that. They are 
table. In E ta 


TABLE I. Experimental knowledge about hyperons. 


Hyperon Decay product Q Mean life 
A9 pa 37 Mev 3.7X 107! sec 
Sh nat 110 ~1 X10 
pHa’ 
z A°-+y short 
D nd-x- 110 ~2 X10 
En Alr ~67 ~i X107 


references can be found in the various review 
compilations. 

In addition to tabulating the strange particles, we 
must say something about their interactions. There 
seem to be three kinds of interactions, the strong 
interactions, the electromagnetic interactions and the 
weak interactions. By the weak interactions we mean 
those responsible for the decay of the strange particles, 
for beta decay, for u-meson decay, for «-meson decay, 
and for the u-meson nucleon interaction. The reason 
why one feels some confidence in such a classification 
is that if one makes a rough dimensional analysis of the 
coupling strengths, one finds that the z-meson inter- 
actions and the production processes for the strange 
particles have intensities of around 1 to 107'; the 
electromagnetic interaction, as is well known, has 
strength 10~*; and the weak interactions have intensities 
ranging from 10-? to 10-4. The wide gap separating 
the weak interactions from the other two forms such a 
striking and consistent pattern that one cannot but 
fee] that there is some fundamental reason for it. A 
characteristic feature of the strange particles is that 
their production seems to fall into the class of strong 
interactions and their decays into the class of weak 
interactions. The practical manifestation of the weak- 
ness of the decay interaction is the fact that the strange 
particles all have lifetimes of the order of 107? sec or 
e i.e., more than 10*?? cy of nuclear time. 

Let us write down the various invariance properties 
of these interactions besides invariance with respect 
to space time transformations. For all interactions it is 

found that the number of nucleons is conserved, and 
— that charge is conserved. If we however limit ourselves 
_ to the strong and the electromagnetic interactions, we 
- find that there is another conservation law, which one 
refers to as the conservation of “strangeness.” If one 
makes the assignments of strangeness as follows: 


z n, p, TH, T, T S=0 

E K- KR MS 2+, 2°, 27 S$——1 

^ -E- S=-2 
IE EO) S=+1 


the experimental production data all conform to 
tement that the strong interactions conserve 
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strangeness. Thus, for example, in 
T +p—K?-+A, 
n+n— 9+ A9, 


the first reaction is expected to be a strong interaction 
and the second one should be forbidden as a strong 
interaction. These indeed have been borne out experi- 
mentally. Finally, if we confine ourselves to the strong 
interactions only, the isotopic spin seems to be a good 
quantum number, just as in pion physics and in nuclear 
physics for light nuclei. One of the components, J;, is 
related to the charge Q, the heavy particle number N, 
and the strangeness quantum number S in the following 
way: 


[jg 
2059 


The concept of strangeness has proved to be extremely 
fruitful in the past year or two, and although we do not 
understand the origin of this conservation law, nor do 
we know what new additional selection rules and 
quantum numbers will turn up in the future, it seems 
fair to say that strangeness conservation is here to stay. 

As to theoretical problems of current interest: first 
there is the question of 6°—6°, (or K?— K?). Tt was 
pointed out a few years ago that since the 6° particle 
has a strangeness of +1, its antiparticle 9? must have 
strangeness —1 and must therefore be a different 
particle. The decay of these particles was then expected 
to exhibit rather queer properties. This is of great 
interest, because these properties of the decay were 
predicted purely on the basis of symmetry principles. 
An experimental test of these predictions is in progress. 
Another problem which has been occupying a number 
of physicists is the question of the possible methods for 
the determination of the spins of the various strange 
particles Then there is the question: just how do the 
weak interactions violate strangeness? Also there is the 
study of hyperfragments, which are nuclei with A° 
particles bound in them It has been pointed out that 
an examination of the binding energies of light hyper- 
fragments will yield some information about the A- 
nucleon force such as its spin dependence Lastly there 
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TABLE II. Experimental knowledge about 
neutral and positive mesons. 


Fraction —— 
Meson Oed Mass Mean life of all K* 
6° ata See below 1.7107 sec 
05? P+ P+? 
Krs Erh o Untta- All K+ All K+ about 6% 
and K° 
have mass 
q 2z?--m* c-966m, 1 X10-5sec 
Kyot 
Ky,2* 
Kust 
Kast 
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is the subject of the so-called “freak” particles, which 
have turned up periodically, and which do not seem 
to fit into any established categories These and other 
questions have been discussed in the literature 

I now turn to the last topic, namely, the question 
of the identity of the K particles Interest in this subject 
started when it was pointed out that by studying the 
decay of the K,3+, also known as the 7* meson, into 
three charged m mesons, it is possible to conclude 
something about its spin and parity Let me give you a 
simple example of the kind of arguments involved. 
Suppose one of the m mesons resulting from the decay 
of a r meson is very slow, so that one may assume that 
it comes out in an s state relative to the center of mass 
of the other two m mesons. What can one conclude 
under these circumstances? Well the remaining two 
pions will be in one of the states O*, 17, 2*, - - -, because 
the pions are spinless, and their intrinsic parities add 
up to ‘even’, so that the spin and parity of the two 
pion system are identical with those of the orbital 
part of their wave function. The extra m meson is odd, 
and contributes no angular momentum; we can there- 
fore conclude that the spin and parity of the 3 pions 
together can only be 0-7 or 1* or 2- ---. Since spin and 
parity are conserved in any process, the 7 meson spin 
parity also must be 07, 1*, 27, etc. The K;» by the same 
argument can only be 0*, 17, 2*, - - -. Therefore we may 
conclude that if ever the 7 meson is found to decay 
into three pions one of which is slow, the K;» and 7 
cannot be the same particle. Of course, the analysis 
is not quite so simple, because there is always the 
question: how slow is “slow” for the decay pion? To 
investigate this problem, the distribution of the 
momenta of the decay products of the r has been 
plotted in a triangular plot and the full distribution 
studied against the various possible spin parity assign- 
ments for 7. With the one-thousand or so points avail- 
able at the present moment the general opinion is that 
the r is not the same particle as the K,;tz0*. 

However it will not do to jump to hasty conclusions. 
This is because experimentally the K mesons seem all 
to have the same masses and the same lifetimes. The 
masses are known to an accuracy of say from 2 to 10 
electron masses, or a fraction of a percent, and the 
lifetimes are known to an accuracy of say 20%. Since 
particles which have different spin and parity values, 
and which have strong interactions with the nucleons 
and pions, are not expected to have identical masses 
and lifetimes, one is forced to keep the question open 
whether the inference mentioned above that the 7* and 
0* are not the same particle is conclusive. Paren- 
thetically, I might add that the inference would 
certainly have been regarded as conclusive, and in fact 
more well founded than many inferences in physics, 
had it not been for the anomaly of mass and lifetime 
degeneracies. 

There has been in the past year a number of Brewer 
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was the suggestion that the equality of masses of two 
particles, say r and 0, which have the same spin but 
opposite parity might come about in the following way: 
consider the process 6^—5$--A"0*: the 0* particle 
virtually dissociates into a proton and an anti-A°, which 
then recombine. Such a process contributes to the mass 
of the 0* partic.e, and does so appreciably, because 
all the interactions involved are strong interactions. 
Consider the same process for the 7* particle: rp 
-FA*—7*. Because of its different parity the contri- | 
bution to the mass of 7* from this virtual dissociation i 
will be different (as the virtual particles will be in 
different orbital states relative to one another). After | 
looking at this for a while, it appears that the only way | 
for the contribution to be equal is that there exist two 
A? particles: Ai? and As, which have opposite parities, 
so that the process 6*—45--A;? has its counterpart in 
t+ p+A.° with the same orbital motion. The proposal 
has therefore been made that there may exist another 
symmetry operation called “parity conjugation,” C;, 
which leaves the strong interactions invariant, and 
which has the property of interchanging @ and r. 
Also it is assumed that there are two kinds of A°’s, 
and two kinds of Z/s, and that they go into one another 
under the operation of Cp. 

It can easily be shown that the weak interactions 
which violate strangeness conservation cannot be 
invariant under Cp. In fact since Aj? and A? do not 
have the same parity, they decay in quite different 
ways into their final products. For example, the final 
product of the decay 

Mn+ p 
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would in one case be in even relative orbital states, and 
in the other case be in odd relative orbital states, and 
therefore there is no reason why the two A°’s should 
have the same lifetimes. This is also true for the 0 and 
the 7. Thus the parity conjugation concept does not 
explain the equality of lifetimes. 

An obvious test whether this speculation is correct 
is to see whether there do indeed exist such “parity 
doublets.” One could for example look for evidences 
for two lifetimes for the A”s or the Z's. Another way of 
detecting parity doublets is through the interference of — 
the twe decay modes of the two members of a parity - 
doublet This will work if the mass difference between 
the two members of the doublet is very small, say of. the — 
order of 10-5 ev. In that case, let us consider an experi- 
ment currently being done in Berkeley: the captis of. 
K- particles in a hydrogen bubble chamber, and sin 

out the process ^ 
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Let us now analyze the angular distribution of the 
decay particles (say the pion) under the assumption 
that the spin of Z is >. The angle in question is the 
angle 0 between the decay m~ and the line of flight of 
Z- in the rest system of Z-. We can analyze the spin 
into “up” and “down” components along the direction 
of motion of the Z particle, and after doing this, let us 
make a reflection in the plane containing the lines of 
flight of the =~ and the m~ coming from its decay. 
Since under this reflection the spin flips (to see this 
picture the spin as a rotating top, so that under the 
reflection the sense of rotation changes, and so does the 
spin), and it is assumed that under a reflection the 
interactions are invariant, the X= must have equal 
populations of up and down spins. In other words it is 
unpolarized. The angular distribution with respect to 
0 must then be spherically symmetric for ordinary X7. 
However if the =~ does not have a definite parity, i.e. 
if it consists of a 2; and a £y having opposite parities, 
then under an inversion they still both flip the spin. 
But due to their different parities they acquire a 180° 
phase difference between them, and therefore they 
would interfere, giving a forward-backward asymmetry 
(i.e., an asymmetry between 0 and 7—8,) a conclusion 
that can be experimentally tested. 
With the existence of parity doublets of nearly equal 
masses one expects some very interesting phenomena. 
A beam of spin 4 particles is usually described by four 
real parameters: its intensity, and a polarization vector 
= which is the average spin of the beam. For a beam of 
—— spin 4 particles with parity doublet structure the 
= description is vastly more complex, because you now 
E need four real intensities, one for the intensity of the 
particles of one parity, one for that of the other parity, 
and two for the real and the imaginary parts of the 
interference intensity. Also, whereas only one space 
‘vector is needed to describe the polarization in the 
usual case, now four space vectors are needed to describe 
the polarization: namely one describing the average 
of one parity one for that of the other, and two 
cribing the interference polarization. The inter- 
nce intensities are pseudoscalars instead of scalars, 
d the interference polarization vectors are vectors 
tead of axial vectors. The recognition of these 
nsformation properties leads immediately to a 
ber of conclusions about interference effects of 
parity doublets. These can all be subjected to experi- 
mental tests, and we may hope to have a clarification 
af the situation in the next few months. 
A much more drastic ut Es ee pega 
regarding this problem, namely the observation that 
r m AEG entity and the lifetime identity can be 
stood if parity is not conserved in the decay. 
d then be only one K particle, which has a 
A upon production, but which can decay 
a “This again is a LORS which 
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for parity conservation good enough to rule out Such a 
proposal? One finds that the most accurate experiment 
to date, which tests and confirms the conservation of 
parity in strong and electromagnetic interactions, is 
the measurement of the electric dipole moment of the 
neutron which was found to be accurately zero. This 
experiment, though extremely accurate, is however not 
sufficient to yield a conclusive statement about whether 
the weak interactions also conserve parity, because the 
weak interactions are just too weak to influence the 
experiment. Furthermore, an examination of the 
tremendous bulk of knowledge about the beta inter- 
action shows that to date there is no evidence there 
either for or against parity conservation in the weak 
interactions. 

Fortunately, one can propose experiments which 
can test parity conservation in weak interactions, 
experiments which essentially test whether the weak 
interactions show a preference of one-sensed screw to 
the other. To give a typical example, consider the 
process 


T +~—-A°+ K? 
and examine the m~ coming from the decay of the A, 
A0—5--7-. 


Let us now ask whether the decay product m~ has an 
average component of momentum perpendicular to the 
plane of the incident m~ and the A°, this plane being 
defined in a particular way, say, by having the A? 
direction always to the right of the incoming z-. If there 
is such an average component, it would define a sense 
of screw, and its existence would indicate a non- 
conservation of parity in one of the processes involved, — 
which would have to be the decay process, since the — — 
strong interaction is invariant under inversion. Another 
way of putting it is this: if the momentum of the 
incident m~ is ki, that of the A? is ks, and that of the 
outgoing m~ is ks, what we are looking for is the distri- 
bution with respect to the sign of (kıXkə)-ks. This 
expression changes sign under space inversion. Unequal 
distribution with respect to its sign therefore means 
violation of invariance under inversion. 

Another experiment, which is perhaps more easily - 
done, is to study the angular distribution of the beta 
decay of an oriented nucleus. What is involved is to see | 
whether there is an asymmetry with respect to the sign 
of o-K, where K is the electron momentum, and € 
the spin of the nucleus. I understand that this experi- 
ment is currently being done at Columbia, and at the 
National Bureau of Standards. p 

When one opens the question of whether parity is ors. 
not conserved for the weak interactions, one must also 
raise the question of the validity of the other conser- 
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gation (C). Energy and momentum seem to be con- 
served in the weak interactions. The analysis of the 
conservation of angular momentum in weak inter- 
actions is more complex than the corresponding analysis 
of parity conservation, because parity conservation 
can be violated in only one way, whereas angular 
momentum conservation can be violated in a large 
number of ways. To my knowledge this analysis has 
not been carried out. Let us now consider T and C. A 
closer look at these conservation laws shows that there 
is no proof that these are conserved in weak inter- 
actions. One might at first think that the equality of 
the lifetimes of the r+ and r7, or the wt and u~, which 
are charge conjugate particles, says something about 
this matter. But an examination of this problem shows 
that the lifetimes will be equal to the lowest order in the 
weak coupling constant (which is to an order of 
accuracy of 10-", and therefore essentially infinite 
accuracy) merely on the assumption of invariance under 
orthochronous Lorentz transformations (i.e., Lorentz 
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On the Origins of Cosmic Rays 


PHILIP MORRISON 


Department of Physics and Newman Laboratory of Nuclear Studies, 
Cornell University, Ithaca, New York 


N 1954, Professor Einstein once remarked that there 
were two easily observable phenomena that, in his 
opinion, showed a deep fundamental lack in our knowl- 
edge of the physical world. These, he said, were the 
cosmic rays, and the terrestrial magnetic field. We can 
be all but sure today that he was wrong in that intuition, 
but he was expressing exactly that feeling which theo- 
retical physicists have had for many decades, which 
somehow justifies the inclusion of topics like this one 
in a program on theoretical physics. 

It is my opinion that they no longer quite belong in 
such a discussion. They have to do neither with the 
fundamental laws of physics nor with the difficult 
problems of applying the fundamental laws to relatively 
simple systems. On the contrary, both of these phe- 
nomena (which turn out to have the same fundamental 
origin) are examples of application of good old classical 
physics to a world of atomic materials, using nothing 
but the still unknown solutions to the nonlinear equa- 
tions of magnetohydrodynamics. 

The beginning of the path toward an explanation was 
shown to us perhaps 20 years ago when Fermi, Vallarta, 
and others began their series of investigations into the 
effect of the earth's field upon the cosmic rays which 
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transformations in which there are neither space nor 
time inversions). Because of this, the absolute invariance 
under C must be regarded as experimentally not proved. 

Let me conclude with the point that if parity is 
indeed not strictly conserved, there would be a prefer- 
ence for either right handedness or left handedness 
in the universe, and this would appear to be un- 
aesthetic. One may however observe that if one's 
definition of invariance is generalized, the question may — 
appear in a quite different light. Let me give a simple 
example which T. D. Lee and I have speculated about: ^ — 
suppose that parity is not conserved, i.e., that there 
is a difference on going from a left-handed to a right- 
handed coordinate system. It may turn out, however, 
that by simultaneously going from one coordinate 
system to the other and switching to the anti-world, 
i.e., replacing «+ by a, protons by antiprotons, etc., 
symmetry is regained. This merely shows that there , 
is a richness in the structure of these symmetry laws 
which we are quite far from comprehending. 
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of, say, the latitude effect. The idea was gained, and 
given quantitative support, that the cosmic rays were — - 
not given and immutable, something whose origin 
could not be approached because they were so far 
beyond ordinary experience. This idea was aided by 
that kind of theoretical result, but most especially by ;j 
the facility with which experimental physicists have _ 
made cosmic rays. For they have the same problems an 
the same difficulties that are encountered in nature 
the large. xy 
The study of the origin of cosmic rays (while we do 
not yet have a fully understandable, and certainly not 
a quantitative model) is no longer devoted mainly t 
the interpretation of empirical evidence obtained 
properties of the cosmic rays themselves, but must 
as well from general astrophysical means of observa 
These wider results are for the first time : 
relevant this year, and therefore it is perhaps ap 
ate to summarize very briefly what sort of path o 
take for a tentative understanding of this extr: ao rdi 
and interesting phenomenon. I intend t d 
one path; I know that there are RSS 
there are even people in the audie 
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it depends upon fitting together loosely many ill- 
defined parts, and naturally the change of any one of 
those parts can seriously affect the coherence of the 
model. Nevertheless, I think it is the best we have at 
present. As far as I can see, it has no clear inconsistency 
with anything we know, and it unites a great many 
phenomena whichTotherwise would have to stand as 
separated. 

The path which I shall outline is associated with the 
names of Alfvén, Fermi, Cocconi, the Moscow group 
(Shklovski and Ginzburg), and Hoyle and Burbidge. I 
shall try to describe very briefly the logical structure of 
the ideas, the elements of the theory, but only some of 
the numbers and the specific mechanisms which bear 
on it. 

'The principal facts with which one begins are like 
many facts we have heard about in recent sessions. 
They are not at all facts, but only approximately true 
and simplifying statements. The two first principles are 
the isotropy and the time independence of the cosmic 
radiation. It is grossly isotropic, and grossly time in- 
dependent. That both the isotropy and the time 
independence fail in detail is clear. Indeed their very 
failure has given us perhaps the clearest clues to the 
mechanism which may account for the over-all isotropy 
and constancy. 

'The most spectacular failure of both of these prin- 
ciples occurred on February 22, 1956, when the cosmic- 
ray intensity shot up by a factor of 2 or 3 even for 
hard mesons at sea level and by a factor of 100 for the 
neutron component. An analysis of this event and of a 
few others like it has given a pretty clear understanding 
that the cosmic rays do not come to us through empty 
space. They may originate, as these extra particles do 
in this particular case, on the sun, where the event can 
be seen to be in sharp time coincidence with extra- 
ordinary events on the surface of the sun. But whether 
or not they originate there, they pass to us through 
space which is by no means empty. It is the discovery of 
the population of this “vacuum” with physical, not 
simply virtual particles, which was the real progress of 
the past few years, and which has made possible an 
understanding of the cosmic rays. 

The precession radius of curvature is given in familiar 
& units by R= E/300B, the radius R in centimeters, the 

energy E in ev and B in gauss. 

Observations have shown directly that the geomag- 
netic field affecting cosmic rays incident on the earth is 
skew from the dipole field evaluated on the surface of 
the earth, by about a tenth of a radian. It seems hard to 
doubt that'this can only be due to the summing of the 

earth’s field with some external fields out in space, not 
produced by the internal currents which make the 
ps field of the earth. Since the deflection of a tenth 

pole as 'n at about ten earth radii, what sort 
radian comes 1n a 
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energy? This turns out to be about one milligauss or a 
little less. 

From this it is pretty clear that in the region around 
the earth, say ten radii away, there is a field (which may 
be transient, but which is there sometimes) of the order 
of a milligauss, perhaps. In this field the radius of 
curvature of a cosmic ray amounts to one light second. 
The light transit time from the sun, from which the 
special pulse of cosmic rays originated on February 22, 
1956, is eight minutes, so you see that such a field would 
mean that the path from sun to earth could by no means 
be a straight line. Indeed, independent analyses of such 
flare events have given fair confirmation to the idea 
that, at least under these peculiar circumstances, the 
earth-sun region is by no means empty for the cosmic 
rays, but rather the cosmic-ray path must be some more 
or less chaotic random walk in this region, the diffusion 
being caused by scattering, not from nuclear collisions, 
but from collisions with more or less coherent magnetic 
fields extensive enough and strong enough (from 10-5 
up to 107? gauss) to induce radii of curvature of mag- 
nitude small compared to the earth-sun distance. Then 
a diffusion-theoretic treatment, using elementary ideas 
of diffusion theories and not implausible ideas of the 
geometry of such transient clouds of scattering magnetic 
centers that might come from the sun, gives a semi- 
quantitative fit to the decay time of a solar flare, to the 
spectral changes, and to a number of other features. 

I take this, not as a demonstration of the origin of 
the cosmic rays at all, but as an example of the fact that 
there can exist, in more or less empty space, (to be sure, 
this is space very near a star of the main sequence, and 
not typical galactic space) a kind of magnetic material 
that prevents cosmic rays from traveling in straight 
lines. It is exactly this which is the key to the whole 
phenomenon. Astronomers have independently obtained 
other evidence for fields in galactic space. 

The gross cosmic-ray isotropy and time constancy 
define our first major point; the second major point, the 
flare events and the skew field, argues for the modifica- 
tion of cosmic-ray direction when they propagate in 
“empty” space. The third main property derived from 
the rays themselves is their distribution in energy and 
charge. There is a paucity of cosmic rays below a couple 
of Bev, a low-energy "cutoff" which varies with the 
solar activity cycle of 11 years, and is one more sign 
of the influence of the magnetic regime around the sun 
upon our cosmic-ray flux. From some 10 Bev all the 
way to 10‘ Bev, and with less sureness but still quite 
plausibly up to 107 or even 10? Bev, the cosmic-ray 
integral energy spectrum follows a simple power law at 
least in rough approximation, with 


N(>E)=const/E*, with 13<a<18, 0) 


where V(>£) is the flux of primary rays with total 
energies greater than E. The exponent changes slowly 
over the energy range, not going beyond the limi 
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over-all energy spectrum, we have some information, 
though much less, about the charge distribution among 
the primaries. Not only protons enter the atmosphere, 
but helium, elements of the CNO group, and some 
nuclei as heavy as that of iron. Protons predominate, 
the others being present in amounts very roughly like 
those anticipated for the mean gas sample of the uni- 
verse, with maybe a tenth of all the flux being in alpha 
particles. The energy spectrum of these heavy primaries 
is poorly known, but for energies up to some 20 Bev per 
nucleon, it is like that of the protons, at least roughly, 
and there is some sign that this similarity extends to 
much higher energies. One must be prepared for de- 
partures from the power law of energy distribution, 
want of close parallelism between the heavies and the 
proton spectrum, and all sorts of other complications. 
But the general picture here appears to apply up to 
about 108 Bev or beyond. 

About the only additional fact one needs to know for 
a discussion on this level of accuracy is the total energy 
density for various kinds of energy in space. The mean 
energy densities are for various forms, in a typical 
galactic region not near a star, in units of ev/cc as shown 
in Table I. This sets the level of the energy to be 


'TABLE I. Energy densities in space. 


Type 


Cosmic rays 1 
Starlight 1 
1 


'Turbulent gas motion -10 
Kinetic energy of rotation for 
galaxy as a whole 1000 


accounted for, and provides a few comparisons. A 
typical observer somewhere in a galactic spiral arm 
would presumably see such values whose variability is 
indicated by the roundness of the figures. 

We see the striking fact that the cosmic ray energy 
density is like that of starlight. Yet starlight pours out 
of every star, thermodynamically guaranteed as the 
degradation product of thermonuclear reactions, and 
cosmic rays do not as far as we know pour out of any 
ordinary stars at all. It is true that some do come from 
the sun, but the rate at which they are made, if extra- 
polated to all the stars of the system, would amount to 
a tiny fraction of this energy density (10-? perhaps). 
Even if there are some unusual stars which flare up all 
the time, they cannot make up this enormous dis- 
crepancy. Moreover, the sun makes very few cosmic 
ray particles above 10 Bev in its most violent spasms, 
and stars not very different from the sun are not likely 
to make some rays 10’ times as energetic. The turbulent 
energy looked for a while like a-hopeful source, but if it 
did supply the cosmic rays, they would be the heaviest 
drag on the turbulence, and the hydrodynamics of the 
galactic gas would be determined by the cosmic-ray flux. 
This now seems unlikely, for various reasons. The 
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rotation energy looks like a nice hope. There’s plenty of 
energy there, but it is not easy to convert the kinetic 
energy of stellar systems whirling about the galaxy in 
circles of 10 000-light-year radius into kinetic energy of 
single protons moving in a chaotic motion’; everyone has 
stopped trying to derive any comfort from that big 
number. Therefore, I will maintain now, and in the 
sequel will try to demonstrate, that the origin of much 
of the cosmic-ray energy is, like that of starlight, nuclear 
in character. This is agreeable, because nuclear energy 
provides a source of energy that we know how to 
calculate, and maybe it is true. . 

What are the processes? This is a kind of analysis or 
summary of the processes which people have used to 
describe the mechanisms. I am going to list a few rather 
formal points and then try to describe them in turn, to 
show what kind of model can be built up: stirring, 
storage and loss, acceleration, injection, and cutoff. 

Stirring is that process which makes the cosmic rays 
isotropic, and which arranges them to be time-constant 
as far as possible. These must be extrasolar processes; 
it is very hard to doubt that the stirring is caused by a | 
chaotic magnetic field, extending through some or all 
of the galaxy. Just where it resides I will try to make a | 
little clearer by some photographs, but its presence, I 
think, we will take as given; nearly all theories join 
there. The only way in which theories differ is in how 
these stirring fields are constructed: tight enough to 
prevent leakage out of the ends, or chaotic; flat or 
round or what they may be; but everybody hasa 1 
stirring field. Otherwise, one ought to see where the f 
sources are, for it is not plausible that the sources are 3 
isotropically distributed about the earth. This is the j 
Copernican assumption of the cosmic-ray theory. 

Next consider storage and loss: this is the root idea 
in a way. It goes with the stirring. If there is stirring, 
then the path length of a cosmic ray particle is much 
longer than a straight line from its source. That implies 
the energy density may be high without the rate of 
energy production being very high, because there is a 
pool of cosmic rays formed by storage. No such pool is 
formed for light photons; they must move in straight 
lines, since the galaxy is thin to them. The apparent 
equality of cosmic-ray and starlight energy then does 
not mean that one must look for a cosmic-ray source as 
intense as the light source. This cosmic-ray source, it 
turns out, needs to be only about 107* or 10-*asintense,  - 
which is already hard, but at least is not so impossible — 
as if it were one to one. The numbers 10‘ to 105 come T 
from a comparison of the successfulness of the stirring, — 
that is, the degree of isotropy, with the loss processes 
which must limit the storage eventually. fhe stora 
must be limited. The cosmic rays cannot be arbit 
old in the galaxy: (a), because they woul 
nuclear collisions; and (b), because if the 
nuclear collisions, it is extremely ha 
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Fic. 1. A spiral nebula seen edge on. A galaxy of the Coma 
Berenices cluster, photographed at Mt. Wilson, NGC 4565. 


agree), and certainly with turbulent and chaotic fields 
it must be even harder. So the rays are going to leak out 
—that means moving from a region where the energy 
density of cosmic rays is the tabulated value to an 
(assumed) region where it is smaller. What that region 
is we discuss later. 

On the other hand, the rays might be destroyed by 
nuclear collision. One knows that they are not destroyed 
overwhelmingly by collision because we do see heavy 
primaries, which means that even if the particles started 
out all iron (not at all impossible, but not plausible) 
still they could have reasonably traversed not more 
than a few tens of grams per square centimeter, a few 
mean free paths. And they may have moved through 
much less than one gram per square centimeter. (The 
argument to be settled by the presence or absence of 
Li, Be, B, elements which are missing in the chemical 
abundance of the universe as a whole, is an argument 
which bears on this question less sharply than it once 
did. It bears rather on a distinction between less than 
half a gram and more than a couple of grams.) I think 
everyone will agree that the cosmic-ray beam does not 
come through more than five or ten grams/cm* anyhow. 

The mass of a one cm? column of matter along the 
galactic diameter is æ couple of grams. The cosmic 
rays have not gone through such gas for a distance 
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generating source of cosmic rays will we see a little 
fresh injection, as we do. That little contribution jg 
from the sun. 

Where is the storage? This is the first and the hardest 
question to answer. The erroneous answer which we 
once gave is notorious. I am now giving you another 
answer. I hope it is not as bad. 

Figure 1 shows what led us into giving the wrong 
answer. This is a photo of a typical spiral galaxy. It is 
not our own, but it is a spiral of similar class to ours. 
This thing is characteristically a disk. It is very easy to 
say, “The cosmic rays are stored in that flat disk, and 
therefore they are going to be lost wholly by leaking out 
of the flat faces." This gives rise to a serious problem, 
because then the storage time is small, and you are 
forced to accelerate the cosmic rays very quickly, since 
this disk is so extraordinarily thin. 

Figure 2 is M31 in Andromeda which is a sister 
galaxy, just like ours, seen a little edgewise. Here there 
is a tilted-disk effect. It is also quite a flat structure. 
This is a typical picture on a Palomar photographic 
plate. 

In Fig. 3 various distributions through the Andromeda 
nebula are plotted against angular distance from the 
center, looking only more or less perpendicular, not 
correcting for our oblique viewpoint. The lower curve is 
a curve of the mass distribution, as calculated from the 
distribution of stars. It is quite a thin disk. The higher 
broad curve on the other hand shows no sign of a core 
plus a cloud; it is now just a big near-sphere. This is the 
picture that radioastronomers see at a frequency of 
a couple of hundred megacycles. So there is something, 


Fic. 2. Our neighbor galaxy, the spiral NGC 224, the Great 
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invisible to the eye but a good source of radio radiation, 
making a spiral galaxy nearly spherical. 

The proposal that we do away with disk storage and 
store the cosmic rays in the sphere is extremely likely 
to be true; but I would like to defer the argument as to 
why the presence of a radio signal from the whole 
sphere of Andromeda is a strong argument in favor of 
storage of cosmic rays in that spherical volume. To have 
thus increased the storage volume from that of a disk to 
that of a sphere is very agreeable. It gives a hundred 
times larger storage volume which means that, since the 
radio source density does not change much with radius 
it is fair to take roughly a hundred times the total 
cosmic-ray energy. Fortunately the lifetime goes up also 
by a hundred times or two, because there is so much 
more space in which the rays can make the random 
path. This means the rate of production is about the 
same, perhaps a little bit less. But the time rate of 
acceleration, the rate of storing energy in the particles, 
does not need to be sizeable. There is plenty of time. 
Particles can come back and forth many times; or can 
be accelerated in quite a different way. The difficulty of 
doing all this in a flat and leaky disk, is gone. Generally 
speaking, everyone is happy with the astronomical 
evidence that the cosmic-ray galaxy is not (as it looked 
to the eye) flat, but as it looks to the radio antenna, 
spherical. The gas is so tenuous that nuclear collision 
remains a minor cause of loss. 

Next, consider acceleration. This is the process about 
which we know the least. It was originally proposed, I 
think by Fermi, that this very chaotic scattering would 
add energy to the cosmic-ray particle as it changed its 
direction in collisions. This is a process strictly analo- 
gous to the moderation of neutrons as they scatter 
elastically in a low-temperature moderator. In this case, 
however, the scattered particles gain energy at the 
expense of the energy of the large magnetic clouds 
which cause the scattering. One may say that these large 
clouds moving at velocities of some tens of kilometers 
per second and possessing masses of stellar size have 
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Fıc. 3. Distributions seen in the Andromeda galaxy, NGC 224. 
The upper curve shows the radio source intensity at 200 Mc, 
plotted on an arbitrary scale, as a function of angular distance 
from the center of the galaxy. The lower curve shows the mass 
density calculated from the optical observations on stars, in a 
similar graph [after J. E. Baldwin, Nature 174, 320 (1954) ]. 
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enormous “‘temperature:” i.e., large kinetic energies per 
translational degree of freedom. The cosmic-ray par- 
ticles try to moderate against such clouds, but in 
moderating, they must of course rise in energy rather 
than decline as the neutrons do against cold moderator. 
It is clear from the magnitudes involved that equilib- 
rium can never be reached, and that the highest 
energies attained by cosmic-ray particles will be limited 
by the time available for the process of inverse moder- 
ation. Fermi originally suggested that nuclear collisions 
would limit the process. This would strongly dis- 
criminate against heavy primaries in the beám, and 
seems to be excluded. This is perhaps the major con- 
sequence of the measurements on heavy primaries. 
The similarity in energy spectrum between hydrogen 
and the heavy primaries seems to imply that the process 
is limited, not by nuclear collisions which vary strongly 
as the mass of the nucleus varies, but by leakage out 
of the magnetic region responsible. This would be nearly 
independent of the type of particle involved. 

The beauty of the Fermi mechanism in general is that 
it leads to a power-law energy spectrum in the simplest 
and most natural way. We may formulate the Fermi 
theory in the most naive form by writing the simple 
relations 


dE/dn=aE; E=Eye*"; and dN/dn=—N/n, (2) 


where a measures the relative energy gain in each 
collision with a scattering center, n is the number of 
collisions a given particle has made since its injection 
into the process, £ is its total energy, and ñ the mean 
number of collisions before loss occurs. N (m) is the flux 
of particles having made » collisions. With the simpli- 
fying assumption that both « and ñ are constants, inde- 
pendent of n, we obtain the spectrum by eliminating 7: 


o 


N(-B)— N (n)dn.— const/ Ee, 


(3) 


n(E) 


where (2 E) is the integral flux as in (1). Several 
detailed models have been proposed for particle motion 
in a magnetic region, all of which retain the feature that — — 
the energy goes up exponentially with collision number. — — 
This feature is pretty well maintained even when the - 

mean energy gain is negligible, and only fluctuations can _ 


be counted upon. The combination of such an energy _ 


gain with the exponential number loss rate characteris! je 
of a particle beam in almost any diffusion process gives g 
a natural power law. , 
In (3), the exponent 1/añ, which empirically is c 
to unity, is the combination of two numbers, one de- 
pending on the motion of magnetic clouds, tlie other 
their mean field strengths and spatial extent. It 
obvious that these should be related, and if they 
really independent (as they would be if loss aros 
nuclear collisions) it would be a miracle į { 
should come out near unity. It will appear 
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Fic. 4. The Crab nebula, Messier 1, NGC 1952. Photographed at 
Mt. Wilson in the light of Ha (6300-6700 A filter) 


spectrum as being due to a single simple Fermi mecha- 
nism, but rather as the result of the superposition of 
many such processes, each arising out of a different 
physical situation. This suggests that perhaps some 
deeper dynamical connection exists between the extent 
of the magnetic region and its local properties. It is for 
the future to uncover such a relation if it is present. 

The low-energy spectrum with its tailing-off fits 
fairly well even with the elementary theory. But we are 
sure from the year-by-year change of the cutoff (which 
all but disappeared in 1954) that the residual magnetic 
fields within the solar system play a major role. 

All this looks pretty good, and one would be led to 
say that the Fermi theory in a sphere, with the loss by 
leakage and not by collision, would more or less handle 
everything, if there had not been some very unpleasant 
observations, some hard facts, to cope with. The hard 
fact is this: synchrotron radiation by electrons in a 
magnetic field has many characteristic properties. One 
of the properties is, of course, its continuum—a con- 
tinuum which has a peak at a characteristic frequency 
depending upon the strength of the field, and the energy 
of a radiating electron. If the electrons have a wide 
range of energies, there will be a wide continuous range 
of radiation given off from any source of such syn- 
chrotron radiation. This radiation is completely plane 
polarized, electric vector in a direction normal to the 
lines of force of the magnetic field, especially for 
relativistic electrons. The characteristic frequency ve is 
given approximately by 


v. £1.4y* B Mc/sec (4) 


for B in gauss; here y is the relativistic energy-to-rest- 
mass ratio for electrons. It is also quite easy to calculate 
what the loss rate in energy is; it is rather a heavy space 
rate of loss. A 
Shklovski in Moscow about three years ago, and 
after him, a couple of Russian astronomers, and then 
Oort and now Baade have produced a whole series of 
predictions and, finally, observational confirmation 
which demonstrates that synchrotron radiation in 
enormous amounts is indeed emitted by one very 
co uous and very interesting object. That object is 
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Fıc. 5. The Crab nebula viewed in a portion of the spectrum 
without emission lines, seen in the light of its continuum only. 
(7200-8400 A filter.) 


Figure 4 displays the Crab nebula as seen in the Hale 
telescope on Mt. Palomar, revealing a complex fila- 
mentary structure, shining mainly in the emission line 
H,. This cloud measures about six light years across 
its long axis. 

In Fig. 5 the same object is viewed through optical 
filters which pass no important emission line. There is 
still plenty of light, for remarkably enough what we see 
here is a hazy amorphous mass shining with a continu- 
ous spectrum, a continuum responsible for about nine- 
tenths of all the light from this object in the visible. It is 
a bluish continuum ; almost nothing like it had ever been 
seen before. The spectroscopists who tried to analyze 
it in terms of free-free transitions in hydrogen reached 
absurd results (which everyone believed for a decade). 
They had to impute to the structure a mass much 
greater than anyone had ever seen for any star. Now, we 
know that this object is the radioactive and exploding 
debris of a supernova explosion in the year AD 1054. It 
was an unusual and unstable star, but its mass is not 
more than several sun's masses. 

The Crab nebula is a very strong radio source. At 
200 Mc it is the third brightest discrete source in the 
sky. Shklovski first made the bold assertion that the 
anomalous radio emission and the optical continuum 
were part of the same continuous spectrum, stretching 
from below 100 Mc to beyond 108 Mc. The intensity 
spectrum—two points, essentially—determines a power- 
law fit with an exponent similar to that for cosmic rays, 
somewhat steeper. If this is synchrotron radiation there 
is present either a high field or very high electron 
energies, or some product of the two. If the field were as 
small as 10-* gauss, the optical light would imply 
electrons of 10!5 or 10! ev; if the field were stronger than 
say 10-? gauss, the rate of radiation would be so great 
that the original supernova explosion could not have 
maintained the structure more than a decade or two. It 
seems plausible then that the magnetic field is near a 
milligauss. But the convincing evidence that this 
brilliant source of light, a thousand times more luminous 
than the sun, is really shining by synchrotron radiation, 
is given by the photographs of Fig. 6 (kindly supplied 
by Professor Baade). 
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Figure 6 shows the Crab nebula through the Hale 
telescope, exposed behind filters which exclude the 
emission lines of the filamentary structure. The arrows 
on the photographs show the direction of the electric 
vector passed by the Polaroid filter through which 
Professor Baade last year took this remarkable pair of 
pictures. Choose any feature which is prominent in one 
picture, and you will notice a difference in the intensity 
of the feature on the other picture which is quite 
marked. What we are seeing here is the local direction 
of the electric vector; that is the direction of the normal 
to the magnetic field producing synchrotron radiation. 
If you map out the successive directions of polarization 
of these wispy structures of continuum you are thereby 
mapping out the magnetic field in this object. No one, 
as far as I know, has suggested any conceivable way by 
which you can get 100% polarized light in an object of 
this kind anywhere except by synchrotron radiation, 
and I take this as the strongest demonstration: (a) that 
there are strong magnetic fields in some parts of the 
universe, and (b) that when there are strong magnetic 
fields, there may be relativistic electrons moving in 
them. Next, one can ask where these relativistic elec- 
trons come from, and what bearing this has on the 
cosmic rays. 

Professor Oort has drawn the directions of the lines of 
force to see the shape of the magnetic field; it is a sort 
of turbulent field, but has no visible fine structure. That 
may be deceiving, but I don’t think it likely, since at 
any point one looked one could see many directions of 
polarization if the field were chaotic on small scale, and 
this would wash the effect out. The presence of 100% 
polarization means that, at least in the outer portions of 
the nebula the lines of force are not very chaotic. That 
is, they are uniform on a scale of a tenth of a light year, 
or a few tenths of a light year, and a strength of the 
order of a milligauss. This is something prodigious from 
the point of view of magnetic fields. It is impossible to 
doubt that here too are many fast electrons; the total 
energy content that can be computed for them is quite 
high. If there are fast electrons, it seems now extremely 
hard to doubt that there are also fast protons, or heavy 
particles, made by the same processes. Since the 
electrons feel the drag of radiating this very synchrotron 
radiation, it is hard for them to gain energy, moving in 
paths of short radius. It is relatively easier to accelerate 
protons in such paths of short radius. 

This certainly implies that the heavy-particle spec- 
trum would be even less steep in energy than is the 
electron spectrum, and that would very well fit, roughly 
speaking, a mean energy of at least 10" or 10" ev for 
protons; it may very well be higher by 10?-3, It is even 
plausible that the source of the fast electrons is simply 
the collisions of the heavy particles, protons and heavier, 
with matter in the interior of this object, so that the 
secondary electrons finally coming from decay of 
u mesons are what actually radiate. On this basis these 
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rays. I think it cannot be doubted that here is one such 
source (but one may always doubt that this provides a 
major class of cosmic-ray sources). . 

We lose by this means, it seems, Fermi’s natural 
explanation of the energy spectrum. If there are many 
such supernovae, one per century in our galaxy, the 
sum of these supernovae is what feeds the pool of 
cosmic rays, to fill the whole sphere of the galaxy. It 
seems rather hard to believe that their spectra would 
all be the same. There is no serious difficulty, if super- 
novae produce 10? ergs/sec in cosmic rays. It seems 
quite possible that that would be enough to fill the whole 
sphere with cosmic rays to the appropriate density, at 
least between 10? and 10" ev. 

What is the reason for the radio source in the sphere 
which surrounds the galaxy? This is again electron 
synchrotron radiation, perhaps from secondary electrons 
produced by cosmic-ray primaries, away out there far 
from the stars, but in weak magnetic fields where it is 
no longer possible for them to make optical radiation 
yet quite possible for them to make radio radiation. 
This establishes the consistency of the argument that 
the cosmic rays must be stored throughout the galactic 
volume, finally reaching the edge, and leaking out. 

With all this I would like to remark upon the high- 
energy cutoff. Its absence is hard to understand. It 
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Fic. 6. The Crab nebula again seen by its continuous emission, 
but now through a polarizing filter in two perpendicular planes of 
polarization. The white arrows mark the direction of the electric 
vector passed by the filter in each case. Note how the structures 
tend to be aligned at right angles to the electric vector. The 
directions taken by the wispy structures at each point are the 
directions of the magnetic field there. (Photographs kindly 

É e of Palomar Observatory.) 
$ 


EEE ee ee 


242 Plat IIe Ib, We 


(b) 


Fig. 7. The bright central portion of the spherical galaxy M87 
or NGC 4486, in the Virgo cluster. Note the broken linear struc- 
ture extending up and right from the center. It is called the jet 
of M87. The two photographs are taken with differing directions 
of the electric vector, showing a marked polarization of the light 
from the different knobs within the jet [from W. Baade, Astrophys. 
J. 123, 550 (1956) ]. 


1 would be very nice if a cutoff were to be found. We 
thought, a couple of years ago, that we had good 
arguments why there would either be a failure of 
isotropy or a fall-off of intensity in the spectrum at 10!5 
or 10!5 ev. Neither occurs. 

Perhaps there is no cutoff in the spectrum because the 
source produces an abundance of fast particles; we 
can't be sure about that. Those high-energy particles 
that moved a long way through the galaxy and were 
kept in would still be of high energy, but those that 
leaked out into the general halo would have gone away 
from us; therefore even in this case anisotropy would be 
seen at high energy. The high-energy particles might 
/ . come, say, from some spiral arm or even from the center 

- of the galaxy, or from somewhere where there might be 

very special accelerating conditions. But there is no 

visible anisotropy, and there is no change in the energy 
spectrum so far up to 10? ev. I say this with some 
misgivings; it is hard to interpret the giant-shower 
experiments which are the basis of the statement. 
Perhaps ore is not fully certain of this; there are certain 
loopholes. But I think it is fair to say that one must be 
prepared to make cosmic rays about in the same 
intensity up to 10'8 ev, maybe more. Now it SVEDY, hard 
to do that, because a particle of let us say 10" ev, which 
eae elerated by the factor 10 somewhere, 
- is still to be acc . 
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going to accelerate it by repeated events, if it cannot 
bend it even once. A linear accelerator with high 
electric fields over those distances is incredible. 

How can one manage to avoid the cutoff? This is a 
rather dark question. A thousand-light-year mean free 
path in the galactic magnetic fields is what we have 
here; and a thousand light years takes us out of the 
galaxy in ten or a hundred steps. It is not very easy to 
accelerate in that time. There is, however, some hope. 
It is the usual hope of astrophysicists. When they learn 
of two things they don't understand, they say that 
probably these things are connected. 

There is a large cluster of galaxies in the constellation 
Virgo, a cluster about twenty million light years away 
from us. À conspicuous member of the cluster, known as 
MS7, is a sober-looking nearly spherical galaxy, as large 
as our own, but without a trace of spiral structure or 
disk flattening. It is a beautiful sphere of so-called 
Population II stars, very heavily populated in the 
center, and fading out to a thin haze of stars and star 
clusters a hundred-thousand light years from the 
center. In Fig. 7 the center portion of the object is 
shown in a rather short exposure. Note the extra- 
ordinary structure coming out of the central star mass; 
it is called the jet of M87. It is two- or three-thousand 
light years long, and a few hundred light years in 
diameter. Nothing like it is known in the heavens. 

The two photographs (again from Professor Baade) 
show the object in two directions of polarized light. The 
knobs within the jet are plainly polarized. Measure- 
ments show about thirty or forty percent polarization 
along several directions. The polarized light is again a 
bluish continuum. It resembles nothing else ever seen 
except the light of the Crab nebula, but that light it 
closely resembles. The whole galaxy, not just the jet, is 
a strong radio source as well. These facts can hardly be 
interpreted otherwise than by saying that here too isa 
region of strong magnetic field, a great source of 
synchrotron radiation and of fast electrons which 
within the jet radiate the polarized optical continuum, 
and then leak out into the weaker fields which fill this 
whole galaxy, there to radiate in the radio region only. 

The M87 jet is, however, built on a wholly different 
scale from the Crab nebula. Locally, it seems much the 
same, with perhaps a somewhat higher density of 
relativistic electrons. But it has perhaps ten million 
times the volume of the Crab nebula, and contains 
proportionately even more energy. Such a thing cannot 
arise in any part of the evolutionary history of a star. 
It may somehow obtain its energy from the collision of 
galaxies. We simply do not understand its origin. But 
there it is; its interpretation seems clear. Within it, 
assuming that it resembles the Crab except in scale, 
cosmic rays of energies up to 10? ev or even higher 
might well be made, slowly to leak out into extra- 
galactic space, and to us. a 

Perhaps such an object—one or a few might existi 
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a high-energy cutoff. Our general picture of the cosmic- 
ray energy spectrum leads to the idea that increasing 
energy of the particle implies both longer time since 
its injection and greater distance to its birthplace. The 
bulk of the energy, at the low-energy end of the spec- 
trum, reflects the long storage of these easily-contained 
rays in the local region of our galaxy, and their birth from 
stars and novae, perhaps, with some acceleration from 
the magnetic clouds of the galactic arms. The great 
range of energies from a few tens of Bev up to, say, 10" 
ev or more, come from the pooled contributions of 
supernovae, with a density smoothed out over the whole 
spherical volume of our galaxy, not just the arms or 
the disk. Finally, with a spectrum very slowly decreas- 
ing with energy, but with a very low absolute density, 
the whole of extra-galactic space may be filled more or 
less uniformly with particles of energy up to well 
beyond the top experimental range. Isotropy is every- 
where maintained by the diffusing fields; long storage 
times yield no major change in mass spectra, because 
the regions of storage contain smaller and smaller 
densities of matter as their volumes become bigger and 
bigger. The power law spectrum loses its simple origin, 
and decomes a smoothed-over statistical summation, 
with some still poorly-understood connection between 
local fields and extent of a magnetic region responsible 
for the nearly-constant value of the exponent. 

One great question remains: how can the energy of a 
solar flare, a supernova remnant, or a galactic jet, be 
converted to cosmic rays with efficiencies of at least 
some percent (and indeed a thousand percent efficiency 
can follow from a naive faith in the data!). The answer 
to this problem, surely of hydromagnetic kind, is still 
only dimly seen. The solar flare is our nearest labo- 
ratory, and will receive close study in the years to come. 

Now, I come to treacherous speculative ground, 
which I would prudently avoid had not Fred Hoyle gone 
there already. The working out of the evolution of 
elements makes clear that it is a mistake to ignore even 
the difficult paths pointed out to us by such a guide. 
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Can any role be assigned in all this strange process to 


the possible presence of antimatter somewhere in the __ 


universe? There may be a sign or two that some such ~ 
thing is involved. One very curious primary particle, of — 
doubtful interpretation, has been seen. It just might be — 
a nucleus of anti-silicon. The annihilation of anti- 
protons might play some role either in the injection of 
fast electrons or even just barely in the source of energy — 
for the M87 jet. Surely it has no large place in the 
history of the Crab supernova. It is still uneconomical to 
postulate anti-matter, but it cannot be excluded either. 

There are many holes in this discussion, but I will 
close as I began, with the remark that for the first 
time the origin of the cosmic rays must be discussed in 
a context which is so broadly related to a variety of 
astrophysical experience that we may think at last, 
even if the details are all wrong that the broad road is 
finally visible. 
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1. INTRODUCTION 


LARGE part of this discussion will be concerned 
with thermonuclear reactions and how they affect 
the evolution of individual stars. These reactions affect 
the life history of a star very greatly, since they produce 
most of the energy which feeds the star's radiation. 
Were it not for the nuclear energy sources, the vast 
majority of stars we now see would be black dwarfs. 
I will only give a brief outline of the present state of 
the art, which difficulties have been overcome and which 
difficulties remain. I will not attempt to name the many 
authors who have contributed to advances in the field.! 
For energy production in stars, only a small number of 
thermonuclear reactions is of importance and we do not 
need to know their reaction rates with great accuracy. 
However, nuclear reactions in stars are also of interest 
in another connection: According to one of two rival 
schools of thought, all elements in the universe other 
than hydrogen were not made at the “beginning of the 
universe," but were made from hydrogen in stars by 
means of nuclear reactions. For testing this hypothesis 
one needs to consider a very large number of nuclear 
reactions in great detail and needs to know the ratios of 
various reaction rates fairly accurately. Since many 
papers in the last few years have concentrated on the 
question of “element cooking," I will at least mention 
these considerations in passing. 
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Fic. 1. “Schematic Hertzsprung-Russell diagram for nearby 
" stars of all ages. L is the luminosity, T, is the surf ace temperature, 
M the mass and R the radius. MS stands for “main sequence. 7 


The circle denotes the position of the sun. 
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2. ASTROPHYSICAL OBSERVATIONS 


The following is an oversimplified outline of some 
purely astrophysical observations relevant to stellar 
energy production and evolution: The most important 
are embodied in the Hertzsprung-Russell diagram, 
where one plots a star's absolute luminosity L (the 
total radiation emitted per second) against its effective 
surface temperature T., for a large number of stars? 
Given L and T,, the radius R of the star (or, more 
precisely, of its photosphere, the layer from which the 
observed radiation emanates) follows from the law of 
blackbody radiation. For a much smaller number of 
stars (too few, alas) the stellar mass M can also be ob- 
tained from observations.’ The three quantities M, L, 
and R are the main link between stellar interior cal- 
culations and observation. 

The main features of the Hertzsprung-Russell dia- 
gram—if stars of all ages, near and far, are included— 
are shown (highly schematic) in Fig. 1: First of all we 
have a fairly narrow band of points, the “main se- 
quence” stretching from stars of low luminosity L 
and low surface temperature T, to hot and luminous 
ones. To the right of the main sequence are the “red 
giants," stars of high luminosity and low surface tem- 
perature and hence with very large radii R. The red 
giants, unlike the main sequence, are scattered over a 
fairly large area of the Hertzsprung-Russell diagram. 
Finally, to the left of the main sequence, are the “white 
dwarfs,” hot stars of low luminosity with very small 
radii. 

We have fairly good statistics on the masses of main 
sequence stars (except the very luminous ones, which 
are rare) : There is an almost one-to-one correspondence 
between the position of a star along the main sequence 
in an L-R diagram and its mass M, more luminous stars 
having larger masses (the luminosity increases very 
rapidly with increasing mass). White dwarfs are slightly 
less massive than the sun. Unfortunately we have very 
little reliable data on the masses of red giants, except 
that they are in general larger than the solar mass Mo. 
This paucity of quantitative data had led in prewar days - 
to the “mass-luminosity relation,” which is now thought 
to be partly incorrect: This relation supposed that any 
red giant had the same mass as a main sequence star 


2 (a) J. A. Hynek, Astrophysics, A Symposium (McGraw-Hill 
Book Conran Inc., New York, 1951), Chaps. 1 and 2 b) 
Aller, The Atmospheres of the Sun and Stars (Ronald Pressy, 
York, 1953); (c) R. D. Woolley and D. W. N. Stibbs, The 
Layers of A Star (Clarendon Press, Oxford, 1953). 

3 See reference 2a, Chaps. 9 and 11; G. P. Kuiper, Astroph 
88, 472 (1938); P. Van De Kamp, Astron. J. 59, 447 (195: 
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of the same luminosity. According to modern theories 
of stellar evolution, at least some red giants (those in 
globular clusters) are much more Juminous than main 
sequence stars of the same mass (Sec. 9). Although 
"direct" measurements (i.e., analyses of binary sys- 
tems) of red giant masses are still scanty, we now have 
at least indirect mass estimates supporting this hy- 
pothesis (from theoretical analyses of pulsating red 
giant stars‘ and from statistics® on the angular momen- 
tum of main sequence and red giant stars). 

Another quantity of interest is the “chemical com- 
position of the universe.” We now have rather detailed 
information on the abundances of the various chemical 
elements and on isotope ratios in the atmospheres of 
many stars and in interstellar gas (spectroscopic 
analysis), as well as in meteorites and even (to some 
extent) in cosmic rays. Apart from some definite and 
interesting variations, there is a great similarity between 
the abundance ratios in such different components of 
our galaxy. This wealth of data on the “cosmic abund- 
ances” of the elements and isotopes® has stimulated 
development of theories on the origin of the elements. 
For the purpose of calculations on energy production 
and the interior structure of stars, a knowledge of the 
abundances of broad growps of elements is sufficient. 
The groups of most interest for this purpose are (to- 
gether with their approximate cosmic abundances in 
percent, by mass): hydrogen (90%), helium (10%), 
carbon to neon (1%), and the metal group near iron 
(0.5%). Although this broad grouping of elements is 
sufficient, the results of stellar interior calculations are 
quite sensitive to variations of the chemical composition 
with radial distance in the interior of a star. Such varia- 
tions cannot be observed directly and one must in- 
vestigate the consequences of various assumptions re- 
garding them. 


3. STELLAR INTERIOR CALCULATIONS’ 


Calculations on the internal structure of a star in 
full equilibrium proceed as follows: For a star of a given 
mass M, assume some particular chemical composition 
as a function of radial distance throughout the star. 
We do mot assume any law of energy production at the 
moment, but merely specify where the energy production 
occurs (whether it all comes from the center of the star 
or falls off with radial distance in a certain way, etc.). 
For main sequence stars at least, the energy production 
is largely concentrated in the central regions of the star 


4A. R. Sandage, Astrophys. J. 123, 278 (1956); V. C. Reddish, 
Monthly Notices Roy Astron. Soc. 115, 32 (1955). 

5 A. R. Sandage, Astrophys. J. 122, 263 (1955). 

* H. S. Brown, Revs. Modern Phys. 21, 625 (1949) ; H. E. Suess 
and H. C. Urey, Revs. Modern Phys. 28, 53 (1956). 

7B. Strómgren, Ergeb. exakt. Natur. 16, 465 (1937); S. Chand- 
rasekhar, An Introduction to the Study of Stellar Structure (Univ- 
ersity of Chicago Press, Chicago, 1939); S. Chandrasekhar, 
Astrophysics, A Topical Symposium (McGraw-Hill Book Com- 
pany, Inc., New York, 1951), Chap. 14; L. H. Aller, Nuclear 
Transformations, Stellar Interiors, and Nebulae (Ronald Press, 


New York, 1954). 
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and the results are not very sensitive to the exact extent 
of the energy producing region. The assumption that the 
star is spherically symmetric and in a steady state leads 
to two equilibrium equations, one relating the pressure 
gradient to the gravitational force, the other relating 
the temperature gradient to the radially outgoing energy 
flux. These two equations permit a single infinity of 
solutions for p(r), T(r) and L(r)—the density, tempera- 
ture, and energy flux as a function of radial distance r. i 
The single infinity of solutions is connected with the E 
fact that we have not yet specified the law of energy | 
production. If we specify one further quantity, eay the 
central temperature Te, the solution then gives p(r), 
T(r) and L(r) uniquely and hence also the luminosity 
L=L(), i.e. the total amount of energy radiated per 
second. In the more approximate kinds of calculations, 
p and T become zero for a finite value of r and we 
identify this value with the stellar radius R. | 

Consider now the case where the rate of energy pro- 
duction (nuclear or otherwise) is known as a function 
of temperature, density and chemical composition. Since 
the rate of energy production, integrated over the whole 
star, must equal the total luminosity L, we can now 
pick out the one correct solution (ie., the correct 
central temperature T.) out of the singly infinite set 
(if we have guessed reasonably correctly, in our original 
assumption, where the bulk of the energy production 
occurs). In our single infinity of solutions, the luminosity 
L is fairly insensitive to the value of Te, but depends 
quite strongly on the mass and over-all chemical com- 
position of the star. To put it more crudely, the lumi- 
nosity L is largely determined by the atomic physics 
and kinetic and gravitation theory which enters the 
equilibrium equations; the nuclear physics which gives 
the rate of energy production (which is very tempera- 
ture sensitive) merely determines the central tempera- 
ture at which the energy production keeps pace with the o 
luminosity. ; 


4. MAIN SEQUENCE STARS 


The simplest assumption about the spatial distribu- 
tion of chemical composition and energy production 
(the “stellar model") is the following: We assume 
uniform chemical composition throughout the star and f 
that the energy production is concentrated towards the — 
center of the star. We now have overwhelming evidence | 
to suggest that this kind of stellar model gives a goo 
representation of a main sequence star (at leas 
fairly young one): We suppose the star was formed 
a gas of uniform chemical composition, consis 
mainly of hydrogen. The star is in a steady state : 
its central temperature is just high enough fer the 
conversion of hydrogen into helium to produce 
energy to supply the radiation (carbon cycle and ] 
chain, Sec. 7). The energy production is concentrat 
towards the center, since the thermonuclear react 
rates are very temperature sensitive and - 
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the star is fairly young, the total amount of hydrogen 
which has been converted into helium in the central 
regions of the star is small and the chemical composition 
is still almost uniform. 

Mention should be made of some of the sources of 
inaccuracies in stellar interior calculations : 

(i) The rates of nuclear energy production are dis- 
cussed in Sec. 7. These rates are now known not with 
very good, but with adequate, accuracy. 

(ji) We also need to know the coefficients occurring 
in one of the two equilibrium relations, the energy 
transport equation. Throughout most of a star, the 
energy transport is carried by radiation and the coeffi- 
cient we need is the opacity. Atomic theory is well 
enough understood that, in principle, one can calculate 
the opacity coefficient as a function of temperature, 
density and chemical composition. In practice such cal- 
culations are very tedious but, with the help of com- 
puting machines, reliable tables? of opacity coefficients 
have by now been computed. 

(iii) On the other hand, we do not yet have suffi- 
ciently quantitative theories of turbulence and con- 
vection. In the deep interior of some main sequence 
stars (the hotter ones, which burn hydrogen on the 

“ carbon cycle) the energy transport is carried by con- 
vection, but in these regions convection is a very eff- 
cient process and the calculations are not seriously 
affected by our poor estimates of convection rates. 
However, in stars with a low enough surface temperature 
that the hydrogen in the photosphere is not yet fully 
ionized, we also have another convection zone just 
below the photosphere. The fractional mass of the star 
contained in this outer convection zone is quite small 
(less than one percent for our sun) and this zone has a 
negligible effect on the star’s interior or on its lumi- 
nosity. However, we have to contend with the observa- 
tional definition of the star’s “radius” R which, from 
the theoretical point of view, is rather unfortunate: 
One observes the radius of the photosphere (about 
one optical thickness only between it and the outside). 
which is an extremely tenuous envelope of the star 
containing only a minute fraction of its mass. The radius 
of this photosphere is unfortunately quite sensitive to 
the details of the outer convection zone (and to in- 
accuracies in the calculation), whereas the root mean 
square radius for the star’s mass, for instance, would be 
quite insensitive. Nevertheless, quite satisfactory re- 
sults have been obtained® even for main sequence stars 
cooler than the sun (“red dwarfs”), for which the outer 
convective zone is perticularly important: One assumes 

a chemical composition of the star (of given mass) 

equal to that of the star’s amosphere One then adjusts a 

parameter, connected with the depth of the hydrogen 


_E. Meyerott, Argonne National Laboratory 
G. elles 29d EE 4856 (1952) and an unpublished paper; 
j RONG . 119, 371 (1954); I. Epstein and L, Motz, 
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convection zone, so that the calculated radius agrees 
with the observed one. The necessary value of this 
parameter is found to lie within the limits given by the 
present incomplete theories of convection. One can 
then calculate the star’s luminosity, which is found to be 
in reasonable agreement with the observed luminosity. 

(iv) For main sequence stars of unknown age we 
have an added uncertainty. In the absence of mixing, 
whatever helium has been transformed out of hydrogen 
in the star's past history has accumulated in its deep 
interior (where the conversion mainly went on) and it 
now has a slightly nonuniform chemical composition? 
Calculations for the sun," which neglect the outer 
convective zone and the chemical inhomogeneity in its 
interior, have led to discrepancies with observation. 
However, since the sun's age is known to be 4 or 5 
billion years, one can calculate the excess amount of 
helium in its interior. Calculations,” which take account 
of this chemical inhomogeneity and treat the outer 
convection zone as described previously, give a lumi- 
nosity in agreement with the observed one. According 
to these calculations, the sun is about 30% more lumi- 
nous now than when it was still young and of homog- 
eneous composition. In fact, the finite width of the 
main sequence band on a Hertzsprung-Russell diagram 
for nearby stars of all ages is now thought to be due 
mainly to the variations in age (and hence in the degree 
of chemical inhomogeneities): The observed main 
sequence for a single galactic cluster, consisting of 
young stars of the same age, is much narrower’ and 
one can extrapolate to a well defined ‘‘zero-age main 
sequence" from these observations. 


5. EVOLUTIONARY SCHEME 


From the equilibrium equations for a steady-state 
star one can derive a very simple relation. somewhat 
resembling a virial theorem which relates the gravita- 
tional to the thermal energy content of the star: For 
any particular model one can calculate the gravitational 
potential energy V,. of the star which is of the order 
of magnitude of —GM?/R, where M is the mass and K 
the (root-mean-square) radius of the star. The thermal 
energy content Esn is VkT where N is the total number 
of ions and 7 is the average temperature which for 
many models is a factor of 5 or 10 smaller than the 
central temperature. Our simple relation states that the 
ratio of — V,. to Ey is of the order of and slightly 
larger than unity for most stellar models. Thus m — 


10 This is particularly serious for stars more luminous than the | $ 
sun, which burn hydrogen rather quickly. For Sirius A, for in 
stance, see T. L. Swihart, Astrophys. J. 118, 577 (1953). 53): 3 

HI, Epstein and L. Motz, Astrophys. J. 117, 311 (19 i 
P. Naur, Astrophys. J. 119, 365 (1954) ; G. O: Abell, Astrophys: 3: 
121, 430 (1955). 

12 Schwarzschild, Howard, and Harm, Astrophys. J. (te x 
published). ana 

H, L. Johnson and C. F. Knuckles, Astrophys. J. 122). 
(1955); H. L. Johnson and W. A. Hiltner, Astrophys. E 
267 (1956); Johnson, Sandage, and Wahlquist, Astrophys J: 
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going from an equilibrium state of one radius to another 
state of smaller radius the star liberates excess energy! 
which can act as a source for the energy that is radiated 
away. Asa general rule then, when a star has no nuclear 
energy sources operating in its interior at any stage, 
the main part of its mass will undergo gravitational 
contraction. According to our “virial theorem," the 
mean temperature of the star will also increase during 
the contraction, in addition to the energy release which 
feeds the star's luminosity. 

Crudely speaking, we can divide the life history of an 
individual star (according to present-day theories) 
into three stages: (i) In the first stage the star starts 
off as a fairly dilute and cold gas mass. Its central tem- 
perature is much too low for any thermonuclear reac- 
tions to take place. The star is therefore not in a truly 
steady state, but it will undergo slow gravitational con- 
traction and its luminosity is supplied by the release 
of excess gravitational energy during the contraction 
(see Sec. 6). At the same time the temperature in its 
interior increases towards the values at which nuclear 
energy production is appreciable. (ii) In the second stage 
the interior temperatures are just right for the H— He 
conversion to supply all the energy which goes into the 
star's luminosity. At this stage the star is on the main 
sequence, already discussed in Sec. 4, and remains in 
this steady state for a long time. (iii) After the star has 
stayed on the main sequence long enough for an ap- 
preciable part of its interior to have exhausted its 
hydrogen content, the star begins to move off the main 
sequence again. The details of the subsequent evolution 
are complicated and depend strongly on the star's mass 
(and possibly on other factors, such as angular momen- 
tum). However, at the early phases of this evolution, 
each star seems to move off the main sequence in the 
direction of the red giant region, i.e., its luminosity in- 
creases and surface temperature decreases. It is now 
believed that the inner core of the star contracts gravita- 
tionally during this early phase, but the radius of its 
photosphere increases (Sec. 4). At later phases of the 
evolution, high enough central temperatures may be 
reached for further nuclear reactions to take place 
(Secs. 8 and 9). 

The comparison of theories on stellar evolution with 
observational data is helped greatly by two facts: On 
the observational side we are helped by the existence 
of various groups of stars for which we have good reason 
to believe that all the stars inside one group are, at least 
roughly, of the same age. There are various kinds of such 
groups: The “globular clusters" each contain a very 
large number (of the order of 10°) of stars. These clusters 


1 There are some exceptions to this rule, notably stars of mass 
less than a certain limit and high enough density that the elec- 
trons are degenerate but have nonrelativistic energies. In this 
case one can get a stable configuration in which no excess energy is 
liberated either by contracting or expanding the star's radius. 
White dwarf stars are thought to be in (or near) such confi gura- 
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TABLE I. The time scales /(i), ¢(ii) and ¢(iii) for the three 
evolutionary stages for stars of two different masses M and 
luminosities Z(Mo and Lo refer to the sun; the times £ are in 
years). 


M L (i) tii) t(iii) 
Mo Lo 20X 10° 15x10 ? = 
1.3Mo 5Lo 7X 108 3X 10° 105 


are members of “stellar! population II", i.e., stars 
formed in the early stages of the life of our galaxy as a 
whole. On the other end of the scale we have tke “ex- 
panding star associations," containing only a small 3 
number (about 100) of stars. Such an association seems & 
to be a dynamic structure and the stars in it were 
probably formed at the same time. The actual age varies 

from one association to another, but they are all very é 
young (down to about 105 years) and are extreme ex- 
amples of “stellar population I," Intermediate between 
these two types of star groups, both regarding age and 
number of stars, are the “galactic clusters" (or “open 
clusters"). 

On the theoretical side we are helped by the fact that 
an individual star spends a very much longer time 
"sitting still on the main sequence (stage ii) than it 
takes to contract towards the main sequence (stage i) 1 
or to evolve away from it (stage iii). The difference 3 
between the time-scales of stages (i) and (ii) comes 
about as follows: The mean thermal energy per ion, 
kT, for a main sequence star is less than one kev 
(T «107?K) and the gravitational energy release per 
ion during the whole gravitational contraction to the 
main sequence is of the same order of magnitude. On the 
other hand, the overall energy release in the nuclear 
H— He conversion is 6.5 Mev per H atom, orders of 
magnitude more than the gravitational energy content. 
The time scale of stage (iii) is short partly because the 
over-all energy release is smaller than in stage (ii) 
and partly because the luminosity is much larger during 
stage (iii). Rough figures for the time-scales ¿(in years) 
for the three stages are given in Table I for a star of 
solar mass Mo and a slightly more massive one. 


6. EARLY GRAVITATIONAL CONTRACTION 


Let me describe in slightly more detail the fist 
evolutionary stage, during which the star is too cool _ 
to burn hydrogen. I will not discuss at all the original - 
“birth of the star," i.e., the processes that lead from 
an irregular cloud of cold and dilute gas and dust to a 


opaque. These early processes are ve 
depend strongly on the distribution 
lence, and we understand the birth pri 
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Fic. 2. Schematic Hertzsprung-Russell diagram for a group of 
young stars of the same age. The heavy solid line is the observed 
diagram, the dotted heavy line is the missing portion of the main 
sequence. The light lines are the evolutionary tracks of individual 
stars, the crosses denote the positions they have reached at the 
present time. 


all. Let us start with a spherical star of low density 
and central temperature of the order of 10°°K, so the 
hydrogen in its interior is hot enough to be ionized but 
too cold to undergo thermonuclear reactions. 

The evolution of such a star can be treated very 
crudely by means of the “quasi-steady-state approxima- 
tion”: We disregard the question of energy production 
at the moment, assume a steady-state star with uniform 
chemical composition and find the temperature, density 
and energy flux throughout the star, as given by the 
equilibrium equations, for a given initial value of the 
central temperature T.. From such a calculation we also 
obtain the luminosity Z and the thermal and gravita- 
tional energies Ei, and V,.. One then repeats this cal- 
culation for a series of (successively larger) values of T. 
We then pretend that the contraction and heating up 
of the actual star is represented by the “movement” 
along this series of steady-state solutions. The time- 
scale of this “movement” is obtained by balancing the 
release of excess gravitational energy against the energy 
radiated away, 


d aT, 
[Ver(T.)+Eu(T.)]X—= —1 (i): (1) 
T dt 


€ 


We have thus obtained the luminosity and radius of 
the star as a function of time.!5 
As mentioned before, comparison of evolutionary 
calculations with observation is helped (i) by the exist- 
ence of groups of stars of the same age and (ii) by the 
fact that án individual star spends a much shorter time 
in its stage of gravitational contraction than it does on 
" the main sequence: The heavy solid curve in Fig. 2 
; (schematcially) the observed Hertzsprung- 


] diagram for a very young star-group" (about 
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109 years old). The upper part of the main sequence js 
present, but the lower part (dotted line, low luminosity 
stars) is missing. In its place we have low luminosity 
stars of very large radius (small surface temperature), 
The light lines represent the evolutionary track of 
individual stars, the cross on each line represents the 
stage to which each star has evolved during the common 
lifetime of the group. The more luminous (more massive) 
stars evolve more rapidly, have already reached the 
main sequence and “stay put" on it (at least for times 
much longer than the age of the group). For the less 
luminous (and less massive) stars we see a "snapshot 
picture" of various stages during the gravitational con- 
traction—the earliest stages for the least luminous stars 
which evolve most slowly. The heavy line (“contraction 
branch") to the right of the main sequence, the ob- 
served “snapshot,” does not differ very much from the 
evolutionary track of an individual star. In other words, 
stars on different parts of the ''contraction branch" 
have similar masses and will lie close to each other by 
the time they have all reached the main sequence 
(stars of much smaller mass simply haven't contracted 
enough to radiate sufficiently in the visible spectral 
region). 

The ‘quasi-steady-state-approximation” is reason- 
ably good in the present case: The luminosity of a star 
is given mainly by the equilibrium equations, not by the 
law of energy production, and is not very different if the 
energy source is gravitational rather than nuclear. 
Dynamic effects have been neglected. That is, we have 
neglected the imbalance between gravitational force 
and pressure gradient, which produces the inward 
motion of matter during the contraction. This im- 
balance is very small and the kinetic energy contained 
in the contraction itself is very small compared with 
the thermal or gravitational energy contant. To get a 
feeling for the orders of magnitude—if there were no 
pressure gradient at all, the star would collapse in a 
matter of hours compared with the actual contraction 
times of the order of 109 years. Nevertheless, the quasi- 
steady approximation is only in semiquantitative 
agreement with more accurate calculations! on the 
detailed evolution of a star. For instance, the "dip" 
near the main sequence on the heavy line in Fig. 2, 
which is found both observationally and in the accurate 
calculations, would not be obtained from a crude 
quasi-steady-state calculation. 

One minor point bears mentioning: If a star had = 
originally contained large amounts of deutenum, È 
lithium, beryllium, or boron, these substances would 
have largely “burned up” during the gravitational 
contraction before reaching the main sequence (ve 
Sec. 7). The Hertzsprung-Russell "snapshot picture 
for such a group of stars would then have deviated from 
that shown in Fig. 2. The absence of clear-cut effects 
of this nature in the observations to date thus puts 


18Henye, LeLevier, and Levée, Publ. Astron. Soc. Pa 
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upper limit on the original abundances of these elements. 
However, these upper limits at present are in any case 
larger than the various estimates from other considera- 
tions for these abundances. 


7. THERMONUCLEAR REACTIONS WITH HYDROGEN 


From the point of view of stellar energy production, 
by far the most important thermonuclear reactions are 
two series of reactions called the proton-proton chain 
(p-p) and carbon-nitrogen (C—N) cycle. The net 
result of each of these series of reactions is 


AH'—He*4-2»4-26.7 Mev. (2) 


Of this energy release, only about 0.5 Mev (p-p) or 1.4 
Mev (C— N) are lost in the form of neutrino (v) kinetic 
energy, the rest is transformed into thermal energy 
inside the star. The overwhelming importance as 
stellar energy sources of these two reaction chains is 
due the fact that hydrogen constitutes the bulk of 
stellar matter and that the energy release, per unit 
mass, is greater in the H— He conversion than for 
any other nuclear processes in stars. The rate of energy 
production per g/sec from these two chains is plotted 
roughly against temperature in Fig. 3. The carbon 
cycle rate increases much more steeply with tempera- 
ture and dominates for the more luminous and massive 
stars. The p-p chain dominates slightly for the sun and 
strongly for all less massive (and less luminous) main 
sequence stars. 

Because of their importance, the proton-chain and 
carbon cycle have been restudied and reviewed’? 
extensively in the last few years so I shall not describe 
them any further. Instead, I will give some general 
remarks about the systematics of thermonuclear 


E 1050 Epp 


5 10 [5 Uo te" s» - c 


Fic. 3. The energy production on the proton-proton chain 
(epp) and on the carbon-nitrogen cycle (ecn), plotted against 
temperature T (in units of 10°°K). The curves are for pxu?=100 
and xcon/*xH=0.005, where p is density in g/cc and xq, xcw are 
the abundances (by mass) of hydrogen and of the C, N group. 


19 E, E. Salpeter, Phys. Rev. 88, 547 (1952); E. A. Frieman and 
L. Motz, Phys. Rev. 89, 648 (1953); W. A. Fowler, Mem. soc. 
roy. sci. Liége 14, 88 (1954); Bosman-Crespin, Fowler, and 
Humblet, Bull. soc. roy. sci. Liége, Nos. 9-10, 327 (1954). 
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reactions in stars in general, in particular about those” 
which involve hydrogen as one of the reactants. 

The time scale of these thermonuclear reactions is 
enormously long, not only compared to nuclear times, 
but even long compared to reaction times in somewhat 
related terrestrial devices. The reason for this is essen- 
tially the following. The luminosity of the star is 
essentially given, not by nuclear physics, but just by 
the opacity and hydrodynamics of the star. Thus, it is 
really the atomic physics that calls for a particular 
luminosity, and therefore a particular rate of energy 
production. That rate is quite small and the total 
energy content in nuclear reactions is quite large. 

From these two considerations it follows that the time 
factor of these thermonuclear reactions in stars has to 
be of the order of a million to billions of years. 

The temperature has to adjust itself in such a way as 
to give these very long time scales. That is, the tem- 
perature must be such that the thermal energy per ion 
will be extremely small compared to the Coulomb 
barrier (we will only be talking about reactions between 
charged particles for the moment). When the ratio 
between the Coulomb barrier and the thermal energy is 
of the order of a thousand, the rates are obviously 
extremely small. One of the consequences of this is 
that most of the energy production comes from a very 
narrow energy range, large compared to the thermal 
energy, small compared to the barrier height, where the 
product of the Maxwell-Boltzmann factor and the 
Coulomb barrier penetration factor (both small) has a 
maximum. For people trying to calculate reaction rates 
in the stars, this has a rather unfortunate consequence. | 
Since this energy range is rather narrow and also lies 
at such a low energy, the cross sections cannot be 
measured directly in the laboratory. Also, they are very 
sensitive to resonances in the reactions which may occur à 
in or near this narrow energy region and which are 
very difficult to observe. But at least that keeps both 
the theorists and experimentalists busy. 

You can see then that the rate of these reactions is 
very temperature-sensitive, and also depends very 
strongly on the charge of the particles involved. 
Another thing that follows is that we need only talk of 
exothermic nuclear reactions, as the endothermic ones 
are almost impossible when you only have a few 
kilovolts of kinetic energy. Furthermore, since the time 
scale is so long, these reactions occur only with stable 
nuclei; in other words, if a beta-active nucleus is made — 
in one reaction, it will have plenty of time to beta decay ET 
before it will absorb another proton or alpha particle. — 

As to the important reactions where protons are ——— 
absorbed by various other kinds of nuclei, there are 
essentially two main trends which determine what is 
happening. One of them is just that, in the packi 


? E. E. Salpeter, Phys. Rev. 97, 1237 (1955) ; Fowler, Bur! 
and Burbidge, Astrophys. J. 122, 271 (1955). The prot 
reaction does not fit into this scheme, since it in 
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fraction curve, the binding energy per nucleon increases 
up to iron, which implies that in general (5,y) reactions 
1 are exothermic. But that is not the whole story. The 
de main part, or at least the other part, is the fact that 
E alpha particles and also (JV — Z — 27) nuclei are particu- 
larly stable.?! For this reason, on (V — 214-2, Z=2n+ 1) 
nuclei, (p,2) as well as (5,y) reactions will in general 
be exothermic. Even though the ($,y) reaction would 
release more energy, a reaction resulting in the emission 
E of a particle has a larger partial width than a radiative 
a transition. This has the result that a (5,«) reaction will 
- usually win out, providing the energy of the alpha 
particle is not so small that the barrier penetration 
factor prevents it. This has the important consequence 
that, given hydrogen and some fairly light nucleus, 
one does not just get successive building on by ($,y) 
reactions and beta decay in one long chain up to the 
3 iron group. Rather, one gets cycles of reactions, of 
^ which the carbon-nitrogen cycle is by far the most 
= important, but nevertheless only one, example. 

The net result in each of these cycles is that of Eq. (2). 
i.e., the conversion of hydrogen into helium, with the 
other nuclei acting merely as catalysts: Starting from 
the (Z— N —27) nucleus three (p,y) reactions and two 
positron-emitting beta decays (occurring in different 
orders in the different cycles) lead to the (V=2n+2, 
Z=2n-+1) nucleus. The (5,0) reaction on this nucleus 
then completes the cycle. The competing (9,7) reaction, 
if it were important, would convert the original nuclei 
into the (Z= N — 2z--2)-nucleus instead of reproducing 
. the lighter nuclei. We give below four examples of such 
_ cycles, the four beta-stable nuclei that occur in each 
_ and the energy releases of the competing (p,a) and 
(p,y) reactions. 


CI, Ci, N'4, NI5; (5,3) C?--5.0 Mev; 
(p,y)O +12.2 Mev. 
Ne”, Ne”, Ne”, Na”; (5,2)Ne?--2.4 Mev; 
(p y)Mg +11.5 Mev. 
Mg” Mg”, Mg”, Al: (p,2)Mg#+1.6 Mev; (3) 
E (pyy)Si?8+-11.6 Mev. 
(vii) Si?8, Si?*, Si, P*'; (5,0)Si/*4-1.9 Mev; 
w (5,y)8S?4-4.6 Mev. 
In both the C—N and Ne—Na cycles, the (p,a) 
on does in fact dominate over the (p,y) reaction 
t uclei are not lost during their cycles. The 
ic » of the two competing reactions, both 
id the Si—P cycle, depend on the 


Be - 


(A, ) rate » 
n ty, the exceptions to our “cycle rule” are as 


ber of neutrons and protons in the 
are considering fairly light nuclei at 
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- hottest stars which still contain an appreciable amount 


important as are the good examples: In particular, the 
cycles with n=1, 2, and 4 are missing. For n=1, there 
is no He'(5,y) reaction and both lithium isotopes are 
broken down to helium without being replenished, 
For n=2, we "almost" have a Be— B cycle, but the 
Be? formed in the last reaction is unstable and breaks 
up into two alpha particles. Thus the beryllium and 
boron isotopes are also broken down into helium 
without being replenished. Finally, for n=4, there is 
no O—F cycle because (f,a) reactions on O" and 08 
(as well as on F") are possible. If the full chain of 
reactions is uninterrupted, the oxygen and fluorine 
isotopes are thus converted into isotopes of the carbon- 
nitrogen group. 

To return to the relevance of these proton reactions 
to stellar interiors: The thermonuclear rates of the . 
various reactions decrease strongly with increasing 
nuclear charge and increase strongly with temperature. 
The proton reactions on the Li, Be, and B isotopes are 
sufficiently fast already at temperatures much smaller 
than the central temperatures of main sequence stars. 
Since these nuclei are converted into helium, rather - 
than recycled, they are burned up during the early 
contraction of a star. In a main sequence star, the bulk 
of the hydrogen takes part in the C—N cycle (or p$ 
chain). At these temperatures, characteristic for the 
C—N cycle, the Ne—Na cycle and the O!'$(p3) 
reaction proceed rather slowly. 'These reactions are 
unimportant as energy sources but, at least in the 


of hydrogen, may be of importance regarding theories of 
element formation. In particular, these reactions may 
provide a source of O" and Ne”! which, in tum, can 
undergo reactions which produce neutrons. 


f 

i 
8. THERMONUCLEAR REACTIONS WITHOUT i 

HYDROGEN 3 

As outlined in Sec. 5, stars which have exhausted a : 
large fraction of their hydrogen will leave the main — — 
sequence; their interior contracts and heats up. Before — 
discussing the evolution of such stars, I will outline. 
what types of thermonuclear reactions can go on in a 
large gas mass, largely devoid of hydrogen, as iis 
temperature is raised very slowly. S 
We consider a gas of almost pure ionized He, 
possibly with small amounts of O!5, the isotopes of the 
C—N and Ne—Na groups and of the metals present. 
At temperatures of a few times 107°K, no nuclear 
reactions proceed at any appreciable rate: The Coulomb 
barrier is too large for any reaction other than the 
collision of two alpha particles, but such a collision 
cannot lead to any exothermic reaction (Be? is unstable) 
The only exothermic reaction which can occur in pure 
helium is the conversion of three alpha particles. Into 
one carbon nucleus,? E 


3 He! C?-F-»4-7.66 Mev. 


?: E, J. Öpik, Proc. Roy. Irish Acad. A54, 49 (1951); E. E. 9 
ter, Astrophys. J. 115, 326 (1952). ] 
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The reaction rate for such a “triple collision” might be 
expected to be extremely slow at densities of 10? to 
105 g/cc, unless the temperature is very high indeed. 
In fact, the speed of the reaction in Eq. (4) is increased 
enormously by the chance coincidence of two resonance 
levels in two nuclei occurring in the most opportune 
energy regions: Although Be? is not stable, its ground- 
state energy is not much higher than that of two alpha 
particles with thermal kinetic energies (for temperatures 
of about 108°K). We thus have a dynamic equilibrium 
set up in which a certain small fraction of the matter 
is in the form of Be’. The other resonance of interest? 
is the second excited state in CP, which lies at an energy 
slightly larger than that of a Be? nucleus plus an alpha 
particle plus thermal kinetic energy. The He—C 
conversion thus takes place by way of an (a,y) reaction 
on Be? through the second excited level of C^; 

Much experimental and theoretical work has been 
done on this resonance level in C?, the most critical 
part of the key reaction to all later reactions. The rates 
of this reaction, at various temperatures and densities, 
are known to within about a factor of ten either way”: 
The energy of the GP? level has been measured very 
accurately and it has been verified that it has the right 
spin and parity to be formed from Be? plus an alpha 
particle. The same experiments have given an upper 
limit for the partial width of transitions to the ground 
state from this level. Inelastic electron scattering 
experiments at Stanford give, indirectly, a lower limit 
for this width and theoretical estimates for its actual 
value have also been made. 

The 3a—C? reaction time is of the right order of 
magnitude (10* to 10” years) for stellar energy produc- 
tion at temperatures of about 1X108°K (for densities 
of the order of 10* g/cc). At these temperatures, 
further (a,y) reactioàs also go on, starting with the 
C? which has been formed. A chain of such (a,y) 
reactions could, in principle, build up (V—Z- 2n) 
nuclei up to Ca*, At temperatures of about 1X 105^ K, 
however, only the reactions 


C" (a,y)O!52-7.2 Mev; Ot*(a,y)Ne?--4.8 Mev (5) 


proceed rapidly enough. The net effect of these reactions . 


is then the depletion of He!, the buildup of €”, O18, 
and Ne? (and, possibly, a little Mg), accompanied by 
an energy release of about 0.9 Mev per nucleon (com- 
pared with about 6.5 Mev per nucleon in the H—He 
conversion). The reaction rates are known accurately 
enough for the purpose of stellar energy production, 
but are not yet accurate enough from the point of view 
of element-synthesis: In the O!*(o,y) reaction, in 
particular, the possible effects of two resonance levels 


23 Dunbar, Pixley, Wengel, and Whaling Phys. Rev. 92, 649 
1953). 
s 24 Qj E. E. Salpeter in “Symposium on astrophysics,” Univ- 
ersity of Michigan (July 1953, UR report); (b) F. Hoyle, 
Astrophys. J. Suppl. Ser. 1, 121 1954); (c) Hayakawa, Hayashi, 
Imoto, and Kikuchi, Progr. Theoret. Phys. (to be published); 
(d) W. A. Fowler et al. Phys. Rev. (to be published). 
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"extent (Sec. 7) if small amounts of hydrogen are 


in the right energy region are still unknown. We Y 
therefore do not know yet the abundance ratio of O!* E 
to Ne?, which will be produced by this chain of À 
reactions. 

Another type of reaction is of importance. for we 
synthesis at these (or even slightly lower) temperatures. 
Again because of the great stability of light (Z = N —2z) 
nuclei, (o,z) reactions on some (Z=2n, N=2n-+1) 
nuclei are exothermic. In particular, (o7) reactions on 
the nuclei C?, O", and Ne” proceed rapidly enough?* 
at these temperatures. These isotopes are much too 
rare for reactions involving them to serve as a significant 
energy source. On the other hand, even fairly small 
amounts of neutrons may be of importance in synthe- - 
sizing many of the less abundant isotopes. In addition, E 
the nuclei C5, OY, and Ne? may be replenished to some 


introduced into the gas mass (e.g., by mixing in from 
the outer layers of the star which are still hydrogen- 
rich). 

Calculations have also been made?* on reactions that 
might take place at still higher temperatures in a gas 
which is helium-deficient, as well as containing no 
hydrogen, i.e., consists mainly of Cl, O!5$, and Ne”. 
At temperatures of about 1X10°°K two different types 
of reactions become important. The one type involves 
the collision between two of the more abundant nuclei. 
The reaction proceeding at the lowest temperature 
(from about 0.5X10??K up) involves the-collision «of - 3 
two C? nuclei, resulting in one of the followtfíg three : 
possibilities 
Mg?4-y4-14 Mev, Ne*-ra4-5 Mev, E 

Na*-+-p+3 Mev. (6) . © 

The other types of reaction involve first of all endo- A 
thermic (y,o) reactions. These are initiated by photons 
with energies “way up in the tail’ of the blackbody — 
radiation spectrum. These photodisintegrations are 

rare, even at these high temperatures, but are followed 

immediately by the inverse processes, (a,y) captures,  - 
on various nuclei. The net result of all these reactions— 
is a tendency for the lighter and less stable nuclei to be - 
destroyed and the slightly heavier and more stable 
nucléi, up to about silicon or sulfur (4-30), to be - 
built up. At slightly higher temperatures still, about — 
(2 to 3)X10°°K, a whole host of reactions begins to - 
take place. Besides the types of reactions already 
mentioned, (y,p) and (5,y) reactions followed by beta | 
decays are also possible, which can result in nu 
containing more neutrons than protons. The end re 
of all these reactions, at about 3X10°°K, : ende 
toward statistical equilibrium of the relative: 
of the nuclides-according to their bindin 
nucleon; i.e., a peak is built-up in the reg 
stable nuclei, in the neighborhoo: 

25 [d 
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Fic. 4. Schematic Hertzsprung-Russell diagram for a typical 
globular cluster. The dotted line represents the missing portion 
of the main sequence. 


The energy release per mass in all these later reactions 
is quite small: The whole chain of reactions leading 
from O!* to Fe*®, say, only produce a total energy 
release of about 0.6 Mev per nucleon. To summarize, 
we have found possible nuclear energy sources at three 
different temperature ranges: (i) The H—He conversion 
at (1 to 3)X107?K with a large release of energy. (ii) 
The He—C, O, Ne conversion at (1 to 2)X108°K with 
a smaller energy release. (iii) A host of reactions 
converting the last group into the iron-group at 
(0.5 to 3)X 10°°K with a very small energy release. 


9. EVOLUTION OF POPULATION II RED GIANTS 


Let us return now to stage (iii), outlined in Sec. 5, in 
the evolution of an individual star, its history after 
it leaves the main sequence. We now have a large 
amount of observational data on the Hertzsprung- 
Russell diagram for stars?’ in globular clusters (extreme 
cases of stellar population II). The various globular 
clusters (seven of them have been analyzed in detail 
so far) are thought to be of about the same age (5 to 
6X 10? years) and have remarkably similar Hertzsprung- 
Russell diagrams, shown schematically in Fig. 4. 

As Fig. 4 shows, the upper part of the main sequence 
is missing, the break (point 0) occurring at stars of 
about twice the sun's luminosity (mass about 1.1 Mo). 
Instead, we have the curve “to the right and up” of 
the main sequence, with fairly definite changes of slope 
at the points marked 1 to 6. According to calculations 
described below, the evolution of an individual star 
off the main sequence is very rapid (especially after 
point 2). The "snapshot picture" in Fig. 4 lies then 
fairly close to the evolutionary track traced out by an 
individual star and the masses of the various stars 

along various parts of the snapshot vary very little 
(from about 1.1M@o at point 1 to about 1.2sMo at 


Sandage, Astron. J. 58, 4 (1953); A. R- 
OUR 14, 254 (1954) ; H. C. Arp, Astron. 
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Much theoretical work has been done in recent years 
on the internal structure of such stars. The latest 
calculations? are in remarkably good semiquantitative 
agreement with the observational data. I shall only 
outline the physical features implied by the theoretical 
results: Until the star has converted about 10 to 15% 
of its hydrogen mass into helium (point 1) it does not 
move far off the main sequence (our sun has progressed 
about halfway towards point 1). But, by this stage, 
it has developed a marked inhomogeneity: We have 
a central core, consisting mainly of inert helium at a 
uniform temperature, surrounded by a hydrogen-rich 
spherical shell in which the H— He energy production 
now takes place. As more hydrogen “burns out,” the 
fraction g of the star’s mass inside the helium core 
grows and the structure of the star varies quite markedly 
with q: 

As the core mass g increases, the density of the core 
increases, the outer envelope of the star becomes more 
tenuous (radius increases) and the luminosity increases. 
The time scale of this evolution is determined by the 
rate at which hydrogen must be burned up (adding its 
mass to q) in order to supply the luminosity. Between 
point 1 and about point 3, this rate is small enough so 
that the rate of release of gravitational energy during 
the contraction of the core is small. The core is then 
almost isothermal, does not heat up much while its 
density increases (the temperature of the hydrogen- 
burning shell is kept near 3X 107?K by the carbon cycle) 
and the electrons in the core's interior are degenerate. 
Near point 3, however,” the rate of the core contraction 
increases. The outward flow of the released gravitational 
energy produces a temperature gradient and the central 
temperature increases during the speedup until it 
reaches about 1.2X109?K at point 4 (the central 
density is now more than 10° g/g¢c). At this stage the 
energy production in the center of the core due to the 
3a—C conversion (Sec. 8) becomes important. This 
central energy production, in a region in which the 
electrons are degenerate, now leads to a very fast 
expansion of the core which continues until the electrons 
are again nondegenerate (density less than 10% g/ec). 
This is reflected in a fairly sudden jump front point 4 
to point 5 in Fig. 4 (the core mass q is about 0.5 at this 
stage). Finally, in its evolution from point 5 toward 
point 6, the star has two steady nuclear energy sources, : 


the 3a—C conversion near the center of the core and F3 
> 


the H— He conversion in the shell outside the core, 

The calculations, whose results I have just described, - 
use a number of rather drastic simplifying approxi- 
mations. The numerical results are thus not yet Very 
accurate, but the semiquantitative agreement with | 
observation is already quite remarkable. Another 


28 A. R. Sandage and M. Schwarzschild, Astrophys. J. Js ‘ 
(1952); F. Hoyle and M. Schwarzschild, Astrophys. J. SUP 
Ser., 2, 1 (1955). 

2 The change in slope at point 2 is due to the onset of con 
in the outermost envelope of the star. 
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word of warning: Even the qualitative features of the 
evolutionary track of an individual star, after it leaves 
the main sequence, are quite sensitive to the star’s 
mass and the development of a star of more than 
twice the solar mass is probably rather different?? from 
that of globular cluster stars. Nevertheless, we have 
both observational and theoretical qualitative data 
which indicate that younger and more massive stars in 
population 7 also evolve away from the main sequence 
towards larger luminosities and radii (red giant region). 
We cannot, of course, have any direct observational 
evidence for the presence of the nuclear reactions, 
described in Sec. 8, in the interior of stars. Nevertheless, 
anomalous abundances of various elements and isotopes 
in the surface of certain types of red giant stars at 
least hint at the formation of C? to Ne? (and possibly 
also of some of the heavier elements). 


10. STELLAR EXPLOSIONS 


. I would like to conclude with two speculative ideas 

on the possibilities of stellar explosions; i.e., thermo- 
nuclear reactions which do not proceed on a long time 
scale, but on a very short one. The first one has to do 
with the expanding associations of gas and dust, 
mentioned in Sec. 5. Such an association seems to be a 
dynamic unit, containing a mass of a few hundred Mo 
or more, and has quite a large amount of kinetic energy 
stored in its high expansion velocity. The problem is, 
what was the original energy source which fed this 
enormous expansion? r MV a 

The most spectacular of various attempts at an 
explanation of this phenomenon is the following.*! 
Assume that the original gas mass contracted under 
very special circumstances, for instance, by having 
very little angular momentum initially and by having 
density fluctuations in just the right way so that the 
whole thing fell in at a rapid rate. It heated up as it 
contracted, but had enough inwardly directed mo- 
mentum so that it overshot the point where the first 
thermonuclear reaction would ordinarily stop the 
contraction. An appreciable fraction of the hydrogen 
in the central regions of this contracting gas mass 
might thus be converted into helium very suddenly. 
The enormous amount of energy produced raises the 
central pressure, which finally overcomes the inwardly 
directed momentum and an explosion (fast expansion) 
results. Since the exploding region is surrounded by a 
gas mass of very large radius, the original explosion 
would probably not be seen in terms of visible light. 
This explosion would eventually lead to a spherical 
expanding shock wave and bright stars might be formed 
out of the gas in a region near the shock front.?? 

The above hypothesis is, at the moment, highly 


» R. J. Tayler, Astrophys. J. 120, 332 (1954). 
31 Ra work by J. F. Bird (Cornell University), 


ing a suggestion by T. Gold. 
eT TE XEM L. Spitzer, Astrophys. J. 121, 6 (1955); M. P. 
Savedoff and J. Greene, Astrophys. J. 122, 477 (1955). 
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Fic. 5. The (schematic) light curve ofla supernova of Type I. 
L is the luminosity in arbitrary units, plotted against time (in 
days after the initial eruption). 


speculative, but it also serves as an introduction to one 
part of the other hypothesis I want to talk about. This 
has to do with the 55-day half-life of the light curve of 
supernovae of Type I and with the fission decay of 
Cf? with the same half-life. In Fig. 5, the life history 
of the logarithm of the luminosity of a supernova, 
after it has first erupted, is shown. There is an enormous 
peak for the first 100 days or so, and then there is a 
very peculiar "tail" which, total energy-wise, is only 
about 10-? of the original hump. This tail is an ex- 
ponential curve for about 600 days with a 55-day 
half-life. The same half-life is found among-all super- 
novae of this type (Type J). One has little direct 
observational evidence, for what happens afterwards 
but, as you will hear from Professor "Morrison irn his 
talk on the origins of cosmic rays, there is at least 
indirect evidence that 1000 years later, in the Crab 
nebulae, there still is something or other that gives off 
energy. Thus, the contribution of the “CP decay” is . 
just a tiny part in quite a long-and complicated light 
curve. It is, nevertheless, very spectacular to find a 
pure exponential decay for a period of over 10 times 
the half-life. , 

Previous theories on supernovae all had the one ~ 
essential thing in common. One starts with the core 
of the star composed to a large extent of the most 
stable nuclei, the iron group. Then it is argued that, 
since this is the most stable possibility, any further 
nuclear reactions can only absorb energy. This, how- 
ever, can lead to a collapse in the following way. If 
there is a nuclear process which is not only endothermic, k 
but whose rate increases with density, then this will — 
certainly result in collapse. First there is some ener 
loss, then the star contracts a bit, then its density 
up and there is a higher rate for the reaction, and s 
There are various kinds of such theories, but that 
essence of them. The one that is being inves 
most and works out the best is Gamow and Sch: 
Urca process. 


$ G. Gamow and M. Schönberg, Phys. Rev. 
G. Gamow (unpublished work). "S ir m 
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It was fairly easy to see how the core of a star could 
collapse suddenly. What was not so easy to see was 
how one could get an explosion out of a collapsing star. 
This is where the Cal. Tech. group came in.™ They 
observed tliat only the core of the star need be entirely 


the details of the chemical composition of this mantle 
and must explain the observed 55 day half-life. Briefly, 
the Cal. Tech. group's theory assumes that there occur 
roughly equal proportions of hydrogen, helium, and the 
elements from C to Ne. Given this initial chemical 
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composed of the most stable nuclei. Outside of the core, 
say the outer half, there will undoubtedly be some iron, 
but this “mantle” will also contain lighter elements 
with a potentially large store of nuclear energy. Then, 
as the core suddenly collapses, the outer mantle will 
also begin to shrink quite rapidly and will heat up. 
Like in the other story I just told you, the hope is that 
the inwardly directed momentum during the collapse 
of this mantle will be large enough so that one gets a 
large rate of thermonuclear reactions before the 
contraction is brought to a halt. The star will then blow 
up and, if the mechanism was right, it will have put 
quite a bit of energy into the expanding cloud. 

A much more specific part of the theory depends on 


*! Burbidge, Hoyle, Burbidge, Christy, and Fowler, Phys. Rev. 
103, 1145 (1956). 


composition and with the right cross-section values 
(which we are not quite sure about yet), neutrons are 
made in essentially the following way. First Ne js 
made by a (,y) reaction on Ne? and then neutrons 
come off from just the (a,n) reactions already discussed 
(Sec. 8) as going on in “ordinary” stars at about 108°K. 
This time, however, the reactions proceed very, very 
rapidly. Once neutrons are made, they can be captured 
by nuclei in the iron group. It is possible to build all 
the way up to nuclei with A~270 by alternating 8 
decays with the neutron captures. When the whole 
star explodes, at least some of the products will have 
alpha decayed down to Cf**! which has a fission life of 
just the right time and a very large energy release per 
particle. Many quantitative aspects of the “Cal. Tech. 
theory" still remain to be tested, but it already seems 
like a very promising idea. 
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building on East 45th Street near United Nations Plaza. The 
building has been acquired with the proceeds of the sale of the old 
building at 57 East 55th Street. Removal to the new and much 
larger headquarters is scheduled for June, 1957. 

With the enlarged space of the new building, it will be possible 
to continue furnishing the physics journals at a subscription price 
per word considerably lower than is commercially feasible. With 
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expanded journals, more complete reporting of physics research 
can be provided. 

The AIP now publishes over 19 000 pages of journals per year, 
serving over 17000 members and a total of more than 69000 
subscribers. A high standard of economy of publishing is main- 
tained. The journals bear no purchase cost or depreciation charge 
for the equipment or building space used for them by the Institute. 
Aside from publishing, the AIP helps to exert the concerted effort 
of the national societies of physics to achieve recognition for 
physics, to improve teaching, to expand opportunities and 
facilities for research, and to cooperate with other societies im 
advancing science and technology in America. 

The help of all friends of physics is urgently needed. Checks 
should be made payable, and sent, to “AIP DEVELOPMENT 
FUND,” 57 East 55th Street, New York 22, New York. 
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INTRODUCTION 


HE principal theme of this discourse is the great 

difference between the relation of special relativ- 
ity and quantum theory on the one hand, and general 
relativity and quantum theory on the other. Most of 
the conclusions which will be reported on in connection 
with the general theory have been arrived at in col- 
laboration with Dr. H. Salecker! who has spent a 
year in Princeton to investigate this question. 

The difference between the two relations is, briefly, 
that while there are no conceptual problems to separate 
the theory of special relativity from quantum theory, 
there is hardly any common ground between the general 
theory of relativity and quantum mechanics. The 
statement, that there are no conceptual conflicts 
between quantum mechanics and the special theory, 
should not mean that the mathematical formulations 
of the two theories naturally mesh. This is not the case, 
and it required the very ingenious work of Tomonaga, 
Schwinger, Feynman, and Dyson? to adjust quantum 
mechanics to the postulates of the special theory and 
this was so far successful only on the working level. 
What is meant is, rather, that the concepts which are 
used in quantum mechanics, measurements of positions, 
momenta, and the like, are the same concepts in terms 
of which the special relativistic postulate is formulated. 
Hence, it is at least possible to formulate the require- 
ment of special relativistic invariance for quantum 
theories and to ascertain whether these requirements 
are met. The fact that the answer is more nearly no 
than yes, that quantum mechanics has not yet been 
fully adjusted to the postulates of the special theory, 

* Address of retiring president of the American Physical 
Society, January 31, 1957. 

1 This will be reported jointly with H. Salecker in more detail 
in another journal. 

2 See, e.g., J. M. Jauch and F. Rohrlich, The Theory of Protons 
and Electrons (Addison-Wesley Press, Cambridge, Massachusetts, 
1955). 
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is perhaps irritating. It does not alter the fact that the 
question of the consistency of the two theories can at 
least be formulated, that the question of the special 
relativistic invariance of quantum mechanics by now 
has more nearly the aspect of a puzzle than that of a 
problem. 

This is not so with the general theory of relativity. 
The basic premise of this theory is that coordinates 
are only auxiliary quantities which can be given 
arbitrary values for every event. Hence, the measure- 
ment of position, that is, of the space coordinates, is 
certainly not a significant measurement if the postulates 
of the general theory are adopted: the coordinates can 
be given any value one wants. The same holds for 
momenta. Most of us have struggled with the problem 
of how, under these premises, the general theory of 
relativity can make meaningful statements and predic- 
tions at all. Evidently, the usual statements about 
future positions of particles, as specified by their 
coordinates, are not meaningful statements in general 
relativity. This is a point which cannot be emphasized 
strongly enough and is the basis of a much deeper 
dilemma than the more technical question of the 
Lorentz invariance of the quantum field equations. 
It pervades all the general theory, and to some degree 
we mislead both our students and ourselves when we 
calculate, for instance, the mercury perihelion motion 
without explaining how our coordinate system is fixed 
in space, what defines it in such a way that it cannot 
be rotated, by a few seconds a year, to follow the 
perihelion’s apparent motion. Surely the x axis of our 
coordinate system could be defined in such a way that 


it pass through all successive perihelions. There must 


be some assumption on the nature of the coordinate 
system which keeps it from following the perihelion. 
This is not difficult to exhibit in the case of the motion 
of the perihelion, and it would be useful to exhibit it. 
Neither is this, in general, an academic point, even 
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256 EUGENE P. 
though it may be academic in the case of the mercury 
perihelion. A difference in the tacit assumptions which 
fix the coordinate system is increasingly recognized to 
be at the bottom of many conflicting results arrived at 
in calculations based on the general theory of relativity. 
Expressing our results in terms of the values of co- 
ordinates became a habit with us to such a degree that 
we adhere to this habit also in general relativity where 
values of coordinates are not per se meaningful. In 
order to make them meaningful, the mollusk-like 
coordinate system must be somehow anchored to 
space-time events and this anchoring is often done with 
little explicitness. If we want to put general relativity 
on speaking terms with quantum mechanics, our first 
task has to be to bring the statements of the general 
theory of relativity into such form that they conform 
with the basic principles of the general relativity theory 
itself. It will be shown below how this may be attempted. 


TUM THEORY OF ELEMENTARY 
SYSTEMS 

The relation between special theory and quantum 
mechanics is most simple for single particles. The 
equations and properties of these, in the absence of 
interactions, can be deduced already from relativistic 
invariance. Two cases have to be distinguished: the 
particle either can, or cannot, be transformed to rest. 
If it can, it will behave, in that coordinate system, 
as any other particle, such as an atom. It will have an 
intrinsic angular momentum called J in the case of 
atoms and spin S in the case of elementary particles. 
This leads to the various possibilities with which we 
are familiar from spectroscopy, that is spins 0, 3, 1, 
$, 2, --- each corresponding to a type of particle. 
If the particle cannot be transformed to rest, its 
velocity must always be equal to the velocity of light. 
Every other velocity can be transformed to rest. The 
rest-mass of these particles is zero because a nonzero 
rest-mass would entail an infinite energy if moving 
with light velocity. 

Particles with zero rest-mass have only two directions 
of polarization, no matter how large their spin is. This 
contrasts with the 25-]-1 directions of polarization for 
particles with nonzero rest-mass and spin S. Electro- 
magnetic radiation, that is, light, is the most familiar 
example for this phenomenon. The “spin” of light is 1, 
but it has only two directions of polarization, instead 
of 2S4-1—3. The number of polarizations seems to 
jump discontinuously to two when the rest-mass 
decreases and reaches the value 0. Bass and Schrödinger? 
followed this out in detail for electromagnetic radiation, 
that is, for S=1. It is good to realize, however, that 
this decrease in the number of possible polarizations is 

purely a property of the Lorentz transformation and 


‘holds for any value of the spin. 
There is nothing fundamentally new that can be said 


EE Bassand E. Schródinger, Proc. Roy. Soc. (London) A232, 1 
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about the number of polarizations of a particle and the 
principal purpose of the following paragraphs is to 
illuminate it from a different point of view.‘ Instead of 
the question: “Why do particles with zero rest-mass 
have only two directions of polarization?" the slightly 
different question, “Why do particles with a finite 
rest-mass have more than two directions of polariza- 
tion?" is proposed. : 

The intrinsic angular momentum of a particle with 
zero rest-mass is parallel to its direction of motion, 
that is, parallel to its velocity. Thus, if we connect 
any internal motion with the spin, this is perpendicular 
to the velocity. In case of light, we speak of transverse 
polarization. Furthermore, and this is the salient point, 
the statement that the spin is parallel to the velocity 
is a relativistically invariant statement: it holds as 
well if the particle is viewed from a moving coordinate 
system. If the problem of polarization is regarded from 
this point of view, it results in the question, “Why 
can't the angular momentum of a particle with finite 
rest-mass be parallel to its velocity?" or “Why can't 
a plane wave represent transverse polarization unless 
it propagates with light velocity?" The answer is that 
the angular momentum can very well be parallel to 
the direction of motion and the wave can have trans- 
verse polarization, but these are not Lorentz invariant 
statements. In other words, even if velocity and spin 
are parallel in one coordinate system, they do not 
appear to be parallel in other coordinate systems. 
This is most evident if, in this other coordinate system, 
the particle is at rest: in this coordinate system the 
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Fic. 1. The short simple arrows illustrate the spin, the double 
arrows the velocity of the particle. One obtains the same state, 
no matter whether one first imparts to it a velocity in the direction - 
of the spin, then rotates it (R(#)A(0,¢)), or whether nd first 
rotates it, then gives a velocity in the direction of the Spin — 
(A (9,9) R(0)). See Eq. (1.3). . 


^ The essential point of the argument which follows is contain 
in the present writer's paper, Ann. Math. 40, 149 (1939) x 
explicitly in his address at the Jubilee of Relativity ier 
Bern, 1955 (Birkhauser Verlag, Basel, 1956), A. Mercier 
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F16. 2. The particle is first given a small velocity in the direction 
of its spin, then increasing velocities in a prependicular direction 
(upper part of the figure). The direction of the spin remains 
essentially unchanged; it includes an increasingly large angle 
with the velocity as the velocity in the perpendicular direction 
increases. If the velocity imparted to the particle is large (lower 
part of the figure), the direction of the spin seems to follow the 
direction of the velocity. See Eqs. (1.8) and (1.7). 


angular momentum should be parallel to nothing. 
However, every particle, unless it moves with light 
velocity, can be viewed from a coordinate system in 
which it is at rest. In this coordinate system its angular 
momentum is surely not parallel to its velocity. 
Hence, the statement that spin and velocity are 
parallel cannot be universally valid for the particle 
with finite rest-mass and such a particle must have 
other states of polarization also. 

It may be worthwhile to illustrate this point some- 
what more in detail. Let us consider a particle at rest 
with a given direction of polarization, say the direction 
of the z axis. Let us consider this particle now from a 
coordinate system which is moving in the —z direction. 
'The particle will then appear to have a velocity in the 
z direction and its polarization will be parallel to its 
velocity (Fig. 1). It will now be shown that this last 
statement is nearly invariant if the velocity is high. 
It is evident that the statement is entirely invariant 
with respect to rotations and with respect to a further 
increase of the velocity in the z direction. This is 
illustrated at the bottom of the figure. 'The coordinate 
system is first turned to the left and then given a 
velocity in the direction opposite to the old z axis. 
The state of the system appears to be exactly the same 
as if the coordinate system had been first given a 
velocity in the —z direction and then turned, which is 
the operation illustrated at the top of the figure. The 
state of the system appears to be the same not for any 
physical reason but because the two coordinate systems 
are identical and they view the same particle (see 
Appendix I). 

Let us now take our particle with a high velocity in 
the z direction and view it from a coordinate system 
which moves in the — y direction. The particle now will 
appear to have a momentum also in the y direction, its 
velocity will have a direction between the y and z 
axes (Fig. 2). Its spin, however, will not be in the 


INVARIANCE AND QUANTUM PHENOMENA 


CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation 


direction of its motion any more. In the nonrelativistic 
case, that is, if all velocities are small as compared with 
the velocity of light, the spin will still be parallel to z 
and it will, therefore, enclose an angle with the particle’s 
direction of motion. This shows that the statement that 
the spin is parallel to the direction of motion is not 
invariant in the nonrelativisitic region. However, if 
the original velocity of the particle is close to the light 
velocity, the Lorentz contraction works out in such a 
way that the angle between spin and velocity is given by 


tan (angle between spin and velocity) C 
—(1—9/c) sino, (1) 


where 2 is the angle between the velocity v in the 
moving coordinate system and the velocity in the 
coordinate system at rest. This last situation is illus- 
trated at the bottom of the figure. If the velocity of 
the particle is small as compared with the velocity: 
of light, the direction of the spin remains fixed and is 
the same in the moving coordinate system as in the 
coordinate system at rest. On the other hand, if the 
particle's velocity is close to light velocity, the velocity 
carries the spin with itself and the angle between 
direction of motion and spin direction becomes very 
small in the moving coordinate system. Finally, if the 
particle has light velocity, the statement “spin and 
velocity are parallel" remains true in every coordinate 
system. Again, this is not a consequence of any physical 
property of the spin, but is a consequence of the 
properties of Lorentz transformations: it is a kind of 
Lorentz contraction. It is the reason for the different 
behavior of particles with finite, and particles with 
zero, rest-mass, as far as the number of states of 
polarization is concerned. (Details of the calculation 
are in Appendix I.) 

The preceding consideration proves more than was E 
intended: it shows that the statement “spin and 
velocity are parallel for zero mass particles" is invariant 
and that, for relativistic reasons, one needs only one 
state of polarization, rather than éwo. This is true as 
far as proper Lorentz transformations are concerned. 
The second state of polarization, in which spin and 
velocity are antiparallel, is a result of the reflection 
symmetry. Again, this can be illustrated on the example 
of light: right circularly polarized light appears as 
right circularly polarized light in all Lorentz frames of gor. 
reference which can be continuously transformed into FS Z 
each other. Only if one looks at the right circularly 
polarized light in a mirror does it appear aan jn 
circularly polarized light. The postulate of refl n 
symmetry allows us to infer the existence c of left 
circularly polarized light from the existence of r 
circularly polarized light—if there were no su h 
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nonzero mass. For these, the 2S+1 directions of 
polarization follow from the invariance of the theory 
with respect to proper Lorentz transformations. In 
particular, if the particle is at rest, the spin will have 
different orientations with respect to coordinate 
systems which have different orientations in space. 
Thus, the existence of all the states of polarization follow 
from the existence of one, if only the theory is invariant 
with respect to proper Lorentz transformations. For 
particles with zero rest-mass, there are only two 
states of polarization, and even the existence of the 
second'one can be inferred only on the basis of reflection 
symmetry. 
REFLECTION SYMMETRY 


The problem and existence of reflection symmetry 
have been furthered in a brilliant way by recent 
theoretical and experimental research. There is nothing 
essential that can be added at present to the remarks 
and conjectures of Lee, Yang, and Oehme, and all 
that follows has been said, or at least implied, by 
Salam, Lee, Yang, and Oehme.? The sharpness of the 
break with past concepts is perhaps best illustrated by 
the cobalt experiment of Wu, Ambler, Hayward, 
Hoppes, and Hudson. 

The ring current—this may be a permanent current 
in a superconductor—creates a magnetic field. The Co 
source is in the plane of the current and emits f particles 
(Fig. 3). The whole experimental arrangement, as 
shown in Fig. 3, has a symmetry plane and, if the 
principle of sufficient cause is valid, the symmetry 
| plane should remain valid throughout the further fate 
. — Of the system. In other words, since the right and left 
- — sides of the plane had originally identical properties, 
_ there is no sufficient reason for any difference in their 
_ properties at a later time. Nevertheless, the intensity 

- of the 8 radiation is larger on one side of the plane than 
— — the other side. The situation is paradoxical no matter 
what the mechanism of the effect is—in fact, it is 
nost paradoxical if one disregards its mechanism and 
ieory entirely. If the experimental circumstances can 
idealized as indicated, even the principle of sufficient 
cause seems to be violated. 

It is natural to look for an interpretation of the 
experiment which avoids this very far-reaching conclu- 
d, indeed, there is such an interpretation.™ It 
à to reiterate, however, that no matter what 

n is adopted, we have to admit that the 

the real world is smaller than we had 
pes the symmetry may still include 
bo i 
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Fic. 3. The right side is the mirror image of the left side, 
according to the interpretation of the parity experiments* which 
maintains the reflection as a symmetry element of all physica! 
laws. It must be assumed that the reflection transforms matter 
into antimatter: the electronic ring current becomes a positronic 
ring current, the radioactive cobalt is replaced by radioactive 
anticobalt. 


If it is true that a symmetry plane always remains a 
symmetry plane, the initial state of the Co experiment 
could not have contained a symmetry plane. This would 
not be the case if the magnetic vector were polar—in 
which case the electric vector would be axial. 'The charge 
density, the divergence of the electric vector, would then 
become a pseudoscalar rather than a simple scalar as in 
current theory. The mirror image of a negative charge 
would be positive, the mirror image of an electron a 
positron, and conversely. The mirror image of matter 
would be antimatter. The Co experiment, viewed. 
through a mirror, would not present a picture contrary 
to established fact: it would present an experiment - 
carried out with antimatter. The right side of Fig. 3- 
shows the mirror image of the left side. Thus, the - 
principle of sufficient cause, and the validity of sym- - 
metry planes, need not be abandoned if one is willing 
to admit that the mirror image of matter is antimatter. 

The possibility just envisaged would be technically 
described as the elimination of the operations of 
reflection and charge conjugation, as presently defined, 
as true symmetry operations. Their product woul 
still be assumed to be a symmetry operation 
proposed to be named, simply, reflection. A 
further technical remarks are contained in Appendix 
II. The proposition just made has two aspects: a very 
appealing one, and a very alarming one. 

Let us look first at the appealing aspect. Dirac 
said that the number of elementary particles S 
alarming tendency of increasing. One is tem 
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also showed a similar tendency. It is not equally 
alarming because, while the increase in the number of 
elementary particles complicates our picture of nature, 
that of the symmetry properties on the whole simplifies 
it. Nevertheless the clear correspondence between 
the invariance properties of the laws of nature, and the 
symmetry properties of space-time, was most clearly 
breached by the operation of charge conjugation. 
This postulated that the laws of nature remain the 
same if all positive charges are replaced by negative 
charges and vice versa, or more generally, if all particles 
are replaced by antiparticles. Reasonable as this 
postulate appears to us, it corresponds to no symmetry 
of the space-time continuum. If the preceding inter- 
pretation of the Co experiments should be sustained, 
the correspondence between the natural symmetry 
elements of space-time, and the invariance properties 
of the laws of nature, would be restored. It is true that 
the role of the planes of reflection would not be that to 
which we are accustomed—the mirror image of an elec- 
tron would become a positron—but the mirror image of 
a sequence of events would still be a possible sequence 
of events. This possible sequence of events would be 
more difficult to realize in the actual physical world 
than what we had thought, but it would still be possible. 

The restoration of the correspondence between the 
natural symmetry properties of space-time on one 
hand, and the laws of nature on the other hand, is the 
appealing feature of the proposition. It has, actually, 
two alarming features. The first of these is that a 
symmetry operation is, physically, so complicated. 
If it should turn out that the operation of time inversion, 
as we now conceive it, is not a valid symmetry operation 
(e.g., if one of the experiments proposed by Treiman 
and Wyld gave a positive result) we could still maintain 
the validity of this symmetry operation by reinterpret- 
ing it. We could postulate, for instance, that time 
inversion transforms matter into mefa-matter which 
will be discovered later when higher energy accelerators 
will become available. Thus, maintaining the validity 
of symmetry planes forces us to a more artificial view 
of the concept of symmetry and of the invariance of 
the laws of physics. 

The other alarming feature of our new knowledge 
is that we have been misled for such a long time to 
believe in more symmetry elements than actually exist. 
There was ample reason for this and there was ample 
experimental evidence to believe that the mirror image 
of a possible event is again a possible event with 
electrons being the mirror images of electrons and not 
of positrons. Let us recall in this connection first how 
the concept of parity, resulting from the beautiful 
though almost forgotten experiments of Laporte,® 


6 OQ. Laporte, Z. Physik 23, 135 (1924). For the interpretation 
of Laporte's rule in terms of the quantum-mechanical operation 
of inversion, see the writer's Gruppentheorie und ihre Anwendungen 
auf die Quantenmechanik der A tmospektren (Friedrich Vieweg und 
Sohn, Braunschweig, 1931), Chap. XVIII. 
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appeared to be a perfectly valid concept in spectroscopy 
and in nuclear physics. This concept could be explained 
very naturally as a result of the reflection symmetry 
of space-time, the mirror image of electrons being 
electrons and not positrons. We arenow forced to believe 
that this symmetry is only approximate and the 
concept of parity, as used in spectroscopy and nuclear 
physics, is also only approximate. Even more funda- 
mentally, there is a vast body of experimental informa- 
tion in the chemistry of optically active substances 
which are mirror images of each other and which have 


optical activities of opposite direction but exactly | 
equal strength. There is the fact that molecules which i 
have symmetry planes are optically inactive; there is : 


the fact of symmetry planes in crystals. All these 
facts relate properties of right-handed matter to 
left-handed matter, not of right-handed matter to 
left-handed antimatter. The new experiments leave no 
doubt that the symmetry plane in this sense is not 
valid for all phenomena, in particular not valid for 
B decay, that if the concept of symmetry plane is at all 
valid for all phenomena, it can be valid only in the 
sense of converting matter into antimatter. 
Furthermore, the old-fashioned type of symmetry 
plane is not the only symmetry concept that is only 
approximately valid. Charge conjugation was mentioned 
before, and we are remainded also of isotopic spin, 
of the exchange character, that is multiplet system, f 
for electrons and also of nuclei which latter holds so 
accurately that, in practice, parahydrogen molecules | 
can be converted into orthohydrogen molecules only 
by first destroying them.? This approximate validity 
of laws of symmetry is, therefore, a very general 
phenomenon—it may be the general phenomenon. We l 
are reminded of Mach’s axiom that the laws of nature 
depend on the physical content of the universe, and 
the physical content of the universe certainly shows 
no symmetry. This suggests—and this may also be 
the spirit of the ideas of Yang and Lee—that all 
symmetry properties are only approximate. The 
weakest interaction, the gravitational force, is the basis 
of the distinction between inertial and accelerated 
coordinate systems, the second weakest known inter- 
action, that leading to 8 decay, leads to the distinction 
between matter and antimatter. Let me conclude this 
subject by expressing the conviction that the discoveries 
of Wu, Ambler, Hayward, Hoppes, and Hudson,’ 
and of Garwin, Lederman, and Weinreich?? will not $ 
remain isolated discoveries. More likely, they heralda _ 
revision of our concept of invariance and possibly 
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? For the role of the space and time inversion o 
classical theory, see H. Zocher and C. Török, Proc. 
Sci. U.S. 39, 681 (1953) and literature quoted there. 1 

$See A. Farkas, Orthohydrogen, Parahydrogen and Heavy —— 
Hydrogen (Cambridge University Press, New York, 1935). ANGE 

? Wu, Ambler, Hayward, Hoppes, and Hudson, Ph .Re ; 
1413(L) (1957). A 

10 Garwin, Lederman, and Weinreich, Phys. Rev. 105, x 
( 1950); also, J. L. Friedman and V. L. Telegdi, ibid. 105, 
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of other concepts which are even more taken for 
granted. 


QUANTUM LIMITATIONS OF THE CONCEPTS OF 
i? GENERAL RELATIVITY 


The last remarks naturally bring us to a discussion 
of the general theory of relativity. The main premise 
of this theory is that coordinates are only labels to 
specify space-time points. Their values have no partic- 
ular significance unless the coordinate system is 
somehow anchored to events in space-time. 

Let us look at the question of how the equations of 
the general theory of relativity could be verified. 
The purpose of these equations, as of all equations of 
physics, is to calculate, from the knowledge of the 
present, the state of affairs that will prevail in the 
future. The quantities describing the present state are 
called initial conditions; the ways these quantities 
change are called the equations of motion. In relativity 
theory, the state is described by the metric which 
consists of a network of points in space-time, that is 
a network of events, and the distances between these 
events. If we wish to translate these general statements 
into something concrete, we must decide what events 
are, and how we measure distances between events. 
The metric in the general theory of relativity is a 
metric in space-time, its elements are distances between 
space-time points, not between points in ordinary space. 

The events of the general theory of relativity are 
coincidences, that is, collisions between particles. 
The founder of the theory, when he created this concept, 
had evidently macroscopic bodiesin mind. Coincidences, 
that is, collisions between such bodies, are immediately 
observable. This is not the case for elementary particles; 
a collision between these is something much more 
evanescent. In fact, the point of a collision between 
two elementary particles can be closely localized in 
space-time only in case of high-energy collisions. (See 
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Fic. 4. Measurement of space-like distances by means of a 
clock. It is assumed that the metric tensor is essentially constant 
within the space-time region contained in the figure. The space-like 
distance between events 1 and 2 is measured by means of the light 
aa which pass through event 2 and a geodesic which goes 
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Appendix IIT.) This shows that the establishment of a 
close network of points in space-time requires a 
reasonable energy density, a dense forest of world 
lines wherever the network is to be established. How- 
ever, it is not necessary to discuss this in detail becayse 
the measurement of the distances between the points of 
the network gives more stringent requirements than 
the establishment of the network. 

It is often said that the distances between events 
must be measured by yardsticks and rods. We found 
that measurements with a yardstick are rather difficult 
to describe and that their use would involve a great 
deal of unnecessary complications. The yardstick gives 
the distance between events correctly only if its marks 
coincide with the two events simultaneously from the 
point of view of the rest-system of the yardstick. 
Furthermore, it is hard to image yardsticks as anything 
but macroscopic objects. It is desirable, therefore, 
to reduce all measurements in space-time to measure- 
ments by clocks. Naturally, one can measure by 
clocks directly only the distances of points which are 
in time-like relation to each other. The distances of 
events which are in space-like relation, and which 
would be measured more naturally by yardsticks, 
will have to be measured, therefore, indirectly. 

It appears, thus, that the simplest framework in 
space-time, and the one which is most nearly micro- 
scopic, is a set of clocks, which are only slowly moving 
with respect to each other, that is, with world lines 
which are approximately parallel. These clocks tick 
off periods and these ticks form the network of events 
which we wanted to establish. This, at the same time, 
establishes the distance of those adjacent points which 
are on the same world line. 

Figure 4 shows two world lines and also shows an 
event, that is, a tick of the clock, on each. The figure 
shows an artifice which enables one to measure the 
distance of space-like events: a light signal is sent out 
from the first clock which strikes the second clock 
at event 2. This clock, in turn, sends out a light signal 
which strikes the first clock at time /' after the event 1. 
If the first light signal had to be sent out at time # 
before the first event, the calculation given in Appendix 
IV shows that the space-like distance of events 1 and 2 
is the geometric average of the two measured timelike ^ 
distances / and //. This is then a way to measure. 
distances between space-like events by clocks instead - 
of yardsticks. . 

It is interesting to consider the quantum limitations” 
on the accuracy of the conversion of time-like measure 
ments into space-like measurements, which is illustrated 
in Fig. 4. Naturally, the times / and /' will be w 
defined only if the light signal is a short pulse. Amis 
implies that it is composed of many frequencies am 
hence, that its energy spectrum has a corresponding 
width. As a result, it will give an indeterminate ) 
to the second clock, thus further increasing 
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to Heisenberg’s uncertainty principle. A more detailed 
calculation! shows that the added uncertainty is of 
the same order of magnitude as the uncertainty inherent 
in the nature of the best clock that we could think of, 
so that the conversion of time-like measurements 
into space-like measurements is essentially free. 

We finally come to the discussion of one of the 
principal problems—the limitations on the accuracy 
of the clock. It led us to the conclusion that the inherent 
limitations on the accuracy of a clock of given weight 
and size, which should run for a period of a certain 
length, are quite severe. In fact, the result in summary 
is that a clock is an essentially nonmicroscopic object. 
In particular, what we vaguely call an atomic clock, 
a single atom which ticks off its periods, is surely an 
idealization which is in conflict with fundamental 
concepts of measurability. This part of our conclusions 
can be considered to be well established. On the other 
hand, the actual formula which will be given for the 
limitation of the accuracy of time measurement, a sort 
of uncertainty principle, should be considered as the 
best present estimate. 

Let us state the requirements as follows. The watch 
shall run 7' seconds, shall measure time with an accuracy 
of T/n-t, its linear extension shall not exceed J, its 
mass shall be below m. Since the pointer of the watch 
must be able to assume 7 different positions, the system 
will have to run, in the course of the time T, over at 
least n orthogonal states. Its state must, therefore, be 
the superposition of at least n stationary states. It is 
clear, furthermore, that unless its total energy is at 
least h/t, it cannot measure a time interval which is 
smaller than /. This is equivalent to the usual un- 
certainty principle. These two requirements follow 
directly from the basic principles of quantum theory; 
they are also the requirements which could well have 
been anticipated. A clock which conforms with these 
postulates is, for instance, an oscillator, with a period 
which is equal to the running time of the clock, if it 
is with equal probabilty in any of the first » quantum 
states. Its energy is about z times the energy of the 
first excited state. This corresponds to the uncertainty 
principle with the accuracy ¢ as time uncertainty. 
Broadly speaking, the clock is a very soft oscillator, the 
oscilating particle moving very slowly and with a 
rather large amplitude. The pointer of the clock is 
the position of the oscillating particle. 

The clock of the preceding paragraph is still very 
light. Let us consider, however, the requirement that 
the linear dimensions of the clock be limited. Since 
there is little point in dealing with the question in 
great generality, it may as well be assumed here that 
the linear dimension shall correspond to the accuracy 
in time. The requirement l= ct increases the mass of the 
clock by nê which may be a very large factor indeed: 
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For example, a clock, with a running time of a day and 
an accuracy of 10-5 second, must weigh almost a 
gram—for reasons stemming solely from uncertainty 
principles and similar considerations. 

So far, we have paid attention only to the physical 
dimension of the clock and the requirement that it 
be able to distinguish between events which are only 
a distance / apart on the time scale. In order to make 
it usable as part of the framework which was described 
before, it is necessary to read the clock and to start it. 
As part of the framework to map out the metric of 
space-time, it must either register the readings at 
which it receives impulses, or transmit these readings 
to a part of space outside the region to be mapped out. 
This point was already noted by Schródinger.! How- 
ever, we found it reassuring that, in the most interesting 
case in which /— ct, that is, if space and time inaccuracies 
are about equal, the reading requirement introduces 
only an insignificant numerical factor but does not 
change the form of the expression for the minimum 
mass of the clock. 

The arrangement to map the metric might consist, 
therefore, of a lattice of clocks, all more or less at rest 
with respect to each other. All these clocks can emit 
light signals and receive them. They can also transmit 
their reading at the time of the receipt of the light 
signal to the outside. The clocks may resemble oscil- 
lators, well in the nonrelativistic region. In fact, the 
velocity of the oscillating particle is about n times 
smaller than the velocity of light where z is the ratio 
of the error in the time measurement, to the duration. 
of the whole interval to be measured. This last quantity 
is the spacing of the events on the time axis, it is also 
the distance of the clocks from each other, divided by 
the light velocity. The world lines of the clocks from 
the dense forest which was mentioned before. Its 
branches suffuse the region of space-time in which the 
metric is to be mapped out. 

We are not absolutely convinced that our clocks 
are the best possible. Our principal concern is that we 
have considered only one space-like dimension. One 
consequence of this was that the oscillator had to be a 
one-dimensional oscillator. It is possible that the size _ 
limitation does not increase the necessary mass of the pe: 
clock to the same extent if use is made of all three 
spatial dimensions. 

The curvature tensor can be obtained from the 
metric in the conventional way, if the metric is measured 
with sufficient accuracy. It may be of interest, never- - 
theless, the describe a more direct niethod for measu 


illustrated in Fig. 5, which is similar to that used : 
obtaining the metric. There is a clock, and a mii 

at such a distance from each other that the ct 
of space can be assumed to be constant in the int 
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| Clock =11 VR 
; Fic. 5. Direct meas. 
urement of the curva- 
ture by means of a 
clock and mirror. Only — ^ 
3 one space-like dimension 
is considered and the 
: curvature assumed to 
h Clock be constant within the < 
à space-time region con- 
į tained in the figure. The 
i : t explanation is given in 
Mirror Mirror Appendix V. 
{ 
| 
World line | World line 2 World line | World line 2 
ing region. The two clocks need not be at rest with for the accuracy with which the curvature can be 
respect to each other, in fact, such a requirement would measured. The result is, as could be anticipated, that 
involve additional measurements to verify it. If the the curvature at a point in space-time cannot be 
| space is flat, the world lines of the clocks can be drawn measured at all; only the average curvature over a 
| straight. In order to measure the curvature, a light finite region of space-time can be obtained. The error of 
signal is emitted by the clock, and this is reflected by the measurement! is inversely proportional to the 
the mirror. The time of return is read on the clock—it two-thirds power of the area available in space-time, 
is #;—and the light signal returned to the mirror. that is, the area around which a vector is carried, 
The time which the light signal takes on its second trip always parallel to itself, in the customary definition of 
to return to the clock is denoted by ¢2. The process is the curvature. The error is also proportional to the cube 
repeated a third time, the duration of the last roundtrip root of the Compton wavelength of the clock. Our 
denoted by /5. As shown in Appendix V, the radius of principal hesitation in considering this result as defini- 
curvature, a, and the relevant component Roi: of tive is again its being based on the consideration of 
the Riemann tensor are given by only one space-like dimension. The possibilities of 
measuring devices, as well as the problems, may be 
mira = HER y (2) substantially different in three-dimensional space. 
i2 o D OE Whether or not this is the case, the essentially 
nonmicroscopic nature of the general relativistic 
iT" 


If classical theory would be valid also in the micro- 
- scopic domain, there would be no limit on the accuracy 
.— of the measurement indicated in Fig. 5. If 7; is infinitely 
small, the time intervals /;, /», /; can all be measured 
| arbitrary accuracy with an infinitely light clock. 
larly, the light signals between clock and mirror, 
'ever short, need carry only an infinitesimal amount 


)mena considered before force us, however, to 
a clock with a minimum mass if the measurement 
e time intervals is to have a given accuracy. In 


of magnitude as the curvature of space. Similarly, 
deflection of clock and mirror from their geodesic 
| must be very small if the result of the measure- 
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concepts seems to us inescapable. If we look at this 
first from a practical point of view, the situation I$ — - 
rather reassuring. We can note first, that the measure- 
ment of electric and magnetic fields, as discussed by 
Bohr and Rosenfeld,? also requires macroscopic, m 
fact very macroscopic, equipment and that this does 
not render the electromagnetic field concepts useless 
for the purposes of quantum electrodynamics. It is 
true that the measurement of space-time curvature 
requires a finite region of space and there is a minimum 
for the mass, and even the mass uncertainty, of the 
measuring equipment. However, numerically, the 
situation is by no means alarming. Even in interstellar 
space, it should be possible to measure the curvature 


A 


2 N. Bohr and L. Rosenfeld, Kgl. Danske Videnskab. Selska 
Mat.-fys. Medd. 12, No. 8 (1933). See also further literatu 
quoted in L. Rosenfeld's article in Niels Bohr and the Developm 
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in a volume of a light second or so. Furthermore, the 
mass of the clocks which one will wish to employ for 
such a measurement is of the order of several micro- 
grams so that the finite mass of elementary particles 
does not cause any difficulty. The clocks will contain 
many particles and there is no need, and there is not 
even an incentive, to employ clocks which are lighter 
than the elementary particles. This is hardly surprising 
since the mass which can be derived from the gravita- 
tional constant, light velocity, and Planck’s constant, 
is about 20 micrograms. 

It is well to repeat, however, that the situation is 
less satisfactory from a more fundamental point of 
view. It remains true that we consider, in ordinary 
quantum theory, position operators as observables 
without specifying what the coordinates mean. The 
concepts of quantum field theories are even more 
weird from the point of view of the basic observation 
that only coincidences are meaningful. This again is 
hardly surprising because even a 20-microgram clock 
is too large for the measurement of atomic times or 
distances. If we analyze the way in which we “get 
away" with the use of an absolute space concept, we 
simply find that we do not. In our experiments we 
surround the microscopic objects with a very macro- 
scopic framework and observe coincidences between 
the particles emanating from the microscopic system, 
and parts of the framework. This gives the collision 
matrix, which is observable, and observable in terms of 
macroscopic coincidences. However, the so-called 
observables of the microscopic system are not only not 
observed, they do not even appear to be meaningful. 
There is, therefore, a boundary in our experiments 
between the region in which we use the quantum 
concepts without worrying about their meaning in 
face of the fundamental observation of the genera] 
theory of relativity, and the surrounding region in 
which we use concepts which are meaningful also in 
the face of the basic observation of the general theory 
of relativity but which cannot be described by means of 
quantum theory. This appears most unsatisfactory 
from a strictly logical standpoint. 


APPENDIX I 


It will be necessary, in this appendix, to compare 
various states of the same physical system. These 
states will be generated by looking at the same state— 
the standard state—from various coordinate systems. 
Hence every Lorentz frame of reference will define a 
state of the system—the state as which the standard 
state appears from the point of view of this coordinate 
system. In order to define the standard state, we 
choose an arbitrary but fixed Lorentz frame of reference 
and stipulate that, in this frame of reference, the 
particle in the standard state be at rest and its spin 
(if any) have the direction of the z axis. Thus, if we 
wish to have a particle moving with a velocity v in 
the z direction and with a spin also directed along this 
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axis, we look at the particle in the standard state from 
a coordinate system moving with the velocity v in 
the —z direction. If we wish to have a particle at rest 
but with its spin in the yz plane, including an angle « 
with the z axis, we look at the standard state from a 
coordinate system the y and z axes of which include an 
angle a with the y and z axes of the coordinate system 
in which the standard state was defined. In order to 
obtain a state in which both velocity and spin have the 
aforementioned direction (i.e., a direction in the yz 
plane, including the angles a and 3c—« with the y 
and z axes), we look at the standard state from the 
point of view of a coordinate system in which the 
spin of the standard state is described as this direction 
and which is moving in the opposite direction. 

Two states of the system will be identical only if the 
Lorentz frames of reference which define them are 
identical. Under this definition, the relations which 
will be obtained will be valid independently of the 
properties of the particle, such as spin or mass (as 
long as the mass in nonzero so that the standard state 
exists). Two states will be approximately the same if the 
two Lorentz frames of reference which define them 
can be obtained from each other by a very small 
Lorentz transformation, that is, one which is near 
the identity. Naturally, all states of a particle which 
can be compared in this way are related to each other 
inasmuch as they represent the same standard state 
viewed from various coordinate systems. However, we 
shall have to compare only these states. 

Let us denote by A (0,9) the matrix of the trans- 
formation in which the transformed coordinate system 
moves with the velocity —v in the z direction where 
v=c tanho 


1 0 0 
A(0,¢)=||0 coshg sinhe (1.1) 
0 sinhe coshe 


Since the x axis will play no role in the following 
consideration, it is suppressed in (1.1) and the three 
rows and the three columns of this matrix refer to the 
y', 2’, cl’ and to the y, z, ct axes, respectively. The 
matrix (1.1) characterizes the state in which the 
particle moves with a velocity v in the direction of the 
z axis and its spin is parallel to this axis. 

Let us further denote the matrix of the rotation by 
an angle e in the yz plane by 


cos? sin? 0 
—sin? cos? 0 
0 0^ 1 


R(9)— (1.2) 


We refer to the direction in the yz plane which lies 
between the y and z axes and includes an angle 9 with 
the z axis as the direction 2. The coordinate system 
which moves with the velocity —2 in the à direction is 
obtained by the transformation 


A (0,9) — R(9)A (0, 9) R(—9). 
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In order to obtain a particle which moves in the direc- 
tion 2 and is polarized in this direction, we first rotate 
the coordinate system counterclockwise by 9 (to have 
the particle polarized in the proper direction) and 
impart it then a velocity —v in the 29 direction. Hence, 
it is the transformation 


T(9,9)—A (0, o) R@) 


cos? sin? coshe  sinó sinhe 
—||—sinó cos? coshe cos? sinhe|| (1.4) 
0 sinhe cosh e 


which*characterizes the aforementioned state of the 
particle. It follows from (1.3) that 


T (9,2) — R(9)A (0,2) — R(9)T(0,e) (1.5) 


so that the same state can be obtained also by viewing 
the state characterized by (1.1) from a coordinate 
system that is rotated by 9. It follows that the statement 
"velocity and spin are parallel" is invariant under 
rotations. This had to be expected. 

If the state generated by A(0,v)=7(0,¢) is viewed 
from a coordinate system which is moving with the 
velocity « in the direction of the z axis, the particle 
will still appear to move in the z direction and its spin 
will remain parallel to its direction of motion, unless 
47 in which case the two directions will become 
antiparallel, or unless 4— v in which case the statement 
becomes meaningless, the particle appearing to be 
at rest. Similarly, the other states in which spin and 
velocity are parallel, i.e., the states generated by the 
transformations T(,¢), remain such states if viewed 
from a coordinate system moving in the direction of the 
particle's velocity, as long as the coordinate system is 
not moving faster than the particle. This also had to 
be expected. However, if the state generated by 7(0,¢) 
is viewed from a coordinate system moving with velocity 
7'—c tanh e' in the — y direction, spin and velocity will 
not appear parallel any more, provided the velocity v 
of the particle is not close to light velocity. This last 

- proviso is the essential one; it means that the high 
- — velocity states of a particle for which spin and velocity 
= are parallel (i.e., the states generated by (1.4) with a 
- Jarge e) are states of this same nature if viewed from a 
coordinate system which is not moving too fast in the 
ction of motion of the particle itself. In the limiting 
of the particle moving with light velocity, the 
ementioned states become invariant under all 
entz transformations. 
Let us first convince ourselves that if the state 


— y direction, its spin and velocity no longer appear 
lel." The state in question is generated from the 


,')A (0,9) 
sinhe sinh e cosh e sinh e' 
| coshe sinhe 
^ sinhycoshg’ coshe coshe' 


(1.6) 


fi 
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This transformation does not have the form (1.4). In 
order to bring it into that form, it has to be multiplied 
on the right by R(e), i.e., one has to rotate the spin 
ahead of time. The angle e is given by the equation 
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tanho’ v 


tane=— =—(1—v/c*)3 
sinhe v 


(1.7) 


and is called the angle between spin and velocity. 
For vc, it becomes equal to the angle which the 
ordinary resultant of two perpendicular velocities, v 
and v', includes with the first of these. However, e 
becomes very small if v is close to c; in this case it is 
hardly necessary to rotate the spin away from the z 
axis before giving it a velocity in the z direction. 
These statements express the identity 


A ($7,€)A (0,9) R(€) - T (8, o") (1.8) 


which can be verified by direct calculation. The right 
side represents a particle with parallel spin and velocity, 
the magnitude and direction of the latter being given 
by the well-known equations 


7" — c tanho” = (v4 - v? — 52/02) (1.82) 


and 


sinh e' v 


= : (1.8b) 
tanhe v(1—v"/c?)} 


tan? = 


Equation (1) given in the text follows from (1.7) and 
(1.8b) for v~c. 

The fact that the states T(,¢)~o (where yo is the 
standard state and y>1) are approximately invariant 
under all Lorentz transformations is expressed mathe- 
matically by the equations, 


R(9) ; T (0, e)Vo— TO, e)Vo 
A (0, €) 9 T(0, e)Vo-— T (0, e+ e)Vo 


(1.52) 
(1.92) 


and 


A Gr, g) T (0, e)Vo T (9, e" Wo; (1.9b) 


which give the wave function of the state T'(0,9)/o 
as viewed from other Lorentz frames of reference. 
Naturally, similar equations apply to all T(a,¢g)po. 
In particular, (1.5a) shows that the states in question 
are invariant under rotations of the coordinate system, 
(1.92) that they are invariant with respect to Lorentz 
transformations with a velocity not too high in the 
direction of motion (so that ¢’+ ¢>>0, i.e., e/ not too 
large a negative number). Finally, in order to prove 
(1.9b), we calculate the transition probability between — 
the states A(37,9')-T(0,¢)¥o and T(0,e")yo where —— 
2 and e" are given by (1.8a) and (1.8b). For this, 
(1.8) gives 


(A (2m, e) -T (0, 9)Vo, T (9, e" )wo) 


=(T@,e)R()o, TQ, y) 
= (R(97Voio) Vojto). 
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The second line follows because T(,¢’’) represents a 
coordinate transformation and is, therefore, unitary. 
The last member follows because e—0 as g>o as 
can be seen from (1.7) and R(0)— 1. 

The preceding consideration is not fundamentally 
new. It is an elaboration of the facts (a) that the 
subgroup of the Lorentz group which leaves a null-vector 
invariant is different from the subgroup which leaves 
a time like vector invariant‘ and (b) that the representa- 
tions of the latter subgroup decompose into one 
dimensional representations if this subgroup is “con- 
tracted" into the subgroup which leaves a null-vector 
invariant. 


APPENDIX II 


Before the hypothesis of Lee and Yang" was put 
forward, it was commonly assumed that there are, in 
addition to the symmetry operations of the proper 
Poincaré group, three further independent symmetry 
operations. The proper Poincaré group consists of all 
Lorentz transformations which can be continuously 
obtained from unity and all translations in space-like 
and time-like directions, as well as the products of all 
these transformations. It is a continuous group; the 
Lorentz transformations contained in it do not change 
the direction of the time axis and their determinant is 
1. The three independent further operations which were 
considered to be rigorously valid, were 


Space inversion I, that is, the transformation 
X, y, 2—-— x, — y, —2, without changing particles into 
antiparticles. 

Time inversion 7, more appropriately described 
by Lüders!? as Umkehr der Bewegungsrichtung, which 
replaces every velocity by the opposite velocity 
so that the position of the particles at --£ becomes 
the same as it was, without time inversion, at —/. 
The time inversion T (also called time inversion of 
the first kind by Lüders!5) does not convert particles 
into antiparticles either. 

Charge conjugation C, that is, the replacement of 
positive charges by negative charges and more 
generally of particles by antiparticles, without chang- 
ing either the position or the velocity of these par- 
ticles.” The quantum-mechanical expressions for the 
symmetry operations J and C are unitary, that for T 
is antiunitary. 


3 E, Inonu and E. P. Wigner, Proc. Natl. Acad. Sci. U.S. 
39, 510 (1953). 

uT. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). See 
also E. M. Purcell and N. F. Ramsey, Phys. Rev. 78, 807 (1950). 

15 G, Liiders, Z. Physik 133, 325 (1952). 

16 G, Lüders, Kgl. Danske Videnskab. Selskab Mat.-fys. Medd. 
28, No. 5 (1954). : : n 

17 All three symmetry operations were first discussed in detail 
by J. Schwinger, Phys. Rev. 74, 1439 (1948). See also H. A. 
Kramers, Proc. Acad. Sci. Amsterdam 40, 814 (1937) and W. Pauli's 
article in Niels Bohr and the Development of Physics (Pergamon 
Press, London, 1955). The significance of the first two symmetry 
CRera ous (and their connection with the concepts of parity and 

€ Kramers degeneracy respectively), were first pointed out by 
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The three operations I, T, C, together with their 
products TC (Lüders' time inversion of the second 
kind), /C, IT, ITC and the unit operation form a 
group and the products of the elements of this group 
with those of the proper Poincaré group were considered 
to be the symmetry operations of all laws of physics. 
The suggestion given in the text amounts to eliminating 
the operations 7 and C separately while continuing to 
postulate their product JC as symmetry operation. 
The discrete symmetry group then reduces to the unit 
operation plus 


IC, T, and ICT, ^ (2.1) 


and the total symmetry group of the laws of physics k 
becomes the proper Poincaré group plus its products 
with the elements (2.1). This group is isomorphic 
(essentially identical) with the unrestricted Poincaré 
group, i.e., the product of all Lorentz transformations 
with all the displacements in space and time. The 
quantum mechanical expressions for the operations of 
the proper Lorentz group and its product with JC are 
unitary, those for T and /CT (as well as for their 
products with the elements of the proper Poincaré 
group) antiunitary. Lüders!ë has pointed out that, 
under certain very natural conditions, JCT belongs to 1 
the symmetry group of every Jocal field theory. T 
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Let us consider, first, the collision of two particles 
of equal mass 7» in the coordinate system in which the 
average of the sum of their momenta is zero. Let us — 
assume that, at a given time, the wave function of 
both particles is confined to a distance /in the direction _ 
of their average velocity with respect to each other. If 
we consider only this space-like direction, and the time 
axis, the area in space-time in which the two wave 
functions will substantially overlap is [see Fig. 6(a) ] 


CD) 


where Vmin is the lowest velocity which occurs with 2 
substantial probability in the wave packets of the 


a= P/20miny 


P 


colliding particles. Denoting the average momentum 
by (this has the same value for both particles) t 
half-width of the momentum distribution by à, th 
Umin= (p— ô) (m+ (p—64)?/c?)—}. Since } cannot be below 
h/6, the area (3.1) is at least d 


A? (n?-- (p—8)/c) 


25? p—5 ° 


(Note that the area becomes infinite if 
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Fic. 6. (a) Localization of a collision of two particles of equal mass. The full lines indicate the effective boundaries 
of the wave packet of the particle traveling to the right, the broken lines the effective boundaries of the wave packet 


of the particle traveling to the left. The collision can take place in the shaded area of space-time. (b) Localization 
of a collision between a particle with finite mass and a particle with zero rest-mass. The full lines, at a distance 


apart in the x direction, indicate the boundary of the particle with zero rest-mass, the broken lines apply to the 
wave packet of the particle with nonzero rest-mass. The collision can take place in the shaded area. 


minimum of (3.1a) is, apart from a numerical factor 


h hc 
Amin —(m+p/P)} ~ 
7)9 


ae (3.2) 
p E3(E-A-mc)? 


where Æ is the kinetic energy (total energy minus 
rest-energy) of the particles. 

The kinetic energy E permits the contraction of the 
wave functions of the colliding particles also in direc- 
tions perpendicular to the average relative velocity, 
to an area /?/ E(E4-2mc). Hence, again apart from a 
numerical factor, the volume to which the collision 
can be confined in four dimensional space-time becomes 


hie 
V min (3.3) 


TEE me 


the average kinetic energy of the particles in the 
dinate system in which their center of mass is, 


numerical constant of unit order of magnitude 

constant depends on E/me. 
us consider now the opposite limiting case, 
of a particle with finite rest-mass m with a 
vith zero rest-mass. The collision is viewed 
the coordinate system in which the average 
r momentum is Zero. In this case, one will wish to 
the wave function of the particle with finite 
cium narrower region / than that of the particle 
zero rest-mass. If the latter is confined to a region 
sickness A, [see Fig. 6(b)], its momentum and 
uncertainties will be at least h/X and hc/X 
sressions will also give, apart from a 
the ge values of these quanti- 


ties. Hence pzA/A. The kinetic energy of the particle 
with finite restmass will be of the order of magnitude 


3 (m+ (p-h/D)c2)H 4-3 (m?c*- (p—h/0)c?)1 mc? (3.4) 


since 7/7] is the momentum uncertainty. Since /<), 
one can neglect p in (3.4) if one is interested only in the 
order of magnitude. This gives for the total kinetic 
energy, 


E=he/)\+ (mét Re — me, (3.5) 


while the area in Fig. 6(b) is of the order of magnitude 
a= (A/c) (I+ Ard/c), (3.6) 


where Av is the uncertainty in the velocity of the second 
particle 


p+h/l p—h/l asi 
Se — 0 Y a 
(m+ (pth/l)?/c)} (m+ (p—h/l)?/e)} 


This can again be replaced by (A/D) (m+h/Pe)>. 
For given E, the minimum value of a is assumed if the 
kinelic energies of the two particles are of the same 
order of magnitude. The two terms of (3.6) then become 
about equal and //Az (E/(m4-E))*. The minimum 
value of a, as far as order of magnitude is concerned, 
is again given by (3.2). Similarly, (3.3) also remains 
valid if one of the two particles has zero rest-mass. 
The two-dimensional case becomes simplest if both 
particles have zero rest-mass. In this case the wave — 
packets do not spread at all and (3.2) can be ım- - 
mediately seen to be valid. In the four-dimensional case, - 
(3.3) again holds. However, its proof by means of | 
explicitly constructed wave packets (rather than 
reference to the uncertainty relations) is by no means 
simple. It requires wave packets which are confined in 


Y 
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every direction, do not spread too fast and progress 
essentially only into one half space (one particle going 
toward the right, the other toward the left). The 
construction of such wave packets will not be given in 
detail. They are necessary to prove (3.2) and (3.3) 
more rigorously also in the case of finite masses; the 
preceding proofs, based on the uncertainty relations 
show only that a and v cannot be smaller than the right 
sides of the corresponding equations. It is clear, in fact, 
that the limits given by (3.2) and (3.3) would be very 
difficult to realize, except in the two-dimensional case 
and for the collision of two particles with zero restmass. 
In all other cases, the relatively low values of ain 
and Vmin are predicated on the assumption that the 
wave packets of the colliding particles are so constituted 
that they assume a minimum size at the time of the 
collision. At any rate, (3.2) and (3.3) show that only 
collisions with a relatively high collision energy, and 
high energy uncertainty, can be closely localized in 
space-time. 


APPENDIX IV 


Let us denote the components of the vector from 
event 1 to event 2 by x;, the components of the unit 
vector along the world line of the first clock at event 1 
by e;. The components of the first light signal are 
xitte; that of the second light signal v;— /'e;. Hence 


g” (xit tei) (x ter) =0 (4.1) 
gi (xi— t'ei) (xr—t'er)=0. (4.2) 


Elimination of the linear terms in / and /' by multiplica- 
tion of (4.1) with /' and (4.2) with ¢ and addition gives 


2g x sept 2t g'*e;e — 0. (4.3) 


Since e is a unit vector g'*e;e;— 1 and (4.3) shows that 
the space-like distance between points 1 and 2 is (///)*. 


APPENDIX V 


Since the measurement of the curvature, described 
in the text, presupposes constant curvature over the 
space-time domain in which the measurement takes 
place, we use a space with constant curvature, or, rather, 
part of a space with constant curvature, to carry out 
the calculation. We consider only one spatial dimension, 
i.e. a two-dimensional deSitter space. This will be 
embedded, in the usual way, in a three-dimensional 
space!® with coordinates x, y, r. The points of the 
deSitter space then form the hyperboloid 


(5.1) 


where a is the “radius of the universe." As coordinates 
of a point we use x and y, or rather the corresponding 


——— 


? See, e.g., H. P. Robertson, Revs. Modern Phys. 5, 62 (1933). 


a2--yl— =a, 
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World line 
of mirror 


Fic. 7. Analysis of the experiment of Fig. 5. The figure represents 
a view of the hyperboloid of deSitter space, viewed along its 
axis. Every point of the plane which is outside the circle corre- 
sponds to two points of the deSitter world with one spatial 
dimension, those with oppositely equal times. The first light 
signal is emitted at 1, reaches the mirror at 1’, and returns to 
the clock at 2. The paths of the second and third light signals 
are 22/3 and 33/4. 


polar angles r, 9. The metric form in terms of these is 


9 


a 


ds’ = dr— rdg. (5.2) 


r-—a 


Two points of deSitter space correspond to every pair 7, 
$ (except r=a): those with positive and negative 
r= (7?*— a?)*. This will not lead to any confusion as all 
events take place at positive 7. The null lines (paths of 
light signals) are the tangents to the r—a circle. 

The experiment described in the text can be analyzed 
by means of Fig. 7. For the sake of simplicity, the 
clock and mirror are assumed to be “at rest," i.e. 
their world lines have constant polar angles which 
will be assumed as 0 and 6, respectively. The first light 
signal travels from 1 to 1’ and back to 2, the second 
from 2 to 2’ and back to 3, the third from 3 to 3’ and 
back to 4. The polar angle of the radius vector which 
is perpendicular to the first part 22’ of the world line — 
of the second light signal is denoted by 4». The con- 
struction of Fig. i shows that angle $»' which the wo: 
line of the mirror includes with the radius vecto ; 
perpendicular to the second part 2’3 of the second 
light signal’s world line is 


$2 =g2+6. 


= 


The angles $1, $i; $3, ¢3’ have similar meanings; 
are not indicated in the figure uf order to p. 


(5.3), we fisse 
$3 $2 +d=G2+26 — 
$ı=ġ:— 
$1— pst 20=¢ 


c dinates of the points 1, 2, 3, 4 are 
n T2, 13, T4 


E. r;— a/cosó.. (5.4) 
er time /, registered by the clock, can be 


y integrating the metric form (5.2) along 
t=a In[r+ (7?—a?)? J. (5.5) 
e traveling time /? of the second light signal 
rst (rs’—a’)} i cosġ:(1+sinġs) 


n Gin (5.6) 
ro+(re—a?)} cos$3(1-++sings) 
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Similar expressions apply for the traveling times of the 
first and third light signals; all ¢ can be expressed by 
means of (5.3a), (5.3b), (5.3c) in terms of $; and $3 
This allows the calculation of the expression (3). For 
small à, one obtains 


pye 


RAATS 


Way 


ty—2te+t3 11 
— m, (5.7) 


to? a 


and Riemann’s invariant R—2/a? is proportional to 
the square of (5.7). In particular, it vanishes if the 
expression (3) is zero. 


"Tcr mU i 


REVIEWS OF MODERN PHYSICS 


Quantum Theory of Fields and Elementary 
Particles 


W. HEISENBERG 


Max Planck Institut für Physik, Gottingen, Germany 


HE present article gives a general discussion of 
the problems arising in a theory of elementary 
particles, together with a survey of papers'-5 that have 
been published on this subject in German periodicals. 
These papers deal with a special model for the theory of 
elementary particles that has been constructed to show 
some of the main features of such a theory ; the author 
believes that the model does in fact represent a system 
of elementary particles and their interactions in a 
manner qualitatively suitable also for the real system 
of particles. 


1. GENERAL REMARKS ON FIELD THEORY 
AND ELEMENTARY PARTICLES 


Any attempt to construct a field theory of elementary 
particles must from the outset meet the well-known 
difficulties arising from the combination of the space- 
time structure of special relativity with quantum 
theory. Whenever one applies the normal rules of 
quantization to a differential equation that 1s Lorentz- 
invariant and represents interaction between fields, 
one seems to get divergent results. It may be difficult 
in the present state of the theory to give a rigorous 
mathematical proof that these difficulties cannot be 
completely avoided; but hitherto no solution has 
been presented. For a time the process of renormaliza- 
tion seemed to offer such a solution. But in the only 
case where the mathematical structure could be 
analyzed completely, the Lee model,’ Källén and 
Pauli? showed that the process of renormalization leads 
to the implicit introduction of so-called “ghost-states” 
which destroy the unitarity of the S matrix and 
thereby violate the rules of quantum theory. To get 
convergent schemes within the framework of quantum 
theory one has therefore been forced to introduce the 
interaction as a nonlocal one,’ for instance by means 


! W. Heisenberg, Nachr. Akad. Wiss. Góttingen 1953, p. 111. 
? W. Heisenberg, Z. Naturforsch. 9a, 292 (1954). 
( 5 Sisisenberg, Kortel, and Mitter, Z. Naturforsch. 10a, 425 
1 : 
41W. Heisenberg, Z. Physik 144, 1 (1956). | 
* W. Heisenberg, Nachr. Akad. Wiss. Göttingen 1956, 
oss Ascoli and W. Heisenberg, Z. Naturforsch. 
T. D. Lee, Phys. Rev. 95, 1329 (1954). 
(19 S) Källén and- W. Pauli, Dan. Mat. Fys. Medd. 30, No. 7 
® Compare H. Yukawa, Phys. Rev. 76, 300 (1950) and 77, 219 
(1950); P. Kristensen and C. Møller, Dan. Mat. Fys. Medd. 27, 
No. 7 (1952); C. Bloch, Dan. Mat. Fys. Medd. 27, No. 8 (1952). 
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of a so-called “cutoff-factor.”° This however implies 
deviations from the kind of causality" that follows from 
the space-time structure of special relativity. It is still — 
an open question how serious the deviations from I 
relativistic causality must be in order to ensure a 
convergent mathematical scheme. But complete local 
causality seems not to be compatible with quantization. 
Therefore any field theory of elementary particles or 
of matter must start by offering some solution to the 
central mathematical problem: how to combine 
quantization with a certain greater or lesser degree of 
relativistic causality. Judging from the experiments, — 
the deviations from causality can scarcely exceed | 
space-time regions of the order of 10~* cm. E 
The next important problem concerns the funda- 
mental quantities that appear in the mathematical 
formulation of the theory of elementary particles. 
Nearly all conventional theories start by introducing 
some field operators representing the wave fields 
connected with some specified elementary particles, 
e.g., meson field or electromagnetic field operators. 
This procedure, however, requires a definition of the 
concept "elementary particle.” Is there any criterion - 
by which we can distinguish between an elementary _ 
particle and a compound system? Is it any more —— 
justified to introduce a meson field into the fundamental — 
equations than, e.g..a hydrogen field or an oxygen  - 
field? EL 
The author believes that it is essential for any real 
progress in the theory of matter to recognize that su 
criteria do not exist.? If one asks physicists how they 
would like to define the nature of an elementary particle 
as distinct from a compound system, one frequentl: 
gets the following answer: an elementary particle 
particle for which one introduces a separate w 
function in the fundamental equations. Sometime: 
gets the different answer: any particle with spin : 
charge <2, isotopic spin <} is elementary; all 
particles are compound systems. Obviousl 


1 
2 


1 Compare G. Wataghin, Z. Physik 88, 92 ( 
547 (1934), and G. Wentzel, Helv. Phys. Acta 13, 2¢ 
" Compare M. Fierz, Helv. Phys. . 23 
E. C. G. Stueckelberg and G. Wanders, 


(1954). : 
12 Compare W. Heisenberg, Nat 1r 
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ences between different particles which suggest that it 
might be convenient in a given experiment to call one 
particle elementary and the other a compound system; 
but no qualitative distinction between elementary 
and compound can be made. A proton certainly looks 
like an elementary particle for energies «100 Mev, 
but it may be considered as composed of a A? particle 
and a 6* particle in collisions of much higher energies. 
‘One might argue that.the A? particle and the 6* particle 
are unstable while the proton is stable, that therefore 
the proton cannot be composed of A? and 6+. The 
fallacy af the argument is, however, seen at once from 
the case of the deuteron, which is stable but usually 
considered as composed of proton and neutron, the 
latter being unstable. For an understanding of matter 
and of the atomic particles it is essential to realize 
that the question whether the proton is elementary 
or a compound system has no answer. This result should 
not prevent us from using the term ‘elementary 
particle" whenever it is convenient to disregard its 
inner structure. But it should not be misunderstood as 
making some specific statement about the nature of 
the particle. 

To avoid the two fundamental difficulties which 
have been put here at the beginning of the discussion, 
the efforts of many physicists have in recent years been 
concentrated on the S matrix. The S matrix is the 
quantity immediately given by the experiments. It is 
not difficult to construct S matrices which fulfill the 
requirements of Lorentz-invariance and unitarity 
without encountering any divergent terms. At the same 
time the problem of the “elementary” particles does 
not occur immediately in the S matrix, since any 
incoming or outgoing particles are here characterized 
by their wavefunctions yi, or Wout, irrespective of 
whether they are compound or not. 

The S-matrix formalism does not by itself guarantee 
the requirements of relativistic causality. Therefore 
many recent investigations have dealt with supplemen- 
tary conditions to be put on the S matrix to ensure 
. relativistic causality. The best known example is the 
d reatment of the dispersion relations. Insofar as these 
7 conditions state relations between observable quantities 
- . they will serve as a very useful tool for the interpretation 
— of the experiments. If, however, their mathematical 
_ formulation makes use of an extrapolation of the S 
= matrix into regions of momentum space, where the 
- relations p?+x?=0 for the respective particles are not 
— fulfilled, their value might be very limited, since it is 
- — — difficult to see what the momentum vector py of, say, 
: _a hydrogen atom in it$ normal state can mean when the 
— relation p?4-i?— 0 (where x is the total mass of the atom 
; its normal state) is not fulfilled. In other words: 
( J. A. Wheeler, Phys. Rev. 52, 1107 (1937), and 


Physik 120, 513, 673 (1943); Z. Naturforsch. 
46); é j ONES Kgl. Danske Videnskab. Selskab. 23, 
a} . 19 (1946). k 
AN E eae and Thirring, Phys. Rev. 
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the extrapolation into these regions of momentum 
space requires eventually the distinction between 
elementary particles and compound systems which 
cannot be more than a more or less suitable convention. 

It is perhaps not exaggerated to say that the study of 

the S matrix is a very useful method for deriving 
relevant results for collision processes by going around 

the fundamental problems. But these problems must be 
solved some day and one will then have to look for a ^ 
mathematical formalism that allows one to calculate 
the masses of the particles and the S matrix at the same 
time. The S matrix is an important but very compli- 
cated mathematical quantity that should be derived 
from the fundamental field equations; but it can 
scarcely serve for formulating these equations. 

As a result of the foregoing discussion we can try 
to state some general principles for a theory which 
attacks the problem of the fundamental field equations 
for matter. 


1. The field operators necessary for formulating the 
equations shall not refer to any specified particle like 
proton, meson, etc.; they shall simply refer to matter 
in general. 

2. The particles (elementary or compound) should 
be derived as eigensolutions of the field equations. 

3. The fundamental field equations must be nonlinear 
in order to represent interaction. The masses of the 
particles should be a consequence of this interaction. 
Therefore the concept of a “bare particle" has no 
meaning. 

4. Selection rules for creation and decay of particles 
should follow from symmetry properties of the funda- 
mental equations. Therefore the empirical selection 
rules should provide the most detailed information on 
the structure of the equations. 

5. Besides the selection rules and the invariance 
properties, the only other guiding principle available 
seems to be the simplicity of the equations. 


The empirical spectrum of elementary particles = 
looks very complex. All hitherto observed particles 
have lifetimes 7 10-15 sec; for most of them the lifetime 
is >10-" sec. The natural lifetime for elementary 
particles that can decay into others would, however, be 
of the order 10-? to 10— sec. This comparison shows 
that the observed particles represent those rare cases — — 
where the selection rules provide an exceptionally long — — 
lifetime. When one compares in the optical spectra of — 
atoms the number of levels with the natural lifetime — - 
of the order 10-3 sec with the small number of meta- 
stable levels where the lifetime is longer, say by a factor 
of 105, one gets an idea of how complicated the real 
spectrum of elementary particles may possibly be. 

Under these circumstances it seems advisable first 
to study a simplified model, which may be constructed | 
in accordance with the foregoing principles. The model 
to be discussed in the following sections is certainly 


FIELDS AND ELEMENTARY PARTICLES 


too simple to represent the real spectrum of elementary 
particles. But it shows the main features of an adequate 
theory inasmuch as it represents a world consisting of 
elementary particles with qualitatively similar prop- 
erties to our own. 


2. MODEL FOR A THEORY OF MATTER 


(a) Wave Equation and Quantization 


The model which has been studied in detail in the 
series of papers mentioned above! starts from the 
equation* 


oy 
Y—— Py ty) =0. 


OX, 


(1) 


V (x) is defined as a spinor wave function representing 
matter. The equation has been chosen according to the 
principles 1, 3, 5 of the foregoing section. Equation 
(1) is certainly too simple to represent the real particles 
since it does not contain the isobaric spin variable. 

Equation (1) defines a quantum theory for matter 
only if commutation relations for the operator y/(x) 
are added. At this point one meets the difficulty 
mentioned in the beginning. This difficulty will be 
discussed in some detail. 

To get some information on the possible assumptions 
for the commutation relations and on the eventual 
connection between “commutator” and “propagator,” 
it is convenient to consider the operator: 


Xa (2,3) = exp( — i[aa;* (4^) J- conj. ]) va (x) 
Xexp{+iLay,+(«’)+conj.]}. (2) 


(“Conj.” in the exponent means the Hermitian con- 
jugate.) a, is an arbitrary constant spinor that anticom- 
mutes with y(x) and y(x) everywhere. xa(x,x"), 
considered as a function of x, satisfies the wave Eq. (1). 
If the components a, are chosen as very small, xa(%,2’) 
can be expanded as 


x« (s) e Va (2) — ias Gr) (n) o E Wa 
— ia [Vs (2) (V; (a!) Wo) Ya) 
4e (3) 


(The star *denotes Hermitian conjugation.) To preserve 
relativistic causality, one usually assumes the anti- 
commutators to be zero for space-like distances 
(x—«’)?>0. This assumption means that Xa (2x) 
corresponds to a solution of (1), in which a secondary 
wave starts from the singular point x—x' and fills the 
cones of future and past. The amplitude of this wave 
will be very small everywhere except in the immediate 
neighborhood of the lightcone, if the a, are very small. 
In all conventional forms of quantum theory it has been 


* The original papers start from an equation that differs from 
Eq. (1) by the sign of the second term. But—as has been pointed 
out*—if one wants to use conventional formalism, one should say 
that the calculations actually refer to Eq. (1). 
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assumed that the anticommutators (or commutators) 
are singular c-number functions in the immediate 
neighborhood of the lightcone. If this assumption is 
taken over into Eqs. (2) and (3), one can put 


"T" 


(4) 


where c«(x—ax') is a c number function (except for a 
sign function occurring in the a,) and contains the 
singularities at the lightcone, while x.°(«,«’) is smooth 
at the light cone. One may further assume in defining 
Ca (x—x') that the vacuum expectation value of Xa’ (xx) 
vanishes. By inserting (4) into (1) and taking the 
vacuum expectation value, one finds for Ca as function 
of x an equation of the type 


Xa (xx) — xa? (xx) -Fea(x— 2x) , 


IT" 


a) 


BM iT" 


E 
i Pe(ctc) —(s)  c- P (9| x? (xx) |9), 
xu 


(5) 


where s— (x—x^)?, and «(s) is essentially given by the 
vacuum expectation value of |x°(«,x’)|*. The right 
side of (5) vanishes in the neighborhood of the light- 
cone. 

To study the possible assumptions for the anti- 
commutator 


Sa; (xx) = Wa (a) py (a) +y,t (x Wa (x) ? (6) 


one has therefore to look for the solutions of the 
classical nonlinear wave equation (5) where the right- 
hand side can be put equal to zero, since we are only 
interested in the neighborhood of the lightcone. In this 
region Sa,(x—x’) should behave as c«(x— x’) for small 
a,; or more accurately : one should study the continuous 
group of solutions of (5) that corresponds to different 
values of a, and should finally assume 


ees ee ere 


E a a eee rs 


ies sd COR 


Oca (x—x o) (7a) 


Ss (x—4")--— lim ( 
a,—0 90a, 

near the lightcone. For the second anticommutator it 

is plausible to assume as usual 


Ya (v, (x^) Ty, (x!) Wa (x) =0 


near the lightcone. ; 

For the definition of a quantum theory for matter  - 
it will be sufficient to state, besides (1), the commute 
tion rules only near the lightcone, since their value i 
other parts of space and time will then follow fro 
The equations (5) and (7a) state the required 
tion between *anticommutator" ‘and "propa 

Mathematical analysis of (5) shows that its: 
exhibit infinite oscillations in the neighborhc 
light cone.? This is entirely different from t 


(7b) 


like the derivative of the Dirac 6 func 
At this point we meet the difficult 
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in the vacuum expectation value 
Sa, xa) = Q| Yala) ht (^) HY C) (xx) | Q2) 
=X (0|¥e(2) (E)E y+ (x) |2) 
HE Olye’) |©)@|Ya(x)|2), (8) 


each group of intermediate states d, belonging to a 
definite mass eigenvalue x, contributes an ordinary 
Schwinger function S.,*(«x’) belonging to that mass; 
and the à and 6’ functions of the different intermediate 
masses all add up with the same sign. Therefore the 
sum over ® in (8) can never lead to the behavior of 
Ca(x— x"), the infinite oscillations near the light cone, 
since the integral contribution of the oscillations 
vanishes near the lightcone, while that of the 6 functions 
does not vanish. 

At a finite distance from the lightcone the sum over 
$ in (8) can very well represent a solution of (5) for 
small a,, since here the nonlinear term c(c*c) can be 
neglected and the variable coefficient x(s) in (5) corre- 
sponds to the different mass values of the states d. 
But near the light cone the rules of quantization must 
be changed in order to avoid the contradiction between 
(5) and (8). 


(b) Hilbert Space II and the Unitarity of 
the S Matrix 


The only feasible way of getting rid of the 6 and 6’ 
functions on the lightcone in (8) seems to be an 
extension of Hilbert space by the introduction of new 
intermediate states $, which change the metric of 
Hilbert space into an indefinite one. This extra group 
of states, called Hilbert space II in the papers mentioned, 
is chosen so as to cancel the 6 and ô functions on the 
lightcone in (8). They do not contribute to S(a«’) in 
other parts of space-time. But they will then contribute 
to the functions Si(xa") or Sr(xx') also in other parts 
of space-time, if the normal Schwinger relation 


1 pt 
ES f S(xt—U)at'/1! (9) 
T * _ co 


is taken over from conventional theory. 

If, in a first approximation, one considers in Hilbert 
space I (which comprises all physical states of the 
system) only one group of intermediate states d, 
belonging to a single.mass x, the corresponding part 
- of the S function in momentum space would be 


580) puyu+ik 
25 (p) = v 


btraction of the 5 and ô’ functions on the light 
by putting, in this same 


(10) 


(2 
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approximation, 
puyutis puyu+ um puyu? 
p? Le p? (p)? 1 


The contributions from Hilbert space II appear to 
belong to a mass value 0. But by writing the contribu- 
tions in a different way, namely, 


25(5)— 


Kpuyu  bwyg-ik R puyu: e ( 1 1 ) 
SSS Ibn — 
( p? 2 p? —0 € p? p? -+ € 


9 


x(1- ipuyu 2) (2 


K x 

one sees that the extra states of Hilbert space II can be 
considered as “dipole” states, composed of one normal 
state with mass 0 and a “ghost state" with mass 
/e0. (“Ghost state" on account of the negative sign 
in the metric.) As a result of the dipole character of 
these states, their representatives do not depend 
simply exponentially on space-time as do the representa- 
tives of states in Hilbert state I. A simple calculation of 
the representatives on the basis of (11) and (12) shows 
that either the covariant or the contravariant represent- 
ative has the space-time dependence (in a suitable 
coordinate system) 


(13) 


while the other representative has the usual exponential 
form e*?*, 

This is an important result, because it shows that the 
states of Hilbert space II—contrary to the “ghost 
states" of Källén and Pauliób—do not destroy the 
unitarity of the S matrix. In fact if in a collision 
problem all incoming waves belong to Hilbert space I, 
the total wave function depends exponentially on space- 
time in both representations. This behavior cannot be 
changed by collision [on account of the invariance of 
Eq. (1) for the inhomogeneous Lorentz group ], therefore 
also the outgoing waves cannot contain contributions 
from Hilbert space II, since they would destroy the 
exponential form of the total wave function. Therefore 
the extension of Hilbert space, which was necessary 
in order to avoid contradiction between (5) and (8), 
does not destroy the unitarity of the S matrix and 
may therefore be compatible with the experimental 
results. (Introduction of Hilbert space II has in this 
respect some resemblance to the method of Gupta" 
in quantum electrodynamics.) Of course this extension 
does mean a certain deviation from local relativistic 
causality. The local behavior of w(x) cannot be 
interpreted in the usual manner, since y(x) contains 
contributions from Hilbert space II, and their conven: - 

15S, N. Gupta, Proc. Roy. Soc. (London) 63, 681 (1950); 64, 


850 (1951); K. Bleuler, Helv. Phys. Acta 23, 567 (1950). Compare 
P*A. M. Dirac, Proc. Roy. Soc. (London) A180, 1, (1942). 
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tional interpretation would, on account of the negative 
sign in the metric, lead to negative probabilities, which 
have no meaning.] 

Actually these contributions from Hilbert space II 
change the form of Si1(x") and Sz (xx) fundamentally. 
For large values of (x—2^)?7 0 these functions decrease 
more slowly (like (x—2'"),y,/(x—2a')) than the usual 
Schwinger functions and this behavior leads to long 
range forces between the particles. It will be shown 
later that it is through these contributions that Eq. (1) 
contains quantum electrodynamics with a specific value 
of the Sommerfeld fine-structure constant. 


(c) Methods of Integration 


The equations (1) and (11) should be sufficient to 
define a quantum theory for matter. Since Eq. (11) is 
only a first approximation, it should generally be re- 
placed by its precise form: 


iso) - f oa] = E rudi | (14a) 
pc p (p°)? 


[^92 


where p(x) is the mass spectrum of fermions. p(x) should 
be derived from Eqs. (1) and (14). 

On account of the infinite oscillations on the light- 
cone, one can simply put 


Sa,(xx')-0 for 


with 


(x—2a/)*—0. (14b) 


'The only method of integration that has been used so 
far for Eqs. (1) and (14) is what is sometimes called 
the new Tamm-Dancoff method.5 One considers 7 
functions of the general type 


TaBy (1x2 | v3) = (Q| TVs (x) Ve (o) (xs) | &) (15) 


as covariant representatives of the states ®. (T means 
the time-ordered product. By means of Eq. (1) one 
can find differential equations, which connect the 
derivatives of one 7 function with another 7 function 
with a number of variables larger by two. This differen- 
tial equation can be integrated by means of the Green 
function Gr(xx’) of the Dirac equation for mass zero. 
(The Feynman functions Gr are chosen in order to 


satisfy the boundary conditions.) By repeating this ' 


process a connection can be established between the 


t Note added in proof.—A mathematical analysis of this method 
of quantitization can be obtained from the Lee model. The con- 
stants go and n, of the Lee model can be adjusted to let the energies 
of the normal V particle and the “ghost-state” coincide. In this 
case the two states form a dipole as in (12), the renormalized wave 
functions Y, commute on the subspace /— const and the two parts 
of Hilbert Space are distinguished by the Reip due behavior of 
the wave functions. The details will be published in Nuclear 

ysics. 

" M, Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951); 
Freese, Z. Naturforsch. 8a, 776 (1953). 
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original 7 function and another one, where the number 
of variables is larger by any even number. This latter 
7 function is then expressed in terms of the so-called 
e functions through the process of contraction: 


7 (x122 2 |yaya- ge e (xix: E | yxya* -)—3Sr (x171) 
X olxa: yas) — FAS p (xy) Sr (xay2) 
X e(xs:-|1yss Hr , (16) 


and finally all those y’s are neglected, the number of 
variables of which is larger than that of the original 
r function. - 

In this way a linear integral equation for the r 
function is established that can be used for the deter- 
mination of the mass eigenvalues or the S matrix. 
This integral equation can be represented by a Feynman 
graph, consisting of two types of lines, one representing 
the Gr function, the other representing the Sp function. 
From (1) and (16) one can easily derive the following 
rules for these graphs: 


1. In every point of the graph four lines meet. The 
initial and the final points of the graph are considered 
as identical, or the graph is repeated as a periodic 
pattern. 

2. The numbers of Sr and Gr lines in the graph are 
equal. 

3. Every point is connected with one of the final 
points through one sequence of G lines. 

4. The connection of two lines at a point means 
matrix multiplication of the respective operators. 

5. 'The kernel of the integral equation is given, when 
the points of the graph and the pattern of G lines are 
given. One has to sum over the contributions from all 
possible S line patterns belonging to the given G line — 
pattern. 


í 


This scheme differs from conventional formalism by __ 
two characteristic features. The contraction is per- 
formed by the function Sr, which is not identical here — 


1;— 1». Here all y(x) functions anticommute on a given 
subspace /— const. Therefore, quantization is introdu ; ed : 
only by the contractions. di 
This last difference is a significant conseque 
the nonlinearity of the equations. If in a line 
the commutator vanished on a given subspace ¿= 
it would, by virtue of the wave equation 
everywhere. Therefore one must Start with 
at the point x—a' on the subspace / 
nonlinear theory the commutator c 
where on ¢=const and still be | 
other times. It is a well-known- ro 
equations—the fact that a solution 
be continued—which has. : 
tion of quantization. - 


= 


gu 
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The contraction function Sr can, in a low approxima- 
tion, lbe represented by (11), and the eigenvalue x is 
to be obtained from the integral equation. In higher 
approximations one may consider several eigenvalues 
or, finally, the form (14). 

Whether this whole procedure will, by going from 
low to high approximations, converge to a final solution, 
is still an open question. It does give finite results in 
any approximation. But it may be necessary to define 
the integral equations by averaging over certain 
groups of G-line graphs, in order to obtain convergence. 
This preblem has been treated in detail by Matthews 
and Salam for conventional formalism. It may also 
be necessary to replace the ¢ functions by slightly 
different groups of functions, as suggested by Maki. 
The procedure has been studied in detail in the example 
of the anharmonic oscillator. But whatever the results 
of such mathematical investigations will be, one will 
probably get some—though inaccurate—information 
on the solutions of (1) and (14) by using the rules 
described in this section for the low approximations. 


(d) The Lowest Eigenvalues 


The lowest eigenvalues of (1) and (14) have been 
calculated along the lines described in the foregoing 
section. For the eigenvalues of the fermion type all 
graphs of the type of Fig. 1 have been combined to 


define the integral equation. (The G lines are given 

as full, the S lines as dotted lines.) Only 7 functions 

with one or three variables have been used. 

7 The result was that there exists—in this approxima- 
tion—only one eigenvalue for the mass x of a fermion: 


|3 k— 7426/1. (17) 


.. The spin of this particle is 1/2. 
The bosons have been calculated from the graph 
given in Fig. 2. Only 7 functions for two variables [v (x) 


——7 


^ 


d Vg*(x) with equal space-time coordinates] have 
n used. Four different bosons with nonvanishing 
~ Matthews and A. Salam, Proc. Roy. Soc. (London) 


E . Theoret. Phys. 15, 237 (1956). 
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masses were found, with mass values, spins, and 
parities as shown in Table I. 


'TABLE I. 
Mass 
xl Spin Parity 
0.33 1 —1 
0.95 0 1 
1.74 0 —1 
992 0 1 


It is interesting that (1) and (14) give for the boson 
masses values which are considerably smaller than the 
mass of the fermion. This fits well with the empirical 
fact that the masses of m meson and 0 meson are 
considerably smaller than the mass of the nucleon. 

It may be useful at this point to compare the proper- 
ties of the model, given by (1) and (14), with the general 
principles laid down at the end of Sec. 1. 

The wave function y(x) in (1) refers to matter in 
general, not to a specified particle. The particles do 
actually come out as the eigensolutions of the equations. 
Since y(x) has been chosen as spinor, while the com- 
mutation relation states the value of the anticom- 
mutator, all particles with half quantum spin obey 
Fermi statistics, all particles with integer spin obey 
Bose statistics. States of the first kind are obtained when 
one applies an odd number of y(x) operators on the 
vacuum state, the Bose states are created by applying 
an even number of y/s. 

The nonlinear term in (1) is multiplied with a 
coupling constant with the dimension of a length. A 
variation of / will simply change all mass eigenvalues 
by a constant factor. The ratio of the eigenvalues 
depends only on the general form of the nonlinear 
term. The masses of the particles are entirely a product 
of interaction, namely of the nonlinear term. Therefore 
their interactions are given simultaneously with their 
masses; the concept of a bare particle has no meaning 
in this theory. 

Besides the bosons given in Table I analysis of (1) 
reveals the existence of still another group of boson 
states belonging to the rest mass 0 (which had not been 
expected in the papers!?). Their existence can be seen 
as follows? When one applies the integral operator 
represented by the graph of Fig. 2 on a r function 
belonging to a total momentum vector J, with J, =0, 
one gets generally an infinite result. But there are 
special forms of the 7 function 


Tus (x |a) — (Q| Vs (x) g^ (x) | P) eras, — (18) 


for which the divergencies disappear. These special 

r functions can be used to satisfy the integral equations. 
As conditions for the cancellation of the infinite 

terms one finds 3 


- 
| 
o 
-3 
X 


Juyu(r— spurz) — 0, 
(r—spurz)J y, 0, 


(19). 
YuTY n= O. , 
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If one introduces two four-vectors A,, which satisfy 
A,J,=0 and are linearly independant of each other 
and of J, (there are just two such vectors), one can 
solve the equations (19) for 7 by putting 


T=JS,A vYuv (20) 
where 


Yur= (1/2) lite YA): (21) 


There are two independent solutions, since there are 
two independent vectors A,. Another equivalent 
solution would be 

T=JyA vYurYs (22) 


and actually this solution has been discussed.? But it is 
easily seen that the solutions (22) are not linearly 
independent of (20) ; they can be obtained from (20) by 
a linear transformation. Therefore there are just two 
independent solutions for each vector J, characterized 
by the "vectors of polarization" A,. It has been shown? 
that these bosons of rest mass 0 have all the transforma- 
tion properties of light quanta and belong to the spin 
spin values +1 (the axis of the spin being parallel or 
antiparallel to the direction of propagation). 

Existence of these bosons is closely connected with 
the existence of long range interactions between 
particles, which in turn are a consequence of the dipole 
states in Hilbert space II. 


(e) Interaction between Particles. Electrodynamics 
and the Fine Structure Constant 


The interaction between particles in collision proc- 
esses can be treated by essentially the same method 
as the mass eigenvalues. To give a graph-picture of the 
interaction one can represent the incoming and outgoing 
particles by infinite tails, which are just periodic 
repetitions of the elementary graphs used for the 
calculation of their masses? The interaction is then 
represented by a pattern of S and G lines connecting 
the periodic tails. A typical example is shown in Fig. 3. 

It follows from rule 3 in section 2(c) for the graph 
patterns that there must be a break in the G lines 
connecting the two particles, which can be filled by 
two S lines, as is shown in Fig. 3. The two Sr functions 
vary for large space-like distances of x and «’ as 
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(x—x')vy»/(x—x'Y, their product varies roughly as 
(x—2^)?. Therefore the two S functions, connecting 
the inner endpoints of the G lines, show together a 
behavior similar to that of the Dr function of quantum 
electrodynamics, and produce long range forces between 
the particles qualitatively similar to Coulomb forces. 
Of course the multitude of graphs of the general 
type of Fig. 3 contains many different interactions, 
produced by all the different fields that belong to the 
different particles, bosons, and fermions. Actually 
the interaction will be a mixture of contributions 
from all particles that cannot be disentangled.Only in 
the case of bosons of rest-mass 0 can one separate their 
influence by studying the long range forces, since all 
other particles would produce only short range forces. 
Calculation of the exact form of the long range forces 
is, however, rather complicated. One may for instance 
try to derive the cross section for collisions in which 
very little momentum J, is transferred from one 
fermion to the other: 
p,o—p,U—J,— P, —P,®; |JAK. (23) 
In this case it is necessary to take into account very 
long tails of the type of Fig. 4 in between the fermions, 


Fic. 4. ‘ip <i <n >< xX 
br d NS- 4 


because for very small J, the tail means bosons (of rest- 
mass 0) that are nearly free; and for free bosons the 
tail could be infinitely long. Therefore the calculation 
has been carried out in two steps. In the paper cited in 
reference 3, the summation over all tails of different 
lengths was performed and led to an operator connecting 
the two fermions, which was composed of the eigenfunc- 
tions (20) or (22) of the light quanta [(104) of the 
paper cited], thereby showing that the long range 
forces are actually transferred by means of the field 
corresponding to the light quanta of Sec. 2(d). 
Then the operator OS (page 440 of the paper), which 
connects as a kind of vertex part the former operator 
with either of the fermions, had to be calculated. 
OS is represented by a graph of the general type of 


rw a) 
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Fig. 5. From arguments of symmetry and invariance® 
O5 has the general form 


J 
Osipov = const—— (Yw)ag (Yr) po- (24) 
VI? 


The constant factor could be calculated only rather 
inaccurately, since its determination required the use 
of special methods of approximation the accuracy of 
which is somewhat doubtful. Finally the transition 
matrix element for the collision turns out to be 


Ly 


| const 
x p Ei (P)y, au (P) Jat (PO) u (P9) ] 


«0(P — Pa’ po— P®)")—exchange term. (25) 
[u(P) is the eigenfunction belonging to a fermion of 
momentum vector P. | This is exactly the form for the 
transition element in quantum electrodynamics. The 
value of the fine structure constant ar was determined 
[using the inaccurate value of the constant in (24) ] 
with the result 


ar= 1/267. (26) 


This shows that quantum electrodynamics with a 
special value of the fine structure constant is contained 
in the Eqs. .(1) and (14) of our model for a theory of 
matter. One could not expect that the value of the 
= fime structure constant should just be the empirical 
— — value 1/137, since the model theory is not yet the 
= Correct theory. But the fact that one gets a definite 

value of this constant of the right order of magnitude, 
seems to indicate that the model is in this respect not 

. too far from the truth. 

—— Equation (25) is perhaps not sufficient to show that 
— (1) and (14) contain the complete scheme of quantum 
ectrodynamics. Actually (25) has been supplemented? 

_ by proof that the conservation of charge holds generally 

and that one can construct field operators F,,, which 

y the Maxwell equations. These field operators are 

closely connected with the operators W(x)y, +(x) 

hicl have the same transformation properties under 
orentz group, but they are not identical with 

The operators V(x)vu»/*(x) represent, besides 

ls Fa», other properties of matter, for instance 

density of the fermions. Conservation of charge 

y from the identity 0?PF,,/0x,0x,—0 

ly connected with the invariance of 

juations (1) and (14) against the 
pe'a. Since all particles can be 

Si nbinations of fermions, their charge 

EON | an te gral multiple of the elementary 

: of En The charge of the antifermion is 

| aol the fermion. The bosons calculated 

. 2 in Sec. 2(d) ] are neutral. 

added cor cerning the one 
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has nothing to do with the value of the coupling 
parameter /. It is primarily a consequence of the 
mathematical form of the two functions Gp and Sp 
which are combined in the graph of Fig. 2. Their form 
leads to the conditions (19) which are very restrictive 
with respect to the possible solutions for rag. In calculat- 
ing the operator connecting the two fermions one has 
to make use of the relation: 

6 86 po = 


1 2 Yao yas", (27) 


where the sum is to be taken over all 16 elements of 
the Dirac algebra. Of this sum only the tensor terms 
(Yu»)es (Yu»)go contribute to the interaction on account 
of the conditions (19), and only three of the six tensor 
terms contribute to the electromagnetic forces on 
account of the properties of the operator OS in (24). 
These reasons for the smallness of the fine structure 
constant would therefore remain even if the form of 
the nonlinear term in (1) were altered. 

If one were to define a corresponding coupling 
constant for the short range forces, its value should be 
of the order unity, since there are many bosons of 
different symmetries and the restrictive conditions 
(19) do not appear. This result fits well with the 
empirical fact of a large coupling constant for the 
Yukawa interaction. But one should remember that it 
should not, according to the graphs of the type of Fig. 
3, be possible to single out a special short range interac- 
tion for a given boson from the rest of interactions. 


(f) Nonlinear Integral Equations for Sr 


The form of the function Sy has so far been derived 
from the assumed existence of fermions together with 
the assumption of the states of Hilbert space Il. 
Since Sy is identical with a 7 function of two variables — . 
it should also be possible to derive Sp from integral — | 
equations in the same manner as is done with the other 
r functions. There is only the one essential difference 


Fic. 6. 


that the integral equations for Sy would be nonlinear, 
since Sp enters twice into these equations, once as 
the initial 7 function and again as the function of 
contraction. For instance, a graph of the type of Fig. 6 
would lead to an integral equation of the general type 


OSr 
Yu-—~G FS’. 


Xu 


An integral equation of this type would probab y; 
on account of its similarity to Ha lead to oscillati ons 
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approximate solution (11). Therefore one could not 
expect to derive the solution (11) from an approximate 
integral equation like (28); still the exact form (14) 
could quite well be a solution of the exact integral 
equations. Actually it should be possible, at least in 
principle, to determine the spectrum p(x) of the 
fermions from this integral equation. 

An attempt? was made to use differential equations 
corresponding to the integral equations of Fig. 6 for a 
determination of the asymptotic behavior of Sp at 
large space-like values of x and x’. There were two 
differential equations, one connecting Sp(xa') with 
7 (xx|xx^), the other connecting v(xx|xx') with z(xxx' | 
xXx and by means of three contractions again with 
Sp(xx'). Kita has pointed out that these equations? 
contained an error of sign and that, after the cor- 
rection of the error, the equations do not lead to the 
correct asymptotic behavior of Sr. But a closer 
investigation has since shown that actually the whole 
procedure for the calculation cannot be justified, 
since 7 (xx | xa^) is identical with e(xx|xx'), on account of 
(14b), Sr(0)=0. The evaluation of r(xxa'|xa'a') by 
means of contractions, however, is only possible if the e 
functions of four variables can be neglected. The second 
differential equation would therefore use the ¢ function 
of four variables on the left-hand side while it would 
neglect it on the right-hand side. This cannot lead to any 
reasonable approximation. 

It has so far not been possible to improve this 
calculation and to get information on the form of the 
Sp function from the nonlinear integral equations, 
since the construction of the e functions with four 
variables would require very complicated mathematical 
investigations. 


3. EXTENSION OF THE MODEL TOWARDS A 
REALISTIC THEORY OF MATTER 


(a) Introduction of the Isobaric Spin 


The model of (1) and (14) cannot represent the real 
system of elementary particles since the isobaric spin 
has not yet been introduced into the equations. (One 
could of course argue that the isobaric spin should not 
be put into the equations, but that it should come out 
of them, since the isobaric spin is closely connected 
with the charge. It may be that a careful study of the 
way in which the charge is attached to the particles will 
lead to a deeper insight into the nature of isobaric spin. 
For the time being however it seems necessary to 
introduce the isobaric spin into the equations.) To 
extend the model by its introduction to a more realistic 
one, it will not be sufficient to define the wave function 
V as spinor both in ordinary space and in isobaric spin 
space; for then"all particles with half quantum spin 
would also have half-quantum isobaric spin, and integer 
spin values would be connected with integer isobaric 


ee 


? H. Kita, Progr. Theoret. Phys. 15, 83 (1956). 
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spin. But the selection rules put forward by Pais,” 
Gell-Mann,” Nakano and Nishijima? and others seem 
to show that, e.g., the A? particle has the spin 1/2 and 
isobaric spin 0. Therefore one needs at least two 
fundamental fields (as has been suggested by Gold- 
haber”), say y and x, the one of which is a spinor in 
ordinary and in iso-space, while the other, x, may be a 
spinor in ordinary space, but a scalar in iso-space. 

One may of course choose other combinations for 
the two fields, but these assumptions are the simplest 
ones and allow one to construct a theory very similar 
to the model (1) and (14). We have now to investigate 
how far one can come with two such functions in 
describing the real system of elementary particles. 

In the system of the real particles one usually 
distinguishes three types of interactions: the strong 
interaction, for instance between nucleons, m mesons, 
and hyperons; the electromagnetic interaction; and the 
weak interaction which for instance produces the decay 
of the A? particle or other radioactive processes. 

'The coupling constant for the weak interactions is 
extremely small compared to normal nuclear constants 
of the same dimension. They will certainly not play 
any appreciable role in determination of the masses. 
Therefore it will be convenient first to neglect the 
weak interactions all together and to introduce them 
later as a very small perturbation. 

'The electromagnetic interaction cannot, if we follow 
the model of (1) and (14), be separated from the strong 
interaction, since it is one of its consequences. On the 
other hand from the empirical selection rules one is 
inclined to think that the strong interactions are 
invariant against any rotations in isobaric spin space, 
while the electromagnetic interaction is only invariant 
against rotations around the z axis of this space. 

Such a result may possibly be achieved by making 
the fundamental wave equation invariant against all 
rotations in iso-space, but assuming a commutation 
rule which is only invariant for rotations around 
the z axis of this space. This procedure may possibly - 
lead to the intended result, since the electromagnetic — 
interactions are connected with the constant x in the — 
commutator, which does not appear in the wave  - 
equation. If the sign of x is coupled with the s direction 
of iso-space, this direction would have been introduced _ 
into the electromagnetic interactions, but the influence 
on the mass values might be comparatively small. - 

The program indicated has not yet been followed 
detail. Just as an example of how it might possibly b 
carried out we quote the two equations: cS 


EM 


Mann, Phys. Rev. 92 
K. Nishijima, 
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L is the Lagrangian for the wave equation and r; is 
the z component of isobaric spin. The brackets in (21) 
are spinors in iso-space, but their product is an iso- 
scalar. The quantitative consequences of (29) and (30) 
have not yet been worked out. But it is easy to see 
what the qualitative consequences of these two equa- 
tions would be with respect to the selection rules 
(compare Goldhaber?). 

Besides the usual conservation laws of energy, 
momentum, and parity one has in (29) and (30) 
invariance for the transformations V—we'* and x—xe??. 
One of these invariances may be interpreted as con- 
servation of the baryonic number (which is 1 for 
nucleons and hyperons, —1 for their antiparticles, 
and 0 for mesons and leptons). The rotational symmetry 
of (29) and (30) around the z axis of iso-space provides 
conservation of the z component of the isobaric spin. 
There will be no conservation of the total isobaric spin, 
since 73 appears in (30). But the transitions involving 
changes of the total isobaric spin may be somewhat 
less frequent than the others. Finally one has the 
conservation of electromagnetic charge which is 
connected with the introduction of the states of 
Hilbert space II and the conditions (19). 

These selection rules together provide the existence 
of the *strangeness-quantum number" and its conserva- 
tion. It is not necessary to invoke any new symmetry 
for the interpretation of this quantum number, as had 
been suggested by Racah™ and Espagnat and Prentki.”® 

"Therefore two rather simple equations such as (29) 
and (30) do actually account for all the known selection 
rules between baryons and mesons. Before we discuss 
the role of the leptons in this scheme it may be useful 
to form a general idea of the possible form of the weak 
interactions. 


puvud-ikrs  pwyud-ikrs 


(30) 


(b) Weak Interactions 


The most characteristic feature of weak interaction 
between baryons and mesons seems to be the fact that 
it changes the z component of the isobaric spin by 1/2 
without changing any of the other quantum numbers. 
"Therefore one might think of interactions of the type 


const [ (V/*x) (^V) 3- conj. ]. (31) 


24 G. Racah, Nuclear Phys. 1, 301 (1956). 
25 B, d'Espagnat and J. Prentki, Nuclear Phys. 1, 33 (1956). 
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Such expressions in the Lagrangian are scalars in 
ordinary space but spinors in iso-space. The constants 
would therefore play the role of a spinor in iso-space, 
This situation would lead to an interesting consequence, 
If one performs a rotation in iso-space by 360°, the 
expressions (31) change their sign, since a spinor 
changes its sign under this transformation. Therefore 
one should have written (31) with an indefinite sign +, 
because one cannot distinguish between the two signs. 
If this is true, however, one could also allow instead of 
(31) interactions of the different type 


+ constL (V/*x) (V^vysy)) - conj. ]. (32) 


Such an expression would not violate the invariance of 
the Lagrangian for reflections in ordinary space. Still, 
if one combines the expressions (31) and (32), one 
would not expect the conservation of parity in weak 
interactions. Actually one of the two expressions could 
produce radioactive decay of the 7 meson into three 
m mesons, while the other could cause the decay into 
two m mesons. Therefore this discussion favors the idea 
of Yang and Lee? that parity is actually not conserved 
in weak interaction. For interactions of spinor type in 
isobaric space [as in (31) and (32)] the invariance of 
the Lagrangian under reflections in ordinary space 
does not guarantee the conservation of parity. 


(c) Role of the Leptons in the Scheme 


While it is comparatively easy to combine all 
qualitative features of baryons and mesons in two 
simple equations like (29) and (30), it is difficult to 
see what place could be occupied by the leptons in 
such a scheme. The leptons are connected with the 
other particles both by electromagnetic interaction and 
by the weak interaction. Even if the weak interaction 
is neglected the mass spectrum of leptons should not 
be changed; but in this case all transitions from v 
mesons into leptons, 8 decay, etc., should be stopped. 
Therefore one should have a selection rule which 
forbids all transitions from the heavier particles into 
leptons except pair creation. So far no reason for such 
a selection rule can be given. It may be necessary to 
introduce a third wave function into the fundamental 
equation in order to account for the leptons or it may 
be that a closer investigation of the states in Hilbert 
space II would lead to a basis for such a selection 
rule without new wave functions. For the time being 
no solution for the problem of the leptons can be given. 


2 T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956). 
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INTRODUCTION 


ODERN technology depends to a large extent on 
ferromagnetic materials for distribution, control, 
and utilization of power, for high-speed computers, and 
electronic devices of all kinds. A new perspective for 
high-frequency circuitry was opened up by the develop- 
ment of the ferrites or ferrospinels, materials with the 
general formula M*+Fe.O,, at the Philips Research 
Laboratories. Lately, ferromagnetic semiconductors of 
hexagonal? as well as cubic, perovskite, and garnet* 
structures have made their appearance. Like numerous ! 
other research groups, the Laboratory for Insulation 
Research has been active in the study of these materials | 
over the last few years. In particular it concerns itself ] 
with their response to electric and magnetic excitations 
over a very broad frequency range, extending, with 
gaps, from dc to the ultraviolet. This review aims at a - 
unified appraisal of the information obtained by such a - 
broad-band approach. In the absence of an accepted 
name we call this effort “dielectric spectroscopy.” 

The stirring sequence of spectral lines, shown by 
individual atoms and molecules and described by the 
Rydberg-Ritz combination principle, led to an under- 
standing of the quantum states of electronic excitation, 
vibration and rotation. These resonance spectra of 
individual particles extend from the x-ray into the 
microwave region. By condensing gases to liquids and 
solids, the frequency range of the electrical engineer 
from microwaves to dc fills up with absorption spectra, 
and drastic changes occur in the optical spectral range. 
'The characteristic response of the individual particles 
to the electromagnetic field becomes submerged in 
effects of mutual interaction. 

In consequence, the original sharpness of the reso- 
nance response of atoms and molecules with its re- - 
vealing detail is supplanted in liquids and solids b: 
broad resonance and relaxation spectra with much mo 
scrambled information. Only the nuclear and 
magnetic resonance spectra may still transmit fin 


Atti. ed, pie ae 


1J. L. Snoek, New Developments in Ferromagnetic . rials — 

(Elsevier Publishing Company, New York and Amsterdam : 

? Went, Rathenau, Gorter, and van Oosterhout, Phi 

Rev. 13, 194 (1952). Pi at 

3 G. H. Jonker and J. H. van Santen, Physi 16 337 (1 

1R. Pauthenet, Compt. rend. 242, 1859. 1956). 
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| The spectroscopist has always considered the optical 
| range from infrared to ultraviolet as his domain and 
t has added in recent years microwave and magnetic 
| spectroscopy as far as they are concerned with 
| resonance lines and therefore amenable to his old 
| language. The electrical engineer, by necessity, has 
| measured the dispersion and absorption of materials 
| from dc to microwaves, but essentially from the 
i empirical standpoint of knowing these characteristics 
il for applications. Only the relaxation spectra caused by 
u the orientation of permanent electrical dipole moments, 
first interpreted by Debye, have become an important 
and widely used source of molecular information, 
especially for chemical problems. 

i Obviously, for a true understanding of liquids and 
i solids the total range from dc to x-rays should be con- 
fi sidered as a unified stage on which the interplay between 
i electromagnetic fields and matter is enacted. 


| 1. THE LANGUAGE OF DIELECTRIC SPECTROSCOPY 


The name “dielectric,” as used here, refers to any 
i material when viewed from the standpoint of electric 
f or magnetic response. In their reaction to sinusoidal 


i _ electric and magnetic fields, dielectrics can be charac- 
f terized by their complex permittivity and complex 
permeability, 


eed jel’ 
"E, (1.1) 

“=p — ju". 
These parameters, the real permittivity (dielectric 
constant) € and permeability u’, describing the storage 
of electric and magnetic energy and the loss factors e" 
and p its dissipation, are actually measured in refer- 
ence to vacuum as a relative complex permittivity and 


permeability 
e* À 
— =*= jk” 
€0 
re (1.2) 
—=Km*=Km' — Km. 
Ho 


In the rationalized mks system, used here, the dielectric 
constant and permittivity of free space are 


E €9—107/Ayci—8.854X(10-? — [farad/m] mm 
1 Ho 47X10772-1.257X10-5  [henry/m] 
3 in which, when precision values are needed, c is the 
experimental value of the velocity of light in vacuum 
E expressed ín meters per second. For most practical 
E purposes one may set c— 3X 10* m/sec which is some- 
— fimes called the standardized velocity of light. From 
—— 


E ic and i 
zd 1 Jopment of the electric and magnetic 
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the product and ratio of these we get the velocity of 
light ¢ and the impedance of free space Z 


c= (eouo) )—-3X 108 [m/sec] 


l 14 
Z= (uo/ €o) 17-2120 = 376.6 [ohm]. l ) 


Permittivity and permeability, as defined, refer to 
isotropic, linear dielectrics; that is, an electric field Ẹ 
creates a polarization P and a magnetic field H a 
magnetization M parallel and proportional to such field. 
The electric flux density D and the magnetic flux 
density B are the arithmetic sum of field lines and dipole 
chains, 

D= &E+P = *E 

(1.5) 

B= uoH + uM = u*H. 
The complex nature of the permittivity and perme- 
ability indicates a temporal phase shift between the 
acting field, E or H, and the dipole moment per unit 
volume, P or M, created by such field. The product of 
angular frequency and electric-loss factor represents a 
dielectric conductivity 


c — oe" [ohm~m:], (1.6) 
which may correspond to a true conductivity created 
by migrating charge carriers or to any other dissipative 
action of the polarization. 

Alternative sets of parameters, frequently used in 
science and engineering, can easily be expressed in 
terms e* and u*. The propagation of electromagnetic 
waves is described by a complex propagation factor 


ya jB= je(e*u*)*, (1.7) 


with a designating the attenuation factor and f the 
phase factor of the wave. The intrinsic impedance 


(1.8) 


of the dielectric represents the ratio of the coupled 
electric and magnetic field components as to amplitude 
and temporal phase for an infinitely extended material. 
Wavelength A and phase velocity v in the dielectric 
are given as 


2m 
A=— 
B (1.9) 
w 
v= p\ =. 
B 


The ratio of wavelength or phase velocity in vacuum 
to that in the dielectric material is the index of re- 
fraction 

Ao [^ Ao 


2—-————— 


v 2m 


, 


(1.10) 
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and the attenuation per radian, the index of absorption, 


(1.11) 


The indices of refraction and absorption together define 
the complex index of refraction 


n*=n(1— jk), (1.12) 


which the physicist uses for the characterization of 
materials in place of the propagation factor of the 
engineer, 
2r 
y=j—n*. 
0 


(1.13) 


The relations between flux densities and fields, 
measured by permittivity and permeability [see (1.5) ], 
contain also the contribution of the field in vacuo. One 
refers to the dipole response of the material alone by 
introducing the electric and magnetic susceptibilities 
x and xm: 

P-(ec—&)EzxeE 


P na 
x=— =k — 
e; E 
i (1.14) 
w-(* S 
Ho 
M 
Xm7 — ^7 Km — 1. 


In anisotropic, linear dielectrics, P and M are not, 
in general, parallel to the generating fields; hence each 
component of D or B is a linear function of the three 
space components of E or H as 


D\= eu EH €12E»4- €13É3, 


D3- es El 622 E- €23 E, (1.15) 
D= ess E+ €i2É- €33Es, 
and 
By uuH t mH tuH, 
Bo= poH yd- ua2H ot poss, (1.16) 


B= paH it us2H tals. 


Because of the purely displacive nature of the polari- 
zation process the permittivity tensor is. symmetric 
with €,;= ej;. The same is true of the permeability tensor 
at frequencies well below the inverse of the relaxation 
time associated with the return to equilibrium of a 
disturbed magnetic system. At higher frequencies, 
however, u;;— —pj; for ij. The skew symmetry of 
these elements reflects the gyroscopic nature of the 


magnetization process (Sec. 6). A possible maximum 
of permittivi m 


of six independent coefficients 
permeability therefore exists, H 


iE ; 


hom k^: 
NES S » 


P "i 


and different from each other, depends on the macro- 
scopic symmetry of the system. Frequently more useful 
for the molecular analysis are the corresponding 
susceptibility matrices 


X11 
X21 
X31 


X12 
X22 
X32 


x= (1.17) 


xa3|l - 


Notwithstanding the tensor form of e and p* in 
anisotropic crystals, the behavior of a polycrystalline 
aggregate of such materials is described by the simple 
quantities e*— &— je", u*=p'— ju”, provided that the 
microstructure of the material is much smaller than 
the specimen size and the wavelength of the exciting 


field; and provided that the material is in a depolarized 


or demagnetized state. 

For ferroelectrics and ferromagnetics the situation 
becomes more involved because the moments line up 
spontaneously, forming electric or magnetic axes. 
Changes in position cause, in general, a crystal defor- 
mation, hence a coupling exists to the elastic coefficients 
of the crystal structure (piezoelectricity and piezo- 
magnetism]). Furthermore, the response to external 
fields is nonlinear and depends on the prehistory of the 
sample because domain arrays are formed to minimize 
the field energy. 

Ferroelectrics and ferromagnetics are thus charac- 
terized by polarization and magnetization curves 
depending on field strength, and the permittivity and 
permeability coefficients here used designate certain 
slopes of these characteristics (Fig. 1.1). In evaluating 


"Normal magnetization 
curve 


Fic. 1.1. Parameters characterizing the quasi-static - 
magnetization of ferromagnetics. _ Š 
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Slidewire Magnetizing winding 


Sensing winding 


To y-axis 


of recorder Tex axis 


i recorder 
For high amplification $8. yy di of 
dt dt 
c [^4:] 
h s; 28 
whence Í M 


Fic. 2.1. Recording fluxmeter for quasi-static 
magnetic measurements. 


“normal” curves and hysteresis loops, corrections are 
required to transform from the externally applied field 
strength E or H to the internally applied field strength 
E; and H;. The shape of the sample enters because the 
free poles at the sample boundaries produce depolarizing 
and demagnetizing fields. For ellipsoids of revolution 
the internal field is homogeneous and derived from the 
applied field as 
eE: = e«&E— wP 


1.18 
H;-H—wM, VES 


where w is a shape factor varying from zero for a long 
needle parallel to the field, to one for a disk perpen- 
dicular to the field. 

As mentioned at the beginning of this section, we use 
the rationalized mks system. The conversion factors of 
the magnetic field strength and flux density to the 
oersted and gauss are 


4r 
[H]=[amp/m ] =e od 


(1.19) 
—~1.26X 10~*[oersted ] 


[B]=[weber/m?]=10‘[gauss ]. 


E 


Null coil 
control 


Null indicator 
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ancing the sample capacitor in one of the bridge circuits 
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2. MEASUREMENT TECHNIQUES 
(a) Quasi-Static Magnetic Measurements 


Up to +2000 amp/m (25 oersteds), our normal 
magnetization curves and hysteresis loops are plotted 
by a quasi-static fluxmeter (Fig. 2.1), developed after 
a design by Cioffi.® For fields up to 400 000 amp/m, 
the normal magnetization characteristics can be deter- 
mined with a null-coil pendulum magnetometer? (Fig. 
2.2). Finally, a vibrating-coil magnetometer has been 
developed here recently? (Fig. 2.3) for rapid measure- 
ments of magnetization and anisotropy characteristics, 
useful over a wide temperature and pressure range. 
With this instrument the dipole field of the sample can 
be measured at a distance, hence outside of and un- 
hindered by thermostats or pressure bombs. 


Magnetizing 


Coupling 
rod 


407 
oscillator 


40 ~ 
amplifier 


XA UE 
recorder 
Q 
Magnetizing - field signal 
from rotating coil 


Fic. 2.3. Vibrating-coil magnetometer. 


(b) Measurements of e* by Four-Terminal 
Methods 


To avoid boundary-layer effects, semiconductors 
should be measured, in general, by a four-terminal 
arrangement. For dc the voltage drop across the po- 
tential electrodes is compared with that across a  — 
10 000-ohm standard resistor (Fig. 2.4). Ac measure- — — 
ments up to 10* cps are made either with a differential 
voltmeter circuit (Fig. 2.5) or (to avoid the nonlinearity 
of the electronic components) in a potentiometer circuit 
with the coupling transformer to the detector tuned to 
resonance to provide a very high input impedance 
(Fig. 2.6). 


(c) Two-Terminal Measurements of e* and y* at 
Low Frequencies (10? to 105 cps) 


In most cases the permittivity is obtained by bal- 
°P. P. Cioffi, Rev. Sci. Instr. 21, 624 (1950). 


7C. A. Domenicali, Rey. Sci. Instr. 21, 327 (1950). 
3 D. O. Smith, Rev. Sci. Instr. 27, 261 (1956). 
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Phase 
sensitive |__| 


detector 


precision 
potentiometer 


Standard resistor 


Sample (10.000 2) 


Fic. 2.4. Equipment for four-terminal dc 
conductivity measurements. 
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transformer 


Differential 
amplifier 


Variable 
7 
attenuator 
iN 


Varioble stondards 


Differential 
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To 
null detector 


Fic. 2.5. Differential voltmeter circuit for four-terminal ac 
measurements up to 10 cps. 


shown in Fig. 2.7. For permeability determinations 
toroid samples with windings are used and measured 
with a capacitance in series in the same type of bridge 
circuit (Fig. 2.8). 


(d) e* and u* in the Medium-Frequency Range 
(105 to 108 cps) 


Measurements of the permittivity on lumped- 
capacitor samples have been extended by the use of a 
susceptance variation circuit; dielectric constant and 
loss are obtained by the resonance position and half- 
width of the resonance curve (Fig. 2.9). For toroids in 
permeability determinations this technique is inferior 
because of the distributed capacitance of the windings. 
Hence the complex permeability is obtained on coaxial 
samples. For the range from 105 to 10" cps, such a 


Shielded toroidal 
tronsformer 


Fic. 2.6. Potentiometer circuit for four-terminal 
ac measurements. 
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sample is placed on a movable shorting plunger in a 
four-arm coaxial bridge (Fig. 2.10). Between 107 and 
108 cps the coaxial sample can be measured at the 


LOW LOSS 


HIGH LOSS 


Fic. 2.7. Bridge circuits for electrical measurements from 
10? to 105 cps. 


, 1 ACc 
K o ———————— 
M Lo w*Cs(Cs* ACC) 
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m 


Fic. 2.8. Bridge circuit for magnetic measurements from 
10? to 105 cps. 


ves. (sample out ) 


AC * Co: 


r“ a ACv Vres. (sample out) - out) -4. 
C ’ 2Co | Vres.(somple in) 


Fic. 2.9. Resonance circuit for elec 
i 05 to 10° í 
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Line loss neglected 


Fic. 2.10. Coaxial line bridge for magnetic measurements from 105 to 107 cps. 


shorted end of a fixed line section in the sample arm of pressed to nearly transparent specimens? in the form of 
a commercial radio-frequency bridge (G.R. 916-A or disks (ca 1 cm diam, 2 mm thick). In addition, single- 
1601) (Fig. 2.11). crystal disks were measured in reflection and evaporated 
layers in transmission. 


3. STRUCTURE OF FERRITES 


The ferrites considered here have the spinel structure, 
a closest-packed cubic array of O?- spheres with com- 
pensating cations in interstitial positions. Adjacent to 
each oxygen ion are 14 interstices: 6 located in the 
cube-edge directions, surrounded by six oxygen ions 
(octahedral sites), 8 placed in the space-diagonal 
directions, surrounded by four oxygen ions (tetrahedral 
sites) (Fig. 3.1). 


Fic. 2.11. Impedance bridge with coaxial line for magnetic insulated Copacitotive 
measurements from 107 to 108 cps. A y/ Plunger coupling 


(e) Measurements in the High-Frequency Range oq 
(108 to 101° cps) Polystyrene 


Spocer 
Between 105 and 3x10? cps œ and &* are obtained 

in a coaxial line with standing-wave detector, by 
locating a thin sample in two successive measurements 
in a region of high magnetic and high electric field 
P. ‘strength (short-circuit and open-circuit method) (Fig. 
= — 2.12). A dc magnetic field parallel to the high-frequency ron 
- field can be superposed by connecting a current source X. generators 
= across the center conductor. At higher frequencies, 


Polystyrene 
spacers 


Line 
stretcher 


From 


<a guides. Electrical 
Mor = Storage meos: 
bottery ES 


Magnetic + 
meas, 


(f) Measurements in the Optical Range 


Absorption by the ferrites in the optical range is 
ry high. Our spectra are recorded from 2000 to about 
00 A bya Cary ins ent and from 1 to about 40 n Fic. 2.12. Standing-wave method for electric and magnetic m 
n IR-3 Beckman spectrophotometer, equipped for urements from 105 to 10" cps in presence of dc magnetic bias. 
ared with KRS-5 optics. For a survey aiy ! 9M, M. Stimson and M. J. O'Donnell, J. Am. Chem. Soc. 7 
stal samples were pulverized to particles 1805 (1952); U. Schiedt and H. Reinwein, Z. Naturforsch. 
0.1 to 1 u, mixed with KBr powder and 270 (1952). 

^ i CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 
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tetrahedral 


9 oxygen 
ae 


octahedral 


~—2> 
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Fic. 3.1. Two views of spinel structure: (a) octahedral and tetra- 
hedral sites; (b) repeating sections of unit cell. 


The prototype of these ferromagnetic spinels is 
magnetite (Fe;04). Here each anion is balanced by $ 
of a cation; hence, placing around each oxygen “a” 
cations in the octahedral and “b” cations in the tetra- 


hedral positions, we have to fulfill the condition 


n wo $3 
-+-=-; (3.1) 
6 4 4 


Fig. 3.2. Spinel unit cell: (a) 
stacking pattern of repeat units; 
(b) lattice. 


(a) 


? E, J. W. Verwey, Nature 144, 327 (1939); E. J. W. V 
1 L, Néel, Ann. phys. [12] 3, 137 (1948 Ed 


C 


that is, a=3, b=1 or a=0, b=3. The cations repel each 
other and therefore should be placed at maximum  - 
possible separation. If, in addition, we require thata 


repetition of the oxygen-cation configuration in space 
should produce a symmetrical and stable lattice struc- 
ture, the observed unit cell of magnetite results with 


32 oxygens and 24 cations in the arrangement a=3, ` 


b=1. The unit cell comprises 8 Fe;3O, groups (Fig. 3.2). 

Thus far we have assumed that three iron ions of 
equal valence (Fe(8/9+) compensate the negative charge 
of four oxygen ions. Actually, a chemist would write 
for magnetite Fe;0,— Fe**O?-Fes*O7-, that is; postu- 
late 8 ferrous and 16 ferric ions per unit cell. In struc- 
tures of the spinel type, the distribution of cations over 
the permissible sites may lie anywhere between the two 
extreme cases of 8 divalent ions on tetrahedral sites and 
16 trivalent ions on octahedral sites (normal spinel) or 
8 trivalent ions on tetrahedral sites and the remaining 
8 divalent and 8 trivalent ions on octahedral sites 
(inverse spinel). The physicist finds? that, in magne- 
tite, 8 Fet ions are located in tetrahedral (A) sites 
(inverse spinel), but the sixteen remaining cations in 
the octahedral (B) sites can be separated only arti- 
fically at room temperature into 8 Fe** and 8 Fe** ions. 
The high conductivity of magnetite suggests that the 
electron exchange between the ferrous and ferric ions at 
identical lattice sites is so rapid (cc10? ohm™ cm), 
that an average charge of +2.5 should be assigned to 
these iron atoms in octahedral positions. 

Each iron ion is the carrier of a magnetic moment; 
hence the two different cation sites form two magnetic 
sublattices A and B. Néel! successfully explained the 
spontaneous magnetizations observed in simple ferrites 
by assuming that the predominant coupling between 
the magnetic moments of the cations is that between the 


Mu Rs 


[9 
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tetrahedral and octahedral sublattices and that this 
AB coupling is antiferromagnetic. Thus the satu- 
ration magnetization of magnetite at absolute zero 
should correspond to that of the ferrous ions only: 

A sites 


B sites 
Filled cation sites 
per unit cell: Octahedral (16) 


Magnetic moments: 8 Fe**18Fe***T SFe*t**| 


Tetrahedral (8) Resultant moment 
SFe**[. 


The form of the magnetization vs temperature curve, 
on the other hand, depends essentially on the magnitude 
and nature of the couplings within each sublattice. In 
general these are found to be antiferromagnetic, al- 
though magnetite appears to have a weak ferromagnetic 
coupling between the ions of sublattice A. 

Near 119°K, one observes an electronic order-disorder 
transition in magnetite. The electron exchange between 
Fe** and Fe?* has obviously slowed down so much that 
the lattice can respond to the whereabouts of the 
electrons by distortion. Thus an ordered Fe?*Fe?* 
structure can be frozen in at the B sites. In Néel's 
sense, we should now distinguish between one A and 
two B magnetic sublattices. 

By substituting other cations for Fe?* and/or Fe?*, 
a great variety of materials of ferrite-type can be made 
in which the resulting magnetic properties depend in a 
complicated manner on the spin interactions in and 
between such sublattices. A satisfactory physical 
analysis of the ferrites requires accurate knowledge of 
the cation distribution, of the electron exchange 
between multivalent ions, of the origin and coupling 
of the magnetic moments, and an understanding of 
their interaction with the crystal lattice. In this con- 
nection it must be considered that a purely ionic 
description of the structure may not be justified. 


4. PRINCIPLES OF DIELECTRIC ANALYSIS 


At first sight, the broad-band spectrum of a ferrite 
evokes a feeling of complexity and inarticulation (Fig. 
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oe 4.1. Broad-band dielectric spectra of nickel ferrite 
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Fic. 4.2. Normalized susceptibility (dispersion and absorption) 
of classical resonator. 


4.1). A number of effects are superposed and guiding 
principles are needed to reduce the integrated charac- 
teristics into meaningful components. 

The response to electromagnetic fields is under 
consideration. Hence it is logical that we inquire about 
electric processes excited by electric fields, magnetic 
processes excited by magnetic fields, and interaction 
phenomena between the two. Furthermore, electro- 
magnetic fields couple to matter essentially by dipole 
terms; hence charge carriers, induced moments, and 
permanent moments will make their appearance and 
respond in resonance and relaxation spectra. These 
spectra are characterized by the frequency response of 
their dispersion (x' and absorption (x’’) components, 
but the identification as to type may be ambiguous, 
since a continuous transition from resonance to 
relaxation is possible. 

The common classical resonator, a mechanical one 
with viscous damping or, electrically, a simple series 
LRC circuit, is identical in its frequency response with 
the quantum-mechanical resonator with its transitions 
between quantum states of isolated atoms and mole- 
cules.? If M is the number of resonators per unit 
volume, e their charge and m their mass, one observes 
an electric susceptibility [see (1.14) ] 


Nef eom 
Mae 
woe — w+ jw2a 


(4.1) 


or, with respect to the static susceptibility Xs, & nor 


12 See reference 5, pp. 161 ff. 
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malized susceptibility (Fig. 4.2) 


=m i (4.2) 


For low damping, the spectral line is symmetrical about 
the resonance frequency wo with a width Aw, at half- 
power points given by the attenuation factor 2a 


1 
Aw, = 2a=—. (4.3) 


TI 


rı is the lifetime of the excited state. In classical terms, 
the quality factor Q of the resonator, defined as the 
ratio of energy stored to that dissipated per half-cycle, 
is equal to wo/Aw,;. Transitions between quantized 
magnetic states in isolated systems, described by the 
magnetic susceptibility, follow the same form. 
Elimination of the acceleration term in the resonance 
equation leads to the simplest prototype of a relaxation 
spectrum (Fig. 4.3) 
Aue SE (4.4) 


us 1+ jor 


where the relaxation time v corresponds, for example, 
to Debye’s ordering time of permanent dipoles in a 
viscous medium.” We can transform from (4.2) to 


1.0 
Xx! 
Xs 
0.5 " 
Xs 
0.0 
1.0 
x" 
Xs 
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O.I 1.0 10 
WT 


Fic. 4.3. Dielectric relaxation spectrum 
(dispersion and absorption). 


. BP. Debye, Polar Molecules (Chemical Catalog Company, 
New York, 1929), pp. 83 ff. 


. Fic. 4.4. Vector plot of the complex susceptibility (x*—1), 
illustrating continuous transition from resonance to relaxation 
spectrum. 


(4.4) by defining formally 


1 
T (4.5) 


TIW 


shifting the resonance to very high frequencies in 
comparison to the frequency of observation (wKwo), 
and increasing the damping a, that is, reducing the 
lifetime rı until 7:x<(1/wo). The physical meaning of 
this procedure is that we wipe out the discrete quantum 
states of the individual particles by interaction with 
their surroundings, and observe the adjustment of the 
particles in these surroundings. A typical example is 
the pressure broadening of spectral lines when a dis- 
rupting collision interferes before a vibration or ro- 
tation cycle can be completed. A plot of the vector x* 
(Fig. 4.4) shows the transition from a resonator (with 
the phase of its dipole moment relative to that of the 
inducing field varying from 0° to 180°) to the simple 
relaxing system with its circular arc locus (Cole-Cole 
plot’) and phase shift from 0° to 90°. The circular loci 
of Fig. 4.4 have the form 


1, x 1 
(a 4 HL —___ 
E Al * aw 


[0] 
w=—=constant; (4.6) 
Wo 
and 
1—4/w 2 Q 2 Q? à 
I-——] Gs) ~— for Q>2. 
1—w? 2 4 


Electron transitions and vibrations of individual 
particles find their counterpart in the electron transi- 


“ K, S, Cole and R. H. Cole, J. Chem. Phys. 9, 341 (1941). 
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tions and vibrations of coupled systems and hence 
maintain their resonance character. The rotation of 
electric dipoles in condensed systems leads to relaxation 
spectra, while the much looser coupling of electron and 
nuclear spins to their surroundings permits well-defined 
magnetic resonance spectra to persist. The experimental 
distinction between resonance and relaxation (Fig. 4.4) 
may be difficult, but two criteria, if fulfilled, unequivo- 
cally identify resonance. The dispersion curve of a 
relaxation spectrum can only fall with increasing 
frequency, hence a maximum or minimum of the x’ 
curve attests to a resonance contribution. Furthermore, 
the x" curve of the simple relaxation spectrum is the 
steepest absorption possible for this type. Plotted on a 
log-log scale it shows a maximum slope 2-1 (Fig. 4.3). 
Hence, a loss peak with a slope steeper than 1 is an 
unmistakable sign of resonance. 


5. ELECTRIC SPECTRA 
(a) Electronic Transitions 


The absorption spectra of bound electrons in solids 
consist normally of a broad sequence of bands in the 
“eigenabsorption” region, correlated to specific transi- 
tions. They are preceded towards longer wavelengths 
by weaker absorptions arising from impurities and 
distorted lattice areas. Light absorption, especially at 
the tail of the intrinsic band, may lead to photoelectric 
conduction and to the buildup of new absorptions 
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— Fic. 5.1. Electronic absorption spectrum of silicon [W. C. Dash 
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Fic. 5.2. Transmission of magnetite film in the optical region. 


towards the infrared. Electronic conduction, to which 
the quantum-mechanical conduction band concept 
applies, will produce a continuum which underlies the 
other absorptions. Figure 5.1 illustrates these types of 
spectra for the case of impure silicon. 

The ferrites considered here absorb strongly in the 
optical region. For this reason the information we 
possess at this time is limited. Transmission measure- 
ments on single crystals have to await development of 
grinding and etching techniques capable of reducing 
crystal sections to a thickness of about 0.1 micron. For 
a discussion of the low-frequency dielectric constant, 
it is necessary to know the over-all contribution of the 
electronic polarization. Estimates of this value are 
obtained from the refractive index of Mg ferrite at 
0.6 micron (k'œ6.5) and by reflectivity measurements 
on a single crystal of nickel ferrite on the high-frequency 
side of the infrared bands (k’œ7). Thus the electronic 
polarization contributes a value of 6 to 7 to the static 
dielectric constant. 

An actual transmission characteristic was taken on a 
magnetite film produced by the evaporation of pure 
iron and its oxidation to Fe,O4 (Fig. 5.2). Its scrambled 
information on transitions, for example, from cation 3d. 
levels to higher bands, or from O? to the various 
cations, points up the need for measurements on single 
crystals at very low temperatures in order to achieve 


resolution sufficient for the identification of individual - 


lines. 
(b) Infrared Vibrations 


The unit cell of magnetite, as mentioned in Sec. i 
ig. 3.2), contains eight Fe;O4 groups or 56 parti les, 
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Fic. 5.3. Rhombohedral subcells of spinel lattice. 


each of which contributes three degrees of freedom. 
Hence the unit cell has 168 normal vibrations. This 
inconveniently large number can be cut down by a 
factor of four by dividing the unit cell into four primi- 
tive rhombohedral subcells (Fig. 5.3). If we write the 
formula of the ferrites as MFe;O,, where M stands for 
a divalent metal ion, the rhombohedral cell (M5Fe403) 
contains 14 ions which can be lumped into two MO, 
and one Fe, tetrahedral subgroups. 

Of the 42 possible modes those which create a change 
in dipole moment [(du/dr)¥0] are optically active. 
Only eight vibratory modes cause local dipole moment 
changes; three of these become inactivated because the 
over-all dipole-moment change in the primitive cell is 
zero; a fourth is a zero-frequency translation. Hence, 
four optically active modes remain and are in phase 
throughout the lattice, when the subcells are joined 
together.!* 

The mode of highest frequency (vi) corresponds to 
the vibrations of the oxygen ions along the tetrahedral 
bond directions, the [111] crystal directions; the next 
lower mode (v2) represents a motion of the oxygen ions 
in a direction almost perpendicular to the first one; the 
remaining two modes (vs, v4) correspond to oscillations 
of the metal ions in the force fields of their octahedral 
and tetrahedral oxygen environments (Fig. 5.4). 

In absorption measurements, the real part œ of the 
propagation constant y is obtained. For a nonmagnetic 
material, y may be expressed in terms of the dielectric 
constant «*=x’— jx” as [ Eq. (1.7) ] 


EEN TENN, 
yaatjp=n(—_—*) ta ES) ail) 


However, when the material is powdered and imbedded 
in a loss-free dielectric, the absorption coefficient of the 


15 R. D. Waldron, Phys. Rev. 99, 1727 (1955). 
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resultant mixture is measured. This is not simply the — 
coefficient for the material, reduced in magnitude by _ 
the dilution, but depends on other factors. For example, - 
pronounced scattering will occur when the particl 3 
sizes become of the order of the wavelength; the 
dielectric constant of the embedding medium also 
enters? In the present work scattering becomes of 
importance only in the visible range. For particles very — 
much smaller than the wavelength, the absorption is 
expected to follow the variations in the dielectric loss | 
factor x" for the ferrite and to show peaks near the | 
vibrational resonance frequencies. ^ 
Absorption spectra for six simple ferrites are shown 
in Fig. 5.4. Two main bands occur, with peaks in the 
vicinity of 550 and 400 cm, which we attribute to the 
two highest modes; the two lower bands apparently lie 2 
beyond the range of our instrument. ZnFe:04 is a | 
“normal” spinel, that is, the Zn?* ion occupies the 
tetrahedral lattice sites, while Fe;04, NiFe;O4, and 
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CoFe0, are “‘inversed” spinels. MgFe;O; and MnFe20, 
are intermediate cases, on which firing conditions and 
1H cooling have great influence." The spectra show that, 
ig in the inversed structure, additional charge in the 
e tetrahedral site increases the energy and restoring force 
associated with the bonds between the tetrahedral 
atom and its oxygen neighbors. This increases the 
frequency separation of v, and vz by 30 to 40 wave 
numbers. In addition, slight changes are expected 
because of the lowering of symmetry, but the large 
experimental band widths limit the sensitivity of this 
method of analysis. 

An attempt was made to map the complete dispersion 
and absorption characteristics of nickel ferrite in the 
infrared, by measuring the polarization of the reflected 
light as a function of the angle of incidence on a single- 
crystal specimen. Unfortunately, the accuracy in this 
long wavelength range proved insufficient for reliable 
tracing of such curves. As a significant result, a value 
of x’, 7.00.5, was obtained at the high-frequency side 
of the absorption (A75 u), as mentioned above. Since 
the value of x’ is of the order of 10 to 15 in the micro- 
wave region, the atomic polarization adds about 3 to 8 
to the dielectric constant. 
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(c) Relaxation Spectra Caused by Interfacial 
Polarization!® 


While the dielectric constant of ferrites in the micro- 
wave range is only about 10 to 15, it may rise to values 
of 10* and higher as low frequencies are approached 
(Fig. 4.1). This behavior is typical for conducting 
materials through which the free flow of current is 
impeded, for example, by grain boundaries and barrier 
layers. A well-known prototype for a simple analysis of 
such effects is the Maxwell-Wagner two-layer capacitor 
(Fig. 5.5). Here the dielectric consists of two parallel 
sheets of materials (1) and (2), characterized by di- 
electric constant, conductivity and thickness. The 
apparent dielectric constant x* of the composite ma- 
terial, obtained by interpreting the admittance of the 
| Capacitor as 
3 Veap= joC = jok*Co (5.2) 
is given by 


(5.3) 


Ri 
R2 


‘Fic. 5.5. Maxwell-Wagner two-layer capacitor and 
ES. its equivalent circuit. 
" Am. Ceram. Soc. 38, 282, 335 (1955). 
9, 228 ff. 
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Frc. 5.6. Dielectric spectra of interfacial polarization. 


where 
; (d14-d3) exe» 


J (didi) (edo? + exor?) 
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Ks 
€0 


and 
€1d2+ €2d1 


eS 
o1d2+o2d1 
Examination of (5.3) shows that the dispersion caused 
by the double layer is identical with that of the dipole 
relaxation of (4.4), while the absorption contains an 
additional term, ¢/weo, dominant at low frequencies, 
due to the series resistors R; and Rə. In order to see 
the dependence of the dispersion and absorption 
characteristics on the relative properties of the two - 
layers, we introduce factors of proportionality a and b, — 
where 


1 
] 


Re 


4=— = 


Ri M 


oido 


Figure 5.6 shows typical characteristics with th 
factor b chosen arbitrarily as 2000 and x," as 10, order 
of magnitude frequently observed. The effect of in 
creasing resistance ratios is illustrated by the parame 
a. 
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1.5x1073 (d) Spectra of Ionic Atmospheres 


After the relaxation spectrum of the interfacial 
1.4x1073 polarization has been traversed toward increasing 
frequency we should expect a characteristic which 
remains constant until the infrared absorption becomes 
I.3x107? noticeable. Instead, the dielectric conductivity begins 
to rise again appreciably between 10? and 10" cycles 
(Fig. 5.8). A similar behavior is observed for glasses 
when they contain loosely bound cations (Fig. 5.9). 
Furthermore we find that while the microwave con- 
1.5xi073 ductivity of a typical nickel-zinc ferrite increases 
slowly with temperature, the dc conductivity shows the i 


` h " 
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g exponential decrease expected for a normal semi- 1 
I-4x107? conductor (Fig. 5.10). 
This indicates that an additional absorption spec- } 
E on dz L E zx? trum, lying in the 10!! to 10? cps range, moves towards 
Volts /cm à lower frequencies as the temperature decreases. Only 


the flat region of the c characteristic is therefore 
descriptive of the electronic conductivity of the 
ferrites, while the bulk of the electric losses at micro- 


Fic. 5.7. Field-strength dependence of the interfacial 
polarization at 10* cps. 


The two-layer model can be altered into an z-layer 
model of two media or into a dispersion of spherical 
particles of medium 1, distributed in a matrix of medium 
2. As long as the relative amounts of media 1 and 2 
remain the same, the complex permittivity stays un- 
altered. However, the prerequisite "spherical" is 
needed in order to preserve a simple relaxation spectrum 
with only one time constant. 

Returning with this information to the electrical 
spectra of ferrites, we find, as did Koops,” that we can 1 
approximately match the observed characteristics (Figs. 10? 
7.1 and 7.2) by the equivalent circuit of Fig. 5.6 by Frequency (cps) 
choosing, for (5.4), parameter a between 0.1 and 1.5 
and parameter b between 10* and 2X105. The ferrite 
proper (medium 1) is assumed to be dispersed as 
spherical particles in an interface (medium 2) which 
forms thin layers of high resistivity around the particles; 
hence Cz»C;, RoR, 72>71. In consequence, 5751, 
ac-1, and at sufficiently high frequencies the interface 
medium is shortened out, and one observes the dielectric 
properties of the base material. 

For magnesium ferrite-aluminates a comparison with 
the two-layer model has been made by Fairweather 
and Frost?; constants a and 6 were derived from 2- 
terminal measurements. We find that 2-terminal data 
can be quite unreliable in the lower frequency range 
and may show a field-strength dependence which varies 
with the type of electrode used. Four-terminal measure- Io" 
ments eliminate these difficulties. The remaining 
consistent field-strength dependence (Fig. 5.7) is 
probably caused by the high electric stress across the 
thin layers of medium 2, which leads to localized field 
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Fic. 5.8. Increase of the dielectric conductivity of ferrites 
towards the microwave region. 
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wave frequencies arises from the incoming absorption 
spectrum. 

This absorption is possibly caused by loosely bound 
charge carriers moving out of phase with their com- 
pensating ionic surroundings. Such spectra would be 
akin to the relaxation spectra of ionic atmospheres in 
liquids? (Wien effect), but might have resonance 
character in solids. 


(e) The Conductivity of Ferrites 


Interfacial polarization effects of ferrite ceramics 
certify that the observed conductivity may not at all 
be the true conductivity of the base material. There 
may be a variety of such effects, depending on com- 
position and pre-treatment. For highly resistive ferrites, 
for example, an exponential increase of the conductivity 
with temperature has been reported to be governed by 
the same activation energy below and above the 
relaxation region.” In this case, the transition layers 
appear to be not of different electric properties but 
rather to be represented by geometrical intergranular 
contact areas. On the other hand, true transition layers 
frequently exist and can be identified, e.g., as a highly 
resistive surface layer of different texture (Fig. 5.11) in 
a sintered manganese-zinc sample. 

Our research samples are, in general, fired to ap- 
preciably higher density (95-99% of x-ray density) 
than commerical samples (75-85%). In the case of our 
nickel-zinc ferrites this resulted in an increase in con- 


€ (ohm-cm) 


———MÀÀ 
WS K 8.5110? cps 
NisZnsFez04 


(> 


| 1 xt 6» y 
| NisZnsFez04 \ 
X Ni; ZnsFez04 
| 28 3.0 73.2 3.4 3.6 3.8 4.0 
Y 10007 T°K 


7 if 
10. T erature dependence of the dc conductivity 
MOD oe eA (Epateins). 


Physik. Z. 29, 121 (1928); M. 
,155 (1936). 
| Kang i Univer S 


het aW. 


WESTPHAL, 


| Haridwar Collection. Digitized by S3 Foundation USA 
dien. 
MELOS uo. 


AND VON HIPPEL 


Fic. 5.11. Highly resistive surface layer (a) of 
manganese-zinc ferrite. 


ductivity by about three orders of magnitude, even in 
the microwave region. The reason is probably that at 
high temperatures electron transitions take place from 
O?- to Fe?*. An excess of Fe?* is created and the over-all 
charge balance restored by oxygen loss from the 
material. In cooling, a porous sample can reabsorb 
oxygen with relative ease from the firing atmosphere, 
and return to a low-temperature ferric equilibrium, 
For dense samples, the diffusion of the oxygen is too 
slow and a greater excess of ferrous iron remains. E 

This explanation is consistent with a number of other — 
observations. Kamiyoshi? found that the activation - 
energies of nickel ferrite and cobalt ferrite can be - 
decreased considerably by quenching from high tem- - 
perature. Wijn? showed that oxygen deficiency in a 
Ni-Zn ferrite can increase its conductivity from 10:5 
to 10-* (ohm cm)™ and lower the activation energy 
from 0.4 to 0.1 ev. Finally, measurements on single 
crystals of magnetite” have given us detailed informa- 
tion on the dominant role played by the FeFe 
electron exchange in the conduction process. 

The temperature dependence of the dc conductivity 
of a magnetite single crystal shows a very unusual 
characteristic (Fig. 5.12). One striking feature is an 
abrupt drop of the conductivity, by several orders o 
magnitude, when the crystal is cooled through a tram 
sition from cubic to orthorhombic symmetry near 
119°K. This effect was interpreted by Verwey and 
co-workers? as an electronic order-disorder transition 


Os (3 2 gos. Sci. Repts. Research Inst. Tóhoku Univ, 3, 
1). , 

T E J. Wijn, Lab. Philips Gloeilampenfabrieken, Sep 

, 1953. 

^ C, A. Domenicali, Phys. Rev. 78, 458 (1950) ; B. A. Ca 
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Fic. 5.12. Temperature dependence on the dc conductivity of the magnetite single crystal. 


sites. Observations on a concurrent ordering of the 
magnetic spin system™ support this explanation. The 
sharpness of the transition is rapidly destroyed by 
addition agents which interrupt the ferrous-ferric 
sequence in the octahedral sites (Fig. 5.13): 

Without doubt the very high conductivity of magne- 
tite is caused by the easy electron transfer in the 
octahedral sites, and the highly resistive ferrites are 
made by interrupting this transfer. The electron 
exchange in magnetite may be considered as an acti- 
vation process, in which the electrons are handed along 
so fast above the transition that the vibrations cannot 
follow. At the transition, the lattice vibrations catch 
up and differentiate between ionic arrangements by 
different distortion of the structure at the Fe’ and 
Fe?* sites. Thus, above the transition only the electronic 
polarization enters into the activation process; below 
it, both the electronic and atomic polarization are 
involved. The ordering is not complete immediately 
below the transition, as conduction measurements 
show," but improves with falling temperature; also 
the apparent activation energy, as measured by the 
slope of log conductivity vs 1/T curve, decreases slowly 
from 0.1 ev and reaches 0.03 ev at 40°K. 

It is tempting to speculate that in magnetite single 
crystals the unusual case of band-type conduction in 


specific lattice directions [110] is realized, which 


changes below a critical temperature to a more classical 
trapping and release process. More research is needed be 
to clarify this issue. At higher temperature, scattering ia 
by lattice vibrations flattens the slope of the conduc- 
tivity characteristic and reverses it near 355°K. The 
new rise above the Curie point may be caused by strong 
onset of the higher energy electron transfer processes 
between O% and the cations postulated above. Such a 
transfer would simultaneously weaken the super- 
exchange coupling causing ferromagnetism and bea 
determining factor for the Curie temperature. Electron —— 
transfer between cations on tetrahedral and octahedral — — 
sites may also become of importance in the disordered — 
magnetic state. a 


6. MAGNETIC SPECTRA (GENERAL DISCUSSION) . | 
(a) Gyroscopic Effects 


The elementary magnetic moments m of a mate 
are casually related to quantized angular momenta 
m-—-yp', 

where y is the gyromagnetic ratio. Viewed classi 
they are gyroscopes, subjected in a magnetic field H, 
according to Newton's law, to a torque. EM 
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Fic. 5.13. Effect of cation substitution on the electronic order-disorder transition in magnetite (J. H. 
Epstein, M. S. thesis, Massachusetts Institute of Technology, 1954). 


(6.5) has the solution 
M z= M oe?" ù 
M,= M ge Geoto712) (6.7) 


sented by the additive action M ,— constant — (M?—M,’)}, F 


with wo= —"yuoH ,. The two oscillating components are 
out of phase by 90° in space and time, hence add up 


vector M precesses around the magnetic field axis 
sign of wo indicates a counterclockwise precessio 
y>0, as viewed looking along the direction of 
applied field.) í 


rm 
n of a Small Alternating Magnelic Piel 
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position of a small alternating magnetic field 
AH — (AH) pe*## (6.8) 


again causes a precession. Without attenuation and by 
including only first-order terms, the torque equation 
(6.5) reads 


d(AM.) 


TT YuoL (AM y) H ,— M; (AH) ] 
d (AM ,) 
di x yHoLM .(AH ;) 25 (AM .)H. | (6.9) 
d(AM ;) 
—0, 
dt 
the solution of which is 
Ww 
AM ,=a(AH,)— j—a(AH,); 
[0] 
i (6.10) 


u) 
AM ,Sa(AH ,)4- j—a(AH,), 


with 


2E 

Expressing the relation between the magnetization 
and field components by a susceptibility matrix for the 
magnetic susceptibility xm*, we obtain x11— xo»— a, and 
Xt XG? Nice — j(w/wo)a, 


[0] 


9 = ja O 
wo 
Ww 
Xm= j—a a 0 . (6.11) 
wo 
0 0 0 


An experiment designed to measure the diagonal 
susceptibilities x44 would therefore trace out the dis- 
persion curve 


2 
X11 Wo 


XH ae : (6.12) 
Xs Xs ? 


9 
Wo —0* 


a resonance curve identical with that for an undamped 
linear oscillator (Sec. 4). 


(b) Spin Resonance and Effective Field 


In Eq. (6.7) we assumed that the Larmor frequency 
is determined by the applied field H=; this is true only 
in isotropic magnetic media without domain and 
crystal boundaries. More generally, the resonance 
frequency can be represented as proportional to an 
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"effective" field, Herr, which contains all influences that 
lead to a change in the free energy & of the magnetic 
system, when the magnetization vector M is turned 
from its equilibrium direction.” Writing the free energy 
6 as a function of the polar angles 0 and ¢, 


YHo Z 8E ( 07s )] 
M sin@\ 06? dd? 90- 06 


= —'"yuoH ott. 


Oo= — 


(6.13) 


The most important contributions of the material to 
the effective field are the following. 


Magnetic Anisotropy of the Crystal Structure 


In a crystal of cubic symmetry, for example, the 
anisotropy energy of the magnetization M can be 
expressed as 


6a= Kot Klara? tara Haa) 


+K:larara?)t:--, (6.14) 


where a, o», a3 are the direction cosines of the mag- 
netization vector in respect to the crystal axes (Fig. 
6.1). Landau and Lifshitz?’ first pointed out that this 
anisotropy leads to an effective field, which for a 
single-domain crystal of spherical shape, when the 
first-order term dominates," amounts to 


2K, 
Hoi 

KoM, 

for K positive (easy direction [ 100) 
and (6.15) 

3K; 
Hei — 
2uoM , 


for Kı negative (easy direction [111 ]). 


Fic. 6.1. Magnetic anisotropy energy in two planes | 
of a cubic crystal. A 


25 H. Suhl, Phys. Rev. 97, 555 (1955). à; 
233 L. Landau and E. Lifshitz, Physik. Z. Sowjetunion 8 


(1931) : F 3 4 


931). 
27 C. Kittel, Phys, Rev. 73, 155 (1948). 
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Shape Factor 


For ellipsoids the position of minimum energy for 
an isotropic ferromagnetic is the direction of the long 
axis, because the smallest demagnetizing field results 
(1.18). Hence, deflection of the magnetization vector 
from this direction gives rise to a torque tending to 
restore the minimum energy state. In this case the 
effective field for a single-domain ellipsoid?’ polarized 
in the z direction by a field E; is given by 


Hest = [H.+ (wz—w.)M, PLE 4- (wy— w2)M, |} 


= Deets Hyt. (6.16) 


The maximum value is reached for a long needle 
(w2=wW,=3, w.=0) 


Hen H 4-3M ,. 


Induced Moments on Domain Boundaries 


As the Curie point of a ferromagnetic is approached 
from higher temperature, the elementary spins spon- 
taneously align and a saturation magnetization M 
develops in a. preferred crystallographic direction. 
Several equivalent lattice directions are available and 
are usually chosen by the magnetic axes to produce a 
domain pattern approaching a constellation of minimum 
free energy. 

A large “dynamic” effective field may be produced, 
as Polder and Smit showed,”§ because of the presence of 
domain boundaries. Figure 6.2 shows a section through 
a ferromagnetic body containing 180° domains ori- 
entated in the +z direction with thin walls in the y-z 
planes. Application of an oscillatory field in the +x 
direction, that is, perpendicular to the wall, produces a 
Larmor precession around the H, field with the sense 
of rotation opposite in the up-and-down domains. In 
consequence, the poles in the x direction at the walls 
appear in phase and, adding to dipole chains, produce 
the normal shape magnetization factor wz of the over- 
all body. The poles created in the y direction are in 
opposition and their demagnetizing effect cancels 
(Wz, ett=Wz, Uy ett, 20,— 0). 


Fic. 6.2. Gyromagnetic rotation creating free poles 
on 


domain walls. 
Modern Phys. 25, 89 (1953). 
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> [Mx (MxH) ] C Precession path for 
M 


y«so 


Fic. 6.3. Erecting torque damping gyromagnetic precession. 


On the other hand, if the oscillatory field stands in 
the y direction, the free poles induced on the domain 
walls pile up in alternating sheets and lead to very 
strong closing fields in the individual domains (wl; 
Wuett=Wy; 1;—0). Since the shape factor in the x or y 
direction can vary between 0 and 1, the effective field 
for the first mode of excitation can vary between H, 
and H,* (H.4- M ;)*, and for the second mode, between 
Hj (H,4-Mj) and (H.4- M )). 

The field action of induced moments invoked by 
Polder and Smit can be generalized; a system of n 
types of interacting domains will have #-resonant 
frequencies as do m-coupled oscillators. A complex 
domain arrangement pointing at various angles to the 
applied oscillatory field should therefore produce a 
broad distribution of Larmor frequencies whose effective 
fields lie for the most part in the range between the 
anisotropy field H, and (H,+M.). 

In addition to these resonances where the individual 
moments within each domain precess as a single spin 
system, the existence of magnetic sublattices in ferrites 
permits further modes of precession wherein the spin 
system of one sublattice changes its orientation with 
respect to the others.? The frequency of such modes 
should lie in the infrared region in most cases.? They 
have never been observed in simple ferrites. However, 
a resonance of this kind has been induced at microwave 
frequencies, under the special condition that the sub- 
lattice moments were very nearly balanced. 


Damping Effects 


In real matter, the rotational energy of the Larmor 
precession will be dissipated by such effects as magnetic 
dipole radiation, interaction with nearby magnetic 
moments, with conduction electrons and, through 
magneto-elastic coupling with lattice vibrations. In 
consequence, the magnetization vector will spiral back 
into the z direction. This tendency can be expressed 
formally in the equations of motion by adding to the 


? R. K. Wangsness, Phys. Rev. 91, 1085 (1953); 93, 68 (1954). 
2 J. Kaplan and C. Kittel, J. Chem. Phys. 21, 760 (1953). 
3 R. K. Wangsness, Phys. Rev. 97, 831 (1955); T. R. McGuire 
ibid. 97, 831 (1955). 
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rotational torque an erecting torque (Fig. 6.3) 


dM A 
— — y MX 4H ]- ——[M x (MX H)] 
di |M]? 
(6.17) 
SM mon e] 
= Ho = ) 
|M|? 


as first introduced by Landau and Lifshitz.?® Up to the 
present, no theory has adequately explained why the 
attenuation is so strong in ferrites; the relaxation times 
are of the order of 10? sec. In considering this problem 
it is convenient to regard the precessional motion of the 
magnetization vector as a periodic disturbance of the 
system of spin moments, which leaves all these moments 
mutually parallel; that is, the wave motion in the spin 
system has an infinite wavelength or zero wave number 
k. Disturbances of shorter wavelengths may also exist 
and would have the effect of reducing the over-all 
magnetic moment of the spin system. Only the wave 
with k=0 can be excited by a uniform field. Since there 
is little interaction of this wave by magnetic-elastic 
coupling with the thermal vibrations of the lattice? (the 
bulk of which have wave numbers of the order of 
10? m7), it has been difficult to explain the attenu- 
ation as a direct energy transfer process. It has been 
suggested? that energy is first transferred from the 
k=0 wave to waves of higher k value and thence to 
the lattice, but this process itself has remained un- 
explained, since in a system of infinite extent much 
more energy is required to excite a wave of high k. This 
is because, when neighboring spins are moved out of 


Fic. 6.4. Dynamic pole distribution on sphere caused by 
high-order spin wave. 
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Fig. 6.5. Energy of spin waves propagating in sphere. 


alignment, exchange energies enter of the form 


6x— yuoHh-4- X E, (6.18) 


where X is a constant of the order of 10-?? joule m?. 

Lately, it has been realized? that for a magnetic 
system of finite extent this energy expression has to be 
modified considerably. For example, a disturbance of 
large wave number in a sphere, oriented along the 
external field direction, induces alternate N and S poles 
on the surface of the sphere (Fig. 6.4), which, in con- 
trast to the case of k=0, effectively cancel each other's 
influence at a distance large to their separation. There- 
fore the precessing dipoles of this wave mode contribute 
magnetization components only in the z direction, a 
hence the demagnetizing factors are w,—$, Wz=Wy=0, 
and the energy of the wave is (Fig. 6.5) 


anc n 


M 
& m1. ) +x. (6.19) 


Im 


For wave propagation at an angle 0 to the field axis in — 
a spheroid 


Er= [fyuo(H,— N,M)- XR? ]i 
X [yuo(H.— N.M--M sin*@)+ Xk? ]*. 


For very low k values, the situation is more complicated _ 
and has been treated theoretically by Walker.* Such 
modes have been excited by nonuniform fields® ( 
6.6). It is clear from (6.20) and Fig. 6.5 that : 
modes with comparatively large K(c107^*[m-t 
have approximately the same energy as the k= 


^. « 


qi 
(6.20) - M 


QC IGESEOD, Suhl, Walker, and Anderson, Phys. Rev. 101, 
9. 3 cs 


(1956). 
ATL, R. Walker, Phys. Rev. 105, 390 (1 
f = P. A. Miles, thesis, London; 1954. 
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Fic. 6.6. Magnetic resonance doubling at 24 kmc in a nickel ferrite 
crystal sphere produced by nonuniform excitation (Miles*5). 


The fact that structural inhomogeneities in the lattice 
may provide coupling between these waves offers some 
hope for the explanation of resonance damping in 
ferrites. 

The resonance frequency, hence energy, of the 
uniform mode depends on the shape of the specimen. 
It follows that the degree of degeneracy of the spin- 
wave system, and with it the resonance damping, may 
also be shape-dependent. Thus the damping for a rod 
magnetized along its axis should be more than for a 
sphere, because more spin-wave modes of approximately 
equal energy can be excited in the rod. Such effects 
have not yet been reported. The spin-wave theory 
predicts? in addition that the uniform precession mode, 
directly excited, may become unstable at large ampli- 
tudes of oscillation. The reduction of resonance ab- 
sorption in metals and ferrites at high levels of rf 
excitation observed by Bloembergen and co-workers?? 
is believed to be due to this instability. 

We will use the Landau-Lifshitz formalism for the 
future discussion, despite the fact that the mechanism 
. outlined above would not conserve the length of the 
_ vector M. The damping factor will therefore be con- 
= sidered as a parameter which may depend on both H 
. and M 
The solution of (6.17) is 


M= M oeGeo-ot 


My, ES Metem t4-7/2 
€ 


Mo? 
A u.=M|1-(—) a 
M 


ith a= (AH/M). By introducing the erecting torque, 


; Phys. Rev. 100, 1788 (1955). 
W. Anderson One a Phys. Rev. 93, 72 (1954); 


N. Bloembergen an Ae 98 239 (1953). 
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the oscillators in the x-y plane remain out of phase by 
90° in space and time but are attenuated. The resonance 
frequency wo is still identical to the Larmor frequency 
of (6.7). 

Corresponding to (6.10), which relate to the appli- 
cation of a small oscillatory field, we now have 


AM ,— a' (AH,)— jb'(AH,) 


AM,=a'(AH,)+ jb’ (AH), (6.22) 
AM ,=0 
where 
x c +Aa+ jo à wu)’ 
v= , = 
wert (jw+ea)? wo- (jot+a)? 
and w’=—yoM,. 


For very low frequencies in relation to wo, the AM 
vector in the plane oscillates practically in the direction 
of and in phase with the driving field; for very high 
frequencies (w>>wo), the magnetization vector is 
essentially out of phase by 90° in space and 180° in 
time; at the Larmor frequency itself, the AM vector 
describes a circular motion in the x-y plane (Fig. 6.7) 
with a temporal phase shift of 90° with respect to the 
driving field AH. Energy is continuously absorbed from 
the exciting field and transferred to the surrounding 
medium via the damping process. 

In comparison with the case of undamped motion 
(6.12), the diagonal susceptibility terms now have the 
form 

* 2 2 7 
Xm w tat jwa (6.23) 


ane wo Ha? — w+ jw2a 


The dispersion and absorption curves for this resonance 
response are very similar to those of Figs. 4.2 and 4.4 
for low damping, where the line width Aw=2a, but 
deviations occur at low Q values (Fig. 6.8). In the limit 
for extreme damping (A>>— yuoM), the response follows 
a simple relaxation curve, but this time the loss maxt- 
mum shifts to a frequency w= (1/7) — (A&H/M) much 
higher than the resonance frequency wo. Physically this 
means that if the system is perturbed, equilibrium 1s — 
regained so rapidly that the precession is unable to ia 


take place. E 
y 
y AH y 

AH 

AM AH 
G i AM x 

AM 
W<< Wo W 3 Wo w >> Wo 


Fic. 6.7. Equilibrium precession'of magnetization vector 
in small oscillatory field. 
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If the factor A is a physical constant of the material, 
the Q value of the resonance is independent of the 
frequency, since 


wo "'YAoH res yYuoM 


2a 2AH res 2) 


(6.24) 


Thus if the resonance is traced by varying the applied 
field H at a fixed frequency w, the resonance line width 
AH should be proportional to w. In ferrite single 
crystals, line widths measured in the microwave region 
are found to vary linearly with w, but not proportional 
to w (Fig. 6.9). Thus, no unique frequency-independent 
constant à can be used to describe such resonances in 
ferrites. In the frequency region 10" to 4X10" cps, at 
least, we can take care of this fact in a formal way by 
introducing a further damping factor 6 in the form 


8M/8L— yu (MX H) 


À 6 
z (=+ )MxMxID. (6.25) 
M? MH 
The attenuation factor a of (6.21) now becomes 


(6.26) 


Fic. 6.8. Resonance response with Landau-Lifshitz damping. 


with the contribution 6 describing a frequency-inde- 
pendent line width. A damping process of this form 
gives an energy loss per cycle which depends solely 
on the deviation of the magnetization vector from its 
equilibrium position and*not upon the static field 
applied. If the line widths found in nickel ferrite (see 
Fig. 6.9) are due to damping, the appropriate values of 
the constants are 6=3.2X10® rad/sec A=1.3X108 
rad/sec. 


(c) Domain Walls 


Adjacent areas in a crystal, where the spin arrays 
are aligned along different axes of easy magnetization, 
are separated by transition regions (domain walls) in 
which the spins change direction gradually (Fig. 6.10). 
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M+ components, are a maximum in the middle of the 
wall, where the closing field H- may be appreciably 
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Fic. 6.9. Resonance line width of nickel ferrite single crystal 
at microwave frequencies (Miles*). 


The precise structure of the wall is determined by a 
compromise between opposing forces of magneto- 
crystalline anisotropy trying to align all spins along 


the preferred axes (hence to minimize the thickness of 
the transition layer) and exchange energy, forcing spins 
into parallel alignment (hence expanding the wall in 
order to minimize the misalignment of neighboring 
spins). The resultant energy stored in a wall may be 
shown?'9$ to be proportional to the product (4K;)!, 
and its thickness of the order of (4/K;)! where Ky is 
the first-order anisotropy constant and 4 an exchange- 
energy factor usually of the order of 10-79 joule/m. 
Estimates of wall energies for known ferromagnetics lie 
in the range 10-* to 10-? joule/m? for walls of 10? to 
10! angstroms thickness. 

The motion of domain walls has been treated in the 
following way?9:?: the application of an external field 
H. produces a torque on the magnetic spins in the wall 
proportionally to sin 8. Since the spins behave as 
gyroscopes, there tends to develop a precession around 
the z axis carrying the spins out of the y-z planes. 
Because the spins are coupled and staggered, an actual 
precession cannot take place but a wall deformation 
results, producing a magnetization in the x direction. 
This component M ; creates a closing field 


H.——M5 (6.27) 


because div B,=0 (div B, and div B, are, a priori, zero 


for a wall of infinite sidewise extension). The torque 


exerted by H., and hence the wall distortion and the 


pots VE 


larger than the applied field H.. 


If 


i 
H 
H 
i 


x: 


Fic. 6.10. Structure of 180° domain wall. 


9$ W. Döring, Z. Naturforsch. 3A, 373 (1948); R. Becker, J. 
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Due to the H- field component, an additional pre- 
cession motion about H, ensues and this, coupled with 
the damping torques directed towards H, and H, 
(according to the Landau-Lifshitz expression) erects 
the moments into the z direction and causes the wall 
to move in the x direction. The wall structure is as- 
sumed to remain unchanged during translation, while 
the individual spins are left behind as particles in any 
wave motion. For the individual dipoles the instan- 
taneous angular velocity for precession around the x 
axis is 

c do 


wo=—=— yuo, (6.28) 
dt 


and determines the translation velocity v (Fig. 6.10) as 


dð dé 
——-—.y; (6.29) 
di dx 
hence 
v d0 
Jp E (6.30) 
Loy dx 


In moving the wall a unit distance, the potential 
energy of the system is reduced by the reversal from 
antiparallel to parallel of moment 2M per unit area of 
wall. The associated energy 2uoM H, must be trans- 
ferred to the lattice by the damping mechanism oper- 
ating on the re-orientating dipole moments in the wall. 
According to (6.17), this mechanism gives a dissipation 
rate poH-(dM/di)~pAHZ, since for low damping 
HH. in the center of the wall. The consequence of 
the introduction of the Landau-Lifshitz term is to give 
a rate of damping which increases with wall distortion, 
and hence with wall velocity. 

The equilibrium velocity v is given by the balance 
of the rates of energy creation and dissipation 


oo UV?X oo do 2 
2MH v= f uH da= [ (7) dx, 
YHo Y—» Ndx: 


whence (6.31) 
2y uo M 


Hs 

5 do 2 B 

AE 
Lo Naa 

= The driving force per unit area 2uoM H, is equal to the 
= frictional damping force £v. 
= The wall distortion causing H, also implies an 
increase in the energy stored in the wall structure. 
This additional deformation energy per unit area is 


2uoMH, 


E. 


e I o 
A& mf Maas f 22m 
aes ds 


o y dy? 
z (— dx. 


(6.32) 
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The coefficient of v?/2 may be interpreted as an effective 


wall mass 
1 *sd0\? B 
- f (2) dx=-. 
Yo Yin Ndx A 


This description of wall motion tacitly assumes that 
the equation of motion for individual spins can be 
handled as if all the magnetization vectors would 
execute their precession with equal amplitude and 
phase. Actually, the introduction of a wall distortion 
that moves past lattice imperfections suggests that 
exchange coupling effects may become of importance.” 
Furthermore, a wall region may differ in its properties 
from the bulk material (Sec. 7); hence damping 
processes effective in domain precession and domain- 
wall motion may not be identical. 

When a wall is stabilized in position by the presence 
of impurities, cavities, stress patterns, etc., an elastic 
restoring force of the type F.— — kx exists for small 
displacements. Consequently, the equation of motion 
of the trapped wall may be written as that of an 
harmonic oscillator of the mass » subjected to frictional 
damping, i.e., 


m= 


(6.33) 


mé+ Bit kx 2uoM H.. (6.34) 


If a periodic field H,= H ;c/*' is applied, a susceptibility 
contribution stemming from the oscillating walls is 
observed, 


AM, 2Mx 
——— —JÀ4. 


H; H; 


(6.35) 


AL, 
Xmz = 


3M 
2H 


u 
m? Xm 
xk 
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N 
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Fic. 6.11. Contribution to magnetic dispersion and loss by 
migrating domain walls (fundamental component derived from 
harmonic analysis). 


“ Exchange effects have been observed in a ferromagnetic” 
resonance experiment in a metal, where a pronounced skin effect 
caused the exciting field, and with it the precession motion, to £ 
rapidly attenuated with depth (W. S. Ament and G. T. Rad 
Phys. Rev. 94, 1411 (1954); 97, 1558 (1954). 
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Fic. 7.1. Dielectric spectra of nickel-zinc ferrites from 10? to 10" cps. 


Here 2M« represents the moment reversed for one wall (6>>mw), this resonance response approaches a e: 
displaced by x, and z the number of walls per unit laxation form 


length, in the x direction. Hence Xme* k 1 
nAuoM?/m Mio m 
| uk is UE (6.36) Xe Pj dejar 


cd — ot jor 


with w?=k/m. The ratio of dynamic to static suscepti- are not bound to equilibrium. 


bility is therefore through the crystal with a velo 
X»;* od k the susceptibility becomes | 


ewe Uhr (6.37) 
Xms wow Hjo  k—mo*-- je 


where x4,—4nuoM?/k. In the case of high damping 
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5 _ that is, a pure magnetic loss which varies with frequency 
| the same way as an electric loss due to charge 

— migration. If this wall motion is interrupted at the 
Eon. critical frequency we=4nuoM H/B by the walls being 

— swept out of the crystal, the magnetic response is no 

- Jonger linear. The harmonic analysis of this new 
response at frequencies below ws has fundamental 
i ponents both in and out of phase with the exciting 
eld (Fig. 6.11). It can be seen that a distribution of 
al frequencies can produce a dispersion spectrum 


- to a relaxation, but this will be accompanied 


norm ally high and steep loss characteristic. 
ion of a finite coercive field H. produces 
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Fic. 7.2. Dielectric spectra of nickel-zinc ferrites from 103 to 104 cps. 


a nonlinear response at all frequencies and an additional 
frequency-dependent loss component below the appro- 
priate critical frequency. 


7. MAGNETIC SPECTRA OF FERRITES 


The preceding discussion foresees three dispersion 
mechanisms: migration of domain walls, oscillation of 
domain walls around equilibrium positions, and gyro- - 
magnetic rotation of the magnetization vectors within 
domains. The migration of walls causes a loss similar to 
conduction phenomena, and possibly a relaxation-like 
spectrum; wall oscillation and gyromagnetic rotation 
if not overdamped, produce resonance spectra. 
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Wall or Spin Resonance? 


The frequency-response characteristics of the nickel- 
zinc ferrite series at room temperature (Figs. 7.1 and 
7.2), as well as those of other ferrites, give the impression 
that there are two main dispersion regions showing some 
resonance character. The first is marked by a rapid 
increase in magnetic loss combined with a slight rise in 
the km’ characteristic in the range of 105 to 107 cps; the 
second by a loss peak and a minimum of km’ between 
10° and 10° cps. Rado and co-workers! advanced the 
interpretation that the upper and lower resonance 
regions are caused by spin and by domain-wall reso- 
nance, respectively, while scientists at the Philips 
Research Laboratories? are inclined to attribute both 
regions in cubic ferrites to spin resonance. 

It cannot be postulated that the frequency location 
of the resonance region gives an a priori decision about 
the mechanism involved. The two main pieces of 
experimental evidence supplied by these characteristics 
are the static susceptibility Xms and the resonance 
frequency as identified by a loss maximum. These 
quantities are theoretically interrelated (Sec. 6). 

For wall resonance, where wo=(k/m)! and xm. 
—4CuoM?/k (6.36) with the factor C given by the 
number of walls and their relative orientation, 


4CuoM? i 
(Oran s (7.1) 
m 


By introducing typical experimental values: M=2.5 
X105 amp/m, xms=30, 10* walls per meter, and a wall 
mass as calculated for nickel ferrite (9X 1071? kg/m’), 
we obtain a resonance frequency wo/2m=55 Mc/sec. 
Over-damping of the wall leads to a loss-maximum 
frequency wa= (k/Nm) and 


ACuoM? - 
WwaXm s — —— ——0 (7.2) 
^m 


With a typical damping factor, taken (with the reser- 
vations discussed in Sec. 6b) from magnetic resonance 


[110] 


Fic. 7.3. Toroid of nickel ferrite single crystal cut in (110) plane. 


*: G. T. Rado, Revs. Modern Phys. 25, 81 (1953). 
142 J. L. Snoek, Physica 14, 207 (1948); D. Polder and J. Smit, 
Revs. Modern Phys. 25, 89 (1953). 
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Fic. 7.4. Magnetic spectrum of nickel ferrite single crystal. 


oe. 


data (Ac1X 10? rad/sec), the loss-maximum frequency 
is lowered to «3/21—220 Mc/sec. i 

Deriving the corresponding relations for spin reso- 1 
nance requires knowledge of the effective (inner) field 
which acts on the spin system ; it depends on anisotropy 
energy and on shape and domain-walls factor. If the 
inner field stands in the z direction (Hor), a small 
magnetic applied in the x or y direction may see different 
susceptibilities because the inner field does not neces- 
sarily have rotational symmetry (ie., the restoring 
forces may be different in the two directions). Hence 
(6.16) 


(OTT ee ee ee ee 


C'M 
X(ms)z— 
Toff 
C'M (7.3) 
X (ms) y= 
Vetf 


wo= — yuo(H z«ttH vort)?. 


; Hu? 
wox (ns); = — yuoC' M : 


Teff 


Thus 


in the case of axial symmetry (H zett Hvatt) the B 
is simplified to 
®0Xms>= —yu0C'M. 5 

The factor C’ takes account of the spatial dist 
of the spin axes of the various domains. 
mental values given above, plus a random 
for the various spin-axis direction: 
Larmor frequency wo/ 2m= 180 / 
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Ni,Zn3Fe,0, 


Ni;Zn,Fe,0, 


“ee km 


le 


resonance becomes overdamped (A> |yuoM |), the loss 
maximum occurs at a frequency 


Hott ( ) 
oqg=a= x 7.6 
M 
hence 
GdXms77 C'À. (od) 


However, with A=1X10° rad/sec, as above, the dis- 
persion would retain its resonance character and the 
loss-peak frequency would remain practically un- 
changed. 

The domain-wall resonance in our example lies at a 
frequency somewhat lower than that of the spin 
onance, but due to the arbitrary choice of the 
— number of walls present, there is no clear order-of- 
magnitude distinction. When dealing with unknown 
domain arrays and  multicrystaline structure of 
- ceramics, the whole calculation rests on shaky grounds. 
idditional information can be provided by measure- 
nts on single crystals, by temperature- and field- 
ngth éffects and by a careful analysis of the in- 

nce of cation substitution. 

A] 


Single-Crystal Measurements 


single crystal available in the nickel-zinc 
ae nickel-ferrite crystal grown by flame 
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Fic. 7.5. Temperature dependence of magnetic spectra of nickel-zinc ferrite ceramics. 


fusion.? It was cut in the shape of a toroid, oriented 
with a (110) plane parallel to the toroid plane (Fig. 7.3); 
the two [111] directions in this plane are directions of 
easy magnetization at room temperature. The cylin- 
drical shape was a compromise between the ideal 
diamond shape with a simple domain pattern for 
quasi-static studies,“ and the need to take measure- 
ments over a wide frequency range. 

At low field strengths the frequency-response curve 
(Fig. 7.4) shows a general similarity to that of the 
ceramic, but the loss peaks are higher and more widely 
separated. It appears that there are two dispersion 
regions, centered near 8 and 600 Mc/sec. Increase of 
the ac field strength leaves the high-frequency dis- 
persion relatively unaffected while causing a complete 
change in the lower region: the loss maximum flattens 
and moves to lower frequencies, the plateau of the low- 
frequency permeability is raised from 130 to ca 1300, 
and a pronounced nonlinearity of the magnetization 
process is observed. 3 

'These facts tend to indicate that the lower peak is 
caused by a reversible wall oscillation, and that at d 
higher field strength the walls tear loose from their. 
anchored position and traverse the material in widening 
swings. 


43 Supplied through courtesy of Linde Air Products Com any 
^ Galt, Andrus, and Hopper, Revs. Modern Phys. 25, 93 (1 
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Temperature Effects 


Lowering the temperature of the ceramics produces 
a very striking effect (Figs. 7.5 and 7.6): a broad 
relaxation spectrum splits off from the main dispersion 
region and moves rapidly to lower frequencies; simul- 
taneously, two loss peaks become clearly discerned in 
the range from 10? to 10 cps. A corresponding change 
occurs in the magnetic spectrum of the single crystal 
(Fig. 7.7). 

A detailed study of the relaxation spectrum*® shows 
that it stems from some process requiring an activation 
energy U. The frequency wm at which the maximum of 
the loss tangent is traversed, varies with temperature as 


(7.8) 


and a Cole-Cole plot places all measurements on circular 
arcs with centers below the real axis (Fig. 7.8).1 
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Fic. 7.7. Magnetic spectrum of a nickel ferrite 
single crystal at 83°K. 


55D. J. Epstein, Sc.D. thesis, Massachusetts Institute of 
"Technology, May, 1956. i 

1 The relaxation spectrum can be traversed either by varying 
the frequency at fixed temperature, or by temperature variation 
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Fic. 7.8. Cole-Cole plot of relaxation spectra for 
nickel-zinc ferrite ceramics (Epstein!5). 
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Fic. 7.9. Cole-Cole plot of relaxation spectrum for 
nickel ferrite crystal (Epstein**). = 


The data for ceramics are fitted by a distribution of __ 
time constants extending over two decades. This isnot . 
surprising because individual crystallites differ in 
composition and state of oxidation, in strain and — 
environment. This is confirmed by measurements i 
the nickel ferrite single crystal which give a distributi 
of time constants about thirty times narrower than 
for the corresponding ceramic (Fig. 7.9). ! 

Activation energies obtained from these data (Table 
7.1) agree well with those of conductivity mea 
ments, and with previous findings of Wijn.23-46 ' 
perature has a very striking influence on the switchi 
of memory cores made from these materials: while 


10- sec, Epstein? observed time const 
at 77°K. This corresponds to the damp 
by Galt" in domain-wall motion st 
crystals, where at these low tempera: 


at fixed frequency. In the latter case 
dieu E —km«) is found to 
function f(T) appearing in Fig. 
duced to compensate for this ch 
40H. P. J. Wijn and H. van d 
98 (1953). cod 
i1 J. K. Galt, Bell System ' 
(1955). =, 
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TABLE 7.1. Activation energies for conduction and magnetic 
relaxation in nickel-zinc ferrite (Epstein). 


Activation energies (ev) 


Conductivity Magnetic 

Composition 170°K relaxation 
NiFe20, 0.14 0.17 
Nio.sZno.»Fes0O; 0.14 0.12 
INio.cZno, 4Fe»O4 0.16 0.17 
INlo.sZno.;Fes04 0.14 0.13 


damping constants were increased by orders of magni- 
tude. ° 

Direct comparison of our results with those of the 
Philips Research Laboratories is misleading, if we 
assume that both parties, when quoting a ferrite 
composition of the same stoichiometry, speak about 
the same material. As already pointed out in Sec. 5, 
our ceramic samples were fired to within a few percent 
of theoretical density, while the Philips Feroxcube 
materials are fired at lower temperature and maintain 
a porous structure. The consequences for domain-wall 
motion are decisive: in the porous material the walls 
are easily trapped and immobilized and porous ceramics 
re-oxidize more completely on cooling, hence are much 
less conducting. Thus the Philips ceramics may show 
the relaxation spectrum identified here only to a minor 
degree, or not at all. 


Origin of the Relaxation Spectrum 


All of our measurements thus far are consistent with 
the following interpretation of the relaxation spectrum. 
In slightly reduced ferrites Fe?* and Fe?* cations are 
built in at octahedral lattice sites and can easily 
exchange electrons, as is known írom studies on 
magnetite. Transfer of electrons also represents a 
transfer of magnetic spins. The domain-wall array in a 
crystal corresponds to some minimum free-energy 
constellation. Without conductivity a wall is therefore 
trapped in a potential minimum; with conductivity, 
& deeper, more favorable, minimum can be created by 
= shifting of magnetic moments. This is a kind of aging 
: . effect observed in metals, for example, as a diffusion of 
T carbon or nitrogen to alternate interstitial sites.48 In 
/ our case, since electrons are being shifted, the diffusion 
J much more rapid; at room temperature the wall 
= buries itself in about 10~° sec. As the temperature is 
— lowered, the electron exchange is slowed and the domain 
—. wall needs more and more time to deepen its potential 
= well. 
Application of an escillatory field causes a wall to 
= move up the sides of its well; the electron atmosphere 
m i to follow this swing by a redistribution of the 
'e?t-Fe?* arrangement. If the period of oscillation is 
g in comparison to the electron diffusion time, the 
all behaves as if oscillating in a shallow well not 


CUORE ica 8, 711 (1941); L. Néel, J. phys. radium 
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deepened by electron interchange. This seems to be 
the situation at room temperature, where the wall 
resonance appears unimpeded by electron drag, 
Lowering the temperature and thus lengthening the 
relaxation time of the electron atmosphere, causes the 
wall resonance to degenerate into a relaxation spectrum 
controlled by electron-spin redistribution. At very low 
temperatures, when the electrons are essentially im- 
mobilized in the room-temperature-resonance region, 
a wall resonance should reappear at a higher frequency, 
since the wall oscillation now corresponds to a motion 
in the deepened well. 

Two other considerations support the interpretation 
that the low-frequency loss peak is due to domain-wall 
motion rather than to domain rotation. Effective 
internal fields of the order of 240 to 2400 amp/m (3 to 
30 oersteds) are required to account for gyromagnetic 
resonances in the range of 10? to 108 cps. Although such 
low fields might result from a near balance of shape 
and anisotropy effects, such a balance is improbable. 
Furthermore, the Landau-Lifshitz dispersion formula 
predicts that for increased damping, a gyromagnetic 
resonance should tend towards a relaxation spectrum 
at frequencies much greater than those of the original 
position ; this 1s in contrast to our observations. 


Origin of the Magnetic Dispersion between 
108 and 10" cps 


The dispersion and loss peak resolved between 10? 
and 10?? cps in the room-temperature spectra of nickel- 
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Fig. 7.10. Effect of static magnetic field on frequency 
spese of nickel ferrites. 
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zinc ferrites is clearly a resonance, and in nickel ferrite 
the high frequency limit is in good agreement with that 
predicted for a gyromagnetic resonance in the presence 
of domain walls (Sec. 6b). This appears therefore to be 
the correct interpretation. The origin of the loss peak 
between 108 and 10° cps which develops out of the low- 
frequency dispersion as the temperature is lowered 
(Fig. 7.5) is less clear. It could be the re-emerging wall 
resonance referred to in the previous section, but more 
probably it is a group of gyromagnetic resonance pro- 
duced when excitation takes place perpendicular to 
domain walls. In the simple case treated in Sec. 6b, 
excitation perpendicular or parallel to such walls gives 
two resonances separated by a frequency interval of 
the order of yuoM/2 (510° cps for nickel ferrite). The 
observed separations of the two peaks are somewhat 
smaller, but this might be accounted for by a more 
realistic domain configuration. 


Effect of Biasing Field 


Application of a static magnetic field parallel to the 
oscillatory field markedly affects the lower resonance 
region (Fig. 7.10). The prominent minimum in km’ 
near 10? cps practically disappears, indicating that it 
was caused by the high-frequency tail of the lower 
dispersion. This behavior is consistent with the idea 
that this part of the dispersion is due to, or greatly 
influenced by, the presence of domain walls. In par- 
ticular, the selective elimination of walls oriented 
perpendicularly to the oscillatory field would explain 
the reduction of the lower group of spin resonances 
whose position is determined by their presence. 


Cation Substitution 


The effect of cation substitution on magnetic spectra 
is not a simple one, since the fundamental properties 
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Fic. 7.11. Temperature dependence of initial permeability 
for nickel-zinc ferrites (103 cps). 
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Fic. 7.12. Saturation magnetization for the nickel-zinc 
ferrite series. 


of the material, such as saturation magnetization, Curie 
point, anisotropy, magnetostriction, conductivity, do- 
main and grain structure, undergo changes. The 
temperature dependence of the initial permeability: 
for the nickel-zinc ferrite series (Fig. 7.11) reflects 
relatively clearly that the Curie temperature decreases 
with increasing zinc content and that anisotropy and 
magnetostriction decrease as the Curie point is ap- 
proached. The saturation magnetization, on the 
other hand, traverses a maximum and then falls to 
zero for zinc ferrite (Fig. 7.12). The dispersion between 
108 and 10" cps, in a general way, adjusts to this change 
in magnetization by a shift in resonance frequency, but 
does not behave as simple theory would predict. This 
is probably due to variations in the other parameters 
and their effect on domain patterns and interactions. 

It is obvious that we are still far from a complete 
understanding of these ferromagnetics. Many pieces of 
the puzzle, however, have been identified, and dielectric 
spectroscopy is one approach of assembling them in 
proper perspective. 
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LIST OF SYMBOLS 


b ratio of electron to hole mobility 
c velocity of light 
Di diffusion constants (— kTy;/e) 
Ge Fermi level for thermal equilibrium (Fig. 3) 
KA chemical potentials of the assembly of electrons in 
conduction (k=1) or valence band (k=2) (Fig. 3) 
tk chemical potentials of the assemblies of electrons 


and holes (Fig. 3) 
change in chemical potential with illumination 
absolute value of electron charge 
electron energy 
energy gap 
kinetic energy of an electron or a hole (Fig. 3) 
electric field 
potential of the electric field 
number of electron-hole pairs produced in a unit 
volume per unit time 
Planck’s ccnstant 
electric current density 
^ density of the electric current transferred by 
electrons or holes 
density of heat current transferred by electrons 
or holes 
Boltzmann constant 
; difusion length of electrons or holes 
ree el ectron mass 


ee 
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nk=NnNo H An 


effective mass of an electron or of a hole 
electron or hole mobility 
concentration of electrons in the conduction band 
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or of holes in the valence band 


An concentration of electrons (=concentration of 
holes) added to the equilibrium concentrations 
ny electron concentration in an intrinsic semicon- 


ductor in the dark 


No, Na concentrations of donors and acceptors 

N=Np-Na 

w(E),«,.(ex) number of permitted quantum states per unit 
energy interval per unit volume of the crystal 

Qi" mean heat energy transferred by an electron ora 
hole 

Qx* mean kinetic energy transferred by an electron or 
a hole 

p electric resistivity 

c electric conductivity 

ok electric conductivity of electrons or holes 

th=o;%/o transfer numbers 

Ji absolute temperature (AT temperature interval) 

T mean lifetime of an electron-hole pair 

U voltage or emf 

x distance 

Index: 0 denotes thermal-equilibrium state 


k=1 refers to electrons in the conduction band 
k=2 refers to holes in the valence band 
i means intrinsic semiconductor 


1. INTRODUCTION 


HE problem of direct transformation of solar or 
nuclear energy into electrical energy by means of 
the photovoltaic effect in semiconductors has aroused 
new interest recently owing to new kinds of photocells 
which promise important practical applications. In the 
present survey, we discuss fundamental ideas dealing 
with the physical aspects of the generation of a photo- 
voltage in a semiconductor which is always related to 
the presence of nonequilibrium current carrier concen- 
trations. These can be created not only by absorption 
of radiation but in other ways as well. We deal with 
the more general question, under what conditions non- 
equilibrium current carrier concentrations give rise to 
an emf. 


` 

"i 
£ 
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1.1 Historical Remarks 


The photovoltaic effect was first observed by Adams. 
and Day in 1876 in selenium.! Later, much attention 
was devoted to photovoltaic effects in cuprous oXid 


1 W. G. Adams and R. E. Day, Proc. Roy. Soc. (London). A 
113 (1877). 
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(Cu;O). Coblenz? and Dember? observed the generation 
of an emf between the illuminated and nonilluminated 
parts of some semiconducting crystals, in particular 
Cu;O. This effect was then studied by A. F. Joffe and 
his collaborators experimentally and theoretically. In 
1927, Grondahl‘ and later Lange® observed the genera- 
tion of an emf at the contact between Cu.O and Cur 
the so-called barrier-layer photovoltaic effect, the essen- 
tial features of which were explained by Schottky and 
his collaborators.6 An account of the literature of this 
older work is given in a review by Grondahl’ and in the 
books by Joffe, Boutry, and Lange.” 

This work made clear that the photovoltaic effect is 
not caused by the pressure of photons on the electrons 
as was originally supposed by some workers, but it is 
closely related to the diffusion of the current carriers. 
This point of view was particularly stressed by Frenkel.” 
Of great importance for explanation of the photovoltaic 
effect was a paper by Landau and Lifshitz!” and another 
by Davydov? in which it was shown that it can be 
caused by the excess concentration of minority current 
carriers. 

In 1939, Mott!! dealt with the question of how the 
nonequilibrium concentration of minority carriers pro- 
duces an emf in a barrier-layer photocell. 

In addition to Se and Cu;O the photovoltaic effect 
was observed in many other semiconductors. The 
AgS (Bernatzkii and Heikman!^) and TləS (Kolo- 
mietz!9) photocells were constructed in 1937. Of funda- 
mental importance was the discovery of the photo- 
voltaic effect in a p-n junction situated within a 
semiconductor crystal. The first observation was made 
by Ohl!7-!8 in crystals of silicon; later observations were 
reported by Simpson, Soole, Sosnowski, and Starkie- 
wicz9?-?! in PbS, by Benzer”? and by Becker and Fan? 

2 W. W. Coblentz, Natl. Bur. Standards, Sci. Papers (1919-1921). 

3H. Dember, Physik. Z. 32, 554 and 856 (1931); Naturwissen- 
schaften 20, 758 (1932). 

1L. O. Grondahl and P. H. Geiger, Trans. Am. Inst. Elec. 
Engrs. 46, 357 (1927). 

5 B. Lange, Physik. Z. 31, 139 and 964 (1930). p 

$ W. Schottky, Z. tech. Phys. 11, 458 (1930); Physik. Z. 31, 
913 (1930); Physik. Z. 32, 833 (1931). 

1L. O. Grondahl, Revs. Modern Phys. 5, 162 (1933). j 

8A. F. Joffe, Semi-conducteurs électroniques (Actualités scien- 
tifiques et industrielles, Hermann and Cie, Paris, 1935). : 

9G. A. Boutry, Les phénoménes photoélectriques et leurs applica- 
lions (Hermann and Cie, Paris, 1936). as q 

10 B. Lange, Photoelements (Reinhold Publishing Corporation, 
New York, 1938). f 1 : 

u J, Frenkel, Nature 132, 312 (1933); Physik. Z. Sowjetunion 
8, 185 (1935). i ; 

12 L. Landau and E. Lifshitz, Phys. Z. Sowjetunion 9, 477 (1936). 

133 V. T. Davydov, Tech. Phys. USSR 5, 79 (1938). 

4 N. F. Mott, Proc. Roy. Soc. (London) A171, 281 (1939). 

15 V. K. Bernackii and D. S. Heikman, Fiz. Zap. Ukrainskoi Ak. 
nauk, Kiev, 7, 69 (1938). 

1$ B. T. Kolomietz, Doklady Akad. Nauk SSSR 19, 383 (1938). 

11 R. S. Ohl, U. S. Patent 2,402,662, filed May 27, 1941. — 

18 J. H. Scaff and H. C. Theuerer, Trans. Am. Inst. Mining 
Met. Engrs. 185, 383 (1949). " 

? Starkiewicz, Sosnowski, and Simpson, Nature 158, 28 (1946). 

2 L. Sosnowski, Phys. Rev. 72, 641 (1947). 

?: Sosnowski, Soole, and Starkiewicz, Nature 160, 471 (1947). 


22 S. Benzer, Phys. Rev. 72, 1267 (1947). 
3 M, Becker and H. Y. Fan, Phys. Rev. 78, 301 (1950). 
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in Ge. In recent years this effect was observed in semi- 
conducting compounds, e.g., InSb,“-?7 GaAs,?8.9 Tn As 99 
InP,*! AISb,? and CdS.9.4 

Practical applications were found first for the se- 
lenium and cuprous oxide photocells which are used as 
light intensity indicators or meters.*5 The p-n junction 
silicon photocells attain a high efficiency for the con- 
version of solar energy into electrical energy?947 and are 
an essential part of a nuclear battery.37.38 

The theory of the foregoing effects was elaborated in 
considerable detail by a number of workers (Lashkarev 
et al., Lehovec,“ Fan, Gubanov, and Moss“). 

In all these effects the generation of a stationary emf 
is related either to the presence of a rectifying potential 
barrier at a contact or in the bulk of the semiconductor 
(barrier-layer photoeffects) or to the presence of a 
nonrectifying semiconductor-metal contact (Dember- 
effect). However, a photovoltage can be produced even 
in the bulk of a semiconductor.5549 This recently ob- 
served effect is taken as the point of departure for 
consideration here as it permits the essential features 
of the photovoltaic effect to be shown in a particularly 
simple and general manner. 

This paper is chiefly devoted to photovoltaic effects. 
However, in the last part we deal with the generation 
of an emf in cases when nonequilibrium carrier concen- 
tration is produced by other means than by absorption 
of radiation. 


1.2 Formulation of the Problem 


Let us consider the simple semiconductor circuit 
shown in Fig. 1. The circuit is interrupted at the points 


^1 J. Tauc and A. Abrahám, Czechosl. J. Phys. 4, 478 (1954). 

235 Avery, Goodwin, Lawson, and Moss, Proc. Phys. Soc. 
(London) B67, 761 (1954). 

26H. P. R. Frederikse and R. F. Blunt, Proc. Inst. Radio 
Engrs. 43, 1828 (1955). z 

27 Kurnick, Goldberg, Mitchell, and Zitter, Abstract No. 98, 
GE Meeting Electrochemical Society Cincinnati, Ohio (May, 
1955). 

28 R. Gremmelmaier, Z. Naturforsch. 10a, 501 (1955). 

23 H. Pfister, Z. Naturforsch. 11a, 434 (1956). + 

2 R. M. Talley and D. P. Enright, Phys. Rev. 95, 1092 (1954) 

31 R. Gremmelmaier and H. Welker, Z. Naturforsch. la, 420 


(1956). 
32 A. Abrahám, Czechosl. J. Phys. 6, 624 (1956). DA 
, E Reno Leies, Antes, and Marburger, Phys. Rev. 96, 53 
1954). 
4D. C. Reynolds and S. J. Czyzak, Phys. Rev. 96, 1705 (1954). 
35 V. K. Zworykin and E. G. Ramberg, Photoelectricity and Its 
A pplication (John Wiley and Sons, Inc., New York, 1950). — — 
36 Chap Fuller, and Pearson, J. ADDE Phys. 25, 676 (1954). 
; IN . Pfann and W. van Roosbroeck, J. Appl. Phys. 2 
1954). d 
38 P. Rappaport, Phys. Rev. 93, 246 (1954). 
% V. E. Lashkarev and K. M. KoSonogova, Zhur. E 
Teort. Fiz. 16, 786 (1946); ibid. 18, 927 (1948). — 
4 V. E. Lashkarev, Zhur. Eksptl. i Teort. Fiz. 
Izvest Akad. Nauk SSSR. Ser. Fiz. 16, 18 (1 
41K. Lehovec, Z. Naturforsch. 2, 398 (1947, 


1948). 
42H. Y. Fan, Phys. Rev. 75, 163 
4A. J. Gubanov, Zhur. Eksptl. i’ 
4 T. S. Moss, J. Electroni 2 
45 J. Tauc, Czech Ph 
4° Z. Trousil, Cz 
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Fic. 1. Semiconductor circuit. Part 5, c is illuminated. 


a and a’ where the leads for measuring the emf by the 
! potentiometric method are connected. In part b, c 
ij there is a nonequilibrium current carrier concentration 
produced, e.g., by illumination. The contacts a and a’ 
are sufficiently distant from the illuminated part so 
that in their neighborhood the nonequilibrium concen- 
i trations of current carriers are zero. 
[ The question is what emf is measured between the 
| contacts a and a’ in the stationary case? A necessary 
condition for generation of an emf is some asymmetry 
of the circuit. What is the nature of this asymmetry? 
Effects at the contacts semiconductor-metal, which 
we shall not consider in the present paper, are eliminated 
in the circuit shown in Fig. 1. The boundary effects 
here take place in the neighborhood of the points b 
and c situated within the semiconductor of known 
parameters instead at the contacts of a semiconductor 
with a metal, the properties of which have not yet been 
thoroughly investigated. The leads are connected at the 
points a and a’ of identical chemical composition, at 
i the same temperature, situated in the same magnetic 
- field, etc. We thus respect a theorem??? by Gibbs that 
electrical potential difference is uniquely defined only 
between two bodies of the same chemical composition 
. and at the same temperature. This circumstance is 
mportant since from the history of the photovoltaic 
fect it is well known that some investigators did not 
respect it, and thus obtained erroneous results in the 
= case of extrinsic semiconductors, in which illumination 
produces current carriers of the same type as those 
resent in the dark. Landau and Lifshitz pointed out” 
— that the voltage generated within the semiconductor in 
. this case is compensated by the change of the contact 
— potential if the current carrier energy distribution is 
_ governed by the Maxwell-Boltzmann statistics.” 
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We simplify the problem by the following assump- 
tions. (æ) We deal with semiconductors of the samet 
as germanium, that is, with large current carrier mo- 
bilities, of comparatively high electrical conductivity, 
practically without traps. Almost all of the whole crys- 
tal js therefore practically electrically neutral. The 
neutrality condition cannot hold exactly since the in- 
ternal electric field in the crystal can be produced only 
by the presence of electric charges; the meaning of the 
neutrality condition is given in Sec. 2.5. It is, of course, 
possible that considerable space charge densities are 
located in regions of abrupt inhomogeneities (e.g., near 
the surface or at a p-n junction). Nevertheless, most of 
of the volume of the crystal is nearly electrically neutral 
and keeps its neutrality even if illuminated. This is not 
the case, for example, in ionic crystals in which space 
charges often accompany photoelectric effects. The as- 
sumptions mentioned are well satisfied in semiconduc- 
tors with prevailing covalent binding, such as Ge, Si, 
ABY and other intermetallic semiconducting com- 
pounds. 

(8) For the sake of simplicity we assume the geom- 
etry to be linear. This means that the thickness of the 
sample is small compared with the reciprocal value of 
the absorption constant or with the diffusion length of 
the carriers so the concentrations are practically con- 
stant over the whole cross section of the sample. 


1.3 Generation of Nonequilibrium Current 
Carrier Concentration 


In a semiconductor nonequilibrium concentrations tt; 
and nz of electrons and holes can exist differing from 
the concentrations, which correspond to the thermal 
equilibrium 7:0, 20, by amounts Anı=nı— Mo and 


electric effect™,5! in germanium on the photon energy £r. 


GENERATION 


Att — 115— 1129. If there are no traps in the semiconductor 
and the condition of electrical neutrality is fulfilled [ this 
is the case if assumption (o) holds] one has practically 
An, = An:= An. The value of nonequilibrium concentra- 
tions is determined by two processes: the rate of genera- 
tion of excess current carriers, and their rate of 
recombination. 

Àn important way of generating added carriers is by 
absorption of radiation. If 2;dv photons or particles are 
absorbed in a volume d» per second from which each 
produces 7 electron-hole pairs with a mean lifetime 7, 
an excess concentration Az is created given by An= ynyr 
— g;r, neglecting the diffusion of carriers from or into 
the volume considered. 

The particularly important number 7 is denoted as 
the quantum efficiency of the inner photoelectric effect. 
Its dependence®:*! on the photon energy Hy was meas- 
ured in germanium (Fig. 2). A photon is able to produce 
an electron-hole pair only in case its energy E; exceeds 
some minimum energy which corresponds to the infra- 
red absorption limit of the semiconductor. In semi- 
conductors satisfying assumptions (a) and [(e) (see 
Sec. 3.1)] it is given (at least approximately) by the 
value of the energy gap Eg. In the neighborhood of the 
absorption limit towards shorter wavelengths (Z;> Ea), 
we have in germanium 7=1 until we reach an energy 
€ —2.2 ev. For Ej» € the quantum efficiency is propor- 
tional to Z;; the energy needed to produce an electron- 
hole pair is constant and equal to e=2.5 ev. In this 
energy range the kinetic energy of electrons released by 
the absorption of a high-energy photon is used for 
generation of additional electrons and holes. 'The energy 
e— Eg is probably transferred to the lattice vibrations. 
The energy e has been measured? with high-energy 
radiation in some other semiconductors. 

Another way of producing nonequilibrium concen- 
trations is diffusion of current carriers from regions of 
higher concentrations into regions of lower concentra- 
tions. The regions of higher concentrations are, e.g., 
irradiated regions, regions with a higher impurity con- 
tent, or at a higher temperature. 


2. BASIC EQUATIONS 


We start from the well-known equations generally 
used for description of electronic effects in semicon- 
ductors: the equations for the current densities, the 
continuity equation and the Poisson equation. In writ- 
ing the current density equations we use notation 
familiar? in the thermodynamics of irreversible proc- 
esses. This helps to show the analogy between genera- 
tion of an emf in semiconductors and general laws 
governing energy transformations, e.g., in a galvanic 


9 S. Koc, Czechosl. J. Phys. 7, 91 (1957). 
i Ssmo Malkovská, and Tauc, Czechosl. J. Phys. 7, 57 

9? K. G. MacKay, Phys. Rev. 84, 829 (1951). 

5 S. R. DeGroot, Thermodynamics of Irreversible Processes 
(North-Holland Publishing Company, Amsterdam; Interscience 
Publishers, Inc., New York, 1952). 
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Fic. 3. Notation of energies: 
I conduction band, JZ valence 
band, and III energy gap. 


cell. In deriving the equations for current densities it 
is usual to start from an equation such as Boltzmann's 
equation for the stationary state and to consider, in 
final formulas, certain expressions as phenomenological 
constants which are to be determined experimentally. | 

We take here a somewhat different point of view. We 
regard the equations of current densities as purely 
phenomenological equations which are valid generally, 
without any assumptions about the zone structure of | 
the semiconductor or the electron scattering mechanism. } 
Of course, their generality is understood in the same 
sense as the generality of the equations of the thermo- : 
dynamics of irreversible processes, that is, as a first | 
approximation of more exact kinetic equations which 
can be developed into approximations of higher orders 
(compare Sec. 3 of DeGroot*). 


2.1 Current Density Equation 


These can be written in the form (DeGroot,*? 
Sec. 52): 


TOW oc ee ae ae See 


1 e 
| —e grad e-- T ma (7) 


[2 


1 
TOUT gad? ) . (1) 


es w— 9€ TP 


The index k= 1 refers here to electrons in the conduction 
band, &— 2 to electrons in the valence band. The energy 
levels are shown in Fig. 3. This holds for stationary 
states provided two assumptions are valid: the current 
carriers undergo many collisions in time intervals which 
are considered in the theory and further that the change 
in the electrostatic energy of an electron over a distance — 
equal in order of magnitude to the mean free path of an 
electron is small compared with the mean therm 
energy. The first assumption excludes electric fields of — 
very high frequencies, which are not considered here _ 
owing to restriction to stationary states, and 
requires that the mean lifetime of an electron-ht 


ond assumption excludes very high elec 
as are present, e.g., in a p-n juncti 


current carriers is substantially r dif 
E 


Lr 


eee 


E ee, 
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tribution which corresponds to the temperature of the 
lattice T, and other ways are necessary to calculate the 
current densities (Sec. 5). 

Equation (1) expresses the fact that, on the assump- 
tions just mentioned, the current densities are propor- 
tional to the gradients of the electric potential o, of 
the chemical potentials t, and of the temperature T. 
There is theoretical and experimental evidence**:55 that 
if regions of localized potential barriers are excluded 
even excess current carriers created by photon absorp- 
tion practically have the energy distribution correspond- 
ing to 7. This is owing to the fact that interaction of 
carriers with the lattice is so strong that after their 
liberation by light they lose5* their excess energy very 
quickly (say within 10—! sec). It is thus possible to 
define the chemical potentials of the assembly of elec- 
trons in the conduction and the valence band and other 
quantities for the case that current carrier concentra- 
tions do not correspond to thermal equilibrium. 


2.2 Chemical Potentials of the Assemblies of 
Electrons and Holes 


From the Fermi-Dirac statistics the following relation 
holds between the concentration of electrons in the 
conduction band 7, and their chemical potential ¢,’, 


mf e(E)dE 


1 Ipet kT 


(2) 


Similarly, for the concentration of holes in the valence 


band, 
E2 1 
m= f o(B)(1- y) 
lans 1-- eG 120k/T 


Here o(E)dE denotes the number of permitted energy 
states of an electron in the interval E, E+dE. For the 
case that the assembly of electrons in the conduction 
band is in thermal equilibrium with the assembly of 
electrons in the valence band; 


a =i, (4) 


and the Fermi level is defined. If this is not the case 
chemical potentials of both assemblies are different; 
they were introduced by Shockley5"-9 into the theory 
emiconductors and denoted as “‘quasi-Fermi levels." 
— It is sometimes advantageous to introduce the fol- 
.. lowing notation (Fig. 3): 

.. in the conduction band: E-Eyj-&a, hh Edu 

- in the valence band: E-—E.—6» §2'=E2—$o. 
- & A, B. Giordano ef al., Phys. Rev. 88, 1368 (1952). 

4 2 


` Ryvkin, Zhur. Tech. Fiz. 24, 2136 (1954). 
DRE 7, 1069 (1937); 


(3) 


B. I. Davydov, Zhur. Eksptl. i. Teort. Fiz. 


1937). 
or Bell System Tech. J. 28, 435 (1949). 


AURA Electrons and Holes in Semiconductors (D. Van 


- Inc., New York, 1950). 
AUR ‘and Teal, Phys. Rev. 83, 151 (1951). 
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Equations (2) and (3) then take the simple form 


œ% 
m= f 
0 


The quantities £; will be referred to as chemical poten- 
tials of the assembly of electrons (ii) and of the as- 
sembly of holes (çə). Using them the thermal equi- 
librium condition (4) is written 


S1otfe0= — Eg. 


IMA WIC 


we (ex) dex 


1eleacte/kr 


(5) 


(6) 


The density of energy states w+(e+) depends on the 
Brillouin-zone structure. In the simple case of spherical 
energy surfaces we have 


2marN ? ; 
exe) =a m ) €i, 
n 


(7) 


where mar=m;, and my is the effective mass of an 
electron (k=1) or of a hole (k=2). In the case of ellip- 
tical energy surfaces where the effective masses are 
different in the three fundamental directions m, my”, 
my", (7) holds with mar= (m; mr” mp”). If each sur- 
face of constant energy is a set of M, similar ellipsoids 
centered on the cubic axes of the Brillouin zone (whichis 
probably the case for the conduction band of germanium 
with /V,—4 or 8) one has mar= (N nu my" my"). 

Determination of chemical potentials is especially 
simple for the case that classical statistics hold, that is, 
if —¢,/kT>>1. Then 


oo 


mene f c (ex) e kT de, = AL (T)ei lkT, (8) 
0 


where the partition function A(T), for the case that 
the effective mass concept can be used, has the form 


2mmakk T \ 3 
c) (9) 


Ax) =2( 


h? 


Introducing the chemical potentials t, instead of fr 
into Eq. (1) and supposing that Ei, E» do not depend 
on x (which can be justified particularly in the case 
that Eg is independent of x), we obtain 


01 Gi 1 
n-^( —e grad eJ4- T gad(—) +Q,*— gradT 
e I T 


01 


-^( —e grad eJ-grad£14-Si* gad? ), 
e 


(10) 


02 $2 1 
n=“ (-« gradg—T grad (=) —Q.*— gradT 
e i T T 


02 ~ 
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The new factors are related to the old ones as follows: 


Q:*=0,"—E,, (12) 
Qs* — E:— Q", (13) 
S4* — (1/T) (QX* — £9). (14) 


2.3 Quantities of Transfer Q,*’, Q.*, S,* 


The physical significance of the transfer quantities 
Q&*' is best seen if, together with Eq. (1), we consider 
the equation for the heat current density transported 
by electrons in the conduction or valence band, which 
according to the Onsager principle,® can be written 


/ 


1 £k 
lin E oT —e grade4- T grad (=) | 
E 


1 
V PES gradT | (15) 


(P4*' are constants). If gradT —0, we have 
Qr" = Iay/In/ (— €). 


Q;*' is the heat current density in the conduction (k= 1) 
or the valence (k=2) band which corresponds to unit 
current density of electrons (one electron per 1 cm? 
per sec) for the case that grad T —0. We call Q;*’ the 
heat transfer due to electrons in the conduction or 
valence band. 

'These quantities are determined by kinetic considera- 
tions. We speak here explicitly about the conduction 
band. The heat transfer Q;*' is composed of two parts, 
the electronic part Q1," and the phonon-drag part Q;5*'. 
The electronic part Q1.*’ can be determined as follows. 
For the electric current density we have for the case 
of spherical zone structure (supposing the validity 


(16) 


of some assumptions? about electron scattering 
probabilities) 
16rmae p? afo 
Ii-— =e f lh(e)e—4«e, (17) 
3n 0 Oe 


where /;(e:) is the mean free path of electrons and fo is 
the Fermi distribution function 


1 


—— 18 
1--e(a-t0/kT ( ) 


fo 


Every electron which takes part in the transport of 
the electric current J, transfers an energy E— Ex &; 


6 Compare deGroot,9 Chap. 1. A discussion of its application 
to semiconductors is given by P. J. Price [Phys. Rev. 104, 1223 
(1956) ]. I am indebted to Dr. Price for sending me his manuscript 
prior to its publication. ^ 

9: N. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Oxford University Press, New York, 1936). 
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therefore for 7,1,, we obtain 
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AL ric = f 11(€1) €:(E1+ e)—4daà 
3h 0 Oe 


1 
=—-(E;+Q1-")hi, (19) 
e 


where Q,.* is the mean kinetic electron energy of trans- 
fer given by the following relation (with k=1): 


f l (ex) €2(0 fo/dex)dex 
0 


Q k en (20) 


f Wee (6/6): 


The same expression is valid for holes (with &— 2). As 
was pointed out by Price,® Eq. (20) is correct only when 
the energy change on scattering is small compared 
with RT. If classical statistics are valid and energy 
zones are spherical, one has 


l=const, Q4, =2kT, (21) 


(22) 


The intermediate cases are treated by Anselm and 
Klachkin.® 

The heat transfer Q1, — Q15*-4- E, is caused by drag 
of low-frequency phonons on the electrons in the con- $ 
duction band. This effect was first discussed by Gure- — — 
vich“ and later by Klemens®; it was experimentally — — 
discovered by Frederikse®® and Geballe*? on measuring 
the thermoelectric power of germanium at low tem- 
peratures. The theory of the effect was given by 
Frederikse5? and by Herring.® 

The value of Qk“ at room temperature is about 
0.05— 0.1 ev. The value of Q;,* can attain hundredths k 
of electron volts at room temperature but increases 
considerably with decreasing temperature; in p-type 
silicon values as high as 18 ev have been observed. 

The quantities S,* are the entropies transferred by — 
an electron or a hole. 


for thermal scattering 


for ionized impurities scattering L~ e, Ox." — 4&T. 


2.4 Continuity Equation 


When assumption (a) (Sec. 1.2) holds, the continuity 
equations for the current of electrons and holes 
written for the stationary case (0n4/01— 0) as follows: 


an be 


div/,— —divIs-— eR— egy. (23) 
m 


62 P, J. Price (private communication). 

63 A. T. Anselm and V. I. Klachkin, Zhur. Exptl. 
22, 297 (1952). eae 

$1 L. Gurevich, J. Phys. U.S.S.R. 9, 477 (19 
(1946). pn 

65 P, G. Klemens, Australian J. „5 
96 H. P. R. Frederikse, Phys. . 
67 T. H. Geballe, Phys. Rev. 
68 H. P. R. Frederikse, Ph: 
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Here R denotes the recombination function (the number 
of excess electrons and holes recombining in 1 cm? per 
sec). In the most simple case”! of linear recombination, 
valid for small concentration of excess current carriers, 
An«&n3o OF nx and R= An/r. 


2.5 Poisson Equation 
The Poisson equation has the following form: 


divf = (e/K) (n2—m-+N pt—N 4-)= (e/K)ón. (24) 


Here Np*, .V4- are concentrations of ionized donors 
and acceptors; e672 is the space-charge density, K the 
dielectric constant. We introduce now the following 
assumption (y), which holds approximately for semi- 
conductors of the type defined by assumption (o) and 
for not too low temperatures. (y) The donors and 
acceptors are fully ionized whether carrier concentra- 
tions correspond to thermal equilibrium or not. We 
then have Vp*=Np—WN, in n-type semiconductors, 
Na~=Na—Np in p-type semiconductors. 

Assumption (y) means a great simplification but can 
be used only for certain kinds of semiconductors, certain 
kinds of impurities and in a certain temperature range. 
For the space-charge density eôn we consider two 
limiting cases. 


(a) Electrical Neutrality 


Small disturbances of electrical neutrality give rise to 
strong electric fields so that strong forces are always 
present which tend to restore neutrality. Of course, 
it is not possible to have complete electrical neutrality 
because electric fields producing the emf have to be 
present. But if these fields are feeble, and their variation 
along the sample is continuous, ôn is quite neglegible 
compared with nı and n. For instance, an electric 
field having a gradient 100 v/cm corresponds in ger- 
manium (Kyei=16) to a quite negligible concentration 
ón—K/egradF—7.5-108 cm-?. It is possible then in 
every point in the semiconductor (with the exception 
of localized potential barriers) to put into thé equation 
for current densities and into the continuity equation 
the condition of electrical neutrality 


713— 149 = 113 — 1139 An. (25) 


(b) Strong Space Charge 


Strong space-charge density is present in regions of 
— large changes of some semiconductor parameters, e.g., 

near the surface, in a p- junction, etc. There are strong 
— electric fields inside such regions and Eq. (1) is not 
- — valid there (Sec. 5). Under the conditions existing in a 
| n junction discussed by Shockley*' the space-charge 
— density of current carriers can be neglected and the 
E _ Poisson equation is reduced to the simple form 


ES. divf = (e/ K) (N p — 4). 
ie - and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 


(26) 
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From this equation, the potential distribution eina 
p-n junction can be determined (Sec. 5.1). 
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3. GENERATION OF AN emf 


Let us return to the case illustrated in Fig. 1. We 
now discuss the theoretical expression for the emf 
generated in the circuit on the assumption that in the 
whole circuit the current carriers are in thermal equi- 
librium with the lattice; Eqs. (1), (23), and (25) are 
then valid at every point. Such a condition is realized 
for the case that the gradients of the parameters of the 
semiconductor (e.g., such as the impurity concentra- 
tion) in the sample are small. In Sec. 5 we consider the 
case that inside the illuminated parts b and c there isa 
localized p-n junction in which Eq. (1) does not hold. 
It turns out that essential conclusions reached by con- 
sideration of the quasi-equilibrium case can be extended 
to the other case. 

In the one-dimensional geometry [assumption (6)], 


we get from (1) for the electric field F= — grade, 
I 1 d;t/'y 1 dA 
eee ( ) bT (2) 
Go Go tho JF e dx\T 
i Gli il 1d 
—-t,;0,*/— ——-1,0,*/— —, (27) 
e T dx e IE ds 


on introducing the transfer numbers /;— c/o. 

To obtain the expression for the emf which can be 
measured between the contacts a and a’ we must put 
I-0 and integrate (27) along the whole circuit of 
Fig. 1, obtaining 


U= $ Fdx=U,+U,, (28) 
1 (o 
Te $ T Y 2163! (09) 
€ k=1,2 T 
1 1 
U.=—- $ — > Q*dT. (30) 
e T 1,2 


The sign of U is chosen so that U 0 if the contact a 
is positive. 

These expressions are simplified for the case that 
dE¢/dx=0. From (29) and (30), we get 


1 
Uie —— $ (ani hdt) 
€ 
1 
=—— d (hdr. idat, 
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1 
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GENERATION OF emf 


3.1 Conditions for Generation of an emf 


Conditions for generation of an emf can be obtained. 
by discussion of the integrals (29) to (32). 


Case (a) dEg/dx=0, dT/dx=0 


In this case U,—0. From (31) we see that U,=0 if 
there are no nonequilibrium carrier concentrations so 
that Af£,—0. Similarly, U,—0 for the case that the 
semiconductor in the dark is homogeneous so that 
d£19— —df2 and b—yui/us— const, because then ¢; and 
AÇ, are functions of Az only and integration over the 
closed circuit in (31) gives zero. Further, the integral 
(31) is always equal to zero if we have only one kind 
of current carriers, that is if /,— 1, f2=0 or 4;=0, fo=1. 

The condition for generation of an emf is the simul- 
taneous presence of nonequilibrium carrier concentra- 
tion and of an inhomogeneity as the integral (31) differs 
from zero only if /; and Af; vary along the sample so 
that they cannot be expressed as a single-valued func- 
tion of one variable. Consequently, the presence of two 
independent factors determining /; and Af, is necessary. 

'The most important inhomogeneity is the variation 
of the concentration of donors or acceptors along the 
sample (Sec. 4). Another possibility is the variation of 
the ratio of the current carrier mobilities b= uj/us* or 
of the effective masses of current carriers along the 
sample. The effects are usually very small. A further 
possibility is the variation of magnetic field intensity 
along the sample. In this case, (Sec. 6.1), generation of 
an emf is due to the dependence of the chemical poten- 
tials ¢ on the magnetic field. On the other hand, the 
variation of recombination center concentrations along 
an otherwise homogeneous sample (which influence 
only the mean lifetime of current carriers) cannot give 
rise to an emf as it causes the variation only of An, 
equivalent to a nonhomogeneous illumination of a 
homogeneous sample. 


Case (b) dEg/dx—0, dT/dxz 0 


For the case that a temperature gradient is present 
in the sample an emf is generated even if no nonequi- 
librium current carriers are present; (32) gives then 
the usual thermoelectric voltage. In calculating the 
absolute thermoelectric power of a semiconductor it is 
expedient to imagine a circuit composed of the semi- 
conductor and of an electrical conductor in which it is 
possible to put S*=0 (Fig. 4). The integration in (32) 

* For example, if in an otherwise homogeneous semiconductor 


(no are constant throughout the sample) the values of b at the 
points b and c are by and be the integral (31) gives for the emf: 
| Ee Ags  by—i o] 
eLbe+1 oo betl co’ 
where oo, oo» are dark conductivities at the points c and 5; 
Acc, Ags, are excess conductivities at the points c and b due to the 
presence of nonequilibrium carrier concentration. In deriving the 
above equation the assumption was made An=0 outside the 


part b, c and An=An,=const inside the part b, c (Sec. 3.2 as- 
sumption f). 
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Frc. 4. Measurement of the thermoelectric power. 


is easily carried out if AT&T, and we get? the well- 
known formula for the thermoelectric power: 


U, 1 
t£ — = — -(loS1o* — taoS 20°) 
AT e 
k £19— Q1* £20— Qz* 
= = (te be) . (33) 
€ kT kT 


Presence of nonequilibrium carrier concentrations causes 
a change in thermoelectric voltage in the circuit. This 
we call a photothermoelectric effect (Sec. 6.2). 


Case (c) dEg/dxz* 0 


If Eg cannot be considered as constant in the sample 
an emf can be generated which is easily calculated 
from (29). If the sample is assumed to be otherwise 
homogeneous we get [if Ac=Ac,=const inside the 
part b, c, Ac=0 outside, (Sec. 3.2, assumption (¢)) ]: 


1 N 
U= —-At,(Eec— Ecs), (34) 
e 


where At;=¢:—ti and Ece, Ece are the values of the 
energy gap at the points c and b. This emf plays a role 
in the thermal photovoltaic effect owing to the de- 
pendence of Eg on the temperature (Sec. 6.2). It would 
also be of importance in a photovoltaic effect suggested 
by Price® where the inhomogeneity of the semicon- 
ductor is caused by strain. 

Equations (29) to (32) hold for semiconductors even 
if assumptions (c) and (y) are not valid. However, in 
performing the actual calculations in the following 
sections we have limited our considerations by the 
assumptions (a), (8), and (y) and also the following 
two: (6) The ratio of the electron-hole mobilities 
b= p/u» is constant throughout the sample. (e) For the — — 
assemblies of electrons and holes classical statistics 
hold; that is, 7; is assumed to be always small compared 


See ee eee” a ee 


conductor. 


3.2 Distribution of Current Carrier 
Concentrations IS 


^ 
> 


From (29) to (32) one can calculate the emf gener 
in the circuit of Fig. 1, provided that the con 
tions of current carriers are known in every px 
semiconductor from which ¢; and ¢ can easil; 

7 J. Tauc, Phys. Rev. 95, 1394 (1954). M 
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lated. For the determination of 1; one has 4 equations 
(1), (23), and (25) with 4 unknowns: /1— — T2, e, i, n». 
It is necessary to introduce z; into (1) instead of ç+ 
using (8). One obtains 


D e) ea 
Ih=o1F +eD,— 1 
SE NT e à T dx 


Die shed dT (36) 
Is—o5F—6Ds——— — —, 
; "ds € . T dx 
where 
Qx**—Qx*— (ex) wv (37) 


are the excess of the mean transfer kinetic energies Q;* 
over the mean kinetic energies 


oo 
f cx (ex) ej € */kT de, 
0 
leni =m; 
oo 


ox. (ex)e-* Te, 
0 


(38) 


for spherical energy surfaces (ei), — kT. 

In some cases it will be sufficient to consider a sche- 
matical distribution of Az for which Az— 0 outside the 
illuminated part b, c and An=An,=const inside this 
part. We call this assumption (4). It is approximately 
justified in case the illuminated part 5, c is large com- 
pared with the diffusion length of excess current carriers 
and variation of the parameters of the semiconductor 
over a diffusion length is negligible; variation of 7 and 
pi, along the sample is neglected. 


a’ 
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4. BULK PHOTOVOLTAIC EFFECT 


From the point of view of photovoltaic effects, the 
most important case of inhomogeneity of a semicon- 
ductor is an inhomogeneity in distribution of active 
impurity concentrations. We consider two limiting 
cases. In the first case the impurity concentration 
change occurs over a distance long compared with the 
diffusion length of current carriers; in the second case 
the change is abrupt. In the first case current carriers 
are in thermal equilibrium with the lattice; we use the 
word “bulk” to denote this type of photovoltaic effect. 
An example of the second case (barrier-layer photo- 
voltaic effect) is the photovoltaic effect in a p-n junction 
(Sec. 5). 


4.1 Basic Equations for the Bulk 
Photovoltaic Effect 


Let us calculate the emf generated between the con- 
tacts a and a’ in Fig. 1 for the case that in the semi- 
conductor the active impurity concentrations are vari- 
able. Denoting the difference between the concentra- 
tions of donors and acceptors by IV — Vp — N 4 we have 
dN /dx7* 0 at least at some places between b and c. Such 
a bulk photocell is shown in Fig. 5. 

The bulk photo emf is given by the integral (31); 
we shall perform the integration on assumptions (a), 
(8), (y), (8), and (e). We substitute for Af; ti-f& 
from (8) and use the mass-action law 


0119/1297 112 — const. (39) 
The emf U= U, can be expressed as a sum: 
U= Oar Ua, (40) 
where 
kT An dn 
ee - Br Ba ee Atta " (41) 
€ unit uA nio dX 
kT ui—gus dAn 
ey LN (42) 
e uni tun dx 


If U, is to be different from zero it is necessary that 
at least at some places between b and c dmo/modx 
— l/kT-dtio/dxz£ 0. This part U. of the emf is caused 
by variation of the chemical potential of the assemblies 
of electrons and holes in the dark along the sample; we - 
denote U, as a “chemical” emf. The other part of the 
emf Ua corresponds to the diffusion voltage generated - 
by the gradients of Az in case electron and hole mo- — 
bilities are different u7 us. We denote Ua as a “diffu- 
sion” emf. These notations are analogous to the teri 
minology used in the theory of galvanic cells. — — 

An expression for U is obtained on the assumption of. 
small illumination that is, if everywhere Ac<oo- For 
an n-type semiconductor (nio= N, N7»n;), we get 


Km 2 dpo 
= — — ——_ o—dx. 
e 1+b dx 
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Fic. 6. Example of plot of Ac and po for calculating 
the approximation for weak illumination. 


An analogous expression for a p-type semiconductor 
(1129= —N,—N>>n;) is obtained by changing the sign 
and putting 1/0 instead of b. If in the illuminated part 
dpo/dx is constant then U is proportional to the shaded 
area as in Fig. 6. 

To obtain an idea of the order of magnitude of a 
bulk emf under small illumination, let us consider a 
typical numerical example which can be easily realized 
with germanium: 5b—2,1; poe—poo=15—5=10 Q cm, 
To, av 70, 1 Q7! cm; Ags/o0,av=0, 1, Ac,— 107? (7 cm 1; 
T=300°K. From (43), we obtain U=0.026-0.65-10 
-10-°=1.7 mv. 

An equation for U which holds for arbitrary intensity 
of illumination (compatible of course with our assump- 
tions) can be deduced if for the distribution of Az 
assumption (f) (Sec. 3.2) is approximately valid. 
Equation (41) can be then written 


kT c 
a | P) 
€ b 010 to wAcs toner 


do 10 


(44) 


where oik euki. 
Writing D=4onci2—Ac.?, the result can be written: 
(a) $0, it is Ac, «2(rac;2)! (very small illumination) 


kT 2 
U .=—Ac,—— 
e VD 
2(c10e—o D 
Xarctg mr ON (45a) 


D+ (Qore+Ac.) (20109 Av:) 
(b) D<O, it is Ac, 2(zàc;2)! 
[UI = EI s (umm 
e A/—S)N 2e Ac,—4A/ —8) 
2o105- Ac, -A/ —D 
"Dai Aa TO ) ? 


;C-0. 


These expressions are simpler for an extrinsic semicor 

ductor. For an n-type semiconductor we get from (45b) 

for arbitrary intensity of illumination 
kT 1+Ac,/ O0c 


=——In 


€ 1+Ac, ins 
Equation (42), giving.the part Ua of the emf, can be 


written ^n 
kT ui—u dAc E. 

T= e $ ; (47) 90908 

€ ptu oot åo r. 


Assuming the distribution (¢) of An one has dâo 0 
only in the neighborhood of the points «=6, c; one 
easily obtains: 


(46) 


c 


kT ui—pg» — 1--Ac./20c 


ES n C 
€ mtu: 1+Ac,/cos 


This holds for a semiconductor of arbitrary type of 
conductivity. 

For the total emf U in a n-type semiconductor, we 
obtain 


U= 


(48) 


| 2 14-Aoc;/c0c 


n—— — ——. 
e 1+b  1--Ao,/acob 


The dependence of U on Ac, is illustrated in Fig. 7 for 
several values of oo-/oos. For very strong illumination 
Acos and Acco, the emf approaches a saturation — — 
value given by 


(49) 


yr 9 00b E 

U max— UU GEM . (50) C» 

e 1+b cv E 

In the above example Umax is equal to 0.026-0.65-In3 — — 1 
—18.5 mv. » 


4.2 Discussion 


m. 
Let us consider the physical meaning of the chem- — 
ical” and “diffusion” parts of U. The generation of Ue 


1 
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is conditioned by the difference in chemical potentials 
of electrons and holes in the dark at the boundary 
points of the illuminated part (in other words, by the 
difference of the Fermi levels relative to the boundaries 
of energy bands). We see this from (41) which for very 
strong illumination (Azo, 220) on the validity of 
assumption (f) gives 


zi 
cmax— — 

€ vb 
We can make the following detailed picture of the 
process. In Fig. 5, between the points b and c there exists 
in the dark a certain potential difference (t;'—£(.)/e 
because, in thermal equilibrium the electrochemical 
potential ¢’— ec is everywhere constant. At every point 
between b and c there is an electric field Fo. The poten- 
tial difference between the points b and c is compen- 
sated by a potential difference of opposite sign so 
between the points a and a' the potential difference is 
zero in the dark. If the condition that the two ends of 
the semiconductor have the same properties is not ful- 
filled at least a part of the compensating voltage is 
situated at the contacts. 

If in the part b, c excess current carriers are generated 
by illumination, the electric field Fo sets them in mo- 
tion. When the contacts a and a’ are not connected 
an electric charge is created which causes such a change 
in the intensity of the field P, that the current is 
annulled. In our case, (Fig. 5) the contact a is charged 
positively, the contact a’ negatively (with our sign 
convention U 0). 

The field intensity in the part b, c decreases by 
illumination from the dark value |Fo| to the value 
|F|=|Fo—AF with AF>0. At every point in part 
b, c the electric current density produced by the electric 
field oof compensates that produced by diffusion. If, 


e dio 
ase (12 —t)/e. 


x 


(51) 
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8. Example of Trousil’s measurement of 
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now, the current carrier concentration is increased by 
illumination by an amount Az, the electric conduc- 
tivity increases to a value o > e but the diffusion current 
remains the same, because inside the part b, c in ac- 
cordance with assumption (t) dAn/dx=0. From the 
equality of both currents we get |F| « | Fi]. 

The part AF of the electric field is not compensated 
in the circuit and its integral over x gives the voltage 
U.. If the illumination is increased the field intensity 
|F| decreases. The maximum value that AF can attain 
with very strong illumination is | Fo|. In this case the 
electric field in the part b, c is zero and the poten- 
tial difference between b and c vanishes. There remains 
in the circuit the potential difference between c and 5 
which we measure as the maximum emf, U.mx= 
mime bo )/ 6. 

With very strong illumination there exists a close 
analogy between our photocell and a galvanic cell; in 
both cases the chemical part of the emf corresponds 
to the transfer of an electron from the point with a 
chemical potential ¢.’ to a point with a chemical 
potential ¢,’. With weak illumination there is a differ- 
ence between a photocell and a galvanic cell as the emf 
of a photocell is a function of the illumination. This is 
due to the fact that in the photocell the emf is generated 
only by nonequilibrium current carriers while the con- 
ductance of the photocell is determined by all current 
carriers. When the concentration of excess carriers is 
very much larger than the concentration of dark carriers 
the situation is similar to that in a galvanic cell where 
all current carriers contribute to the generation of the 
emf. One has a similar case in the photocell proposed 
by Kramer? and later improved by Ohmart.^ This 
photocell is constructed of two metal plates of different 
work functions with a gas between them. The gas is 
ionized by absorption of radiation. It was shown by 
experiment that the emf is determined by the contact 
potential of the metals and is independent of illumina- 
tion intensity which changes only the internal resistance. 
Other examples are the photocells described by Nad- 
jakov and Andreitchin?* which consist of two different 
metal plates separated by sulfur or other insulator. 
As the internal resistance is very high, the emf attains 
its saturation value at low illumination. These examples | 
correspond well with the general point of view on the 
generation of a “chemical” emf explained in this section. — 

The other part is the diffusion emf Ua. An electric 
field arises in those parts of the semiconductor where 
dAn/dxz0 for the case that the electron and hole 
mobilities are not equal. The direction and intensity of | 
this field are such as to accelerate the motion of current. 
carriers with lower mobility and to slow down th 
motion of current carriers with larger mobility in order 
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73 T. B. Kramer, Electrician 93, 497 (1924). 
“P. E. Ohmart, J. Appl. Phys. 22, 1504 (1951). 
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Fic. 9. Compensation method for measuring 
the bulk photovoltage. 


to make the resultant electric current zero. It is usual 
to denote this kind of electric field as a ‘“Dember field." 
The voltages generated in the vicinity of both points 
b, and c [where dAn/dx¥ 0 according to assumption (£) ] 
are mutually compensated in a homogeneous semicon- 
ductor. This is not the case if at the points b, and c the 
conductivities are not the same [see Eq. (48) ] and the 
resultant emf U4 is measured between a, and a’. This 
emf is analogous to the diffusion emf generated in a 
galvanic element between two electrolytes. Just as with 
galvanic cells it is possible to design semiconductor 
photocells in which | U4| is small compared with |U.|. 


4.3 Comparison with Experiment and 
Applications 


The first experimental investigation'*/7$ of the theory 
of the bulk photovoltaic effect was carried out by 
Trousil*® on long samples cut from germanium single 
crystals drawn from the melt. An example of Trousil’s 
measurement is given in Fig. 8. In the upper figure 
there is shown the voltage V measured along the sample 
in the dark with a current flowing through it; the 
resistivity po~dV /dx. The lower figure shows the emf 
generated by a spot of light moved along the sample 
and measured with a recording galvanometer. Qualita- 
tive agreement with the theory is apparent, e.g., the 
maximum of the emf is situated at the point of the 
highest value of d?V/da?. From the emf curve small 
inhomogeneities in the distribution of the concentra- 
tions of impurities can be detected even if they are too 
small to be observable by measurement of conductivity 
along the sample. 

Frank 7? used this effect to work out a highly sensitive 
compensation method for the determination of inhomo- 
geneities of semiconductor single crystals. His experi- 
mental arrangement is shown schematically in Fig. 9; 
here the bulk emf is compensated by the photoconduc- 
tive signal J6R, where ôR is the change of the circuit 
resistance by Aaina. If the current density J/Q 
(Q is the cross section of the sample) is so chosen that 
the voltmeter has zero deviation then for an n-type 


semiconductor 


16 J. Tauc, Czechosl. J. Phys. 5, 300 (1955). 
™ H. Frank, Czechosl. J. Phys. 6, 433 (1956). 
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Using this method Frank made a quantitative compari- 
son of the theory*® of the bulk photovoltaic effect and 
obtained good agreement. Recently Lashkarev and 
Romanov” have published a paper on the bulk photo- 
voltaic effect investigated with a very narrow light spot. 


5. BARRIER-LAYER PHOTOVOLTAIC EFFECT 


5.1 Basic Equation of a p-n Junction 
Photovoltaic Cell 


Between a p-type and an n-type semiconductor 
there is, in the dark, a potential barrier of height 
goo= |p’ —£x'|. This barrier can be made very thin 
and the electric field within it can attain such high 
values that the change in potential energy over a dis- 
tance of the same order of magnitude as the mean free 
path is comparable with the mean thermal energy of an 
electron or greater. Then (1) is no longer valid; inside 
such a barrier some quantities such as chemical poten- 
tials lose their meaning. However, it is easy to describe 
another limiting case when the thermal energy of an 
electron is negligible compared with the energy the 
electron acquires over the mean free path. It is then 
usual to speak of the so-called “diode” theory to stress 
the fact that, in analogy with the situation met with in 
vacuum tubes, the electron motion is determined pri- 
marily by electric fields and influenced little by electron- 
ion or electron-electron collisions. Of course, this theory 
holds only in a limited space, in a p-n junction or in its 
immediate neighborhood. In other regions (1) is valid. 
It is thus possible to use (1) and respect the regions 


where the electron motion is described by the diode . 


theory by convenient boundary conditions. 

Let us consider the photocell shown in Fig. 10. The 
contacts here are again connected to the semiconductor 
of the same properties. The left p-n» junction is illumi- 
nated. The illumination extends on both sides of the 
junction over distances which are large compared with 
carrier diffusion lengths. The p- and n-type semicon- 
ductors are assumed to be homogeneous (7o const). 
The potential distribution is drawn in the lower figure. 


S CR 


Fic. 10. p-n junction photocell. For the calculation the cross 
section of the semiconductor is assumed to be unity. 


18 V. E. Lashkarev and V. A. Romanov, Trudy Inst. fiz. Akad. 
Nauk USSR, Kiev 7, 50 (1956). 
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— "The diode theory holds between —«x»p, xw. Calculation 
—. of goo and xp, xy can be based5™:58 on (26). The barrier 
—  — thicknesses xp--xw are assumed to be small compared 
— — with the diffusion lengths of carriers so recombination 
inside the barrier can be neglected. In regions outside 
the barrier we assume that zsy«&"miw, nır Knp (not 
very great illumination). Then the electric fields are 
small and the current densities are determined by diffu- 
sion. If assumptions (a), (8), (y), (ô), and (e) are valid 
we get from (35) and (36) for current densities 
dny 


+ for k=1, 
I= -EkTui,— 


(53) 
dx — for k=2. 


We consider holes in the z-type material. Substituting 
from (53) into (23) we get the following equation for 
An=Nn;— Ngko: - 


An An EST 
———-—— : (54) 
da? Lon? Lon? 
_ For boundary conditions we take 
x= oo 3 An= 0, (55) 
X=XN, Noy =Ngpe PIKT (56) 


— — where e; is the barrier height. The boundary condition 
5 (56) expresses the ratio of the concentrations of holes 
. on the two sides of the barrier by the Boltzmann factor 
— as required by classical statistics. We have assumed 
_ further that the hole concentration at the point — xp is 
so great that its diminution by the diffusion of holes 
into the z-type material is negligible; we thus have at 
the point — xp, 113p — fi2po. 

- It is easy to find the solution Az of (54) with bound- 
ary conditions (55) and (56). Putting this solution into 
(53) we get for the current density 


zi -- ; kT ye 


T= (nopo *T — non o— rgy)e-7-oNlLan, (57) 
2N 
the dark, for the barrier height co, from (56) 
N2no= Nope ***olkT, (58) 
a 
Using e» we obtain for the current density at the 
` point zy 5 
ie kT y2 2 
^: —— Jay —— nyole * 6 9IkT — 1)— gsr. (59) 
L2N 2N 


ron current density in the p-type material at 
1 an analogous expression. As the 


»o is compensated in 
ble voltage we have 


7 J. Tauc, Ceskosl. tas. fys. 4, 158 (1954). 
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I, is the saturation current density of the photocell in 
the dark, i.e., J for 7;=0 and —U>>kT/e: 


Mittipo Pe2tHeno 
= er( + ). 
Lon 


Lip 
— I, is the short circuit current density of the photocell 
Ts=egs(Lip+Lew). (62) 


I; is the number of excess electron-hole pairs per cm? 
reaching the region of the potential barrier by diffusion 
per sec. 

The derivation of formula (60) is analogous to that 
used by Shockley®’ in his theory of p-n junction recti- 
fiers. Expression (60) reduces to Shockley’s equation 
(4.22) for 7,—0. For other constructions of p-n junc- 
tion photocells several formulas are given in the 
literature.79,80 

The emf which follows from (60) with J=0 is 


kT n 
v, -— n(1—). 
B 


€ 


(61) 


(63) 


An expression of this form was deduced by Fan? and 
experimentally verified by Becker and Fan.? It follows 
from assumptions on which (63) was derived that U. 
cannot exceed the height of the barrier in the dark gio 
and must saturate at very high illumination when (63) 
is no longer valid. When U, approaches c;o, the diode 
theory ceases to hold as the electric field in the barrier 
is diminished; we then have a transition to the bulk 
photovoltaic effect—a problem which has not yet been 
studied. 

We have denoted the emf expressed by (63) as U. 
because it actually corresponds to the difference in the 
chemical potentials and may therefore be denoted as a 
“chemical” emf. Calculation of the diffusion emf Ug is 
the same as given in Sec. 4. Under the conditions as- 
sumed in the present section and at small illumination 
we get approximately 


kT b—1 
e— 
b+1 


(pop—pon) Acs. (64) 


The p-n junction is usually constructed so that p- and 
n-type materials have high conductivities so that 


Ao./oopK1, Ace/oonK1 and |Ua| is usually negligible - 


compared with U;. 


5.2 Comparison of the Barrier-Layer and the 
Bulk Photovoltaic Effects 


The bulk and the barrier-layer photovoltaic effects - 


are two limiting cases of one and the same physical 
phenomenon; in both cases the emf is generated by an 


2R. L. Cummerow, Phys. Rev. 95, 16 (1954). 
# H. Y. Fan, Phys. Rev. 75, 1631 (1949). 
3 Foundation USA. DN tas s 


Ax 


m 


GENERATION OF emf 


a~ 


internal electric field and only the details of the process 
are different. The first case approaches the thermal 
equilibrium state, the other is radically different from it. 
If we denote the time an electron spends in the active 
space of the photocell ru, then for a barrier layer photo- 
cell 7,«&r, for a bulk photocell r,r. 

The emf U, with very strong illumination attains in 
both cases the same saturation value (¢./—¢,')/e. The 
maximum value this expression can have in a given 
semiconductor is approximately the value Eg/e. This 
is true for the case that at the point b the material is 
highly doped with p-type impurities and at the point c 
with n-type impurities. Even if the maximum emf is the 
same for both effects the short circuit current of a 
barrier layer photocell is usually much higher for the 
appropriate geometry of illumination than that of a 
bulk photocell. Consequently, the barrier layer photo- 
cell transforms radiation energy into electrical energy 
with a higher efficiency than a bulk photocell. Indeed, 
in the former case all electrons and holes created in the 
active space of the photocell take part in the generation 
of the short circuit current while in the latter case the 
short circuit current is diminished by recombination. 
We shall make a rough quantitative comparison of 
both cases. 

Let us consider a p-n junction photocell of unit cross 
section which is transversely illuminated with a narrow 
light spot so that all incident photons are absorbed in 
the potential barrier space. With quantum efficiency 
equal to unity these JV, photons per second give rise to 
a short circuit current |7,brie|-—eV,. Let the same 
number JV; photons/sec be absorbed in a bulk photocell 
of unit cross section; the illumination takes place over 
a distance c—b= Ax. The added carrier concentration 
is An,=g,;r=Nyr/Ax and the short circuit current 
| [,, bulk | = | U |/R, where U is the bulk photo emf (Sec. 
4.1) and R the resistance of the illuminated photocell. 
For strong illumination (An) and 729), we obtain 
for the ratio of both short circuit currents 


| do rede = T/T, (65) 


where z'— Ax/(ui-uz)F', F’=U/Ax. Putting typical 
values for germanium into this formula (uid-42-— 1700 
--3600— 5300 cm?/vs, Umax0.6 v, r—10-* sec) and 
choosing Ax—2 cm (XL, L») we get 7'— 10^? sec and 
uua] =0, 1 | 7, barrier | : 

However, the bulk photocell can be more advan- 
tageous from the point of view of efficiency than a 
barrier layer photocell for the case that the radiation 
cannot be concentrated in the barrier layer. This can 
be the case for high energy radiation which is little 
absorbed in the semiconductor and cannot be concen- 
trated by optical means. Let us consider a case that the 
barrier layer photocell is irradiated over distances large 
compared with Lip, Ley on both sides of the barrier. 
This case was treated in Sec. 5.1; from (62) we obtain 


|I] = T= (Ly p-+Lon)g,. Then we have 
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In the numerical example considered, L; p— 9.6- 10-? cm, E | 
Lay —6.6- 10? cm, |a"! | = 1.25 | 7, berrier |. E 

We shall add some general remarks concerning the 1 
energy conversion efficiency by a photocell. From the 
point of view of thermodynamics there is no reason for 
this efficiency not to approach 100%. Of course this is 
possible only for a photocell so constructed that 
| Umax | = Ec/e and illuminated by monochromatic radi- 
ation of wavelength Ac/ Eg. With a radiation of shorter 
wavelength the efficiency is always smaller; with a high 
energy radiation (Sec. 1.3) the maximum efficiency can 
be only Eg/e. An ideal photocell should have an infinite 
dark resistance [see (63)]; it is desirable to have J, 
very small so that |7| I, even if U0 and zero re- 
sistance at illumination for the internal losses to be 
small. 


5.3 Classification of Simple Photovoltaic Effects 


As a consequence of the preceding considerations, we 
can divide photovoltaic effects into barrier layer and 
bulk effects. We can further distinguish between effects 
at the contacts or inside a semiconductor crystal. 

It is necessary to consider how the well-known d 
Dember effect can be put into this classification. 'The : 
Dember effect is the generation of an emf in a homo- 
geneous semiconductor without any barrier layers. We 
consider here, as everywhere in the present paper, only B 
the stationary case and exclude therefore the Dember F 
effect observed with interrupted illumination.8*-55 The 
inhomogeneity of the circuit necessary from our point 
of view for the generation of a stationary emf is realized 
here by the fact that a part of the circuit d, d’ is of 
semiconductor, the other part (a,d; d',a^) of metal as 
shown in Fig. 11. The nonrectifying semiconductor- - 
metal contact is essential for the stationary Dember 
effect. Table I contains the proposed classification of — 
simple photovoltaic effects. a 

In the present paper we do not consider generation _ 
of an emf at semiconductor-metal contacts. This is more | 
difficult to discuss in detail owing to the more compli- _ 
cated structure of these contacts that is not yet quite 
understood. pe 
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Fic. 11. Dember effect. 
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TABLE I. Classification of simple photovoltaic effects. 


Photovoltaic Barrier layer Nonbarrier layer 
effects 
Noncontact In p-n junction Bulk photovoltaic effect 
photocells : 
Contact In barrier-layer One contact illuminated: 


photocells (such Dember effect 


as cuprous oxide 


photocells) Effects observed by 
In point contact Nadjakov and 
photocells Andreitchin 


6. SOME MORE COMPLICATED 
PHOTOVOLTAIC EFFECTS 


An essential condition for the generation of an emf 
in a semiconductor, following the preceding considera- 
tions, is a chemical potential difference between the 
boundaries of the illuminated part 5, c. In cases dealt 
with in Sec. 4 and 5 this difference was realized by 
a donor or acceptor concentration gradient. In this sec- 
tion we discuss two other examples of this rule when the 
chemical potential difference is realized by a magnetic 
field or a temperature gradient. 


6.1 Photoelectromagnetic Effect in a 
Nonhomogeneous Magnetic Field?" 


Landau: was the first to show that the chemical 
potential of an assembly of free electrons depends on 
the intensity of the magnetic field. Therefore, if the 
magnetic field H situated in a plane perpendicular to 
the axis of the sample at the point 5 differs from that at 
the point c an emf is generated between the contacts 
a, and a’. Using Landau's expression for the thermo- 
dynamic potential of the assembly of free electrons we 
obtain from (31) for the case shown in Fig. 12 the 
following equation for U. (with validity of assumptions 
(a), (8), (y), (6), (9, and (t) and for | I| «kTm,/Bm) : 


kT 1p /m X? mN? 
e 6 701 712 


E 1 B* I 2— Hy?) 


= (67) 


. Photoelectromagnetic effect in a 
Ene VM oem magnetic field, 


Z Czechosl. J. Phys. 6, 421 (1956). 
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Both contacts illuminated : 
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Fic. 13. Scheme of the photothermoelectric effect. 


We have assumed spherical energy surfaces in the 
Brillouin zone and used the effective mass concept 
for electrons and holes. 8 denotes the Bohr magneton, 
Ali— lh — lo. 

'This emf differs from that observed by Kikoin and 
Noskov® and others, °% in a homogeneous magnetic 
field. In the case of Kikoin and Noskov’s photoelectro- 
magnetic effect the emf is generated perpendicularly to 
the magnetic field and to the direction of illumination. 
It differs also with regard to dependence on magnetic 
field, which for small fields is linear for the Kikoin- 
Noskov effect and quadratic for U, as given by (67). 
If the direction of the magnetic field is parallel to the 
direction of illumination the Kikoin-Noskov emf should 
be theoretically zero but the emf U. given by (67) 
is not. 

The experimental determination of this emf should 
be interesting as it could give us some information on 
effective masses just as cyclotron resonance or magnetic 
susceptibility measurement. In some materials, such as 
InSb, U, is expected to attain measurable values. But 
this emf is masked by a much stronger emf generated 
at the boundaries of the illuminated part in a non- 
homogeneous magnetic field which acts on the diffusion 
currents of electrons and holes. With assumptions (o) - 
to (¢), for small illumination Ao;/oo1, small induction 
B of the magnetic field (Bus«&1) and an n-type semi- 
conductor we obtain for this emf the approximate 
expression 


kT Ao, 
U.=— 2? (Bj — By). 
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This emf was actually found experimentally* in InSb. 


8 J, K. Kikoin and M. M. Noskov, Physik. Z. Sowjetunion 5, 
586 (1934). 
$0 b Niet and H. Bulliard, Compt. rend. 236, 595 and 672 


(1953). 
“H, Bulliard, Ann. phys. 15, 52 (1954). 
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6.2 Photothermoelectric Effect 


Another way? of realizing the chemical potential 
difference is by putting the points b, c at different 
temperatures 7", T". The principle of measurement of 
this effect is given in Fig. 13. The normal thermoelectric 
voltage is not generated in the circuit as the points a, 
and a’ are at the same temperature. An experimental 
arrangement is illustrated in Fig. 14. A thin semi- 
conductor sample is in good thermal contact with two 
isolated metal blocks and is illuminated with interrupted 
light. If the temperature of the blocks is different a 
signal can be measured by means of an alternating 
current amplifier and a valve voltmeter; the normal 
thermoelectric voltage is thus eliminated in this experi- 
mental arrangement. 

The expression for the emf originally given? was 
generalized by Van der Pauw and Polder? who took 
into account the temperature dependence of Eg and b. 
Their expression is readily deduced from (29) and (30) 


Fic. 14. Experimental 
arrangement for observ- 
ing the photothermo- 
electric effect. 1. The 
illuminated sample. 2. 
Diaphragms screening 
the contacts. 3. Ano- 
dized aluminium blocks. 
4. Heating of the upper 
block. 5 and 6. Narrow 
band  amplifer with 
valve voltmeter. 


with the usual assumptions (a), (8), (y), (e), and (t) 
and AT— T"— T'«&T', Nos/ay&d: 


kAT| b—1 b N 
E 
e 15-1 b+1 bniotH no 
Q;**4-Q;** 1 Eg 
x[—À9—— | 
kT k dT 
1 T (niono) db |= 


Uprr= 


b+1 bniotno dT 


. (69) 


go 


From the measurement of this emf the sum Q,**+Q2** 
—Qi*--Qs*—(e).— (e). can be determined. Under 
favorable circumstances the determination of this sum 
may give certain information on the carrier scattering 
mechanism (definitions of Q;* and (es), in Secs. 2.3 
and 3.2). 


7. OTHER CASES OF GENERATION OF AN emf 


Photoelectric generation of nonequilibrium current 
carrier concentration is not essential for the production 
of an emf in semiconductors. A nonequilibrium carrier 


$2 J, Tauc, Czechosl. J. Phys. 5, 528 (1955). 
93 L. J. van der Pauw and D. Polder, J. Electronics 2, 239 (1956). 
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Fic. 15. Shockley's p-n-p 
junction.57 


concentration can be generated by other means as well. 
We shall now deal briefly with some examples. Their 
theory can be developed from the same basic ideas as 
in the preceding cases, only the geometry and conse- 
quently carrier concentration distribution is usually 
more complicated. 

A very important method for the production of excess 
carrier concentration is current injection which forms 
the basis for the functioning of the transistor. Bardeen 
considers?! how holes injected by a point contact emitter 
into n-type germanium produce an emf at another point 
contact (collector) situated in the neighborhood of the 
first. His theory is shown to be in agreement with 
experiments performed by Pearson. Shockley*’ deals 
with a basically similar case, with the difference that 
the emitter and the collector are formed by a p-n 
junction. The arrangement Shockley considers is illus- 
trated in Fig. 15. For U. he deduces the following ex- 
pression (on the assumption that U.>kT/e): 


kT 2w 
U,.=U.—— |ncosh—. (70) 


€ Loy 


Ion is the hole diffusion length in n-type material, 
U. is the emitter voltage. 

An emf may also be generated?596 in the case that 
nonequilibrium carrier concentration is produced in 
sharp temperature gradients. For a temperature drop 
concentrated within a distance shorter than the carrier 
diffusion length a nonequilibrium concentration is pro- 
duced which is positive (A220) in regions of lower 
temperature and negative (Az <0) in regions of higher 
temperature. For instance, for an n-type semiconductor 
for the case that the temperature drop is concentrated 


Fic. 16. Principle of measuring the Benedicks effect. 
% T. Bardeen, Bell System Tech. J. 29, 469 (1950). 


95 J. Tauc, Czechosl. J. Phys. 3, 282 (1953). 
96 J. Tauc, Czechosl. J. Phys. 6, 108 (1956). 
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its dependence on the temperature gradient—the so- 
called Benedicks effect. In the circuit shown sche- 
matically in Fig. 16 both the ends a, a’ are at the same 
temperature and the normal thermoelectric voltage is 
zero. In the semiconductor two temperature drops of 
opposing sign are present, the right one occurring over 
a distance much longer than the diffusion length (so 
that here AU —0), the left one at a distance shorter than 
the diffusion length. Under these conditions the emf 
measured between a, a’ is AU. This experiment® was 
realized by Trousil. The result is shown in Fig. 17. 
As the sample was not quite homogeneous a small _ 
ordinary thermoelectric voltage was also generated. 
Fic. 17. Trousil’s However, owing to strong temperature dependence of 
measurement of G nzo in (71), AU rapidly increases with temperature 
manium. The curves A difference and is much greater than the ordinary 
aa n correspond no thermoelectric voltage at higher temperatures T”. This 
temperature drop. effect is much more easily measurable than the Bene- 
dicks effect in metals?5:9? as it is much greater. 
If a potential barrier is situated in the neighborhood 
of a sharp temperature gradient, e.g., at the point — xo 
in Fig. 16 an emf is generated in close analogy with the 
experiments described.?*7 These effects were actually 
observed when measuring the thermoelectric voltage in 
germanium for the case that a sharp metal point was 
used as one contact. Under suitable conditions one then 
gets a qualitatively similar temperature dependence”? 
of the thermoelectric voltage as in Fig. 17. It is probable 
that in this way it is possible to explain!?! some observa- 
tions by Granville and Hogarth!? concerning an 
. . anomalous temperature dependence of the thermoelec- 
within a distance shorter than the hole diffusion length tric voltage measured with a metal point contact on 


one obtains (assuming | An|<b710): polished surfaces of Ge or PbS crystals. 
kAT/Q,*+Q2* fis) (T^) —na(T") ?! Z. Trousil, Czechosl. J. Phys. 6, 170 (1956). 
m——|—————4-(5—1)|————. (71) 8C. Benedicks, Erg. exakt. Naturw. 8, 26 (1929). 
€ 2bn1o 9 G. Kocher, Ann. phys. 16, 210 (1955). 


100 J. Tauc and Z. Trousil, Czechosl. J. Phys. 3, 120 (1953). 
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it adds to the normal thermoelectric voltage and causes B64, 488 (1951). 
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Three Lectures on Relativity Theory 


V. Fock 
Physical Institute, University of Leningrad, U.S.S.R. 


(Delivered to the Colloquium of the Institute for Theoretical Physics, 
Copenhagen, Denmark, February 18, 20, 22, 1957.) 


FIRST LECTURE: ON HOMOGENEITY, 
COVARIANCE, AND RELATIVITY 


E my first lecture, I try to elucidate some general 

notions connected with relativity theory. I speak 
on homogeneity, covariance, and relativity. My 
considerations are of a very simple nature but, never- 
theless, I hope that they may be of interest, because 
simple notions are often the most difficult ones. 

If we consider the geometrical aspect of the theory 
of space and time, this theory naturally divides into 
the theory of homogeneous (uniform) space-time and 
that of the nonhomogeneous (nonuniform) space-time. 
The former may be called Galilean space and the 
latter the Riemannian or Einsteinian space. (I some- 
times use the word space instead of space-time.) 

The property of space-time of being homogeneous 
means that (a) there are no privileged points in space 
and in time; (b) there are no privileged directions, and 
(c) there are no privileged inertial frames (that all 
frames moving uniformly and in a straight line with 
respect to one another are on the same footing). 

The uniformity of space and time manifests itself 
in the existence of the Lorentz group. In particular, 
the equality of points in space and time corresponds to 
the possibility of a displacement, the equality of 
directions corresponds to that of spatial rotations, and 
the equality of inertial frames corresponds to a special 
Lorentz transformation. The displacements contain 
four parameters, the rotation three (the three angles), 
and the transformation to a moving frame also three 
(the three components of velocity). This gives together 
ten parameters—the maximum possible number, if 
we do not take into account scale transformations 
qi =x. 

The statement that the Lorentz transformation 
leaves invariant the expression for the square of the 
line element is to be understood in the following sense. 

If one writes ds? as 


ds*=dx?— dx — dx$— drg 
Or 


ds?—q,,dx,dx, 
then, after the transformation from (x) to (a^), we 


have 
ds? = nurd xy dæ, 
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In studying the properties of homogeneous (uniform) - 
space-time, the use of Galilean coordinates is con- 
venient, but not essential. The property of space-time 
of being uniform may be as well expressed in general 
coordinates. 

Let the substitution 


Eu = fu (xoxixox) = fu (x) 
be performed in the expression for ds?. Then, 


ds?— gus (x)dx,dx, 
changes into 
ds?— guy (x')dx,'dx, 
so that 
Xa Oxg 


(1) 


Suv 
Ox, x. 


If the mathematical form of the functions g,, is the 
same as that of the g,,, that is, if 


£u» (x) = gu (x), (2) 


then the space admits a transformation group. 
For an infinitesimal transformation 


Xa! = Vat (x) 
this leads to 
Vin? + V'g4— 0 
and these equations are completely integrable if 


Ry», aB— K (8ra8ub— Suck v6) 


that is, for a space of constant curvature. Galilean 
space corresponds to vanishing curvature 


Ry, «p= 0. 


What I wish to stress is that the properties of 
uniform Galilean ‘space-time can be expressed 

generally covariant manner. On the other 
Einsteinian gravitation theory Suppos 
to be nonuniform. It is just this fun: 
tion, and not the general covarian 

distinguishes the gravitation th 
the Galilean mamas 
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This distinction has not been sufficiently understood, 
or in any case not sufficiently stressed, by many 
physicists and, paradoxical as it may seem, by Einstein 
himself, although the French mathematician Cartan 
has drawn attention to it many years ago. Einstein 
called both theories relativity theories. But what is 
relativity? This word has been misused. It is natural 
to connect the notion relativity with uniformity 
of space and time. The uniformity of Galilean space 
with respect to positions, directions, and nonaccel- 
erated motions may be as well termed as relativity 
of positions, of directions, and of nonaccelerated 
motions. That is the true content of Einstein’s principle 
of relativity of 1905. Use of the word relativity in this 
sense is quite legitimate. 

But, if one does this, if one connects relativity with 
uniformity, the relativity has nothing to do with 
general covariance, that is, with covariance in which 
(1) is true but (2) is not necessarily satisfied. This 
means also that, in the theory of nonuniform space- 
time, there is no principle of relativity. The generaliza- 
tion of the theory which consists in replacement of 
time by a nonuniform one means a restriction and not a 
generalization of relativity. If one uses the word 
relativity consistently, then the general principle of 
relativity is nonsensical. 

In saying this, I do not want to introduce any doubt 
as to the validity of the wonderful Einsteinian gravita- 
tion theory, but only to stress the inconsistency of the 
use of the name "general relativity" when applied to 
gravitation theory. 

Einstein himself proposed for his theory the name 
"general relativity," because the transformations 
considered in this theory are more general than the 
Lorentz transformations. But he omitted to state 
that, in the case of ordinary relativity, one has to 
consider transformations for which (2) must also be 
fulfilled, while, in the case of the so-called general 
relativity, this equation does not have to be taken into 
account. Thus, in the “general” theory, Einstein uses 
the word relativity simply as covariance, while in the 
“special” theory, the same word relativity is used as 
uniformity. Since covariance has nothing to do with 
uniformity, there arises a confusion which is very 
harmful to the understanding of Einstein's theory. 

If one uses the word relativity in both senses, then one 
has to admit such statements as ‘‘in general relativity 
there is no relativity” or “the Lagrangian form of 
nonrelativistic equations of motion satisfies the require- 
ments of general relativity,” etc. 

This confusion is more harmful than it would seem 
at first glance. It leads to statements like ‘rotation ae 
relative” which are obviously false, ee. t i 

distinction perme a geodetic and a nongeodetic 
ve. 
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guished from other physical theories. But later on, 
it was recognized that the covariance by itself cannot 
lead to any physical consequences. The true key to 
Einstein’s discovery and the most difficult step was the 
limitation of the functions describing the gravitational 
field to geometrical ones (to the g,,’s). Historically, 
the covariance requirement played a great part also, 
but this is because it was combined with other require- 
ments, such as simplicity and beauty of the theory. 

Nevertheless, the covariance requirement is still 
considered in a somewhat mystical way, as something 
prohibiting the use of well-defined coordinate frames, 
like Galilean coordinates in uniform space-time. The 
existence of Galilean coordinate frames is a character- 
istic of the inherent properties of the uniform space-time 
of the “special”? theory. Likewise, there may be in 
“general” theory coordinate frames distinguished by 
some remarkable properties and characteristic of the 
kind of the nonuniform space-time considered. 

In what follows, I wish to draw your attention to the 
fact that, for a rather general class of problems of 
gravitation theory, there exist such coordinate systems 
that may be considered as generalizations of ordinary 
internal systems. I mean not the local geodetic system 
valid in the vicinity of a point and of an instant of 
time, but the nonlocal generalization of the inertial 
frames of reference, valid throughout space. 

In order to investigate whether such systems exist, 
it is necessary to make definite assumptions as to the 
physical system considered and as to the properties of 
space-time as a whole. This is necessary because of the 
nonlocal character of the problem, that requires a 
solution of Einstein’s gravitational equations with 
conditions at infinity. 

In the case of an isolated system of masses, it is 
natural to consider the system as embedded in a 
Galilean space-time. In a Galilean space-time, the 
following theorem holds. 

Let 

1 0 (y) 
aw == 


c Or 


Py) Py) PW) 
3F "P ) . 
Ox? oy 02? 


If y satisfies the wave equation [ ]/— O0 and is finite 
everywhere and tends to zero at infinity like 1/r, as 
well as its derivatives, and if in addition the radiation 


condition 
qoe 19V) 
lim | +- —— | =0 
or c Ot 


ro. 


is satisfied for all values of the time /, then y vanishes 
identically. The radiation condition states that only 
outgoing waves are allowed. 

A similar theorem may be proved in the case that 


[ refers to a static Einsteinian space-time which is 


Galilean at infinity. It is to be supposed that the 
theorem holds also for a nonstatic Einsteinian spac 
h a formal proof may be difficult. 
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Let the space-time be such that the aforestated 
theorem is valid. Then, one can introduce auxiliary 
conditions for the coordinates in such a way that they 
behave like Galilean coordinates and are determined 
like them throughout the space-time (a Lorentz 
transformation remains of course arbitrary). 

The auxiliary conditions are of the form [ ]«,=0; 
y — 0, 1, 2, 3. But we have 


oy oy 
ILI =] , 
Óx,Óx, Ox, 
where 
i ^— Gne 
D'—— canc (BE 
(—2)! 0x, 
Consequently, the condition is equivalent to 
090^"/0x, — 0. 


Let the coordinates x, satisfy this condition. To find 
the most general form 


Xa = JF (xox x23) 
we put 


JF = la+ lgdapvp-+n*. 


The linear part of this is a Lorentz transformation. 
Now, n“ must satisfy the wave equation [ ]y*—0, 
since f* and the linear part satisfy it. Further, n“ 
must vanish at infinity (because the transformation 
must reduce there to a Lorentz transformation) and 
also n* must satisfy the radiation condition (this 
follows from the radiation condition for the g#”’s) : 


(h= 1; h=l=lh= = 1) 


n*= outgoing wave at infinity. 


But the conditions imposed upon 7* are so stringent 
that, according to the theorem, 7*=zero everywhere. 
Thus, the whole arbitrariness of the coordinates resides 
in the Lorentz transformation. 

We thus come to the conclusion that, in the case of 
an isolated system of masses, there is no essential 
difference in the coordinate question, between the 
so-called general and so-called special relativity theory. 
In both cases, arbitrary coordinates are admissible, 
since the equations are, or may be, written covariantly 
with respect to general transformations. But, in 
both cases, auxiliary conditions may be imposed upon 
the coordinates in such a way that only a Lorentz 
transformation remains arbitrary. 

The coordinates so defined—I call them harmonic 
—are particularly adapted to the solution of Einstein's 
equations, and all the solutions that I shall discuss 
in the following lectures are obtained in these co- 
ordinates. But the value of the harmonic coordinates 
resides not only in their practical importance, but also 
in the fact that they help us to understand the general 
features of gravitation theory. Their existence shows 
that the usual sharp distinction between the coordinate 
problem in special and in general theory is somewhat 


artificial. In both theories, coordinates exist that are 
determined to a Lorentz transformation, but in both 
theories any other coordinate system may be used. 


SECOND LECTURE: SOME APPROXIMATE SOLU- 
TIONS OF EINSTEIN'S EQUATIONS (MOTION 
OF ROTATING BODIES OF FINITE SIZE) 


The first approach to the problem of the motion of 
finite masses in connection with the solution of Ein- 
stein's nonlinear field equations was made in 1927 in a 
paper by Einstein and Grommer, and another paper by 
Einstein. More definite progress was obtained, in- 
dependently and on two different lines, in the years 
1938-1940 by Einstein, Infeld, and their collaborators, 
on the one hand, and by myself and my pupils, Petrova, 
Fichtenholz, and others, on the other hand. I should 
also like here to mention the work by Papapetrou 
from 1951. The ideas underlying the two research lines 
were widely different. Einstein's intention was, as it 
seems, to build a theory of elementary particles as 
field singularities. My aim was quite different. I wanted 
to find the solution of Einstein's gravitational equations 
for a problem of astronomical kind, where the moving 
bodies are of finite size, and the field has no singularities 
even within the bodies. I first found an approximate 
solution for the case of spherical nonrotating bodies, 
and then for the more general case of rotating bodies 
that are not necessarily spherical. The equations of 
motion for the centers of spherical nonrotating bodies 
turned out to be the same as the equations for point 
singularities obtained at the same time by Einstein, 
Infeld, and others. But this coincidence is due, to some 
extent, to good luck, because of the coordinate problem. 
My solution is written in a well-defined coordinate 
system (the harmonic one), while Einstein's and 
Infeld's solution corresponds to some vaguely defined 
coordinate system which bears a resemblance to the 
Newtonian one, but is modified from step to step 
(from approximation to approximation). Professor 
Infeld sees even a virtue in the fact that the coordinate 
system he uses is not well defined, but remains to 
some extent arbitrary—a standpoint with which I 
cannot agree. 

The general problem is to find the solution to 
Einstein’s gravitational equations, which corresponds 
to the motion of a given system of masses. It is clear 
from the start that, in order to reduce this problem to 
a mechanical one, it is necessary to make approxima- 
tions. First of all, because of the gravitation waves, 
the physical system considered is not a conservative 
one. But, since the loss of energy by gravitational 
radiation is quite small, it is safe to neglect it and to 
consider the system as conservative. Then, the bodies 
themselves have in general an infinite number of 
degrees of freedom even in the nonrelativistic New- 
tonian approximation. Some important conclusions may 
however be drawn quite generally: thus, one may write 
down the integrals of the equations of motion and the^ 
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asymptotic expressions for the fundamental tensor 
without reducing the inner degrees of freedom of the 
bodies to a finite number. But, in order to consider the 
motion of bodies as a whole, it is necessary to express 
the state of motion of each body in terms of a finite 
number of parameters. 

There are thus two aspects of the problem of motion : 
the inner problem and the outer problem. In the 
Newtonian approximation, the conditions inside the 
bodies have no influence on the field outside them: 
only the total mass and the moments of inertia are 
important. The first relativistic approximations for 
the field outside requires a more detailed description 
of the motion inside the body, namely a description by 
means of Newtonian equations of motion for the 
continuous medium of which the body is built. This is 
natural, since in the first relativistic approximation 
one has to take into account the mass corresponding 
to the inner energy, and the latter may be calculated 
in the Newtonian approximation. 

If, on the contrary, one considers the bodies as field 
singularities, the idealization is so far-reaching that the 
inner problem does not arise at all. 

The formal procedure in solving Einstein's equation 
is to develop the solution in powers of g/c, q being a 
parameter of the order of the velocities involved. We 
have then, U being the Newtonian potential, 


Us/e~P/e and w/c&-qge. 


Since retardation is treated as a correction, the method 

is valid only for moderately large distances between 

and from the bodies, that is, for distances small com- 
| pared with the wavelength emitted. If R is a distance 
and w a typical frequency, we must have 


R«c/o. 


This condition is not independent of the condition 
gc, since q and Rw are of the same order. 

On the other hand, in order to get convenient 
expressions for the potential from the bodies, we must 
suppose the distances R to be large compared with the 
dimensions L of the bodies. We thus have 


L«R«&c/o. 


Inside the body, the quantity U/c may attain the 
value a/L, where a is the gravitational radius of the 
body. Since this is to be small, we have a<L, and thus 


E a L«R«c/o. 


'To solve Einstein's equations, step by step, we proceed 
as follows. In the zeroth approximation, we consider 
the metrics as Euclidean, and the coordinates as 
lilean, and we take for the energy tensor the 


1 
T9iz-—pvi (i= 1,2,3), 
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(o density), while the values of the other components 
T'* are irrelevant [they are of the order T ]Jo(g*/c2)]. 
The foregoing expressions satisfy the relation 


oT’ gTv 


+—=0 
ot Ox; 


9p O(pw) 
—E 
Ot Ox; 


since 


(it is summed from 1 to 3 over Latin indexes appearing 
twice). To make the next step, we calculate the New- 
tonian potential 


-dV' 


YP 
u= f 
p 


and the corresponding vector potential 


2U 
fip (1) 
c 


from which the quantities Qg^'— (— g)*g^" are easily 
calculated, namely 


1 4U ete 
gus 07.05 07 E 
[^ 


These quantities satisfy the equation, 


999? ðQ? i 


ot Ox; 
In the approximation considered, the coordinates are I 
thus harmonic. 
Proceeding to the next step, we must take into 
account the corrections in the expression for the 
divergence of a tensor. We have now 


aT” ƏT% 1 9U T i 
at Am, c t i 

and x: 
ƏT aT aU ; $ 
4p — Gee Ges l 


Supposing the bodies to be elastic, we may take for the 
energy tensor the expressions 1 
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These expressions are obtained by adding to that 
part of mass density, which is conserved, the variable 
part of the mass: density and also by adding terms 
corresponding to the energy flux. The notion of energy 
flux was first introduced by the Russian physicist 
Umow as early as in 1874 so that the expressions 
above are essentially the same as in the Umow paper. 
The quantities p etc. entering into these expressions 
satisfy the nonrelativistic equations of motion, namely 


dvi ðU Opi 
Paes Sree 
dl Ox; Ox, 


as well as the continuity equation 


dp (pv) 


ot Ox; 


The letter II denotes 
satisfies the equation 


ail Ov; 
p— = ipa 
dt OX; 


the elastic energy density that 


Ou, 
c) 

Ox; 
In virtue of these equations, it is easily proved that 
the divergence of the energy tensor vanishes in the 
required approximation. 

Now, the calculations can proceed in different 


directions. Firstly, one may obtain, from the Einsteinian 
equations 


8 
Re— zg R= aa 
CC 


the next approximation for the g^"s. Secondly, one 
may obtain the equations of motion for the bodies 
without solving Einstein's equations explicitly. One 
can also write down the integrals of the equations of 
motion. Since the calculations are rather tedious, I 
shall only briefly indicate their principal idea and the 


results. 
In a harmonic coordinate system, where the condition 
09/0x,— 0 
is satisfied, we have 
o? uv 
g(Re—MgR) e het  —-, 


where the members denoted by dots do not contain 
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second derivatives. If one uses this expression, the - 
vanishing of divergence of the tensor T#” is no longer 
an identity, but is only satisfied in virtue of the 
harmonicity condition. Approximately, we have 


(2 1 0? \ ge 16ry 
ce og 


Ox, ee 
where A is the Euclidean operator. In order that 
9g^'"/Ox, should decrease rapidly with the distance 
from the mass ma, it is necessary that 


gV T", 


f gV,T*"'(dx)—0; (dx)? =dxidxdxz 
(a) 


where the integral is taken over a volume enclosing E 
the mass ma. This gives the equations of motion for 5 
the centers of inertia of the separate bodies. To obtain 
equations for rotational motion, one has to write 


J g(x; V, T^*— rV, T") (da) —0. 
(a) 


I shall not write down the equations of motion in 
explicit form because they are complicated. But it is — 
worth noting that the equations of motion for the 
centers of mass can be written in Lagrangian form. Ee ) 
From the equations of motion, the ten classical ^. 


integrals may be obtained (namely, themomentumand — 
energy integral, the moment of momentum, and 
the center of gravity integral). These integrals may be 
deduced by integrating the previous expressions 
over the whole space instead of over the region where 
a single mass lies. 

The integrals have the following form. Let 


Wty for ay 


so that 


p! 


AW=U=y f= | vos 
r~r 


where U is the Newtonian potential, and let U; be, as j 
before, the vector potential. 
We put 


4 
Gi» aeneo) bi pin PU. 


Then, the quantity, 


P= f Gilax)?, 


which is to be interpreted ee 
system, is constant in virtue of th 
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If we put 
Ma | 66-6) (7, 


then M ;; is the angular momentum and is also constant. 
The energy integral is 


1 
m= fo] eeen-io) (dx)’. 
E 


If one uses the Lagrangian form of the equations of 
motion one can obtain the next term (with respect to 
q?/c) in the energy integral also. 
Finally, for the integral of the center of mass, we 
have 
MX;—Pi—K;, 


where the center of mass is defined by 
1 
mx:= f mpl 1H 11-30) (dx). 
e 


All the quantities M, Pi, Mir K; are constant in 
virtue of the relativistic equations of motion. 

The values of these constants are essential for the 
asymptotic behavior of the metric tensor at large 
distances from the system of masses. We write these 
expressions for moderately large distances (not in 
the wave region). For the space components q*, 
we have 


; 2y d? 
—— M 
Or dÊ 


2y x; d yM? 
p(w vp x 7071.0; — x;xv;) (da)?4- à Við k- 
y4 


c^ rdt 


Introducing the generalized moments of inertia 


1 
D;= prs 1+—Ge?+U—3U) (da)? 
C 


[ 
PL f pW (dx)? 
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and also the function 
Wy f (on ree 


which allows us to take into account the retardation 
the vector potential, then we obtain 


; @ 2y OP Py 

NC S (n) 

cri 0x01 Or 0x j0xy \ Cr 
TMP; VM Pte 4 PW; 


A “puss jik (dx)?+ ] 5, 5 
fz Os f f 
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The last three terms are correction terms of the order 
q’/c? with respect to the main terms. 

For the component g% of the fundamental tensor, we 
obtain finally 


1 4yM  4yx; o? 2y 
g?=—--+ eX Gt (Z)os 


V. FOCK 


C CY Cre OXOX Nr 
ð’ 2y Ty? F 
( ) f px xX xy (dx)3+ 
OXOX Ox, \ Or c57? 
14' Mj X w; Au = 


CorÁ c ge 


All the expressions are of course approximate. It is 
easy to see that g% and q” verify the relation 


dg” ðQ’ 
Ll 
ot Ox; 


=0. 


The corresponding relation for g% and g^ is also 
verified up to terms containing c? in the denominator 
(terms of higher order have been neglected in g”). 
Thus, the coordinates used are in fact harmonic. 

In the wave region, the foregoing expressions are 
to be modified. I consider this modification in the 
next lecture. 


THIRD LECTURE: ON GRAVITATIONAL WAVES 
FROM A SYSTEM OF MOVING BODIES 


In my previous lecture, I have given asymptotic 
expressions for the metric tensor, valid at moderately 
large distances from the system of moving bodies. 
(The distances must be large compared with dimensions 
of the system, but still small compared with the 
wavelength of the gravitational waves emitted.) 
There are questions, however, for which the knowledge 
of the asymptotic values of the metric tensor at very 
large distances is required, that is, at distances of the 
order of the wavelength, or even large, compared with 
the wavelength. These questions are of a theoretical 
nature, but nevertheless they are of interest, because, 
the gravitational equations being nonlinear, it is not 
so simple to establish even the existence of gravitational 
waves. ] 

In the following, I intend to show that there exist 
solutions corresponding to spherical waves emitted by 
the system of moving bodies. This is due to the partic 
ular structure of gravitational equations in which the 
components Q^" of the metric tensor are at the same 
time coefficients in the wave operator and unknown 
functions to which this operator applies. i 

Einstein’s equation in harmonic coordinates may 
be written in the form 


2qHY 8r7g 


g (Re —Bgt"R) cgit  —— AN = — 


IA, x 
OX20X 8 
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where JV"" is a quadratic form in the first derivatives 
of the g*°’s. As the zeroth approximation to the wave 
operator we choose 


1 4a 
Ov=—(1+=) 
E 


ay dp 20p A*j 
A] 


r J a? 0o? ror r 
where 
1 9 ow 1 oy 
ay=— — sing ) + — 
sind dd Ov sin’? ð e? 


is the angular part of the ordinary Laplace operator 
in spherical coordinates. In the coefficients of the 
operator [ ]° only statical terms of the order 1/r are 
retained. 

We want to study spherical waves going out from the 
system. For such waves, the term A*y/7? in the wave 
operator is small as compared with other terms and 
we can replace the wave equation by 


1 da\ dp dp 200p 
xe qm 
C Y 


0? ðr? 
If we write 


ror 


r= f 
and introduce the independent variable 
r*— r--2a(lgr—lgro) 


we have approximately 


1 0f of 


The solution that corresponds to the outgoing wave is 


of the form 
f= f(rm), 


where n is the unit vector in the direction from the 
system, with components z;—(x;/r) and r is the 
quantity 


1 1 T 
r=t—-r*=i—— (ros is). 


[^ [^ Zo 


Thus, the outgoing wave has the asymptotic form 
1 
y=—f(7,n). 
r 


For a function of this form, derivatives with respect to 
the coordinates and the time can be calculated by 
neglecting the dependence of y on n and r and by 
taking into account only the dependence on r. 
Putting 
ka= 07/05, 
and thus 
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we have approximately 


oy/ ka= ka, &) 


where the point indicates the derivatives with respect 
to 7 (or to /). 

In the above expression for [ jy only the static 
part of g^" has been taken into account, but the non- 
static part (which we denote by C^") may be of the 
same order of magnitude. We may put 


1 4a 

C cr 
goce 
g^ = — cir tHE 


where the C^"s are of the same asymptotic form as y, 
so that 


ye rn uU TIUImEITr mss 


ICH” /0x,— kað”. 


But the derivatives of the static part of the g#”’s 
decrease as 1/7? and are to be neglected as compared 
with the derivatives of the C^"s. Thus, we may write 


8g^*/0x,— Ral”. (9) 
Now, the harmonicity condition gives | 
09^"/8x, — k,” =0 F 

and this may be integrated (with respect to r or to /). 
We thus obtain 
kyC”=0. 
The integration constant has been put equal to zero, 1 


because the the static part of the g^"s is considered 
separately. From the last equation we have 


NN, 
co=—— ci 
2 


nk 
— ik. 
Co: = CS ; 
Cc Cc 
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With the corrected values of g#”, the expression for the 
wave operator becomes 


1 Oy 1 Oy 
3055 SO: 
C OXe0XB € OxaOxg 


But, if y is an outgoing wave and satisfies (*), then 


» 


Ce 


CEET: 


=k, kgC**) — 0 


separately. Thus, in the wave óperator applied to an — 
outgoing wave, the coefficients may be replaced b: 
their static values. This justifies the asymptotic for 


(This form was obtained with the static values o 


Q^"s.) 2 
We now proceed to the 


x ae 
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tives of the g^. Using the expression (**) for 09^'/0x 


and raising and lowering the indexes with Galilean 
values of the metric tensor we obtain 


"EM 
Ne — pi (C«8C.5— 3 cC P). 
4c 


The quantity 


(Ces — 3C. Cs) 


On ~= 
^ S27 


is to be interpreted as the energy density of the gravita- 
tional waves. We have 


TY 
Ne =— okk. 
2 


We may also take into account the electromagnetic 
radiation. Putting 


Cem — (E?-- H?)/8m, 
we have for the energy tensor in the wave zone 
T#’=Cenk#k’. 
Introducing the total density 
0 — 051-0 em 


of radiation energy, we obtain the Einstein equations 


in the form 
1 my 
—[]g^-——ochbk'. 
2c e 


From this, it is clear that the correction to the g#”’s 
due to the radiation terms in Einstein's equations 
(to the terms JV^* and T+”) is of the form A&"k", where 
h satisfies the equation 


This correction modifies by the same amount the 
values of C^" and it might seem that this modification 
alters the value of the gravitational energy density 
go. If it were so, then the integration problem would 
not be solved and should be taken up anew. As a 
- matter of fact, it happens, however, that, owing to 
— the relation £,C^'—0, the expression for a, is invariant 


V. FOCK 


Inserting this in the equation for h, we find the following 
asymptotic expression for this quantity 


T h 
jl c o(7,n)dv4- eom) 


T TO T 


&my lgr 


= 


This may be written as 


2y 
h=—(lgr AE+ e), 
cr 


where AE(dQ/nm) is the energy loss during the time 
t—7o in the solid angle dQ lying in the direction n. 
Superposing a solution of the homogeneous wave 
equation, we may write 
2y 2y 
C» — — fer (r,n)--— (IgrA E+ e) ^k". 
cr cr 


We thus have in the wave region 
1 4yM 


2y du ty 
q9?——4- +—nn, f*4-— (gr AE+ e) 
C r or Gr 


EY y 
g°'=—n, f**4-—n;(lgr AE+ €) 
cir c 


Dyas 2Y 
g^ = — có tH — f 4- nin, (1gr AE+ e) 
ev cr 


since 

f Nk . HW ; 
fi=—f*; f= Jez 
C 


9 


We now may compare the expressions just obtained 
with the former expressions valid at moderately large 
distances from the system. 

If we introduce the moments of inertia 


Dali) = f posc (da)? 


and replace ¢ by 7, then we can put 
f*— (@/d7?)Dix(7). 


Neglecting terms in AE and e that are very small 
(in spite of the logarithm), we find that the formulas 


th respect to the transformation 1 4yM 2y 8? DaO) 
| i (PSP = 

(Cab=>Ceb - ARRA. c čr œ Ory, T 

the Tight-hand side of the equation for Q^ is " 2y 8* Da(r) 

dified. J E dme 
diation energy density c is of the form o Ox,0t r 
| ud X S 2y 2 D; 
E JOE LAM 
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give approximately correct values for the g^"s in the 
wave zone as well as at moderate distances from the 
system. 

The harmonicity condition is satisfied rigorously. 

I should like to add some remarks as to the energy 
pseudo-tensor and the general formulation of conserva- 
tion laws. 

In virtue of Einstein's equations, one can introduce 
the following symmetrical pseudo-tensor 


2 


Ue 


(g*^9^— g*^g^"). 
l6ry 0x,0xg 


This pseudo-tensor is symmetrical and satisfies the 
equation, 
QU?"/0x,— 0, 
identically. 
Now consider the integrals 


*M=¢ f U^ (da)? 
“ime | velda) 
*Mik— f (x:U*— x U9?) (dx)? 


«Mag f (s; U9 — LU) (dx)? 


= *M*Xi— [tpi 


taken over a finite volume V. The time derivatives 
of these integrals may be transformed into surface 
integrals. The surface enclosing the volume V (which 
contains all the masses) is to be taken at moderately 
large distances from the system of masses. 'Then the 


surface integrals will be very small and thus tk 
volume integrals nearly constant. 

But the constancy of the volume integrals ma 
verified by direct calculation. The integrals themselves 
and not only their time derivatives, may be transfor 
into surface integrals. If they are taken over a distant 
surface, only asymptotic values of the Q^"s are to b 
used. Inserting these in the integrals we obtain foe 
the quantities *M, *P*, *M**, *M* just the constants | 
M, Pi, Mix’, Ki entering in the asymptotic expressior 
while all other terms in Q^", like Dix, etc., cancel out. 
We have thus a direct verification of the asymptotic 
expressions for the fundamental tensor. “hy 

As to the energy loss due to gravitational radia onii 
it can be calculated as usual with the help of the 
energy pseudo tensor which is approximately equal to à 


U»'—g, kk". 
Introducing the quantities, 


d3 


Ba Din) BaD sy, 


we obtain, for the rate of energy loss, 


dw Y 
—=——Bi Bir, 
dt 5c 


which is an extremely small quantity owing to the 
very large value of the constant 


56$/^, — 2.10? gram/sec. 


In these three lectures, I have given only a » very 
brief account of the problems in relativity the ory 
that have interested me during recent years. A more 
detailed treatment of these problems, with all 
calculations involved, is contained in my book 7 
of Space, Time, and Gravitation published in R 
in 1955, and which will appear in English translation 
in 1957 or 1958. 


REVIEWS OF MODERN PHYSICS 


I. INTRODUCTION 


VER since it has been realized that Newton’s 
theory of gravitation has its limitations, several 
theories of gravitation have been proposed from time 
to time. The aim of this paper is to discuss the various 
theories of gravitation with particular attention to 
Einstein’s theory. We consider only the pure gravita- 
tional theories, and thus do not discuss attempts to find 
a unified field theory of various fields in nature. 
If we leave aside all philosophical considerations, it 
seems reasonable that any acceptable theory of gravita- 
tion should satisfy the following requirements: 


(1) It should be Lorentz covariant, because the spe- 
cial theory of relativity has now been well established 
by experiments. 

(2) It should reduce to Newton’s theory of gravita- 
tion as a good approximation, because Newton’s theory 
is able to explain the observed gravitational phenomena 
to a fairly high degree of accuracy. 

(3) It should also provide a reasonable explanation 
for the so-called three crucial tests. 


Keeping the above requirements in mind, we first 
consider some attempts to construct a theory of the 
gravitational field in flat space similar to the theories of 
the electromagnetic field and the meson fields. We then 
show that Einstein's theory itself can be regarded as a 
theory of gravitation in flat space, and describe the 
advantages of such an approach from logical as well as 
practical points of view. 

In this paper we deal with tensors in flat space as well 
as in the Riemannian space. In flat space the Greek 
indices will take the values 1, 2, 3, 4, and the space-time 
coordinates will be denoted as x, = (x1,%2,%3,icl). In the 
Riemannian space the Greek indices will take the values 
1, 2, 3, 0, and the space-time coordinates will be denoted 

as x! — (x! x? x cl). 


II. LORENTZ-COVARIANT THEORIES OF 
GRAVITATION 


We follow the usual ideas of the field theory to see 
whether it is possible to find a theory of gravitation in 
flat space. In order that our theory of gravitation may 
reduce to Newton's theory as a good approximation, 
our gravitational field on quantization should corre- 
Z spond to neutral particles of vanishing rest mass and 
ET in. Hence, confining attention to fields of 


ues e. 2. the possible field equations for the 
U; E) 2 


vitational field are 
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[EP rd kb (1) 
O?U,=«T,, (2) 
E1?U ,,— kT yr, (3) 


where the scalar U, the four-vector U,, and the sym- 
metrical tensor U,, are real field variables; T, T,, and 
T,, are the source functions; and x is the coupling 
constant. We do not here consider the more complicated 
field equations corresponding to particles of spin higher 
than 2. 

The field equation (1) for the gravitational field was 
first discussed by Nordstróm,! and recently a very clear 
presentation of this theory has been given by Berg- 
mann.” In this theory the source function T is the trace 
of the energy-momentum tensor of matter, which in- 
cludes all particles and fields except the gravitational 
field. This theory satisfies the first two requirements of 
Sec. I, but for the advance of the perihelion of planets 
it gives a value, which is one-sixth of Einstein's value 
in magnitude and opposite in sign. Since this result is 
definitely contrary to experiments, this simple theory 
of the gravitational field of spin 0 is unacceptable. 

The field equation (2) is of a very familiar form. It is 
also well known that, in order that the energy of such a 
field may be positive definite, U, must satisfy the 
supplementary condition 


9U,/0x,—0, (4) 
whence it follows that the source function T, must also 
satisfy the relation 

(5) 


The only known four-vector quantity, which satisfies 
(5), is the current four-vector. It is, therefore, evident 
that the gravitational field (2) will be identical with the 
electromagnetic field, except that the gravitational 
charge of a particle might be different from its electro- 
magnetic charge. Such a theory of the gravitational 
field has to be rejected, because the observed properties 
of the gravitational field are quite different from those 
of the electromagnetic field. For instance, the gravita- 
tional force between any two particles is always at 
tractive, while the electromagnetic force between like 
particles is repulsive. It is rather curious that this 
difficulty arises in the case of the field of spin 1, while 
the fields of spin 0 and 2 both lead to a gravitational 
interaction of the observed sign between any two 
particles. 


OT ,,/Ox,=0. 


1G. Nordstróm, Ann. Physik 43, 1101 (1914). 
? O. Bergmann, Am. J. Phys. 24, 38 (1956). 
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Birkhoff? has suggested an interesting theory of 
gravitation, which is based on a field equation of the 
form (3), where the source function T,, is the sym- 
metrical energy-momentum tensor of matter. Birkhoff's 
theory satisfes the three requirements mentioned in 
Sec. I. Nevertheless, as pointed out by Weyl, this 
theory suffers from serious difficulties. The essential 
difficulty here is that Birkhoff's gravitational field does 
not have a positive definite energy, and therefore on 
quantization it corresponds to particles of positive as 
well as negative energies. But particles of negative 
energy are not permissible in the quantum theory of 
fields, because otherwise the state of vacuum will be- 
come unstable due to the spontaneous production of real 
particles of positive and negative energies. 

The above-mentioned difficulty in Birkhoff's theory 
arises from the fact that we cannot impose the supple- 
mentary condition 

QU ,,/0x,—0 (6) 
on Birkhoff's gravitational field. For it would follow 
from (3) and (6) that 

OT »/0x,=0, (7) 
which is not possible, because the energy-momentum 
tensor of matter alone cannot satisfy the conservation 
equation. In fact, instead of (7) we must have 


O(T pwr lu) 

Ox, 
where /,, is the energy-momentum tensor of the gravita- 
tional field. This shows that the supplementary condi- 


tion (6) will be compatible with the gravitational field 
equation, provided that we replace (3) by 


mU TU tu). (9) 


In the absence of matter, the above field equation 
reduces to 


=0, (8) 


O?U w= kl uy, (10) 


which is a nonlinear equation for the gravitational field. 
Moreover, when we try to derive this field equation by 
the usual variational principle, we find? that the re- 
quired Lagrangian density L has to be an infinite series 
of the form 


L= Lotri Lt: H" Lat (11) 


where the terms in L, consist of a product of (n+2) 
factors, each factor being U,, or its derivative. This 
peculiar situation in the case of the gravitational field 
of spin 2 is of particular interest in the next section. 


III. EINSTEIN'S THEORY OF GRAVITATION 


'The most widely accepted theory of gravitation at 
the present time is due to Einstein. Einstein's theory 


3 G. D. Birkhoff, Proc. Natl. Acad. Sci. U. S. 29, 231 (1943) and 
30, 324 (1944). See also M. Moshinsky, Phys. Rev. 80, 514 (1950). 

iH, Weyl, Am. J. Math. 66, 591 (1944). 

5S. N. Gupta, Phys. Rev. 96, 1683 (1954). 
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not only satisfies the requirements of Sec. I, but it also 
possesses a beautiful mathematical structure. Usually 
Einstein's theory is regarded as a theory of gravitation i 
in the Riemannian space, which makes this theory k 
strikingly different from other field theories. We shall, 
however, show that Einstein’s theory can also be treated 1 
as a theory of gravitation in flat space. 

'The Lagrangian density for Einstein's gravitational 
field in the Riemannian space is given by 


ev IUD. eod 


where 
Qua (Seige (13) 
and 
a Ogun Og Of, 
eem) um 
uv Ox” Ox Ox 
We now put 
gi =o — wy, (15) 


where e^" is the Minkowskian metrical tensor 
—1 0 0 0 
0 —1 0 
0 0 —1 0 | 
0 0 0 


We can then express the tensors g^" and g,, as infinite 
series in powers of x as® 


ge = Ctl tek ecq/ er Gp) 
+2 (—Feapy eye 1664 egy y Py? 


Hir eaperpy Py?) +0(x*), (16) 

Suv = epr k(— ZEuvEag Y P+ Eval sy?) | 
arie (Caprese yy? — FE anEBvEr oy Py? ] 

+ Fe pr€aperpy 29 y — ley,€axegoY 2A y^?) 4-0 (i), (17) 


where e,, is reciprocal to e", and O(i?) contains third : 
and higher powers of x. 

If we substitute (15), (16), and (17) in (12), the 
Lagrangian density € becomes an infinite series in 
powers of x, each term of which is simply a function of 
y" and the Minkowskian metrical tensors e" and epr. 
Thus, we obtain a flat-space expansion for 8, which can 
be more conveniently expressed by using the usual flat 
space notation. In this way we find 


1 Yaa 9'Yas 


2 OX eS 


1 Yaa OVA 


UMEN 


{|= OY py EU =| 


OX OX Ox, OX, 
OY a8 OY a8 
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è For mathematical details of the contents of t 
S. N. Gupta, Proc. Phys. Soc. (London) A65, 
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The above expansion can, of course, be obtained up to 
any desired power of x. It is also possible to show that 
in flat space the gravitational field equation can be 
expressed as 


y= KT uwt tu) (19) 
with the supplementary condition 
OY pr/O%,= 0, (20) 


where 7,, and /, are the symmetrical energy-mo- 
mentum tensors for the matter field and the gravita- 
tional field respectively.” The extremely simple appear- 
ance of the field equation (19) is rather deceptive, 
because /,, in fact consists of an infinite series in 
powers of x. 

Comparing (19), (20), and (18) with (9), (6), and 
(11), we find that Einstein’s field in flat space has just 
those properties, which a Lorentz-covariant gravita- 
tional field of spin 2 has to satisfy. Thus, we have shown 
that Einstein’s theory can be reduced to a theory of 
gravitation in flat space by an expansion of the gravita- 
tional Lagrangian density as an infinite series in powers 
of the gravitational coupling constant x. From a mathe- 
matical point of view, the theory remains unchanged 
when we pass over from the Riemannian space to the 
flat space. But, from a philosophic point of view, the 
above procedure implies a departure from Einstein’s 
ideas in some respects. 


“Tt is well known that in the Riemannian space the quantity 
ty» is not a tensor. However, when we pass over to the flat space 
and confine ourselves to the Lorentz transformations, we can 
regard ¢,, as a tensor. 
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IV. QUANTIZATION OF THE GRAVITATIONAL FIELD 


We have seen in the preceding section that we can 
treat Einstein's theory as a theory of gravitation in flat 
space. Such a treatment has two great advantages, 
Firstly, it provides us with a more uniform description 
of the gravitational and the electromagnetic fields. 
Secondly, it enables us to carry out the quantization of 
Einstein's gravitational field by following the same pro- 
cedure as we use for the electromagnetic field, as has 
been shown by the author.? On quantization, Einstein’s 
gravitational field corresponds to gravitational quanta 
or gravitons of vanishing rest-mass and spin 2, and it is 
possible to calculate the interaction of these gravitons 
and other particles in the usual way. In such a quan- 
tized theory the nonlinearity of the gravitational field 
appears as a direct interaction between the gravitons. 

An interesting application of the above theory of the 
quantization of the gravitational field has recently been 
carried out by Corinaldesi.? He has calculated the gravi- 
tational potential between two particles of spin 0 due 
to the exchange of a graviton, and he has then used this 
potential to find the two-body equation of motion under 
the influence of the mutual gravitational fields of these 
bodies. In this way he has derived in a remarkably 
straightforward way exactly the same equations of 
motion as obtained by Einstein, Infeld, and Hoffmann.? 

Thus, the treatment of Einstein's gravitational field 
as a field in flat space and its quantization are also very 
useful from a practical point of view. 

It is a pleasure to thank Professor John A. Wheeler 


SURAJ N. GUPTA 


for valuable discussions. 


8 S. N. Gupta, Proc. Phys. Soc. (London) A65, 161, 608 (1952). 

? E. Corinaldesi, Nuovo cimento 1, 1289 (1955) and 2, 168 
(1955); Proc. Phys. Soc. (London) A69, 189 (1956). 

10 Einstein, Infeld, and Hoffmann, Ann. Math. 39, 66 (1938). 
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1. INTRODUCTION 


N ITS mathematical aspects, Einstein's theory of 
gravity is based on two fundamental assumptions: 
(1) the four-dimensional space-time manifold is Rieman- 
nian; (this implies existence of a symmetric metrical 
tensor gix) ; (2) the fundamental Lagrangian of the action 
principle is linear in the curvature components: L= R ;,g*. 
The resulting field equations R;,=0 gave full account of 
the gravitational phenomena but failed to include the 
electric and quantum phenomena. They also failed to 
furnish new viewpoints for the structural problems of 
matter since they did not allow singularity-free solu- 
tions which could have been correlated to any of the 
elementary particles realized in nature.! 

Later attempts at generalizing the gravitational 
theory subjected the fundamental postulates (1) and 
(2) to close scrutiny. Einstein, and many other scientific 
workers following his lead, was unwilling to depart from 
the linear Lagrangian of the gravitational equations, 
since any other choice of the Lagrangian leads to field 
equations of fourth order, in contradiction to the fact 
that the basic field equations of mathematical physics 
do not surpass the order two. A further difficulty was 
that departure from Einstein's Lagrangian seemed to 
put the equivalence principle in jeopardy. Hence, it 
seemed advisable to maintain Einstein's fundamental 
invariant but to abandon some of the limitations of 
Riemannian geometry. One could base the geometry 
of nature on the T quantities of an “affine connection” 
(Eddington, Einstein, Schroedinger), or on a combi- 
nation of the T,” and the gir, without demanding their 
symmetry with respect to i, k; (Einstein)? 

The author's own attempts are characterized by a 
different departure? He endeavored to leave the 
Riemannian geometry unchanged and replaced 
| Einstein's linear invariant by an invariant which is 
quadralic in the curvature components. A similar 
; attempt was made earlier by H. Weyl, but in conjunc- 
tion with a modification of Riemannian geometry in 

favor of a more general infinitesimal geometry.' The 

! A. Einstein, Rev. Univ. nac. Tucuman 2, 11 (1941). 

? For a brief account of the very extensive literature and a 
condensed bibliography see Sir E. Whittaker, History of the 
Theories of Aether and Electricity (Nelson and Sons, London, 
1953), pp. 188-192; see also, Cornelius Lanczos, Nuovo cimento 
Suppl. 2, 1193 (1955). 

3 Cornelius Lanczos, Phys. Rev. 39, 716 (1932); 61, 713 (1942); 
EUN quoted as I and II); Revs. Modern Phys. 21, 497 

* Hermann Weyl, Math. Z. 2, 384 (1918); Ann. Physik 59, 101 

(1919) ; Physik. Z. 22, 473 (1921); see also W. Pauli, Enc. math. 
Wiss. V19, 759 (1920). In later years, under the impact of wave 


mechanics, Wey] lost confidence in his theory; see Selecta Hermann 
Weyl (Birkhauser Verlag, Basel, 1956), p. 192. 
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author showed that integration of the field equations 
obtained from the (purely Riemannian) quadratic 
action principle gives rise to a vectorial function which 
has the classical properties of the electromagnetic 
vector potential. However, the ensuing mathematical 
difficulties frustrated all advance beyond the linear 
approximation, and the theory remained in a rudi- 
mentary stage. j 

Recent advances in the general Hamiltonization of 
field equations led to a new mathematical method which 
is now fully adequate to the investigation of the 
quadratic action principle. It can now be demonstrated 
that Riemannian geometry, without any encroach- 
ments, contains the entire edifice of classical electro- 
magnetism, together with the interrelation of gravi- 
tational and electromagnetic forces. The additional 
non-Maxwellian terms shed new light on the nature of 
elementary particles, conceived as static and singu- 
larity-free solutions of the fundamental field equations. 


2. HAMILTONIZATION OF FIELD EQUATIONS 


In every Lorentz-invariant variational field theory 
the fundamental conservation laws of momentum and 
energy appear in the form that the Minkowskian 
divergence of a certain symmetric tensor of second 
order, the ‘‘stress-energy tensor," vanishes, in conse- 
quence of the field equations. We have to assume that 
the basic Lagrangian does not contain the field quan- 
tities in higher than first derivatives. In two funda- 
mental cases; namely, Maxwell's equations and Dirac's 
equation of the electron, the basic Lagrangian is even 
linear in the first partial derivatives. The resultant 
field equations are then of not higher than first order, 
in analogy to the Hamiltonian equations of dynamics. 
In both cases the resulting system is linear in the 
derivatives, with constant coefficients. Since in the 
dynamical case any arbitrary Lagrangian can be 
transformed into the Hamiltonian canonical form, 
should it not be likewise possible to transform an 
arbitrary set of partial differential equations, deducible — 
from a Lagrangian, into a normal form, corresponding. cA 
to Hamilton's canonical form? E. 

To answer this question, we first interpret Hamiltons __ 
procedure in a manner which is somewhat different — 
from the traditional approach, based on Legendre’s 
transformation.® The new formulation has the advan- 
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to the realm of partial differential equations, which is 
our present concern. The momenta" p; appear in this 
formulation as Lagrangian multipliers. 

Considering the Lagrangian Lo(qi,g:,t) of a dy- 
namical problem, we want to conceive the d; as a 
second set of independent variables, let us say w;. This 
is permissible, provided that in the variation we do not 
violate the condition 

(2.1) 


Thus we have the Lagrangian Lo(qi,w;,t) with the n 
auxiliary conditions (2.1). According to the usual 
procedure we multiply every auxiliary condition by an 
undetermined multiplier p; and add it to the given 
Lagrangian. We thus get the modified Lagrangian 


L= pi(di—w;)4- Lo(gisw;t). 


The auxiliary conditions can be dropped since they 
appear as the consequence of the variational principle, 
varying with respect to the 5; which are full-fledged 
new mechanical variables. The original Lagrangian 
problem is thus replaced by a new Lagrangian problem 
whose variables are pi, qi w;. The new Lagrangian has 
the “canonical form" 


Qi— wz; = 0. 


(2.2) 


L=pqi—H, (2.3) 


where 
(2.4) 


This H is free of all derivatives. Moreover, the variables 
w; appear solely in H. Hence they are purely algebraic 
variables which can be eliminated without any inte- 
gration. The Euler equations applied to these variables 
give 


H=pw;—Lo(qi,w;,!). 


pi— (0H /dw;) =0. (2.5) 


Although these equations hold only for the actual 
motion, while their use for the elimination of the w; 
means that we impose them also on the varied motion, 
this move is actually justified. The elimination involves 
no derivatives. Hence, the condition of “varying 
between definite limits" is not violated. 

Eliminating the w; from (2.5) we now obtain them 
as some explicit functions of 5;, q;, t: 


w;— filba). (2.6) 


We introduce these functions into (2.4) and arrive at 
a new form of H which is purely a function of the 5;, 


qi l: 


H — H (pigil) (2.7) 
This construction of H is exactly the traditional one, 
except that the d; have been replaced by the w; which, 

however; is irrelevant since the final H does not depend 

. on the w;. > : ! 

= This method is applicable to ordinary as to partial 

differential equations. With the help of it any system of 

Id equations derivable from a variational principle 

"e onical form. Our present aim 


AA i a can à n 
be brought into eneral relativity. 
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We thus start with a Lagrangian shaped to the demands 
of general relativity. We wish to see how the general 
canonical process operates under these circumstances, 
In Einstein's case the fundamental Lagrangian is 
Lo— Rig*. However, we do not want to restrict our- 
selves to this special case since our aim is to study a 
Lagrangian which is formed of the curvature quantities 
in a quadratic rather than linear manner; (see Sec, 5). 
We thus leave the specific form of the Lagrangian free 
and assume that it is some function of the R;, and the 
g^: 

Lo— FT (Re, g**). (2.8) 
The tensor Ri is a complicated differential operator 
of second order of the basic variables gix. We replace, 
however, Rix by the algebraic variables wiz, considering 
the equation 


R1, 0 (2.9) 


as an auxiliary condition of the variational problem. 


This gives the new Lagrangian 
L= p* (Ra.— wi) — Lo(wa, g'*). (2.10) 


Furthermore, we conceive Rix as a differential operator 
of only first order by introducing the new field variables 
Jae 5 


Olan 
Rir= (( FP 
Ox}. 


ar =) OL 
Ox; OX 


HL iT kt —T iT sg. 


(2.11) 


This is permissible, provided that we add as auxiliary 
conditions the equations which establish the I,” as 
functions of the g**: 


dgi* 
= Weare tigak T Fam koe =v. 
Em 


(2.12) 


At this stage our Lagrangian appears in the following 
form: 


or; 
Lp + 


Ox; 


saa te 


oT i agi* 
Jerr 


ð Xm 


OV ka” 
Ox; 


—2 


Xa 


—H,—Ho (2.13) 
where 


H= p* (TFT ga% — T ie T kp) i 
— yir” (T amig H.I amg) (2.14) 
(2.15) 


ru) D VÀ pete DDE Vir va rial uan 


Ho p* wis.— f (wiz, g^). 
The field quantities of the variational problem are the 
£*, 2**, Ta^, yix” and the wis, all quantities which are 
symmetric in i, k. However, the wi can be eliminated 
with the help of the equations 


kh 9f/ OW jx. 
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Substituting the result of this elimination in (2.15) we 
obtain Ho as a function of gi*, pi*: 

Hy = Ho(pi*,g**). (2.17) 
Hence our field variables are: the 10 g'* and 10 p**; the 
40 Ty." and 40 yix”, altogether 100 variables. In terms 
of an abstract "configuration space" we could conceive 
these variables as the components yi, V», -:: yy of a 
“vector” in a space of /V —100 dimensions. 

The canonical integrand (2.13) contains the partial 
derivatives of the field variables in a particularly simple, 
namely purely linear form. The highly nonlinear 
character of the relativistic equations is thrown com- 
pletely into the Hamiltonian function H=Ho+H,, 
but even here H; is of not higher than third degree in 
the field variables. 

In terms of the abstract vector y, the canonical 
integrand may be written in the following homogeneous 
fashion: 


Oy 
L-—yioi"—— — H (Jays; š VN) (2.18) 


OX, 


where the a; indicate a set of numerical matrices. 
The lower indices 7, & belong to the configuration space 
of the y;, while the upper index m belongs to the space 
of the «,,. The term in which the a,” appears is vari- 
ationally equivalent to 


Oy; Oy; 
lau" (vw). 


Ox m OXm 


(2.19) 


This shows that the matrices aix” can be conceived as 
anti-symmetric in i, k. If the operator 0/0%m is replaced 
by the self- -adjoint operator 0/i0xm, the matrices ta; 
become purely imaginary. Addition of a real symmetric 
part would not change anything since we have added 
not more than a pure divergence which is variationally 
deletable. Thus generally we may conceive the matrices 
iol, +++ dau! as 4 given numerical Hermitian matrices. 
In Dirac’s case of the electron they become 4 by 4 
matrices while in the case of general relativity we get 
a system of four 100 by 100 matrices; (although in a 
given particular problem great simplifications can take 
place, of course). 

Even such a highly complicated system of nonlinear 
field equations as the field equations of general rela- 
tivity may still be written in the form of a Dirac 
equation, if the four special Dirac matrices are replaced 
by a much more elaborate but still purely numerical 
set of matrices.’ 


7™The analogy is still more pronounced on formulating the 
canonical system in terms of 50 complex field variables p**-big**, 
an 
Tu di (y ij" — Ay ia% Kn" — Fy kai”). 


The 100 real y; components are thus reducible to 50 complex vii, 
in harmony with the complex nature of wave-mechanical field 
variables 


3. FIELD EQUATIONS OF GENERAL RELATIVITY 
IN CANONICAL FORM 

In view of the fact that the L;," quantities do 
not form a genuine tensor, one might think that the 
Lagrangian multipliers p** and yix” will likewise lack 
tensor character. However, the determining equations 
for these field variables are deduced by varying the 
£g" and the T” and we know that variationally the 
l4" do behave like a genuine tensor, covariant in i, k, 
contravariant in m. For this reason the additional field 
variables 5* and y:i” become genuine tensors of second, 
respectively third rank. Variation with respect to the 
Tx” is particularly interesting since it does not involve 
the unknown function Ho(p*,g*) which is free of the 
Wp 

From now on only covariant operations appear in our 
deductions. For the purpose of denoting a covariant 
derivative we follow Einstein’s procedure, although 
replacing his “semicolon” by a simple “comma,” since 
a distinction between ordinary and covariant differ- 
entiation is not necessary. (In the few cases when 
ordinary derivatives are encountered, the usual nota- 
tion 0/0x; will be used.) 

Variation of the Ti” 
tions: 


Di — AGP c) 


yields the following 40 equa- 


mit pee 15) 

HY mag +H Yma gt =O. (3.1) 
To this we add the 40 “conjugate” equations, obtained 
by varying the yir” 


dgi* 
— E Taaig?*-4-T marg =0. (3.2) 


OXm 


So far we have obtained 80 equations of the canonical 
system. The remaining 20 equations are obtained by 
varying with respect to the g* and the p**. The former 
variation yields 


— Yu acr Mota (3.3) 


The latter variation yields 
once OV E 
T qo ) 
Ox, Ox; OVa 
Hia T eg*—T a8T gat = 


9H» 
pi^ 


All these equations are linear in the derivatives, with 
constant coefficients. 'The nonlinearity enters only 


(3.4) 


algebraically, in the terms which do not contain de- - = 
rivatives, in conformity with the canonical-equations — 
m 


of ordinary dynamics. 


4. EINSTEIN'S LINEAR ACTION maneu 


: AER 


f 
[ 
r 
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— theory of “affine connection," as advocated by A. S. 
— Eddington? Einstein proposes? not to discard the 
= metrical tensor in favor of the I,” quantities, but to 
determine both the g;, and the Dl';," from a common 
variational principle in which the gip and Dl" are 
treated as independent field variables, but not assuming 
their symmetry with respect to ?, k. He remarks that 
for the case of pure gravity (ie., symmetric gix and 
Tx”), one obtains the most satisfactory derivation of 
the ordinary gravitational equations R;,—0. Einstein 
does not use any Lagrangian multipliers and his system 
(for the case of symmetry) contains only 50 instead of 
100 field variables. Why is it that in his case the addi- 
tional variables do not come into evidence? 
Einstein chose the action principle 


< 
a 


Lo— Rixg?*. (4.1) 
In this case 
f (wa, g”) — wig (4.2) 
and 
H= (2**— g*) wir. (4.3) 


E —. Tn view of the linearity of Ho in wi we do not succeed 
— now with the elimination scheme. Nor is that necessary 
— in the present case. Addition of Ho to the Lagrangian 
— can be conceived as a tool to maintain the auxiliary 
| A condition 

E p*=g*. 
By introducing this condition in (2.13) we dispense 
—. with the field variables p** and also with Ho, although 
the Lagrangian factors y:x” still remain. But now (3.1) 
yields for the present case a complete vanishing of the 
Yiz”, since the covariant derivatives of the g;; are zero. 
By maintaining the condition y;,”=0 during the vari- 
ation we lose the Lagrangian multipliers and (3.2), but 
we are entitled to do so because (3.1) take over the role 
of the equations (3.2). 

From the standpoint of the general theory the case 
of Einstein's linear action principle represents a 


(4.4) 


of the action principle leads to differential 
ns of fourth order for the gix, obtains a different 
g on viewing the problem from the vantage 
of the canonical equations. The canonical equa- 
ions remain of first order under all circumstances, and 
it is only the vanishing of the conjugate variables which 
characterizes the Einsteinian system. Since, however, 
LOO field variables of the general scheme are re- 
able by 50 complex field variables,’ we can regard 
ction principle of Einstein as that extreme case 

hich the generally complex field variables are 
to real variables. ; 


= S se. 


104 (1921). 
close to the 
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11 Concerning the uniqueness of this choice see II, p. 


5. QUADRATIC ACTION PRINCIPLE 


We now depart from Einstein's linear action principle 
and introduce the following Lagrangian! 


Lo—$ (Ra R*--8R?) 
—3 (wiw * +p’), 


where 8 is an unspecified numerical constant. We have 
to eliminate w; from the Hamiltonian 3 


(5.1) 


Ho p*wir— z (we wy tpw’). (5.2) 
The elimination yields 
Ho—$(p*bpu-- op?) (5.3) 
with 
8 
g-————, (5.4) 
14-48 


We do not use the full canonical scheme of Sec. 2, 
in order to facilitate comparison with the classical 
results of general relativity. We allow differential 
operators of second order by conceiving Ri as a direct 
function of the gix, without interjecting the I,” as an 
additional set of independent variables. Then also the 
conjugate yix” will not appear. Our action variables are 
solely the 10 g;; and the 10 p**. The Lagrangian (2.13) 
will therefore simplify to 


L=p*Rir— Ho 
= p*Ru—} (p*patop’), OS) 


where Rix is defined by (2.11) on substituting for the 
Tix” the usual expressions in terms of the gix and their 
first derivatives. Hence from now on R; will be re- 
garded as a second-order differential operator of the 
Eik- 

In order to perform the variation with respect to 
the g;, and the pix, we need a certain invariant differ- 
ential operator of second order, generated by variation 
of Rix. This expression has been derived previously” 
and may be written as follows: 


Eir(y)=ôRir=} (AYir— Yi” ka— Yk" ia $V 0% ix) (5.6) 


where y;,—óg;. and A denotes the invariant Laplace 
operator 


(5.7) 


We also need the adjoint of this operator, likewise 
given before [see I (2.10) ]: 


Dix(p)=4 (Apik— pi” ka— Dx*, iat pV? aplik). ($8) -— 


In terms of this operator the variation with respect to - 
£ix yields: 


D'* (5) — (ppa topp) J-3Lg^ —0 
while the variation with respect to p** gives 
Ri pir topgir. 


AU. p £994... p, ap- 


(59) 


12 See I (2.6) and (2.12). The present E corresponds to 
D j 


F of the previous paper. 1 
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In consequence of (5.10) we may put 


L- Hs. (5.11) 


On the basis of this relation (5.9) may be written as 
follows: 


D'*(p)— (p'*ps^ — 30" papgix) 
—cp(p*—ipg*)—0. (5.12) 


'The 20 equations (5.10) and (5.12) are the fundamental 
field equations of our problem. 

With the help of these equations we demonstrate 
two fundamental consequences of the quadratic action 
principle, obtained earlier by different tools; [see II 
(2.13) and (2.15)]. Replace the notation i. by ji 
and put 


Dix Pact M. (5.13) 
Then Eq. (5.10) changes to 
Rir= (14-4o) git Pic opgi (5.14) 


while the modification of the left side of (5.12) is only 
the addition of the following term: 


—- 2) (1+ 20) (9 kg). 


The inhomogeneous part of the substitution drops out 
completely of the (5.12) and p;,=0 is still a possible 
solution of the field equations. This means that the 
so-called “cosmological equations” 


Ri (1+40)Agix 


with an arbitrary constant À represent an exact solution 
of the field equations. Any solution of (5.12), [corrected 
by the term (5.15) ], which is not zero but small, can 
be conceived as a small deformation of the fundamental 
cosmological solution (5.16). The constant A, usually 
considered as completely negligible and modifying only 
the structure of the world in cosmic dimensions, will in 
our later discussions play the role of a fundamental 
atomic constant; (see Sec. 9). 

As a second consequence, multiply (5.12) by gi. 


We get 
(5.17) 


(5.15) 


(5.16) 


Ap--2p*9 ,5— 0. 


On the other hand, taking the divergence of the di- 
vergence condition for the “metrical matter tensor" 


Ti Ra—áRga (5.18) 
we obtain the relation 
Rab ,5—3AR (5.19) 
which means, in view of (5.10) 
5*5 «57 3 (1--2e)45. (5.20) 
Substitution in (5.17) gives 
(1+0)Ap=0. (5.21) 
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which may also be written in the form 


(5.22) 


We see that R-— const is an exact first integral of the 
field equations. The special choice c— —1 of the free 
constant c leads to a degeneracy. We lose one of the 
determining equations of our system and thus the 
solution becomes under-determined ; (cf. Sec. 7). 


6. FREE VECTORIAL FUNCTION øgi 


In problems of Hamiltonian dynamics the theory of 
canonical transformations is frequently of paramount 
importance. Instead of trying to integrate the dy- 
namical equations directly, we solve them indirectly 
by performing transformations of the dynamical 
variables which retain the normal form of the dynamical 
equations but simplify the Hamiltonian function H. 
The canonical nature of the transformation demands 
that the differential form p,q; shall change by a com- 
plete derivative only. In this case the canonical equa- 
tions are preserved but the transformation modifies the 
form of the Hamiltonian function H. 

In our present problem the derivative part of the 
Lagrangian (5.5) is contained in the first term. A 
canonical transformation of the variables pig and gi 
should have the property that it should change the 
term p*Ri by a pure divergence. The new Lagrangian 
will then be of the same form as the original one, but 
with a modified Hamiltonian H. We will now take 
advantage of the fact that the divergence of the metrical 
matter tensor (5.18) vanishes identically. We denote 
once more the original pir by pi, and apply the fol- 
lowing transformation: 


(6.1) 


A simple calculation shows that the added terms con- __ 
tribute to L a pure divergence which can be omitted. 
Hence our new Lagrangian becomes 


L= 2*Rua— H, 


Dik= Pie t+ (Gi, e+ Ge, i— e* agi). 


(6.2) - 


where H, compared with the previous Ho, is augmented - x: 
by further terms, partly linear and partly quadratic in | 
gi. First consider the quadratic terms only. They 4 
amount to the following addition H, to the previo 
Ho M. 


Hi=3 (pi rt ex i) (pet ot 40( oH 2) (63) 
The first term can be transformed as follows: 
Elonet ex ) (e^ - o^) - 10; at x ) pik 
=F lpr pri) +E, ik Ooo 
a BF Ft fo, pit, 
Nc 


13 See reference 6, Chap. VII. 
“The notation pèt refers to p° agak, 
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where 
s Qe; Oei $ 
Fir= Pi, k — Pk, i 7 E CE (6.5) 
Ox, OX; 

Moreover, 
e*t ox, = (oht ox), ED Ok 

= (e*t ox), ;— p` ne*+Riugiok 

= (pi rp — e* xe), i+ (ena) -Raeie*. (6.6) 


Omitting a divergence, which is variationally zero, we 
can write 


Hy—$F a FF 3(1-4-0) (¢% )?J-E Ri eie*. 


The last term contains once more the differential 
operator R: which should be united with the first term. 
Hence, our final transformation will not be (6.1) but 


(6.8) 


We know in advance that the term 2? R;, will remain 
unchanged. The Hamiltonian Ho, however, has to be 
augmented by further terms which will be partly linear 
in the p* and partly independent of them. Those terms 
which are linear in the p**, can be combined with the 
first term of the Lagrangian by introducing a modified 
differential operator R;,*. Then the Hamiltonian H, 
has to absorb only those terms which depend on g; 
alone. Carrying through the calculations, we arrive at 
the following result : 


(6.7) 


Di Dirt 3 (pikt €x i— e, agit iex). 


L=p*R; + (Ho4- H5), (6.9) 
where 
Rir*=Rir— i (pirt ex it eie) 
+41 (1+ 20) 9% a—o 9% Ga ]gix (6.10) 
and 
Hi—$PFaFU4-$(1--e)(e*.—39*e4) (6.11) 


while H is still defined by (5.3). 
The transformation (6.8) correlates to any Dix a new 
Pix, considering o; as an arbitrarily prescribed (al- 
though continuous and differentiable) vector function. 
Varying with respect to the pi and the gix, considering 
the o; as given, we obtain the previous field equations, 
although now expressed in the new pix. What happens 
if we include the o; among the field variables by adding 
their free variation to the free variations of pis and giz? 
The transformation equation (6.8) shows that if we 
keep pix constant but vary c; arbitrarily, we obtain a 
certain special type of variation for the pix. The field 
equations guarantee the vanishing of the first variation 
of our. action integral for any variation of the pix. 
Hence addition of thé e; to our field variables merely 
adds four-more equations which are tautological since 
they are satisfied in consequence of the field one 
Thus we do not lose in generality if we add the ¢; tot e 
8 ‘ables of our problem. The 24 field equations 
E. A do not yield in fact more than 20 inde- 
ut equations, obtained by varying the pi and 
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7. THEORY OF WEYL 


We now discuss a remarkable relation between our 
purely Riemannian action principle and the theory of 
Hermann Weyl,‘ developed on the basis of an infinitesi- 
mal geometry which is more general than Riemann’s 
geometry. Weyl constructed a geometry which enlarges 
the Riemannian line-element g;, by a further vectorial 
quantity e; which in physical interpretation becomes 
the electromagnetic vector potential. The fundamental 
field equations of this geometry are developed from an 
action principle which is quadratic in the curvature 
quantities, in full analogy to the assumptions of the =< 
present theory. The general quadratic action principle 
was considered by W. Pauli, who developed all the 
relevant mathematical and physical consequences of 
Weyl’s theory. It is composed of a linear superposition 
of four terms, with three arbitrary constants, and may 
be written, according to Pauli, in the following form 
[see Pauli's Eq. (32), p. 462]: 


E t 
L,— -a| nas Ri iR a Ri--—R 
2 


TAB 
4 ) 


(7.1) 


where 


Rir= Ric —2 (Gi, e+ Pr it eiex) 
is (Cia €? Ga) Bik» 


(7.2) 


In fact it is unnecessary to include the term with Ri 
since one can show!’ that variation of the first invariant 
is equivalent to that of a certain linear combination of 
the other three invariants. Hence, it is permissible to 
put in advance k\=0, retaining only the two essential 
constants k and kz. In the Riemannian case, where a 
similar reduction takes place," only one essential 
constant remains, viz. the 8 of (3.1). 

To faciliate a comparison between our purely 
Riemannian Lagrangian (6.9) and Weyl's Lagrangian 
(7.1), we now eliminate the p;x from our action prin- 
ciple, thus returning once more to the Lagrangian 
instead of Hamiltonian formulation of action. The 
elimination gives the new Lagrangian 


Ly => i (Ri R*i*--gR*?) zz Hy, 


in which only the gix and the v; remain as field variables. 
Comparison of the R;,* [see (6.10)] with the Ri, of 
Weyl’s theory shows a remarkable analogy. The 
general structure of the terms is exactly the same in 
both cases, except that the numerical coefficients 
within the last term do not agree. For the special choice — - 
vc— —1 the two expressions become exacíly identical. 
But even for other values of o the difference is of second 
order only, if we assume the customary "Lorentz 


(7.3) 


15 W. Pauli, Physik. Z. 20, 457 (1919). 
16 See R. Bach, Math. Z. 9, 110 (1921). 
17 See C. Lanczos, Ann. Math. 39, 842 (1938). 
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condition” for the vector potential: 


p% «=0. (7.4) 


And yet, the origins of R;,* and R;, are widely different. 
The first expression came about as the result of a 
canonical transformation (with y;=arbitrary), the 
second on the basis of a certain type of non-Riemannian 
geometry. Discarding for the moment the small dif- 
ference between the two kinds of curvature quantities, 
Weyl’s modification of Riemannian geometry appears 
tautological, except for the fact that Weyl’s action 
principle permits éwo free constants ks and k3, while the 
Riemannian case leads to the single free constant f. 
This greater freedom of Weyl’s geometry is not neces- 
sarily an advantage since the two free constants ky and 
ks cannot be correlated to definite physical constants. 
Pauli arrives at a decision on the basis that the results 
of Einstein's gravitational theory should be maintained 
for the case of vanishing e;. He thus makes the choice 
ki = k»—0; [see his equation (50), p. 465]; Weyl subse- 
quently adopted this choice.!? 

In the Riemannian case we do not have the freedom 
of ke. The comparison of (7.3) with (7.1) shows that 


here 
ko— —1 (7.5) 
while the constants ks and f are in the relation 
k3— — 28 — 2c/ (14-4c). (7.6) 


Although (7.5) prohibits the choice k»—0, we can 
interpret Pauli's choice as the limiting case 


which means 


g-——1. (7.8) 


B-— v, 


There exists a deep-seated difference between the 
theory of Weyl and the theory here advocated. In 
Weyl's geometry the "principle of gauge-invariance" 
invokes a certain pre-established harmony between the 
gi, and the c;, chosen in such manner that at every 
point of the manifold a proportionality factor of the 
giz must remain undetermined; correspondingly, the 
e; can also be determined up to a scalar function only. 
Einstein? found Weyl's theory unacceptable on account 
of the arbitrariness of a common factor of the gis. He 
pointed out that the tremendous consistency of the 
spectral lines throughout the universe demonstrates 
the inevitability of an absolute measuring rod. The 
present theory is not affected by this criticism of 
Einstein since the g;, are in our case completely de- 
termined. On the other hand, the vector potential e; 
remains completely undetermined. This shows that the 
limiting case ø= — 1, i.e., 


B= —4; k1—0, ko —1, 


15 See H. Weyl, Space, Time, Matter (Methuen and Company, 
London, 1922), p. 295 


52 
k3=4 


(7.9) 


? Albert Einstein, Physik. Z. 21, 651 (1920). 
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which is a point of tangency between the two theories, 
must be singular from both the Riemannian and the 
Weylian approach. From the Riemannian standpoint 
we must lose one of our equations in determining the 
metrical tensor, from the Weylian standpoint we must 
lose the determining equation for the vector potential. 
Closer examination corroborates these predictions. 
We have seen in Sec. 5 that c=—1 is a singular case 
for which the determining equation (5.22) of the scalar 
curvature R is lost. This is in harmony with Weyl’s 
geometry in which R remains undetermined on account 
of the freedom of an arbitrary factor of the gix. Let us 
see, what we get for the vector potential in Weyl’s 
theory. Variation of the vector potential in Pauli’s 
action principle (7.1) yields the following relation”: 


dgifi« 


3 (1+ 2ki+ ke) G 
g*OXa 


= (Eki4- kzd- 353) (R, ag’ - Re? 


For the case ki=0, ka= — 1, the left side of the equation 
disappears. The right side would then demand the 
complete vanishing of e;, except if the choice &3—$ is 
made, which makes the right side vanish too. This 
choice corresponds exactly to our singular case c= — 1, 
as (7.6) demonstrates. For other values of c, the left 
side of (7.10) is still zero but the right side is now cor- 
rected by further terms because of the modifications 
which have to be applied to the quantities of Weyl. 
The exact relation between R;;* and Ry is given as 
follows: 


(7.10) 


Raü*- Ra (14-0)0gi, (7.11) 


where the scalar Q is a certain non-Maxwellian quantity 
which plays a characteristic and fundamental role in 
the present theory 


(7.12) 


Moreover, our Lagrangian (7.3) and Pauli's Lagrangian 
(7.1) (for the case kı=0, &»— —1, k3= — 28) are in the 
following relation to each other: 


Lo’ = Ly4- (1+38)0(R+3¢). (7.13) 


'The correction term on the right side is such that its 
variation with respect to co; exactly counteracts the 
right side of (7.10) and once more we obtain the empty 
equation 0—0 which leaves o; undetermined. 


Q= 9% a—F 9% Ga. 


8. VECTOR POTENTIAL AND METRICAL TENSOR 


The vectorial function e;—interpreted in Weyl’s 
theory as the vector potential of the electromagnetic 
field—appears in our investigation as a quantity which 


? See Eqs. (26), (29), (30), and (32) of Pauli’s paper; Pauli's 
equation (26) should on the right side contain the factor 


(1+2cı+c2). The error is caused by the identity (B) on p. 460, 
old for &*. At the author’s request 

Professor Pauli kindly rechecked his calculations and corroborated — 

" all 1 


Te up 
oe $ 


which in fact holds for 2** and not for 


the author’s findings. 


originates in a certain canonical transformation. The 
— inner meaning of «o; does not reveal itself by this 
‘method. We now approach the same problem differently 
— to obtain further clues concerning the true significance 
of the vector potential. 

— — One of the earliest investigations of Einstein?! brought 
— already to light a peculiar feature of the contracted 
curvature tensor. Integration of the gravitational 
equations succeeds in a natural way only if one nor- 
. malizes the reference system in a very special manner, 
= jn spite of the general covariance of the fundamental 
- equations. Einstein's normalization for infinitesimal 
= fields was afterwards extended by the author? to fields 
= of arbitrary strength. The normalization condition takes 
= the form A 
E^ 1 dgigi« 


g? Axe 


=0. (8.1) 


The effect of this normalization is that the differential 
operator Ri, becomes reducible to a greatly simplified 
— operator Bix which has the merit that its essential part 
— (which contains the second derivatives) is separaled in 
_ the components g;;,. Moreover, this operator is free of 
. any inner identities. It can be prescribed freely, without 
B to satisfy any conservation laws,—in marked 

contrast to the original operator Rix. 
= The general expression of B,, can be written down as 

follows: 


EE ge Og 
IB d LIHT »( tdg) 
^E Ox40x5 Ox; Ox; 


Tia Ike gpeg. (8.2) 


out restricting our reference system by any special 
condition we can say quite generally that the operator 
may be split in a definite noncovariant manner into 
e simplified operator Bip plus the symmetrized 
ient of a certain vectorial quantity. We can put 


Riz Bid (Vi Vs) (8.3) 
1 dgigi« 

Bese: (8.4) 
g^ Ox, 


ation “comma” is taken in the usual in- 
although V;— Vga; is not a true vector.) 
c Bi, in our discussions, replacing 
(8.3). We substitute (8.3) in our 
5.1) and take into account the 
i T of the matter tensor (5.18). 


: oy S s that employed in Sec. 6 we 
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which says that the normalization vector, usually put 

equal to zero, [see 8.1) ], should in actual fac t be 

 equated to 
abou ^ 


where we have put 


Va Ve e (8.6) 
if OV; OV, 
dS a 8. 
OX, Ox; ( ) 


We now proceed to the canonical method by replacing 

Bi, and V? by the algebraic variables w;, and o`. This  * 
gives rise to the Lagrangian multipliers p** and p; and 

we obtain the new Lagrangian 


L= p* (Biu—wi)tpi(Vi- p+ Lo, (8.8) d 


where Lo is the above expression (8.5), but replacing 
Bi by w;* and V; by ¢;. We recognize that L is purely 
algebraic in the variables w; which can thus be elimi- 
nated. (The same is not true for e; which enters in Lo 
with its first derivatives.) By putting the partial 
derivative of L with respect to w; equal to zero we 
obtain the equation 


5 —w*-E8wg'*4-3(1--28) eg*—3e'e* (8.9) 


from which w,, can be eliminated. After the elimination 
the final Lagrangian becomes 


9g 
L-p*Bj*— (Ho+ Hh) + 7 
£?0Xa 


uw VA pe 


lgia 


-v)) 60 
where 
Bu*— Bi—$eiekt-3L(04-2o) e* a—0g*pa]gis (8.11) 


while Ho and H, are again defined by (5.3) and (6.11). 

On comparing the new Lagrangian (8.10) with the 
expression (6.9) found in Sec. 6, we see the close re- 
semblance. The last term of (8.10) was not present in 
the earlier treatment. Moreover, the definition of Ris* 
according to (6.10) contains, if compared with (8.11), 
the additional term — 1(o; ++ v; i), but then this term 
is absorbed by B;; as (8.3) shows. 

Variation with respect to c; gives an equation which 
can be interpreted as the Maxwellian equation for the 
vector potential| augmented by certain correction 
terms: 


adsis au DLE 


agiria 


g!óx, 


-FE( 2-0)0— 3 (14-20) ] agi + (14-0)Q e* 
— (pie-l-opgi*) ea p. 


2L 
2 


(812) - 


How does the variational principle determine the 
right side of this equation, the “electric current”? 
Variation with respect to p; gives the condition 


Ogigia 


= 54) 


2A (818 
glóx, P 


the vector potential. But what can: 
h enters the Lagrangian in a linear 
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only? It so happens that p; is determined in an indirect 
way. 

Let us express in the Lagrangian (8.10) the operator 
Bix in terms of Riz with the help of (8.3), then perform 
an integration by parts. We arrive exactly at the 
invariant (6.9), augmented by a term which has the 
form of the last term of (8.10), except that p; is replaced 
by a p; which is related to p; as follows: 


pi — pi $3, a. (8.14) 


This Lagrangian satisfies the condition of general 
covariance, except for the single term 


1gia 
968 
glóxa 


Pi (8.15) 


Let us vary with respect to g. The variation of the 
completely covariant part of L yields a certain sym- 
metric tensor 4;,. Adding the variation of the term 
(8.15), the resulting equation becomes 


Op: 
Foe (= 
Ox, 


We take the covariant divergence of this equation. 
The divergence of Aip vanishes identically from the 
general principles of tensor calculus. We thus obtain 
for p; a linear and homogeneous partial differential 
equation of second order. We can assume that this 
equation has no solution which is regular throughout 
the space-time manifold and vanishes at infinity. 
Hence we can put p;—0 and we obtain 


= pr - 


The current vector p! is thus uniquely determined. 
We return to our Lagrangian (8.10) and vary with 
respect to $!*. This gives the equation 


(8.16) 


(8.17) 


Bu*-— pirt opgik. (8.18) 
Then we vary with respect to the gix. We obtain a linear 
differential operator of second order in the ?'* which 
becomes equal to quantities quadratic in the ¢;. Inte- 
gration of this equation establishes the ?'* in terms of 
the ¢;. The quadratic dependence has the consequence 
that for weak 9; fields the pi become infinitesimal of 
second order. This leads to the conclusion that the 
non-Maxwellian terms of (8.12) drop to quantities of 
second and third order. Hence, for weak fields the 
determining equation of the vector potential becomes 


mation, we obtain for weak fields the simplified equation 


Let us consider an electrostatic field. Here the 
vector potential is reduced to the scalar potential which 
decreases to zero with 7-!. Integration of the field 
equations offers series difficulties. Integration of the 
fourth equation of (8.13) would demand that the gi 
(1—1,2,3) go to infinity with the order x;/r, in contra- 
diction to the boundary condition that they have to 
vanish for r— «o. Moreover, the corresponding Bis 
quantities do not become zero and thus (8.20) are not 
satisfied. On the other hand, if we consider the centrally 
symmetric and static solutions of (8.20), we find that 
4 vanishes identically. Existence of a free electric 
charge is thus in contradiction to the demands of 
infinitesimal fields. This difficulty was recognized by 
the author at a very early stage of his speculations 
(compare I, page 735). It was baffling that on the one 
hand the quadratic action principle seemed to offer the 
vector potential as a free gift, on the other it took it 
away by denying the possibility of a free charge. The 
proper explanation of the puzzle could not be found as 
long as the adequate mathematical method for the 
treatment of strong fields was missing. Discovery of the 
canonical method puts us in the position to see the wider 
implications of the problem. The proper role of the 
vector potential c; in relation to the structural prob- 
lems of matter can now be established. 


9. ATOMISTIC STRUCTURE OF MATTER 


Up to now the quadratic action principle shows 
little relation to the classical results of general rela- 
tivity. In general relativity the problem of matter 
appears in the following context. Any generally co- 
variant Lagrangian has the following property. It 
contains the components gi, of the metrical tensor. 
Varying with respect to the g'*, we obtain a symmetric 
tensor whose divergence is zero. This tensor we call the 
* physical matter tensor." If for example L is identifed — 
with Maxwell’s fundamental Lagrangian — F;,F*, the — 
variation with respect to g'^ yields Maxwell’s “stress: _ 
tensor" Six, also called the “energy-momentum tensor" | 
of the electromagnetic field. If matter is conceived in 
purely electric terms, this tensor in itself can be equatec A 
to the physical matter tensor. Generally L may 
composed of further terms, in which case S;, will be 
complemented by additional tensors. The sum of these 
tensors represents the physical matter tensor whi ch 
we wish to denote by Pix. ^ 

Einstein discovered the purely metrical, origin of 
gravitational forces and established in the “metri trical 


Og!F ee (8.19) matter tensor” Tis [see (5.18) ] a symmetric te 
pôrta : second order whose divergence vanished iden! 
It could be derived variationally by varying tl 
in harmony with the Maxwellian equations of empty Riemannian curvature R with respect to | 
space. If in (8.18) we go to the same degree of approxi- equivalence principle demanded that a " rms Of 
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acl also gravitationally. 'The mathematical formulation 
of this principle takes the following form: 


Tu- Silanes (9.1) 


It expresses the equilibrium between gravitational 
energy and all other forms of energy. The constant x 
is a dimensioned scale factor by which energy density 
can be reduced to curvature. Its numerical value in the 
cm gram system is (the time being measured in natural 
units, i.e., c! sec): 


Srk 
== 1.863-107?? (cm/g). 
a 


(9.2) 


From the standpoint of an action principle Einstein’s 
fundamental equation should be written in the form 


Ti kP-0. (9.3) 


The significance of this equation is that the original 
physical Lagrangian Lo is changed to 


L=Lot (1/xR). 


Moreover, the metrical tensor g;; is added to the pre- 
vious physical variables as additional variables of the 
field. However, such a purely external coupling of 
“metrical” and “physical” quantities never satisfied 
Einstein. He tried to find some geometrical interpre- 
tation of the “physical” part Ly of the Lagrangian 
in order to conceive the entire L as one unified quantity. 

Looking at our Lagrangian (8.10), deduced from an 
action principle which is quadratic in the curvature 
quantities but free of any external additions—except 
for quantities which are dictated by the mathematical 
nature of the problem—we are at first sight at a loss 
to see any relation to a Lagrangian of the form (9.4). 
Our Lagrangian contains the surplus variables pi 
which make a direct comparison difficult. We now make 
use of the fact, deduced earlier in Sec. 5 [see (5.16) ], 
that in the absence of the potentials o; 


(9.4) 


Pix Mik (9.5) 


is an exact solution of the field equations. At variance 
with the usual concepts we equate À to an excessively 
large constant by considering it as the reciprocal square 
of a length of subatomic dimensions. Under these cir- 
cumstances p:i changes but little by the presence of 
the p; and we obtain a good approximation of our 
Lagrangian by considering (9.5) as an exact law, al- 
though in reality it holds only in approximation. We 
now introduce this solution into our Lagrangian (8.10) 
and thus,reduce our Lagrangian problem from the 
H-104-4— 24 variables to a problem of only 
ariables, viz. the 10 gi and the 4 gi. Now 
ith Einstein's action principle 


original 10 
104-4— 14 v. 


n is composed of a number of 


angia 
new Dou and analyze separately: 
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L2= — 2d7(1+4¢) 
lig= —4F ,F* 


Ly= —3(1+0) (9% a— $ 6% Ga)? 
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dgigi« 
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The first invariant appears originally in the form 
AB;.g'* but this differs from AR;;g/^ by a divergence 
only and is thus replaceable by AR. Hence Einstein’s 
linear invariant comes into strong focus. The largness of 
à causes a practical linearization of our originally quad- 
ratic action principle, thus bringing it in harmony with 
demands of the equivalence principle. 

The second invariant represents the traditional 
"cosmological term." If we wanted to adhere to the 
traditional view that the cosmological constant is of 
practically negligible dimensions, demanded only for 
cosmological purposes, we would choose ø as exceedingly 
near to — i, i.e. B as excessively large. This means an 
overwhelming emphasis of the invariant R? compared 
with the invariant R;,R**. We are then back at the 
choice of Pauli and Weyl; [see (7.8) ]. In this case we 
lose not only Lə but also Ls. We deprive ourselves of an 
entirely essential building block for the construction of 
material particles of atomic size. Furthermore, we once 
more experience the above discussed difficulty concern- 
ing the free charge of an electrostatic field. 

We depart from the traditional theory by assuming 
that the “effective cosmological constant” 


n —A(14-4e) 


is not small but excessively large (although possibly 
much smaller than A itself) by considering it as the 
reciprocal square of a length of atomic dimensions. (We 
assume yu to be positive which puts ø to the negative 
side of —1.) This means that the metrical substructure 
of the world, characterized by the equation [see (5.10)] 


(9.8) 


(9.7) 


Rir= — ugik 


is very far from being flat, owing to the presence of a 
tremendous negative pressure which is uniformly 
present throughout the universe. The implications: of 3 
this assumption will be discussed in the following 
section. 

We now come to L; which is Maxwell's invariant. 
The standard theory which recognizes electricity and 
gravity as the two fundamental phenomena of nature, 
operates with L, and L; only. As we know, no stable 
particle can be constructed on this basis. But in our 
present considerations we have also Ls and Ls at our 
disposal. What kind of forces are generated by these 
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invariants? Varying with respect to gi#, we obtain a 
tensor of the following form: 


Oi. —a(eiex—$o* Pagik). (9.9) 


Interpreting o; as a velocity field? we recognize in this 
matter tensor the action of inertial masses, coupled 
with a pressure which is 3 of the matter density. The 
forces thus generated are of a mechanical nature. We 
can thus answer the age-old puzzle: what kind of forces 
balance the tremendous electrostatic repulsion inside 
the electron which should lead to its explosion? The 
answer is that these forces are of a mechanical kind. 
Let us write down the equation which determines the 
vector potential [see (8.12) ]: 

Agia 


é 


La (14-0)0 ]¢'+ (1+2)Q, ag“ =0. 


1 (9.10) 


1 


VARY 


Let us examine this equation from the standpoint of 
static and spherically symmetric solutions, paying 
particular attention to the equation i=4 which de- 
termines the “scalar potential" yy. The scalar Q 
becomes negligibly small in weak fields (i.e., small e); 
near the center r=0, however, it becomes very large. 
Moreover, we can conceive the equation (9.10) for 
i=4 as a homogeneous linear differential equation for 
4 which contains, however, an adjustable constant 
because of the amplitude factor of Q which is freely 
disposable. We obtain a regular eigenvalue problem of a 
nonlinear type.” Apart from the realm of very small r 
we obtain the solution 


qi— 6 QI rfr, (9.11) 


and see that instead of the Coulomb potential we 
obtain a potential of the Yukawa kind.” But the 
singularity at the origin is avoided, due to the coopera- 
tion of the scalar Q which puts a very strong negative 
mass near the center of the particle, thus balancing the 
strong forces at the center. 

We come to the conclusion that we are able to con- 
struct a spherically symmetric and static electric particle 
which has no singularity anywhere. The physical matter 
tensor generated by this particle has an entirely insular 
character. Matter is concentrated in little lumps of 
very small extension and a direct interaction between 
matter and matter is not possible. The Lorentz force 
is traditionally derived from the Maxwellian matter 
tensor, on the basis of the conservation laws. Hence it 
represents a matter-matter interaction. In the present 


23 This is strictly speaking incorrect, because even in a static 
field the components e; (721,2,3) are not zero. Since, however, 
the particle is small and we can average over the ¢;, the average 
values of the space components vanish and what remains is 4 
which is tangential to the world line of the particle. 

% The author's computations are not yet completed and will be 
reported at another occasion. The symmetry of the basic 
Lagrangian with respect to + ¢ holds only if the metrical action 
of the v; is neglected. The mass-inequality of positive and negative 
electricity is not outside the scope of the present theory. 

25 See reference 5, p. 45. 


theory an influence from particle to particle can only 
occur through metrical signals. Hence the, electromag- 
netic vector potential must be of metrical origin and 
the Lorentz force must represent a matter-metric and 
not a matter-matter interaction. 

This is foreshadowed by (8.13) which shows that the 
vector e; cannot be of the nature of a generating 
function since it is itself obtained from other field 
variables by differentiation. In fact this equation closely 
resembles the equation of Lorentz which connects the 
electric field quantities with the electric current vector: 


dgiFia 


S =p. (9.12) 
g!óx, 


The difference is that g'* is a symmetric, fF an anti- 
symmetric tensor. The analogy goes still deeper. The 
significance of (8.13) is that we normalize our reference 
system in a suitable way. 'This normalization will 
involve a proper coordinate transformation. Assuming 
that the o; are small, the transformation assumes an 
infinilesimal character. Such a transformation is char- 
acterized by the law 


Bik— gi— €(A i xA An, i) (9.13) 


where e is a small parameter. Thus the essential change 
demanded by our reorientation is that the role of the 
customary antisymmetric combination Fir= 4; y— Ax, i 
is taken over by the symmetric combination 


Gik= Ai kl Ak i 


The customary “nabla equation" between vector 
potential and current vector remains essentially un- 
changed, except that the continuity equation for the 
current vector is not a consequence of the connecting 
equation since the left side of the equation is free of 
any identities. 

This reclassification of electric quantities within the 
framework of general relativity leads to surprising 
results. The vector ø; previously treated as the electro- 
magnetic vector potential, becomes in actual fact the 
vector of the electric current. It is surprising to see that 
it is not the vector potential 4; but the electric current 
€; which has a direct influence on the matter tensor by 
replacing the vector potential in the Maxwellian stress 
tensor. This tensor is complemented, however, by 
additional mechanical terms. In the theory of Lorentz 
the electric current is a purely extraneous quantity, 
foisted on the field without any organic relation to the 
basic field quantities. It is not more than an “asylum 
ignorantiae," in the words of Einstein. In the present 
theory the electric current becomes a basic field 
quantity, organically related to the field and deter- 
mined by an eigenvalue problem. The electron, before 
a “stranger of electrodynamics” (Einstein*®), appears 


(9.14) 


26 See A. Sommerfeld, Electrodynamics (Academic Press, Inc., 


New York, 1952), p. 236. A 
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with a well-defined structure in which all infinities are 
avoided. 

The reorientation of the electromagnetic quantities 
that is here advocated leads to a modified formulation 
of the dynamical law of the electron. The equation 
“time rate of change of momentum equals moving 
force” is retained but the “moving force” cannot be the 
Lorentz force since the antisymmetric combination 
A, x— Ar ; has no significance. Its place is taken by the 
symmetric combination (9.14) according to the law 

df; dx“ 
—=F;=e(AaitAia—, 
ds ds 


where 4; is the vector potential of the external field. 

The “momentum” of the electrically charged particle 

is defined as follows: 

l da* 

E Pi=Mo— Bait 20A ;. 
ds 


(9.15) 


LÀ 


(9.16) 


If the correction term is transferred from the left to 
the right, the sum Aa, ;4- A4; a changes to the difference 
Aa, i—i a and the Lorentz force is once more restored. 

The field momentum (9.16) differs from the cus- 
tomary expression?" by the factor 2. The celebrated 
Einstein-de Haas e/m experiment which directly meas- 
ures the correction to which the mechanical momentum 
is subjected in an external magnetic field, gave twice 
the expected value, in agreement with the law (9.16).?5 


10. METRICAL SUBSTRUCTURE 


The most radical, though inevitable, departure of 
the present theory from the traditional views lies in the 
assumption that the material particles represent not 
more than a weak superstructure on a metrical sub- 
‘structure which is exceedingly strong. It is character- 
ized by the equation 


Je Ri= — HA fik; (10.1) 


where y is an exceedingly large constant. We have here 
a development somewhat analogous to Einstein’s 
- famous theoretical prediction? in 1907 that the tra- 
ional “kinetic energy" of Newtonian physics is not 
. more than a very small modification of an exceedingly 
large energy source of the amount moc’, connected with 
Buone very existence of the mass mo. This enormous 
— energy-source remains latent under ordinary circum- 
"cad stances because our measurements involve energy 
- differences only and under such conditions the rest- 
- mass usually drops out, due to the great stability of the 
atomic building blocks of the universe. 

E Equation (10.1) similarly assumes that all physical 
] 2 Og, H. Goldstein, Classical Mechanics (Addison-Wesley 


C 5 51), p. 49. 
s, Cambridge, 1930, E ation refers the discrepancy to the 
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events are only small modifications of a fundamental. 
structure which could be compared to a huge “fest- 
mass" of the universe. But is such an assumption not 
preposterous when we know that our ordinary geometry 
is so nearly Euclidian? Would not a law of the form 
(10.1) lead to a tremendous explosion of the universe? 
In actual fact this would only happen if the matter 
maintaining this tremendous curvature would act in a 
coherent way. But we can conceive the picture of a gas 
of very high temperature whose molecules fly around 
in all directions with practically light velocity and 
which create a huge uniform pressure, apparently due 
to the action of some very large force, but in actual fact 
caused by the statistical kinetic action of a large number 
of molecules. An explosion of tremendous power would 
occur only if by some miracle all the molecules could 
be directed into parallel paths. 

We carry over this statistical picture in order to 
demonstrate that a metrical substructure of the form 
(10.1) is actually feasible, in spite of the apparently 
almost Euclidian character of our metric. We utilize 
a statistical device used by Lorentz to show that the 
macroscopic equations of Maxwell can be explained 
on the basis of electron theory, if we allow the sta- 
tistical interaction of a huge number of electric charges 
in a region which is macroscopically small but yet large 
compared with the dimensions of atoms and molecules. 
Using a similar picture we want to calculate the average 
values of the curvature components, assuming that the 
metric is far from stationary. In fact, we want to 
assume that there exists a metrical radiation which is 
composed of exceedingly high frequencies and which 
propagates irregularly in every direction. We will now 
cut out a four-dimensional cube at some point of the 
world and evaluate the average values of the curvature 
components within the cube. The edge of this cube is 
chosen large compared with the wavelengths of the 
radiation. These wavelengths are so small that the 
cube can be of subatomic size. 

For present purposes we depart from the previous 
real line-element of the signature (—1, —1, —1, +1) 
and 
£ix—0;, considering x4—4/ as an imaginary variable. 
We consider a metrical tensor which differs from the 
Euclidian values by small amounts only a 

ik= Out Yik- (10.2). 
However, although the deviations themselves are small, | 
the T quantities can become very large because the Yi 
are composed of a spectrum of very high frequencies. 
We start with Riemann's curvature tensor Rimkn W 
can be written in terms of an auxiliary tensor Aitas 
defined as follows: 


Rimkn= A ikmn—A inmk 
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ELECTRICITY AND GENERAL RELATIVITY 


The terms which are derivatives, cannot contribute to 
the average values since the derivative of a periodic 
function is once more periodic and its average value 
zero. It is sufficient to consider the last term of (10.4), 


and this again can be written with practically sufficient 
accuracy in the form 


ik mn 
2s || | 
alla 


We now make the statistical assumption that the 
various components of the tensor quantity 


ik 
| | 
m 


are statistically uncorrelated, so taking the average 
values of products involving two different components 
gives zero. Average values of the squares of components 
cannot give zero since the average of both sin’wx and 
cos*wx is $. (In a purely Euclidian world these averages 
would be composed of a sum of squares and be neces- 
sarily positive. In a Minkowskian world some of the 
terms become negative, because of the differentiation 
with respect to the imaginary c4.) In consequence of 
this statistical behavior average values of Giimn will 
become proportional to dimdin+dindkm. We assume that 
the factor of proportionality is a universal constant C: 


Gikmn =C (Simdkn+5indkm)- (10.7) 


(10.5) 


(10.6) 


This gives 


Ran C (00km — Sion) (10.8) 


The constant C is of the order of magnitude (ew)? and 
can become very large, in spite of the smallness of e. 
'The inhabitants of this world, who cannot measure 
local values but only averages—since the elementary 
particles which they can use as measuring rods are 
themselves large compared with the basic wavelength— 
will find that their metric is nearly Euclidian and yet 
the curvature of their world uniform but exceedingly 
high. This would not be possible in terms of local 
values, of course. However, the contracted curvature 
tensor Rix may come out as proportional to gi, (with a 
very high proportionality factor) even in the local 
sense. Hence, it is not absurd to assume that the sub- 
structure of the world is characterized by the law (10.1) 
and yet the g;, are of the nature of constants, modified 
only by oscillatory variations of exceedingly high fre- 
quencies but small amplitudes.” 


11. SUMMARY 


The present paper investigates the possibilities of a 
Riemannian geometry characterized by an action 
principle which is not linear in the curvature compo- 


2 For another approach to the problem of the substructure, 
based on a Fourier analysis of the metrical manifold as a whole, 
see the author’s earlier paper *Matter waves and electricity," 
reference 3, IT, where the idea of a cosmological constant of 
subatomic dimensions was discussed for the first time. 
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nents, as the choice made by Einstein, but quadratic. 
Such a Lagrangian is advocated by the property that 
the basic action integral remains invariant not only 
with respect to arbitrary coordinate transformations. 
but also with respect to an arbitrary choice of the scale 
in which lengths are measured. Hermann Weyl advo- 
cated such an action principle at an earlier date, but in 
connection with a proposed generalization of Riemann's 
geometry. 'The author's aim—spreading over a span of 
more than 25 years—was to draw all the possible logical 
conclusions from the quadratic action principle, without 
abandoning Riemann's geometry. 

Mathematical analysis of this problem was carried 
out by a new mathematical method, based on the 
method of the Lagrangian multiplier, by which 
the problem is reduced to a set of field equations of 
first order in an increased number of variables. This 
demands 100 variables. It seemed more convenient, 
however, to admit differential operators of second order 
and formulate the problem in 20 variables. The results 
can be summarized as follows. 


(1) Einstein's field equations R;,—0 are included 
among the solutions but so are the more general 
“cosmological equations” R;,—Agi. The merit of the 
latter solution is that it introduces a dimensioned 
quantity À which normalizes the lengths of the universe. 
To assume that the normal length of the universe is of 
cosmic magnitude means that we miss the opportunity 
for the explanation of atomism. The present theory 
assumes that the fundamental unit of length is of 
subatomic dimensions. This makes the cosmological 
constant exceedingly large which means that the sub- 
structure of the world is not flat but highly curved. 

(2) Weyl’s generalization of Riemann’s geometry for 
the purpose of introducing the vector potential turns 
out to be unnecessary since the vector potential appears 
in the action principle quite naturally as the result of a 
canonical transformation. Later, a purely metrical 
interpretation of the vector potential is found, on the 
basis of splitting the contracted curvature tensor Riz 
into a simplified operator Bix, which is free of all identi- 
ties, and a second part which involves the symmetrized 
gradient of a coordinate-dependent vectorial quantity 
V+. It is found that this vector, in the ordinary gravi- 
tational theory normalized to zero, should actually be 
equated to the vector potential ¢*. 

(3) In view of the largeness of À we succeed with an 
approximate linearization of the action principle anda __ 
direct comparison with classical relativity becomes | 
possible. A deeper analysis of the determining equation —_ 
of e; reveals that e; was wrongly interpreted as the — — 
vector potential of the electromagnetic field. It is in 
actual fact the electric current vector. At variance to 
the theory of Lorentz in which the current vector is - 
foisted on the field as an extraneous quantity wit 
definite structure, the vector ¢; is determined 
differential equation of second order which poss: 


r 


350 


Fic. 1. 


static and spherically symmetric eigensolutions. A 
static and stable electron can thus be constructed, free 
of all infinities. The forces which counteract the strong 
repulsion of the electrostatic forces, are of a mechanical 
kind. 

(4) The matter tensor is reduced to very small 
portions of space and does not have that diffused 
character that the Maxwellian stress tensor attributed 
to it. The role of the vector potential in the Maxwellian 
tensor is taken over by the current vector. Matter 
becomes strictly insular and the dynamical influence 
from particle to particle occurs purely through the 
medium of the metric. The Lorentz force loses its pri- 
mary significance and comes about by the interaction 
of two terms on opposite sides of the equation of motion, 
the one belonging to the momentum of the particle, the 
other containing the symmetric combination A; +A x a, 
instead of the traditional antisymmetric combination 
Ai x— A5, ;, which in the present theory has no primary 
significance. 

(5) The superstructure of the metric in the form of 
material particles is a weak modification of the sub- 
structure which represents a tremendous reservoir of 
momentum and energy in potential form. That under 
ordinary circumstances the weak modification becomes 
of paramount importance and the much stronger 
substructure remains latent, finds its explanation in the 
fact that the superstructure is of a static character 
while the substructure represents a statistically dis- 
tributed radiation field of exceedingly high frequency 
which is comparable to a capricious sequence of constant 
seismographical “tremors,” too small to be observable 
under ordinary macroscopic circumstances but of 


CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


CORNELIUS LANCZOS 


paramount importance for the question of radiation, 
i.e. the interaction of particle and field. It seems thus 
justified to call the metrical substructure, composed of. 
a seething cauldron of ultra-high-frequency oscillations. 
the “tremorfield.” Figure 1 gives a schematic illustra- 
tion of the general modification of ideas that the present 
theory suggests, compared with the traditional con- 
cepts. In the traditional view we have a smooth back- 
ground, almost completely flat, except for a very slight 
curvature, demanded by the cosmologically closed 
nature of the universe. Erected on this background we 
find the material particles, growing to infinity near the 
center (or at the center) and decreasing in strength 
toward the periphery, but the decrease is mild enough 
to make a direct matter-matter interaction possible; 
(the Lorentz force obtained from the conservation law 
of the matter tensor). The second picture illustrates a 
highly agitated “rippled” background and the material 
particles grow out of this agitated background as little 
humps, completely isolated from each other. The signals 
emanating from a particle and reaching another one 
are of a purely metrical nature and belong thus to the 
realm of gravitational action. 'The motion of a particle 
takes place due to the response of the particle to the 
external metric which does not occur according to the 
geodesic principle. 


The tremendous complication which comes into the 
picture due to the presence of the substructure demon- 
strates that our conceptual understanding of physical 
action cannot be brought down to a simple and ele- 
mentary level. The problem of radiation is much more 
than a secondary interaction between field and particle, 
induced by the energy loss accompanying the accele- 
rated motion of a particle. The momentum-energy 
exchange between substructure and superstructure 
opens a new perspective for the deeper understanding 
of the mysterious quantum phenomena and it seems 
possible that Heisenberg's uncertainty principle is 
deeply interwoven with the statistical nature of the 
tremorfield. To find the solution of these problems on 
the basis of the fundamental field equations may be 
far in the future. The author's aim in this investigation 
was only to outline a new solution of the problem of 
general relativity which may finally bring gravity, 
electricity and quantum physics into one unified 
structure, based on the immortal thought constructions 
of Albert Einstein. 
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Papers from the Conference on the Role of Gravi- 
tation in Physics Held at the University of 
North Carolina, Chapel Hill, North 
Carolina, January 18-23, 1957 


Introductory Note 


HE following papers were prepared in connection 
with the Conference on the Role of Gravitation 
in Physics which was held in Chapel Hill, January 
18-23, 1957. The conference was initiated by the North 
Carolina Project of the Institute of Field Physics, Inc., 
established in 1956 in the Department of Physics of the 
University of North Carolina, Chapel Hill. The sponsors 
of the conference were the International Union of Pure 
and Applied Science (with a financial contribution from 
UNESCO), the National Science Foundation, the 
Wright Air Development Center, and the Office of 
Ordnance Research. The conference was organized— 
with the collaboration of the Institute of Natural 
Science of the University of North Carolina—by the 
following steering committee: F. J. Belinfante, Purdue 
University; P. G. Bergmann, Syracuse University ; 
B. S. DeWitt, University of North Carolina; Cecile 
M. DeWitt, University of North Carolina; F. J. Dyson, 
Institute for Advanced Study; and J. A. Wheeler, 
Princeton University. It is a pleasure to mention the 
interest shown in the conference by the officers of the 
University, by the Governor of the State of North 
Carolina, who welcomed the physicists to Chapel Hill 
at a luncheon in the Morehead Planetarium, and by all 
who have made the Chapel Hill conference possible and 
have helped in its organization. 
'The conference was planned as a working session to 


discuss problems in the theory of gravitation which 
recently have received attention. A report of the pro- 
ceedings of the conference can be obtained from Wright 
Air Development Center, Wright-Patterson Air Force 
Base, Ohio. The WADC report endeavors to record the 
discussions, confusions, opinions, and hopes expressed 
during the conference. A separate need was felt to 
assemble, in an issue of a scientific journal, the papers 
on gravitation which were ready for publication— 
whether or not they had been presented at the con- 
ference. Participants in the conference are grateful to 
the editors of Reviews of Modern Physics for making 
available the space necessary for these papers. 

This collection of papers cannot strictly be considered 
as a review of present knowledge about gravitation. 
A noticeable increase of interest and activity in the 
theory of gravitation and related matters has taken 
place only recently, following a period of relative quiet. 
The problems attacked have not yet settled down so 
that they cannot be viewed with any kind of real 
perspective. At present the most that can be hoped for 
is that these papers will give a fairly reasonable picture 
of current activity in the field of relativity physics and 


. stimulate greater awareness of a whole series of funda- 


mental questions which have yet to be answered. 


Bryce S. DEWITT 
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PETER G. BERGMANN 
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This conference may be summarized under two main headings, classical theory of gravitation and quantiza- 
tion of general-relativistic theories; a third topic, the theory of measurement, forms a link between these 
two topics. I shall not attempt to summarize the discussion of cosmological problems by Dr. T. Gold and 
Dr. A. Lilley, because cosmology is a field of its own and, at least at present, not intimately connected with 
the other aspects of general relativity to which this conference has been devoted. 


I NONQUANTUM THEORY OF GRAVITATION 


OLLOWING roughly the outline of the conference 
itself, I shall begin with experimental work, past, 
current, and proposed. Professor J. A. Wheeler has 
given us a summary of the present status of the so-called 
"critical tests," that is the precession of planetary 
orbits, the deflection of light passing close to the sun, 
and the gravitational red shift. I think as nonspecialists 
we may consider the situation in this respect quite 
satisfactory, but additional work, leading to higher pre- 
cision, is highly desirable. A very different type of 
experimental test of general relativity forms the first 
topic of Professor Dicke's talk. Whereas at least the 
4 two first of the critical tests are designed to provide 
— — — confirmation of the detailed quantitative predictions of 
Einstein's 1916 theory of gravitation, the experiment 
by Eötvös tests the principle of equivalence, the root 
of any general-relativistic theory. I think that we shall 
— all await with anticipation the outcome of these experi- 
. ments by Dicke. 
— The remaining experiments suggested by Professor 
-. Dicke, which are not yet in the stage of actual planning, 
are mostly designed to see whether there is some minute 
variability in the universal parameters of elementary 
particles, which we used to consider as constants. I do 
not believe that the theories sponsored for instance by 
P. Jordan have as yet been clarified conceptually to the 
extent that they merit experimental testing. In this 
connection I call attention to a recent paper by M. 
Fierz in Helvetica Physica Acta. Of course, it might be 
nteresting to test for variability of atomic constants 
= irrespective of any detailed theory. Clearly a positive 
result of such experiments or observations would have 
| most serious implications both for cosmology and for 
_ the theory of elementary particles. i 
= Let me take up as the next topic the mathematical 
bur restigation of general-relativistic theories that have 
been reported principally by the members of the French 


cylinder. According to N. Rosen and accor 


group. I believe that the techniques pioneered by A. 
Lichnérowicz are applicable not only to the general 
theory of relativity and to the asymmetric theory, but 
to general-relativistic theories in general. The law of 
propagation for infinitesimal disturbances of the field 
will define the light cone in a physically convincing 
manner. I am very gratified to learn that there exists a 
method for formulating the Cauchy problem, but I 
take it that we do not as yet possess a method for con- 
structing the variables whose values at time / are de- 
termined uniquely by the initial conditions set at the 
time to. If we had such a construction, these variables 
would presumably be identical with the “true obsery- 
ables," about which I shall have more to say later. 
None of us can fail to be impressed with the avail- 
ability of at least a few global theorems in general 
relativity, though one might wish that more, and more 
powerful ones, may be discovered in the years to come. 
I shall now turn to the investigations that have been 
concerned with specific physical models that can be, or 
ought to be, constructed with the help of Einstein's 
field equations. It appears to me that the geons, which 
have been invented by J. A. Wheeler and which have 
been discussed here by him and by members of his 
group, cannot yet be considered to be actual solutions 
of the field equations, with or without electromagnetic 
terms. Geons are obtained in a manner that might be 
called a self-consistent approach: a collection of par- 
ticles or waves, which is described in terms of statistical 
assemblies, with random phasing, serves as the source 
of a static gravitational field; the latter in turn confines. 
the constituent particles to a limited region in space. 
Though these models undoubtedly have considerable 
heuristic value, I believe we all would be happier if it . 
could be established that there exist at least some rigor 
ous solutions of the field equations with properties 
similar to the geons. - 
In my opinion the most important nonquantum prob 
lem that has been discussed at this conference 1s the 
existence of gravitational waves. Actually there 
whole series of questions to which we should like to 
answers. Many years ago A. Einstein and N. 
constructed rigorous waves radiated off the 
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Weber these waves do not carry energy in any physical 
sense. It may well be that because of the line singularity 
extending into spatial infinity any attempt to balance 
energy, in the sense of an equation of continuity, is 
foredoomed to failure. In that case we should want to 
focus our attention on spherical waves. At present we 
do not know whether there exist any rigorous solutions 
of the field equations that may be interpreted as 
spherical waves, nor do we know whether such solutions 
carry energy from a center of radiation toward infinity. 

Another unsolved question is whether a first approxi- 
mation of a double-star system gives rise to gravita- 
tional waves and whether these waves carry energy 
proportional to the square of the amplitude. From the 
point of view of the astronomer, all these questions may 
appear highly academic, because gravitational waves, 
if generated by astronomical systems, undoubtedly play 
a negligible role in the energy budget of stars, compared 
to electromagnetic radiation and compared to the ex- 
change of particles with the surrounding space. But in 
view of our interest in the role that gravitation, and 
particularly its quantum properties, may play in micro- 
physics, the existence and the properties of gravitational 
waves represent an issue of preeminent physical 
significance. 

Only in passing I should like to remind you of the 
investigations by the Princeton group of the stability 
of model universes, and of the pair of accelerated mass 
dipoles constructed by H. Bondi. The latter is one of 
the very few rigorous solutions of the field equations 
that are not static; as a model it may well prove of great 
value in future investigations. 

I shall comment on the wormhole picture presented 
by Professor J. A. Wheeler in my final remarks on 
elementary particle problems. 

We have had some discussions concerning the pros- 
pects of unified field theories and a number of different 
views have been presented. Wheeler considers that it 
may well be that all the physical fields known to us at 
present will turn out to be manifestations of but one field, 
the original gravitational field of Einstein’s theory of 
1916. Others are following up the possibilities inherent 
in asymmetric field theories. A third approach, unfortu- 
nately not represented at this conference, is being 
followed by Professor O. Klein; he has been interested 
in five-dimensional manifolds with periodicity prop- 
erties such that there exists a sort of isotopic spin 
transformation. Personally, I am convinced of the long- 
range desirability of some unified field theory; but I 
have the impression that right now we are obtaining so 
much information about new fields and new types of 
particles that it may be advisable to wait for a few 


years before making a new determined attempt at 
unification, 


eee 


Il. THEORY OF MEASUREMENT 


In recent years several different workers have asked 
which physical aspects of general-relativistic fields are 


susceptible to observation and measurement. This prob- — 
lem differs from the corresponding problem in Lorentz- 

covariant theories in that in the latter type of theory a - 
world point is identifiable by means of its coordinates, 

and irrespective of the physical fields present. Accord- 

ingly we may, at least classically, speak of the value of 

a field, or a field component, at such a world point 

unambiguously. But in general relativity the identifica- 

tion of a world point in terms of its coordinate values 

lacks any invariant meaning unless the coordinate sys- 

tem is fixed in its immediate vicinity by means of 

physically real instrument components, such as rods 

and clocks. Naturally the presence of such instruments 

will in turn affect the field to be measured at that 
world point. 

Classically we may make the instruments negligibly 
small and light and thus minimize the reaction. Even 
so I think it represents real progress that Dr. Pirani 
has shown us how to measure (classically) the individual 
components of the Riemann-Christoffel curvature 
tensor. 

As for the quantum theory of measurement we have F 
the contributions by Dr. H. Salecker and the remarks 
by Professor L. Rosenfeld. I believe that in conceptual 
experiments it is dangerous to introduce for the purpose 
of observations instruments that are not made an 
integral part of the physical system itself. The experi- 
ment with a diffraction grating suggested by Dr. 
Salecker can however be freed of this objection. Suppose 
we consider a small planetary system with gravitational 
attraction in a low quantum state. Even if the central 
body is assumed to possess a very large mass, the 
DeBroglie wavelength of the small particle depends on 
its mass. Hence the quantum orbits will depend on the = 
planetary mass as well, and we find that such a model il 
is not subject to an equivalence principle. This result is 
not to be construed as a violation of the usual principle 
of equivalence in quantum theory: properly speaking 
the principle of equivalence refers to local conditions, 
whereas the phase integral rule applies to a global model. 

If I understand Professor Rosenfeld’s remarks rightly, 
he suggests that the safest procedure is to have the - 3 
observability of a physical quantity decided on the 
basis of formal quantum theory. Subsequently the 
edicts of the theory can be buttressed by conceptual = 
experiments. E 


II. QUANTUM THEORY OF GRAVITATION 


Basically we feel the need for a quantum theory 
the gravitational field, because we cannot reconci 
ourselves to the idea that classical and quantum fi 
can exist side by side. More particularly it ap 
unlikely that a mass point that gives rise to a class 
Schwarzschild field is itself subject to Heisenberg’ 
certainty relations. This, I believe, is the princi 
ment in favor of quantization. On the positive. 
may perhaps hope with Pauli that quantizing i 
tensor may ameliorate the infinities of th 
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propagators along the light cone and that it may make 
a contribution to the theory of elementary particles. 

The task of quantizing the metric field is not yet 
really close to its solution. If I am to describe its present 
status, I would divide all approaches known to me into 
those that take their point of departure from some 
canonical or Lagrangian formulation of the theory and 
those that attempt a path-integral quantization. There 
appears little doubt that for all approaches belonging 
to the first class the construction of so-called true ob- 
servables is an unavoidable preliminary. 

For those who are not familiar with the terminology 
let me repeat that a true observable is a physical vari- 
able whose value is independent of the choice of coordi- 
nate system, gauge frame, and the like. Incidentally, 
true observables are also the appropriate variables for 
the formulation of the Cauchy problem. Analytically 
they may be described as variables whose Poisson 
brackets with all the constraints of the theory vanish. 

J. Géhéniau, and independently A. Komar, have pro- 
posed to construct true observables with the help of 
methods of differential geometry. Unfortunately we 
have been unable to learn of this work directly from 
them at this conference. E. Newman and I have worked 
out a method by which we obtain true observables 
in the course of a systematic approximation procedure; 
our work may be suspect because we have no assurance 
that our approximation converges toward the correct 
quantities. Finally one might hope that the method 
used so successfully by Fermi in electromagnetic theory 
will lead toward the true observables in the theory of 
gravitation; A. Janis and I have looked into this ques- 
tion and have reluctantly concluded that this hope is 
probably unjustified. 

I come now to the proposals involving quantization 
by means of path integrals. Within this classification 
there appear two schools of thought, those who believe 
that true observables are a prerequisite for this method 
of quantization as well, and those who propose to go 
ahead and calculate formal expressions in terms of the 
original g,,, in the hope that these expressions will 
automatically be useful propagators. Feynman has 
given this latter group encouragement. Perhaps just to 


* ut 
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balance any effect that his words may have I should 
like to voice my opinion to the effect that in the theory 
of gravitation any calculation that you may attempt 
will involve such enormous amounts of labor, and will 
lead to results of such complexity, that generally a look 
at the final expressions will not enlighten us much. 

In conclusion I should like to comment, briefly at 
least, on the word pictures of elementary particle theory 
presented to us by Professor J. A. Wheeler and Dr. S. 
Deser. If we permit the components of the metric 
tensor to fluctuate widely and without regard to each 
other, there will be many regions in which the signature 
of the metric changes and which no longer correspond 
to a singly connected Riemannian manifold. Thus 
Wheeler arrives at a figure of 109" wormholes in the 
volume of space filled by a single electron. According 
to this picture, elementary particles are by no means 
simple structures but some sort of collective modes of 
the froth of the vacuum. Deser proposes a different 
approach. He wants to carry out a path-integral calcu- 
lation with a Lagrangian combining the gravitational, 
electromagnetic, and other fields. He proposes to pro- 
ceed first with a fixed metric tensor, so that he may 
quantize the other fields in a given c-number Rie- 
mannian manifold; the quantization of the metric field 
itself is to be left for the final stage of the calculation. 
Feynman has attacked Deser's proposal on the grounds 
that it fails to resolve the divergences of the self-energy 
diagrams, but I cannot accept Feynman’s argument as 
conclusive. At any rate both Wheeler's and Deser's 
proposals promise a fresh attack on the structure of 
elementary particles. It will be very interesting to see 
whether either of the proposals can be made to yield 
results. 

In summary then, I believe that in the time between 
this conference and the next relativity conference 
(planned in Europe for the summer of 1958) we have a 
good chance to make significant progress in the two 
classical problems concerning gravitational waves and 
true observables, and that thereby we may also con- 
tribute to the task of quantizing general-relativistic 
fields. 
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Principle of Equivalence and the Weak 
Interactions 


R. H. DickE 


Palmer Physical Laboratory, Princeton University 


FTER 40 years the Einstein theory of gravitation 
still rests on little more than the experimental and 
observational evidence available when the theory was 
first constructed. This consists of the very precise 
astronomical observations on planetary motion, in- 
cluding the small departures from the results of 
Newtonian theory in the case of the orbit of Mercury, 
and the experiments on the equivalence of gravitational 
and inertial masses. 

Shortly after the introduction of general relativity, 
the gravitational deflection of light was found to be in 
agreement with predictions with an accuracy of about 
1095. More recent observations have tended to give 
deflections too large by about 10% with about the same 
probable error.! 

'The gravitational red shift could be expected from 
elementary considerations of energy conservation in- 
volving photons, and hence does not represent a crucial 
test of General Relativity. The red shift observed for 
the white dwarf stars is in rough agreement with 
expectations. For the light from the sun, there is a 
strange anomaly that has not yet been satisfactorily 
explained.? 

After the advent of general relativity, fundamental 
experimental work on gravity essentially ceased. Only 
one significant new result needs to be mentioned.^* In 
connection with the practical problem of locating oil, 
sensitive gravimeters were devised. These have been 
improved to the point where they show tidal variations 
in the gravitational acceleration? This work is of 
fundamental significance as the agreement with ex- 
pected tidal variations is sufficiently good to rule out 
an ether drift effect such that the acceleration of 
gravity would vary with angle of acceleration relative 
to the direction of motion of the earth relative to 
galactic matter. An effect of the order of (v/c)? can be 
pretty well excluded, although observations have not 
yet been extended over a whole year. 

Newtonian mechanics is even adequate for the con- 
struction of a cosmology in agreement with the ob- 


! Whittaker, History of the Theories of Ether and Electricity 
(Nelson, London, 1953) Vol. 2, p. 180. 

2 E. Finlay-Freundlich, Phil. Mag. 45, 303 (1954). 

2a Although not a new result, it should be mentioned that the 
very careful observational work of G. M. Clemence [Revs. 
Modern Phys. 19, 361 (1947)] has resulted in considerable im- 
provement in the accuracy of our knowledge of the perihelion 
rotation effect. 

3 B. Baars, Geophys. Prospecting 1, 82 (1953). 


servations. Hence, no strong support for general 
relativity can be obtained from the present state of 
galactic observations. This conceivably could improve 
greatly in the next few years. 


EÓTVÓS EXPERIMENT AND THE PRINCIPLE 
OF EQUIVALENCE 


The Eótvós experiment? shows that, with an accuracy 
of about 1/108, the inertial and gravitational measures 
of mass are equivalent, independent of material, at 
least for the exotic materials tested by Eótvós which 
included tallow and snakewood. It would be a serious 
mistake to assume, as is sometimes done, that this 
proves that the principle of equivalence is exact or 
even that all deductions from the principle of equiva- 
lence should have an accuracy of 1/108. 

Actually, the great accuracy of this experiment 
allows far reaching conclusions to be drawn. For 
example, with an accuracy of about 1:10" we can 
conclude that the ratio of weight to mass for the 
electron plus proton is the same as that of the neutron. 
With an accuracy of about 1:10* we can conclude that 
the reduction in the mass of a nucleus resulting from 
nuclear binding forces is accompanied by a like re- 
duction in weight. In similar manner with an accuracy 
of 1:105 we conclude that the electrostatic reduction 
of the nuclear binding energy is accompanied by a like 
increase in weight. With an accuracy of about 5:10** 
the same conclusion can be drawn concerning the bind- 
ing energy of the orbital electrons.* 

From these facts we conclude that the strong inter- 
action constants are at least approximately position 
independent. If the strong interactions were to vary 
with position, the ratio of binding energy to particle 
rest energy would depend upon position and there 
would be an anomalous contribution to the weight 
associated with this variation. This can be seen by 
considering a small displacement of an atom. If this 
were accompanied by a small change in the fine struc- 
ture constant or the interaction constant associated 
with nuclear forces, work would be required to produce 
the resulting change in binding energy. This added work 
would imply an anomalous weight of the body if energy 
were to be conserved. 


4H. Bondi, Cosmology (Cambridge University Press, Cam- 
bridge, England, 1952). 

5 R. v. Eötvös, Ann. Physik 68, 11 (1922). 

5 See A. H. Wapson and G. J. Nijgh, Physica 21, 796 (1955), 
for a similar analysis. * 
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"TABLE I. Fundamental constants written as dimensionless numbers. Physical and astrophysical constants (units of h, c, m). 


7 ———— 


10:0 1039 


Masses elementary Reciprocal “weak” 


particles coupling const? 
B decay, u decay, 
@=ahe 7— decay, etc., 


etc., etc. 


Other "strong" 
Coupling const*? 


Reciprocal 
gravitational 

coupling const? 
electrical z) 


Number of 
particles in E 
universe to 

Hubble radius 


Ratio 
gravitational 

Age of universe 

Hubble radius 

of universe 


The weak interactions (Fermi interactions and 
é gravitation) do not contribute sufficiently to the binding 
i energy of a small complex system to allow any con- 
clusion to be drawn regarding their constancy. Con- 
sequently, the Eótvós experiment in itself does not 
preclude variation of the weak interaction constants 
with position. 

Normally it would seen reasonable to assume that 
constancy of strong interactions could be inferred to 
hold as well for weak interactions. Stated in other words 
lack of experimental information concerning constancy 
of weak interactions should not be taken as evidence 
that the interactions are not constant. 

On the other hand, there are independent reasons for 
— believing that there is something unusual about the 
= weak interactions and that, in fact, these interaction 
| Constants vary with position and time. The line of 
= reasoning is a bit tortuous and starts with a considera- 
». tion of the sizes of the physical and astrophysical 
Ene 
In Table I is tabulated a few representative examples 
i. the fundamental constants of physics and astro- 
physics. They have been expressed as dimensionless 
numbers by introducing c, 7, and m, the mass of the 
electron, as units. By very great stretching of the 
meaning of “order of magnitude" the numbers can be 
said to all have the order of magnitude given in the 
first row of Table I. 
pressed in this way these constants have two 
rkable properties. First, the large size of the 


is unexpected. For, if nature is not capricious, 
dimensionless numbers would be expected to 


the a app arent interrelation between numbers, 


i onal NOH constant and these weak 
ants apparently related to the astro- 


ise can be made of these systematics? 
of eplene gonn which have been 
e first i the one post 


apparent interrelations are not very close and there are 
only a few constants significantly different. Also, it is 
claimed that nature is somewhat capricious. A weak 
interaction is weak, and that is all there is to it. 

The second type of explanation is of the type put 
forward by Eddington. This type of explanation seeks 2 
to obtain all of these dimensionless numbers, physical 
and astrophysical, as solutions to very involved 
equations whose origin is not always crystal clear. : 

A third class of explanations is associated with the — 
names of Dirac? and Jordan.?* The apparent regularities 
between numbers are taken to indicate interconnections 
not presently understood. The age of the universe 
clearly varies with time. It is assumed that all numbers 
of the order of 10! vary together and are, hence, — 
proportional to the age of the universe. The number - 
109? should vary as the square of the age of the universe. — 

The problem of the large size of these numbers now 
has a ready explanation. There is one large capricious 
or random number. The epoch of man would be ex- 
pected to be a time which on an atomic scale is large 
and random. Man with all his complexity could not 
have evolved in a characteristic atomic time. Because 
of the interconnections, occurrence of a single large 
number of capricious origin is now sufficient to account - 
for all the large numbers. 

The characteristic features of this third class of 
explanations is the assumption of interrelations between - 
constants and the occurrence of a single large number, 
statistical in origin. 

This third type of explanation is very satisfactory in | 
many ways, but appears to be incompatible with the 
strong version of the principle of equivalence usually 
assumed. According to Dirac the gravitational inter- 
action constant should be getting weaker with cosmic 
time. In a frame of reference moving relative to the 
cosmological co-moving coordinate system, the cosmic 
time axis is tilted, and the gravitational interaction isa 
function of both time and position. As was discussed. 
previously a space variation in the weak interaction 
constant would lead to a violation of the usual strong 
version of the principle of equivalence. The local 
gravitational acceleration now depends upon hg pro- 
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? P. A. M. Dirac, Proc. Roy. Soc. (London) Ale 199 ( v 1939); 
AD. orden, usclwerieast und Weltall, Grundlagen der kear, 
lo VRBATOM (Vieweg « and Sohn, 1 
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EQUIVALENCE AND WEAK INTERACTIONS 


portion of weak interaction energy in the total binding 
energy. Thus, all bodies do not fall with the same 
acceleration and the principle of equivalence is satisfied 
only as an approximate relation. 

To summarize, Dirac’s explanation of the regularities 
in Table I is incompatible with the usual strong version 
of the principle of equivalence. On the other hand, if 
one is to believe that nature is not capricious, Dirac’s 
explanation, or one of this general type, seems to be the 
best available. 

As this represents all the direct experimental evidence 
concerning the constancy of the weak coupling con- 
stants, one must tum to indirect evidence, evidence 
concerning the distant past and available from geology, 
biology and astronomy.” This is a very difficult task. 
There are enormous numbers of degrees of freedom in 
the earth and solar system. Projections into the past 
are heavily dependent upon what one assumes for 
physical laws in carrying out the projection. Conse- 
quently, it is often difficult to disentangle the actual 
observations from the interpretation, based as it is 
upon preconceived notions. This is particularly true of 
the qualitative aspects of the earth science, which is 
the main source of information concerning the past. 

It seems very unlikely, in view of the complexities, 
that such indirect information can ever be used to 
prove that the weak interactions constants vary with 
time. For any effect that is observed there are a number 
of possible explanations. 

On the other hand, the converse is not true. If the 
expected variation in the weak interaction constants 
were to lead to results incompatible with present 
observations, the hypothesis could be eliminated. It 
becomes important, therefore, to explore the impli- 
cation of the assumptions that these constants vary 
with time. 

In the interest of conciseness the conventional view- 
point is not presented here. It can be read in many of 
the references cited. Thus the interpretation presented 
here is to be viewed as a possible one but by no means 
the only one. 


EARTH’S TEMPERATURE 


Under the assumption that the gravitational constant 
were to vary with time, the earth’s temperature would 
vary with time. This was first pointed out by Teller® 
who showed that the sun’s radiation rate would vary 
as G’ where G is the gravitational constant. Assuming 
conservation of angular momentum, the temperature 
of the earth was computed by Teller to vary as G?^5. 
From this he concluded that if G varied inversely as 
the age of the universe, dinosaurs would have found it 
uncomfortably warm. 

Since Teller's paper the galactic red shift data has 
given an age for the universe roughly 3 times that 


-———À—ÀÁ———— d 


1b P, Jordan (reference 7a) has also discussed some of the 
geological implications of a varying gravitational interaction. 
8 E. Teller, Phys. Rev. 73, 801 (1948). 
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assumed by Teller and the effect is now not nearly as. E 
serious. Also, Teller did not take into account the 
marked atmospheric changes which would accompany 
a general increase in the solar constant. 

The heat balance of the earth's atmosphere is very 
complicated and is affected by many factors; circulatory 
patterns, carbon dioxide content, water vapor content, 
and a host of others. Any extrapolation several billion 
years into the past is of necessity unreliable. 

Ignoring the finer details, the most important effect 
of increased temperature upon the earth's atmosphere 
is the resulting increase in water vapor content. With 
a very moderate increase in the earth's mean tempera- 
ture, the amount of atmospheric water vapor would — 
increase greatly. 

An increase in water vapor content would be expected A 
to affect the radiation balance of the earth and to lead E 
to either a lower or higher mean temperature for the 
surface of the earth. Thus the great temperature sensi- 
tivity of the water vapor pressure serves either to 
stabilize the earth's temperature or to make it unstable. 

In order to decide between these two alternatives it 
is helpful to consider a simplified atmosphere consisting 
mostly of water vapor. A lower bound on the tempera- 
ture of the atmosphere at any height can be obtained 
from the vapor pressure curve for water. The cloud 
cover of such an atmosphere would be essentially 100% 
as any hole in the cloud cover would lead to convection 
with resulting cloud formation. Convection is not of 
the usual type as the down-flow is almost completely 
liquid water with a water vapor up-flow. 

It would appear that there are two effects tending to 
reduce the surface temperature of the earth. First, with 
100% cloud cover the albedo of the earth is very high. 
Second, because of the small temperature gradient of 
a saturated vapor atmosphere, the temperature of the 
surface of the earth is only slightly greater than the 
temperature of the emitting layer of the atmosphere. 

Assuming an age of the universe of 6.5 10? years and 
a solar energy flux at the earth varying as ?, the solar 
flux at the earth 1.7 billion years ago would have been 
almost 15 times the present value. On the other hand, 
assuming a visual albedo for a cloud banked earth of E- 
0.8, the "surface temperature would have increased to Ti- 
100°C only. s 

For an incident energy flux much greater than the 
above value, the regulatory mechanism fails to operate z 
This comes about in the following way: The tempe 
ture of the emitting layer is ultimately raised so hi 
that the whole of the outer part of the atmosphere i 
at a temperature above the dew point. The cloud co 
disappears and the convective mechanism becomes the - 
normal type with vapor being heated by compressio1 
as it falls. Without precipitation the temperature gra- 


with more evaporation of water resulting. 
increased atmospheric pressure leads:ta D 
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surface temperature with more evaporation. The atmos- 
phere has become unstable and the whole content of 
the oceans evaporates producing an atmospheric pres- 
sure of about 3X108 dynes/cm? and a temperature 
greater than 1000?C at the earth's surface. 

This high-temperature form of a water vapor atmos- 
phere is opaque to the sun's radiation. However, the 
heat flow from the earth at a rate of 10-5 cal cm? sec! 
ls sufficient to maintain convective equilibrium. 

A. temperature curve for the earth based upon the 
above model is plotted in Fig. 1 as curve A. It may be 
noted that for times in the past greater than 1.9 billion 
years the atmosphere has the high temperature form. 
This part of the curve is obtained by assuming an 
albedo of 0.6 and an emitting layer in the top 0.006 of 
the atmosphere. Also, because of the very small heat 
transfer in the lower part of the atmosphere, the 
temperature distribution is assumed to be adiabatic 
with the temperature at the “top” of the atmosphere 
being the lowest encountered over the whole of the 
earth's surface. This is assumed to be 100? below the 
average emitting temperature. 

The low temperature curve is obtained by assuming 
that at the time — 1.9 billion years the albedo of the 
earth is 0.8. The temperature distribution in the lower 
part of the atmosphere is assumed to be given by the 
vapor pressure curve. A smooth extrapolation is made 
to present mean surface temperatures. The change from 
the high temperature to low-temperature form takes 
place in a time short compared with geological time. 
The curve B is based upon a time dependence of G 
obtained from the following paper with e9—0.5. (See 
Fig. 1 of the following paper.) 

Referring to Fig. 1, there is no particular difficulty 
in accounting for life over a period of the past billion 

years. Hot springs algae survive at a temperature of 
90°C.° The high temperature could conceivably be the 
reason that no life is observed prior to one billion years 
ago. Also, it has been suggested that the conditions for 
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. 1. Temperature curve of earth assuming 
mo irads hypothesis. 


Johnson, Sci. American 191, 65 (1954). 
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spontaneous origin of life in a condensed organic goo 
would be improved at a somewhat elevated temperature 
of about 100°C. 

It is known from radioactive dating that the oldest 
rocks are not found at a single spot of the earth but are 
located in such widely separated regions as the Canadian 
and African shields. These carefully dated rocks all have 
ages of about 2.7 billion years. This apparent upper 
limit on the age of terrestrial rocks is much lower than 
the age of 4.5 billion years found for meteorites. It may 
be significant that according to Fig. 1, temperatures of 
the order of the melting point of surface rocks are ob- 
tained at about this time. 

Finally, there is some geological evidence that the 
earth was formerly very hot. The separation of the 
earth into a light crust, heavier mantle and very heavy 
fluid core lends support to the picture of an originally 
liquid earth. This is also supported by the fact that the 
light silicic rocks are found localized as continental 
masses. The existence of an originally hot sun is also 
supported by the evidence that the inner planets lost 
much of their lighter components and that the uncom- 
pressed densities of the inner planets range in a regular 
sequence from 5.2 to 3.8, with Mercury being the 
heaviest. The hypothesis of an originally hot sun is also 
supported by the essential absence of the noble gases 
from the earth’s atmosphere. This is usually taken to 
mean that the earth lost its first atmosphere. Argon 
is an exception and is believed to have resulted almost 
wholly from the decay of Kyo. 


FORMATION OF THE MOON 


The very interesting problem of the origin of the 
moon deserves some mention, not because it says any- 
thing very conclusive for or against the proposition that 
the weak interactions were stronger in the past, but 
because it illustrates the drastic and subtle changes 
that can be induced in a physical picture by a relatively 
minor change in an underlying physical law. 

The picture of the formation of the earth-moon 
system which seems to be fairly generally adhered to at 
present has these two bodies formed apart," and there 
seems to be a considerable body of opinion which 
alleges that earth and moon were formed cold.? With 
the assumption that the sun was much hotter in the 
past, it is much more likely that these bodies were 
molten at the time of formation and that the moon 
was derived from the earth by fission. 

The diameter of the moon is 0.273 times that of the 
earth and its mean density is 3.34 against a mean 
density for the earth of 5.52. It is rigid and its surface 
departs rather greatly from an equilibrium figure. 

Expressed in terms of principal moments of inertia 


^ H. F, Blum (private communication). . ? 

uH, Jeffreys, The Earth (Cambridge University Press, Cam- 
bridge, England, 1952), third edition. 

12H. C. Urey, The Planets (Yale University Press, New Haven, 
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A, B, and C about the axis toward the earth, in the 
orbit plane and perpendicular to the orbit plane of the 
moon respectively, the ellipticities are! 


(C—A)/C= (6243) X 107% 
(B—A)/C= (11.86) X 1075. 


For an equilibrium surface including the effect of tidal 
forces the ellipticities would be 


(C—A)/C=3.75X 10> 
(B—A)/C=2.81X 1075. 


The earth is divided into two parts, of which the 
inner liquid core is believed to be largely iron and 
roughly half the diameter of the earth. The outer 
mantle is solid but is moderately plastic and has an 
uncompressed density of approximately 3.4. It is diffi- 
cult to explain the low mean density of the moon 
without assuming that its composition is drastically 
different from the earth’s (uncompressed density 
~4.4). The moon would have roughly the right density 
if it were assumed to have a composition similar to the 
mantle of the earth. If it were assumed to have been 
thrown out of the earth in the manner suggested in 
1878 by George Darwin, this composition difference 
would be understandable. 

From ancient eclipse observations, it is known that 
the earth is presently slowing down because of tidal 
forces and that the moon is receding from the earth to 
conserve angular momentum. If this be projected into 
the past it is found that some 3 to 4 billion years ago 
the moon was very close to the earth (one earth 
diameter away) and had a period equal to the rotation 
period of the earth of about 4 hours. It is difficult to 
carry out this projection with any great confidence as 
a knowledge of solar-tide angular momentum transfer 
is required. 

Darwin suggested a tidal wave resonance! as the 
mechanism for the fission of a primordial earth. The 
longest oscillation period of a rigid earth is about 1 
hour, but for a liquid earth the longest period would be 
roughly 2 hours and would be resonant with a 4-hour 
day on the earth. 

If it be assumed that the gravitational constant was 
twice its present value at the time of the fission of the 
earth, the period of the liquid earth vibration would be 
roughly 1.5 hours and the distance of the moon’s 
center from the earth’s would be just the diameter of 
the earth for a period of rotation of 3 hours. 

A liquid earth of the present radius radiating as a 
blackbody would freeze from the bottom up in a few 
hundred years. On the other hand, it would require at 
least two orders of magnitude more time to build up a 
resonant tidal wave in the earth." This much time is 
required on resonance to produce the requisite energy 
transfer. Also E. W. Brown" has pointed out that the 


13 H. Jeffreys in The Earth as a Planet, edited by G. P. Kuiper 
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detuning of the resonance produced by nonlinear terms 
is a source of difficulty. These terms produce a tilted 
resonance curve which can be climbed only when ap- 
proached from the right direction. This generally 
requires a slow variation of the resonance frequency 
relative to the driving frequency, hence much more 
time than the minimum discussed above. It would 
appear that at least 10° years would be required to 
build up the necessary tidal resonance in the earth. 

On the other hand, if the temperature of the earth 
varied in the manner described in the previous section, 
its temperature would be above the melting point of 
olivine 3-4 billion years ago. The gravitational energy 
of formation is easily sufficient to melt the earth at 
the time of formation. It is clear, therefore, that an ab- 
normally hot sun could have served to keep the earth 
fluid during the long period required for a tidal reso- 
nance to build up. 

A possible explanation for the ellipticities of the moon 
is the assumption that the moon possesses a fossil tidal 
wave, frozen in when the moon was 70 000 km from the 
earth.^ By assuming that the moon was in rotation at 
the time of solidification and that the rotation was 
damped out by tidal friction near the end of the solidi- 
fication process, the observed ellipticities may be ac- 
counted for. 

Seventy-thousand kilometers is about $ of the present 
radius of the moon's orbit, and a very long time would 
be required for the moon to move that far away from 
the earth. Radiating as a blackbody, and assuming an 
adiabatic temperature gradient, the moon would freeze 
from the bottom up in about 100 years. It is clear that 
the fossil wave theory of the moon's shape can be made 
compatible by assuming a hot sun or some other way 
of keeping the moon warm for a long period of time. 

Many years ago Jeffreys showed that turbulent 
damping would keep a tidal resonance from building 
up in a primordial earth. However, it has been pointed 
out by J. A. Wheeler!5 that the earth's magnetic field 
could suppress turbulence so that only the small viscous 
damping would be encountered. 1 

The surface of the moon is a most valuable source of 
information concerning early times. Being devoid of 
atmosphere there has been little weathering to erase 
the records of the past. The surface is divided into light 
and dark colored upland and maria regions. 

The uplands are very irregular and contain most of 
the craters. These craters can be easily ordered in their 
age. This can be done not only from the way they over- 
lap but also from their form. The very old craters 
present the appearance of having been formed in a very 
viscous liquid which flowed after the formation (e.g., 
the Crater Maginus is old and seems to have flowed). 


“ R., B. Baldwin, The Face of the Moon (University of Chicago 
Press, Chicago, 1949). : Pe 
15 J. A. Wheeler (private communication). The author is gratefu 


for several helpful conversations with Professor Wheeler on the > 9 
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For the oldest craters there are only vestigial remains 

in the form of a very shallow circular depression to 

indicate their presence. There appears to be a correla- 
: tion between crater size and age with the largest craters 
3 being old. This correlation may not be significant, how- 
ever, as the old small craters could have disappeared 
from view. 

The maria present a very different appearance. 
Craters here are not nearly so numerous and are usually 
new in their apearance with little evidence of flow. The 
maria regions were clearly fluid after the uplands were 
solid as indicated by the invasion of this dark colored 
rock into the interiors of some upland craters and the 
appearance of the boundaries between the two regions. 

With the assumption of a hot sun and the present 
albedo and emissivity, the surface temperature of the 
moon without an atmosphere would have been near the 
melting point 3-4 billion years ago. The apparent flow 
of the old upland craters is believed to be significant. 
It can be accounted for if the surface were at a tempera- 
ture only slightly below the melting point of upland 
rocks for very long periods of time. The surface would 
be expected to flow under these conditions. 

The fact that there are relatively few craters in the 
maria indicates either a very long interval of time be- 
tween the formation of the uplands and the solidification 
of the maria or a very rapid decrease of the rate of 
meteoric incidence with time. The first possibility would 
be accounted for with a slowly cooling sun. This would 
= lead to a very slowly cooling moon and a long time 
interval between the solidification of the uplands and 
__ the maria. The second possibility would seem to require 
- a large number of impacts right after the time of forma- 
_ tion. It is conceivable that in the fission of the earth- 
moon system, many small fragments were also formed. 
4 Ense could have been the chief source of the moon's 
ES craters. 

Because of the rigidity of the moon it would be 
ected to show numerous small surface cracks pro- 
- duced by the general expansion accompanying a 
a weakening of gravity after the time of solidification. 
If solidification occurred about 3.25 billion years ago 
. the surface area would be expected to increase about 
_ 1% in the intervening period as a result of the halving 
= of the gravitational constant. Silicates are very weak 
|. under tension and should produce many small cracks. 
(Many large cracks, called rills, appear in good photo- 
raphs of the moon. 
m Cracks appear also'in the ocean floors of the earth, 
X | and are believed by some geologists to be of relatively 
ent origin. If the ocean bottoms slowly creep as is 
(d laimed by some geologists, it is unlikely that the very 
v y expansion produced by gravity would produce 


n nent cracks. 
e amount of expansion expected for the earth is 
eater than for the moon. From the known 
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compressibility curves of the mantle and core, one 
computes an increase in volume of about 15% in the 
past 3.25 billion years. 'This corresponds to a change of 
4.5% in circumference, or 1100 miles. This would 
amount to some 50 cracks 20 miles wide distributed 
over the ocean bottom. If such cracks were permanent, 
once formed, they would be a prominent feature of the 
ocean floor. Alternatively, the expansion could have 
occurred through very small cracks filled with sediment 
or intrusions, or through “creep” of the ocean bottom. 


EARTH'S ROTATION 


With a time variation in the gravitational constant 
there are two ways of defining a time scale. If an atomic 
measure of time is employed, the moon and planets 
will be found to be moving more slowly with lapse of 
time. The ratio of a gravitational to an atomic frequency 
should vary inversely as the square root of the age of the 
universe. Atomic clocks are now just being developed 
that will enable a significant comparison of atomic and 
gravitational time to be made in an interval of 5-10 
years. 

Meanwhile, it is possible to make use of an atomic 
clock provided for us. It is a relatively poor one, but 
it has been operating for the past 2500 years, and short 
period irregularities should have somewhat averaged 
out. 

The atomic clock under discussion is the earth and 
its rotation. The dimensions of the earth are largely 
determined by nongravitational forces, and its rotation 
rate should be relatively constant on an atomic time 
scale. Observations of eclipses of the sun made by 
Babylonian and Egyptian priests 2500 years ago can 
be compared with modern observations to give a com- 
parison of atomic and gravitational time. 

As was discussed previously, these eclipse measure- 
ments show that the earth has been slowing down in its 
rotation and this change in rotation rate can be traced 
to a tidal effect. On the other hand, the observations 
also give the changes in the moon's period. On the 
assumption that angular momentum lost by the earth 
in its rotation is transferred to the earth-moon system, 
it should be possible to predict the motion of the moon. 

In order to carry out this calculation it is necessary 
to know the ratio of solar to lunar induced tidal dis- 
sipation. This cannot be properly calculated but was 
estimated by Jeffreys. The final result is this: the 
observations are consistent only if it is assumed that 
the earth is speeding up in an anomalous way at a 
relative rate of 9X 107!/year, or equivalently that the 
moon is slowing down relative to the earth. 

Assuming a time varying gravity and an age of the 
Universe of 6.5X 10? years, the expected rate of increase 
of the moon's period is 7.710-"/year. This agrees 
very well with the above observed value. 


"H, S. Jones, The Earth as a Planet, edited by G. P. ae 2 
cene, UShicago, 1954), 5 
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There are, of course, other possible explanations, 
including a change in the moment of inertia of the earth 
due to a rain of iron into the core,” the melting or 
growth of ice caps," or the effect of atmospheric tides.!$ 


FLOW OF HEAT FROM THE EARTH 


It is remarkable that the rate of heat flow from the 
earth should present a crucial test for a physical 
hypothesis, but such appears to be the case. This comes 
about in the following way: It is known that the 
temperature of the mantle is quite high, believed by 
many geophysicists to be near the melting point of the 
mantle. Under these conditions a gradual release of 
pressure, because of a decreasing gravitational inter- 
action, would lead to a lower melting point. Would the 
mantle remelt? If it did not, heat would flow from the 
earth at such a rate as to keep the mantle from melting. 
If this calculated heat flow greatly exceeded the ob- 
served rate of heat flow, the physical hypothesis could 
be discarded.” 

Assuming an originally liquid earth, the adiabatic 
temperature gradient of the upper part of the mantle 
would be about 1.1°/km (Adams, 1924), and the melting 
point gradient would be 2.5°-5°/km. Because the 
melting point gradient exceeds the adiabatic gradient 
present in the convective mantle, it should freeze from 
the bottom up. 

Uffen (1952) has computed the melting point in the 
mantle and obtains 4700?C for the bottom of the 
mantle, assuming 1350?C for 100 km depth. 

After the mantle has solidified, the melting point 
temperature is essentially frozen in. For depths greater 
than 500 km heat conduction to the surface is of 
negligible importance. 

'The outer 100 kms would be cooled by conduction. 
Its measured temperature gradient is on the average 
about 20?/km. 

Although heat conduction is of negligible importance, 
convection in the solid mantle is probably of consider- 


: able importance in transferring heat to the surface. If 
convective equilibrium existed in the solid mantle, the 

" temperature gradient would be quite small, leading to a 
temperature at the core boundary of only 1400?-2500?C 

" depending upon assumptions (Birch, Verhoogen). In 


view of the observed rigidity of the moon, it is unlikely 
that the viscosity of the mantle would be sufficiently 
low for convection to be very important at tempera- 
tures this far from the melting point. Also, there would 
be difficulty in accounting for a liquid iron core 
(Verhoogen). 

After the mantle has solidified, its temperature is 
at the melting point, and its temperature gradient 
greatly exceeds the adiabatic convective gradient of 


18 Holmberg, Monthly Notices Geo. Suppl. 6, 325 (1952). 

19 The references for the following discussion are to be found in 
an excellent survey of the literature by J. Verhoozen, Physics and 
? Cemisiry of the Earth, Ahrens et al., editors (McGraw-Hill Book 
_ Cor EODRDy, Inc., New York, 1956). 
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Fic. 2. Temperature distribution in the earth’s mantle assuming 
limiting of convection, by viscosity. 


the solid mantle. The mantle would have a relatively 
low viscosity («€10?) at the melting point and convec- 
tion would occur. 

The convective cooling of the mantle would occur 
until the temperature fell some hundreds of degrees 
below the melting point after which the viscosity would 
be too high for convection to continue. 

If there were a source of heat in the interior of the À 
earth, the temperature of the mantle would adjust 
itself at each depth to allow convection to occur at such — 
a rate as to carry the necessary amount of heat away. 
Hence, the temperature curve below the 100-km level 
should be such that viscosity would be roughly constant 
and lie some hundreds of degrees below the melting 
point curve. 

This convection mechanism would occur for depths — 
greater than 100 km, with conduction being the 
dominant heat transfer mechanism in the first 100 km. 
An estimated temperature curve is plotted in Fig. 2. — — 

With this heat transfer mechanism in mind, it is easy 
to discuss the effect of a gradual decrease in the gravi- 
tational constant. At any given depth the melting - 
point would decrease with decreasing pressure and this | 
would result in a decrease in the viscosity of the mantle 
This would result in increased convection, with 
transfer of heat to the surface to keep the viscosity a 
the proper value. 

A knowledge of the melting point curve, pre 
curve, and the specific heat of the mantle and core is 
sufficient to enable a calculation of the rate of heat flow 
from the earth. Assuming that the gravitational con- 
stant, hence pressure, varies inversely as the age of the 
Universe (6.5X10? years) and- taking the average 
specific heat of the mantle and core to be 0.2 and 0.15, 
respectively, this contribution to the rate of flow t 
from the earth is found by numerical integra 
1X10-* cal/cm? sec. This agrees with the 
1X10-* cal/cm? sec actually observed. E 

In view of the uncertainty regar 
curve and the i 
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of gravity in releasing the earth's heat should be re- 
garded as uncertain by a factor of 2. 

Estimates of the amount of radioactive heating of 
the earth have steadily decreased with time. According 
to the latest estimate? radioactivity accounts for 2/3 
of the total observed heat flow. Uniortunately, the 
radioactivity of the earth's mantle is so poorly known 
that this number is at best a rough estimate. 

The release of heat through weakening of gravity 
could explain one very puzzling fact. The rate of heat 
flow under the oceans is observed to be essentially the 
sames that in the continents. But on chemical grounds 
it would be expected that the bulk of the radioactive 
materials would be found in the continents. If the bulk 
of the heat had its origin in the gravity effect, the 
uniformity of distribution is obvious. 

The gravitational release of heat by the mantle is 
accompanied by a gradual lowering of the temperature 
of the core. This contribution to the outward heat flow 
was included in the foregoing number. 

Because of the varying gravitational constant, heat 
flows out of the core itself at a rate of about 10” 
cal/sec. In order to maintain sufficient convection in 
the core to account for the earth’s magnetism, a heat 
flow out of the core of at least 3X10" cal/sec? is 
required. That there should be enough radioactivity in 
the core to account for such heat release is unlikely in 
view of the great chemical activity of the radioactive 
materials. 

To summarize, it appears that the heat flow from the 
earth that would accompany a varying gravitational 
constant is not excessive and furthermore could be the 


2 H. C. Urey, Proc. Natl. Acad. Sci. 42, 889 (1956). 


21 W. Elsasser, Revs. Modern Phys. 22, 29 (1950). 


chief source of the observed flow. This could account 
for the heat flow under the oceans. It could also account 
for the convection in the earth’s core which is needed 
to explain the earth’s magnetism. 


BETA DECAY AND GEOLOGICAL DATING 


The second column of Fig. 1 contains the square of 
the reciprocal of the Fermi interaction constants. 
Following Dirac’s rule this would imply that 6 decay 
rates would vary inversely as the square root of the 
age of the Universe. For 2 billion year-old rocks there 
should be a 10% discrepancy between rubidium- 
strontium dates and those obtained from uranium or 
thorium. The strontium dating method should give 
ages 10% greater than those obtained from a decay 
measurements. 

It is doubtful that present geological dating methods 
are sufficiently reliable to detect an absolute difference 
of 5-10% between two quite different dating methods.” 

To summarize, none of the evidence reviewed here 
can be used to give strong support to Dirac’s hypothesis. 
On the other hand, it would appear that a variable 
gravitational interaction cannot be easily excluded by 
evidence reviewed here. 
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HE previous article has considered the observa- 
tional and experimental facts and has concluded 
that there is no substantial evidence to support the 
belief that the coupling constants of the weak inter- 
actions are independent of time or place. Consequently, 
it is possible that the principle of equivalence may be 
satisfied, if at all, only when the contributions to the 
binding energy of a system having their origin in the 
weak interactions are neglected. This article considers 
a form which a theory of gravitation may take when 
the principle of equivalence is satisfied in a weakened 
form only. 

Jordan has previously considered a similar problem,* 
and Fierz has made a critical analysis of Jordan’s 
theory. 

The great diffculty with constructing a theory of 
gravitation is the paucity of experimental evidence. 
After 40 years there are still only the four famous 
observational checks of the theory of relativity. Of 
these only two have any real accuracy. With so few 
experimental facts to guide one, any number of ad hoc 
theories can be constructed. To choose between them, 
standards going beyond the observational evidence 
must be introduced. The danger of judging a theory on 
the basis of elegance, simplicity, or perfection is obvious. 

While “elegance” may not be a valid criterion for 
judging a theory, there are a few rules for the construc- 
tion of a formalism which if followed should improve 
the prospects for later agreement with observation. 
First, it should be noted that there is much experimental 
evidence on the validity of the Lorentz invariance of 
the strong interactions and a theory of gravity should 
reduce to the usual Lorentz invariant theory in the 
absence of the gravitational field. Second, the theory 
should introduce a minimum of new elements. Third, 
on the assumption that nature is basically simple, the 
simplest of several alternatives should be chosen. The 
theory to be described accepts Mach’s principle, the 
cosmological principle, and is generally covariant. Also 
as much of the principle of equivalence as is supported 
by the Eötvös experiment is accepted. 

The general features of a theory of gravitation with- 
out a principle of equivalence are easily outlined. The 
motivation for introducing a Riemannian metric into 
the geometry of space and time is now largely absent, 
as there is no single universal gravitational acceleration 
at a given space-time point. Simply by redefining units 
of length and time as functions of space-time coordi- 

*P. Jordan, Schwerkraft und Weltall (Vieweg, Braunschweig, 


1955), second edition. 
1 M. Fierz, Helv. Phys. Acta 29, 128 (1956). 
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nates, the curvatures of a space are modified. With a 
proper redefinition of units making them dependent 
upon coordinates and orientation of an infinitesimal 
interval a curved space can be converted into a flat 
one and vice versa. Rosen! has shown how to formulate 
general relativity within the framework of a flat metric. 

To illustrate the arbitrary character of the choice of 
metric tensor, consider the following physical example. 
Twelve identical rods can be normally assembled into a 
hexagonal pattern with 6 rods joining at the center. If 
this assembly is carried out in a suitable gravitational 
field, the 6 rods no longer join at the center. There are 
at least two geometrical explanations for this result. The 
conventional one is that the rods have not changed but 
are now in a curved space which “causes” a gap to open 
at the center of the geometrical figure. Another possible 
explanation is that the gravitational field has shortened 
the radial rods relative to the circumferential ones. The 
two explanations are equivalent in the sense that they 
both agree as to the existence of the gap in the geo- 
metrical figure constructed out of real atoms. 

It has been argued? that space is “really” curved and 
that the rods do not change their “real” length. Without 
splitting hairs over the meaning of the word “really” 
this argument is based on the assumption that such 
changes are presumably independent of the material 
out of which the rods are constructed. However, all 
rods are constructed from electrons, protons, and neu- 
trons held together almost completely by the strong 
interactions. They have a common structure and could 
vary in length in a common way. 

Two theories which differ only in the definition of the 
units employed are equivalent. Nonetheless, there are 
advantages to be obtained from the use of a flat metric. 
In the conventional theory the Riemannian metric is 
used to transform the gravitational force away. In a 
flat metric the gravitational effects are to be regarded 
as associated with a force field just as electromagnetic 
or meson forces are related to a field. Because of this 
common basis it becomes possible to make use of 
analogy in constructing a theory of gravity. 

By analogy with electromagnetic or meson force fields 
it is reasonable to expect that when viewed sufficiently 
closely the gravitational effects; would be quantum in 
nature. Stated more exactly, it might be expected that 
the gravitational force acting on an elementary particle 
would have its origin in a local interaction of the par- 
ticle with virtual particles present in the vacuum. 


1 N. Rosen, Phys. Rev. 57, 147 (1940). 


2H. P. Robertson, Albert Einstein, edited by Paul A. Schilpp — 


(Tudor, New York, 1951). A 
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ia Remembering the virtual electron-positron pairs re- 
—— puted to be present in the vacuum as a result of zero 
= point fluctuations, it becomes interesting to inquire 
whether the gravitational effect can be linked to these 
particles already present. If so, it should be possible 
eventually to construct a theory of particles and obtain 
= the gravitational interaction as a weak effect connected 
= with more primitive strong interactions. A less am- 
i bitious approach would be to start in the middle of the 
| problem, to ignore the quantum aspects of the inter- 
E = action of a particle with a bath of virtual particles, and 
* 
8 


to treat this interaction as a classical field. 

The most striking effect of the presence of virtual 
pairs in the vacuum is the polarizability of the vacuum. 
This property suffers from divergence difficulties which 
are usually ameliorated by “renormalization.” By de- 
fining the velocity of light in empty space as ¢ and 
“renormalizing,” the vacuum polarization effects are 
made to disappear for a weak electromagnetic wave in 
free space whereas they still contribute to the space 

_ charge about a charged particle. This, however, is 
is arbitrary. The velocity of light in a “bare” space could 
— be greatly different from c or even meaningless. 
- — "With a “cutoff” theory there are no divergences and 
S — the vacuum polarization can be treated as physically 
Ne — meaningful. It may be significant that a wavelength 
= cut off at the gravitational radius of a particle would 
— not be detectable in any presently known experiment. 
_ It should be noted that with such a cutoff theory, the 
= velocity of light in “bare” space is not c. It is c only 
= after including vacuum polarization effects. 
= Tt is helpful to remember that before Lorentz no 
distinction was made between the polarization of a 
acuum and the polarization of a dielectric medium. 
orentz first clearly saw that the D term in Maxwell's 
rst equation should, on physical grounds, be separated 
J into two parts with the 4r P term representing polariza- 
on currents in the dielectric medium. These polariza- 
currents were to be treated like all other currents 
computing the magnetic field. The # term, on the 
other hand, was commonly thought to be physically 
quite different. In the early 20th Century, the vacuum 
| by definition contained no charges and currents. In 
1 cent years vacuum polarization effects have been 
recognized as existing and having physical importance. 
would appear to be reasonable to assume that the É 
t represents the flow of virtual charged particles in 
the vacuum and that the whole of D is to be interpreted 
a “displacement current.” 
- With the neglect of quantum effects the polarizability 


this point of view the vacuum is to be treated 
lectric medium. In free space far from par- 
edium without E as there is no 
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If the vacuum is thus considered to have a structure, 
to be a dielectric medium which can be polarized by 
electromagnetic fields, it becomes important to inquire 
about the effect of motion relative to such a medium. 
Could such a motion be measurable by electromagnetic 
means? The motion of an ordinary dielectric medium 
leads to measurable effects (Fizeau). That such mo- 
tional effects should be absent for the vacuum is reason- 
able on the basis of the following physical argument. 

Consider an electron moving through a normal di- 
electric medium such as helium gas. The electric field 
about the electron can be expanded as a Fourier integral 7 
in time. Up to a frequency of about 10!5 cycles/sec the 
helium is equivalent to a moderately continuous me- 
dium of constant dielectric constant e. There is a 
Lorentz contraction in this part of the electric field by 
a Lorentz factor computed by taking the velocity of 
light to be the wave velocity in the medium. On the 
other hand, the parts of the field associated with fre- 
quencies which are very much higher (above the strong 
absorption frequencies) are not greatly affected by the 
helium gas and the field is contracted by a factor com- 
puted for the velocity in free space. The energy stored 
in the low-frequency part of the electromagnetic field 
contributes in an anomalous way to the effective mass 
of the electron but this contribution is small compared 
with the total mass. 

Consider the situation when there is no dispersion in 
the medium. All frequency components are contracted 
by a Lorentz factor computed with the velocity of light 
equal to the wave velocity in the medium. It would be 
reasonable to expect that the theory would be Lorentz 
covariant using the wave velocity in the medium as the 
velocity of light. It should not be possible to use an 
electromagnetic effect to determine a velocity relative 
to such a nondispersive medium. 


GRAVITATION AN ELECTROMAGNETIC EFFECT? 


The fact that many of the properties of gravitation 
can be accounted for in terms of an interaction with a 
polarizable medium is an old idea which has recurred 
from time to time? The physical idea is simply that a 
space variation in the polarizabilities of the vacuum will 
lead to a number of results familiar as typical gravita- 
tion effects. For example, an increase of the index of 
refraction of the vacuum in the vicinity of the sun will 
cause a bending of light toward the sun. 

The gravitational force on a charged particle is 
interpreted as resulting from a change in its electro- 
magnetic self-energy with position as a result of a 
variation in the polarizability of the vacuum. A gradient 
in the polarizability results in a force acting on the 
charged particle. This force results in part from the 
polarization charges induced in the vacuum by the 
charged particle. For a medium having a nonvanishing 


ZH A. Wilson, Phys. Rev. 17, 54 (1921) introduced many of - 
Y delta ji) this paper. p 
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gradient in its polarizabilities there is more induced 
charge on one side of the particle than on the other and 
the electrostatic interaction with the induced charges 
leads to a force acting on the particle in the direction 
of increasing gradient. 

For a complex system such as a hydrogen atom there 
is an added force having its origin in a variation of the 

* binding energy of the atom with position. The neutron 
is to be regarded as a compound system containing 
charged particles. 

As a result of the change of binding energy with 

z position it would be expected that the energy or fre- 
quency of a photon emitted by the atom would depend 
upon the location of the atom in the field. This could 
conceivably lead to the phenomenon of the gravitational 
red shift. 

Also, it would be expected that as a result of the 
variation in the dielectric constant of the vacuum the 
Bohr radius and other atomic lengths would be a func- 
tion of position. This would lead to a shortening and 
bending of meter sticks depending upon their location. 
If such meter sticks are defined as unchanged, the re- 
sulting metric of space-like surfaces is Riemannian. 

Thus there is a possibility of accounting for all the 
observed gravitational effects within the physical frame- 
work outlined above. That gravitation should be electro- 
magnetic in origin is not unreasonable. In the previous 
paper it was shown that the strength of the gravita- 
tional interaction appears to be related to the strength 
of the electrical interaction and to the size of the 
universe. 

In order to find a functional relation between the 
dielectric constant e and yu, the permeability of the 
vacuum, we consider quantitatively the effect of a 
polarizable medium on the hydrogen atom. 'The binding 
energy can be written as 


1M ce, (1) 
where M, is the electron’s rest energy and 
A e 
aD .Q) 
chc 


is the fine structure constant. e is the “true” charge of 
the electron and assuming the validity of Maxwell’s 
equations (charge conservation), it is a constant. The 
dielectric constant e is present in (2) because of the 
effect of the dielectric medium in reducing the strength 
of the electrostatic interaction between the electron and 
proton. 4 is also a constant if angular momentum is to 
be conserved. This can be seen by considering a circu- 
larly polarized photon carrying an angular momentum 
h. As it propagates through space 7; remains unchanged 
if angular momentum is to be conserved. 

The velocity of light in a polarizable medium can be 
written with a suitable choice of units as 
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where y is the permeability of the medium. In the previ- E 
ous paper it was shown that there are experimental and 
observational reasons for believing that the fine struc- - 
ture constant (2) varies, if at all, only slowly with — 
position and time. Hence, we shall assume that æ isa 

constant. In view of the fact that we are attempting to — 
associate the gravitational field with a gradient in e, 
from (2) and (3), a can be constant only if 


ep. O. 

The variation in index of refraction about the sun 
that is required to obtain a deflection of light of the 
amount expected and observed (roughly) may be calcu- 
lated using Maxwell’s equations. The result is 


m 


O 


where G is the gravitational constant based on an  - 
energy measure of mass, M is the sun’s mass in energy 
units, and r is the distance from the sun. The second 
term on the right-hand side of (5) is clearly associated 
with the presence of the sun. 

What about the first term? Does it have its origin in 
the remainder of the matter in the universe? To investi- - 
gate this possibility we form the integral 


R Apr? oe: 
2G f IKRE, 6) 
0 r E. 
where p is the density of matter in the universe and R 
is the Hubble radius. Inserting the appropriate value 
for G and assuming R—5.4X10" cm, pg/C—4X10-9 — 
g/cm?, (6) is equal to unity. This density of matter is 
compatible with astronomical observations which give — 
a value of p/c?=10-* g/cm? for galactic matter only. — — 
From the standpoint of Mach's principle this is a 
highly satisfactory result. In this interpretation, the - 
polarizability of the vacuum at any point depends upon 
the distribution of the distant galactic matter. As the 
inertial properties of matter are associated with these 
polarizabilities, the inertial properties are, as suggested 
by Mach, determined by the remainder of the matter 
of the universe. 


COORDINATES AND UNITS 


defined. By basing the discussion upon a flat. 
time, the question of how physical units : 
defined has been left somewhat vague. Ator 
length and time are no longer suitable lo 
as these lead to a Riemannian metri 
ceivable that units of length and time 
duced simply by requiring that the 
efinition would 
e, F 
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be used to map a Cartesian coordinate system of a plane 
upon a sphere and with a suitable definition of a local 
unit of length the metric of the sphere (with the 
singular point excluded) is flat, but the choice of the 
singular point on the sphere is arbitrary and the result- 
ing definition of the unit of length is not unique. 
What is needed is a prescription for correcting local 
atomic units of length, time, etc., so that they give a 
“true” measure. Most of the problem is already solved. 
The assumptions that e and 7; are constant means that 
these two quantities can serve as “true” local units. 
However, a third unit is needed. In view of the assump- 
tion that e affects atomic lengths and times, what is 
needed is a local measure of e. It will appear as a derived 
result of the theory that eis in principle locally measur- 
able by determining locally the ratio of electrical to 
gravitational forces. Thus, a flat metric is obtained if 
local units of length and time are assumed to be given 
by local atomic units corrected by a function of e. 
The system of units used with a flat metric will be 
called “Newtonian.” Local atomic units will be called 
“atomic” or sometimes “proper.” As explained later a 
characteristic atomic length expressed in Newtonian 
units varies with e as 


L= Lo/é, (7) 
also a characteristic atomic frequency varies as 
w=wo/e, (8) 


i8 with Lo and wo constants. 

I In addition to the problem of defining local measures 
of physical quantities it is necessary to discuss coordi- 
nate systems. In view of the flat space-time it is always 
possible to choose Cartesian systems of coordinates. 
Furthermore with the assumption of the Cosmological 
principle it is possible to define for every point a unique 
time direction (cosmic time). It is assumed that this 
time direction is everywhere parallel to the time axis 
of a particular Cartesian coordinate system. This Car- 
tesian coordinate system, which for obvious reasons will 
be called “Newtonian,” can be characterized by saying 
that along the world line of any fixed position point the 
universe appears uniform. 

Because of this high degree of symmetry, the vacuum 
should appear isotropic in this coordinate system and 
the vacuum polarizabilities should be scalars. Local 
inhomogeneities would destroy this symmetry and it is 
conceivable that the polarizability about a body such 
as the sun would be a tensor quantity. On the other 
hand, the simplest assumption to make is that the 
- polarizability is a scalar even in the presence of local 

larities in the mass distribution, and this assump- 
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written in a generally covariant manner. The equations 
do, however, take on a particularly simple physically 
understandable form for the Newtonian coordinate 
system. 

Units are so chosen that the metric tensor of the 
Newtonian coordinate system with Newtonian units 
is Vis 

Yu=72=Y3=—1, izj. (9) 
Although the physical significance of the equations is 
more transparent when expressed in Newtonian units 
it is always possible to choose proper or local atomic 
units if desired. In this case assuming for the moment 
the validity of (7) and (8) the metric tensor for this 


particular coordinate frame is g;; 


'y147— 1, Yij=Q, 


£1—8»—8:5—-€ ga-l/e gij-0, iz j. (10) 


Whether g;; is taken to be an ordinary tensor or the 
metric tensor, the infinitesimal invariant 


(11) 


is a useful quantity representing an infinitesimal in- 
terval measured in local atomic units. 


ds?— gidx'dx?, 


POSTULATE OF LOCAL LORENTZ COVARIANCE 


Before proceeding further we shall summarize the 
assumptions which are being made. 


1. The theory is based upon a flat metric. 
2. Mach's principle is assumed. 

3. The Cosmological principle is assumed. 

4. A special Cartesian coordinate system (*New- 
tonian") determined by the distribution of matter in 
the universe is introduced such that the universe as a 
whole appears isotropic from any fixed position point. 
While generally covariant equations can and will be 
written, the Newtonian coordinate system because of 
the cosmological principle has a special physical 
significance. 

5. The vacuum is polarizable and Maxwell's equa- 
tions for a polarizable medium are valid in the New- 
tonian coordinate system. The electric and magnetic 
specific inductive capacities of the vacuum e, u are 
scalars. 

6. A variation in e, u affect the self-energy of a 
particle. Characteristic atomic lengths, frequencies and 
energies are affected by a variation in e and y. 

7. e and 7? are constant. (Conservation of charge and 
angular momentum.) 

8. Neglecting the small contribution to the binding 
energy of a complex system having an origin in the weak 
interactions, the self-energy of a particle, whether ele- 
mentary or complex, varies with e as 


M -— Me, 


It is shown later that assumption 8 can be obtained 
from a limited principle of equivalence. Also the fact 


M o— constant. 
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^ justified directly by the Eötvös experiment (see the 
ADU. preceding paper). 

From the above assumptions several important re- 
sults are obtained. 

9. 'The fine structure constant 


(a {I — 


eħc 


is constant (independent of e and y). Also all other 
development parameters of strong interactions are 
constant. This follows if both the self-energies of the 
elementary particles and complex atoms are to obey 
No. 8. 

10. From 9 it follows that e= x. 

11. From 8, 9, and 10 it follows that all characteristic 
atomic lengths vary together as 


L=Lx >}, Lo=constant. 


For example compute the Bohr radius as 


a 
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12. From 8 and 7 all atomic frequencies vary as 


ago= 


Que! 


(since 4 is constant and M~iw). 

The above list of assumptions by itself would consti- 
tute a weak scaffolding upon which to construct a 
theory of gravity. Presumably a large number of ad hoc 
theories could be constructed within this framework to 
account for the very few observational facts. However, 
there is a strong assumption still to be made which 
greatly limits the number of possibilities. 

Physical arguments were given earlier to support the 
assumption that an atom moving relative to the New- 
tonian frame would experience a time dilatation and 

à Lorentz contraction in accordance with the local ve- 

locity of light. This suggests that equations be written 

2n in a way which we define as local-Lorentz covariant. 

- Stated exactly the Lagrangian or Lagrangian density of 

aly)? a field theory should be written in its usual Lorentz 

7 invariant form but with c no longer constant but equal 
| to the reciprocal of e. 

Since this Lagrangian density reduces for constant e 

- to the usual Lorentz invariant density, all the observa- 

tional experience concerning special relativity can be 

brought to bear on the problem of choosing the correct 

Lagrangian density. 


EQUATIONS OF MOTION 


Rather than consider immediately the formulation of 
the general equations we first limit ourselves to a simple 
problem: Find the motion of a test particle in a given 
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given. Following the prescription outlined above the 
Lagrangian is written for the Newtonian coordinate 
system as a local Lorentz invariant. 


L=— M (1— er) = — Mye(1— e»). (12) E 
Remember that the velocity of light c=. M is the | 


rest energy of the particle. The equations of motion are 
obtained from the variational principle 


sf Ldt=0, dt=dx*. (13) 
t 
This gives for Euler equations 
d M èv 1+ e? 
“| |" (14) 
dtl (1— €)! (1— &?)i Je 
The momentum of the particle is 
ðL M ev 
P ev E (15) 
and the Hamiltonian is 
M . 
Hpv maiora (16) 


It is a constant of the motion, (the energy of the 
particle) if e is time independent. For a time dependent 
e the rate of change of the energy of the particle is 


dH ðL 1 M 1 ðe 
—= —— = — - — (1+ e- —. 
e ôt 


(16a) 
dt ðt 2 (1— e?) 


Note that from Eq. (23) the gravitational force F is 


=- 7 
2 (= ay 


1 
(1+ €0?)-Ve. 
e?) € 
The force acting on the particle is proportional to the 
particle's energy (e time independent), but it contains 
the added factor (1-- &?). This added factor serves to 
double the gravitational force for a rapidly moving m 
particle. This leads to double the transverse gravita- | 
tional acceleration for a photon and twice the New- — 
tonian deflection of light by the sun. This result is in - 
agreement with observations. 
Although a rapidly moving particle has double 
normal weight, this does not contribute anomalo 
to the weight of a bound system. Consider a photo 
confined to a box with perfectly reflecting walls, 
photon is too heavy by a factor of 2. However, a 
displacement of the box upward results in a cha 
volume of the box because of expansion of the 
The photon gas does work on the walls as th 
and the resulting work done by the ph: 
sufficient to reduce its effective weight te 


Re He 


#3 - Equation (12) can be written in generally covariant 
form by introducing the tensor g;; (not the metric 
— tensor) defined by (10) and the infinitesimal invariant 
5 of (11). In this notation (12) becomes 


ds 
L=—M—. (18) 
di 


The variational principle takes on the invariant form 


s2 
af ds= 
s1 


since Mo is a constant. 

= Equation (19) is identical with the corresponding 
— equation from the Einstein formalism where the orbit 
— appears as a geodesic. Thus, the only differences be- 
— — tween the two theories concern the form of the tensor 
E. gij and not the equations of motion with a given gi;. 


(19) 


HOMOGENEOUS FIELD EQUATION 


From the physical picture which has been constructed 
it is reasonable to expect that the scalar field e should 
exhibit retardation effects with gravitational waves 
- traveling with the local velocity of light. Consequently, 
= jt is assumed that an invariant Lagrangian density for 
the gravitational field alone can be constructed by 
writing the usual Lagrangian density for a scalar field, 
an invariant quadratic in gradients of e 


1 


L=—h"e e, ;. 20 
Le ets (20) 
He re Ai is the reciprocal of the tensor gij, i.e., 
gu — 0j, (20a) 
de 
€1——, (21) 
xi 


k is a constant. This is the same form as the standard 
Lo: cate invariant Lagrangian density of a zero mass 
ar field and appears to be the simplest invariant 
rangian density which will yield gravitational waves 
the appropriate velocity. While (20) could be multi- 
lied by an arbitrary function of the scalar e without 
destroying its invariance, this is not done, and the 
r cal reason iog omitting such a factor is discussed 


DICKE 


The wave equation is obtained as the Euler equation 


ðL ðL 
NE yo. 
"(c ya) av Yo 


€ 


(23) 


Conservation laws for the gravitational field alone are 
obtained by defining the energy momentum tensor G;' as 


> ðL H 
j= €;———0;'L. 
€i 


(24) 


The covariant divergence (y is the metric tensor) of 
the energy momentum tensor vanishes. The proof of 
this is simple. For the Newtonian-Cartesian coordinate 
system the Christoffel symbols all vanish and the co- 
variant divergence and ordinary divergence are equal 


G; 2G; i. (25) 

However, for this coordinate system „/—y=1 and 

making use of (23) it is found that 
G; #=0. 


The vanishing of the covariant divergence for this co- 
ordinate system implies its vanishing in all coordinate 
systems since 


(26) 


Gji-— (27) 
ls a tensor equation. 

The vanishing of the ordinary divergence (26) for 
the Newtonian coordinate system can be interpreted in 
the usual way as representing the conservation of 
energy and momentum of the field. Equation (27) 
represents the same conservation laws expressed in 
general curvilinear coordinates. 

In the Einstein theory the vanishing of the covariant 
divergence of an energy-momentum tensor does not 
represent a conservation relation as (26) does not exist 
in this formalism. In the present theory, however, the 
existence of at least one coordinate system for which the 
covariant divergence equals the ordinary divergence 
and vanishes is sufficient to define conservation rela- 
tions which can be expressed in any arbitrary coordinate 
system. 

The components of the tensor G;* are obtained from 
(24) as 


(27a) 


‘jf =—hike k6,j— 0; ji — hke, KE, l- 
k 2k 


Written out for the Newtonian coordinate system the 
energy density (positive definite) is 


eE o] 


The three components of momentum density are 


aee) a 


9 


(27b) 
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The three components of the energy flux density are 


1 /ðe de 1 
Ge (C) 
ke X dl Ox e 


The remaining elements of Gj: constitute the stress 
tensor of the field. 


(27d) 


THE INHOMOGENEOUS FIELD EQUATION 


By adding to the Lagrangian density (20) terms of 
the type of (12) a Lagrangian density representing 
particles, the gravitational field and their interaction 
is obtained. This may be written for the Newtonian 
frame as 


1 
Ez M;(1— €?v?) 6(r—r,) Hees j (28) 


Here r represents the three position components of the 
field point. r; refers to the position of the ith particle 
and v; to its velocity. 

'The variational principle (22) gives as the Euler 


equation for e 
ð ðL ðL 


Oxide; de 


=0, (29) 


which becomes, when written out in detail for the 
Newtonian coordinate system, 


ðe 1 de 
y? ?2— — [e = ) +- cd 
Gu 9 al € 


k M (1+ en?) 
20 (1— v?) 


d(r—r,). (30) 


'The first term on the right is easily seen from (27b) to 
be kG,‘ and represents k times the gravitational energy 
density. The material particles and gravitational energy 
serve as sources of gravitational waves. 

That a particle should be a source of a gradient of e 
is understandable when it is recalled that a gradient 
of e leads to a force acting on the particle. It would be 
expected on grounds of Newton's third law that the 
particle would be a source of the field which acts 
upon it. 


MECHANICS OF CONTINUOUS MATTER 


The dynamics of point particles moving under the 
influence of gravitational forces as described by (14) 
and (30) is not completely satisfactory. It is necessary 
to subtract the self-gravitational field of a particle 
before computing the force on a particle or the total 
gravitational energy of the field. If this is not done, 
divergent results are obtained. The difficulty is of 
essentially the same type as the self-field problem en- 
. countered in the Lorentz-Maxwell theory. There is one 
important difference, however; the gravitational field 


a) 
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(30) is nonlinear and the subtraction cannot be carried 
out in a consistent fashion. On the other hand the non- 
linearities become important only at a distance from a 
particle of the order of the gravitational radius. 

From a formal viewpoint matter is best considered to 
be a continuous medium, as the self-field problem then 
disappears. This of course is nothing but a way of 
ignoring the particle-structure problem which cannot 
be solved in any case. ( 

The field equations for a continuous medium moving E 
under the influence of gravity only are conveniently 
written in terms of energy momentum tensors. Inas- 1 
much as the equations of motion of a particle in a given E. 
gravitational field (g;j) are identical with the equations 
of motion of the Einstein theory, these equations can 
be obtained from the latter theory in the form of the 
vanishing of the covariant divergence of the energy 
momentum tensor of matter with zero stresses. Owing 
to the difference in the units employed with the metric 
tensors y;; and gi; the matter tensor of the Einstein 
theory must, for the Newtonian frame, be multiplied 
by 4/—g to obtain the energy momentum tensor for 
matter in the electromagnetic theory M;*. Hence, the 
Einstein equations of motion are 


1 
— Ma) =0, (31) 
a hs 


where the covariant divergence is computed with gi; 
as the metric tensor. 


(32) 


where p is the matter energy density in a coordinate 
frame for which the matter is locally at rest. 4? is the — 
four velocity dx'/ds. Making use of a standard formula 
the covariant divergence (31) can be written as 


M *— pgijulu*, 


1 1 Oim 
oec) Max’ "Me", (33) 
— tk 1 


Making use of (10), (11), and (20a) the last termin 
(42) can be evaluated for the Newtonian frame to give | 


2 (1— &?)! (1— e2y?)4 a 


Because of the Lorentz contraction the matter density 
is increased by a Lorentz contraction factor. Comparing 
(34) with (17) it is apparent that (34) represents the 
gravitational force density for i=1, 2, 3. For i=4 it 
represents the negative of the rate per unit volum 
work is being done on matter by gravia teal 
[see (16a) ]. co 

The first term on the right of (33) represents, for th 
Newtonian frame, the total derivative (i.e., 5g 


iL. Landau and E. Lifshitz, | 
(Addison-Wesley Press, m 
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with respect to time of the density of matter momentum 
and energy. To see this (32) is written as 


EVV 


M = pgi; (35) 


(1— e) 


with va representing an ordinary velocity component 
a=1, 2, 3 and v,—1 


pN/ € ‘| eva 
(1— v)? dtl (1— &?)! 


ENT eS J. (36) 
,k 


IAE IUS ul 2 
(1— &?)iL (1— e°)? 


—M,j- 


Also the condition of matter continuity is 


[as] 
————,| =0. 
(1—e*)! J, 


Equation (36a) can be understood from a particle model 
for the continuous medium. The coefficient of v, is 
proportional to the particle number density and this 
divergence vanishes if numbers of particles are con- 
served. Hence 


(36a) 


ple d ev. 
Mae ul (37) 

(1— €&?)* dil (1— &?)à 

i a=1, 2, 3. 

4 In similar fashion 

j | ple d 1 

" M io |__| (37a) 
4 | (1— €&?)! diLy/e(1— e?) 

i f These equations represent total time derivatives of the 
" q S 
E matter densities of momentum and energy respectively. 


Comparing (33), (34), (37), and (37a) with (14) and 
(25a) it is seen that (42) is equivalent to the particle 
| equations (14) and (16a). 

With y;; as the metric tensor and for the Newtonian 
coordinate system ordinary derivatives and covariant 
derivatives are equivalent. Hence, the covariant relation 
equivalent to (33) is 


0— M 5, — im; |) ^ M n”, (38) 
- where the covariant derivatives are now defined with 
yiz as the metric tensor. Equation (38) constitutes 4 field 
equations for the 4 field quantities v, p. 

For a continuous medium the field equation, (30), 
for e becomes for the Newtonian coordinate system 


ðe If sde\? 1 k p(14- &v?) 
c plied Aes) fir E ‘| C (e 
1 Eee ot? j ») E ) 2 (1— €») ) 


d equation can be expressed in terms of the 
omentum tensor of the gravitational field (27a). 


A 


= This fiel 


oro y 


dU s 
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Multiply (39) by —&;/ke which form (27a) can then 
be written for the Newtonian coordinate system as 


1 p 1e»? 1 
— € i- (40) 
2 (1— 6€»)! (1— €?) € 


0—G;,* 


From (34) this can be written in generalized coordinates 
as the tensor equation. ° 


O= Gik" Higin; |I" M n”. (41) 


The covariant derivatives are of course based upon yi 
as the metric tensor. The four field equations, (41), are 
equivalent as (40) divided by e ; is independent of the 
index 7. 

Conservation relations for the two fields in interaction 
are obtained by adding together (38) and (41) to obtain 


0- (G-M £9)... (42) 


For the Newtonian coordinate system this reduces to 
an ordinary divergence and defines conservation rela- 
tions for momentum and energy in a manner similar to 
that described earlier for the gravitational field alone. 
For the Newtonian frame the integration of the ordinary 
divergence of the total energy momentum tensor over 
the volume bounded by two surfaces of constant time 
gives, after converting to a surface integral, 


f (eoe f (G;*24- M ;?)d?x. (43) 


ti t2 


Hence the total energy and momentum of the system 
is conserved. 

Angular momentum and torque stress densities may 
be defined for the Newtonian coordinate system by 
defining the quantities (not tensor components) 


Lag! — xa (Gg/-- Mg!) —xa(Ge/- M), a, BAA. 


Conservation of angular momentum takes the form of 
the divergence relation 


0— Lag, j, 


which in a manner similar to the derivation of (43) gives 


(44) 
(45) L 


f Lag'd*x= const, (46) 


t 


where Las! are the three components of angular mo- 
mentum density of the field. 


CENTRAL FORCES 


In order to evaluate the constant k, the field equation 
(39) will be solved for the case of static central sym- 
metry. The resulting solution can be compared directly 
with the Schwarzschild solution of the corresponding 
problem of general relativity. 

We consider a central spherically symmetrical source 
of gravitational field. For points outside the source the 


CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


LJ eee ——— 


GRAVITATION 


scalar e satisfies the equation, 


1 
V2e——(Ve)?=0. 


(47) 


The solution to this equation for which e1 asymp- 
totically is 


aA? 
- (5) 
r 
where a is a positive constant which must be adjusted 
to join properly with the interior solution of (39). 
The tensor g;; is obtained by substituting (48) in (10). 


This may be compared directly with the Schwarzschild 
solution® in isotropic coordinates for which 


GoM 4 
=), 
2r 


1— GoM o/2r 2 
gu= (=) : 
14- GoM o/ 2r 


(48) 


gig T STL (: 
(49) 


Neglecting (GoM o/2r)? compared with unity the two ex- 
pressions are equal. At the surface of the sun (GoM o/2r)? 
has a value of 10-?. It is doubtful that it will ever be 
possible to detect observationally the effect of a term 
this small. Thus, the two theories give essentially the 
same result for the planet and light trajectories in the 
solar system. 

'They also give essentially the same result for the 
gravitational red shift. An atom at the surface of the 
sun emits a photon of energy 


(50) 


where wo is the energy of the photon emitted by a 
similar atom at great distance where e=1. The photon 
travels without shift in either energy or frequency 
(Newtonian units). Compared with the photon of a 
distant atom it appears to be shifted in frequency by 
an amount 


—3 
hw — hue, 


Aw=wo— w= w9(1— 4), (51) 
Aw kMo GoMo 
a ; (52) 
wo 1órr r 


which is the usual approximate expression from general 
relativity for the red shift. 

One of the fundamental assumptions of the theory 
introduced earlier concerned the e dependence of the 
rest energy of a particle. The assumption M — Moe! 
can be justified on the grounds of the applicability of a 
limited principle of equivalence. If it be assumed that 
the gravitational red shift disappears for an experiment 
performed wholly within a freely falling elevator, it is 
found that the above relation for the rest energy of a 
particle is the only one compatible with this assumption. 


SR, C. Tolman, Relativity, Thermodynamic and Cosmology 
(Oxford University Press, London, 1939), p 
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The gravitational red shift (52) is compensated by a 
Doppler effect resulting from the change in velocity of 
fall during the propagation time of the light from one 
atom to the other. It is also found that light travels in 
"straight" paths in the elevator, meter sticks being 
defined as “straight” but being for Newtonian units 
curved by just the right amount to make the light beam 
appear to be straight. 

To evaluate the constant k, we consider first a general 
static solution to (39) in the weak field approximation. 
Matter is at rest, gravitational forces being balanced 
by other stresses not specified. These other stresses 
would also be sources of gravitational fields but may be 
neglected in the weak field limit. We assume that ee» 
asymptotically. For static solutions (39) becomes 


1 k 
V?e—-(Ve)?2 28V? = ——p. (53) 
€ 2 
This can be written as 
1 k Po 
Veei=—-—, (54) 
4e 


where po is the matter energy density with e=1. In the 
weak field approximation e can be replaced by the con- 
stant eo on the right side of (54). Then the general solu- 
tion with the proper asymptotic dependence is 


k po(r^) 
e= eH f d3x'. (55) 
16reo 7 |r—r'| 
For a spherically symmetric source (55) becomes 
kMo 
edo ei (56) 
167reor 


where Mo is the volume integral of po over the region 
interior to the field point r. Mo/eo! is the weak field 
approximation for the internal matter energy. If (56) 
is squared and compared with (48), (10), and (49) for 
€o=1, k can be evaluated as 


k=16nGo. (57) 


One interesting question concerns the dependence 
upon eo of the ratio of gravitational to electrical forces 
between matter in the weak field approximation. Con- 
sider two identical electrically charged static spherical 
mass distributions. The gravitational force acting on 
one of the masses due to the other is from (56) and (17) 


M ðe kMo 
=— —= —— (58) 
2e T 16rey7? 
'The electrostatic interaction is 
g 
Bi X (59) 
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The ratio of these two forces is 


(60) 


p. For fixed total matter Mo and charge Q the ratio varjes 
as eo. By measuring this ratio, one can in principle 


. experimentally determine local e— eo. 


ELECTROMAGNETIC INTERACTIONS 


To include the Maxwell field in the formalism in a 

4 proper way, the procedure outlined earlier is followed 
E again. The Lagrangian density of the Lorentz invariant 
| theory i is written with c replaced by €^. To this is added 
— (29) the density of the gravitational field. The total is, 
E the Newtonian frame 


E X Ms. évi)fo(r—1)2-2- e:(A-v;— e)o(r—r;) 
: 1 1 ipe? 1 
00s (a tm) (E) m] on 
= 8m € 2k ot € 
/— where 
oA 
p ———Vg, 
ôt 
(62) 
B—vxA, 
2 d the Lorentz condition 
E. ae 
v-A+—=0, (63) 
ot 
is assumed to be satisfied. 
_ The variation principle 
5 f Id‘x=0, (64) 


gives as the equation of motion of the ith particle 
Mie 
dtl 1— ev; 2) 


iF = e:i(E+v:XB) 


1 1406 
Mye. 


2 (1— e) e 65) 


1e first term o the right i is the Lorentz force and 
Dusly obtained gravitational 
gives the two Maxwell 
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It also gives the field equation for the gravitational 


field as 
9?e Mi(14-€v?) 
V3?e— e =- ———— ——ó(r 
i 2(1— €?) 


+ (e+ r) A (= y+ ee. «n 


In this coordinate system the electromagnetic energy 
density and the gravitational energy density serve as 
source terms for the generation of gravitational waves 
but they couple with opposite signs. Per unit energy, 
the electromagnetic field couples with twice the strength 
of a slowly moving particle. This is in agreement with 
the extra factor of two for the gravitational deflection 
of light. 

On the right side of (67) the first term represents the 
total effect of the particle (at a distance) and the par- 
ticle self-fields are to be omitted from the 2nd and 3rd 
terms. Presumably with a proper classical field theory 
of particles the self-fields of the particle (2nd and 3rd 
terms) would be included as sources of gravitational 
field. Because of the difference in sign of these two terms, 
the self-electric and gravitational energies could be each 
large compared with the total particle energy and still 
generate the proper gravitational field. There is, hence, 
a possibility within this framework of a charged particle 
of very small characteristic radius (gravitational radius) 
held together by gravitational forces. On the other hand, 
one has little reason to believe that a theory having its 
origin in macroscopic phenomena only should be valid 
at such small distances. 

There is one piece of unfinished business regarding 
the form of (20). It was shown that without violating 
invariance arguments this term could be multiplied by 
an arbitrary function of e. However, on physical 
grounds it would be expected that for the Newtonian 
coordinate system the third term on the right of 73 
would, like the 2nd term, be an energy density. For 
this to be true the function of e must be omitted. 

The Lagrangian density (61) is easily written in 
generally covariant form by introducing the covariant 
four potential 4;— (A, — e) and the usual antisym- 
metric field tensor 


Fir= Aik Ak i 


In this notation, for the Newtonian frame 


= r;) 


(68) 


ds dxi 
=—) Mil r) +d eiA;—e(r—r.) 
i di i dt 


€ 1 
——F,,F,,h*h*+—hive, i6, j- (69) 
167 2k 


2i is pruned to transform like a scala: 
galar i [he i invarian orm 
r oe 
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of (64) is 


è f LV —rd'e=0. (70) 

As previously, divergence difficulties with self-fields 
can be avoided by using a macroscopic description of 
matter. In the usual way an energy-momentum tensor 
for the electromagnetic field can be defined as 


€ € 
E= ——P iP aml! —53—F nk rah". (71) 
4r 167 


In the Newtonian coordinate system the energy den- 


sity is 
Ee (47m) (72) 
oT € 
The momentum density is 
€ 
— E.A=—(EXB)a, a=1, 2, 3. (73) 
4m 
'The Poynting vector is 
1 1 
E4*———(ExB).-2 ——E.*. (74) 
4me e 


The remainder of the terms constitute the Maxwell 
stress tensor. 

For a continuous charge-current distribution the 
charge and current densities can be combined in a four 
vector which in the Newtonian coordinate system is 


= G9. (75) 


Making use of (68), (62), and (75) Maxwell's equations 
(66) can be written for a general coordinate system as 


(eE hihi) j= — Arji. (76) 


For the Newtonian coordinate system the covariant 
divergence reduces to an ordinary divergence. 

For the Newtonian coordinate system the ordinary 
divergence of the energy-momentum tensor of the 


- 


N electromagnetic field is from (71) and (76) 
1 
E; j= — Fi j* — Eye, D (77) 
€ 
l 1 TNI 
Ea, — pEa- (XB) C) a 
Sc € € 
7 =O, (UD) 
7 i 
zi Ey, j= —j-E-—— «4-9 ^ 4 (79) 
= Sc € € 


exerted by: ihe omar ae 


- T» riens 
= 


mU. 


Equation (78) represents the force per unit volume 


the negative of the rate of energy transfer from elect 
magnetic to other forms of energy. 

Equation (77) can be written in general covariant 
form by first rewriting the last term as a derivative of — | 
the Lagrangian density of the electromagnetic field. In 
generally covariant form (77) becomes ^ 


ð € r- a 
E —— Puji (rame) ec (80) 
de\ 16r * 
For a continuous matter distribution [see (39) ], (67) 
becomes 


07 
V7e— &—_=—k |- 
ðt? 


1 p(1+ e2?) 
oS ia 
2 156: Es 


EUM a 


E - 


3 


If this equation is multiplied by — e, ;/ke and compared 
with (27a) and (40) it can be written as 


Nau ev 1 


07 Guido ue ocean ey (82) 


j 


Equation (82) can be written in generally covariant 
form by making use of (34) 


à € a 
0— Grk Figim; It!" M ,"-4-— (= xE epe) ec (83) — 
de 167 ? 


For a continuous medium (65) can be written as 


d/ pev 4 1+ v7 1 3 * 
-) =p.E-++jXB+tp—— =e CO 
di 1— ev 1— er? «e ie 


Here p again represents the matter energy density in a 3 
co-moving coordinate system. Making use of (32), (33), - 
(34), (37), (62), (68), and (75), (84) can be written ' 


0— M; ,*— 3g; ih” M ,^— Fj*. (85) i 
This is obviously generally covariant. 
Defining the total energy-momentum tensor as th 


sum of the tensors for the electromagnetic field, egi à 
tional field and matter 


T#}=E#+GF+MF, 


the conservation of energy and momentum is ex 
by E 
T; a, — 0. 


The vanishing of the covariant diverge 
from (85), (80), and (83). 
The fact, that the M. 
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Newtonian coordinate system as 


Lag! — xaT 8) — xgT a’, a, B= 1, 2 S (88) 


The angular momentum of a closed system is conserved. 

Although the physical picture of polarizable space 
was used as a guide in constructing the above theory, 
this interpretation is not fundamental to the formalism. 
The formalism has a structure of its own, that is inde- 
pendent of the philosophic interpretations. In this more 
general sense the theory is simply a scalar field theory 
of gravity based upon a flat space-time and local 
Lorentz invariance. 


COSMOLOGY 


The cosmological principle was taken to be a funda- 
mental assumption of the theory. Namely, from any 
fixed position point of a Newtonian frame the universe 
is assumed to be on the average uniform. This implies 
that matter is on the average fixed in position relative 
to the Newtonian coordinate frame, for motion would 
introduce a lack of uniformity as seen by an observer 
located where the matter would be moving. In like 
manner the scalar field variable e and matter density 
must be position independent. 

If the lack of uniformity of matter and its random 
motion are ignored, the time dependence of e can be 
computed from energy conservation. Equation (87) 
becomes for the Newtonian frame, remembering the 
position independence of the densities 


0— T4 ,*— T, 4, (89) 
or 
T4331—U (const). (90) 


Assuming that electromagnetic energy can be ignored, 
from (86), (35), and (27), (90) can be written 


1 /d 


eX? po 
U=—e =) +—, (91) 
2k \ dt Ve 


with po constant. 


time of vacuum po arizability 


Equation (91) can be integrated to give 
+ (2RU) = 2e (e— e) 4e4 (5/12) eei $ eo] 


ON 
Be (5). (93) 


The constant of integration is chosen to cause the 
minimum of e, (e) to occur at /— 0. 

For some purposes it is desirable to obtain e as a 
function of 7, the “proper” or atomic time. Multiplying 


(91) by 
di \* 
(©) =6, (94) 
dr 


+ (2kU) r= e(d — eod) +e) 


with 


and integrating gives 


eM! e\} i 
EC) JI 

€0 €0 4 

Equation (95) with a shift in time zero is plotted in 
Fig. 1. U is chosen to give an asymptotic slope of unity 
and the time zero is adjusted to make e=1 at /=0. 

Although all matter is at rest in this model there is a 
galactic red shift. With increasing e, the photon emitted 
in the past has more energy than its present counter- 
part. This might be thought to cause a “blue shift.” 
However, a photon loses energy with increasing e at 
twice the rate of loss characteristic of an atom, hence 
there is a net shift toward the red. The energy lost by 
a photon becomes converted to gravitational field 
energy. Combining (16) and (16a), it is apparent that 
the energy of a photon varies as e! whereas that of a 
stationary atom varies as e~}. The red shift is conse- 
quently given by 


+ $e log (95) 


Ài 
—=ė, (96) 
Dv 
Here the ratio refers to the wavelength of light of 
distant origin A» and the laboratory light A;. e is the 
value of the dielectric constant at the time the light 
was emitted and e is assumed to be unity now. 
Although photon concepts were used to obtain the 
galactic red shift these particle ideas are not necessary. 
It is easily seen from Maxwell's equations that for time 
dependent but space independent e, an electromagnetic 
wave propagates without a change in wavelength but 
with its frequency varying as €". i à 
For small red shifts (96) can be written, assuming 
Deo 


Ie NOMI (97) 
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Using the present value of the Hubble constant of 
6.5X10° years for the reciprocal of the left side of (97) 
gives an energy density of space 


U —9X107? g/cm?. (98) 


Defining the “age of the universe" as the negative time 
at which e extrapolates to zero (Fig. 1), gives an age 
of the universe of 3.25X 10? years with this choice of U. 
Remembering the changes in the Hubble constant in 
the past years, another factor two change is perhaps not 
excluded. The evidence from isotope abundance and 
radioactive dating favors an age of the galaxy of at 
least 6.5» 10? years.® If this is taken as the “age” of the 
universe, one obtains U =2.25X10 g/cm’. With a 
minimum matter density of the universe equal to that 
of galactic matter (10-9? g/cm?), there is a lower bound 
on eo from (93) of 


eo> 0.002. (99) 


It is interesting to consider the effect of a changing e 
on the random motion in the universe. Consider a test 
particle moving through the idealized uniform space. 
Its momentum is a constant of the motion. Hence, 
from (15) 

ev 
€i ——— ———— const. (100) 
(1— &&?) 


With increasing e the ratio of particle to light velocity 
(ev) decreases. Thus, the random kinetic energy meas- 
ured in atomic units falls with time and the kinetic 
temperature of galactic matter decreases with time. 
This energy is converted into gravitational energy 
[see (82) ]. 

Much of the formalism developed in the past 40 years 
by the cosmologists is concerned with kinematics and is 
equally valid in the present theory. The tensor g;; (10) 
is easily transformed into the standard form of Robert- 
son and Lemaitre? through the substitution of proper 
time for coordinate time using (94). This gives as an 
E o for interval measured in proper units 


= — e[ (da)?-I- (da?)?+ (dx?) ]+ dr’, 


with e given by (104). 

This is the type of universe characterized as open and 
flat. Since in the present theory the equations of motion 
of a particle are identical with those of general rela- 
tivity, the kinematical description of the universe based 
upon (101) is identical with that of general relativity. 

Equation (91) and its solution (92) are based upon 
the assumption that (37a) is valid or that the total 
matter is conserved. Only under this condition does the 
last term in (91) have this form. On the other hand, 
without violating conservation of energy, momentum, 
or angular momentum the condition (37a) could be 
relaxed. Namely, a mechanism for the production of 


(101) 


°F. Hoyle et al., Science 124, 611 (1956). 
7 See reference 5, p. 369 [Eq. (148.20) ]. 
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EA by the conversion of gravitational energy into 
matter energy could be postulated. This would allow a 
variety of continuous creation universes. 

A cataclysmic production of particles could also be 
obtained within the framework of the theory. The 
universe might be visualized as initially free of particles 
(t<0) and containing only gravitational energy. The 
time dependence of e would be given by (92) with the 
negative sign and with eo=0. e would be decreasing with 
time, varying as (—/)!. One might postulate in a com- 
pletely ad hoc fashion the creation of heavy neutral 
bosons at a rate varying as e-"(de/d/)? with n>}. This 
would result in a cataclysmic production of bosons at 
t=0. The heavy bosons would then quickly decay into 
protons and electrons. The production of particles is 
accompanied by a rapid increase of e from a low value 
to eo after which production effectively ceases. From 
here on e varies with time in accordance with (92). 


THE PHYSICAL CONSTANTS OF NATURE 


From (95) it is apparent that asymptotically e is 
proportional to the age of the universe on an atomic 
time scale. From (53) and (95), the ratio of the gravi- 
tational to electrical interaction between two ele- 
mentary particles varies asymptotically inversely as the 
age of the universe. This agrees with Dirac’s hypothesis,® 
and suggests that the time dependence be examined of 
the remainder of the physical and astrophysical con- 
stants of Fig. 1 of the preceding paper. 

The theory has been constructed to make the numbers 
in the first column constants, hence time independent. 
The present theory says nothing about the Fermi 
interactions except that their strength would suggest 
that they might be time dependent. 

The only other number requiring discussion is in the 
last column, the number of particles in the universe out 
to the Hubble radius. Basing the discussion upon the 
asymptotic dependence expressed in atomic units, the 
volume inside the Hubble radius is proportional to 
T5--€ and the average distance between particles varies 
as ei. This gives a total number of particles which 
varies as 7! instead of 7? as suggested by Dirac’s 
considerations. 

There is a simple explanation for this difference. The 
present theory contains a small dimensionless number 
e/ e) which is time dependent. In the absence of a theory, 
any of the large dimensionless numbers could contain a 
factor in the form of a power of this number without 
changing its order of magnitude. Consequently, the 
time dependence of a number cannot be inferred from 
its magnitude alone. 

From this point of view there is a single large dimen- 
sionless number which is statistical in origin. This is the 
number of particles in the universe. The age of the 
universe, “now,” is not random but is conditioned by 


biological factors. The radiation rate of a star varies as — 


3 P. A. M. Dirac, Proc. Roy. Soc. (London) A165, 199 (1938). A 
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e-’° and for very much larger values of e than the 
present value, all stars would be cold. This would 
preclude the existence of man to consider this problem. 
On the other hand, if ¢/eo were presently very much 
larger, the very rapid production of radiation at earlier 
times would have converted all hydrogen into heavier 
elements, again precluding the existence of man. This 
suggests that e/eo is presently a relatively small number, 
perhaps under ten. The universe can be characterized 
as young. 

Some insight into the puzzle of the constants of 
Table I of the previous paper is gained by noting that 
for any solution to the field and orbit equations (39) 
and (14), a family of solutions can be obtained through 
the use of a simple scaling transformation. 

Let n represent the density of particles of rest energy 
m. Then a macroscopic treatment of matter employs 
the matter density function p which is related to the 
particle density, according to (36a), as 


p A po 
(1— ev)! e(l eV 


For any solution to (39), (14), and (102) another is 


nm= 


(102) 


9E. Teller, Phys. Rev. 73, 801 (1948). 
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obtained through the transformation 
e(r,) Y e(y7r,y^*0), 
v(r) v ^v(y?r,y ?0, 
n(r)9»yn(y?r,y 70, 
po(r,D) vypo y ry 70, 


(103) 


with y a constant. 

If this transformation is applied to the cosmological 
problem [and (92)] it is found that the number of 
particles in the universe scales as y‘, the age and radius 
of the universe in atomic units scale as y”, and the ratio 
of electrical to gravitational forces scales as y*. The 
energy density U is independent of y. Consequently this 
trans formation preserves theinternalrelations exhibited 
by Fig. 1 of the previous paper. Apparently, to make 
some sense out of the regularity of these numbers in the 
framework of the present theory, it is necessary to 
assume two things, that the universe is young (i.e., 
e/ey~1) and that it has a characteristic energy density 
7«1075 erg/cm? when expressed in Newtonian units. 
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REVIEWS OF MODERN PHYSICS 


Dynamical Theory in Curved Spaces. I. A Review 
of the Classical and Quantum Action Principles" 


` Bryce S. DEWITT 
Department of Physics, University of North Carolina, Chapel Hill, North Carolina 


INTRODUCTION 


TUDY of the dynamical behavior of quantized 
physical systems, since the beginning of the quan- 
tum theory, has been almost exclusively restricted to 
systems satisfying either the requirements of nonrela- 
tivistic mechanics or, in the case of quantized fields, the 
requirements of special relativity. This paper is the first 
of a projected series, to appear in various journals, 
which will be devoted to extending the quantum theory 
to the basically broader context of general relativity. 

The eventual program envisaged falls naturally into 
four parts: (1) Study and development of a number of 
usually neglected aspects of standard quantum me- 
chanics which must be considered when attention is 
focused on the nonlinear features arising from the 
metric structure of the configuration space of a certain 
general class of systems. (2) Specialization to those 
members of this general class in which the specific co- 
variant geometry of a four-dimensional continuum 
plays the leading role. (3) The carrying out of a re- 
formulation of the “traditional” theory, in which spe- 
cialized aspects of general relativity become promi- 
nently displayed. (4) A study of interacting systems, 
including those of the Fermi type which possess no 
classical analogs, in the context of general relativity. 

In the following sections a start is made on the first 
of these four parts. The prototype for the general class 
of systems to be considered is the system consisting of a 
nonrelativistic particle moving in a curved space of n 
dimensions. The extension of standard quantum me- 
chanics to this system is quite straightforward and in- 
volves nothing new. However, the notational develop- 
ments required for the statement of well-known 
theorems in the context of curved spaces are generally 
unfamiliar. Therefore it was deemed worthwhile to 
begin at the beginning, and retrace familiar ground in 
considerable detail. 

The motivation for the general program outlined is, 
of course, a desire ultimately to attack the problem of 
the role played by gravitation in the quantum domain. 
No apology will be made for this motivation, although 
needless to say, recent experiments have nothing to do 
with it!! In the author’s opinion it is sufficient that the 


* Work supported by the Institute of Field Physics. 
1 The total lack of pertinent experimental information is at once 
x obvious if one recalls that the characteristic length for quantum- 
E gravidynamical processes is (#G/c*)}~ 10-8 cm (where G is the 
. universal gravitation constant) corresponding to energies of the 
. order of 10! Bev, 
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problem is there, like the alpinist's mountain. Beyond 
that, however, the historical development of physics 
teaches a suggestive lesson in this connection, namely, 
that the existence of any fundamental theoretical struc- 
ture which is far from having been pushed to its logical 
mathematical conclusions? is a situation which may á 
have great potentialities. f 
'The present work follows the traditional path in Í 
emphasizing classical-quantum analogies. At the same 
time an attempt is made to present the material from | 
as modern a viewpoint as possible. In recent years a i 
number of formal mathematical techniques have been E! 
developed which have a capacity for coming to grips E. 
with various physical problems in a more direct fashion | 
than older methods, and which, owing to the additional E 
insights which they therefore bestow, may eventually 1f 
transform even the pedagogical approach to the quan- 
tum theory. Chief among these techniques are the quan- 
tization methods of Feynman? and Schwinger‘ and 
their various extensions, involving functional integra- 
tion or differentiation and the analysis of the many 
characteristic Green's functions or “propagation func- 
tions" to which they give easy access. Since the problem 
of the quantum role of gravitation may justly be re- 
garded as one of the most formidable in theoretical 
physics, it is well to have as many of these new methods 
available for use as possible. Accordingly, special atten- 
tion is devoted in the following sections to the classical — 
and quantum action principles, and a study of Feynman __ 
quantization in curved spaces is incorporated. The 
development presents no difficulty, but leads to a slight — 
surprise, a rather curious ambiguity in the definition 
of the quantum Hamiltonian, involving the invariant - 
curvature. E 
Extension of Schwinger's theory to curved spaces, on 
the other hand, is a different matter, and there is some 
doubt that it can be done at all, at least without 
tensive modification. Several independent serious eff 
in this direction have thus far produced no success,* 


SP ER PE LICE EIGER y 
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2 E.g., pre-Lorentzian electrodynamics, or pre-Lambian quan- 
tum electrodynamics. > a 
3 R. P. Feynman, Revs. Modern Phys. 20, 327 (1948). 
4 J. Schwinger, Phys. Rev. 82, 914 (1951). No attempt i: 
to compile a bibliography of the Feynmansa nee eo; 
Among the principal contributors mention may b 
Peierls, Edwards, Salam, Matthews, Killen 
Nambu. ! 
5 Private communication from P. G. Bergmar 
lished work of the author, > x 
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although the problem must presently be regarded as 
still an open one. 

Subsequent papers will deal with the important prob- 
lems posed by the existence of constraints, with systems 
obeying Fermi statistics in a nonlinear context, and 
finally with the actual quantization procedure for the 
gravitational field. An interesting fact will be noted in 
the course of this development, namely, that whenever 
a system possesses a classical analog, its quantum 
theory is in every case essentially completely deter- 
mined by the corresponding classical theory. This may 
be regarded as the ultimate extension of Bohr’s famous 
correspondence principle. 


1. CLASSICAL TRANSFORMATION THEORY 


A classical dynamical system is described by means 
of a set of 2» variables q, f; i=1---n, which, if the 
system is subject to no constraints, may at a given 
initial instant be independently specified. The qg? are 
commonly known as coordinates and the p; as momenta. 
The fact that » may be nondenumerably infinite for 
many systems of primary interest is of no importance 
in the present discussion. The simplicity of the formal 
mathematics for the finite case will be retained through- 
out, it being tacitly assumed (as is in fact the case) that 
the limiting procedures implied in the passage to con- 
tinuum cases involve no difficulties of principle. 

An experimental measurement performed on a phys- 
ical system generally gives information about the value 
of some function (al) F of the g's and p’s. F is known as 
a physical observable. In the classical theory any func- 
tion (al) of the qg's and ?'s is, in principle, an observable. 

Of fundamental importance in the development of 
the dynamical theory is the Poisson brackel of two 
observables F and G, which is defined by 


OF ðG OF 0G 


agi dp: dp: ðq 


(F,G)— (1.1) 


In this paper, a summation is to be understood over 
repeated indexes unless the contrary is explicitly stated. 
For many purposesitis convenient to introducea slightly 
more compact notation through the replacements 


mi (1.2) 


xí = Pi. 
Equation (1.1) may then be rewritten in the form 


OF dG 


(F,G) = Qi c E 
! Ox? Ox; 


(1.3) 


7 Ut 1 ; 
— where eap is the two-dimensional antisymmetric permu- 
‘tation symbol, the indexes a and 8 ranging over the 


between coordinates and momenta which is char- 
_ of both classical and quantum transformation 
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‘ S E 


— 
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wave-particle dualism. This symmetry does not, how- 
ever, persist in detail in the dynamical theory of actual 
physical systems. This fact has been anticipated here 
by the difference in the position of the index on the 
q's and p’s. 

From (1.1) or (1.3) the well-known corollaries follow 
immediately 


(FyF2) 5 — (FF), (1.4) 
(P, f(E Fe- -)) 
= (F,F)98f/0Fi-(F,F2)8f/0Fo4----. (1.5) 
Also the Poisson-Jacobi identity 
(Fi, (F2,Fs))+ (Fo, (F3, F1))+ (Fo, (F1, F2))=0, (1.6) 


may be obtained with the aid of the three-dimensional 
permutation symbol e;;. in terms of which the left side 
of (1.6) may be written 


3eabc(F'a, (Fo, Fe)) = €abc€apeys 


Petis OE. 


Qx;* àx;* dx 8dx;? 


The quantity multiplying e,» in the latter expression is 
symmetric in a and b, and hence the whole expression 
vanishes. 

Consider a transformation in the description of a 
dynamical system, from the variables qf, p: (or x;*) toa 
set of variables £,, u=1---2n. Consider the 27-dimen- 
sional antisymmetric matrix formed by taking the 
Poisson brackets of all possible pairs £,, £. Using the 
notation of (1.3) it is not difficult to show that the 
determinant of this matrix is given by 


| (u,&) | =La )/8 (5 T. (1.7) 


Evidently, if the Jacobian ð (x)/9(£) of the transforma- 
tion z;?—£, is nonvanishing the matrix (£,,£,) has an 
inverse. This inverse defines the so-called Lagrange 
bracket’ [£,,£, ], satisfying 


[£,,£ 1 (&,&) = Suv. (1.8) 
Since 
€ay€By— Üaf; (1.9) 
the Lagrange bracket is given explicitly by 
Ox;* Ox;? 
léni |= €ag— E— EE, ]- (1.10) 
dE, OE, 


Out of the set of all possible transformations q', 
prt, classical dynamics focuses attention on certain 
special ones known as canonical transformations. The 
set of all canonical transformations may be defined as 


6 Notwithstanding the fact that the symmetry idea has been 
sufficiently impressive to have been invoked on at least two 
occasions as a rigorous dynamical principle: M. Born, Proc. Roy. 
Soc. (London) A165, 291 (1938); H. Yukawa, Phys. Rev. 77, 
219 (1950). h , P 

TWhittaker [Analytical Dynamics (Cambridge yey 
Press, New York, 1937), p. 298] uses the symbols ( ) and I 
for the Poisson and Lagrange brackets, respectively. The symbol 
[ Jis, however, here reserved for the commutator bracket used 


and which has if&ogsemtmEh d ANES g hnk Eolio egent dh PODXuation USA 


a G 


DYNAMICAL THEORY IN CURVED SPACES 379 


the most general set of transformations qi, pq‘, p; 
(or x;*—4,*) such that 


(i) there exists an essentially unique (up to trivial 
modifications) differential form of the type 


Ap.d¢'+ Bq'dpid- Cpidqi4- Dq'dp;, 
which is an exact differential for all members of 
the set.? 
(ii) The members of the set form a group. 


It must be specified that the coefficients A, B, C, D are 
independent of the p’s and q’s, and trivial cases may 
be excluded by imposing the conditions 


As B, CHD. (1.11) 


Furthermore, the trivial exact differential 
2(A+B) (pidq'4- qidp,;) +3 (C4- D) (pidgi+q'dp,), 


may be subtracted from the original form, and the result 
divided by 3(A—B) to obtain a canonical form 


pidq'—qidp:t+ ¢(pidqi—q'dpi), (1.12) 


where ¢=(C—D)/(A—B). In order that a second 
transformation d, p;— d, P: be canonical the expression 


P;dji— didpid- £(pidqi— q'dp;), (1.13) 


must also be an exact differential. The group property 
of canonical transformations may then be applied to 
the result of subtracting ¢ times (1.12) from (1.13), 
leading to the condition (?— — £, or 


(2-1. (1.14) 


"Therefore, the set of all canonical transformations may 
be characterized by the statement 


pid q'— q'dpi— pidq'-- q'dpi 
= eag(x;*dx— x, *di;)-—dV, (1.15) 
for some V. 
An explicit form for V may depend on any or all of 
the qt, pi, ĝt, pi. However, if V is regarded as a function 


of the d, p; (or $;*) alone then evidently 


aV Ox? 
San Ey gE = Eag)”, (1.16) 
az; 03; 
oy axr? 
————— AIRE e I — (1.17) 
03,;*03;? 01,*03;? 


The expression on the right of (1.17) can be symmetric 
under interchange of the indexes i, a with the indexes 
J, 8 if and only if 

[2;*,5;? ]= eapdis, (1.18) 
and hence 


(2,*,48) = € 0:80 i. (1.19) 


* Here the dà, dp; are to be expressed in terms of the dg, dp; 
or vice versa. 
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Equation (1.18) or (1.19) may be used in place of 
(1.15) as an equally valid characterization of a canonical 
transformation. 

The importance of canonical transformations lies in 
the existence of their well-known invariants.? For ex- 
ample, the Poisson bracket of two observables F and G 
remains unchanged if in (1.1) the gf, p; are replaced by 
ği, pi. This is readily shown with the aid of (1.19): 


aF oG osos) OF OG 
(FG) = €ag—— = eaf — 
Ox ;* 0x8 Ox,;* Ox;? Qi; 0a, 


(Gs EM 

= (27,2,5) =(F,G). (1.20) 
i;* IT? 

Lagrange brackets remain similarly invariant. For many 

purposes, therefore, the q, pi may be replaced by the 

d*, p; as equally valid canonical variables. 

The explicit construction of canonical transforma- 
tions is conveniently carried out with the aid of gener- 
alors. Four standard types of generators are commonly 
considered, which may be denoted by S++, and which 
are related to the V of (1.15) by 


S44 $(V2k d'pidcqp;). (1.21) 


Computation of dS. with the aid of (1.15) shows that 
the solution of a set of simultaneous equations of any 
one of the following four types, 


Di=9S44/0G', q'=9S++/dpi, (1.22a) 
pic 0S4 /0d, pPi= —OS,—/dq', (1.22b) 
G=—OS_,/0p:, g'=OS_,/0p:, (1.22c) 

'=—9S__/dp;, pi=—OS__/dq', (1.22d) 


yields a canonical transformation." Here S,, is an 
arbitrary function of the p; and d: alone, S,_ of the 
q? and qd! alone, S—+ of the p: and p; alone, and'S__ of 
the g and p; alone. 

Three elementary but important examples of canoni- 
cal transformations may be obtained immediately with 
the aid of (1.222): 


(i) The identity transformation: 
S= piti qq, 


» (ii) “Phase” transformations: 


pi-— Pi 


S= pig tdg), =q, pipo-09/9q:. We ^ és 
x y 


(iii) Point transformations: 


S++= b), G=CQ@, Di=p;(dqi/aq*). (t 


? Using (1.18) it is not hard to show that integrals of 
Jdq'd pis - + - dq'vd pim, m —1- - -n, the summation being c: 
in such a way that the indexes 7i: : -7m are all different, are 
ically invariant. The case m=n yields the canonical invarian 
the volume element in phase space, or the alternative 
the Jacobian of a canonical transformation is equal 

10 The most general canonical transformation 
through a combination of these four types. — 
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Of special importance in the development of the 
dynamical theory to follow are the infinitesimal ca- 
nonical transformations: 


G=qi+6q', pi=pitdpi, (1.26) 


The function V of (1.15) must in this case be an in- 
finitesimal v satisfying 


dv= — €ag (ôx: do, 3- x; 2 dox;P) . (1 .27) 


An infinitesimal generator for the transformation is 
given by 


or Z,*—«--óx,. 


——————— ce mn 
E 
^ ATIA á : 


s=} (0+ €apx;76x;9), (1.28) 
satisfying 
J ds= esgdx;*0x.;P, (1.29) 
so that 
0s/0x,*— eQ50x,9, or x;*— —e450s/0x;9, (1.302) 


s being expressed as a function of the x;* alone. In 
terms of g, p:i (1.302) becomes 


dg'=—ds/dp;, p.—ós/óg*  (1.30b) 


5—0 gives the identity transformation; an infinitesimal 
phase transformation is given by s= (q), where o is 
an infinitesimal function of the coordinates; and an 
infinitesimal point transformation is given by 


s= pA la), pi— Pit 9/04, 
where the A are infinitesimal. 
If F is a function (al) of the g', p: with fixed functional 


form, then under the transformation (1.30) its value 
suffers a change of amount 


8F— (OF /dx,%)5x;°= — (F,s). (1.32) 


— Tf, on the other hand, F is regarded as a fixed physical 

- magnitude whose functional dependence on the canoni- 
cal variables changes under (1.30), the amount of this 
change may be defined as 


4 La a Ogee e E t 
n 1 i " 


-ar 


g=g—m, (1.31) 


&F (9,6) =F (q,p)—F (4,2), (1.33) 
_ where 
a P(4,p) =F (q,?)- (1.34) 
Evidently 
F= —ôF= —ôF= (F,s), (1.35) 


correct to the first infinitesimal order. 


1x — — "This last result may be used to rederive the canonical invariance 
= ef Poisson brackets under infinitesimal transformations. One 


b writes 
(FG) = (FG, EGP) 


= (F(4,P) +5F (GP), G(,P) +56 1,0) 
= (F,G)+ (s, (F,G))+ (F,(G,s))+(G,(s,P)), 


ich leads to (1.20) in virtue of the Poisson-Jacobi identity (1.6). 
er now a finite canonical transfo n from 
ri , second From 
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(1.15) we have 
eas Exe (1)dx2(1)—2,*(2)dx,/(2)]- dV, (1.36) 


where V is some function of the x;*(1) and «;(2). 
Suppose the variables x;*(1) and x;*(2) are subjected 
to independent infinitesimal canonical transformations: 


2,2(1) — x;*(1)4-6x;*(1), 


6x;%(1) = — €54595(1)/0x;? (1), (1.37) 
zie (2)= x: (2)+ôx:* (2), 
ôx: (2) = — e€4505s(2)/0x;? (2). (1.38) 


Then there must exist some new function V which 
differs infinitesimally from V, such that 


dV = eapl &;*(1)d% 8 (1) — z,*(2)d2,7 (2) ] 
=dV + capl 0x,* (1)dx: (1) +25%(1)ddx,8 (1) 
—x;*(2)dx; (2) — x,*(2)d0x;? (2) ] 
=dV+d{2[s(2)—s(1)] 


+ eag[ ;*(1)0x8 (1) — x;* (2)ôx:2 (2) ]) . (1.39) 
Evidently 
V-—V-F-8V-4-8V, (1.40) 
where 
ôV = esg[x;2(1)0x,2(1)—2;2(2)8x,8(2) ], (1.41) 
8V — 2[s(2)— s(1) ]. (1.42) 


The infinitesimal àV represents a change in the func- 
tional form of V which is required to characterize the 
new canonical transformation %,*(1)—#;*(2), whereas 
ôV simply represents the change in the value of the 
original function due to the changes àx;*(1), àx;*(2) in 
the values of the variables. 

If the canonical transformation x;* (1)—,;*(2) is de- 
scribed by means of one of the generators S4, then it 
follows from (1.21) and (1.42) that 


ôS += s(2)—s(1), (1.43) 


in which s(1) and s(2) are to be re-expressed in terms 
of the variables suitable to the generator in question. 
We therefore have 


Theorem: 
The variation in the functional form of the generator of 
a finite canonical transformation, due lo independent 
infinitesimal canonical transformations of its argu- 
ments, is equal to the difference of the independent 
infinitesimal generators. 


2. THE CLASSICAL ACTION PRINCIPLE 
The “trajectory” of a physical system is described by 
a set of functions q*(/), i=1---, which determine the 
configuration of the system at any time /. Classical 
dynamical theory may be based on the following 


Dynamical postulate: 
The class of all trajectories q(t) of a physical system 
is determined by the unfolding-in-time of a canonical 
transformation 
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This implies the existence, in addition to the “coordi- 
nates" qi(#), of a set of momenta ;(¢) which depend on 
the trajectory, or which, alternatively, may help to 
specify the trajectory. 

The infinitesimal generator of the canonical trans- 
formation q'(£), p:()—q (t484), p:(t+ôt), where ôt is an 
arbitrary infinitesimal “displacement” in time, will have 

4 the general form! 


s= — H (q(0), b (0,0)8t, (2.1) 


where H is some explicit function of the coordinates and 

3 momenta, and possibly also of the time. H is known as 
the Hamiltonian function(al), or, simply, the Hamil- 
lonian, and its exact form depends on the system in 
question. Equations (1.30b) together with the relations 
0g'— q'ól, 6p;— pil lead immediately to the familiar 
Hamiltonian equations for the trajectory 


j—9H/àp, pi —9H/8q', (2.2) 


the dot denoting the total time derivative. From (2.2) 
it follows that the time rate of change of any physical 
observable F is given by 


F= (F,H)4-9F/0t (2.3) 


[see (1.32) ], where the partial derivative 9/0 is taken 
with respect to any explicit dependence on / which F 
may have. Since the Poisson bracket is canonically in- 
variant it may be taken with respect to the canonical 
variables appropriate to the time in question as well as 
with respect to any other canonical variables. If F and 
G are any two physical observables the time rate of 
change of their Poisson bracket is given by 


d(F,G)/dt— (P,G)4- (F,G), (2.4) 


which follows from (2.3) together with the Poisson- 
Jacobi identity (1.6). 

The finite canonical transformation which relates the 
coordinates and momenta at two different times, /' and 
/", may generally be described by one or more of the 
four types of generators considered in (1.22). In the 
present context these equations become 


pilt )=3S44/3g (t), — qi (I) 0S. /0p,(), (25a) 


| Pill”) = 9S, /0q t), — p(t’) 9 —9S,—/9q'(!), (2.5b) 
g(t’) = —AS_./dpi(l’), q(')- 9S ,/80p,(), (2.50) 
. git’) — —aS__/dp:(t’), pil’) = —AS__/dqi(U’). (2.5d) 


Very often we wish to single out a particular value of 
one of the canonical variables. This is done by affixing 
one or more primes to the variable in question. The 
value thus indicated will be independent of the par- 
ticular value of the time involved. Thus, 


Otel ae (2.6) 
m Eo avoid confusion in application of this convention, 


~':()=p':, independent of t. 


"ud iine minus sign is arbitrary and is chosen to correspond to 


See" CP 0) S^," | ^0, 
Si NE= S^ |^, 
SD (^?) (y) SQ"), CIA — 
SP CNL qu) sqrugun. — Qaa) 


That is, the values of the canonical variables and the | 
values of the time will be separately specified in the 
generating functions. On the other hand, the + and — 
signs will be dropped, as indicated, since the arguments. 
themselves are sufficient to indicate which generator 
is meant. P E- 
The finite generators must be related in some way to — 
the Hamiltonian which generates the infinitesimal dis- — 
placements in time. This relation is readily determined 
with the aid of the theorem of the preceding sec- 
tion, (1.43). For definiteness, consider the function 
S (q" t" | P^,). Let 0g", ôt’, dp’:, ôl’ be arbitrary in- — 
finitesimal variations in its arguments. The variations 
ôt”, ôl’ will give rise to a change in the form of this 
generator, considered as a function of the q", b'i - 
From (1.43) and (2.1), the amount of this change is - 
s" —s' — — H"'8t" 4- H'ó' where H' and H” are the values. 
of the Hamiltonian at the times /’ and t”, respectively, E 
for the particular trajectory specified by the arguments | 
q”, l’, p’, U. The variations 0g" 5, 6p’;, on the other hand, - 
EUN rise to a change in value, which may be compute d 
with the aid of Q. 5a). The total variation in the 
generator is 


àS (q^ t" | ? t) = p” ôq’ — H''t" 4-089! i HE St, (2.8a) 


where p”i= ,(t’), q'/'=q'(’) for the trajectory in ques- 
tion. Similarly, 


6S(q", t" |q' “=p” oq — H” St” — p' og HHS, 


(2.7b) 


em) 


eS (", flv | p d) — — qp” ,— — HA" st!’ 
-Fq'op HHS, eso 
oS ("^ t" | qt’) = —q' $2 ,— — H” t" 3 
—p'aq--H'W. (2.8d 


By expressing all the quantities on the right of (2.8) in 
terms of the arguments appearing on the left, one i le d 
to the Hamilton-Jacobi equations for the various g gener- 
ators. These are, respectively, 3 


RA 2 
—0S/a'+H(aS/9p/p/t)=0} 


—0S/0t +H (q’, —05/0q', t' 


 S/at"-- H(—8S/ap", p, t") 
—dS/al' +H (9S/8p' yp, 


u^ . jectory q between the points q', U and g”, 
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In the integration of the Hamiltonian equations (2.2) 
a given trajectory is generally determined by specifying 
the q and p; at a given “initial” time. Use of the 
generating functions, on the other hand, implies a 
different determination of the trajectory, namely, by 
specifying either the coordinates or the momenta (not 
both) at two different times. Actually, such a specifica- 
tion is not always possible. For example, if a representa- 
tion is chosen (as is customary) in which the q are 
physical coordinates, the function S(p”,t’’| p’,t’) may 
not exist (e.g., in the case of the free particle). On the 
other hand, the function S(q’’,t’’|q’,l’) may be multi- 
valued (as in the case of the particle in a box) reflecting 
the fact that there may be more than one trajectory 
(the reflected trajectories) between the space-time 
points g’, t and q”, t". 

The function S (gt | g,!^) is of special importance in 
the developments to follow, and is known as the 
classical action. We now study this function in greater 
detail, ignoring for the time being the possibility of its 
being multivalued. Let us denote by 


g= (Ge t" |g*(0) lq’; p) 


the trajectory determined by the points q’, / and q”, 
The explicit form of the right-hand side of (2.10) may 
be obtained by breaking into the trajectory at time / 
and solving the set of simultaneous equations 


— 0S (gt |q,))/0g5— pi() = 9S (q,t|g^,)/8q*. (2.11) 


The action]S is so far uniquely determined only up to 
an arbitrary constant. In virtue of (2.11) and the 
Hamilton-Jacobi equations (2.9b), this constant may 
be so adjusted that for all g”, q, q', t”, t, V, 


S (q^ t" | J t)= — S (q',t | qt), 


(2.10) 


HH 14s 


(2.12) 
and 
i S (q^, | qt’) = [S (q^, | gst) +S (qt | 7H’) Je =exty (2.13) 


the instruction ‘‘g=qext” indicating that the quantity 
in the brackets is to be made an extremal with respect 
to the g*. The extremal values are given precisely 
by (2.10). 

By breaking the trajectory into infinitely many pieces 
we see that the action may be regarded as formed in 
the following way: 


S (g^, | gt’) ={S[g]v, p y garn awan» (2-14) 


where S[g ]», »* ^" is a functional of an arbitrary tra- 
^! [", satisfying 


the variational equation 

(SEa e 7" /89} anao 70, (2.15) 
] the combination laws 

„ut t m SE co I" FST ga et, (2.16) 
at POE —S[ae". Qr nie (2.17) 


q. 


$ 


cs E 
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Ee 
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Equations (2.16) and (2.17) imply that S[g] may be 
expressed in the form 


moe 


qs 
Sal. une f 
E 


dV 


Lq ġidi. (2.18) 


L is a function (al) of the g‘ and their time derivatives 
(and also possibly of the time), known as the Lagrangian 
of the system in question. 

When S[q] is expressed in the form (2.18), the varia- 
tional equation (2.15) is known as the principle of 
stationary action. Performing the indicated variation, 
with the restrictions gi(t/)=q'', gi(t’)=q'"", ôg? (t) =0, 
6g‘(t’’)=0, and making an integration by parts, one 
obtains the familiar Lagrangian “equations of motion" 
for the trajectory 


(c (2.19) 
[I 


Equations (2.19) are of the second order in contrast to 
the Hamiltonian equations (2.2) which are of the 
first order. : 

The relation between the Lagrangian and Hamil- 
tonian functions may be determined with the aid of 
(2. 8b), (2.14), and (2.19). Denote by dq‘(/) the variation 
in a given trajectory produced by variations 6q’', ôl’, 


6g", ôl” in its end points. Then, with an obvious 
notation, 

6g (I) = àq'i— giat, agi (I) oq" i— i'i, (2.20) 
and 


&S (q" t" | gt) 


fu] 
v g(a", l'la la t) 


= L''8i! — L'al 


d /ðL 
MeD 
v dt\ ogi qe ("^ aO t) 
ðL” OL\” 
= [p= iq" | —) qnoi er 
(=) agi 
aly’ ON 
-( Jar) (ou ar. (2.21) 
ag’ 9d* 


Comparison of (2.8b) and (2.21) shows that 
= aL/ad', 
H — pidi— L. 
A few tacit assumptions have been made. Firstly, it 
has been assumed that the Hamiltonian function, and 
hence the Lagrangian and action functions, are unique 


for a given system. Actually, a slight lack of uniqueness 
in these functions is allowed. The physics of a given 


(2.22) 
(2.23) 
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system is entirely contained in the Lagrange equations 
(2.19), and from their variational manner of derivation 
it is evident that they are unchanged if the Lagrangian 
is replaced by 


L=L+d/dt, (2.24) 


where ® is an arbitrary function of the q and £. This re- 
placement produces a change in the momenta, given by 


= pit 00/0q', (2.25) 


which is simply a phase transformation [ (1.24) ]. The 
corresponding transformation of the action is given by 


SLade e" ^" = SU o, e" FOG — El), (2.26) 
SC L =S eg +e) — bq), (2.27) 


which leaves the combination laws (2.16, 2.17) invari- 
ant. Phase transformations will be employed on several 
occasions in the future. 

Secondly, the assumption that the generating func- 
tion S(q’’,t’’|q’,l’) exists at all (at least in some canoni- 

cal representation) is equivalent to insisting that the 
first of the Hamiltonian equations (2.2) be solvable for 
the p; in terms of the q, d? (and possibly /). The La- 
grangian equations (2.19) will then be obtained by 
substituting the resulting expressions for the p; into 
the second of the Hamiltonian equations. If, however, 
the first of the Hamiltonian equations is not thus 
solvable the function S(q",/" |q',) will not exist, and 
the Lagrangian function and the action principle will 
not exist in the usual sense. This case, the occurrence 
of which implies that the "velocities" d! are not all 
independently specifiable, has been considered by 
Dirac!?? who has shown that a modified Lagrangian 
theory may still be constructed for it. It is of little 
practical importance, however, and will be ignored in 
this series of papers. 

Much more important is the opposite case in which 
the momenta are not all independent, so that (2.22) 
cannot be solved to express the q‘ in terms of the q', pi 
(and /). This case has also been considered by Dirac!” 
and leads to various possibilities, some of which will be 
carefully studied in subsequent papers of this series. 
One possible consequence, for example, is that the 
generating function S(q’’,t’’|q/,t’), although it exists, 
may not define a unique trajectory [implying lack of 
unique solubility of (2.11)]. This would mean that 
many different extremal trajectories could be inserted 
into the right-hand side of (2.18), all leading to the 
same value of the action. In the present paper, however, 
such possibilities will be excluded. 


3. CONSERVATION LAWS 


Suppose we make a change in the representation of a 
physical system at any instant from a set of canonical 
variables q‘(t), 5;(t) to another set q'(/), p:(t). Consider 


? P. A. M. Dirac, Can. J. Math. 2, 129 (1950). 
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the function V of (1.15) which characterizes this 
canonical transformation. If the form of V, considered 
as a function of qf, b; d', Di, remains constant in time 
then, by (1.42), the generators of infinitesimal displace- 
ments in time must be equal in the two representations. 
That is, #=H where H and H are the Hamiltonian 
functions for the two representations. (H and H may, 
of course, have different functional forms.) This result 
also follows from the canonical invariance of Poisson 
brackets, equations like (2.3) being independent of the 
choice of representation. 

If, however, the form of V changes with time, so 
that V must be regarded as having an explicit depend- 
ence on /, H and H will no longer be equal but will be 
related by 


—2(H—H)st=sV. (3.1) 


If the change of representation is described by one of 
the generators S++ this equation may be replaced by 


H= H— 0S 44/ 0l, (3.2) 


which is a special case of the theorem at the end of 
Sec. 1. = 

It may happen that the generator is such that H=0. 
From the right-hand side of (3.2) we see that this will 
be the case if the generator satisfies a Hamilton-Jacobi 
equation. The new variables 4, p; are then constant in 
time and, when expressed as functions of the g^, pi, 
and /, are known as constants of the motion. It is clear 
that the functions S(q’’,t’’| p’,t’), etc., considered in the 
previous section are special cases of such generators, 
which transform the canonical variables at an arbitrary 
time /" back to their constant values at some fixed 
initial time /'. 

A solution of the Hamilton-Jacobi equation gives a 


. complete set of 27 independent constants of the motion. 


Except in very special cases, however, the Hamilton- 
Jacobi equation cannot be solved by finite methods, and 
is therefore unsuitable for the practical determination 
of constants of the motion. We must usually be content 
with a knowledge of only some of them, and for this 
purpose an investigation of infinitesimal changes of 
representation is more useful. 

The change in the Hamiltonian under a canonical 
transformation generated by an infinitesimal s is 
given by 


H- H— 0s/0t, (3.3) 


which follows from (1.28) and (3.1). Now suppose that — 


H, when expressed in terms of the d*, p;, has the same — 
functional form as does H when expressed in terms of 
the g', pi. Then, from (1.32), 


HL (H,s) Ze H(4,p,!) =H (4,0,!) =H— 05/01, 
or 
$= (s,H)-- 05/01— 0. 


Therefore, constants of the motion may be determined 


by discovering those infinitesimal canonical transforma- ^ 
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tions which leave the form of the Hamiltonian function 
invariant. A special case is provided by the Hamiltonian 
itself when it has no explicit dependence on the time. 
Tt then leaves itself invariant under its own infinitesimal 
transformations and is a constant of the motion. 

Since the form of the Hamiltonian function remains 
invariant under an infinitesimal canonical transforma- 
tion generated by a constant of the motion, the g', 2: 
satisfy the same equations of motion as the q', p;, and 
it is evident that a constant of the motion may also be 
regarded as the generator of an infinitesimal canonical 
transformation which transforms trajectories into tra- 
jectories.!? From this point of view it is often easier to 
work directly from the Lagrangian than from the 
Hamiltonian. For example, suppose the Lagrangian 
function remains invariant under the transformation 


g=q'— ôg, G=q'— sq, (3.5) 
where the óg? are certain infinitesimal functions of the 
q? and / alone. Invariance of the Lagrangian function 
implies invariance of the Lagrangian equations and 
hence also of the Hamiltonian equations, so that g‘ is a 
trajectory if g* is. Moreover, invariances of this type are 


generally very easy to spot. Using the Lagrangian 


equations, we have 


OL Ob ft 
0=—b9'+—b4'=—(p.59'), (3.6) 
ðq? à di 


iz so that the constant of the motion in this case is p,ôg°. 
_ Evidently ~,6g* generates the transformation from the 
_ trajectory q* to the trajectory g'—éq'. 


If the Lagrangian function has no explicit dependence 


_ on the time then the classical action must remain in- 
. variant if the whole trajectory (together with its end 
= points) is displaced in time by a constant ôt as well as 


in coordinate space by the amounts óg above. Using 


_ previous results, we may express this by writing 


J 


V. 


— tion laws. 
1 ated re 


0=8S= 9p" 8q/''— pag — (H!"—H’)at. — (3.7) 

_ Since ô is arbitrary we have 
^ H''— H', (3.8) 
5" à" = p dq. (3.9) 


;iquations like (3.8) or (3.9) are known as conserva- 


3 This way of looking at things enables one to use a simple 
ent to prove that the Poisson bracket of two constants 
tion, F and G, is also a constant of the motion: If F 
finite, render them infinitesimal through multiplication 
tant i esimal. Let the function G generate an in- 
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4. QUANTUM TRANSFORMATION THEORY 


Historically the quantum theory has been built up 
by analogy from classical dynamics. Many routes may 
be followed in this development, and it is somewhat a 
matter of taste which is chosen. In order to parallel 
the development of Sec. 1 as closely as possible we begin 
with the construction of the quantum analog of the 
classical Poisson bracket. 

Perhaps the most elegant formal argument leading 
to the quantum analog is that due to Dirac!*: Let us 
assume, as given, the general mathematical framework 
of quantum mechanics, involving linear operators, state 
vectors, and their adjoints, and the probability inter- 
pretation of these quantities. Real physical observables 
are represented in the quantum theory by Hermitian 
operators F, G, etc. A quantum analog for the classical 
Poisson bracket is expected to satisfy identities parallel- 
ing as closely as possible (1.4, 1.5, 1.6). Equation (1.4) 
offers no particular difficulty. However, in generalizing 
(1.5) we must discover a rule for defining functions of 
several operators, and the derivatives of such functions. 
Formally we may expand the classical forms of these 
functions in series of products of their arguments. The 
classical arguments can then be replaced by the corre- 
sponding quantum operators, provided we can resolve 
the ambiguity which arises in the ordering of these 
operators due to the fact that they, unlike their classical 
counterparts, do not necessarily commute with one 
another. 

In this series of papers we shall have to devote con- 
siderable attention to this ordering problem. However, 
let us set it aside for the present and suppose we have 
the quantum analog of some simple classical observable 
F expressed as a product of operators Fi, Fs, ++- 


F=F,F,:-- (4.1) 


The differential law for this operator has the simple form 
dF=[(6Fy)Fo---J+[Fi(SF2)---J+---. (4.2) 


Suppose now that the variation indicated is due to an 
infinitesimal canonical transformation, whatever that 
may mean in the present context. In the quantum 
theory as in the classical theory we try to express this 
variation in the form (1.32), the only difference being 
that s is now an infinitesimal operator. Thus 


i (F,s), 
0P;—— (Fs), 


Equations (4.2, 4.3, 4.4) will be simultaneously satisfied 
for arbitrary s if and only if the following law is satisfied: 


(EF, F3) 5 (F1,F3) Pot F1(Fo,F5), (4.5) 


where F;, Fz, F; are arbitrary operators, the order of 


(4.3) 


ffl, sso; (4.4) 


MP, A, M. Dirac, The Principles of Quantum Mechanics 
(Oxford University Press, New York, 1947), third edition, §21. — 
j MON i SL " 


em 


DYNAMICAL THEORY 


the factors being now important. Equation (4.5), com- 
bined with the identity 


(F\,Fo) = uu (F F1), (4.6) 


implies also 


(Fi, FF) = (Fy,F5) FaH Fo(F3,F5). (4.7) 


é If one now considerg a quantum Poisson bracket of the 
form (4 B,CD) one finds that it may be re-expressed in 
two different ways with the aid of (4.5) and (4.7), 
depending on which is used first: 


(A B,CD) - [(4,C) D--C(A,D)]B 


+A[(B,C)D+C(B,D)] (4.8a) 
— [C4,C) B2- A (B,C) ]D 
cFCL(A,D)B4-A(B,D)]. (4.8b) 
Subtracting one form from the other, one gets 
0— (4,C)LB,D]— [4,C ](B,D), (4.9) 


where [ ]denotes the commutator. Equation (4.9) can 
hold for arbitrary operators if and only if, for any pair 
A, B, (A,B) always stands in a constant numerical 
ratio to [A,B]. Since (A, B] is anti-Hermitian if A and 
B are Hermitian, whereas (A,B) must be Hermitian, the 
numerical constant must be imaginary. Experimental 
physics tells us we must set 


(4,B) — (ih) [A,B], (4.10) 


where A= 1.054X( 107?! erg sec. From (4.10) it is but a 
step to show that quantum Poisson brackets also satisfy 
the Poisson-Jacobi identity: 
(Fi, (F2, F3))+ (Fa, (73, F1) + (Fs, (Fn, P2)) 
— fh A e(FaFwW +h Pika 

—F FP Fy—F FP Fo) =0. 


(4.11) 


Combining (4.3) and (4.10) we have the familiar 

result that an infinitesimal canonical transformation is, 

= in the quantum theory, simply an infinitesimal unitary 
transformation: 


F=F+6F=F+ih“ [Fs ]=UFU-, (4.12) 

where 
U=1—iħ ts, (4.13) 
U-1— 1-- ifs. (4.14) 


More generally, a finite unitary transformation in the 
quantum theory will be expected to correspond in the 
classical theory to a finite canonical transformation. It 
should not be supposed, however, that the group of all 
unitary transformations in the quantum theory is iso- 
morphic with the group of all canonical transformations 
in the classical theory. Such an isomorphism is pre- 
vented from existing by the ambiguity in the definition 
of the quantum analogs of general classical quantities, 
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resulting from the noncommutativity of basic operators 
such as qf, p:i. In general the most that can be established 
is a mapping from one group into the other, which 
becomes one-to-one only in the classical limit #—0. 
However, in the special cases to be considered in this 
series of papers, the ambiguity can be essentially re- 
moved from all physically significant quantum analogs, 
and a considerably stronger result can be established, 
namely, that there exists a subgroup of the full unitary 
group which is isomorphic to the group of all those 
canonical transformations which have any physical 
significance in the classical theory. This is an alternative 
statement of the fact that the classical theory in every 
case completely determines the corresponding quantum 
theory. 
In the classical theory a canonical transformation can 
be regarded from two points of view, either as producing 
a change in the value of a physical observable F, as in 
(1.32), or as producing a change in the functional form 
of the observable, its value remaining fixed, as in (1.35). 
These alternatives have their analogs in the quantum 
theory. In the classical theory a change in the functional 
form is caused by a change of representation from one 
set of canonical variables to another. In the quantum 
theory the analogous change is in the representative 
(a"^| F|a^) of F as the representation in terms of basic 
vectors |a’) is changed. The |o/) are orthogonal eigen- 
vectors of a complete set of commuting Hermitian 
operators a;. If the o; are subjected to a unitary trans- 
formation 
&: = Ua,U, (4.15) 
the new operators à; will define an eigenbasis 
|a =U |a). (4.16) 


If U is given by (4.13) then the resulting change in the 
representative of F is 


Sla” | Fla’) — ("| F|a^)— (o^ | F |a^) 
= (a" | (U-1FU — F) |a’) 
=—th-Kal’|[F,s]|a’) 


= — (a'"|6F |o). (4.17) 


It is to be noted that the eigenvalues @ and o/ are 
identical. Therefore here, just as in our development 
of the classical theory, the use of primes will have the — 
effect of singling out particular values of the variables, - 
independently of the representation. 7 

The generators of finite canonical transformations in 
the classical theory have also their quantum analogs, 
viz., in the “transformation functions" 


(a^^ 2) |a (1) = (e^ 0) | Ua ()) 
= (a!"(2)| U=] a (2)) 


between two sets of commuting Hermitian. 
a;(1) and a;(2), which are related by a finit 
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transformation 


a;(2) = Ua;(1) U~. (4.19) 
Suppose the operators a;(1) and o;(2) are subjected to 
independent infinitesimal canonical transformations: 


&;(1)=a;(1) bik [0,(1),5(1)]], (4.20) 
8;(2) =a; (2) + i7 [05(2),5(2)]]. (4.21) 


The corresponding changes in the eigenvectors |o (1)), 
|o (2)) will be 


õla (1))— — ihs (1) |o (1)), 
8|a' (2))}= — ihs (2) |o 2)), 


producing a change in the transformation function of 
amount 


õla" (2) |a (1))= iha" (2)|[s(2)—s (1) JJa’(1)). (4.24) 


Equation (4.24) is the quantum analog of the theorem 
at the end of Sec. 1. 

In the problems usually considered (4.24) has an 
immediate application in the dynamical theory, just as 
(1.43) is applied in the classical theory to obtain the 
Hamilton-Jacobi equations. For the more general sys- 
tems at which the present work is aimed, however, a 
slight modification of (4.24) will be necessary in order 
that the normalization of the vectors |a’(1)) and |a’(2)) 
be permitted to undergo desirable variations. We simply 
call attention to this fact here, postponing fuller discus- 
sion to the next section. 

The question of normalization arises in the represen- 
tation of an arbitrary state vector |y) as a superposition 
of eigenvectors |a’), which is possible owing to the 
completeness condition on the operators a;: 


(4.22) 
(4.23) 


le. f la’)da!(a! |), (4.25) 


where fda’ indicates an integration and/or summation 
over all eigenvalues a’. The “volume element" da’ will 
generally contain a density function which serves to 
adjust the normalization. An explicit expression of the 
normalization is obtained by multiplying (4.25) on the 
left by (o/'|, which leads to 


(o^ |o) — &(a"^,0), 


(4.26) 
where 


farada = f(a’), (4.27) 


for arbitrary f(a’). 


5 QUANTUM DYNAMICS AND THE COORDINATE 
i | REPRESENTATION 


ontinulae the sequence of analogies to classical 
theory, one ay base quantum dynamical theory on the 
3 K 
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Dynamical postulate: 


The temporal behavior of the operators representing the 
observables of a physical system is delermined by the 
unfolding-in-time of a unitary transformation. 


The infinitesimal generator of the unitary transforma- 
tion (—(--ót will have the form s— — Hà! where H is 
the quantum analog of the classical Hamiltonian, as- 
suming it can be unambiguously defined. The time rate 
of change of any physical observable will then be given 
by the quantum form of (2.3). 


F= (ih) (FH ]+0F/dt. (5.1) 


In order to discover the appropriate quantum form 
for a given Hamiltonian it will be necessary to study 
the basic operators out of which it is constructed, in 
particular the operators għ, p:i corresponding to the 
classical coordinates and momenta. These operators 
must satisfy the commutation relations 


[2595] 0, (5.2) 
[gip] = ihò, (5.3) 
[552;]— 0, (5.4) 


corresponding to the analogous classical Poisson bracket 
relations. Equations (5.2) permit us to choose the d! 
as a set of Hermitian operators defining a complete 
eigenbasis. A normal notation for expressing this 


would be 
q'(0]a' (0) q'*() | q' O), (5.5) 


where the dependence of the gi on the time is explicitly 
indicated. However, since the prime singles out a par- 
ticular eigenvalue of gf, independently of the time, it is 
more convenient to make the replacement 


14 (0)— |g), 


Tid 0) glg), (5.7) 
making the dependence of g on ż explicit only when it 
is necessary to avoid confusion. 

We now assume that a natural metric is defined in the 
space of the g*, and choose the normalization of the | q’,t) 
according to!’ 


(5.6) 
and write 


td 1) — 9 (99,0, (5.8) 


where 


fr@ans@raa'=sa"), 69 


for arbitrary f(g’), dig’ being the invariant volume ele- 
ment. The notation reflects the fact that the metric, 
and hence the normalization, may change with time. 
The explicit form for dıq’ is 


dig! = gH (q',f)dq^ - - -dq'", 


16 The development here follows a previous paper: B. S. DeWitt, 
Phys. Rev. 85, 653 (1952). 


(5.10) 


DYNA 


where g(g,) is the determinant of the metric tensor. 
This implies 


ACE) =g + (q, (q"—q') (5.11a) 

= ¢3(q',0)5(q’—q’), (5.11b) 

8(g"—4') being the ordinary n-dimensional delta 
function. 


From (5.11) one may obtain the formal identities 


(q^ :— q'8(q", = 0, (5.12) 
qq / W) 
aq”? 
ð 
= ed ý 0-5 = Dort it) J6(q',9',0), (5.13) 
9q" 
Hi ð / i à 
(g^ 5— 9 M es (o qo wn 
= —8j5(g" qj). (5.14) 


From these identities it is easy to obtain the representa- 
tive of the operator p; in the coordinate representation, 
the representative, or “matrix element,” of q? being 


(galg lg A= q "9 (0,95) — q" (gg. (S15) 


Taking the matrix element of (5.3), we get 
ihó;à(q" ,q 4) = f Katla lg D" to osa) 


— ("t Pil S tal dnd” 


= (q'i—q) ("4 plas, (5.16) 
which, in view of (5.12) and (5.14), implies 
(gtl pal qt) 
ð Ld 
= — ifi q^ D) Fi" sq sau), (17) 
oq” 


where the /;(g,t) are certain functions of the g* and /. 
Alternative forms of (5.17) are 


(0^, bilg t 


a 
-e«no| eio en (5.182) 
aq!’ 


ð 
-pofa reenen, — Gam) 
q 


where 


G;— Fj4-Xihó (Ing)/9q. (5.19) 


'The commutation relations (5.4) will impose restric- 
tions on the functions F;. Taking the matrix element 
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of (5.4) and using (5.18), one gets 


0— f (Ga L| pila’ 0a" t psa i 
— (q^ t; a" gt nig dg” 


ooje 


—ihG,(7 Deri (q^, m 


2 


9? 
+Gi(q" DG) —h* 
aq’70q' 


à 
— RGA N—— Gd 0644.0 oC" q’) 
q t 
à a 
=—i ne") —— -Gi(q",t) b CARED) 
aq” aqi 


à à 
== in| ran- nato pa") 6.20) 
aq’ aq’ 
which implies!$ 
F,=0F/aqi (5.21) 


for some function F of the q* and J. 
A final restriction on F is imposed by the Hermitian 
condition on the p;. We must have 


(qt Pilg O*= Q5 bilg). (5.22) 


Insertion of (5.17) into (5.22) and use of the identity 
(5.13) yields the condition 


Fi-F--iihlng, (5.23) 
which implies that F has the form 
F=——}ih lng, (5.24) 


where ® is some real function of the g‘ and /. The de- 
pendence of the representative of p; on may be re- 
moved by performing the unitary phase transformation 


pi ce — GI) 9 o GIA) — pit Ob/ dq, (5.25) 
or alternatively by redefining the basis vectors accord- - 
ing to 


ld em |a. ($26) — 


'The transformation (5.26) simply changes the phase of | 
the eigenvector |q’,t) by the amount #~*b(q’,t). Since 
this phase was arbitrary to begin with, we may ass 


that the adjustment (5.26) has already been made 
write the representative of 5; in the standa forn 


(atl pil gt) 
e a es ineo | ota 


16 There is no difficulty in defining the aeia 
function of commuting variables. í 


i A more conventional representation of the g', p; is 
— jin terms of differential operators acting on the repre- 
sentative, or “wave function" 


V (q^) — (^iv) (5.28) 


of an arbitrary state |y). The differential form Fy (t’) of 
an operator F is defined by 


Fe Cg = (^ | F (1v), (5.29) 
and in particular, 

q,— q^, (5.30) 
pia —3ih[9/9q 4-1 (Ing), ;]. (5.31) 

Here we use the abbreviations 
ff), (5.32) 
f.i 0f/0q*, (5.33) 
F=f)", (5.34) 


where f is an arbitrary function of the gi and !. The 
prime is henceforth understood as occurring on the g' 
and / together unless otherwise indicated. Repeated 
differentiation is denoted by additional indexes after 
the comma. 
_ The assumption that coordinate space possesses a 
: P natural metric means that special importance is at- 
tached to point transformations in this space. We pro- 
— ceed to examine these transformations. Here we run 
.. into a slight notational problem. In the classical theory 
= a point transformation is a canonical transformation, 
— (1.25). In the quantum theory we may expect it to be 
— - describable as a unitary transformation: 


x g= d) =Ug'U>. 


(5.35) 


f we now follow our usual convention, according to 
which a prime singles out a particular eigenvalue inde- 
. pendently of the representation, we shall have g’/‘=q'' 
and |4^,/) - U |g',!). But if we do this, a given eigen- 
— value will refer to different points of coordinate space, 
' _ depending on the representation; d/ will refer to that 
— point whose coordinate values in the new representation 
. are identical with the coordinate values of the original 
point in the original coordinate system. This raises 

difficulties in eigenvector normalization, since the nor- 
malization condition (5.8) and (5.9), depending on the 
invariant volume element, is designed to be independent 
of the coordinate system chosen. Therefore, it is more 
convenient to regard the prime as singling out a par- 
_ ticular point of coordinate space!" and write [ 


q'— qan), (5.36) 
4^) |a), (5.37) 


HA 
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Pouches! - operator describing a finite point transformation 


Under a point transformation the determinant of the | 
metric tensor transforms according to 


g= |8g/ð4|?g, (5.39) —— 


where |ðg/ðğ| denotes the coordinate Jacobian. There- 
fore | 
(5.40) 


Ing—1ng4-2 In|9g/04], 
and 
(Ing), = à (Ing)/8q:4-2| dq/dq|d| 89/84 /aq' 
= (89/847) (Ing), ;4- 2(99?/8q), ;. (5.41) 


Equation (5.41) may be used with (5.31) to obtain the s 
point transformation law for the momenta : 


Pig = —ih[0/0q +3 (Ing’), :] 
= —ih(9q/00 [9/90 74-3 (Ing^),;] 
—iih(00/0q"),; 
(5.42) 
(5.43) 


— 3, 007/00), 
pi-3(55, 04/847), 


where { } denotes the anticommutator. Equation (5.43) 
is the quantum generalization of the last of (1.25). The 
symmetrization effected by the anticommutator insures 
that the transformation leaves the Hermitian character 
of the p; unchanged.!$ 

An infinitesimal point transformation is given by 


or 


U=1— jth (9590), (5.44) 
qi— UqiU-1— qi— gi, (5.45) 
p-UpU-c— poke), (546) 


where the 6g’ are arbitrary infinitesimal functions of the 
q's and t [see (1.31), (4.13) ].:? The vector U (/^) |g) | 
is an eigenvector of d'(/) corresponding to the eigen- | 
value q^*. This eigenvalue refers, in the coordinate sys- | 
tem d, to a point which in the coordinate system q has , 
the coordinate values Q'/4-8g". Therefore U(t’)|q’,t’) 
must be proportional to the eigenvector | q’++6q’,t’): 


U (0) |q',) 2 A"! g Hegt). (5.47) 


The proportionality constant A’! is not necessarily 
equal to unity since the operator U refers the normaliza- 
tion back to that obtaining at the point g^, whereas the 
normalization required at the point q’+-éq’ will generally 
be different. A’ is readily evaluated by considering the 


18 Any other method of symmetrization would lead to the same 
result. For example, one might expand ðgi/ðğ* in a power series 
in the q’s. The operator p; could then be inserted between the g's 
in any symmetrical fashion in each term of the series. The result 
of commuting p; symmetrically to the left and to the right through — 
the q’s would be to produce two terms proportional to 7: which 
- cancel each other, leaving (5.43) 


al form U s exp[— 3/4 (25A*).] where the A‘ are 
( q's and /. : 
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representative of an arbitrary state vector |y). We may 
write 


A (o^ it^ |y)--8g 8 (g^, | v)/0q'9) 
=A * g +g |y) (q^ | UU) |W) 
= (q^ |) ih gun | o9) |) 
* = (q^, |J) ôg alg t ly) 


+2159" +3 (Ing’), o"! Ka ly). (5.48) 
Comparison of the first and last lines shows that 
A=1+4q'.;, (5.49) 


where the dot followed by an index denotes the covari- 
ant derivative. The physical meaning of (5.49) is quite 
clear. If the points of any small region of coordinate 
space are subjected to displacements 6g’, the volume of 
the shifted region is increased by the factor 4. Volume 
is conserved only if the displacements are divergence- 
less. This applies specifically to the displacement of the 
invariant volume element, which is effected by the 
operator U. 

A similar situation exists in regard to displacements 
in time. 'The appropriate unitary operator in this case is 


V — 1-- i171 Hàl, (5.50) 


where 6/ is an arbitrary infinitesimal function of the 
time. The vector V(t’)|q’,/’) is an eigenvector of the 
operators V (¢’)qi(’) V^! (t") — q*(t4-8t^) corresponding to 
the eigenvalues q'*.?? Therefore 

V (£0) |q',) 2 B'3|g',i 4- ot). (5.51) 


'The normalization constant is determined in this case 
by the representatives (5.15) and (5.27) of the q° and 
pi, respectively, and by the relation 


8 (q" ,q' tH 00) — (q, t) +5106 Cg gt) 
—[1— 8t Ing(g",)/t Jo (gg) 
which follows from (5.11). We have first of all 
p CMA MOND) 
= (q^, VIOVOGOVIOVO|q,t) 
= B** (q 1) B> (q'i) (q tt ôt | g*(L4-87) | g* 13-80) 
= BY (q^,0) Bl (q, Dgs (q gtt ôt) 
= | B(q",t) |[1— 38t0 Ing(g",)/0£] 
X ("t0 19; 


(5.52) 


(5.53) 
which implies 


B-—1--[39(Ing)/8t4-2ic Jot, 


20 These eigenvalues are the coordinate values of a point at the 
time //4-à/'. A point at the original time / having the same coordi- 
nate values ought not, strictly speaking, to be called the same 
point, because (a) we have permitted the use of “moving” coordi- 
nate systems by allowing our point transformations to be time 
dependent, and (b) we have admitted the possibility that the 
= metric structure of the coordinate space may vary with time. 
|... Under such circumstances it becomes somewhat meaningless to 


* compare two poi i i 4 
m à tw nope: at different BEES Kangri University Heridwa 


* 4 


(5.54) 
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where w is some real function of the g’s and /. Secondly, 


(q^ stes) |o, 
—ih BV (q” 1) BI (g'i) 


ir 28 
Jt MW J 
x| vcr in^, tta) | le", d itan 


--a| 2 eL in^) |} 
ag” alag: 
X | Bq’) |o (q^, g', tôt) 
2 Ing(o" 
— (q^, 0:00 
+a 0e (q"^,0)/0q"* Jo(q"^, 40), 


+in| b (gt) 


(5.55) 


which implies 
w, ;— 0. 


GS 


We may set w=0 by introducing a new representation 


T=en(sf adt) | q^,t). 


Since w is simply a numerical function of the time, this — 
transformation leaves the representatives of the g', pi 
unchanged, and we assume it already to have been 
carried out. v 
The change in the representative of an arbitrary state - 
vector |W) under a displacement in time may then be - 
expressed in the form E 


(HS |y) = B= t | V7) |W) 
—[1—1(9 Ing'/at)à Kq^," |v) i 
+ (ih), | A(t) |pyat’, (5.58) , 
which leads to the Schródinger equation for the wav : 


function, à y 
Vi (Y= Hy YY’), (5.59) 


the dot followed by a ¢ denoting conservative differentia- 
tion with respect to the time: j 


¥..=dY/dt+4(9 Ing/dd)y. (5.60) 


When the metric is allowed to vary with time s 
modified derivative is required in order to inst 

servation of probability, as expressed by the time 
variance of the integral ja E R^ 


if les laeg = Wy). 


b 


E 


(557) — 


in- 


390 


to denote the operation 


òp =y ôg + 3/007 i tY (ot, (5.62) 


we have 


&(g"^ t" |g! t= "n" oe), 69°C} 
— H (t^)8t — 3 pit’) bg (!)) F(t) 8"]\q/,U’), (5.63) 


which has an obvious analogy with (2.8b). 

It is possible to push the analogy even further by 
introducing a quantum analog for the classicalaction 
function. This is done with the aid of the concept of 
well-ordered operator functions." Let f(q","|g',) be 


an arbitrary function of the q”, t”, q’, t’. The operator 


(at^), lg) 


=f dwg" f dug'lat YS IEN, (5.64) 


is said to be the well-ordered operator form of 
MOLLATA- TE NG AU ’) can be expanded as a 
power series in the q’’*, g^, its well-ordered operator 
form is obtained simply by replacing the q$, q", re- 
spectively, by gi(t’’), g() in a time-ordered fashion. 
Any operator F may be expressed as a well-ordered 
operator F (q(t), |q(/),/), the associated function 
being simply its matrix element: 


FOLIAGE |n). (5.65) 


In practice a given operator is generally expressed in a 
form which is not time ordered to begin with. To obtain 
it in its well-ordered form it is necessary to take into 
account the commutation effects of permuting its vari- 
ous components. 

The quantum analog of the classical action is the 
well-ordered operator form of a function S$(q’’,t’’|q’,t’) 
defined by 


QE gt) = (gg) explih-'8(9/,t"| q^!) ]. 
Using (5.62) one has 
6(g" t" | q.i) E: 
— ih [ (08/99 5g" i— Mihoq": + (08/01! )àt" 
+ (08/09 *)8g — $ihiàq'* i+ (08/9! )6l Ka"; |q sn) 
E 18—(q" t" | [ôs (g(t") 4i | q(t^),") 


(5.66) 


—4ihq ;(t’)— žihôg? i(t)] | q'). (5.67) 
Comparison with (5.63) yields 
pill’) 8 (q(t), lg) ag), 
PSEUD (5:68) 
H(t’) — 0s CONA | g(t’), fav’, 
POROTA OIA | (5:69) 


ch are the analogs of the classical Hamilton-Jacobi 


A M Dirac, reference 14, §32. This famous section of 
j ll fruitful i in its stimulation of 
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equations. The derivatives on the right-hand sides must, 
be taken with $ in its well-ordered form. 

The operator $ is generally non-Hermitian, in spite 
of the fact that its variation 88 is Hermitian when the 
displacements 8g? are chosen independent of the q’s so 
as to commute with everything. In his development of 
the theory of quantized fields from a single dynamical 
principle Schwinger* assumes the existence of an Her- 
mitian operator S which, when its components are 
ordered in some prescribed manner, possesses the same 
variation as $ with g-independent 6g‘. From the compo- 
sition law 


APNE = [deg a" a tantnm 


T (q^ t" | aj NEN CLP | q',)) 
i (g^; COSU La) 
HSU) aI) 


Schwinger infers that S may be chosen so as to satisfy”? 


(5.70) 


SAES UEAN FES (U 0), (5.71) 
and hence may be expressed in the form 
w 
SA i Ldi, (5.72) 
" 


where L is a quantum analog of the classical Lagrangian 
function. While such an operator certainly exists in the 
cases Schwinger considers, namely, interacting fields 
possessing a Lagrangian which never involves any one 
field more than quadratically, it is questionable, because 
of operator ordering complications, whether the same 
is true for the nonlinear systems of primary interest in 
the present investigation. The difficulties will be ap- 
parent after we have constructed the explicit Hamil- 
tonian operator for a special case. 


6. SPECIAL SYSTEM 


As stated in the introduction, the prototype for the 
systems to be covered by the present analysis is the 
system consisting of a nonrelativistic particle moving 
in a curved space of dimensions. The Lagrangian for 
this system has the general form 


(6.1) 


where the g;(— gj), ai, v are functions of the q's and 
possibly also of the time /. In the case of an actual 
particle moving in three dimensions a; and v may be the 
vector and scalar potentials, respectively, describing the 
effect of an impressed electromagnetic field. In general, 
however, a; and v will not have such a specialized 
significance. 


Lz5gid'd!-- aid— o, 


22 The operator $ does not satisfy a relation of this type, although 
its variation does. 
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The form (6.1) embraces (at least approximately) all 
known physical systems which satisfy Bose statistics 
and possess a classical analog. It may be regarded as an 
invariant under point transformations,?* 


g=9'(4)), (6.2) 
provided one imposes the transformation laws 
9q* ðq! 
k a r (6.3) 
agi aq 
oq? dg* 
tem (at), (6.4) 
ağ’ 
dq: dq ðq! 
v=v—a; igi : (6.5) 
dl dt al 


The form is also invariant under phase transformations 
L=L+d®/dt, (6.6) 

provided a; and v are made to transform according to 
d;— aiH È, ;, (6.7) 

ü=v— 00/9l. (6.8) 


The equations of motion which follow from the 
Lagrangian function (6.1) are 


qud^-- Ljhi leg + (8g5/9t— fi? 
+0a;/dt+v, ;— 0, (6.9) 
where 
[jk] 53 (gi, et Six, 5— Bin, à); (6.10) 
Jess a Gs (6.11), 


These equations are evidently invariant in form under 
point and phase transformations. In the cases of greatest 
interest, which will eventually be studied in this series, 
there exist also other groups of transformations under 
which these equations remain invariant. When such 
other transformation groups exist the matrix (gi) is 
generally singular. We do not consider these cases in 
the present paper, but assume that (g;;) is nonsingular 
and possesses an inverse (g?) satisfying 
gi gn j= 0j. (6.12) 
For a particle moving in a curved space, gi; is the 
metric of the space (up to an arbitrary constant factor). 
We extend this interpretation and assume quite gener- 
ally that g;; is the natural metric for the space of the q*, 
even when the qt are field amplitudes, nondenumerably 
infinite in number. Thus we may therefore eventually 
be dealing with the Riemannian geometry of a space 
having a nondenumerable infinity of dimensions. 


?3 Tf the point transformation is expressed in the form qi— q'(q, 


i) 
then the derivatives dq*/dt muy be. replaced by — (dqi/ aq? i) agi ðt. 
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The momenta of the canonical formalism are given in 
the present case by 
— 0L/0d'— gi! + ai. (6.13) 


Since (gij) is nonsingular these equations may be solved 
to express the "velocities" in terms of the momenta: 


G'= 8" (pj— aj). (6.14) 
The Hamiltonian then becomes 
H= piqi—L= 3g" (pi— ai) (p;— aj) +v. (6.15) 


The action function S(q",/"|g',) may be obtained 
either by solving the equations of motion (6.9) and 
substituting into the integral / Ldt, or by solving the 
Hamilton-Jacobi equations 

9S 


Lalii aS ETIN. ube = 
max xs al’; m a’; )--v"—0, (6.16) 
q 1 


OST OS 
-Zh ner eee. (647) 
i! q t 


We assume that the gij, a;, v together with their first 
and second derivatives are continuous functions of the 
q? and ¢. The quantities appearing in (6.16) may be 
expanded about the point q’,/’, giving 
S (q^, dt) 
E (I —0)y3(g sg ^— gò (g"i— q") 
"Fx (giset E ns i g ris) (0 — 9’) (q^ 1— 9") 
X (q"*— q'*)3- (1/72) Lg i, eH gas Hg in jk 
E ku gt E usa E ie a gn (Lag, Ekla] 
E ibm YU Y H- Eim En Y) 
2€ (a 5— CHOI E Gi") 
-Fo(q" —q')5)-- a (q"—q") 
+4 (a^; a^; itag i/ 0t) (q" i q 9) (gi q'7) 
= (a’ia’ ;-- v) (/ — ")2-o(g" — q)? 
oL" — 0) (q^ —9) H-o("— 
where a— g/a;. 

As a preliminary to the quantum-mechanical de- 
velopments of the next section it is useful to examine 
the present system from a statistical viewpoint. Suppose 
we have an ensemble of a large number W of such sys- 
tems, all identical, described by a distribution function 
f(qp,t) such that N f(q,p,t)dq':--dq"dpi-+-dpn repre- - 
sents the number of systems having coordinates in 
the range dq'---dg” at q and momenta in the range 
dpi: - -dpn at p, at the time t. Since dq! - -dq"dpi- -dpn 
is a canonical invariant? and since the number of sys- 


tems remains constant, f(q, bl) must have vanishing - 
total time derivative. Written i in the form 


(f,H)+0f/dt=0, 
this statement becomes  Liouville's conservation - 


t)’, (6.18) 


niversity Haridwar Collection. Digitized by S3 Foundation USA 


EC 


(649 


EM 


mi 
* 


X 


FEM 


392 BRYCE S. 


theorem.?* It may also be written in the integral form 


f f(qb,)dg---dq"dp,-..dp,—1. (6.20) 


Instead of asking for the number of systems in the range 
dq---dq"dpi--:dp,, and thereby specifying the tra- 

- . — jectories of these systems by means of initial conditions 
|. Q5 pi, one may also ask for the number of systems having 
— — trajectories specified by means of certain end-point 
B i conditions. Thus, one may work with a function 
F(q” |g t) such that NF(g"," |g', dq" deg! repre- 
sents the number of systems having coordinates in the 
volume element dq at q’, t’ and in the volume element 
dug” at q”, t”. From (2.8b) and (5.10), 


F (q" t" | gt) 
=g D (g MEG PH GH), (621) 


where 


pila | gl) — S lgt |q',0)/0q'', (6.22) 
D=|D;ji\, (6.23) 
Op’: 07S 
Dj=——=— : (6.24) 
9q''i 0q'70q'' 


— The determinant D, which is simply the Jacobian in- 

- volved in changing the specification of the trajectory 
from the variables g’, p’ to the variables q’, q”, was 
= first introduced by Van Vleck.?* It satisfies an important 
conservation law, namely, 


y 0D/0t' 4- 0 (d :D)/8q':—0, (6.25) 
fis g'i(g,— a") m g'IL(0S/00)—a^;), (626) 


= which follows from the insertion of (6.21) into the 
. necessary conservation law 


g a(g" 4 F)/0l" +g" (gd :F)/0g"—0, (6.27) 
. together with use of the identity 
ap’ ;/ 0t" + q' 9p ;/0q' 1— 0, (6.28) 


— which can be obtained either by differentiating (6.16) 


© 2 Liouville, J. math. 3, 349 (1838). Any distribution function 
- may evidently be used to generate an infinitesimal canonical 


Li 
D 


DEWITT 


with respect to g^ or by observing that the p’; may be 
regarded as constants of the motion, i.e., the fixed values 
of the momenta at an initial time /’. Equation (6.25) 
may also be derived directly, without appeal to the 
conservation law (6.27), by differentiating (6.28) with 
respect to q"*, multiplying by D-' where 


D^ D,;—àj', (6.29) 
and using the theorem 
[A |718|A | =tr(4-'5A), (6.30) 


which holds for an arbitrary nonsingular matrix 4. In 
this way one may derive (6.27) instead of using it as a 
starting point. 

If the Lagrangian (6.1) is regarded literally as de- 
scribing a particle subject to forces derived from vector 
and scalar potentials in a curved z-dimensional space, 
then the distribution function F(q’’,’’|q’,t’) describes 
the motion of an ensemble of such particles. If 
F (q^, |g',) is nonvanishing only over a small range 
of the variables 9" and Q"*, then the ensemble has the 
form of a cluster or "packet," the motion of which 
approximates that of a single particle. The density of 
particles in the packet is Np where 


p= p(q"! I^) = f F(q!t!'\q',’)dvq’, — (6.31) 


satisfying the conservation laws 


[mn il. 


g0 (gip) aV (p (js) 0, 


where the dot denotes covariant differentiation with 
respect to the qj", and where 


Pv ['i'paeg (6.34) 


In the next section we shall need the first few terms 
in the explicit expansion of the Van Vleck determinant. 
Using the expansion (6.18) one finds 


Dj ("—t) g st jl ] (g *— g") 
AE SEEEL Y, i 055 Y H ER Y. i 
— g^ ([2,m. ] kn) + [iem Y [ljn] 
[im ] Lj ])) 
X (gq) ("4") + 0(9"—9')*} 
+3 (0g 5/00 4- f'5)--o(g" — 9") - o (I — t^). 
Then, using the matrix theorem 
|A+B|=|A||1+4—B| 
= |A]|(1-4-tr(4-18)--3[tr (4718) ? 
—Pu(43By--...), (6.36) 
i 


+ 
v 


(6.35) 
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which may be obtained by replacing A by 1+A-!B in 
the integrated form of (6.30), 


|A | = ettin, (6.37) 
and expanding both the logarithm and exponential, 
one finds 

si D (q" t" |q',t) 
= (I =U)! g --ER' yl q'*) (q^ 7— q’) 
-Fo(q" —q +oL 0" — 0) 2") 
+o(t’—V)*}, (6.38) 
where 
Ri- — g* Rig 

Ris $ (gij, kt— Eit ki— Bs, id Eki ij) 

cg" (jm ]Lkln]— [j,m JLiln]). (6.39) 


The R;;; are the components of the Riemann tensor. 
We have defined R;; in such a way that the scalar 


R= g?R; (6.40) 

is positive for a space of positive curvature.”® 
In (6.38) terms linear in (q"— q+) and (t’’—?’) inside 
the curly brackets have been removed by replacing the 
factor g', which would normally appear in front as a 


result of a straightforward application of (6.36) to 
(6.35), by the factor 


g Ag hem g'[1-5: 85 3 C (TESTI 
T g-*(0g/ar) (I —U) 
ui dud (OCA SoG Jaan (G) 
and noting that g=} (g^), = 3872 ix, ;, etc. The resulting 


more symmetric form for the Van Vleck determinant 
emphasizes the symmetry relation 


D (q" H | q',) EN (— 1) ^D(g' t | a^ 41^). (6.42) 


which is a necessary consequence of (2.12). A corollary 
of (6.25) and (6.42) is the conservation law for a packet 


moving backwards in time: 
9D/9t' 4-0 (q':D)/8q':— 0. (6.43) 


7. FEYNMAN QUANTIZATION 


ae 


In this section we adopt an approach to Feynman’s 
theory due to Pauli," which is based on Van Vleck’s 
work.?* We introduce the following structure, 


(1 4" a = (2rih) 3g" D ("^ t" | q'tb)g 7 
Xexp[iA-1S (g^, |a), (7.1) 
and then show that it can be used to define the exact 


2° This may be verified by direct computation for a spherical 
surface. In defining the Riemann tensor there are nearly as many 
conventions as authors. Expression (6.39) is, for example, the 
negative of the tensor defined by Bergmann [P. G. Bergmann, 
Introduction to the Theory of Relativity (Prentice-Hall, Inc., New 
York, 1946), Eq. (11.39)]]. 
..?' W. Pauli, Feldquantisierung, lecture notes, Zürich (1950- 


_ 1951), appendix. 
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quantum transformation function in the limit >}. — 
Expression (7.1) is an invariant under point trans- 
formations and, moreover, satisfies the relation ior. 


(q^, gO Qs | gl" n) 
in virtue of (2.12) and (6.42). Next we show that 


lim (g^, |g t )e=8 (gt). 
WD 


ag a 


(1.3) 


To do this we first compare the action function 
S (q",t"" |g t) with the action function So(q’,t’’|q’,t’) for 
the same system with a; and v set equal to zero and — — 
£i; rendered time-independent. The expansion of — 
So(q"," |g^,) involves just the portion contained in 
the curly brackets on the right-hand side of (6.18). 
Therefore 
SU gt) So (auo ap) 
Hol” —q')to( —r), (7.4) 

DQ LL) — Do(g"^," |g +0" — 0). (7.5) 
Moreover, since the Hamiltonian function Hp=3g" po:po; 
is a constant of the motion for the modified system, 

Solgt” |q',) = 3" — U)g boib o. (1.6) — 
Therefore, noting that as /"—2/' the $'s; become infinite — 


except when 4" —q' (for all i), we may write, for an 
arbitrary function f, 


lim 


vio 


de’ fT TENG Ye 


= lim (2mih)-™ f dp'oi: - -dp'onf(q")g"t 


XD 14,7 lge Hol — 4) Hoe — 
XexpLitr "Sola", |g] 
-[G"—0)/2vih if lg')g" 


x f explhin = eppo] 


=f), 


from which (7.3) follows. 

The next step in the identification of ( 
to show that it nearly satisfies a Sch 
Using (6.16), (6.25), and (6.38), on: 
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where the operator H,:(t’’) is defined by 


E iA"g H—Y 


Ww à HY Hi Sp je Hi oy 
Ho (t y= ag" gg ag” ila! —— 


aq” 
[oe pura Se Date Nig!. +h (7.9) 


when acting on an arbitrary wave function y(q”,t’”). 
With the help of (5.31), which can be rewritten. in 
the form 

(gipig *). = —ihd/dq', (7.10) 


one sees that H(t”) is the differential form of the 
operator fi 
He$gi(pi—aj)gig/(p;—aj)g---v. — (7.11) 


If it were not for the term on the right-hand side of 
(7.8) this operator could immediately be identified as 
the quantum analog of the Hamiltonian function (6.15) 
for the system (6.1). Because of this term, however, 
the quantum theory that one arrives at by applying 
the Correspondence Principle via (7.1) is determined 
not by the operator H but by the operator 


H,—H-A- yh. (7.12) 
That is, in virture of (7.3) and (7.8), one has 
BÉ . "Eq," gee ("^,^ |a.) 
= an IG t" |q Py (q"', t" |g', l = 0, (7.13) 
jim, Ot n 
and hence 
(q^ | quU). (qt! | q'U)-To(" — DP, (7.14) 
where (g”,t |g, )+ is the transformation function 


= generated by the Hamiltonian operator H}. We shall 

discuss this curious result in further detail after develop- 
ing the rest of the theory. 

Let us first point out that the Schródinger equation 


Vi v (q^) = Be QU) ast) (7.15) 


is invariant under point transformations. This is obvious 
if the point transformation is time independent, since 
the right-hand side of (7.9) involves only covariant 
derivatives and invariant combinations, and the extra 
term 357? R' in (7.15) is an invariant by itself. However, 
the conservative time derivative on the left of (7.15) is 
not invariant under time dependent point transforma- 
tions g'= q'(q,). From (5.60) one has 


vlad=(s) + aG, Ing) 


2» (2) 
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"Therefore, from the relation 


oy oy Oy ðq! 
NC 
Os 3 ot 


a Ogi at’ 


(7.17) 


together with the transformation law (5.40) for Ing, 
one may conclude that 


ðq? 
¥.(G)) —y. ACA) +Y, "m 


ðq? Od! ðq’ 
+ [0 —+2— 
at dg: dgdat 


p (7.18) 


The Schrödinger equation (7.15) nevertheless remains 
invariant, since, as one may readily verify, the trans- 
formation laws (6.4) and (6.5) for a; and v add identical 
extra terms onto its right-hand side. 

The Feynman formulation of the quantum theory 
follows from (7.14). If the transformation function is 
broken up into infinitely many pieces by means of the 
composition law 


(gt lgi tY 
E COT ks adong ae aa ee (7.19) 


one may replace ( ), by ( ). in each of the pieces and 


write 
mf dug’. 


m nen. z 


(ugue di 


(gL |g(0 0), (g( 4/0 g^), — (7.20) 
where Af=max(l’—1™), ..-¢@)—40), (00—1^) with 
>> >>>. From the expression (7.1) 
for (q’’,’’|q’,l’). and the form of the expansion (6.18) for 
the action, the (in the limit) infinitely multiple integral 
receives significant contributions from the integrand 
only when the differences g/i—g0?: ...g(0i— (Q5, 
q*— q are of the order of (2A/)* or smaller. Therefore, 
introducing the symbol = to denote equivalence as far 
as use in the infinitely multiple integral is concerned, 
and using the easily verified relation 


Erih" —t) r f deg fF) =A (9 —q?) 


Xexp[25S (q^, qt) ] 


Siht igp) +o), (7.21) 
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one may write 


eg be 
= [rih (I — 1) FPO +R al gelig] 
Xexp[74-.5 ("^ t" | g^.) ] 
z- [2mih (t — t) 3"[1-2- 35:02 R' (t — t) ] 
Xexp[72-.8 (q" t" | g^.) ] 
= [2rih (t — 1^) J>” explih S (q" t" | q',t^) ], 
where S_ is the action function for a “‘classical” system 


with Hamiltonian function ZH -—457^R and La- 
grangian function L-=L+7z R: 


(7.22) 


S (g^, |g' t= S (g^ |o! D) 3H AR' (— 2) 
Jro[ (^ — 0) (g" —9)]. 


The Feynman formulation now becomes 


ep [a f 
ji 


where the symbols on the right-hand side are to be 
understood merely as formal abbreviations: 


(7.23) 
(q^, | g^). 


q'^ t 
f 


qt’ 


rag 


Ld oa (7.24) 


ogee 


a4 


6Lq] 


q^, t! 


= lim f . - fein iom gnam ee 
N—»,4^t—0 


X [ 2vifi (i — tw) jJ” 


Xda D[2rih O], (7.25) 
t’ 
f toina 
; 
i 1t 4t) gN) N) ES 
m ES Dc 
--S- (g 9 4 | QL) +S (QE [ght]. (7:26) 


The formal “functional integration" indicated in 
(7.24) has been described by Feynman? as a “path 
summation." According to his interpretation the trans- 
formation function (q’’,t’’|q’,t’), is to be obtained by 
summing a complex amplitude over all possible paths 
in q, ¢ space between the points q’, t and q”, t”. The 
phase of the amplitude associated with each path is 
obtained by integrating the classical Lagrangian along 
this path. In the case of systems for which the equa- 
tions of motion are linear it is found that the specifica- 
tion of the path by means of intermediate points 


gi, 1... gM), qq , together with the requirement that 
CC-0. Gurukul Kangri 
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the path follow a true classical trajectory between these 
points [as implied by (7.26) ] is actually unnecessary. 
The functional integral can be evaluated purely for- 
mally, without regard to its rigorous definition as an 
infinitely multiple integral. The result generally contains 
an unknown (infinite) normalization factor, which is 


. properly accounted for when (7.25) is used but which 


always cancels out in the computation of any physically 
measurable quantity. The situation will certainly not 
be so simple in the general nonlinear cases involving 
curved spaces, because of the occurrence of a variable 
metric density in the volume elements deog” - - - d, cog, 

The result expressed by (7.24) is even more curious 
than the previous result following from (7.8). In order 
to obtain the transformation function for a quantized 
system having Hamiltonian operator H, one must use, 
in the Feynman summation, the action corresponding 
to a classical system having Hamiltonian H_. Whereas 
Pauli’s formalism makes use of the Lagrangian L, 
Feynman must employ L~ to get the same result. When 
the author first discovered this phenomenon he thought 
that he had made an error in sign [e.g., in (7.21) ] and 
that the occurrences of 3577? R actually cancel each other 
when one passes from Pauli’ s formalism on to that of 
Feynman. A straightforward computation patterned 
directly after Feynman's original paper? however, 
demonstrates the reality of the phenomenon.?$ 

Instead of stating the result in a symmetric manner 
one may also state it in the following forms: If the 
Lagrangian L is used in the Feynman summation then 
one obtains the transformation function (g^, | g^)... 
generated by the Hamiltonian operator H., 2 H-- $7 R. 
On the other hand, in order to obtain the transformation 
function (g^ ,/"|g',) generated by the operator H one 
must use the Lagrangian L.— L--t/? R (corresponding 
to the Hamiltonian H_-=H—h?R) in the Feynman 
summation. If q space is flat then, of course, all these 
alternatives coalesce into a single theory. However, in 
the general case with nonvanishing R there is clearly 
an ambiguity in making the traditional passage from 
the classical theory to the quantum theory. The scalar 
curvature R is constructed out of quantities which 
already exist in the classical theory, and it has just the 
right dimensions, when multiplied by 7?, to stand as a 
separate term in the Hamiltonian operator. The choice 
of a numerical factor to stand in front of #?R is unde- 
termined; all choices lead to the same classical theory 
in the limit 720. This, however, is the only ambiguity 
in the quantum Hamiltonian. 

That the quantum theory goes over to the classical 
theory in the limit 40 is particularly transparent in 
the Feynman formalism. Thus, for example, in (7. 24) 


when 7 is small the only paths which make in-phase — s 


28 J, L. Anderson (private communication). s 


ae 


contributions to the formal sum are those which cluster 
about that path between q’, /' and q”, t" which makes 
the action integral stationary, ie., the classical tra- 
jectory. A wave packet |y(q’,t’’)|? must move along 
such a trajectory, the particular trajectory taken de- 
pending on phase relationships in the initial wave func- 


ous, for one may write | (g^, |g^,^) |*e | (grt lg tel? 
= (2mh) rg" D (q'" t" | g^, )g ^, and, in virtue of (6.25), 
this structure satisfies the classical packet conservation 

— Jaw (6.27), which in the quantum theory is simply the 
law of conservation of probability. This particular 
Structure corresponds to an “exploding” packet, which 
initially has a delta-function form, with all values of 
momentum equally probable. However, as Van Vleck's 

_ work shows,?? there is no need to make the initial 
specification in terms of coordinates 9^; any complete 
set of commuting variables will do as well, and hence 
any type of packet may be specified. 

The Feynman formalism provides a compact repre- 
sentation not only of the transformation function itself, 
but also of the matrix elements of arbitrary operators. 
For example, let f be an arbitrary function of the q’s 

and /. Then, adopting the choice H}, for the Hamil- 
tonian operator, which results from the use of the simple 
agrangian L in the path summation, we may write 


CACC Eades 


B- = Jon | PL xii) of tH | qt yay 


L4 at 
a,- 


UCO) 


t'^ 


exp] i f Lasts) ota (7.27) 


t 


Here it is to be understood that q”, //" is included 


L a mong the variable points used to SOR the path: 


- 
g/t! 
ie 


&[2] 


| = J- f [mit (1 — pa?) Jan 


E UNS ONES 


Xdo arg 9690. [gig (ote y p 


RENE Cote an 
(0 — y e, 
; £ 


CORRI US (7.28) 
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tion y(q’,t’). The Pauli formalism also makes this obvi- . 


elements of the time ordered product [F (1G. 
the path mmation is understood to be carried out only over - 
ing backwards in time. E 
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(quin | ECCONE ACAN Igi 
1 
73 [onte | pin) | qt! yy 


IGUALA) GURL | gl sat CH | gy ns H 


XS EON Sm | ps) gt] 


il pao” À j 
“9 f Sq”) ORACOES ACON 


2 q "ib 
xe i! f 
" 


Here one makes use of the coordinate representation 
(5.27) of the momentum operator, and the identity 
(5.13). The significance of the arrows in the final ex- 
pression is obvious. The momentum at the point q’”, t" 
may be defined either with respect to the trajectory 
coming from the past or with respect to the trajectory 
going into the future: 


PLUR AT QS (qe) jare) | QUI (y / oti (7.30) 
P"; 8S (g e” |gGD,400) gg! i, (7.31) 


To obtain the symmetrized form involving the anti- 
commutator, one must average the two. 

A final example, in which the momenta appear 
quadratically, is given by 


(Gp? | g 3) pi) gh (II^) fi (1^) p(t! Dg (y | q^) 


Ut 


LG d pita (7.29) 


3y m f don gt! | qe 
X QU aum gts) 


= Bf denn gran | ar Nr Ql | (Aen 


=f BOOB) 


a't 


U^ 
xe a Í Lau Ca (1.32) 
" 


Here a covariant integration by parts has been per- 
formed,? the dot followed by one or more indexes denot- 
ing covariant differentiation with respect to the q^. 
It is now possible to derive Schwinger's dynamical 
principle directly from Feynman’s formulation. Re- 
membering that Schwinger's theory is valid in precisely 
those cases in which the functional integrals can be 
evaluated without regard to their rigorous definitions as 


?? Tf one applies these procedures to the product of two or more 
operators F(t”), G(/^)*-- which are functions of the canonical 
variables taken at different times, then one obtains the matrix 
-] provided 
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infinitely multiple integrals. (and hence in which the 
distinction between ?; and ?;, for example, is unneces- 
sary), one may, in these cases, write purely formally 


Slat | qn) 
. =f bf Lat exp] ac f vat] late] 
d 72! (7.33) 


a’, 
TU" 
"n 
the L in the final expression being the operator 
Lagrangian. 

In the more general case it is possible to write an 
approximate expression for the well-ordered quantum 
analog of the classical action function. From (5.66), 
(7.1), and (7.14), we obtain 


8, (q^, lgt) 
— S (q" t" |q i) — ih In ED (g" "| g',7)/ (28)7] 
-Fo[z? (i — 1)? ]. 


qt! t'^ 


=in-( q's" 


(7.34) 


The well-ordered operator form follows from tl 
the method indicated in Sec. 5. In the case 
particle in one dimension we have exactly 
S(q(7), 9¢),¢) 
=(P) 2g U M+ 0)] 
dihln[2wih(t"—0U)]. (7. 3: ) 
The variation of this operator is given by 


s= (/— t) La) — q(7) ]E9g (7) — 5g (7) ] í 

—& (teele UUH EPN) 

Hih (t — ty (t at), (T. 36) 

which, since [g(t’’),q(t’) |= — i(t" — t), is the same a 
the variation of the operator 


S|) = E >) ae) 


2 


1 t’ P. 
-;). v0 (30 


U 


when written in the form indicated. 


REVIEWS OF MODERN PHYSICS 


1. HISTORICAL INTRODUCTION 


HE history of the problem of motion in general 
relativity theory usually, and rightly so, starts 
with the 1927 paper by Einstein and Grommer.! This 
showed for the first time that the equations of motion 
for a test particle (with mass m—0) need not be added 
to the field equations, but that they can be deduced 
from the relativistic field equations. For many years 
afterward, Einstein, and then Einstein with his col- 
laborators, tackled the problem of the motion of two 
particles. Their problem was to find whether the equa- 
tions of motion can also be deduced from the field 
equations. The answer was given in the 1938 paper by 
Einstein, Infeld, and Hoffmann? in which the two-body 
problem was solved for the first time. 

Independently of us and a little later Fock? (1939) 
also deduced the equations of motion, though only the 
Newtonian ones, from the field equations. Later 
Papapetrou* (1951) simplified his procedure and 
deduced the post-Newtonian equations of motion, after 
Petrova® (1949) had done the same thing on the basis 
of Fock’s theory. Petrova’s and Papapetrou’s results 
were the same as ours. 

What are the essential similarities and differences 
between Einstein's theory, especially as formulated in 
the two later papers, (Einstein-Infeld, 1940 and 1949)? 
and the Fock-Papapetrou papers? 

In general they have one essential idea in common, 
but two different ideas, of which only one is essential. 
The idea common to both sets of papers is the approxi- 
mation method. We now take up the first difference. 

In the school represented by Einstein the field equa- 
tions in empty space are* in the usual notation: 


G55— Rsg—3gagR— 0. (1.1) 

Einstein always thought that to use 
Gap— Rag—38a8— — STT ag, (1.2) 
1 A. Einstein and J. Grommer, Sitzer. deut. Akad. Wiss. Berlin 


27). 
2 Can Infeld, and Hoffman, Ann. Math. 39, 66 (1938). 


A. Einstein and L. Infeld, Ann. Math. 41, 797 (1940); Can. J. 
— Math. 1, 209 (1949). 
|. a V. Fock, J. Phys. (U.S.S.R.) 1, 81 (1939). 

4A. Papapetrou, Proc. Phys. Soc. (London) 64, 57 (1951). 

& N. Petrova, J. Phys. (U.S.S.R.) 19, 989 (1949). E. 
t reek indices run from 0 to 3, Latin from 1 to 3. Repetition 
ies summation. The quadratic form for a geodetic coordinate- 
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T.s being the energy-momentum tensor, instead of 
(1.1) is somehow in bad taste, because we do not know 
in (1.2) what Tas is, and we mix a geometrical tensor 
on the left side with a physical tensor on the right side. 
This was the reason for Einstein’s long search for a 
unified field theory in which such a mixture of physics 
and geometry would not appear. 

We know that there is no solution of (1.1) repre- 
senting spread-out continuous matter. Therefore, by 
assuming (1.1) we represent matter by means of 
singularities. The method first used by us consisted in 
forming certain two-dimensional surface integrals over 
surfaces enclosing these singularities. The field equa- 
tions prescribed the laws by which the surfaces en- 
closing the singularities, and hence these singularities, 
moved. Therefore, these laws were deduced from the 
field equations in the post-Newtonian approximation. 

However, Fock and Papapetrou consider (1.2) and 
use definite expressions for Tag. 

This difference does not seem to me to be an essential 
one for the following reasons. We do not know the real 
distribution of matter. Neither of these methods depicts 
reality properly. The use of our method based on (1.1) 
means: if the two bodies are a great distance apart so 
we may assume, approximately, central symmetry of 
the field near one body, then the exact knowledge of 
density distribution inside the enclosing surface is not 
essential. Outside the enclosing surfaces, (1.1) is valid. 

This difference between the two schools may be 
characterized by an example of a simple situation: that 
is, classical gravitational theory. There we have two 
kinds of equations depending on whether matter is 
represented by singularities or by a continuous dis- 
tribution. In the first case we have Laplace's equation 


in the second case Poisson's equation 
Ag=A4rp. (1.4) 


It is more common to write Laplace’s equation when 
thinking about its spherically symmetric solution in the 
form 

Ag=4rmé6 (3), (1.5) 


where m is the mass and ôg) is the three-dimensional 
Dirac 6 function. p 
Let us try to use the ô functions consistently in 
general relativity theory. Here we have in the first 
approximation, using (1.1) for empty space, the 


1————" À—H—Ü 
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Laplace equation which we solve by a central sym- 
metric solution. This means that a solution of (1.1) in 
the first approximation valid everywhere, corresponds 
to that of (1.2) where the energy momentum tensor Tag 
is proportional to Dirac’s 6 function. Thus the use of 
(1.2) with Tas proportional to ôq) corresponds exactly 
to our previous considerations of (1.1) with singular 
solutions, just as Eq. (1.5) is only a different form of 
(1.3). 

Use of (1.2) with Ts proportional to 63) functions 
tremendously simplifies the entire deduction of the 
equations of motion. This simplification was achieved 
in my paper* of 1954, but the entire procedure can still 
be clarified and simplified. I present here the derivation 
of the post-Newtonian equations of motion with almost 
no tedious calculations.T 

Summarizing, though I believe in Einstein's idea of 
not using the energy momentum tensor, yet I was 
unfaithful to it, because I used the energy-momentum 
tensor as proportional to the ôq) function to express 
the singular solutions. 

The next difference between Fock's and Einstein's 
school is more essential. Fock, Petrova, and Papapetrou 
use the harmonic coordinate system; that is the four 
equations 


E 
( — gig2), s —(— gig). (1.6) 
Ox? 


lock considers the choice of this coordinate system 
to be extremely important, claiming that its addition 
to the gravitational equations (plus some conditions at 
infinity) restricts the coordinate system up to a Lorentz 
transformation. Thus, for Fock, the choice of the 
harmonic coordinate condition becomes a fundamental 
law of nature changing the character of Einstein's 
general relativity theory into a theory of the gravita- 
tional field, valid only in inertial coordinate systems. 
Others like Papapatrou'! who based their research on 
Fock's work, do not go so far, but also regard the coor- 
dinate condition (1.6) as essential for deduction of the 
equations of motion. 

In our first paper? we used a coordinate condition 
different from the harmonic one; yet we obtained the 
same equations of motion later obtained by Papa- 
petrou* and Petrova.? In a few subsequent papers? we 
carefully analyzed the problem. 

I maintain that the equations of motion have nothing 
whatever to do with harmonic coordinate conditions; 
they have much to do with the method of approxima- 
tion. It is this method which uniquely determines the 
equations of motion up to the post Newtonian order. 


oL. Infeld, Phys. Rev. 53, 836 (1938); Can. J. Math. 5, 17 
(1953); Acta Phys. Polon. 13, 205 (1954). J i 

T Some of the ideas presented are due to Mr. Plebański and 
myself and will appear in fuller form in a book Relativity of Motion 
which we are writing. 


(1945) Einstein and L. Infeld, Ann. Math., Can. J. Math. 1, 209 
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Twill show explicitly later that violation of the har- 
monic coordinate condition does not change the post 
Newtonian equations of motion as long as we stick to 
the approximation procedure. 


2. SOME NOTATIONS AND MATHEMATICAL 
PRELIMINARIES 


We have a world line £*(/) and a field, say a scalar 
field e that depends on coordinates «* and on time 
x?— ( and also on the £*(¢) and their time derivatives: 


p= e(x*,LES E); k= dtk/dt. (2.1) 


We assume that near the line £*(/) the field becomes 
singular and has the following form: 


=l 


2 ES 
e——— ed olt) 


p 
cTies—É£(v—£z)e----. (2.2) 
Here 
p= (e) E) (2.3) 
and, therefore, 
ly 
e=(o-—) (24) 
p 7 |z" 
Similarly 
ERNE Te 
A0> (»-—) . (2.5) 
x? p z'at'. 
We must distinguish between 
9e 
€, and $.=—=@Gp», (2.6) 
og 


which generally are not equal to each other. 
If e were not singular on the curve £*(i) we could 
have defined ¢ in the following way: 


p= f oro. (2.7) 


We can narrow the definition of Dirac’s ô functions so 
that (2.7) remains true even if ¢ has a singularity up 
to the kth order. Such à functions can be constructed 
(Appendix A) as limits of ordinary functions. By use 
of such 6 functions, we get rid of infinities without 
recourse to the renormalization procedure. Thus, all. 
8 functions used here will have the property of changing. 
e into 2, where 9 is a continuous function of the #*, 
é*, E*. Therefore, we use (2.7) as the definition of à, 
where ô is the three-dimensional Dirac ô function, 
satisfying the following conditions. 


1. à(x) can be treated formally as a spherically sym- 
metric function for which all the derivatives exist. 

2. 6(x) —0 for «#0. YT 

3. For every continuous f(x) in the arbitrary region — — 
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Q(xo) forming a neighborhood of x», we have 


ii d(g)x8 (x— xo) f(x) = f(x). 
Q (xo) 


4. For an arbitrary neighborhood Q(0) of the point 
x=0, we have 


d(sxó(x)| x|-^—0, for p=1, 2, ---k. 


20) 


The fourth condition distinguishes //ris 6 function from 
the usual one. Proof of the inexistence is given in 
Appendix A. (See also Infeld and Plebafiski.?) 
Thus the bars mean two things: firstly, singularities 
are ignored; secondly, for x* the £*'s are introduced. 
Returning to the problem of the difference between 


@s=00/dE and v,., we have from (2.7) 
er—erte. (2.8) 


This means that @, and ¢,, are equal if and only if 
¢#=0. This is certainly so if the part of ¢ that gives 
a contribution to ø does not depend on £*. 
One more formula plays an important role later and 
follows from the definition (2.7) : 
de à ; 
0 OP PUT M ae (&—1). (2.9) 


Assume two functions, e.g., ¢ and y: 
-1 


e 
e ——— ede (xt— £)t 3o s (st- E) E) 
p 


(2.10) 
NA A 
ym — E 9H Grm E) 
p p 
We have in this case 
b= oj. (2.11) 


Forming gy and ignoring singular expressions and. 


those that vanish for x*— £*, we are left with the follow- 
ing expressions of order zero in (x*— £^): 

ax5— 5 E ate £t 
Te... 
p p 
(xB) (eB) aE) 


+ vc. 


+ Ve, srp 5 
p 
) The bars over these expressions give 
TE xt— s 
w= f 6 (3)d (3) of ei-- (95 WHY, so) 
p 


(gs E) (yr— E") (s? — £7) 
+¢, arp V pce | 
p 
olon, III 4, 689 (1956); 


Ln 
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The last two expressions under the integral sign give 
zero, because they are products of symmetric ô functions 
and odd powers of («*— £*). Thus we obtain 


= [ elites es. 


But (2.11) would not be true if e or y had a singularity 
of order p. Thus (2.11) is true if p appears to an odd 
power in the singular parts of e and y. Therefore, we 
have to be cautious in applying the last equation. 

Thus, we have vectors and tensors defined only along 
the curve, like Se, 78, etc. We can define the metric 
tensor along the curve gag and g«? and assuming (2.11) 
we have 


Capg? = gas gP^ =a”. (2.12) 


'To such tensors we can apply tensor algebra and tensor 
analysis but only along the curve. 
Since 


Eag = Í Eapôd (3X ( 2.13) 
2(3) 


(where Qq) is a small three-dimensional neighborhood 
surrounding the singularity), gas will be a tensor along 
the curve if 6(3)d(3)~ is an invariant. 

The four-dimensional relativistic Dirac 6 function 
ôu), is a scalar density because of the invariant equation 


fender 1. (2.14) 
Now let us take 
54) =a) (x?— £9), (2.15) 
where 
e= £e (X), (2.16) 


à being an invariant parameter. Then we can form an 
invariant density function 


be ^ do d , 
f Do f usan su. OD) 
MER g 


— 


As far as the transformation properties are concerned, 
this is the definitions of ôq). Thus ôq) is the zero com- 
ponent of a density vector. From this definition it 
follows that 


f Bs di 
(3d (yx — Í 8 (3j— d (3)x— 
2(3) f (3) dt dÀ 


to 
=f f swdozdi= f wlat. (2.18) 
2(3) te 2(4) 


Thus the space integral of às) is an invariant. 

One more remark concerning the notation: If we have 
many curves we shall distinguish between them by the 
index written above to the left: *£*; a— 1, 2- - - 9. Then 
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we should also write *2, meaning: 


a 


Q-— 
^q (3) 


e*0d(sx; "=a (x*— tk’). 


(2.19) 


However, for simplicity we do not write a above the 
bar always understanding that it means the first (or 
only) curve: 2— 

3. THE GRAVITATIONAL EQUATIONS 


The gravitational equations expressed in contra- 
variant tensor densities are 


Ges = Ra6— 1g«&R = (3.1) 


In our case of, say, two particles moving along lines !£* 
and ?£* we have 


— 8r T«5. 


TB = Yo 15-4 2/08 25. (3.2) 


We introduce an invariant and finite line element, 
concerning the first particle (without writing the “one” 
to the left) 


ds? = gasd£*d££. (3.3) 


From the tensor density we now form a /ensor along a 
curve (the first one) 


dt -— bh 
Te?d(3x— [a8 —. 
ds 


ds 


(3.4) 
2(3) 


In the next section we see that consistency of the field 
equations demands the following equations (Tulc- 
zyjew!9): 

dt 
are tal 
ds 
We show (Sec. 4) that not only has /*? the form (3.5), 
but also that the rest mass u is constant. For the 
moment, however, we use (3.5) as an assumplion, 
without stipulating that » in (3.5) is a constant. 
From (3.5) follows 


£e u=rest mass. (3.5) 


d 
É—i5; 
ds 


" : 2 d 
n. [a8 — Eats’ = yy Eats ; H 
l 
(3.6) 
m di 
1 EU 
u ds 
and 
T= og, a £a o EB a5. (3.7) 


a-l 


The right-hand side of the gravitational equations is 
uniquely determined by the condition that T«? depends 
linearly on the 9à's. 

4. THE GENERAL EQUATIONS OF MOTION 
As a consequence of Bianchi's identities we always 


. have 
Gr, i8— RM —2gR), 47 SN UA (4. e. 
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where the semicolon indicates covariant differentiation. - 
Taking the integral of T^5.5 over the three- dimensio aa 
region surrounding the first singularity and multiplying — 
by di/ds, we have: 


di = = 
as / Te 3d (3 — A*=0, (42000 
ds 2(3) 

where A“ is a vector defined through (4.2) along the = 
first curve. Generally, we have 


(4.3) — 


» 


*44—0; a-—0,1,2,3; a=1,2---p 


if p is the number of singularities. Thus in (4.3) we have 
as a consequence of the field equations, 4p equations 
which we call the equations of motion of the p singu- — 
larities. Indeed they contain 4p unknowns: 


*E*(D) and m(t); s—1,2,3; a=1,2---p. (4.4) 


Let us now write out A* explicitly (omitting the — 
“one” on the left). We start with i 


Tes p= Tee aan me. (4.5) 


Introducing here (3.8) the first right-hand expression | 
becomes 
Tee g= T«* TO o= (Im !£ 1*1), + (mi! £18),9 (4.6) 


-Fsimilar expressions concerning other particles. We — 
have 


p 


dt 

-[ (m Léa LEs 18), dos- f T«.díx-0. —— 

ds ^a) laca) Ae 
(4.7) — 


This we can see even without explicit calculations by. 
changing the volume integral into a surface integral. 
which must vanish because !ó vanishes on the surfa eu 
of 123). Therefore, what remains of the integral of (4.6) - 
is, because of (3.6), 


di dt d 
od (ay = T lin lga todas] 
ds d 2(3) j 


di + 
-= int )= (u£*y'.- 


Thus because of (4. 5), (3.6), and the last equ 
our equations of motion (4.2) become ; 


we + peo’ "uult Ji 


Hv 


he rest mass 


Then, multiplying (4.9) by Jast”, we have 


MELE Bao FUES E" Feet Magus ot" E E =0. (4.11) 
Because of (2.9) this is equal to 
DEGNE D. 
a'H- — (gapt $P) =0; p'—0, (4.12) 
2 ds 


which changes (4.9) into 


O (4.13) 


xac cm dede bse slip 06 vr 


ie 
— Aa= po" 
H 


eee 


Thus the rest mass must be constant. 

If not for the bar above the Christoffel symbol, our 
Eq. (4.13) would be that of a geodetic line. For each 
particle their are four such equations of motion. 

Let us put back ¢ instead of § into (4.13) using (3.6). 
We then have: 


dm One 
en] £«£8 — 0, 
dt af 
(4.14) 


NN C n 
gotte fe #=0; (P-1. 


As before, we have 4p equations determining the e£* 
and the *m’s. From the first equation in (4.14) and (3.8) 
it follows that 


m t0 di 
— =x — Ea nr) =, 
m exp( J hal £ ds 


(4.15) 


since 


(4.16) 


ds — dt ev f MI 


This connection between ds and dí follows from the 
- equations of motion. The normalization is such that 
- for (— 0, both dt and ds are equal. 

E" Substituting the values (4.16) for m/m in the last 
three equations (4.14) we obtain the 3p equations of 
motion for ^£*: 


B E gt] T Eeee =O f=1. (417) 
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of (4.14) using (3.6) 


m di [ol 
(ioe) =(=) --| | eves (4.18) 
H ,0 ds ,0 aß 


or, since dt/ds = (gss£*£)-! : 

[log (gas£7£5)-3] 0= — } (Gap E< E8) (gag£o £8), o 
0 
af 


Therefore, the three equations (4.17) can also be 
written 


(4.19) 


{eee 


s. (an 
P| NT Erge) (gas EES) £*—0. — (4.20) 
Qt 


Let us write, for short 


L= (gap ExEP)}; (E—1). (4.21) 
Then we can rewrite (4.17) in the form 
x -—— EL 
f (ogg) air lego. (4.22) 
aß 


The “zero” equation (s=0) gives the known equation 
(4.19). We multiply (4.22) by ga, and assume, that for 
ae and their derivatives (2.11) is always valid, that is 
the barred product is equal to the products of the 
barred expressions. Then we have, because of (2.9) the 
three equations of motion, 


§(log&),o—3£aa,r £«£8—0. (4.23) 


This suggests the existence of a Lagrangian: £. We 
wish to see whether (4.23) is equivalent to 


(Ber £), 0— Ber 


dog aL 
LOES (4.24) 
dt ðk ag 
We find 

Gg a 

— =} L Fap, k cge, 

oE 

aL ap 

—_ = «tB a —] 

"m 1¢ atk Von je (4.25) 


d ðL atm [2 


nae CU yy uie 
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Therefore the Lagrange equation (4.24) becomes 


(Zax E*),0—Zar E*(log&), o— 3gag, EEF 


Comparing (4.26) and (4.23) we see that € is a Lagran- 
gian if 


gaf aa 
Ea, s= Bap, s 5 =0. 
E Oe 


(4.27) 


This means: ds/dt is a Lagrangian if the relevant part 
of gag does not depend on !£* or !£:. We shall see later 
that the first condition, that is the independence of the 
relevant part of gag from !£* is not always fulfilled. 
Thus (4.23) follows from a variational principle: 


to 


of di 
tı 


t2 i 
=o f al f Josie Gr- Pale] =0, (4.28) 
t ~ (3) 


if we ireal gag as function of x* only that is if, while 
varying the function under the integration sign, we 
ignore the possible dependence of gag on !£ and !£. 
Then, as can also be shown by a straightforward calcu- 
lation, (4.28) is equivalent to (4.23). Call the result 
of such variation the “geodetic line,” then (4.23) is the 
equation of a “geodetic line.”!! 

For a lest particle—that is if u—0 and gag is not 
singular and does not depend on !£ or !£—Eq. (4.23) is 
that of a geodetic line and the ‘—” means only the 
substitution of !£* for x*. 

One can show (Tulczyjew!?) that the equations of 
motion follow from the field equations once we assume 
the linear dependence of T«? from the 6’s, that is the 
form (3.6) for tag and (3.7) for Tag is a consequence of 
the field equations. 

From Bianchi's identities follows: 


dl 
= f OT? 5d (3 — 0, 


(4.29) 
ds 


lag) 


where @ is an arbitrary function continuous on the 
worldline £*(/). Or, again omitting the “one” over the 
[*P's and 6’s we can write 


dt 
= f 6 (tP (ay); gd sx: — 0. 
S loq ; 


(4.30) 


(0095 5 Infeld and J. Plebaüski, Bull. Acad. Polon. III, 4, 749 


equal to **one""). 
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Thus this leads to the following: 


A* 0-- A«8 9 8—0. 


Let us start by calculating 497. Because 


Ô, o= — Ô, ,£, (4.32) 
we have | 
ET al = 
0, g A«8 =—(— [2*-|-129£9)0 p. (4.33) i 
ds 
Since £— 1, this can be written ; j 
ES y A | 
0,5 A98 =—(— 128-4 ja0$) 6g, (4.34) | 
ds | 
Because 0,5 is arbitrary, we have | 
PEE 1 ! 
A «8 =—(— {284-129 £8) — 0. (4.35) 
ds 
Hi 
Putting here «—0 we find 
{9B = EB, (4.36) 
therefore, generally 
[a8 — Via £8 — m En EB. (4.37) 


which is the proof of the theorem. Obviously 4«—0 
gives the equations of motion. 


5. THE APPROXIMATION METHOD 


We solve the field equations and formulate the 
equations of motion explicitly by means of the approxi- 
mation method to be described. 

Let us assume a function developed in a power series 
in the parameter \= (1/c) (assume c arbitrary and not 


e—oediedase-:--. (5.1) 


The indices written as.left subscripts indicate the 
order of \ absorbed by the ¢’s. 

If the function g(a) varies rapidly in space but 
slowly with x°, then we are justified in not treating all 
its derivatives in the same manner. The derivatives 
with respect to a? will be of a higher order than the 
space derivatives. We can formalize this procedure by -— 
assuming 


ae 


14-19, 05 
that is differentiation with respect to a? raises t 
power of \, absorbed by the e's, by one. 
The problem now is: with what order should we: 
the power development of the quantities appearing 
the field equations? 
The quantity &* will start (by an. obvious com 
the order "zero." It will be an u 


os 


antity | 


determined by the equations of motion; we shall for 
= the moment not develop £* into a power series. Thus £ 
will be of the order “one” and £' of the order “two.” 
From this follows 


E * m= m+ m+ m+: > - (5.3) 


To begin with, 2 is not pure convention. Indeed in 
the Newtonian approximation, which we hope to 
obtain, we have in the chosen units 


: mass mass 
mass acceleration = ————— —. 
(distance)? 


Since the acceleration is of order two, the orders of 
_ both sides will be equal, only if the order of mass is also 
“two.” 
T In all the power developments we take into account 
—. enly even (as in *»), or only odd powers of à (Infeld,° 
1938). 
= Thus, because of the order with which we start ¢m 
and £*, we have 


— Te TOTO- 


A. A Tom= 3 Lom, Tom ZEN (5.4) 
. Tn Trt Tmt O00 
Now as to the g's we write 
Eu mua; gm. (5.5) 
_ From the gravitational equation follows: 
E: Rag= —8r(T.5— $8451), (5.6) 
where 
Rap=Rapv/—8, 
E p p Plc p)(¢ 
Be Let e 
, uv!» 'up', uo)! py py) \ po 


— From the right-hand side of Eq. (5.6) follows: Roo 
Me and Rmn start with“ the order “2” and Rom with the 
order “3.” The lowest order expressions on the left-hand 


side are 
« for Roo: 


Roky, 
for Rmn: 


= Vian 
— bmn, as thms, net3lins, ms 


, +$hoo, mn ales, mn; (5.8) 
: Rom —thom, FF Fhios, Ar Misa, 0s—_ ih. m0- 

Jtgo— 2hoo+ shoot * - 

"a homt shom t- (5 9) 
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6. THE NEWTONIAN EQUATIONS OF MOTION 


We try to find the equations of motion in the lowest 
(Newtonian) approximation. We do it in such a way 
as to make the generalization to the post-Newtonian 
approximation as simple as possible. 

Because of (5.6) and (5.8), the field equations of the 
lowest order are in /1oo 


—3 altoo, GS = 8r (oT®— 5 i T) 
p 
=— 4r 21° — — 4r >D 27m 207 (6.1) 
a=1 
or 
P 
2ħoo, ss= 8r >. 2% ^0. (6.2) 


asl 


As the solution of this equation we take the New- 
tonian field, that is 


s/too— — 2 9m 1r-1—2 $m ?r1— ---, (6.3) 
where 
ay2— (x5— «£*) (a5— age). (6.4) 
We also write briefly : 
altoo= c (6.5) 


and in the two-body case, which we 
sake of simplicity 


assume for the 


e-— ftt 
f=—2 mrt; g=—2?m (6.6) 
coat c=. 
Because of (5.5) and 
AII 0*5, (6.7) 
we have 
A= Te. (6.8) 


The relevant part of ¢, that is g, does not depend on 
£; therefore, we have 


ZERO ARUM. 9g 
alto, s= 2ħoo, =g s= — = g.£*- (6.9) 
0g 


There is no reason to assume that » is a constant. 
This follows, however, from (4.15), or, the first equation 
in (4.14). 

Because of (6.9) and because in the lowest order we 
do not have any products of the //s, the conditions 
(4.10) and (4.27) are satisfied, this means that the 
path is a “geodetic line? and can be deduced from a 
Lagrangian : 


T= (gap £i i-(ü-£BBg (610) 
2m 

22=— zE Etag = rae C 

Ax (Eae) (E — n°). » 


no danger in confusing this g in (6.6) with 


—————B 
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Thus the equations of motion, up to the second 


order, are 
dog og 
r0 (6.12) 
dt ðs dé 
that is 
i uos) 
£'———(*m/r). (6.13) 
oes 
The Lagrangian £** for both particles is 
-— T». 'm?m 
£= — 4 oy En — 1 tmh — (6.14) 


r 
The Newtonian Lagrangian for both particles is of the 
fourth order. Since (m/u)= (dt/ds), we have here 


im 3 ols E° an ?m/r. (6.15) 


M= of, 


We also find the equations of motion directly by 
going back to (4.17). We then have simply 


MESE 
E 
00 


zu [00,5 s]= es Tig. 
which is identical with (6.13). 


(6.16) 
or 


(6.17) 


7. TRANSITION TO THE NEXT APPROXIMATION 


To find the equations of motion up to the fourth 
order, besides »//jo, we must also know 


(7.1) 


The first two are easy. The left-hand side of the cor- 
responding equations is written out in (5.8) and the 
right-hand side is given by (5.6) and it is 


omn, 3hom, ahoo. 


for mn: — —4mó,s(2m 18+ 3m 8), 
for Om: Sm(sm£n!0-- m3" 8). (7.2) 
Therefore, for smn we have the equations 
Y à Amn, ats Ames, 151-3 Ans, ms 3 9]tss, mn 
rie, mn — on, as: (7.3) 


We are looking for a solution of a Newtonian charac- 

ter. Such a solution is 
- DL mnp. (7 4) 
The choice of these Newtonian solutions for z%oo and 


2mm must be regarded as part of our approximation 
procedure (Sec, 9). 


AR next step is to calculate shom. Again (5.8) and 
1.2) gives 


+ 
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— 5 ahon, sst} ahos, net dns, 0s—% aes, no kon 
= 8x (més! omy"). (n5) — 
If (7.4) is introduced into the last equation we have a D 
p, no= 8r (ol E” -om?g?0). (1.6) — 
The solution which we adopt here is l 


shon= — 2 fEn— gi. 


1 
X $ 3/10, CARS altos, ns 


Go 


This is not the only possible solution. Section 9 con- 
siders a more general solution and its influence upon — 
the equations of motion. oe 

Calculation of soo is more troublesome (Appendix B) 
Here we quote the relevant expressions of j/io, that is 
those that give a contribution to jJ/o» and roo a. They 
are 


shoo~2 Cm)? Pr)? — 3933 2m Cr) 


—?m *r,oo+2 m?m(r?ry3. (7.8) 


Now we should like to see whether these expressions | 
for mn, shon, soo are such that they make the equations _ 
of motion equivalent to those of a “geodetic line," that — 
is, if the conditions 


("| B [Foe 


dfaa/dE"=0 


are satisfied. Both conditions are satisfied for 2/tmn and 
shom. These expressions have a singularity of order 1/r, ge 
an odd singularity ; therefore, for them, (7.9) is satisfied. 
In their relevant part neither £ nor Ẹ appears explicitly; - 1 
therefore, for them, (7.10) is satisfied. But this is not. 
true of 4/oo. It has an even singularity because of the 
appearance of (!r)-*. Yet this does not matter, since 
shoo appears only linearly in the equations of motion. 
Therefore, we can disregard the condition (7.9) for shoo 
But is the condition (7.10) satisfied for shoo? It is 
tainly satisfied for the first two expressions, that is, for 
2m) Cr) 2—3 2m(r)-, since neither of these 
expressions depends on £, £. We must be more ca 
with the third expression: 


Bap. = Bap, s; (7.10) - 


—?m 2y 007 — 24, KA n'n h — m y. vi’. 


The first expression on the right-hand side d 
depend on £, & but the second expression con 
Here we may introduce for *m7*=—4né* 
tonian value, since the mistake will be o 
'Thus we can put A 


= — 2 27, pi =m m 8, y o. i 
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gives zero at the point x*— £*. Thus 


(7.13) 


Qa — 0. 


But 


0& 
— Yn ?*m(r-?) i. 
oe” 


Q m — 


A. similar situation occurs in the last expression in 


shoo: 
B=2 1m ?m(r ?ry3. (7.14) 
We have 
P 1 
B, ,—2!m?mr? ( =) =2 mêm (r1), e, 
T's 
A (7.15) 
B, ,—2 !m?m(r?), v. 
Therefore 
B .=28... (7.16) 


However, we can easily find an auxiliary field which we 
shall denote by /oo* such that 


al 00, m= shoo, m: (7.17) 
From this it follows that such 4/oo* is 
"TE 2 (my r2? —395'9* nr 
—?mr, ein Hm’? mr. (7.18) 


8. THE POST NEWTONIAN EQUATIONS 
OF MOTION 


In the general equations of motion (4.17) 4/ will 

— appear only once up to the fourth order, that is in the 

expression 4 4/o0,m. This means, because of (7.17), that 
a Lagrangian up to the fourth order exists$: 


E £*=ds*/dt, (8.1) 
— with 

dl 

(—) = seat ee (82) 
di 
. jn which only £o 7 Eso and 
goo“ = noot shoot shoo*=1-+-e+shoo*. (8.3) 
Therefore, 

| gr- (1H pth o PE o EEH E). (8.4) 


re I. G. Fichtenholz Phys. (U.S.S.R.) 27, 563 
en S AE i H e inically from the 


not, as here, the equation of 


a Collection. Digitized by S. 
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Here we introduce the values 


=—2?mr; shos =4 mr h"; 


(8.5) 
diet = 2em) r 2—3 m! 
—?nm r pgr Hm ?mr?., 
Remembering that up to the fourth order 
(14-2a4- 42)! — 14-3 (224-42) — $ 20° (8.6) 
we obtain from (8.4) and (8.5) the Lagrangian: 
LH L4G = — Lii yg 
je Ent) tme (BE) 
L?m(tm+°m) —. i E 
pex — a mre ety. (8.7) 
2 7 


This is supposed to be the Lagrangian for the first 
particle. But we wish to find the Lagrangian for both 
particles. This means first a Lagrangian which gives 
the same equations of motion as the Lagrangian (8.7); 
secondly, a Lagrangian which is invariant with respect 
to a transformation, changing 


(8.8) 


Img mn. 


Let us multiply £* in (8.7) by 4. The equations of 
motion will be the same. Let us add 


(8.9) 


With this addition, the equations of motion for the 
first particle will still be the same, since there is no 
contribution from (8.9). With these changes, the only 
expression not invariant with respect to the change 
(8.8) will be the last one in (8.7), that is 


—i mnh — 4 2m (5205). 


— $m "mr, ggh h", (8.10) 
But instead of it we can write 
Ain yr, gnr ESN", (8.11) 


which is invariant with respect to the change (8.8), and 
gives the same contributions to the equations of motion. 

From (8.10) we have the following addition to the 
equations of motion of the first particle: 


3 Uy ?mr geren h —3 m?mr garer h. (8.12) 
From (8.11) we have the addition: 
3 m ?m(r, ryh"), o—} m "mr, grer Een” 
=} m*m(r, gyre h EHT, eosam 
Hr, erni r, enna i) 
(8.13) 


S ERNA mr 

=} Im 2m(r, esr! oor, ns) 
A Eoin tation USA 
z4 


But the last expression in (8.13) equals 


z n ?mr vani 


A A Ônr 
—3*5n*m| —— + 
r 


1 DET 
po RA (8.15) 


5 


Sy (8:14) 
rs 


Since 


we see that (8.14) vanishes and, therefore, (8.10) and 
(8.11) give the same contributions to the equations of 
motion. 

Therefore, if we call the final Lagrangian for two 
particles £**, we have 


Im ?m 


ott PO ee = —i Un £s£s— $ mi’ i 
7 
3imipy TM Im m 
--— (pitii) Hii 
r 


= m (EE ta)? 
1 m ?m (m--?m) 


^ = F4 Im Por, pyr En”. 
p) 


(8.16) 


From this Lagrangian the equations of motion for 
the first particle are: 


: 1 
—n(-) 
T/ t" 


2m Im]y/1 
=°; 2E Et iov — Aen rem s~|(-) 
£^ 


T jNrT/, 


1 
+ (Aer P)eibir-ai(-) 


1/7 
Hrevel- (8.17) 


The equations of motion for the other particle are 
obtained by replacing 


lin ?m, E by °m,'m, mn, $, (8.18) 
respectively. 

The generalization of this result to p particles is 
almost trivial, if we take into account the > changes 
caused by the addition of these particles in /oo* (Ap- 
pendix B). These additional expressions are due, say, 
in the case of three particles, to interaction between the 
second and third particles; that is, in the equations of 
motion for the first particle they will give a contri- 
bution proportional to 1m ?m%m. These expressions 
appear in &** from two sources: from Altos and from 
€" in (8.6). If we now denote the “distance” from the 
ath to the bth particle by: 


Conr Eee EN nck 


EQUATIONS OF MOTION IN GENERAL RELATIVITY 
then we have the Lagrangian for the p particles: 


gei gr Len 


P? ? 
=—k J ‘mejsel SOM am bm(lab)r)—1 
a=1 a,b=1 
a zb 


E aE am bm (addy) —1 (a £s a£s-|-b£s bés) 


pre 


P 
+2 ye am bm (y)! ags bés 


a,b —1 


P " " 
—i »» 7162 ag? 


a=1 


p 
+4 Y 8m m(*m--5m)(G?r) 
B- 
y iris 


P * 
ab ay am dm ( (addy eer) a£s b£r 
a,b —1 
axb 


P 
+3 XU mèm emp (Cr or) 
a,b,c =1 
a 4b yc 


(Cy Cary (lar r). (8.20) 


In the case of two particles the Lagrangian (8.20) 
reduces to (8.16). The only new expression appearing 
in (8.20) is the last one; in the case of three particles it is 
equal to 


tmn (3 4599— 49h) 


using the notation of Appendix B where 3so is the 
change in 4/oo* caused by the interaction of the second 
and third particles and & is for the third particle what 
f and g are for the first and second. Thus — 1gk is the 
contribution to the Lagrangian of the interaction — 
between the second and third particles coming from 
—ig!in (8.6). 


The harmonic coordinate condition is 
[783g] 0, 
which in our case means 
gh" ,—0; 3m moh 90. 


None of these conditions are fulfilled in our coo 
system. 

The values for 2%o0 and smn accepted by us 
the. Newtonian values. Our conventior 
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| a with some justification, this approach may be regarded 
2 as too formal. Instead of our values for shim, we could 


have chosen 
Amn’ = tant 20m, AF 205, m 


the a’s being arbitrary functions. This change from 
2Htmn to 2Amn could also be induced by a change in a 
coordinate system that does not disturb the approxima- 
tion procedure. The physical meaning of the choice 
20,,— 0 is that we assume the existence of a coordinate 
system in which each of the two bodies reveals its 
spherical symmetry; a coordinate system in which for 
2m—0, £0, the field goes over into that defined by the 
Schwarzschild solution in an isotropic coordinate 
system. The choice of such a coordinate system is 
implicitly assumed by our approximation procedure. 
However this choice of 2a,,=0 refers only to the be- 
ginning of our approximation procedure; therefore it 
does not refer to 3//o,,. If we replace shom by 


1 
stom = somt 300, m 


(9.3) 


34o being an arbitrary function of x*, then Eq. (7.5) is 
fulfilled just as well. This change in som can be induced 
by a change in a coordinate system which does not 
disturb our approximation procedure. Such a change 
also induces a simple change in 4/oo (Appendix B): 


(9.4) 


"Pherefore, it would seem that the Lagrangian and with 
it the equations of motion would change. The expres- 
sions that change in the Lagrangian (8.4) are 


Rosé*+-4 shoo® (9.5) 


and the change induced by them in the Lagrangian is, 
because of (9.3) and (9.4), 


alton’ = shoot 2 400, o. 


dao 


A&S*¥=%,, SEOTI (9.6) 
LL 
Therefore, 
tae t2 
5 f Ag*di—a(a)| —0. (9.7) 
t1 ty 


bs This means: the equations of motion are uniquely 
= — determined up to the fourth approximation by the field 
- equations and by our approximation procedure. Neither 
the harmonic coordinate condition nor any other coor- 

dinate condition played any role in our derivation of 
the equations of motion. 


A 
E 


10. THE GENERAL THEORY 


ow we formulate the general theory,|| according 
to which we proceeded in our special case and in which 


ideas presented here are a few years old. A. E. Scheidegger 

Ped Phys. 25, 451 (1953) ] refers to them in Sec. 5 

hat they were suggested by me. I found a more explicit 

mulation of similar ideas in a thesis by B. Rameswararao 

si nares Hindu University, 1955). An alternative general 

given in a paper by Plebafiski and myself [Bull. 
, 4, 755 (1956) a E 


‘ || Th 
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we found the equations of motion of the second and 
fourth order. Such a general theory is of little practical 
value, since there would be hardly any physical meaning 
in developing the calculations one step further. More- 
over, it seems—and we discuss this later—that by 
proper choice of the coordinate system we can anni- 
hilate all contributions to the equations of motion 
beyond the fourth order. From the formal point of view 
it is important to know that the procedure can be 
pushed as far as we wish. Of course we do not know 
anything about its convergence. 

Before we formulate the general theory let us recall 
what has been done here. We had the Newtonian 
equations of motion : 


dt db 
Lm 319, dox = 34°=0 R 
ds 
(10.1) 
di | 
=> Ae, dix — 4A " — 0. 
ds 


Since sm appears as a factor, we called these equa- 
tions (after dividing them by 21m) the equations of the 
second order. But here, since it is multiplied by əm, it 
appears as an equation of the fourth order. For this 
section, therefore, let us rename the order of the 
equations of motion calling the Newtonian equations of 
motion those of the fourth order and the post-New- 
tonian equations those of the sixth order. Let us also 
put generally 


dt um 
= 2n—11 9", v dgx = 2n—14 un 
ds 
(10.2) 
dt SER 
= | aI”, d(g3 — nA”. 
ds 


Thus for our post-Newtonian equations of motion we 
have 


3494-449 —0; 4A? 4-:47 —0. (10.3) 
"These equations gave us 
"m-r£mdgsm; "=o Harg, (10.4) 


where o"£* is the motion in the Newtonian approxima- 
tion. To find these equations explicitly we used the 
Newtonian equation of motion in 5A”, since the use of 
*£* instead of o%£* would give a contribution of the 8th 
order to the equations of motion. We express this idea 
in symbols and write instead of (10.3) : 


A (o£*-- 5£*) J- s A9 (o£*) — 0; 


(10.5) 
4A" (okt) + gA 7 (o£) — 0. 


Thus ,4"(s£-;£) also gives a contribution of the order — 
“Collection. Digitized by S3 Foundation USA 
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six. The field was solved so as to obtain (10.4) in 
m, n up to the order zmn (o£), 
0, m up to the order shom (o£), 
0, 0 up to the order 4//oo(o£). 


Suppose that we wish to go one step further. We 
then have the equations of motion, 

34" (o&+ 2&+ 4£) +54 (0+ 58) +74 (ot) — 0, 

4A" (oF + 5£4- 4E) H- A " (oE-- 5£) 3-44 ^ (E) — 0. 

In 3A, 5A, 44, cA, the argument in (10.6) is different 


from that in (10.5); therefore, they give contributions 
up to the eighth order. But to find sA™(o£) we have to 


(10.6) 


know 
"lcs som, soo, (10.7) 
all functions of o£. Thus simply denoting 
Q«8— — 8x (Tab—igbT) (10.8) 


we have to solve the equations (omitting the a’s above 
the £'s): 
oR™”" (gE o£)-+4R™™” (of) = Qran (gE 0€)+ .Q"" (o£), 
3 RO" (o£J- 9£) + SR?" (cE) = sQ (oF + 2€)+5Q™ (c£) 
aR (oF 5£-F- 4£) J- aR” (Eo+ 2&) + sR (o£) 
= QV (s£-- 2&+ E) + 1Q(0F+ 5£) + 6Q™ (o£). 

This would seem to be an impossible task, since to 

solve the last Eq. (10.9) we would have to know 4é, 


which we wish to find by Eq. (10.6). However, this is 
not so, because we have 


' (10.9) 


p 
RO= —} ahoo, $577 — Am D» om að = (Q (10.10) 


a=l 


for arbitrary motion. Thus we may rewrite the last 
equation (10.9): 


aRO (oto) +R” (oF) = 40 (0+ 2&) + 6OM (o£). (10.11) 


Collecting here the expressions of the sixth order we 
find ¢/o0(o£). Similarly we can find skom and smn. Thus 
we can push the approximation one step further. 

We can now formulate the general theory. In the 
development of gag, R, T, we took into account arbitrary 
motion. Under this assumption we developed, say 


[mn T” 4T”; T"... (10.12) 


But, instead of arbitrary motion, let us put into the 
arguments cer/ain motion developed into power series: 


E=of+2é+4E+-- (10.13) 
j and write, say, 
= 5 vel (o& + 2& +48). (10.14) 


_ If developed properly, the above expression gives con- 
tributions of the order 2s4-2 and 2s+4. Assume that 
pave solved the equations of motion of the order 2r 
cco. DUO gri Univers 
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aal) Hos ATE - 


aA? (fFF - - -2r—6%) Am 
P eaor A0 (Q5) 0 um m 2 
AA P (oE-I- - - ora) - eA ™(oE+ - - - o 6 &) LA 


+- --x4”(04)=0. 


This means, that we have solved the field equations in " 


m, n up to the order ». 5, 
0, m up to the order 2,—3hom, 
0,0 up to the order ».2/160. 

Now we wish to solve the equation of motion of order 
ATA 

3A°(oE+ - - *acco£)-- -- 214 9 (o£) =0, 

sA™(oE+ - ork) - - or 2A (o£) =0. 

The arguments in 549, ---o,1A°, 447, ---2,A™ are 

different in (10.16) from those in (10.15). Therefore, 


they give contributions of order 27-+1 and 2r+2. But 
to find s,247(s£) we have to know 


(10.16) 5 


arean, 2r—10m, arltoo. 


We have, therefore, to solve the equations 


aR™(oE-+ : + ara) H: + +2, 2R™™*(oE) 
= Qn (a+ boo orate) E ar SQ" (o£), 4 
3RO™(oE-+ 6o 2—4) + ooo 2.1 RO" (o£) = wi 
= Q (oft - - 2r) F- 097 (2), (10.17) 
IR oE-- 7 + -ar-2£) +- -2R (ag) i 
=Q (o£-- - - a. 2£)H- - - s QU (o£). 


Everywhere in these equations, with the exception - 
of 2R® and .Q, we substitute the motion already er : 
However, 2R°=.Q for an arbitrary motion. Then we 
can replace the last equations in (10.17) by 


sR (oF - - - ora) F - - - S RP (o£) ^ 
= 4Q (oF - «2 ,£)H- + + + oO (oE).. 


In 2,-2R™" (o£) the expression 2—2/tmn appears, for : 
first time. In s... R?" the expression 2r—1ı%om appears a 
finally in ;,R? the expression orltoo appears. Colles i 


and putting them equal to zero we can find 9, sas, 
2r—140m, 27/1005 for 2,oo the equation is purely a Po isson 
equation! 

Looking back at Eqs. (5.8), we see that if s. 
2tmn is a solution of (10.17), then 


ortos = 2r—1om+ 2-140, my 
orlan = selma} trs at arn m E 


is also a solution. 
For example, let us put r=2; tha 


system in which the a’s equal zero. Then in the equations 
of motion of the 8th order, the derivatives of these four 
functions will appear. Generally, they can be so chosen 
as to annihilate the expressions of the 8th order in the 
equations of motion. But it is difficult to judge whether 
such a coordinate system would have any physical 
meaning. In any case, up to the post-Newtonian 
approximation, the choice of the coordinate system 
does not play any role as long as we stick to our ap- 
proximation procedure by which its beginning is deter- 
mined, that is, the choice of 2/00 and 2htmn. 


APPENDIX AT 


To distinguish between our 6 function and Dirac’s 6 
function we shall here denote the former by 6;. Our 
aim is to give a "realistic" model, showing how to 
construct a sequence of ói(e) so that 8,— lim, oó1(€) 
and such that for every e: 


Jf 9o; J 9792-6; 
D= Zesefs (AMD 


Such a model can be gained from a model 6(e) of an 
ordinary Dirac 6 function satisfying the following con- 
ditions: 

8(e) 6(er)— °A (r/ 6), (A.2) 


where A (r/e) is such that 
1 oo 
—po- f A(z)g-??dz; $—41,2---k (A.3) 
4r 0 
always exists, and 
Do E f: (9d mtr | 2A (z)dz— il, (A.4) 
0 


If à(e) does not have this property, it can be made to 
have it by multiplying it by (r/e)* and renormalizing.** 
Thus with such 6’s we can form the model of our 6; 
- function in the following way: 


Z OAO] 


We have to show that such a choice of ô, satisfies 
(A.1). To do so, let us start with the first equation 


(A.1): 


1 4r/ON* p^ 
| fone) e f A(z)gdz—D(-1. (A.6) 
hit kl 9e 0 


This is an abbreviated and changed ‘version of two papers 
n in collaboration with J. Plebanski.? à 
z, Let us take ô(e = (2r) te exp(—4r^e?), that is 
27) exp(—42). Such A(z) shall be changed into 
Tw Ja TE 
— Apes) 2- em (523) |" exp). 
te p Top | CC-0 7 ri Uni 


(A.5) 
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Now as to the second equation (A.1): 


eo 


4r / 0N* 
Jor A) e= f A(z)2?-?dz 
k!\de 0 


1/0\* 
-—(—) ec-»Do =0, (A.7) 
k!\ ðe 


for every integer p, if 
1<p<k. 


Thus the ôs defined by (A.5) satisfy (A.1). 

This procedure can easily be generalized. We intro- 
duce the modified Dirac functions 62 from the condi- 
tions 


IDA p=1, 2---k, (A.8) 


where the w are arbitrarily prescribed numbers. The 
realistic à»(e) satisfying (A.8) in the limit e—0 is the 
following : 


à»(e) — Y (Di) 1 (=) [eos C) | (A.9) 
s=0 s! de € 
We find 


[ortos 


k W(k—s) ð s oo 
=4r zoye) ein f PHA (z)dz 
de 0 


5-0 s! 


k Os) / ON? 
aa E) Dp»), (A10) 
s! 


s=0 de 


This is different from zero and finite for e—0, only for 
s=k—p. We have: 


[ros meto 


and for e—0 we have (A.8). 

The use of Dirac’s functions requires the prescription 
for the values of w»)’s. The one used in this paper is 
the most convenient for our purpose; it requires 
w@)=0; p=1, 2: --k. 


APPENDIX B 
Roo up to the fourth approximation equals 


Roo= Fa Le, ii 4hoo, st ahos, Os 2€, 00 


F3, sp, s — EPA, ss (B.1) 


Therefore 
R= Roy(1— 2/19) 7 Rov(1 — 2€); 
R= R%/—g= (1— e)R9— Ro (1— 39). 
In (B.2) exceptionally g=|gae|. We have 


(B.2) 


: R= —1o, ut pY, et FY, 09, 41-29, 00— 4 shoo,ss. (B.3) 
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The right-hand side of our gravitational equations 
RP = — 8r (T«5— 1g«5T) (B.4) 


is up to the fourth order for the ‘‘zero-zero” com- 
ponent: 


— 8r (3 To.— i (n®— e) oT (n+ g)+ 41 
—i 4T9--2 4T:)— — 4r (a T99.- aT- aT»). 


Because 


(B.5) 


lin ?m 
$ zm ) 
r 


1 ?m 


i oles Es ; 4m-— 
r 


m= 
we have for the right-hand side: 


—an( #m 16+ m 26+ $ m £*£*104- Pmi’) 76 


on Wn 


a). (B.6) 


lin Pm 
1 


Y r 


On both sides we take only expressions (a) of the 
order four, (b) those that give a finite contribution to 
sto0,m. Thus this relevant part of 4%oo satisfies the 
equation 


shoo, $E 2 fg, Tar 2gg, "Thes oot £, 38, s 


ĉin Im 
ea gmh + a). (B.7) 
r 


Because 
f=—2'm(r), (B.8) 


we have for the contribution of 4C to 44 coming from 
the first two expressions : 


£ ss = 8m ?m ?0; 


4C, ss= — 4r 76a. (B.9) 
Generally, the solution of 
4C, 88— — 4r ôa (B.10) 
is 
4C —?a(r)3, (B.11) 
where 
a f a dox (B.12) 
*2(3) 
Thus in our case: 
4 Vy 2m 
(C= (B.13) 
r?r 


"Therefore, 


Im 
ahoo, ss — , oo Fg, s, 1 mins ?6— -——). (B.14) 
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Finally, therefore, we have 


aligg— — ?m ?r, oo1- 2 (21)? (r) ?— 3 mith Pr) 
-F2'm?m(rr)3. (B.15) 


Let us now generalize shoo for three particles, again 
looking only for expressions which give a contribution 
to 4/19». The only nontrivial expressions of this kind 
are those proportional to 7s îm. 

We denote by ‘ry, the “distance” between the a — 
and b particle: i 


(C= (s£:*— hg) (s£:— bts), (B.16) ] ^ 
and ask: what contributions to (B.4) come from the  — 
third particle and are proportional to 7m *;;?2 We now 
have 
Q7 »]too— ft+gtk, 

E EE Cas 
k— —2?m(r)-t. 


'Then the additional expressions for which we look in 
(B.3) are: 


fo —2'm(r); (B.17) a 


2 (gk), sot 28k, set 3k, ss 500, sa (B.18) 


where soo denotes the additional expression in 4/o9. The 
additional expressions in (B.5) because of (B.6) are 


— 4 7m 3j (C9 p)1 (28-1-35). (B.19) 
Therefore, the additional expression to 4/too, sa iS: 
$00, ss ~8m ?m ?m (C9 p) (28-41-38) + (gk), os 


-Fgk.--kg... (B.20) 
From this we find 
Soo= 2 ?m m (Cr) (r) (827) (2r) E 
-F2Cr?r)3]. (B.21) “= F 


Therefore, as we see, soo does not depend explicitly on - : 
!£. Therefore, ‘ 


500, m= 500, m 


B2) 


E 


and 


2 500-2 gk= 2m 3m[ (Cr BDz) (Cr CDr) 
(r y). 


The last very simple question with which"weTshall 
deal here is the change from shom to shom : 


atom! = shom 30, m: 
Putting this in (B1), we have 
shoo’ = shoot 2 420, 0 
which is identical with (9.4). 


tt Previously “r=r. 
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REVIEWS OF MODERN PHYSICS 


I. INTRODUCTION 


HE success of general relativity as a physical 
theory has made it necessary to investigate 
further possibilities of taking over more of the geo- 
metrical concepts for the description of natural phe- 
nomena. In its present form (Einstein's 1915 theory) 
general relativity is an expression of field concepts in an 
incomplete sense. It describes (i) gravitational phe- 
nomena in the large, and (ii) it gives the equations of 
- motion of singularities in an external field; it does not 
say anything about (i) gravitational phenomena in the 
small, and (ii) electric charges and their interaction 
with fields. 

The most important consequence of the nonlinearity 
of the gravitational field equations is the fact that they 
contain the law of motion. In this sense general rela- 
tivity together with Maxwell's field constitutes a well- 
defined but an incomplete theory. In this paper the 
incompleteness of the theory is not taken in the sense 
of its as yet unquantized state. We believe the non- 
linearity of the theory is more important than its 
possible quantized forms. It is somewhat difficult to 
understand the principle of equivalence in the quantized 
version of general relativity. The quantum nature of 
all atomic phenomena may be expected to result from 
an unquantized nonlinear theory obtained by a con- 
sistent and well-defined generalization of general rela- 
tivity. 

In order to test the internal consistency of a gener- 
alized theory of gravitation one can advance a corre- 
spondence argument like in quantum theory. One 
anticipates the reduction of the total field to general 
relativistic field equations on which the generalized 
theory is to be based. The trivial alternative in the cor- 
respondence argument is to abolish the electromagnetic 
E field in the equations of the generalized theory that 

— results in the free field equations of general relativity 
— without Maxwell’s field. The second alternative is 

obtained by means of a fundamental length in the 
generalized theory, the vanishing of which results in the 
— field equations of general relativity in the presence of 

electromagnetic field. Of the two alternatives the latter 
is certainly more satisfactory in that it does not end up 
with a pure gravitational field which it wanted to unify 
with electricity from the beginning. In terms of uni- 
sal constants the special relativity is based on the 
stancy of the velocity of light c and quantum theory 
e finite value of Planck’s constant k. By making c 
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tend to infinity one obtains the nonrelativistic laws and 
making /; tend to zero one gets classical description. In 
addition to the universal constants c and y (gravita- 
tional constant) in the generalized theory a third 
constant is needed to formulate a correspondence 
argument for the theory. The latter role is played by 
a fundamental constant ro in the author's! version of 
the generalized theory of gravitation, which in the 
following will be referred to as (I). 

In the limit of ro=0 we obtain the equations of 
general relativity with the electromagnetic field as the 
source of gravitation plus Maxwell's equations for 
charge free fields. The existence of charges is linked up 
with a nonvanishing fundamental length just as the 
existence of spin arises from a finite 7. 


IL. DISCUSSION OF THE FIELD EQUATIONS 


The total field is described by a nonsymmetric 
tensor g=@ag+ Yas. The physical interpretation of sym- 
metric and antisymmetric parts will result from a cor- 
respondence argument. The metric of the total field 
contains both symmetric and antisymmetric variables 
and it can be measured by using standard measuring 
rods and clocks. In (T) the metric was defined by 


aß aß aß 
b =g—/(—Detg-)-}, (II.1) 
where 
a $,(1--9)— e" pu 
Pesos a 
14-0— A? 
=y — ga" [A3,— pp pu]: (II.2) 
Hence, 
P3 a 
=— Det (V0,— pe” gy») 
a 
g 
=—(M!—pPi+)2p?P2—dp*Ps+p'Ps), (1L3) 
a 
where 
P,—6,—2Q, 


1 aß uv 
P= —OuyCalp= Ye — 24°, 
2! 


1 apy pre 


P3= a CaCgCy = — 2QA?, 
| 


1 aByi py p c 
po CalpCycs= Det ( oe" €») M, 


1B. Kurşunoğlu, Phys. Rev. 88, 1369 (1952). 


CORRESPONDENCE 
and 
a 
Ca= 9% qg,. 
In deriving these relations we use the identities 
; Li I Y 
W Qa, Pau P = Pa. Pau er? = Qpa: tA fa., 
P? Prp P” Pus = 2€?-F-4A?, 
PP Pop P” Ora Q^ Puy = 203-- 6QA?, 


OY" Poa go PoB PPY Pvy g” Pus 2Q14-4A*-4- 8Q?A?, 


€^ ppu = pH f“ fay, 


S opu = 0g 
and 
€QaB-— zv (—a) Eau f”, 
B i B Í 
g“ = — E28” $. 
VAGOS) 
Hence (II.3) leads to 
ab 1 
gee (la EA 
Or 
b=a. (11.4) 
The contravariant metric thus given by 
a** (12-9) — pug’, 
poo Eee (IL5) 


(1-2-Q— A2)! 


'The covariant metric tensor can be obtained from 


a 
bau = —€aBy5 Euroo b? bYe Doo 
3! 
as 
nu 
lab F Pa- Pau 


"cA? (11.6) 


baw g,— Op. 
z ab, 
The determinant of g~ is 
aß 
Det(g~ )=—aA?=Det (fw). 


We may interpret the geometrical entity gag as a 
physical tensor by introducing a critical field q (see I) 


given by 
. q— 2€/ y)! — efr)! (1.7) 
and write 
E Lap = @ap+ro(2y) i €a8/ C. (II.8) 


The theory is invariant with respect to the sign of ro. 
Both gag and gga=des—ro(2y)?/Cvas satisfy the same 

set of equations. Another important invariance of the 
| theory refers to the X invariance defined by 


T? E A X 

x a= Pos ba) fy, ukul Kangri Universi 
x Peers to voee 

RUE At ys 


IN GENERAL RELATIVITY 


where À is a scalar. The most important significance of 
the A invariance lies in its exclusion of complex fi 
variables gag and complex Tağ. As we shall see ^ 
the next section) the complex gas would lead to a - 
velocity of light exceeding the constant c. T 

The field equations are 


ropa E 
L(+ (2y/ pc) Q— (42/ phcS) A? J" E 


A 


Rag— -p| oop 


(11.10) 
Rag y - Ry, a Ras p — PI eB, Qum 
Pab, y Ver at Vya 8 =O, (1.12) RC 


where the negative sign before p? is taken in anticipation _ 
of a comparison of the theory with general relativity 
and where 


at) © 
Yap = — 3 €aBu»Q) 


Jaat — eap e 
=- 11.13) 
Dyan ar 

(1 aas) i B 
peo p 


The electric current is defined by 


«— HPT ro c 
3! 4 
(IL14). 
T avo = Qu, pt Pvp, wt Ppp, v- t- 


v. 


If we use the algebraic equations ; 


4 


nu g 
Sab, v = Supl ay t Saul yp 


defining the displacement field T%s, and make p tend 
to infinity, the field equations reduces to X 


(11.15) 
11.16) 


Gap= (2/ c?) Tag, 
Faso forat fra B=, 


where 


u. Em 
Tas fa: fau — itas f” fuv: (11.17) 


The equations (II.11) lead to ENU T 
Labi rt PBra t Pyas O0 


which expresses the vanishing of free 
the limit of 7o>=0. Thus the exist free « 

linked up with a finite fundam« ength ro. W 
apply the correspondence a: 
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where 


—A pq Ts — 3 (Q9 Ra, +0" Rus — 550" R o) 
+3 (g.s Bur — 058) 


ap a p 
= (gRg,— 3080 Rw) 


--q7* (9 Ra, 4050 Ry) 


-Fi(gG,,—55). (II.20) 


If we make p tend to infinity 


c a Ci c 
= Ts EST (GG; zs 36g ("G,,) =F -n 
Scy 16my 


1 CE n RN 
——(—a)iTsH-——45, (II.21) 
4m 16mry 


where 
G8 = (—a) tas 
and 


a BY a a 
Ig (9, 5 Lur 0g 


which is the energy momentum tensor of general rela- 
tivity in the presence of electromagnetic and gravi- 
tational fields. 

'There is no way of obtaining Einstein's version of 
the theory from the present one without loss of internal 
consistency and the physical interpretation that follows 
from the correspondence argument. To make p=0 is 
as meaningless as making c— 0 in special relativity or 
h=æ in quantum theory. However, one can also 
introduce a critical field strength g in Einstein's theory 
and consider the limit of g tending to infinity in which 
case the resulting equations are two sets of disconnected 
equations for gravitational field in empty space and an 
unfamiliar set for the antisymmetric field. One does 
not get Maxwell's equations. 

The critical field strength is responsible for the non- 
linearity of the theory. The constant ro implies an 
extended charge distribution of elementary particles and 

nonexistence of point charges. That the electron has an 
extended charge distribution can be observed experi- 
mentally with electron scattering of wave length 7». 
For ro= 107 cm the corresponding electron energy is 
about 600 Mev. Some experiments on electron scat- 
tering do actually imply an extended charge distri- 
bution. 

— Invariance of the theory with respect to the sign of 
7o introduces the concept of negative length. Measure- 
t of negative length may be compared to saying 
that there is a fictitious space where moving clocks go 
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has a positive energy. Under these circumstances if we 
contemplate the origin of mass as being from the elec- 
tromagnetic field then the field must create positive 
and negative charges simultaneously. In this sense the 
electromagnetic field creates pairs of particles and does 
not allow for single acts of creation of particles. This 
interpretation makes it possible to think of the existence 
of negative mass along with the positive mass. The 
vanishing of rọ is one reason for general relativity 
leaving the sign of the mass quite arbitrary. 


III. LIGHT CONE 


The signature of the total field as in the theory of 
gravitation is defined by the symmetric part of gag so 
that the presence of the electromagnetic field does not 
spoil the invariance of the propagation of light but 
introduces an anisotropy in the form of the light cone. 
Because of the result Det(b,5) — a the requirement that 
Det(bag) is everywhere different from zero and b be 
negative is satisfied. The propagation of light, i.e., the 
interval da“ for two neighboring events shall satisfy 


ds? — b,gdx*da? — 0, (III.1) 
which proposition is compatible with the correspondence 
argument since for vanishing fundamental length it 
reduces to the law of propagation of light in the presence 
of a purely gravitational field. The motivation behind 
choosing bag as the metric of the total field can also be 
understood from the Bianchi identities 


au a py n 
(g7 Rg,— 2080 Ry) la = 30^ (Rs, g-- Rs, ut Rey, ») , 


(111.2) 
which is the limit of ro=0 reduce to 
(G* Gy, — 135 GG,.) i. —0 (111.3) 
while in the absence of charges they become 
(9^ Rg,—3559- Rw) ia =0. (111.4) 


Thus in the absence of charges the tensor 
9^ Rs, E 3009 Ru, 

or if the field equations are satisfied the tensor 
o 8s — 2 850 Ou» 


is conserved covariantly with respect to bas. The metric 
bag is not independent of the fundamental length ro and 
in this sense the zero interval in (III.1) is one between 
two “extended events” and not between two point 
events. This can best be seen by choosing a local co- 
ordinate system in which the mixed tensor Q*bg, 1s 
represented by a diagonal matrix paég. From the trans- 
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formation law 


* 
*a OX Ox” 
(a%bp,)*=bs=—- —b,, (LII.5) 
x^ axl 
we would like to find a transformation which will result 
in 


Ka a 
bs = pads. (III.6) 


From (III.5) and (TII.6) we get 
* 
Ox , 


b, 
Ox” 


* 
ENS 

Da — 
Ox# 


or 
* 
0: 


SUM 
s Un spa) =0. 


(III.7) 
Ox 


These 16 equations will determine the four eigenvalues 


a * 
Pa and the transformation 0x*/02?. The eigenvalues are 
found from the condition 


Det (bs—dgp,) =0. (III.8) 


By applying the methods of Sec. II, we obtain the 


equation 
p!— Ip? I5p? — D1p-- 1 —0, (III.9) 
where 
44-20 
J1;2——————, 
(12-0—A*)i 
Q?--4A? 
I,=6+———__= 47 P-+-2. 
+0—A? 


The equation (III.9) can be written as 
1 1 
p+—-(ot-)+1=0 
p p 


so by putting x=p+1/p it reduces to 


a—Iuw--in-0 
with the roots 
pili 3(s.— 6). 


The other two roots are obtained by noting that the 
equation (III.9) is also satisfied by 1/p. Thus the eigen- 


values are 
pi= ahi+3V (I2—6) =p, 


pa Ti 3V (I2—6) — ps. 


In the local frame as chosen, the space-time interval 
is 


(III.10) 


ds? = aggAx*A28, (1.11) 


where 
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Aa (pq) dae, (IIL12) a | part 
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so there will be an electromagnetic extension of the two 
neighboirng point events. Because of the algebraic 
invariants involved in the definition of the metric it is 
not possible to choose a local frame in which the metric 
tensor will take the form of the metric of the flat space 
time. This is the same as saying that the principle of 
equivalence would not hold in the presence of an electro- 
magnetic field. 

It is convenient to express the metric bag in terms of 
Was. We use the antisymmetric tensors Yag and ¢ag to 
record the invariants 


A= 1p Yas, j 
QA?— Q--4A? 3 
Q—q/ tip EE 
12-9—A? 
= zm 36% baa(= — 3b " Qu» pap), 
where 
4 " gap—A fag l 
aß = ——— a4, — — ——— ——. 
t / =e Eo 
Hence : 
(1+Q—A?)} E 
— 2) 
(1+2—,2)! 
and 
de da, = — aQ HY Hau 
$a8-I- AVa 
pum M (III.13) 
(12-Q— A5): 
Va —Ada 
pese (11.14) 
(1+Q—<A?)! 
The metric takes the form 
Hu 
dap ta ; 
dicat. (11.15) 


EE 


which shows that the metrical properties of the total — - 
field is the same with respect to gag and Wag fields. The — 
electromagnetic field is described by four vectors 


D= (23,931,912), I= (015915 043), 
B= (Yos,War¥i2), E= (Vua) 


that reduce to two vectors in the correspondence limit. 
The metric can be written as 


bag = GE 
UA 
(+049)! 


+ In connection with the recent observatio 
conservation, it is interesting to note that 
term (where A=&-B) in -13) and ( 
field strength in the reflected coordina. 
servation must also be violated for ` 
a charged particle itself. 


where 


——— OSES: 


M tm oe 


where 


Det(cg^) — 1. 


Because of the form (III.16) the signature of the metric 
will remain unchanged by coordinate transformations. 
But there exists no local frame in which the measuring 
rods and clocks will operate without being contracted 
and retarded. These facts about bag make it clear that 
we can take over the concept of light cone from general 
relativity to study the propagation of gag waves. By 
using the form (III.15) of the metric we find that the 
distortion of the light cone due to the finite value of 
the critical field is given by 


asgda*da? = — qj, pg dedi. 


This can be written 


( 1 +=) Gapdx*da = —gTagdx%dx® (11.17) 


or 
ar da* da? 
(1-0) =— qT .— —, (III.18) 
2 du du 
where 
di? = asgda*dx. (III.19) 


The result (III.18) is in complete agreement with 
Schródinger's? calculation obtained under certain as- 
sumptions about the y field from the equations (II.12) 
and (II.16). Schródinger's calculation is based on a 
special frame where aag assumes a Galilean form. He 
chooses the principal directions of the three-dimen- 
sional part of 7; of Tg“ as the coordinate axes and 
takes T,“ parallel to the x; direction, in which case 
(III[18) assumes a simpler form. In (III.18) we can 
regard the y field consisting of two parts: an infinitely 
weak, rapidly oscillating part that represents the light 
wave whose propagation is to be investigated, and a 
beckground field with no restriction on its magnitude. 
For the special case of Galilean a the equation (IIT.18) 
is 


po 
pee) — (v- B--2B*2- (EX vy 2cv- (&XB). 
Y (III.20) 


In the case of a purely electric field 6 the D field is 
given by 
(III.21) 


= Ko&, 


2 
Ko— C 


can be regarded as a dielectric constant for the back- 


und field. The velocity of light v in the direction of 
ave normal in the background field, independently 


ittmair and E. Schrödinger, Commun. Dublin Inst. 
‘Studies, Series A, No. 8 (1951). 
ai 
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of its polarization and frequency, is 


c 
y= ——_________. (111.22) 
1+ (&/q?) sin?*0 


If the background field 6 is very small compared to the 
critical field g, we have 


v! — C (ky sin*0-]- cos?0), (III.23) 
where @ is the angle between the wave normal and 8. 
Another simple case is obtained for a background field 
with parallel 6 and B fields. Both results agree with 
Schródinger's calculations. For complex field variables 
Zap the result (IIT.22) would have a denominator smaller 
than 1, so the velocity of light would exceed the 
constant c. 


IV. CONCLUSION 


With the physical interpretation proposed in this 
paper, the concept of generalized theory of gravitation 
may be taken more seriously than it has been looked 
on in the past. The correspondence argument used in 
this theory puts great emphasis on the validity of the 
general relativity as a physical theory. The latter is 
either a virtue or an undesirable basis for a theory 
aiming at a unified description of the natural phe- 
nomena. However, one thing is quite clear now, that 
general theory of relativity with all its tested conse- 
quences, is the only genuine field theory in physics. It 
is a field theory that is independent of any mechanical 
constants like mass and charge, where masses are 
singularities in the field. The generalized theory is 
expected to account for electric charge and mass. One 
of the necessary conditions for the generalized field to 
represent mass and charge must come from the regu- 
larity of the field everywhere. Particles may be repre- 
sented as stationary solutions of the field equations 
with large fluctuations confined to regions of the dimen- 
sions of ro. Unfortunately, we have not yet been able to 
get exact solutions of the field equations to verify the 
above conjectures. One of the most important reasons 
for requiring exact solutions lies in the fact that the 
critical field may be approached at places where par- 
ticles are situated. In this case we cannot disregard the 
nonlinearity of the theory. Strong gravitational and 
electromagnetic interactions may be expected to take 
place in regions of high fluctuations. The concept of 
negative length may be linked up with negative mass 
(or antimatter). The shape of the universe would be 
like a dipole with repelling poles consisting of matter 
and antimatter. The poles of the dipole should be 
rotating around the center of the dipole to maintain a 
steady state universe against gravitational repulsion of 
the poles. ; 

It still remains to be seen in what way Planck’s 


constant will appear in the theory, without which it — | 


would be empty of any physical content. 
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I. INTRODUCTION 


E en physical consequences of general rela- 
tivity for the elementary particle problem have 
usually been assumed to be negligible, due to the weak- 
ness of the gravitational coupling constant. It has been 
felt that since the effects of the new particles and the 
energies at which current theory becomes invalid occur 
very much below the domain for which gravitation be- 
comes significant, a correct future theory will obviate 
the necessity of considering relativity in this context. 
It is presumed that, in any case, such a correct theory 
will differ so radically from current ideas, that argu- 
ments based on these will lose their validity. Further, 
general relativity is sometimes thought to be purely 
macroscopic in applicability, and to lose its meaning in 
subatomic regions where the concept of metric (or 
possibly metric operator) is not very transparent. 

To these classic objections, several levels of reply may 
be given. Thus, it may be pointed out, for example, 
that the effect of a theory is not always felt first through 
its gross direct dynamical contributions. Also, general 
relativity provides the most natural definition of the 
stress-energy tensor of matter and, in that sense, under- 
lies any theory dealing with masses and energies of 
fields and particles. The gravitational field is the only 
one which by definition is coupled to all matter fields, 
and always in the same way. The principle of general 
covariance on which the general theory is based is in 
no way restricted to macroscopic considerations (ele- 
mentary particles are affected by gravitational fields), 
and it is thus necessary to explore its effects on all fields. 
The fact that an interval or metric component may not 
be simply measurable “within,” say, an elementary 
particle is no more an argument against the relevance of 
relativity there than is the complex definition of elec- 
tron position in an hydrogen atom an argument against 
the use of coordinates. It appears feasible to extend 
the usual quantum mechanical measurement theory to 
cover gravitational couplings also. 

The relevance of the general covariance principle 
‘to the elementary particle domain has long been rec- 
ognized by O. Klein, from whose program in this con- 
nection derive many of the arguments of this section! 

Such general arguments may be supplemented with 
very considerable quantitative ones. The whole scheme of 
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current Lorentz-invariant field theory is plagued with 
divergences occurring because there is no limit to the 
energies involved in it, while the relevant functions do 
not decrease rapidly enough with energy to make the 
integrals exist. No satisfactory cutoff method is known 
which preserves the basic requirements of physical 
meaningfulness, and there is now strong doubt as to 
whether any can be found within a Lorentz-covariant 
framework. At this point, general relativity may be in- 
voked. Classical considerations indicate that for any 
kind of matter coupled to the metric field in the Einstein 
way, there are limitations on the energy densities and 
masses which can be concentrated or built up in a given 
region.? In all such investigations, space-time loses its D 
physically meaningful character beyond such limiting — 
densities (or alternately, below such limiting dimen- E 
sions), singularities then appearing in the solutions. 
Similarly, a lower bound exists on the size of wave 3 
packets built up from linear wave equations, below 
which gravitational self-effects enter. This bound is 
independent of the specific field involved ; for an energy 5 
E, and a packet of linear dimension d, E « cid/2y, while 
E=hc/d, so that? d>lj)=(2hcx)!. Thus, below this 
fundamental length /,7-10-? cm, the packet can no 
longer be taken to be linear? Although this distance is 
very small, it does correspond to a finite energy, and its 
effects may well be felt earlier. That lo is a universal 
constant independent of the parameters of particular 
fields is due to the fact that at these energies the actual 
masses are negligible, as will be seen below; the ad- - 
junction of x to 7; and c defines a length or energy auto- - 
matically. ; 
Still more significant is the following. As is well known, — 
under very wide assumptions, theories of coupled fields — 
lead, near the light cone, to singularities in the propa- 
gators of the clothed particles and to the existence of at. 
least some infinite renormalization constants, inde- 
pendent of perturbation theory. All known Lorentz- 
invariant couplings are of this type, in particular elec- 
trodynamics and the renormalizable meson theories. 


* The Schwarzchild solution of the field equations for a 
liquid, for example, sets limits on the mass of a sphere o 
radius and size for given density. General consideratio. 
requirements on matter to keep nonsingular metrics may 
in A. Lichnérowitz, Théories Relativistes de la Gravi 
I'Éléctromagnétisme (Masson et Cie, Paris, 1955). - : 

3y is the Newtonian, x the Einstein gravitationz 
Henceforth natural units, 4 — c— 1 will be used; xt has | 
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It is just in the basic conditions for the proofs of such 
“pessimistic” theorems that the gravitational field and 
its coupling differ profoundly from the matter field inter- 
actions. First, it is necessary that there exist an energy- 
momentum vector, P,, such that the usual commuta- 
tion relations hold for any operator 0 (x), 


8,0 (x)= i[0,P, ]. (1) 


This is not the case in the general theory, and is very 
significant there; a P, can only be defined for a closed 
system in such a way as to be independent of the choice 
of inner coordinates,? that is, in terms of over-all 
properties of the system, and therefore cannot yield 
values (or derivatives) of quantities which are connected 
with inner properties or regions. The nonlinearity, and 
consequent lack of simple translational properties, of 
parts of the system by themselves are here brought out ; 
attempts to fix precisely the position of an arbitrary 
component of a “clothed” electron, for example, would 
clash with the energy density bounds mentioned 
earlier. Further, matter and gravitational energies are 
not invariantly separable. 

A second, related, departure from usual theory lies 
in the form of the interaction terms. Contrary to the 
assumption always tacitly made there, the matter 
Lagrangian simply has no free-particle part any longer; 
gravitational coupling enters in the kinetic energy, in a 
multiplicative fashion, and one cannot really disentangle 
a noninteracting particle here. The equal-time matter 
commutation relations also depend on the position in 
space-time involved (and therefore on the matter 
distribution itself) by way of the now dynamical 
metric tensor. The differences due to this funda- 
mentally different mode of coupling will occur most 
critically at high energies, and forbid any approxi- 
mations from “‘free-particle” just at the point where 
difficulties now exist. In particular, then, matter fields 
will no longer be representable by linear wave equations 
in the high-energy domain.” The free motion varies 
with the geometry of the space involved, which is in 
turn conditioned by the matter and its motion. It will 
be seen in Sec. III that the results inferred in this 
investigation as to the nonsingularity of propagators 
are based in good part on just these characteristics of 
gravitational coupling. It may well be that a more 
adequate future theory of particles will incorporate 
some of these aspects of the nonlinear gravitational 

interaction. Certainly, if it be a field theory, it must 

escape the pessimistic conclusions for current theory 

by some such channel. If so, it may be all the more 
6 i lopüdie der Mathematischen Wissenschaften 

(B. o. Mr (inn 1921), Vol. V2, pp. 539-775. 4 

— 6 For a given nonflat geometry, the situation would essentially 

- be the same as the flat space-time one. That is, by suitable 

modification, the content of Eq. (1) could still be maintained. 

ht be thought that by writing g,,—9,,--0(x) such a free 


Tit Pr d be obtained. However such expansions in « are invalid 


rt wou PARA . 

high energies. The limiting process as x approaches zero will 

i ee oipraceed in a more subtle yay than such an expan- 
í » $ 


x E 


trs ities in powers of x. -Ti Co b 
vitational quoquo Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 
"à y: à f t 


DESER 


instructive to see how an improvement seems to emerge 
here; in any case, the gravitational cutoff may remain 
as a backstop to such possible convergent future 
theories. 


II. QUANTIZATION 


Once gravitational interaction is introduced in the 
microscopic domain, it is necessary that the correspond- 
ing field be quantized; from the fact that the stress- 
tensor is an operator, it follows that the curvature 
tensor must be one as well.5 While it is conceivable that 
a classical approximation for the metric quantities may 
suffice to secure convergence of field theory (through 
the above mentioned classical consideration), it is 
important to verify that the full quantized theory is 
also finite. It is outside the scope of this paper to 
discuss the quantization problem and the difficulties to 
which it may give rise when applied to the gravitational 
field. The method to be employed here to effect the 
quantization is that of Feynman.’ It is known to be 
equivalent to the canonical one for the usual (quadratic 
Lagrangian) fields, and seems to avoid at least some 
of the difficulties encountered by extensions of the 
canonical method to this highly nonlinear problem. 
Whether or not the two procedures differ somewhat 
in this case, the Feynman method appears to pro- 
vide a consistent approach. The question of which com- 
ponents are dynamically independent and which fully 
determined by the matter quantities need not, in a 
certain sense, be known beforehand.” This prescrip- 
tion has the further advantage, for our purposes, of 
exhibiting explicitly the crucial differences, stressed 
earlier, between matter and gravitational interactions. 
The general framework is as in ordinary theory: the 
vacuum expectation value of the operator of interest 
is the functional integral (suitably weighted and 
normalized) of a corresponding c-number quantity over 
all classical configurations of the system. It may be 
expected, roughly, that the contributions of the “scalar” 
and “transverse” parts of the gravitational field, 
though not really separable, will be to limit the density 
of matter in a given region for the former, and to "smear 
out the light cone” for the latter. This phrase refers to 
the expectation that the summation over all possible 
Riemann spaces corresponding to the various classical 
possibilities will average away the uniqueness of the 
Minkowski light cone, and with it the singularities of 
the propagators on such a cone. Such an effect would 


8 While such “self-consistent” approaches as starting from, 


Ryuy=—x(Ty,») may be considered, they are only approximate 1n 
nature. 

9 For a recent discussion of the functional integral procedure, 
see P. T. Matthews and A. Salam, Nuovo cimento 2, 120 (1955). 

10 Some of the possible difficulties of Feynman quantization of 
general relativity have lately been resolved: C. Misner, Revs. 
Modern Phys. 29, 497 (1957), discusses the proper choice of inte- 
gration variables; B. Laurent, Nuovo cimento 10, 1445 (1956), 
considers the invariance of the integrals under general coordinate 
transformations, Laurent also has clarified other aspects of the 
choice of variables and of the quantization problem (private 
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realize a possibility also remarked on by Pauli at the 
Bern relativity conference in 1955.!! 

The usual field theory is known to be fully determined 
by knowledge of all vacuum propagators, that is, 
vacuum expectation values of all powers of the various 
field operators. From these, the various S-matrix 
elements are directly obtainable. In our case, the strong 
nonlinearity makes the relations between propagators 
and physical quantities more complicated (so that 
their physical significance is less immediate) ; however, 
they still determine the theory, and their singularities, 
if any, are still the relevant ones. 


III. MATTER PROPAGATORS 


We are interested in comparing the one-particle 
Green's function G', corrected for both electromagnetic 
(or mesic) and gravitational self-effects, with Sp’, the 
flat space electromagnetically corrected one. The latter 
behaves at least as singularly on the light cone as the 
free propagator, Sp(p) — (yp-4-m)^!; this is sufficiently 
singular to yield infinite constants. It is shown below 
that near the cone, G’ reduces to Sp”, the propagator 
corrected for gravitation only. Therefore it is sufficient 
to show that Sp” is less singular than Sp. The complete 
problem, as represented by G’, can then be expected to 
remain nonsingular, the omitted terms not being 
relevant in this connection. Alternately, the use of 
electrons and photons clothed by gravitation as the 
noninteracting elements of electrodynamics seems a 
sufficiently good approximation to bring out the finite- 
ness brought into the problem by gravitation. Many- 
particle Green's functions are expected to display 
similar features at high energies, with the possible 
additional display of a bias against too close approach 
between the various particles (also to be expected on 
classical grounds). The self-effects constitute the main 
problem in any case. Gravitational field propagators 
can also be constructed, and should also behave 
nonsingularly; Schwarzschild-type singularities ought 
not to appear, since matter is now “regularly” distrib- 
uted, while the “transverse” propagators should also 
be well behaved (since the gravitational self-interaction 
acts in the same way as it does on matter). We restrict 
ourselves to matter Green’s functions here. 

There should not appear any gravitational coupling 
renormalization, as the mass m plays the dual role of 
charge and (inertial) mass and the two types of re- 
normalization, if any, must be equal by the equivalence 
of these two masses. Since there is only one type of 
"charge" here, no vacuum polarization is expected; the 
mass renormalization should also vanish in view of the 
absolute definition of mass and energy in the general 
theory, and of the fact that the observed mass is 
automatically defined from the coupling term between 


gravitation and matter, and through this by the value 
of Po for the system. 
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We first examine the usual Lorentz-covariant theory, 
to bring out the inevitable singular behavior of the 
Green’s function of any field on the light cone, regard- 
less of coupling. As a concrete example, we consider 
neutral scalar meson theory. Here the one-nucleon 


propagator, Sr’, is given by? 


Sv! (x—«') m i0 | QV) | O)e(x,2’)/(0|0) 
= N= f yepi PADIA (2) 


where the action A is 


ja f WA m Gee f ZOOLOG 


+ f OEEO (3) 


and the normalizing factor N corresponds to the 
vacuum-vacuum transition amplitude, 


N= I exp GA)5o/3J. (4) 


e is a sign factor, and the “+” sign a chronological 
ordering operator corresponding to outgoing wave 
boundary conditions. Integration over the nucleon 
variables can be performed, giving 


Sr’ (x—x’)=N f G(x,x'; g)exp[tAutAolée (5) 


[—iy,0,+m+ge¢(«) 1G(2,x’; e) 28(x—x), (6) 


where Aw is the free meson field part of A, Ao an 
additional contribution due to closed loop effects; this 
term is a functional of c but does not depend on the 
coordinates explicitly. The problem is thus resolved 
into two parts: obtaining the solution of Eq. (6) for G, 
and performing the integral in Eq. (5) with this result 
for G. The rigorous solution for G may be written” 


G (xx ; e) =Sr (x—2') F(x; e)-Fo(xx'; e). (7) 


Fis a function everywhere regular in «,x’ and approach- 
ing unity at the origin, x=x’. Sp is the simple 
uncoupled Dirac propagator Sp with mass equal zero." 
Fs is holomorphic everywhere but on the light cone, 
(x—«’)?=0 where it may display a logarithmic singu- 


2 The analysis used here of solutions of (6), (11), and the more 
general equation (14) was developed by J. Hadamard, Lectures on 
Cauchy's Problem (Dover Publications, New York, 1952). His 
work was improved by M. Riesz, Acta Math. 81, 1 (1949). The 
method of Riesz was adapted to the Dirac equation by H. Malm- 
heden, Comm. Lund 8, 1 (1947). Since the US results are the 
same for our purposes, we deal mostly with the second-order 
equation for simplicity. 


13 The mass m can also be reinstated in Sr, the difference being | 


u W, Pauli in the definition of F. 
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larity; in some cases F% is null. The functional depend- 
ence on e enters only in the F;; further, we neglect Fz 
here, since we are interested in the leading singularity 
on the light cone, and Sp is worse than logarithmic 
there. 

Upon inserting (7) for G in the functional integral, 
we see that the singular Sr (x— a^) can be taken outside 
the integral. The integral of F, as (x—2a/)'230 may 

[ either converge absolutely in which case it represents a 
constant coefficient, the so-called Z» renormalization, 
on the cone, or, if it is illegitimate to interchange this 
limit with the integration, G' has an even worse singu- 
larity than Sr on the cone. At the origin G’ is just 

* equivalent to Sr, since F,—1 there. This theorem, 

proved earlier by other methods,‘ applies to a wide class 
of couplings, including all usual field theories. It 
expresses the fact that, as the arguments of any field's 

Green's function approach the light cone, the effects of 

its couplings can never result in smoother behavior 
than the free particle one, and probably cause a more 
singular variation. 

In the parallel problem of interaction of a matter 
field (chosen here as scalar for simplicity) with the 
gravitational one, the total action is 


As f (QRH 619-109) (059), 


where 
[22 (— g)!0, (g (— g)!0,), (8) 


where R is the scalar curvature. Interaction between 
the two fields arises through the metric dependence 
= of the matter part of the action. Again we wish to 
— compute 


z Ar” (x, x! =1(0| ($(x)$(x’))4.|0)/(0| 0) 


=N- f $ (x) (a! exp (i4) (èg), 


N= f exp(iA)(os)o0. (9) 


. The functional integration includes a summation over 
- — All possible Riemannian spaces preserving the signature 
+ (++-+-—), the (ôg) representing the appropriate 
. variables with respect to which the integral is taken. 
— We do not need their precise form; they might, for 
example, be the product of the 16 Vierbein variables at 
each point of space-time.” The arguments v, a' of A" 
y at this stage be thought of as two quadruples of 

umbers representing two arbitrary points in a four- 
dimensional manifold, the integration over all possible 


smann spaces being an average of the two-point 
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function over all possible ways of imposing a metric 
structure on this manifold, consonant with the signature 
and possibly certain topological requirements. Elimi- 
nating the matter variables by performing the o 
integration (which corresponds to the y integration 
in the previous case), we get 


Ar” (xx) =N Jj A (xx 5 gu») 
Xexp(iA g+iAo,) (6g) (10) 
(—O*+p*)A(a,2"; g)=4(x,x’) (11) 


where, in analogy to the previous case, A, is the pure 
gravitational action, Ao, an addition to it due to the ¢ 
integral. Once again we must insert into (10) the 
rigorous solution A of (11). Here, 


Alx; g) =s (w,0") Fixe"; g) c Fo; g). (02) 


Sg is the inverse square of the geodesic distance 
between the two points x and a" in the space represented 
by the metric g,(x) (there is a geodesic between two 
sufficiently close points in any Riemann space), F, is 
again a regular function everywhere, equal to unity at 
the origin, while F» has a logarithmic singularity on the 
light cone in the space (that is along all null geodesics 
issuing from a") if 4740, and is again not of interest. 
The crucial difference between our previous examples 
and gravitation appears here: while the leading factor 
is, in strict analogy with the earlier problem, just the 
inverse square of the interval between x and a’, it 
depends now on the dynamical variables of the metric 
field, and therefore cannot be removed outside the 
functional integral.'There is no free particle propagation, 
since this factor also interacts with the metric. This 
is obviously true whatever the matter field is; all are 
coupled to gą. Had we considered G’, that is, included 
other interactions as well, we would have obtained at 
this stage for the totally corrected propagator G’, 


G (xa!) =N- f (8g)exp 6A "iA oj) 


x f (oxdexplid G0-G G^; x08), (13) 


where x stands for all these additional interactions 
(electromagnetic, mesic, etc.) and 


(= D+ gx 00,.2- [x DG (a, ; X8) =ô (xx) 9 (14) 


The x dependence enters only through the g, and h, the 
coefficients of the second derivatives being the same 
as in (11), that is, only gravitational quantities. The 


18 The two-particle propagator would have another G(,5^; g,x) 
in the integrand, the meson-nucleon one x ()x (é’) there: in either 


case there appear to be no new singularity problems. It might 3 : 
expected that the distance between two-particles must 
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general solution of (14), however, has its singularities 
determined entirely by the second derivative structure. 
That is why s-?(x,4^) is always the leading term, and in 
usual theory can be moved out of the x integral, but 
not past the gravitational integration. Incidentally, the 
equivalence of A" and G' for purposes of investigating 
the effect of gravitation on the singular behavior is 
thereby established; at high enough energies all usual 
couplings become unimportant compared to the 
gravitational. Returning therefore to our result, (12), 
for A(x,x’;g), we must now perform the functional 
integral, that is average over all spaces, with weight 
expi(A,+Ao,) and measure (ôg). We may again 
neglect Fı and concentrate on s~?, which has the same 
sort of singularity on the cone of the Riemann space 
that (w—x’)~* has in Euclidian space. The average of 
this quantity, (s~*), will give the leading behavior for 
all fields, since the details of other couplings, as well as 
masses, etc. are absorbed into the /’s. Thus, if a cutoff 
appears (and lə is the only length now left) it will 
endow all particles with about the same "structure." 
Evaluation of the integral is not explicitly feasible. How- 
ever, the following qualitative argument is in favor of its 
being nonsingular. Consider the two points x and x’ to lie 
on each other's light cones in some given Riemann space, 
say, flat space. Then there exist, for any two such points, 
"almost" no other spaces for which this is simul- 
taneously also true. “Almost” none means here that 
very stringent integrodifferential equations must be 
satisfied by the metrics of such other spaces. Further, 
the singularities of s-? as a functional of the metric 
variables are not very strong. In analogy to the usual 
theory of integration, any measure in the function 
space which gives meaning to / (6g) will be such as to 
have no contributions from these "isolated" spaces. 
'They will have measure zero. Conversely, if the two 
points are not joined by a null geodesic in flat space, 
there will be *almost" no other spaces in which they 
are so connected, and no new singularities will be 
brought in. The weight factor of the gravitational 
action, having magnitude unity, can only help in 
rendering the integration finite; it will also act (as the 
corresponding factor does in normal theory) to oscillate 
away the contributions from spaces very far away from 
the classical solutions, which make the phase large in a 
random way. A rigorous proof of our conjectures would 
seem to require a better developed mathematical theory 
of measure in functional integrations. Certain over-all 
properties of G^ (or A") can be obtained from corre- 
sponding ones of A; in particular, under interchange of 
x and x’ and of boundary conditions, these Green's 
functions remain invariant; they are not, however, 
functions of (x—2/) since the spaces involved are not 
isotropic and homogeneous, unlike the flat one. 

If we wish to consider effects near the light cone due 
to one of the ordinary interactions, whose contributions 
vanish at the cone, as we have seen, we may try to 
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expand in powers of the interaction in question. For 


example, in the case of a scalar particle coupled to 
another, we have 


G'-x f expli.) 
x f by exp(iA ,)A(w,x’; eg) (15) 


(—O?+ 2+ g e)A — 6 (xx). (16) 


Then we expand the 7; entering in the solution for A, 
and particularly Fy, since it comes in with the s 
dominant term. Thus, 


ansta] Pi D 


mee: f (dy) 


X (dz) e(y) e(2) PF 1/5 0(y)5 p(z) 


+] an 


The e integration can be performed, and e(y)e(z)— 
A(y,2;g). It may be thought that the infinities of 
perturbation theory (or indeed of local field theory in 
general, since its infinities first appear at this stage) 
will still arise in the integration over the intermediate 
points, because in any Riemann space (of the sum) 
overlapping singularities on the light cone still occur. 
However, the integration over the gravitational 
variables is to be performed first in order to include 
their averaging effect, before the intermediate integrals 
are done. Only then would the expansion be expected to 
make sense, since these apparent new singularities will 
have been smoothed out by the same argument as that 
given for (s;-?) above. Equivalently, the fluctuations 
of the matter field at a point may no longer be infinite, 
so that!’ 


lim (g(a) o(«!)) e lim(s; 1622) € 


(18) 
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'The main effects of relativity, in fact, being high 
energy in nature, will enter into these constants, 
which absorb the asymptotic contributions in the 
theory. Asymptotic expansions of the functions of the 
theory could also be made, if everything were con- 
vergent, as this type of cutoff would be, by its very 
definition, physically acceptable. It is likely that the 
correct relation between the bare and physical charge 
and the cutoff depends strongly on the bare charge, 
which now, however, would be a finite parameter." 
Of course, one could not attempt such expansions by 
transcribing directly into flat space-time language the 
form of the propagators obtained from general rela- 
tivity, as they would then seem to violate some proba- 
bility conservation or other physical requirements, 
since the very concept of cutoff in flat space-time 
violates them. Unfortunately, even the generally 
covariant form of the finite propagators seems difficult 
enough to extract from the functional integrals.!* 

'The flat space theory is expected to emerge in the 
limit of vanishing gravitational coupling constant; 
however, since the latter appears in the total action 
as x« !A,, this limit is quite different from the usual 
adiabatic shutting off procedure. In fact, x—0 is 
equivalent to 7. —0 in this term, that is, the classical 
limit; as is well known, the latter corresponds to having 
the phase stationary, in this case, 64,=0, i.e. the 
empty space field equations 


R,,7: 0. 


These equations become equivalent to the conditions 
for Euclidian space-time since we are dealing with 
closed systems, and asymptotically flat metrics accord- 
ingly. The / (ôg) then acts to replace the metric 
wherever it occurs in the matter action or in the 
integrands by its Minkowski values. This decoupling 
procedure brings out the significance of the background 
flat space-time which serves as basis for classical 
measurements on the system. The flat space is thus 
analogous to the “in” and “out” quantities defined by 
means of the corresponding adiabatic decoupling in 
usual field theory, but in addition, the gravitational 
decoupling turns the metric quantities into c numbers. 


IV. CONCLUSIONS 


We have seen that a qualitative estimate of the 
gravitationally corrected matter propagators does 


11L. D. Landau [Niels Bohr and the Development of Physics 
(Pergamon Press, London, 1955), p. 52] discusses an approxi- 
mation to usual field theory which would imply a breakdown of the 
latter below a cut-off distance of about /o. 
~ 18 Practical evaluation of such functional integrals as Eq. (10) 
is beset by the difficulties that any tractable expansion loses 
some vital features of the full theory, such as nonlinearity, general 
covariance, self-interaction, etc. Thus the linear approximation to 
he gravitational field corresponds to reinstatement of the privi- 
as character of the Minkowski metric, since gravitation now 
es like any linear field in flat space-time. Further, this 
ation on the metric entering in the matter part is prob- 
d just at the high energies of interest. It is hoped to 
of the approximation methods in a future publication. 
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indicate that singularities corresponding to point 
particles and interactions disappear. A corroborative 
argument, mentioned in Sec. I, comes from considera- 
tion of the energy-momentum vector, P,, and its 
commutation relations. In a flat space-time, and 
effectively (by suitable extension) in a nonflat but 
externally given geometry, Eq. (1) holds. P, determines 
the translation properties of the system, and because 
of the homogeneity and isotropy of the space, of any 
part of the system as well. In a space-time which 
interacts with matter, however, this relation ceases to 
be purely kinematical, and in fact no longer holds. P, 
does have, as a canonical conjugate, the center-of-mass 
coordinate, X,, of the system with respect to a flat 
background frame. However, P, cannot be used to 
locate closely any component of the system. The proof 
that any component field, if focused upon sufficiently, 
behaves as if uncoupled, which forms the basis of the 
difficulties in Lorentz-invariant theories, here becomes 
invalid, since it requires a P, with all the usual proper- 
ties. It may be argued that the propagators themselves 
lose some of their meaning by the same argument, since 
they deal with localized effects of fields. This is true only 
to the extent that physical quantities always involve 
Space-time integrals of such functions. The non- 
singularity of the A" and G' is an expression of the 
fact that one can never force such concentration of 
energy of a field that its gravitational couplings cease 
to matter—the induced geometry would cause a 
repulsion before such a stage could be reached. 

Thus, a quantum field theory including gravitational 
effects seems to rid itself of point-singularity difficulties 
which neither part alone could avoid; classical rela- 
tivity did tolerate point singularities in its solutions, 
which this more complete framework has no place for. 
Nonsingular matter distributions and  nonsingular 
metric go hand in hand. This can be ascribed partly to 
the intimate coupling of geometry and kinetic energy, 
leading to limitations on energy concentrations, partly 
to the indefiniteness of the line element: the “smearing 
of the light cone" due to the appearance on an equal 
footing with Euclidian space of all other suitable 
Riemann spaces. 

Even if the infinities are thus removed, the physical 
problems of obtaining correct dynamical descriptions 
of the interactions of observed particles (to say nothing 
of explaining their existence) are left untouched at 
this stage of the theory. However, it seems comforting 
that inclusion of the total, unmutilated general covar- 
iance avoids the formal difficulties to be found in 
Lorentz-invariant theory, and it may be that in the 
question of the values of the observed parameters, lo 
will play a significant role. 

Since within the framework of flat space-time one 
could consider theories with interactions built into the 
kinetic energy terms, it is an interesting question 
whether finiteness can be achieved merely by such an 
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extension, or whether the free parts of those fields 
which play such a role need, in addition, to be nonlinear 
in some specific way, or whether only general rela- 
tivistic coupling will work. Equation (1) would still 
hold for such extended theories, being a purely kine- 
matical property of homogeneous space-time, but the 
usual local commutativity properties would be lost; 
that is, the commutator of a field component with its 
time-derivative would, even at equal times, depend on 
other fields. Alternately, the conjugate momentum 
would be a function of such other fields as well as of 
the time derivative of the corresponding component. 
The assumption that this is not the case appears to be 
implicitly required in the proofs of the pessimistic 
theorems. The commutation relations are closely 
related to the creation and annihilation of particles; 
if they now depend on the other fields present, it might 
happen that the contributions, as the thresholds of 
higher and higher creation processes are passed with 
increasing energies, are damped thereby. These contri- 
butions from new creation processes seem to be the 
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LTHOUGH some of the arguments relating to 
negative mass are fairly elementary and well 
known, it will nevertheless be of advantage to rediscuss 
the meaning of this term. In the first instance, without 
fully specifying a theory, we can distinguish between 
three kinds of mass according to the measurement by 
which it is defined: inertial, passive gravitational, and 
active gravitational mass. Inertial mass is the quantity 
that enters (and is defined by) Newton’s second law*; 
passive gravitational mass is the mass on which the 
gravitational fields acts, that is it is defined by F= —m 
gradV; active gravitational mass is the mass that 
is the source of gravitational fields and is hence the 
mass that enters Poisson’s equation and Gauss’ law. 
In Newtonian physics the law of action and reaction 
implies the equality of active and passive gravitational 
masses, but the equality of inertial mass with these 
other two is a separate empirical fact. The sign of both 
these masses can take either value and it is an additional 
empirical result that it is always positive. Four cases 
accordingly arise, if this empirical fact is left out of 
account. 
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OF QUANTUM THEORY 423 
cause (or another expression) of the divergences in 
field theory, in which cases the new couplings might 
yield convergence. Such couplings arise, for example, 
in quantum hydrodynamics.” Saturation might be 
expected to occur with some of these couplings; that is, 
the presence of many quanta, or high energies, may 
damp further creation.” 
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variables pi; multiply viv;. 

? Landau! has also remarked that at high energies field theory 
might go over into a quantum hydrodynamical scheme. 


NUMBER 3 JULY, “ost 


(i) All mass is positive; this is familiar. 

(ii) Inertial mass negative, gravitational mass is 
positive. A body consisting of matter of this kind will 
respond perversely to all forces whether gravitational 
or of other kinds, but will produce gravitational forces 
just as a usual body does. 

(iii) Inertial mass positive, gravitational masses 
negative. In this case we would have normal behavior 
relating to all nongravitational forces, but gravitational 
behavior involving masses of this type and of type (i) 
would be governed by a negative Coulomb law; i.e., 
like masses would attract and unlike masses would 
repel. 

(iv) All mass is negative. This would be a combina- — 
tion of (ii) and (iii). Matter of this kind responds - 
perversely to nongravitational forces, responds like - 
ordinary matter to gravitational forces, but produces. 
repulsive gravitational fields. 

In general relativity the situation is quite different. 
The principle of equivalence is not a separate fact but 
is basic to the theory. Accordingly the ratio of inertial - 
and passive gravitational masses is the same for all — — 
bodies. The relation between active and passive «d n 
gravitational masses is not fixed by anything like 
Newton’s third law as this would require integrals over P 

ES. 


O 


Plo 


extended regions of space-time which do not possess 
. the required tensorial character. A good deal of work 

— has been done!? and tends to indicate that the relation 

- — is rather complicated. 
E. As long as relativity is considered purely as a theory 
of gravitation, the inertial and passive gravitational 
masses do not in fact appear. Active gravitational mass 
occurs for the first time as a constant of integration in 
Schwarzschild's solution. If this constant is taken to 
be positive, then test particles will, in the first approx- 
imation, describe the Newtonian orbits corresponding 
to an attractive body. If, however, the constant is 
taken to be negative then, in the first approximation, 
test particles will describe the orbits corresponding to 
the Newtonian case with repulsion. Note that in the 
first case all bodies will be attracted, in the second all 
bodies will be repelled. 

If we now leave the one-body problem and consider 
the two-body case, then a remarkable situation arises. 
Imagine a body of positive mass and a body of negative 
mass separated by empty space. Then, to use the 
language of the Newtonian approximation, the positive 
body will attract the negative one (since all bodies 
|. are attracted by it), while the negative body will repel 

_ the positive body (since all bodies are repelled by it). 
_ If the motion is confined to the line of centers, then one 
- would expect the pair to move off with uniform accelera- 
— tion. This rather surprising result clearly requires 
= Confirmation by the complete construction of the model 
3n general relativity. 
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Uniformly accelerated systems in general relativity 
— (and in special relativity) are well known,’ but it may 
be worth while repeating here briefly the main properties 
— of such systems. The Newtonian concept of uniform 
- acceleration may be generalized to special relativity 
in a number of ways, but one of these is of outstanding 
ortance in retaining the stationary property. The 
system in this case is described by the equation i?— 7° 
-=const. The orbits of all particles in the 7—¢ plane 
form a system of rectangular hyperbolas with fixed 
asymptotes. These particles all have an acceleration 


the article passes to the origin the larger its accelera- 
The remarkable feature of this system is its 
character. If any particle carried an observer 
e distance of any other particle partaking 


H. BONDI 


the other particle would have different accelerations. 
The usual Minkowski metric may be transformed to 
the uniformly accelerated frame by the transformation 
r—zsinhj ¢=zcosht, =x, n=y, resulting in the 
metric dst= 24d? —da?—dy?— dz?. It is clear that this 
metric does not cover the whole of space, but is bordered 
by portions of the asymptotes which act as horizons 
and accordingly the metric only covers one-quarter 
of space-time (Fig. 1). 

We now return to the task of constructing a model in 
general relativity of two bodies whose masses have 
opposite sign. Accordingly we use a uniformly ac- 
celerated frame, and then immerse in it two finite 
bodies with opposite sign of mass. In the uniformly 
accelerated frame the system will be axially symmetric 
and so we can use‘ the metric of Weyl and Levi-Civita. 
In this metric we have, in empty space, 


ds? = e'di?— e-?*[ e? (di?-4- dz?) 4-7*d6" ] (1) 
where p= 9(7,Z), c=a(7,2) satisfy 
CP AGO GE 
[cria d 


[The operator occurring in (2) will be denoted by V?.] 
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It is well known that there is a consistency condition 
for this metric.! For our purposes this condition will 
be given in a slightly different form from the usual one. 


Fic. 1. The shaded portion on the right is mapped on the 
half-space 2 20 and also on the entire (575,0) space. 
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For any closed circuit C situated entirely in empty 
space (though possibly enclosing a nonempty region) 
we have from (3) and (4) 


Kies KHGO- GF 


Qe de de 
T2r— Lal =2 jf —V'erdrdz (5) 
OF OZ Oz 

by the divergence theorem, the integral being taken 
through the part of the meridian plane enclosed by C. 
It has been assumed here that through the whole of 
this region the metric has the form (1) though it need 
not satisfy Eqs. (2), (3), and (4). 

'The metric (1) is not in fact the most general metric 
for a nonempty static axially symmetric region but it 
is sufficiently general for the model we wish to construct. 
It is easy to show that 
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The type of specialization involved in the retention 
of metric (1) is clearly shown in (7). The condition that 
T» is finite on the axis implies that ø= const on 7—0. 
Without loss of generality we may take c—0 on 7=0. 
If we suppose that there is no matter on 7—0, then this 
condition also follows from (5). 

We can now construct a Newtonian analog of our 
system in which 7, Z, 0 are cylindrical polar coordinates 
and in which e is the gravitational potential (in 
gravitational units). In empty space e satisfies Laplace's 
equation (2). Also, as long as ¢ is small, (3) and (4) 
imply that c is small of the second order. Equation (6) 
is then, to the first order, identical with Poisson's 
equation, while Eqs. (7), (8), and (9) imply that the 

Stresses are small compared wi 
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The significance of the consistency condition (5) is | 
now clear: it is that the gravitational force on any — 
body surrounded by empty space must havea vanishing — — 
Z component. Since the other components vanish by _ 
symmetry, (5) is simply the Newtonian equilibrium | 
condition. We can now regard eas the exact Newtonian __ 
potential of a Newtonian analog system though the  - 
density of the Newtonian system will not be exactly 
the same as the density of the relativistic system. 

Since Laplace's equation is linear, we can of course 
superpose solutions. In particular if there are two 
bodies [i.e., two separate regions in which (2) doesnot - 
hold], then the two corresponding solutions may be - 
superposed, subject to condition (5) holding for each 
body separately. A few theorems of Newtonian gravita- 
tion may now usefully be quoted. 

(i) If e—0 at « and V*e—0 except in a single 
finite closed region, then condition (5) is satisfied. 

(ii) If 20 at © and V?y=0 except in a finite 
closed region which lies entirely in the region Z<a 
and in which V?o 20, then 0¢/0Z>0 for all Z2 a. 

(iii) If 90 at © and V*e—0 except in two finite 
regions one of which lies entirely in Z «a and the other 
in 27a, and in each of which V?o is of one sign, then 
condition (5) cannot be satisfied. This important result 
follows from (i) and (ii). If ¢ is split into two parts, v 
satisfying Laplace's equation except in body 1 and — 
€» except in body 2, then condition (5) for body 1 - 
requires that p 


NE 
ð Pı à p2 c 
f ——V? 9, +—V" «1 [rdrdz — 0. 
ðZ 0z 


Er 
The first term vanishes by (i); the second cannot 
vanish by virtue of (ii). The theorem shows that there - 
is no static solution in general relativity for two bodies, 
each containing matter of one sign, situated on opposite _ 
sides of a surface z=const, with the metric tending to - 
the Minkowski metric at infinity. It will now be shown - 
that if the last condition is dropped such a solution is 
no longer impossible. : 


3. 
'The uniformly accelerated metric 
ds?— z'd?— dx?— dy*— dz? 


may be transformed to the Weyl-Levi-Civita form (1) 
by the transformation 


where 
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This e, which will be called «o, satisfies Laplace's 
equation in the whole relevant portion of space, i.e., 
except on 7—0, Z<a. As was discussed earlier, the 
uniformly accelerated metric only represents part of 
space-time and so the singularity at 7—0, 2<a need 
not cause surprise or alarm. 

Note that, for za, 0 9o/0z» 0. 

Consider now the problem of two bodies, as in (iii) 
above, but add the potential o. This implies that we 
drop the boundary condition that space is Minkowskian 
at infinity and replace it by that appropriate to a 
uniformly accelerated frame of reference in a space- 
time which is flat at infinity. If each of the bodies is 
entirely in Za, and if in the body (body 1) in the 
lower Z region V?o; X0, whereas in the other one 
(body 2) V*e» 20, then condition (5) can be satisfied 
in suitable circumstances. For then, inside body 1, 
0 q»/0z «0 and, in body 2, 01/02 «0. As 099/027 0 in 
both regions, there is now no argument from signs to 
show that the arrangement is impossible. 

'To establish the possibility we proceed as follows. 
Let Bi, B» be two finite regions of space with Zi 


b entirely in Zi < Z < Zy and B» in Ze < Z < Zə where Z;' «25. 


Let ¢ satisfy Laplace's equation everwhere outside 
Bi, with g:—0 at infinity and with V*ei <0 in Bı. 
Similarly let e» satisfy Laplace's equation outside B», 
let it tend to zero at infinity, but V^o5 20 in Bs. Then 
consider 


p= eod-keid-le» (14) 


where the a entering «o is a constant and k, / are 
constants to be determined later, with /, &»0 and 
a<zZ,. If condition (5) is to be satisfied for both Bı 
and Bə then 
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Since the factor k can be canceled in (15), this 
equation can be considered as an equation determining 
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and 


(16)1 


1. Moreover, since in Bı 
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27. vill be positive. Similarly (16) determines a positive £. 


All the conditions of the problem, therefore, are 
j us and so we have succeeded in constructing a 
y accelerated pair of bodies whose densities 


*"ielf-force" term V?e,90*,/02 has been 
e its integral vanishes by theorem (i). 
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As an example we may take a=0 and 
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Here, for simplicity, /1 and /i» are disposable rather 
than & and /. 
Condition (16) becomes, since V?¢2=const in Bs, 
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Hence mı is negative. 
Similarly we must have, if ai«&/i?5— hı and an, 
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Oz 02/z =hħ1, r =0 
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(24) 


It follows that in both bodies the derivatives of 
go are of the same order of magnitude as the derivatives 
of the potentials produced by themselves. If, then, 
the Newtonian potentials of both bodies are small, 
the derivatives of o will be small of the second order, 
in spite of the additional terms due to go. Accordingly 
the densities are an order of magnitude larger than the 
stresses, and are themselves, to the first order, given by 
Kp 2e*vo-«0 g, 

By (12) and (13) 
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Hence 
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It may be advantageous to view the system from power series in 7? for small r. Also 
the Galilean frame of reference 7, ¢, a, 0 at r=įi=0.} EE TE 
Then the bodies appear to be spheres with centers at 5(2,7) = (2,7) —ev(2;7) (32) 
¢= (2h)? and of radii a(2h)-}. The densities are still is of the same nature. 
given by (26) and so the masses are M —m(2h)-3, Defining now 
while the accelerations are (2/4)-*. In the Newtonian : 
limit, the accelerations should be given by r—ze* sinht, (—ze* cosht, a=re¥ (33) 
1 Mi we arrive at the metric 
(242)! [(242)1— (25))* ds*= dr?— di?—u(rdr— (df)? — 2vda(rdv— (dt) 
—Ado?—a?d8? (34) 
My E 
= ~ (2h) IE (2hs)— (m) (27) where the coefficients p, v, À are functions. only of a 
and ¢?— 7°. Note that this metric is invariant under 
By (22) this equals any (f,7) Lorentz transformation, showing that we 
B are still dealing with a case of uniform acceleration 
(ha— 1)? though we are no longer in flat space-time. 
; ; : By virtue of Eqs. (33), metric (34) is established only 
2 à 0)t— (2h) E 2 z 
2hs (2M) C (2he)*— (20) ] for ¢ > |7|. What happens on and beyond this bound- 
1 Eh Qa)? ary? It is clear from the structure of (34) that the 
= . (28) boundary consists of parts of two null geodesics. 


(25)! (243)3 (242): 


This will be approximately the case provided /15 — /ri&/n ; 
i.e., provided the product of acceleration and distance 
apart is small. This is an appropriate limitation for 
the Newtonian case. It is interesting to note that the 
masses are not quite equal and opposite, but this is not 
surprising since their accelerations must be unequal in 
the uniformly accelerated model. 


4. 


The metric constructed in the preceding section 
contains a singularity at 7=0, z € 0. This is not surpris- 
ing, since the uniformly accelerated metric g= po also 
contains such a singularity which is, however, purely 
artificial and is transformed away by returning to the 
(7,¢,@,0) metric. Is a similar elimination of the singular- 
ity possible if = pot ¢1+ e»? . 

We note first of all that if @= gp the entire (4,2,7,0) 
space corresponds to 220 in (¢,3,7,0) and to a quarter 
of space-time; viz. ¢2|7| in (7,f,0,0). Keeping to 
the same transformation equations 


F=rz, Z=4(2—7), i-i (29) 


we have now the metric 
ds?= zed? — 2&6 (dr? dr?)—re¥de? (30) 


where the singular part of the metric appears explicitly 
and we are only dealing with z > 0. It is easily seen that 


(2,7) = 9(@F) — go(Z,7) (31) 


is a regular function of z and r. Moreover it is readily 
established that, for small z, V can be expanded as a 
power series in z? with coefficients depending on 7, 
the coefficients themselves being representable by 


I Where t=a COSÓ, n=a sinb. 
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Furthermore, a somewhat laborious comparison of 
coefficients yields expressions for u, v, A in terms of 
V, 0y//0z, OY/dr, and 6. An examination of these expres- 
sions establishes that, as a consequence of the behavior 
of V and 6 for small z referred to above, the three new 
coefficients can be expanded in series of powers of 
(?— 7? near the boundary, the coefficients of the terms 
in these series being functions of o that themselves 
can be expanded in powers of o? near a—0. Metric 
(34) is therefore perfectly regular at the boundary. 

As the boundary is a null geodesic the continuation 
of the metric beyond it is not uniquely defined. It 
would be most attractive to find a continuation of (34) 
that was free of singularities and of matter, and 
comprised all space-time. The mathematical difficulties 
of finding such a continuation appear to be formidable 
and have so far proved unsurmountable. It is also an 
interesting and significant problem to establish the 
existence of such a continuation, but this too has so 
far defied solution. 

A solution of a different character has however been 
obtained. If (34) is supposed to retain its form for all 
r and ¢ then a metric is obtained that is symmetrical —— 
about 7—0 and about ¢=0. In the region c2|t| 
the coefficients depend only on a and on the time like — 
variable 7?—(? (and similarly in |t| € —7) while in — 
—¢ > |r| the mirror image of the conditions in t > |z| "d 
will apply; ie. there wil again be two uniformly — — 
accelerated bodies of opposite sign of mass. The sole — — 
question to be decided in order to establish the validity — 
of this type of solution is whether there is an empty 
space metric of this kind in 72 |t| fitting with th 
required degree of smoothness on to our previously 
obtained metric at r=¢ 2 0. : 

We first notice that the transformation 


Tr-—Te*coshZ, ¢= Te sinhZ, a=Re 


e— e(T,R) (35) 
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yields the metric 
ds?= eð (dT*— dR?) — T*e*dZ*— Redo (36) 


with 
n=7(T,R) 

provided the u, v, d of (34) are suitably connected with 
the e, 7 of (36). In fact it turns out that the expres- 
sions for u, v, A in terms of e and 7 are identical with 
those in terms of y and 6 provided y, ô, r, z?, z0/0z 
are replaced respectively by e, n, R, —T7?, T0/0T. 
Accordingly, we have found a metric fitting smoothly 
to our original metric by continuing the intermediate 
metric (34) across the boundary. 

'The behavior of (36) away írom the boundary is 
governed in empty space by the equations 
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—2RT— —+ 2RT—— 2R°—. (39) 
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Since (37) is a hyperbolic equation it will have no 
singularities for T>0, R>O provided e and d¢/OT 
are given on T=0 in a nonsingular manner as even 
functions of R. This is the case in view of the properties 
of y and since e is connected with y as mentioned above. 
In fact, near T=0, e can be expanded in a power series 
in 7? with coefficients that themselves can be expanded 
in powers of R?, as a consequence of the corresponding 
property of y. Accordingly e will be nonsingular. As for 
n, the only doubt about its nonsingular character arises 
from the factor R?— T”. It is, however, easily seen that 
this factor does not lead to a singularity provided 
OQe/OR—0c/0T on R=T, and this in turn is a con- 
sequence of (37) and of the fact that 0e/O R—0«e/0T —0 
at R=T=0. 

We have succeeded, therefore, in constructing a 
world-wide nonsingular solution of Einstein's equations 
containing two oppositely accelerated pairs of bodies,§ 
each pair consisting of two bodies of opposite sign of 
mass. Since Tọ? and m are for any one body of the 
same sign the negative mass occurring is of type (iv). 

§ This solution is closely analogous to Born’s solution for the 


electromagnetic case Bondi and T. Gold, Proc. Roy. Soc. 
(London) A229, 416 (1955)]. 
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HE question as to whether a material system can 

radiate gravitational waves, on the basis of the 

field equations of the general theory of relativity, does 

not appear to have been answered conclusively. The 

present work is intended as a first step in looking for 
the answer. 

To investigate the possibility of a physical system 
radiating gravitational waves it is desirable to choose a 
simple system, one with axial symmetry. If the field 
of such a system is described by means of a spherical 
polar coordinate system (a1,a?,23,a4)=(r,8,9,t) then 
by a suitable choice of coordinates one can satisfy 
two conditions: (a) the metric tensor g,, is independent 
of the angle e; (b) it is diagonal. 

The field equations in the empty space surrounding 


the system! 
G,,— R,,— $g,,R— 0, (1) 


give a set of 7 equations, since G,, vanishes identically 
if (u,v)= (1,3), (2,3), (3,4). These equations serve to 
determine the 4 diagonal components of g,,. Among the 
equations there exist 3 identities, the contracted 
Bianchi identities, except for the one with index 3, 
which is trivial. 

'The field equations are nonlinear and diffcult to 
solve exactly. It is proposed to solve them by the 
method of successive approximations. As a beginning, 
the first approximation is obtained here. Let us write 
the line element in the form 


ds?— — (1-4-p)dr* — r? (12-o)d9* 
—r sin'á(14-7)dg^--(1--u)d&, (2) 


where p, c, 7, and y are functions of r, 3, and / and 
are considered (along with their derivatives) to be 
small of the first order. The linear approximation of 
the field equations has the following form (indexes 
denoting partial differentiation): 
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cuc Ta (rarus) A (ca— 22— u2) 
r T 


1 2 i 
—-(eid- 714-241) rom) —0, (3a) 
r 


ctg 
=Tu— Hut pst SSN) 


+o 25—4)-0, (3b) 


; GUB - Dingle, Proc. Natl. Acad. Sci. U. S. 19, 559 (1933). 
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1 
+—(p1—201—p1) — 0, 
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1 2 
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1 
T12-- ui2— - (pz-l-u2) — ctg (01— 71) — 0, 
r 


1 
014d- T14——(2p1— 04— 74) =0, 
r 


ctg (o4— 74) =(0. 


Integrating (3f) and (3g) with respect to ¿and taking — 
the functions of integration to vanish, we get A 


port T24— 


(aa) 


1 
oı+rı—-(2p—o—7)=0, 

r i 
poet ra— ctgo (o — 7) =0. (4b) 


Differentiating (4a), one obtains an equation which can 
be put into the form 


2 
out Tu—-(91—01— 71) 70, 
r 


while differentiating (4b) gives 
piz- Ti12— ctg? (01— 71) — 0. 


Subtracting (5b) from (3e) and integrati n 
respect to # (with the function of integra ioni aken to 
vanish), one gets 
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Hi—pi——(p+n)=0, | 
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and from this by differentiatio 
which can be written 


outgoing wave. Using the complex form (in the end 
the real part will be taken), the solution can be written 


p—Ch(x)P»(cos0)e-- —— (7) 


where the frequency w and C are constants, x—or, and 


P WE 
h(a)= (=) Oae] (8) 


with J,,(x) denoting the Bessel function of order x. 
Once p has been found, the remaining unknowns can 
be determined by means of the field equations. 

The constant C is to be determined in terms of the 
strength of the source. For this purpose we take a very 
simple model of the source, in the form of an infinites- 
imal system consisting of two massive particles situated 
on the Z axis and connected by a nearly mass-less 
spring. We assume that the energy-momentum-stress 
tensor has for its nonvanishing components in the 
Cartesian coordinate system 7’33, T’34, and T’44, with 
=z. Representing the mass density of a particle 
by a Dirac delta function and neglecting the static 
part of the tensor, we take 


0°5(x) 
ID mm (9) 
oz 
where 
p= poe, (10) 


and ó(r) is the three-dimensional Dirac delta function. 
‘From (9) it follows that 


p= f zT ! ad. 


e The remaining components of the tensor are determined 
by integrating the equations of motion 


(11) 


T'e, »—— 0, (12) 
which in first approximation have the form 
‘ I 33, 17 Ta, d. (13a) 
- E y sat = ES 3b 
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Finally, by combining (3a), (3b), (3c), (3d), (Sa), One obtains d 
and (5c), one gets n E por), (14a) 
1 2e, . 
a i O(r) 
nip —pu=0 (6) T'u=— -wp : (14b) 
DEOS 
that is, a wave equation for p. SEN : 
The general solution of (6) is, of course, well known Transforming the components to the polar coordinate 
ll can 58 Meer A for exampl NAA ‘expansion T system and also expressing the three-dimensional 
Ea] OD EEIROniCS We "Bc: eae Tere delta function 6(r) in terms of the one-dimensional 
A ma E vest order Fiat can be expected to give delta function ô(r), one gets the following nonvanishing | 
a nontrivial result, that corresponding to an axial COLE ONS 
quadrupole source at the origin. The method can be 1 cosy 
extended to multipoles of higher order. We also take the Tu= ——w? e ó(r), (15a) E 
solution to be sinusoidal in time and to represent an dr & 


1 R cos? sind 


T1» —o* —————(r), (15b) 
"s - 

s 3 | cos'ü (0) (159 

=—-lwp—6(r), 15c 
14 m p 

1 

Ti Ed p sin*dó(r), (15d) 
3 sind? cosó 

T4 —iop ô(r), (15e) i 
4r r | 
3 5cos0—1 | 

Tu=—p 5(r) (15f) 


To take account of the source, (1) should be replaced 


| 
y 

G,,— — Tp, (16) 
in units such that 8rk/—1. If one follows through 


the steps previously used in obtaining the wave 
equation for p, (6), one finds that now the corresponding 
equation has the form 


3 = cos? — 4 


eae mat +10) po. (17) 


where f(r) is an arbitrary function. On the other hand, 
the solution for p previously obtained, as given in (7), 
for small values of r can be written in the form 


from which one gets 
9iC 5 cos*ó— 1 
Ww n 
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Comparing (17) with (19) and using the expression 
for p given by (10), one finds that 


io 


C —— po. (20) 
6T 


The solution for all four unknowns, expressed in 
terms of real functions, is found to be given by 


Q»? 
— c, UG sinwl+ j_2(x) cose ]P»(cos0), — (21a) 


T 


p= 


3 


c= — pol kaa) + js) sinwl-+- (3k_2(x) 


+ j-2(x)) coswt ]P2(cosd) — (ko(x) + jo(x)) sine 


— (k_2(x)+ j-»(x)) coswt}, (21b) 


3 


gas EZ [. (eo (3) — j2(3)) sinet (k_2(«) 


— j-»(x)) coswt ]P»(cos9)4- (&»(x)-- j»(x)) sinet 


+ (&-»(x)-4- j-2(x)) cose!), (21c) 
u= —— pL (24els)+ (0) sinwl-+ (2g_2(«) 
+ j_2(x)) coswt]P2(cos?). (21d) 
Here 
jn (x) = (3) Gane), (22a) 
2x 
1 z 
Rn vy) =- 7n u)di ) 22b) 
(x) f jnlu)du ( 
Qn(x) =a f E Jn(u)du. (22c) 


oo 


In the limit of a static system (w=0) one finds that u 
is proportional to the Newtonian potential, as is to 
be expected. It will be noted that in the above solution 
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p, 1, and o-+7 are of a form corresponding to a quadru- 
pole wave, i.e., they depend on the angle through 5 
P2(cos@). On the other hand, the dependence of c— 7 on 
the angle is given by sin?0. 

We see then that, in the linear approximation, the 
field equations admit a solution describing gravitational 
waves emitted by an oscillating physical system. A 
calculation shows that these waves are real, that is, 


the Riemann-Christoffel tensor is different from zero, 1 
so that they cannot be removed by a coordinate | 
transformation. 


To calculate the rate of emission of energy by the 
material system, one can make use of the gravitational 
energy-momentum-stress pseudotensor /,“. For this it 
is desirable to go over to a Cartesian coordinate system, 
since in that case the first-order terms in the metric 
tensor will give second-order terms in /,^, which will be 
the terms of lowest order, and these will not depend on 
terms of higher order in the metric tensor. The calcula- | 
tion is somewhat tedious, and the final result for the 
rate of energy emission is 


1 | 
copy, è 


120r 


N= 


in the present units, or 


k 
V=—w'p?, 


15c* 


in the usual units. This result agrees with that obtained 
by others? 4 

It is planned to use the above solution as the starting 
point for a more accurate calculation. The interesting 
question is whether the exact equations have a solution 
going over into the above for sufficiently weak fields. 
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REVIEWS OF MODERN PHYSICS 


1. INTRODUCTION AND SUMMARY; THE 
SCHWARZSCHILD-CELL METHOD 


ANY problems of electrostatics can be expressed 

in terms of the elementary 1/r potential due to a 

point charge. Gravitation theory provides the analog 
of the 1/r potential in Schwarzschild’s expression 


ds'— Y; gads*ds? 
B-X 


= (1—2Gm/crydr-4-r[d6)4-sin'6d e ] 
—(1—2Gm/ér)iT* (1) 


for the 10 gravitational or metric potentials of Einstein 
for the effect of an elementary concentration of mass 
in an asymptotically flat space-time continuum. Here 
G is the Newtonian constant of gravitation, 6.67 X 10-3 
cm?/g sec?, c the velocity of light (cm/sec), and m the 
mass in grams. The equations of gravitation theory are 
nonlinear. The principle of superposition, so central in 
electrostatic theory, does not apply. Consequently, the 
Schwarzschild solution has no such far-reaching realm 
of application as the Coulomb potential. Nevertheless 
there exists a class of problems that receive a simple 
approximate solution by way of the Schwarzschild 
formula. 

We consider a number of mass concentrations so 
: distributed in space and of such relative magnitudes, 
— — — that the zone of influence of each can be reasonably 
— approximated by a sphere. Inside each cell we replace 
the actual gravitational potentials by the expressions of 
EL Schwarzschild. This approximation demands that the 
distribution of gravitational influences just external to 
each sphere should depart relatively little from spherical 
symmetry. Such a treatment is inspired by the success 
of Wigner and Seitz! in analyzing electronic wave 
functions in crystal lattices. They approximate the 
elementary lattice cell by a sphere of the same volume. 
The wave equation for a problem of nonseparable 
coordinates becomes separable. Applied to a problem 
— where the exact solution is known—where the potential 
— js constant—the accuracy of this analysis has been 
— tested with favorable results? 

— From analogy with the Wigner-Seitz analysis one 
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might expect that the gravitational potentials ought 
to have zero normal derivative at the boundary of each 
lattice cell, idealized as spherical. The Schwarzschild 
potentials do not satisfy this requirement. The deriva- 
tive (d/dr)(1—2Gm/cr) is proportional to the New- 
tonian gravitational field, Gi:/7?, and does not go to zero 
at a finite distance. This derivative measures the rate 
of acceleration of an infinitesimal test body placed at 
the point in question. This acceleration at the position 
of the cell boundary gives the acceleration of the cell 
boundary itself. Otherwise stated, the mass concen- 
trations on either side of the cell boundary accelerate 
towards that boundary at such a rate as to nullify the 
discontinuity in matching of the normal derivative of 
the gravitational potentials that would otherwise occur. 
Thus the cell method in gravitation theory has an 
essentially new and dynamic feature that does not 
appear in the solid state problem. This new feature is 
simple and important. It expresses the equation of 
motion of the mass at the center of a cell as a dynamic 
condition on the boundary of the cell. 

The rest of this paper elaborates this idea and applies 
it to the problem of the expanding universe. The whole 
of the dynamics of the expansion and subsequent contrac- 
tion ds derived from the elementary static Schwarzschild 
solution (1). For simplicity attention is limited to the 
case of equal masses arranged in a regular lattice in a 
closed space. Special interest attaches to the case of a 
very large number of masses, V=600, the largest 
number that can be arranged in a regular lattice. The 
calculated radius of maximum expansion, ao, for this 
case agrees to 1.205 with the well-known result of 


Friedmann, 
ao= (4G/3xc?) (total mass), (2) 


for the case of a homogeneous distribution of matter. 
Briefly recapitulated, the Schwarzschild-cell method 
considers the dynamics of a lattice universe as a 
consequence of the field equations. These equations are 
fulfilled everywhere except at the interface between 
zones of influence, and fulfilled even there in an average 
way. Thus the field equations determine the equations 
of motion of the singularities that represent matter. 
In this sense we follow the spirit of Einstein, Infeld, 
and Hoffman.? However, our approximation method to 


EE ux 


3 Einstein, Infeld, and Hoffman, Ann. Math. 39, 66 (1939). 
See L. Infeld and A. Schild, Revs. Modern Phys. 21, 408 (1949) 
for the derivation of the equations of motion for an infinitesimal 
test particle moving at arbitrary speed; also L. Infeld and J. 
Plebanski, Bull. Acad. Polon. Sci., Class IIT, 4, 757 (1956). 
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determine the equations of motion of mass singularities 
from the field equations is quite different from theirs. 
They demand small relative velocities, and a space that 
is asymptotically flat, but make no symmetry require- 
ments on the disposition of the masses. In contrast, 
symmetry alone is the demand of the method that 
decomposes all of curved space into Schwarzschild 
` cells. 

When closed space is divided up into infinitely many 
infinitely small cells one passes to the limit of the dust- 
filled universe of Friedmann. Section 2 summarizes the 

: properties of this Friedmann solution and defines the 
ideas needed in comparing this uniform model with the 
lattice model. One introduces the idea of a “comparison 
uniformly curved space" or “comparison hypersphere." 
The boundaries of zones are marked on it that have 
the same reflection symmetries as do the zones of the 
lattice universe. Section 3 analyzes the geometry of 
these polyhedral zones on the comparison hypersphere. 
Section 4 derives the equation of motion of the boundary 
from two conditions: (1) the boundary of the Schwarz- 
schild cell must be tangent to the comparison hyper- 
sphere; (2) the solid angle subtended by the Schwarz- 
schild cell on the hypersphere must not change with 
time. To satisfy these two conditions, the radius of the 
Schwarzschild cell, and the radius of the comparison 
hypersphere must vary with time. The equation for the 
cell radius is found (Sec. 4) to be identical with that 
of a freely falling test particle. Section 5 shows that 
the radius of the comparison hypersphere has essentially 
the same time variation as does the radius of the ideal 
Friedmann universe. Section 6 analyzes possibilities for 
replacing the Schwarzschild cell approximation by an 
exact treatment of the lattice universe. Section 7 
considers possible use of the variational principle for 
extensions of the method, and consequences of de- 
partures of a cell from perfect symmetry. 


2. FRIEDMANN UNIVERSE AND THE LATTICE 
UNIVERSE COMPARED 


A closed universe with zero cosmological constant in 
accord with the arguments of Einstein* is assumed. 
When this universe is homogeneous and isotropic, the 
metric can always be written 


d= a r (d6?+-sin’6d¢*) — dT”. (3) 
1— (7?/a?) 


The radius of curvature, a(T), depends upon time 
in a way that is governed by the equation of state. 
In the Friedmann case, where the universe is filled 
with a uniform dust of total mass M and zero pressure, 
the radius satisfies the equation of energy, 


Mce-- Mé (da/dTY— (4GM2/3ra)=0. (4) 
‘A. Einstein, The Meaning of Relativity (Erinceton University 


Press, Princeton, New Jersey, 1950), p. 10 
* H. P. Robertson, Revs. Modern Phys. 5, 62 (1933). 
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Fic. 1. Radius of the universe, a, as a function of cotime, 
T= (velocity of light)-(time), for a homogeneous isotropic 
universe. The system expands outward and falls back together 
again under gravitational attraction, but the detailed dynamics 
depends upon the equation of state of the medium. In Friedmann’s 
universe (case a) the pressure is zero. In the case of pure radiation 
(case 6) the pressure is equal to one third of the energy density, 
and the circle a?+-7*=a,* takes the place of Friedmann’s cycloid. 
The intermediate case has been treated numerically by G. Gamow, 
aie Danske Videnskab. Selskab, Mat.-fys. Medd. 27, No. 10 

1953). 


The maximum radius is 
ao=4GM /3xc?. (2a) 


The relation between radius, a, and cotime, T 
= (velocity of light) - (time), is a cycloid (Fig. 1) given 
parametrically in the form 


a= (ao/2) (1-++cosn) 
T= (40/2) (n+sinn). (S) 


The three dimensional curved space of Friedmann at 
any one cotime, T, is equivalent to the three-dimen- 
sional hypersurface of a sphere in a four-dimensional 
Euclidean space. The extra dimension has no physical 
meaning; it is an imbedding dimension. Introducing — — 
Cartesian coordinates, 


1(4— @ sinx sinô sing, 
= a sinx sin cose, 
1t3= à. sinx cos6, 


1(4— 4 COSX, 
and letting 
r=a sinx, 


(6) 
gives the metric (3) the simple form 
ds? = duy?-+-dus?+dus?+dug—dT?. 


On this sphere we mark out the vertices of a regular 
figure to give a geometry that can be compared with the 
geometry of the lattice universe. Particular dust 
particles specify these V vertices. Every vertex can be 
equidistant from its nearest neighbors only when 
NN —5, 8, 16, 24, 120 or 600.5 

The case V=8 gives one of the simplest of the 
arrangements. For any typical one, P, of the eig 
points there is another one, A, of the eight whi 
be called its antipode. The remaining six parti 
most conveniently named as N (north), S (south; 


ê See H. M. S. Coxeter, Regular Polika (Me 
pany, Ltd., London, 1948), in particular Tal 
292-293, for an enumeration of the regula 
dimensions. Ec 
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Fic. 2. Two-dimensional analog of a closed lattice universe. 
The third dimension in the drawing merely provides a dimension- 
ality high enough to allow imbedding a two-dimensional space 
with the topology of a sphere. The superfluous radial coordinate 
has no relation to the time coordinate. There are six lattice cells: 
P, E, A (antipode), W and N, S. Each is like a square in its count 
of edges and corners but is a deformed square. The distortion is 
such that the angle at a corner is 120? instead of the normal 90°. 
In terms of distances: 


Center of cell 
to corner 


Center of cell to 
center of edge 


All distances in terms of 
radius, a, of sphere 


: ; 2xa Lou 

Lattice cell of Fig. 2 zm =0.7854a asin s: =0.9553a 
Circular domain on surface of ie \ = 

sphere with same center a cos! (5) 70.8411a 

and same area 
Ratios 0.9338 1.1359 
Square of same area in flat 

- zi x\} 

space ( od. (z) a —0.7236R (3) a —1.0233a 

i i 24! 
girole or same area in flat 2*5 =0.8165a 
Ratios 0.8862 1.2533 


U (up) and D(down). Proceeding from P to any one of 
these six nearest neighbors, say E and continuing on in 
the same direction, then one comes next to the antipodal 
mass, A ; then to W and finally back to P. Likewise, pro- 
ceeding upward from P, one comes in turn to U, 4, Dand 
back to P; and so on. Figure 2 sketches the analog of this 
lattice arrangement for a two-dimensional closed 
surface imbedded in a three-dimensional Euclidean 
space. 

An infinitesimal test particle ordinarily lies closer to 
one of the lattice centers, P, than to another. It may 
be said to belong to the zone of influence of P, or to the 
lattice cell centered on P. Between P and E lies a 
two-dimensional array of points which are equidistant 
from P and E: the boundary or interface between the 
domains of P and E. 

From Friedmann's simple metric with its uniform 
— curvature we turn to the metric of a lattice universe, 
- where all the mass is concentrated into JV centers. The 
—— curvature of the metric, Rij , now varies from place to 
- place as indicated qualitatively in Fig. 3. However, the 
ontracted curvature tensor, Ri,=g*?Riaxg vanishes 

oughout the mass-free space between the vertices. 
eover the symmetry group of the vertices is 
pletely unchanged, as are the reflection symmetries 
netric at the cell boundaries. 
e 


ni 
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How is one to deal with this metric with its compli- 
cated variation in space? Can one simplify the problem 
by limiting attention to those parts of space that lie 
infinitesimally close to zonal boundaries, with their 
reflection symmetries? No, even the metric in these 
limited regions of space does not conform to the surface 
of a comparison hypersphere. One naturally chooses the 
radius of this comparison hypersphere so that points 
halfway between nearest neighbors will lie outside 
the comparison hypersphere, and points equidistant 
from three nearest neighbors will lie inside. 

To simplify the metric in an individual cell we have to 
simplify the geometry of its boundary. We replace the 
typical cell of the lattice universe by a Schwarzschild cell 
that (1) has a spherically symmetric metric: 


ds?— [1— (2m*/r) Jdr*-I-r*[ d6?-- sin?6 (dg)? ] 


—[1— (2m*/r)]dT?, (7) 


m* — mass of one singularity expressed in units of length, 


= (G/c*) (mass of singularity) = Gm/c?, and m= (total 
mass)/ (number of vertices) - M/N; 


(8) 
(2) has a spherically symmetric boundary whose radius 
r depends on time, and (3) conformally joins at this 
radius r onto a comparison hypersphere of a radius, a, 
that also depends on time. This radius defines what we 
mean by the radius of the lattice universe. To state in 
quantitative terms this joining or /angency condition now 
requires examination of geometry of the comparison 
hypersphere. 

There is a second motivation to study geometry on 
the hypersphere. There one can define polyhedral zones 
and compare them with spherical zones to test quanti- 
tatively how nearly the dimensions of the two objects 
agree. Such a comparison is not possible for the lattice 
space itself because its metric is not known. Therefore | 
the analogous comparison on the surface of the hyper- 
sphere—and in flat space—supply our only simple 
means to estimate the accuracy of the Wigner-Seitz 
approximation. 


Fic. 3. Qualitative character of the space in a lattice universe. 
The space is closed up, but not by an everywhere uniform curva- 
ture as in the Friedmann universe. 
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3. GEOMETRY OF SPHERICAL AND POLYHEDRAL 
CELLS IN UNIFORMLY CURVED SPACE 

The shape of the typical lattice cell in uniformly 
curved space is easily visualized by considering the two- 
dimensional analog (Fig. 2) of the three-dimensional 
lattice universe containing eight particles. From that 
analogy, or from direct analysis, one sees that the 
faces of the cube-like lattice cell meet at a dihedral 
angle of 120°, rather than the familiar 90? (Figs. 2 
and 4). An edge is common to three cells, not to the 
four expected from the familiar picture of stacked 
blocks. At a corner only four lattice cells meet, instead 
of the usual eight; and only four edges, instead of the 
usual six. These four edges radiate from the corner at 
the regular tetrahedral angles. The corner of a lattice 
cell appears blunt when compared with the corner of a 
cube. To approximate the lattice cell as a sphere is 
expected to be slightly better than the replacement of a 
cube by a sphere as done in solid state physics. This 
conclusion is borne out by the comparison of distances 
given in Table I. 

Similar distance comparisons for the other regular 
lattices in a space of uniform curvature appear in 
Table II. Thus the lattice cell of a spherical polytope 


Fic. 4. Shape of typical cell in case 
of eight particle lattice universe. The 
cell is like a deformed cube. Three cells 
meet at an edge rather than the four 
of Euciidean geometry, and at a 
corner four cells meet rather than six. 


deviates from a sphere considerably less than does its 
counterpart in flat space. This makes it reasonable to 
develop the spherical cell approximation. 

'To obtain a measure of the size of a spherical cell, 
both absolute and relative to the total hypersurface, we 
imbed the curved three-dimensional space at a fixed 
moment of time into a Euclidean four-dimensional 
space. Denote by a the radius of the hypersphere and by 
ro the radius of the spherical cell, both as measured in the 
flat imbedding space. Denote by y the angular sepa- 
ration of the center of the spherical cell and its boundary 
as seen from the center of the hypersphere: 


siny— ro/a. (9) 
The cell subtends at the center of the hypersphere a 
hypersolid angle 


f d(three-dimensional volume) 


a 


= sin?x sin0dxd6d o 


inside 


=7(2y—sin2y) 


(10) 
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TABLE I. Comparison of (1) lattice cell dimensions for the case 
of eight mass centers with (2) dimensions of a spherical cell of the 
same volume in curved space, under assumption of uniform 
curvature of the space, i.e., uniform mass density. In the case 
when the mass of each cell is concentrated at the center of that 
cell, the geometry of space is changed—and changed in a time 
dependent way. Then these dimensions no longer apply exactly, 
and have primarily only illustrative value. 


Center of Center of 
cell to cell to Center of 
All distances in terms of radius center of center of cell to 
of curvature, a, of space face edge corner 


Lattice cell of volume 

(1/8)2z?a? 0.785a 
Spherical domain in curved 

space with same center and 

volume 0.883a 
Ratios 0.889 1.082 1.186 
Cube of same volume in 

flat space 0.676a 
Sphere of same volume in 

flat space 0.838a 
Ratios 0.806 1.140 1.396 


0.955a 1.047a 


0.955a 1.170a 


in analogy to the familiar formula in three-dimensional 
geometry 


Q= 2r (1— cosy) 


for solid angle subtended by a cone of half-angle y. Out 
of the whole hypersurface or three volume of the 
hypersphere, 


2ra’, (11) 
the spherical cell occupies the fraction 
W/Wrota= (2V— sin2y)/2m. (12) 


We wish to cut away the uniformly curved space 
occupied by a spherical cell and replace that cell by a 
Schwarzschild cell. In the Schwarzschild cell the metric 
is nonuniform but still spherically symmetrical. We 
want the Schwarzschild cell to have the same spherical 
boundary as the uniformly curved spherical cell that 
it replaces, and to be “tangent” to the hypersphere 
at the point of join. 

How big shall the spherical boundary be chosen? 
Two alternative conditions suggest theniselves for | 
defining the angle y: E. 


TABLE II. Distance ratios as measures of the “roundness” of a 
lattice cell in curved space. For comparison the same distance 
ratios are also given for flat space for a cell with the same number é 
of faces, edges and corners. The cells are most nearly spheri 3 
when there are 120 mass centers. 


distance to: face or corner —— — 


N hat woul Rati —— — 
Name that would atio "radius" of sphere of same volume — d 


Number of be given to one 


identical such cell in Curved Flat Curved Flat 
cells flat space space space space space 
5 tetrahedron 0.862 
8 cube 0.889 
16 tetrahedron 0.763 
24 octahedron 0.880 


120 dodecahedron 0.917 
600 tetrahedron 0.679 
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Condition I: The boundary sphere shall cut out of 
the hypersphere 1/N of the total solid 
angle. 
The boundary sphere associated with 
one mass concentration shall just touch 
the boundary spheres of all its nearest 
neighbors. 


Condition II: 


Condition I is the direct generalization to curved space 
of the standard Wigner-Seitz approximation. The 
boundary angle y is fixed by 


Y 1 2y—sin2y 


= (13) 
Wrotal N 2T 


N spherical cells, each of which will fit into 1/Nth 
the hypersurface—or three volume—of the hypersphere 
will in some places overlap and in other places leave 
regions of “no man's land." When the cells are merely 
cutouts from the hypersurface, they have uniform 
curvature and in the regions of overlap meet every 
reasonable requirement of ''tangency." Consider the 
other case when the regions inside the boundary spheres 
are Schwarzschild cells, adjusted here and always to 
tangency to the comparison hypersphere at their spherical 
boundaries. Where the boundaries of two spherical 
cells interact, the two Schwarzschild metrics are 
tangent because at that point both are tangent to the 
hypersphere. Where the cells overlap, the intersecting 
Schwarzschild metrics depart from tangency in one 
sense; and they depart from tangency in the opposite 
sense wherever the intersection lies outside the spherical 
boundaries of the cells. Condition I makes the metrics of 
two Schwarzschild cells be tangent to each other in an 
average way, it being understood that at the spherical 
- boundary of each cell the Schwarzschild metric has been 
= made tangent to the comparison hypersphere in a way 
defined later. 

In contrast, Condition II gives a matching only at 
the one point of contact midway between neighboring 
mass centers. Away from this point of contact, in the 
now enlarged “no man’s land” between spherical cells, 
two extrapolated Schwarzschild metrics at their 
intersection depart more and more from tangency. 


Condition II will be a less reasonable criterion for cell 
size than Condition I. Thus far, we have examined 
the two criteria for cell size from the point of view of 
matching of boundary conditions thinking of the metric 
inside as of Schwarzschild form. Now imagine instead 
— a uniformly curved space inside of these boundaries. 
= Then the tangency requirements are automatically 
satisfied. Another point of view offers itself to compare 
the two criteria for cell size. Table III shows that the 
E yhedral cell dimensions are not as well matched by 
j Edition II as those spheres of Condition I. One is not 
yosition so easily to calculate distances when the 
pe uniform curvature of the true lattice 
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space, but it is reasonable to believe that Condition I 
continues to give the more reasonable cell dimensions, 
as it also better satisfies on the average the tangency 
requirement. 

We have now decided that the spherical boundary 
of one Schwarzschild cell is to cut out 1/Nth of the 
volume of the comparison hyperspace (13). Next we 
formulate the requirement that the cell be tangent to 
the hypersphere at the point of join. Imagine a surveyor 
told to find the fraction of the earth’s area enclosed 
within a circular kingdom, but only allowed to make 
measurements on or near its periphery. His solution is 
simple: Measure the circumference of the kingdom, 
and compare it with that of an infinitesimally smaller 
circle also on the earth’s surface. Also measure the 
difference in their radii. If the earth were flat, one would 
find 


d(circumference) 
a MÀ 
d(radial distance) 

However, due to its finite radius a, one finds 


d(circumference) d(2ra siny) 


ady 


=2r cosy. (14) 


d(radial distance) 3 


The extension of this method to the problem of a 
sphere on the surface of a given hypersphere requires 
no essentially different ideas. Choose any great circle 
on this sphere, and compare its circumference with that 
of the corresponding great circle on an infinitesimally 
smaller one. Let d (radial distance) denote the difference 
in their radii as measured in an invariant manner along 
the surface of the hypersphere. One is led again to (14). 
In view of the complete symmetry of the problem, one 
clearly obtains the same value of y regardless of which 
great circle is chosen for the measurement. 

Thus there is an invariant way to say that one 
Schwarzschild cell shall cut out 1/Nth of the tangent 
hypersphere, and to say this entirely in terms of 
measurements in and near the cell boundary: 


1 d(circumference) 
—— —— — cosy, 
2r d(radial distance) 


(15) 


TABLE III. Comparison of polyhedral and spherical cells in the 
closed three space that forms the hypersurface of a sphere in 4 
dimensional Euclidean space. 
L—————————————————————————————————————————— 

Distance from center of cell in units of hypersphere radius 


Radius of sphere that 
replaces cell according to 


N oor d Be at Geor e Condition I Condition II 
220i oS C. 
5 Go w IG 1.057 0.912 
8 0785 0.955 1047 0883 0.785 
16 0524 0.785 1.047 0.686 0.52 
24 0,4 0.617 0.785 0.595 0.524 
120 0314 0.365 0.388 0343 0.314 
600 0135 0.232 0388 0.199 0.135 — 


where y is defined by 
2y—sin2y 1 


=—. (16) 
2v N 

In addition, there is an invariant way to define the 
radius, a, of the hypersphere—or what we call the 
radius of the universe—in terms of measurements at 
the cell boundary: 


(cell radius). (circumference of great circle) 
s A 7 
siny 2m siny 


4. DYNAMICS OF THE LATTICE DEFINED 
BY BOUNDARY CONDITIONS 


'The problem of matching metrics at the boundary 
between two cells has been replaced by the problem of 
matching the metric in one Schwarzschild cell to the 
metric of the comparison hypersphere. From this 
matching condition we now derive the change with 
time in the radius of the cell and the radius of the 
universe—in other words, the dynamics of expansion 
and recontraction—using (15), (16), and (17), which 
depend only on behavior of the metric near the cell 
boundary. 

In the Schwarzschild metric (7), a great circle of 
radius r has the circumference 2zr. A great circle of 
radius r—e has the circumference 2r(r—e). The 
invariant infinitesimal distance between one circle and 
the other is 


e[1— (2m*/r) J>. 


These two observations made near the boundary fix 
the fraction of the whole hypersurface occupied by one 
Schwarzschild zone: 


1 d(circumference) 


—[1— (2»*/r)]— cosy, (18) 


2r d (radial distance) 


where wy is fixed by JV, according to (16). Thus, the 
radius r of the Schwarzschild cell cannot depend upon 
time, and we end up with a universe that has no 
dynamics at all! Obviously we have made an oversight 
somewhere. 

The difficulty arises because the two circles were 
compared at equal values of the Schwarzschild time 
coordinate. We tacitly assumed that the Schwarzschild 
coordinates, r and T, are well adapted to describing the 
space-time continuum inside one cell, but they are not. 
Their inappropriateness appears even more clearly for 
r than for T. As the size of the lattice cell grows or 
shrinks, the range of the r coordinate increases or 
decreases. It appears as if one has to add on or chop off 
space at the cell boundary! It is much more natural to 
think of a new pair of space and cotime coordinates, p 
and 7, which are functions of r and T with the following 
roperties, The boundary of, the lattice cell is described 

T2 
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OF BODY | 


Fic. 5. The coordinate patches of two lattice cells merely 
intersect at the boundary, p=a, and do not overlap as they 
should when the surfaces in question belong—as in the figure—to 
equal values of the Schwarzschild time, 7;=72=const. Real 
overlap or tangency demands instead equal values of a new time 
coordinate 7, not shown. Surfaces of constant 7 intersect the zone 
boundary perpendicularly; surfaces of constant 7, like those 
shown here, make oblique intersections. 


by the statement that p—p(r,T)- constant at that 
point. The point p—e in the “coordinate patch” of one 
lattice cell is to be identified with the point p+e in 

the extrapolated coordinate patch of another lattice 
cell. This identification is not to be made for equal 
values of the Schwarzschild time T because then the 
two coordinate patches do not overlap but only intersect 
(Fig. 5). This failure to overlap can be stated this way: — — 
The coordinate surface, T= constant, does not stand 
perpendicularly to the boundary surface, p=constant, 
but obliquely to it. The appropriate new time variable, 
t=1(r,T), has the property that the surface, 7= con- 
stant, does stand perpendicularly to the boundary 
surface, p=constant. This orthogonality of the two 
surfaces is demanded by the condition of mirror 
symmetry at the zone boundary. 

We later construct a coordinate system, p, 7, that 
satisfies the orthogonality requirement. However, for 
formulation of the boundary condition at the surface 
such detail is not needed. It is enough to demand that __ 
the two circles of slightly different sizes be compared 
at the same value of the 7 coordinate; in other words, _ 
that the ring-like surface connecting the two circles - 
shall be orthogonal—in the four-dimensional sense—to 
the boundary of the lattice cell. This condition, bein 
invariant, can also be formulated in the original 
Schwarzschild coordinate system. x: 

The boundary will move in the interval of Schwarz 
child cotime dT from r to r+dr. Describe this change by 
the four vector (dr,0,0,dT) (in contravariant com- 
ponents). At this stage the ratio, dr/dT, of the 
ponents of this vector is not known. Construct a 
vector that is (1) perpendicular to this vector, a 
perpendicular to the two independent vectors 1 
in the boundary (0,20,0,0) and (0,0,¢¢,0). T 
vector is uniquely determined up to a multiplica 
factor, and in one convenient normalization 
contravariant components 


S = 


This vector, being normal a 
surface of constant r. 234 


a 


=U 
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Return to the comparison of the two circles. One 
circle passes through the point with coordinates 
(r,0,0,T). The other circle was previously erroneously 
taken to pass through a point (r— «e, 0,0, T) at the 
same Schwarzschild time. Instead, we must take a 
circle at the same value of 7, passing through the point 
(r—g"dT, 0, 0, T+-g77dr). The measurements on the 
two circles near the zone boundary now provide an 
invariant measure of the fraction of the hypersphere 
spanned by the Schwarzschild cell: 


1 d(circumference) 
cosy y = — ——————————— 
2x d(radial distance) 
gaT 
Lsr(87dT)+grr(g""dr)} ]: 
gaT 
Leng" }!Lerr(dT)*+ g,r(dr)?}? 


( Fail ) dT 
g77/ d(proper cotime) 


The angle yy and the hypersolid angle V spanned by 
the cell must remain constant in time; the motion of the 
boundary must adjust itself to this match-up requirement. 
Therefore (19) determines the equation of motion of 
the boundary: 


(19) 


ok a Soe RAL a PASSER." ett ee oe 


dT COSV/N 


EE ER — (20) 
d(proper cotime) [1— (2m*/7) ] 
or 
(dr/dT) — = (cosy) [1— (2m*/r) J (2m*/r) 
—sin?y |. (21) 


This completes the derivation of the dynamics of 
expansion from the metric match-up conditions. 

The equation of motion of the boundary, (20) or 
(21), is identical with the law of conservation of energy 
for a unit test particle thrown out radially from the 
mass, m. The expression on the left side of (20)—after 
multiplication by c’—gives the rest plus kinetic energy 
of the test particle, 


e dT 


n 
[1—(2?/e)]}? ^ d(proper cotime)’ (22) 


— and the expression on the right similarly gives the 
— relativistic generalization of its total energy diminished 
— by its potential energy in the gravitational field. This 
ntegrated form of the equation of motion is less familiar 
han the differential form, analogous to Newton’s 


ation of motion, 


Pxi/ds?-+-T api (dx2/ds) (dx*/ds)=0 (23) 


PT/ds+8 
asc. r$ 
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[compare (20) ], and 


d*r/ds?--gr (dg, ,/dr) (dr/ds): 
—g"" (dgrr/dr)(dT/ds)*=0, (25) 


[compare (21) ]. However the content is the same: the 
entire time dependence of the boundary between two 
lattice cells can be described by the behavior of a 
particle that falls towards both mass points simul- 
taneously under the action of their gravitational 
attractions. 

The integrated form of the equation of motion, (21), 
is less complete than the differential form because it 
possesses the singular solution 


(26) 


r=2m*/ sin?yy—a constant. 


This singular solution already appeared (18) in the first, 
improperly formulated, attempt to derive the dynamics 
of the lattice cell from conditions at the boundary. 
Similar examples of singular solutions are common in 
classical physics, if one deals only with first integrals of 
the equations of motion. For example, a particle tossed 
straight up in a uniform gravitational field, that came 
to rest at the top of its flight—and stayed at rest—would 
satisfy the law of conservation of energy. However, it 
would violate Newton’s second law of motion. Likewise 
an infinitesimal test particle permanently at the 
location (26) cannot satisfy the geodesic equation of 
motion (23). In mathematical terms, (26) is a singular 
solution of equations in the sense that it represents the 
envelope of the trajectories of test particles which reach 
the same distance of maximum excursion r at different 
values of T. 


5. RADIUS OF THE LATTICE CELL AND OF THE 
UNIVERSE AS FUNCTIONS OF THE TIME 


— — 


Equation (21) describes a motion of the cell boundary 
that changes from expansion to contraction when the 
last term vanishes; that is, when the cell radius, 7, 
reaches a maximum value, R, defined by 


Tmax=K= 2m*/ sin?y. (27) 

TABLE IV. Maximum radius, ao, attained during expansion of 
the lattice universe (as defined and calculated by the Schwarz- 
schild-cell approximation method) compared with Friedmann's 
value for the maximum radius of a universe uniformly filled with 
dust. The radius is expressed relative to the Schwarzschild 
“radius” 2M*=2GM/c? defined by the mass of the whole universe 
and also relative to the Schwarzschild radius 2m*=2Gm/c¢ 
—2M*/N associated with the mass of one lattice cell. 


Condition I Condition II 

N Y ao/2n*  ao/2M* v ao/2m* | aw/2M* 
5 60.59? 1.5126 0.3025 52.24° 2.0239 0.4048 

8 50.60? 2.1672 0.2709 45? 2.9203 0.3535 
16 39.34? 3.9256 0.2454 30° 8.0000 0.5000 
24 3440? 5.6750 — 0.2365 30? 8.0000 0.3333 
120 19.63? 26.376 0.2198 18? 33.889 0.2824 
600 11.42? 128.82 0.2147 7.66? 406.06 0.6768 
can 0? 0.2122 0? 0.2122 
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In terms of rmax the equation of motion of the boundary 
takes the form 


-E[1— (2m*/R) dr 
[1— (2m*/r) JL(2m*/r) — (2m*/R)]) 


Direct integration leads to a closed formula? connecting 
the cell radius with the Schwarzschild cotime T: 


T | (R—2m*)(R— “| 


2m* 


do 


(28) 


R— 2m* 7} r\} 
I| (R4-4m*) arc cos(—) 


2m* 


[rR— 2m) ]2- [2mm * (R —7) }} 
1 


+ 2m* lr Lc LS 
[r(R—2m*) }}—[2m*(R—r) ] 
More interesting is the connection between the cell 
radius and the proper cotime 7 measured on an infini- 
tesimal test particle that sits at the zone interface, 
falling simultaneously towards both mass centers: 


dT 
dr =———_ 
(dT /d7) 
dr 
= ——, (30) 
[(2m*/r) — (2m*/ R) |: 
a connection which integrates to 

r= (R/2m*)'[ri(R—r)H-R arc cos(r/R)}]. — (81) 


This is the equation for a cycloid, as appears from the 
parametric representation 


r=4R(1+cosn) = (M*/N sin*yy) (12- cosy) 
T— ÀR(R/2m*)) (n-- sing) . (82) 
= (M*/N sin*yy) (n+sinn) 


The radius of the universe, 


a=(radius of cell boundary in the imbedding 
Euclidean space)/ sinyy 

= (1/27) (circumference of great circle about this 
sphere)/ sinyy 


=r/sinvy (33) 


is also obtained as a function of proper cotime in 
parametric form directly from (32), 


a= (M*/N sinsyy)(14- cos). (34) 


The Schwarzschild-cell method predicts a cycloidal 
relation between radius of the universe and proper 
cotime which is identical to that found by Friedmann 
(5), except for the connection between maximum 
radius and mass. When the mass is distributed 


. ' Mr. Nicola N. Khuri kindly independently calculated this 
integral for us, which presumably also appears somewhere in the 
extensive literature of general relativity. 
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Fic. 6. Maximum radius of JV-particle lattice universe, defined 
and derived in the Schwarzschild-cell approximation, compared 
with maximum radius of a universe filled with the same uniformly 
distributed mass. 


uniformly, as in Friedmann's model, the maximum 
radius has the value 


ao=4GM /3nc? - AM*/ 3. (35) 


When the mass is concentrated into W centers, and 
when the concept of “radius of the universe" is identified 
with the concept of “radius of the hypersphere tangent 
to a Schwarzschild cell at a zone boundary" then the 
maximum radius has the value (34) 


ao=2M*/N sinsyy. (36) 


Table IV lists the maximum radius calculated from (36) 

for the six regular lattice universes, using the two 
prescriptions discussed in Sec. 3 to define the size of 

the sphere that bounds a typical lattice zone. Condition E 
I predicts a maximum radius that steadily approaches 
the Friedmann value with increasing JV (Fig. 6) and 
that is only 1.295 above the Friedmann value for 
N=600. Thus, the Friedmann universe is the natural 
idealization of a universe containing a very large number 
of very small masses. 

These results do not depend upon any particular 
choice of coordinate system. However, there is a 
coordinate system (p,0,¢,7) especially suited to describe 
dynamics within a Schwarzschild cell. Consider not 
merely one test particle that reaches its maximum r 
value, r=R, at T—7-—0, but a whole collection of 
radialy moving test particles that reach different 
maximum 7 values, Ri, Rə, ---, at T—7—0. Require — 
that the geodesic of a test particle which is momen- 
tarily at rest at any point r— R; in a Schwarzschild © 
field at time /=7=0 shall be given by dp;— 0. Thus 
is to be interpreted as a “labeling coordinate" which 
distinguishes between the several test particles, anc 


radii but not on their subsequent dynamics. 
simplicity we choose the undetermined cti 
m(R; to be R; itself. Also define the new 

coordinate, r, to be proper cotime measured alo 


of maximum expansion. Then (29) and. 
the transformation of coordina 


RE We 


Fic. 7. Qualitative plot of the test particle geodesics p=const 
and the space-like geodesics 7— const as functions of r and T. 


replacing R by p. In the dimensionless units 


p'— p/2m* 
7 — 7/2m*, 


r'—r/2m* 
T'—T/2m* 
the transformation equations take the implicit form 
—[(p'—1)(p—r)r'] 
+ (p' — 1)*(o' 4-2) arc cos(r'/p^) 
m DELE: 


" 
euren °° 


and 
T= (p^)! (r)M(p'—r')i--p' arc cos(z7'/p')*]. — (38) 


— . In the new dimensionless coordinates, p’ and ;', the 
— . dimensionless metric, ds’=ds/2m*, takes the form 


(p'—r') | Gp! r j 
Ar'p' (p' — 1) d m 


- asy 


Dy 
+3p’ arc cos( 2) | (dp’)? 
p 
- + (7')*[d#+-sin*6d e |— (dz’)*, 


where r' is to be expressed in terms of p’ and 7’ from 
_ (88). The literature contains other coordinate systems, 
; adapted to the study of other features of a Schwarzschild 
= singularity. The present coordinate system is well 
rl adapted to description of the expansion and recontrac- 
_ tion process (Fig. 7). 
A 


(39) 


6. RIGOROUS FORMULATION OF THE INITIAL 
VALUE PROBLEM 


n In principle, the problem of the dynamics of a 
. . closed N-body universe could be solved rigorously by 
d st solving the LichnerowiczZ? initial value equations, 
a nd then using the field equations to determine the 
5 metric at later times. This would provide a solution to 
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A class of solutions of the initial value problem has 
recently been found by Faurés and Misner," under the 
assumption that dg,,/9T=0, that is, that all mass 
centers are momentarily at rest on the initial surface 
T— T». These solutions provide an accurate description 
of the N-particle universe at the moment of maximum 
expansion. In isotropic coordinates, Misner's solution 
in the absence of charges is given by the expression 


N-1 a; X3 
at= (1+ 3 m) (da?4-dy?-- dz?), (40) 


i=1 |r; 


where |r;| is the distance from the ith particle and 
a; 0. The Nth particle is located at infinity; in effect 
one is looking in through its Schwarzschild singularity 
at the rest of the universe. By comparing this expression 
with the standard Schwarzschild form in isotropic 
coordinates, 


m*y 4 
a= ( 1 +=) (da?--dy*-- dz?) 


-(i-) (2) aT, (41) 


as the distance |r;| shrinks to zero, one finds the mass 
of the ith particle is given by 


Gy; 
m;*-—2a; 5. e) for) 24,7=1, 2,---,N—1 
aa | 
my*=2 a. (42) 


The location of the Schwarzschild singularity surround- 
ing each particle can be defined as the surface of mini- 
mum area. 

We have analyzed this metric in detail only for the 
five- and eight-body universes. To illustrate we deal 
only with the five-particle case. Take four masses at 
the points 


(1,1,1), (1, =I, =i), (Hi, 1, =i) 
and 


(—1, —1, 1). 
The requirement of symmetry, and the condition that 
all five masses have the same value, gives the unique 
result 
a;=2V2; m*=16v2 for all 7. 
Hence a possible choice of metric for the moment of 
maximum expansion is 


a il NS 
d= ( 14-22 >> ial (da?--dy?--dz?), (43) 
i=l |I; 
which rigorously satisfies the initial value requirements. - 


One can use this metric to estimate the validity of - 


fob be published). 


uy, _Faurés-Bruhat, J. Rational Mech. Anal. 5, 951 (1956 6); 
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the two approximate match-up conditions (Conditions 
I and II) of Sec. 3. The most convenient quantity to 
compute for comparison with the rigorous solution is 
the invariant distance 2d between two Schwarzschild 
singularities, as measured along a geodesic between 
them. For the case of a pure Schwarzschild field this 
distance is given by 


d 1 amie 2m*\ -3 
ES f ( 1— ) dr 
2m*  Am* Some r 


1 
-(&-B'*r-In 


+ (£—- 1)! 
Il (44) 
2 


E EIE 


The radial coordinate, r—2m*£, of the interface 
between two zone boundaries may be defined in two 
ways: (a) as the radius of the boundary sphere, or (b) 
as the radial coordinate of the midpoint between two 
mass particles, i.e., the center of the interface between 
two nonspherical zones. For Condition II both defini- 
tions are the same; the maximum radius is determined 


by 

t= 1/ sin?ys. (45) 
For Condition I one finds 

= 1/ sin, (46a) 


using the alternative (a), but a more complicated 
expression : 


£i coty2=3 coty,+cot*y,—2(&—1)! 


with alternative (b). 

With the rigorous metric (43), symmetry shows that 
a radial line drawn from one singularity at r=v3 
+0.844 to the Schwarzschild radius of the fifth 
particle at 11.314 will be a suitable geodesic. Therefore 


(46b) 


11.314 2N2 6v2 2 
2d= (1+ +— } dr (47) 
V340.844 (— l 
with 
2—8/3-F (r+v3/3)?. 
Evaluation of this integral gives 
2d= 83.70 
or, in dimensionless units, 
d/2m* — 0.925. (48) 


Values of this dimensionless ratio, as determined from 

the Schwarzschild cell approximation and from the 

rigorous metric, are given in Table V for the five and 

eight-body universes. Once again the Schwarzschild- 

| cell treatment gives more reasonable results using 

; Condition I, which allows the spheres of influence to 
overlap slightly. 

Given the rigorous metric (43) at a reasonably fine 

. lattice of points, an electronic computer can in principle 
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TABLE V. Distances along a geodesic, at the moment of maxi- 
mum expansion, from the Schwarzschild singularity to th 
boundary of a zone, in units of the Schwarzschild radius, 2m* 
=2Gm/c?, of one of the masses. 


Number of particles in lattice universe 5 8 


Distance in Schwarzschild metric from 


singularity to spherical boundary, where I 1:187. 71:812 
radius of sphere is determined by Condition |II 1.694 2.295 
Distance in Schwarzschild metric from one ^ 

singularity to point halfway to a nearest 

neighbor (center of interface between two ur od De 

zones), using Condition $ * 
Distance in rigorous metric (43) from one 

singularity to point halfway to a nearest 

neighbor 0.925 1.609 


calculation may become practicable in the future. 
Recently progress has been made at Livermore, Los 
Alamos, and Princeton in treating problems of hydro- 
dynamics where the velocity, pressure, and density 
depend on two space coordinates and one time co- 
ordinate. In the present problem the metric quantities 
depend upon one more space coordinate. It would be 
easier first to treat the problem of two mass singularities 
in an asymptotically flat universe. This problem 
idealizes the head on collision of two masses in a closed 
universe by assuming that the two masses in question 
are very far away from all the other masses that curve 
up the metric into a closed space. 


7. POSSIBLE GENERALIZATIONS 


Variational Formulation 


Can the problem of a lattice universe be formulated 


in a way that does not make such heavy demands on 
the symmetry of the elementary lattice cell? An 
analogous familiar problem is to solve T 


V+ E 0, (49) 


in a two-dimensional region subject to the condition 
that y vanish on a boundary of unsymmetric shape, 
such as a triangle. One approximate method of solution 
uses the variation principle, : 


f rasa 


k= minimum of 5 


[éco 


For example, from the center of gravity. of the | 
lines are drawn to the three corners to div 
triangle into three zones, I, IT, III. In zo 
solution is defined by E 


a 
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similarly in II 2nd III. The trial solution is everywhere 
continuous and satisnes the boundary conditions; it 
also satisfies the differential equation (49) everywhere 
except at the boundaries between zones. This permits 
one to express the right-hand side of (50) in terms of 
integrals taken exclusively along zone boundaries. In 
each such integral there enters the jump in the normal 
derivative of y» across the boundary. These jump 
integrals are easily evaluated, giving a simple approxi- 
mate eigenvalue for the wave equation in the region 
in question. 


In analogy one can try to use the variational 
principle of general relativity, 
ô | RC piasasasas-o, (52) 


to formulate the Schwarzschild-cell method more 
precisely. The trial metric is constructed by joining 
together .V-Schwarzschild metrics into an over-all 
metric of the appropriate symmetry. The boundaries 
are defined by the intersections of the Schwarzschild 
cells. They are not spherical. They are perhaps most 
easily visualized in the appropriate Euclidean im- 
bedding space. The trial metric is uniquely determined 
by a single unknown function. It can be considered to 
represent the radius of the universe as a function of 
time, or the separation of nearest neighbors as a 
function of time. The variational integral (52) can be 
expressed in terms of the properties of this unknown 
function. The variational principle leads to a differential 
equation for its determination. This procedure gives the 
best possible Schwarzschild cell approximation to the 
accurate solution, *best" in the sense of the variational 
principle. We see no reason to expect from this method 
results substantially better than or different from those 
that come from a more intuitive formulation of the 
Schwarzschild cell method. 
The dependent variables do not match smoothly at 
zone boundaries in the variational formulation of the 
problem, either of the lattice universe or of the wave 
equation (49). The variational principle minimizes the 
discrepancy only on the average, not locally. Therefore 
one cannot expect the spherical lattice cell approxi- 
mation to satisfy the boundary conditions of O’Brien 
and Synge exactly.” 

These authors deduced the boundary conditions that 
must be satisfied by the metric and its derivative at 
any three-dimensional surface of discontinuity in 
space-time. If this surface is defined by 


e=0, 


P Guhere the coordinate x‘ may be either space-like or 
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time-like, the quantities 


guv Ogur 0g; / 1,7=1, 2,3 . 
s ". and = ) (53) 
u, v=1, 2,3,4 


Ox! Ax'dx? àx* 
must all be continuous. Thus one can only permit jumps 
in the four derivatives 
0g4,/ 0x7. (54) 
The variational treatment gives up the continuity 


requirements on the quantities (53) locally, but 
satishes them on the average. 


Coalescence of Schwarzschild Singularities 


What happens to the lattice universe at late stages 
of the contraction? The interface between two lattice 
cells is specified in the Schwarzschild-cell approximation 
by the motion of an infinitesimal test particle falling 
towards one Schwarzschild singularity; but it is well 
known that the test particle will arrive at the singularity 
in a finite proper time? [compare (30) or (32)] even 
though the necessary interval of Schwarzschild time is 
infinite. It will no longer be reasonable to approximate 
a lattice cell as a spherically symmetric region when the 
separation of two lattice cells becomes comparable to 
the radius of the Schwarzschild singularity at the center 
of each. From Table IV it appears that this degree of 
approach will be attained relatively soon in the case of 
the 5-mass system, and relatively late for the system 
of 600 mass centers. The surface of singularity will be 
deformed from its normal spherical form, r=2m*. 
This deformation might trigger off an exponentially 
growing disturbance in the singularity, causing it to 
become violently disturbed and possibly to explode. 
Such an outcome seems unlikely in view of considera- 
tions in another paper on the stability of a Schwarzschild 
singularity. 

If stability obtains, three alternatives suggest them- 
selves for the manner of approach of the singularities: 
(1) Approaching faces flatten more and more. The 
remaining space continuum has the character of a 
thin film separating polyhedral dice from each other. 
Ultimately this film is pressed to nothingness. (2) The 
film becomes ever thinner but never disappears. (3) 
Approaching faces bulge out to meet each other. On 
contact they join. The regions interior to the N- 
Schwarzschild singularities suddenly become connected 
to each other. Equidistant from neighboring singu- 
larities there are still regions of space. Moreover, there 
still remain channels between these regions. However, 
a little later these channels are pinched off and the 
regions of space become islands. The islands continue 
to shrink in size and eventually disappear. 

To analyze by way of the field equations the limiting 
analytical forms for the metric near a point or surface 


13 See reference 8. Synge cites there H. P. Robertson’s announce- 
ment of the same conclusion in 1939. d 
4 T. Regge and J. A. Wheeler (to be published). 


a 


ST 


LATTICE UNIVERSE DYNAMICS 443 


of coalescence is a fascinating problem for the future, 
the answer to which might help to decide between 
these alternatives or some other possible outcome. 
When the disposition of the JV-mass centers in the 
lattice universe is almost but not quite symmetric, a 
situation arises much like that in a Freidmann universe 
when the mass distribution departs slightly from 
uniformity. Unless the initial conditions are very 
special, the magnitude of the disturbance will grow. 
When underwater bubbles undergo dilatational oscil- 
lations, and when the surface departs slightly from 
spherical symmetry at the phase of maximum expan- 
sion, then the magnitude of the disturbances ordinarily 
grows. In this case one can follow the phenomena far 
enough visually to see that prongs and spikes form. The 
impression is gained that the bubble changes over from 
contraction to expansion, not everywhere simul- 
taneously over its surface, but more after the fashion of 
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a glove being turned inside out one finger at a time. If 
the analogy is any guide, the not quite symmetrical 
lattice universe will be expected to show a similar 
behavior. One will expect first a few Schwarzschild 
singularities to amalgamate and then break apart, then 
others to fall in, amalgamate, and break apart again, 
and so on, with some parts of the system therefore 
still contracting while others have already begun 
reexpansion. To show the beginnings of such a behavior, 
a perturbation theory analysis of the regular lattice 
universe should suffice. To follow the later and more 
interesting phases of the turnabout would demand a 
much more elaborate scheme of analysis. 
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Observables in Singular Theories by Systematic 
Approximation * 
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1. INTRODUCTION 


N any general-relativistic theory the field variables 
necessarily carry some information that relates to 
the choice of frame of reference rather than to the 
physical situation. Two manifestly different fields of 
gravitational potentials may describe one and the same 
gravitational field, merely in terms of two different co- 
ordinate systems. General relativity differs from special 
relativity in the degree of freedom inherent in the choice 
of coordinate system. Whereas in a Lorentz-covariant 
theory the frame of reference may be chosen at one 
instant in time and then remains fixed (the whole 
freedom of choice reducing to the determination of ten 
parameters once and for all), the freedom in a general- 
relativistic theory amounts to the determination of four 
arbitrary functions throughout space, anew at each 
instant in time. As a result of this vast freedom of 
choice, general-relativistic dynamical laws cannot be 
expected"? to permit the integration of the field equa- 
* Work leading up to this paper was supported at various times 


by the Office of Naval Research, the National Science Foundation, 
uc the Air Force Office of Scientific Research. 
SLT 1S paper contains the results of a doctorate dissertation by 
: us ( E.N.), which has been accepted by the Graduate School 
o Syencuse University. 
iD e 2) University of Pittsburgh, Pittsburgh, Pennsylvania. 
Pe posmann, Phys. Rev. 75, 680 (1949). 


ergma a g i 
Emann and sR. Schiere BY SA Rar Unio) Hane SES Digitized by S3 Foundation USA 


ae 


tions in the sense that suitable initial-value conditions 
at one time fo predict the value of any component of 
the metric tensor g,,, or, for that matter, of any other 
conventional field variable, at some space point x* at a 
different time /. Nevertheless, Einstein's general theory 
of relativity is quite deterministic. Its field equations 
do determine the gravitational field from initial-value 
conditions for all times to come. The metric potentials 
are simply not the quantities that are determined com- 
pletely by the physical situation. 

Failure of the mathematical theory to predict the 
value of a field variable at a given world point corre- 
sponds to physical unobservability. It is impossible to 
devise an experiment that will measure some field at 
the world point with the coordinates x^, because the 
values of the coordinates by themselves do not identify 
that world point. In actual practice, a world point at 
which some measurement is to be made is always 
identified in some other manner, such as the con- 
vergence of a beam of light or the location of a material 
component of our instrumentation. The determination 
of a gravitational potential at a world point and in 
directions that are defined by the values of specified 
electromagnetic quantities represents, of course, some- 
thing different from the determination of that same 

otential at a world point specified by nothing but 


pr n» Ow. —— t 


predict (from initial-value conditions) the former, but 
not the latter. 

A quantity that can be predicted by the theory and 
that is not trivial (such as the value of a numeric) will 
be called an observable.* In a Lorentz-covariant theory 
all dynamical variables may be observables in this 
technical sense (though in electromagnetic theory only 
gauge-invariant quantities are observables); in a 
general-relativistic theory usually none of the ordinary 
fields are. But if a field variable cannot even be pre- 
dicted in c-number theory, then surely it cannot have 
an expectation value in a quantized version of the 
theory, either. Hence the construction of observables in 
our sense is a necessary preliminary for quantizing any 
theory in which the original variables of the theory do 
not have that property. 

If the dynamical laws of a theory have the form of 
partial differential equations and if the theory is to 
predict observables at a time / from suitable initial- 
value conditions at a time fo, then knowledge of the 
values of a sufficient number of observables at any 
intermediate time /^, between /; and /, must permit the 
same prediction. We shall call such a set of observables 
at a time /’ that permits prediction at other times a 
complete set of observables. The construction of a com- 
plete set of observables is the central theme of this paper. 

Mathematically, the failure of a general-relativistic 
theory to permit prediction of ordinary field variables 
by integration expresses itself in the “singular” char- 
acter of its action principle. If, as is usually the case, 
the Lagrangian of the action principle is a function of 

the field variables themselves and of their first partial 
derivatives, the resulting field equations will be of the 
‘second order. If we now separate the derivatives in a 
particular direction (say with respect to x*) from the 
_ remainder and focus attention on the second “time” 
_ derivatives, it turns out that the field equations cannot 
= be solved with respect to them. Even though the num- 
= ber of field equations equals the number of field vari- 
= ables, (at least) four linear combinations of the second 
“time” derivatives are completely unrestricted by the 
field equations, whereas (at least) four independent 
. combinations of the field equations contain no reference 
— to the second “time” derivatives at all. In a canonical 
(Hamiltonian) formulation, “singular” action principles 
lead to Hamiltonians that are only partially determined 
and to constraining algebraic relations between the 
canonical field variables. Exactly the same situation is 
also met with in electrodynamics, where it results from 
the arbitrariness of the gauge frame. 
- Complete sets of observables are fairly easily obtained 
electrodynamics and in other linear and quasi-linear 
eories.*? Because of its much greater complexity, the 
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d coordinate values. The theory may be expected to general theory of relativity has so far not permitted 


the construction of any observables, much less a com- 
plete set. In this paper we develop a systematic method 
of construction by means of successive approximations, 
the lowest nontrivial stage corresponding to the linear- 
ized theory. As in other methods of successive approxi- 
mations in physics, the question of convergence remains 
unanswered. Likewise, we have developed our scheme 
as a procedure “‘in the small," leaving all questions of 
topology aside for the time being. What we have ac- 
complished is to formulate a procedure that at every 
stage leads to solvable problems. Both the method as 
such and its products, variables that approximate ob- 
servables, lend themselves to intuitive interpretation. 

The strategy of our procedure is primarily adapted 
to a general-relativistic theory, or more particularly to 
Einstein's theory of gravitation (general relativity), but 
is applicable to any theory whose singular character is 
the result of invariance properties. We shall assume that 
there exists a known trivial solution of the field equa- 
tions (corresponding to the Minkowski metric), which 
consists of a constant field. The expansion is in terms 
of deviation from this trivial standard solution. The 
lowest nontrivial equations are then the linearized field 
equations. They correspond to an action principle that 
is singular (in the sense used above) and invariant with 
respect to a transformation group that has some simi- 
larity with the group of curvilinear coordinate trans- 
formations. At each successive stage we construct a 
more complex Lagrangian (mth order Lagrangian) that 
is singular and invariant with respect to a transforma- 
tion group that increasingly resembles the group of 
coordinate transformations. Solving the Euler-Lagrange 
equations of the nth order involves correcting the 
(n—1)st-order solutions by solving a linear problem. 
Likewise, once we have constructed the observables 
corresponding to the first-order problem, constructing 
the observables of the next stage requires corrections 
that are obtained from x linear conditions. All of our 
work will be carried out by means of Hamiltonian 
(rather than Lagrangian) techniques. 

Because the notation gets quite involved, we present 
the method in terms of a problem involving a system 
with a finite number of degrees of freedom, in other 
words a contrived “mechanical” system. Also to sim- 
plify the presentation, we assume that only first-class 
constraints are present. 


2. INVARIANCE PROPERTIES OF THE 
APPROXIMATE THEORY 


We assume that the exact equations of motion are 
derivable from an action principle, with a known La- 
grangian L(q:,g;). The coordinate variables are then 
written as a power expansion in some small parameter: 


o 


qi 22 qa a 
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The zeroth-order variables q; oare taken to be constant. 
They are, for example, the components of the Min- 
kowski metric in gravitational theory. This method of 
approximation is very similar to the Einstein-Infeld- 
Hoffmann (ETH) method. The equations of motion for 
each variable of different order are linear nonhomo- 
geneous equations. The nonhomogeneous part contains 
the variables of the previous orders. For convenience 
we shall call this hierarchy of equations the EIH equa- 
tions. The immediate problem is to find a Lagrangian 
that will yield the EIH equations, to any order, as 
Euler equations. We shall show that when the full 
Lagrangian is expanded in powers of e, the ath order 
Lagrangian will yield the first a EIH equations. To 
prove this write the total action 


S= f Ldi, 


and vary the total g,’s. This gives 


óS- f óLdi— f Liôq:dt, 


where L? stands for the total Euler equations and the 
repeated index 7 denotes summation (Sums over indices 
denoting different orders will be indicated explicitly.) 
Since 


(2.2) 


oo o 


Li=} eL’, 6gi—2»,e606,5, 


a=! b=1 


(2.3) 


where L*, are the EIH equations, (2.2) yields 


6S= > >» Gaa 89 ci, b) 


a=l b=1 


a c—1 
= »s [34 » L'ôli, db (2.4) 


c=2 a=] 


Instead of first varying the action and substituting 
the expanded variables as in (2.2) and (2.3), substitute 
the expanded variables and then vary the action. If 


L= DD eH, 
1 


(here we make the assumption that the Lagrangian is at 
least quadratic) then the action integral reads 


s-E es fra 
l 


The variation of S gives 


ape eati f ôLadt= x eati » Lai Hgo, pdt 
a=] b=1 
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where L,*? are the Euler equations of the Lagrangian e 
La, corresponding to the variable gq, ». By comparing - 
the coefficients of e in (2.4) and (2.5), we have the — — 


identity TEM 


a—1l a—l 
» f oe a x Loa 96qq dt. (2.6) 
b=1 b=1 


Since the variations in the qc, »)’s are to be taken inde- 
pendently, the coefficients in the integral must be 
identical giving Ü 


(2.7) 


L gp La CHD = Lapal tae), 


This means that the (a—5)th EIH equation is equal to 
the (b4-1)st Euler equation of the ath Lagrangian, Zo. 
For a fixed a we can get the first a EIH equations by 
letting 6 go from zero to a—1. 

According to E. Noether's theorem, a theory which 
possesses an’ invariance group depending on arbitrary 
functions also possesses differential identities among the 
Euler equations, which we may call the generalized 
Bianchi identities. We derive the generalized Bianchi 
identities with an assumed transformation law, and by 
expanding them in a power series, show that the Euler 
equations of the ath Lagrangian possesses Bianchi 
identities as well. It will also be necessary to derive the 
transformation law under which the ath Lagrangian is — 
invariant. 

Assume the total Lagrangian to be invariant under 
the infinitesimal transformation TS 

óq;— F ?qj£— dit. (2.8) 
The bar distinguishes an infinitesimal transformation 
from an arbitrary variation of g;. This transformation is 
the analog of the gauge and coordinate transformations 
in electrodynamics and relativity, respectively. We get - 
the Bianchi identities by noting that” a 


^"! 
EC 
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Substituting (2.8) into (2.9) and differentiating once by 
parts we obtain b! 
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'To discuss the Bianchi identities of the approximate 
theory, we derive the transformation law for the qg, a) of 
different order. By writing 


(2.13) 


and by replacing g; and q; by their power expansion in 
(2.8), we get 


6g;— 25 €75q (3, a) 
a-l 
—Fj,eq5242.6€£—25,,e'465£. (2.14) 
a=0 b=0 a=] b=0 


Reordering terms in the sums and equating the different 
coefficients of e^ we obtain? 


bs s a , a—1 : 
0q(i a) Fi) 25 QG,a-9£v— 2, Gaata (2.15) 
b=0 b=0 


The requirement that qu,o) equal a fixed constant re- 
sults in £o being a constant. In general relativity, 
likewise, the g«,,0 will remain Minkowskian only if 
the zeroth-order coordinate transformations are Lorentz 
transformations. 

We can establish whether the transformation law 
(2.15) will leave a particular Lagrangian Ls invariant. 
To do so we assume that the Lagrangian is in fact 
invariant under the law (2.15), and then show that the 
resulting Bianchi "identities" are actually identically 
satisfied by virtue of (2.12).? 

We perform the identical operations that we used to 
obtain (2.11), except that we replace L by La, and the 
transformation law (2.8) by (2.15): 


a b d 
YD FS—LCPqg sc) Ee 
b=1 c=l dt 
a b—1 À 
3r X ps Lee GG, peo tos! (2.16) 
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we now interchange the sums, being careful to use 
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the correct new ranges of summation, then because the 
£s are arbitrary, we obtain 


d " 
Fi—(La*™) ag, 0) =0, 
dt 
(2.17) 


a d a 
» Pi—(Le 9G, v) + »» Lai Du, pc) =0. 


bc dt b=c+l 


After use of (2.7) and some relabeling of the indices, 
(2.17) reduces exactly to (2.12). This completes the 
proof that the approximate theory possesses the same 
invariance properties as the full theory to any order in 
the approximation. Although in the full theory there is 
only one Bianchi identity for each £, in the “truncated” 
theory to order a, there are a identities. The reason for 
this is that the transformation group now depends on 
the a arbitrary functions, £a, instead of just one. 


3. ABSENCE OF FALSE CONSTRAINTS 


The matrix L#=0?L/0q,0q; is singular in all theories 
that possess an invariance group depending on arbitrary 
functions; the converse, however, is not true. LY may 
be singular and possess no invariance group; in that 
case the singularity corresponds to second-class con- 
straints (constraints having nonvanishing Poisson 
brackets with each other) in the canonical formalism. 
With our assumption of only one arbitrary function in 
the invariant transformation law and the existence of 
only first-class constraints, the equation L7:4,;—0 has 
only one independent solution and there are exactly 
two first-class constraints.!° The first constraint (called 
primary constraint) expresses the fact that the ve- 
locities are not uniquely determined by the q’s and f's. 
The second constraint (secondary constraint) arises 
from the consistency requirement that the time deriva- 
tive of the primary constraint must vanish. The matrix 
corresponding to L* in the approximate theory is 


oL, 
L,G9 G2 


ddu, a)9QG, v) 


Since the Lagrangian Le is invariant under e trans- 
formations, the equation 


(3.1) 


must have at least e solutions. The question arises as to 
whether the approximation procedure introduces addi- 
tional solutions to (3.1), that is, whether it introduces 
second-class constraints. We will prove that this is 
not the case. 

Because the original Lagrangian is assumed to be 
quadratic in the velocities, and because the expansion 


L, G9) Dit gy =0 
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was written L=} eL., the matrix L,6:9 G9 takes 
the form 
nonzero 


or 
zero 


| O (3.2) 
) ee an aed 
b 
where every element stands for an Xn matrix, 
1, J=1---n. Accordingly, (3.1) can be written 


Y TI (j, e— AD Gaby em =(0), c=1---e. 


d=1 


(3.3 


wa 


We now express L'u; in a power series in e, and equate 
the coefficients to zero. These coefficients will equal 
(3.3) ; because of the uniqueness of the power expansion 
of uti. Before we can perform this derivation, we need a 
lemma, which is also important in the next section. 

If we consider x as a general variable, standing for q, 
d, or p and write «=> e?x,, then any function of x can 
be expressed as a power series in e, f(x)=)>> €*fa(xs). 
Our lemma can be stated in the form 


Mos Ofore 


(3.4) 


The proof is simple. We write f(x)-— f(X e*xa) and note 
mI 


b— = e, (3.5) 
“an, 
The indicated differentiation operations are then per- 
formed on the expanded f(x), and the coefficients of 
different powers of e are compared; hence (3.4). 
We are now ready to expand the equation L;=0. If 


oo 


Ui= 2, € a+1) 


a=0 


(3.6) 


(the form of the summation is just for convenience) and 
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|. where we have used. the power expansion of L and (3.5) 
twice, then 
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(3.4) in the following form 
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E LG Ger fa— bg; 11) 0. (3.9) 3 

a=0 

By relabeling the indices and setting b equal to at 

we obtain exactly (3.3). The arbitrariness in the choice | 

of b yields, for example, the following e linearly inde- 

pendent null vectors of L E 

o | | o | D 

Uçi, 1) c "- 


ite e| cd. (dO 


Uçi, 1) 


Uçi, e) | Uçi, e—1) | Uci, 1) 


The matrix (3.2), being of order e can have at most e - 
independent null vectors; if there were other null vec- 
tors, they would have to come from the n by n sub- | 
matrices. Since the power expansion of L is unique and 
there is only one u; which is a null vector, there can be 
only one of each type of the e vectors (3.10). This prove e 
that there are only e null vectors of ZL,“ G.» and since 
the most general transformation of the “truncated : 
theory to order e contains e arbitrary functions, there 
can be no second class constraints. 


4. CANONICAL FORMALISM 


Construction of a Hamiltonian formalism from the 
Lagrangian L, proceeds along lines indicated by Dirac.* 
It differs from the usual procedure in that the Hamil- 
tonian is not a unique function of the canonical var 
ables; a linear combination of primary constraints can 
be added. Though construction of the Hamiltonia 
easy, it must be shown what relationship it bears to the 
expansion of the complete Hamiltonian formalism. 

First write the expansion of the exact p; in the for m 


[-: 
p=} €^ D, a) 
and try to connect the ¢,a)’s with the 
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This can be done as follows -— 
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using (3.4) and (3.5). Hence from (4.1) and (4.2) 


Da, a)-— Pec. e—a+1)- (4.3) 


In the power expansion of any function 4(g,2), the 
Pu.a)’s must be replaced with the aid of (4.3) in order 
to obtain the variable or variables in the approximate 
theory which are equivalent to the A in the full theory. 
It is easy to show that the eth term in the Hamiltonian 
constructed in this manner is equal to the Hamiltonian 
formed from the eth Lagrangian, 


H.— DX pei oia Le. (4.4) 
a-l 


We must obtain a connection between the Poisson 
bracket of two functions in the full theory and the 
Poisson bracket in the approximate theory. This rela- 
tionship may be stated in its simplest form by the 
equation 


(4,B) 9 Y; e1(A.,B.)*, (4.5) 
1 


where the bracket with the superscript e means the 
Poisson bracket of A. with Be using the variables 
Q1) **QG, 9 ANd petii Pec, o. In the proof of (4.5) 
we suppress the coordinate index 7. 

Using (3.5), we can write 


OA «x OA. = OA. 
PO es 
q a=b qè =0 ôg» 
(4.6) 
9B « OB. 9 OBars 
—= 25 ec. = e 
Op od Opa f9 ODa 
from which follows 
DMN a A Abr. OBar 5s 
— — = € (4.7) 
Og Op 0-0 0 Agy Opa 
With the aid of (3.4), this can be rewritten 
OA OB = v OA, OBa 
— —=} e (4.8) 
ðq Op o=o «9 gre qa o. 


The p’s can be eliminated by the equation 4-5. 
= Pa(a—d+—e+1), obtained from (4.3), yielding 


9A, OBa 


ðA ðB ə o 
e? ———————. (49) 
e-0 Ogv—e OPa(a—d+-g—e+1) 


e the b, d, and a are arbitrary, we choose them to be 
il to g+1, with the result 
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By relabeling the indices we obtain 


a QA, OD, 


d=1 Qqa pata) 


(4.11) 


After antisymmetrizing with respect to A and B, (4.5) 
results. 

Another relation which is important in the next 
section is 


(Ac, Bs)*= (Aa, Bay) = (Aap, By), c2a,b. (4.12) 


This can be proven simply by a direct calculation. It 
must be emphasized that the coefficients of the ex- 
panded functions of the g’s and $'s, though unique func- 
tions of the qa’s and ,’s, are not unique functions of the 
unbarred 5.(,'s; the subscript e being arbitrary; (4.12) 
is to be understood as an identity in the p,’s. 

The consistency of our approximation method with 
the full Hamiltonian theory can be tested. From the 
Poisson bracket (q,p)=1, it should be possible to derive 
the relations (qa,Pe(»))°= 845. That this is true can be 
seen from (4.5) and (4.12). When A and B are replaced 
by q and # in (4.5), we get the result 


(q,23)! — (Q5510))! 7 1, 
(lepe) = (Qe2«0))*—0, 


where we have used (4.3) to eliminate the barred p’s. 
With the aid of (4.12) applied to (4.13) we can obtain 
the entire system of Poisson bracket relations. 


(4.13) 


5. INVARIANTS IN THE APPROXIMATE THEORY 


When a classical theory contains a general invariance 
group (depending on arbitrary functions rather than 
arbitrary parameters), the velocities cannot be solved 
as unique functions of the canonical variables from the 


equation 
dL (4,4) 
p= b (5.1) 
8j; 


The velocities can be eliminated from some of them 
yielding relationships between the canonical variables 
that must be satisfied if the Hamiltonian formalism is 
to be equivalent to the Lagrangian formalism. These 
relations, called primary first-class constraints, are de- 
noted by C,(¢,p)=0. The number of these constraints 
is equal to the number of arbitrary functions in the 
invariant transformation law. For consistency, the time 
derivative of these constraints must vanish when the 
constraints themselves are satisfied. If this does not 
happen automatically then additional constraints must 
be imposed, (C,,H)=0. These are called first-class 
secondary constraints. It is assumed here that no ter- 
tiary constraints appear. When we deal with the eth- 
order Lagrangian Le, e primary constraints and e 
secondary constraints (if the full theory possesses one 
primary constraint) will appear. 


OBSERVABLES IN SINGULAR THEORIES 


According to Bergmann and Goldberg? the canonical 
variables are not the most appropriate variables for 
constructing the Hamiltonian formalism and trans- 
formation theory ; the “observables” are the (maximum 
number of) independent functions of the canonical vari- 
ables that have vanishing Poisson brackets with the 
constraints. They do not change their value or form 
under the invariant transformations of the theory. All 
quantities of physical interest can be expressed as 
functions of the observables. Their number in a given 
theory can be calculated readily to be (2n—2n), 2n 
being the number of canonical variables and 1 the 
number of constraints (this is not true if some of the 
constraints are second-class). In our case, due to our 
assumptions, the full theory possesses (2:— 2) observ- 
ables and the eth approximation (2n— 2)e. 

The purpose of this section is to show how to con- 
struct the (e4- 1)th observables of the (e+1)-st approxi- 
mation if we know the e observables of the eth approxi- 
mation. If we write the observables as O4“, a going from 
1 to e and z going from 1 to (211 — 2) and the constraints 
Cat, s going from 1 tg 2, we shall show that the O,’s are 
the power expansion of the full O's. By replacing A and 
B in (4.5) by O" and C* and remembering that the full 
observables and the constraints must commute, we 


obtain 
(05,5,C,:)?*—0, a=1---e (5.2) 
Repeated application of the identity (4.12) to (5.2) 
yields 
(0,",C,*)*— (5.3) 


This is just the condition for the O,"'s to be observables. 

The first e observables of the (e+1) approximation 
are just the e observables that we already know, the 
only difference being that all peça) are to be replaced 
by Pey1(ay1). That they commute with the constraint 
C.41° is proven by applying (4.12) once to (5.3) and 
taking 5— e. 

'The problem that remains to be solved is how to 
construct the (e+1)st observables. In what follows we 
consider all functions as functions of the j's to simplify 
the notation. From (3.4) 


GOPE 90, u 90.4" 


- àqa. a) Ofen 


00." 


O93, a1) Dci, a) 


These expressions indicate that the dependence of 0.41" 
on all the qas and jaq’s except for a=1, is uniquely 
determined. In other words, we now determine a func- 
tion of qe), and pu», which must be added to the 
already determined part of Oe+1“. We can narrow the 
possibilities further by noting that 0.41" are the coeffi- 
cients of e° in a power series, and hence the function 


. 12 Géhéniau, Helv. Phys. Acta Suppl. S ES ublish 
we are seeking must be homogeneous of the (e+1)st 3 A, Janis, Bull. Am. Phys. Soc. Bes (1957). d 
M y. 
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degree in the go, n and Po, n- Thus we see that only the 
numerical coefficients are not determined. They, how- 
ever, may be determined by the requirement 


(0.0, —0 


6. CONCLUSION 


(5.5) 


In the present paper we have developed an approxi- 
mation procedure that purports to lead to the solution 
of the following purely abstract problem. Given a field 
ya of several parameters x, with an (infinitesimal) trans- 
formation law under a group of transformations whose 
elements depend on one or several arbitrary functions 
of the x; find a complete set of functions (or functionals) 
of the ya4(x) that are invariant with respect to the 
transformation group. An invariant, in this sense, differs 
from a scalar field in that its value is to remain un- 
changed if the transformed functions of x, y4(x) are 
substituted into its law of formation instead of the 
original ones, whereas a scalar retains its numerical 
value at a fixed point P (whose coordinates x will change 
their values as a result of the transformation). To the 
extent that the law of formation of an invariant makes 
any reference to the values of the parameters x at all, 
the same numerical values are to be inserted in both 
cases. 

If the x are invariant under the group of transforma- 
tions (as they are, e.g., in the gauge group), invariant 
and scalar are equivalent. But if the transformation 
group involves coordinate transformations in « space, 
they are not. 

In this paper we have developed our approximation 
procedure within the Hamiltonian formalism. Originally 
it had been hoped that the approximation procedure 
would lead directly to a prescription for quantization, 
so that one could also speak of a quantum theory correct 
up to the ath order. Our discussion of the Poisson 
bracket in the c-number theory shows that such a pro- 
cedure is not automatic. We shall endeavor to develop 
such a theory, either with the help of our approximation 
procedure in the canonical formalism or by Lagrangian 
quantization. 

The motivation of this paper is closely related to work 
by Komar," Géhéniau," and Janis." Komar and 
Géhéniau have proposed to construct invariants with - 
the help of ideas specific to Riemannian geometry. 
Their ideas appear to apply primarily to pure gravita- - 
tion theory, where they may be particularly useful 
they do not represent a general physically orient 
search for observables in singular theories. Janis, on 
other hand, proposes to exploit a generalized Fe 
type approach involving subsidiary conditions, whose sé 4 
innocuous character is explicitly demonstrated. 
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HE quantum theoretical reformulation of classical 
theories frequently meets with difficulties that 
arise from ambiguities in the proper order of non- 
commuting factors as well as from the cumbersome 
transformation properties of canonical momentum com- 
ponents in theories that are to be relativistically invari- 
ant or gauge invariant. A number of authors have dealt 
with the possibility of circumventing some of these 
difficulties by basing the quantization procedure on the 
Lagrangian rather than the Hamiltonian version of a 
classical theory.'-* 

However, not all quantum effects, notably spin, are 
derivable from the quantization of a classical theory. In 
these circumstances, it is worthwhile to seek a method 
for determining the observables, their commutators and 
their equations of motion of a quantum theory based on 
a g-number Lagrangian. In this paper a program is dis- 
cussed for extending a classical transformation group 
in configuration space? to a q-number configuration 
space. The transformation group is to be related to the 
unitary transformations in Hilbert space. The varia- 
tional principle approach to the equations of motion 
leads to difficulties because if the variations of the 
configuration variables are g numbers they cannot be 
separated from the Lagrangian terms unless their com- 
mutators with all the field variables are known, and if 
the variations are c numbers the conservation laws 
which are associated with g-number changes in the 
configuration variables are not easily determined. We 
shall postulate as the dynamical principle the isomor- 
phism between the transformation group in configura- 
tion space and the unitary transformations in Hilbert 
space. 

The infinitesimal unitary transformation of the oper- 

ator C; is given by 


2 i i 
Gi - GIG exp (C2) Es —Ci 


1 
— C»,Ci . 1 
all J. 0) 


-* From a talk delivered at the Conference on Gravitation at 
pel P North aman, Keve Mod January, T 


4, 143 (1952). 
yee Phys, Rev. ^. 4 (1953). 
Janis, and Newman, Phys. Rev. 103, 


e is an arbitrarily small constant, C» is a Hermitian 
operator called the generator of the transformation, and 
[C5,C1] is the commutator of C, and Cz. The generator 
of the commutator of two infinitesimal unitary trans- 
formations is given by 


i 
Ou TCC]. (2) 
i 


We have attempted to set up a g-number transforma- 
tion group which may be connected with the unitary 
transformations. To preserve the physical content of 
the theory the transformations must preserve the action., 
Then the Lagrangian L can at most change by a total” 
time derivative. 

&L— L' (q' d) — L(q,4) - Q, (3). 
where the primed quantities are the result of the 
transformation. As in classical theory the functional 
dependence of the Lagrangian on the velocities may 
result in the singularity of the matrix L,;=0°L/0q'07 - 
This singularity is usually the result of invariance « 
the theory under certain transformations such as gau, 
transformations in electrodynamics, or to some oth 
structural properties of the Lagrangian. 

In the canonical formulation of a classical theorem E 
singularity of the L;; indicates that not all of if 
velocities can be expressed as unique functions of $ 
coordinates and momenta. This leads to restrictions o , 
the canonical variables called constraints. Certain func? 
tions of the canonical variables generate transforma- 
tions which alter the constraints. In the quantized 
theory the constraints become zero operators, and the 
correspondence principle between the canonical trans- 
formations and the unitary mappings leads to non- 
vanishing commutators between canonical variables 
and constraints. To avoid similar contradictions in the 
Lagrangian formalism we restrict our transformations 
to those mappings which preserve the functional form 
of the Lagrangian. Invariance properties and constraints 
arise from the form of dependence of the Lagrangian on 
the coordinates and velocities. If there is no change in 
the form of the Lagrangian, no change of invariance 
properties or constraints is possible. This restriction to 
invariant transformations is given by 


it — 9) GRE d n PC 
"L- L'(q,d) — L(q,d) = Q— —9q/— —4! —0. 
gå qd apa agi » aay 
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TRANSFORMATION GROUPS 


n order to preserve the factor sequences any repeated 
xdices will imply a "symbolic product." The term 
-moved by differentiation is replaced by the multiplied 
erm with the same index. In Eq. (4), for example, 
. ôg? replaces the term removed from L by differentiation. 
: Werewrite (4) by adding and subtracting L;8g*, where Ly 
is the Euler-Lagrange function 9 L/0q* — d/di (0 L/8 d"). 
Equation (4) may then be written 


C+ L,óq*, (5) 
C= (0L/04*)8q*— Q is the generator of the transforma- 
tion. The generator of the commutator of the trans- 
formations generated by Cı and C; is obtained by 
: substituting the commutator transformation 


A 08,q^ , 0619". x ðq" i dog _ 
bog = : 0qi4- ; 0» ]— 01q— z bq? 
ðq’ Og ðq’ àq! 
in Eq. (5). Then . 
d 1 


* a - - - - - - 
Ci2=—{Ci,C2} me 83C 1-01 ,0sq* — 02 p,01q* 
dt 


; di 
J 2. 2 ðL 


ôC: = — 6g +—i9’, P= 


; 6 
ag ag* ©) 


If terms containing second time derivatives are sepa- 
rated from (5) they must vanish independently. 


| ac " 
3 (—- Lj i-o, 
P 0g? 


dC 4 J 
—=Lj,6q". (7) 
oq! 

J? 


'e now employ (7) to modify the expression for &)C» 


* 
a. à 


; x 9C». <a 
Our 1C» — ——010!4- Ljig bq’, (8) 
b ðq’ 
ra 


1;40q? is replaced from the time derivative of (7)* and 
joq p 


(9) 


5 0b NS. 
hc C.) HL ( —— Jin 
oq? 


. If we adopt as our dynamical principle the equivalence 
-. , between the unitary transformations and the invariant 
transformations in order that (1) be satisfied the field 
equations must require: 


9àg* = 
L( Jisi-o 
ðq? 
_ Equations (10) may be employed as the field equations, 
but there are too many equations and no apparent con- 
nection with the usual quantum equations of motion. 
he connection between (10) and the Heisenberg 


eee ons may be discovered by studying the invariant 
Tanstormation 8g* — e^. This transformation is gener- 


(10) 
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ated by the infinitesimal Hamiltonian function 


ðL 
ai- (a). 
aqt 


The transformation generated by H may also be written 


x . WC E 
ôuC — eC ——. (12) 
ðt 


(11) 


We use (12) to rewrite (5) and obtain 


1 aC 3 
-{C,H}+—=0. (13) 
€ at 
The Heisenberg equations require 
i aC 
-[C,H ]|H-—- C. (14) 
h ot 


If the invariant transformations are to provide a Hilbert 
algebra consistent with the Heisenberg equations, the 
field equations must lead to 


C=O, 
L,5q*=0, 


RS {C1,C2}. (15) 
L 


If (10) are satisfied (15) are satisfied as may be seen 
by setting 5:g*=q* in (10). One may demonstrate the 
complete equivalence of (10) and (15) by a more de- 
tailed calculation. For nonsingular theories the above 
procedure leads to a quantum formulation completely 
equivalent to the one obtained by the usual procedures. 
For singular theories we are not yet convinced of the 
validity of our dynamical principle. This may be illus- 
trated by a consideration of the classical problem. In a 
classical theory the singularity of the matrix Lj; leads 
to field equations which do not contain accelerations. 
If L4U(,*-0 defines the sth null vector (eigenvector 
corresponding to zero eigenvalue) of Li, the combina- 
tions of field equations L,U,.)* are relations between - 
the coordinates and velocities, or constraints. The con- 
straints reduce the number of degrees of freedom of the 
system. Correspondingly in the g-number theory 
singularity should reduce the number of degrees 
freedom of the system. This means that the numbe 
independent invariant transformations is less than tl 
number of coordinates and velocities, or equivalent 
that the eigenvectors of the generators of im 
transformations do not span the linear vector space ! 
which the coordinates and velocities operate. The sub- 
space defined by the eigenvectors of th S 
the motion must then be related to a 
our dynamical principle is to be internally 
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T is unusual to hypothesize that the four-dimensional 

space-time universe of general relativity is compact 
(i.e., *finite"). But in such a case several interesting 
conclusions can be drawn. In the first place, if the mass 
distribution is assumed to be continuous, so that the 
metric tensor has no singularities, then the Euler- 
Poincaré characteristic of the universe must be zero! 
This implies, for example, that the universe cannot be a 
four-dimensional sphere. It also implies that a finite 
universe cannot be simply-connected, in the sense that its 
first Betti number cannot vanish. (This is reminiscent 
of Professor J. A. Wheeler's nonsimply-connected 
models.) 

In the second place, it seems to be generally known 
that in a finite cosmology there must exist a closed curve 
in space-time whose tangent vector at every point is time- 
like. Professor L. Markus has indicated a proof to us. 
Let V4 denote the 4-manifold of the universe. Now, on 
V4 construct a continuous, nowhere vanishing field of 
time-like vectors.^? By Birkhoff's fundamental theorem 
on the existence of recurrent orbits in compact dy- 
namical systems, there must exist either an orbit of the 
type sought or else an *'almost-closed" time-like orbit 
which can serve for the construction of such a closed 
orbit by an obvious procedure. 

A more standard hypothesis, however, is that the 
universe V4 is not compact, but is the topological 
product of the infinite real line (a time axis) with a 
3-manifold V3. The manifold V; is often assumed to be 
compact, and any local (hence experimentally verifi- 
able) condition which implies compactness is of much 
interest. For example, if V3 has constant curvature K, 
then V3 is compact if K is positive,® and in this case 
is a 3-sphere if its first Betti number vanishes, and 
in general admits the 3-sphere as a covering space. 

We wish to point out a new method for studying the 
topology of manifolds such as V3 and V4. This method 
consists of the construction of a continuous, nowhere 
vanishing, irrotational vector field on the manifold 
under consideration. Once such a vector field has been 
constructed, we can assert that either the manifold is 

noncompact (i.e., open or “‘infinite’’), or that it cannot 
be simply connected. 


1L. Markus, Ann. Math. 62, 411-417 (1955). 

2 A. Lichnerowicz, Théories Relativistes de la Gravitation et de 
VÉleciromagnétism (Masson et Cie, Paris, 1955), Pp. 6, 7. t 

3 N. Steenrod, The Topolog of Fibre Bundles (Princeton Uni- 
versity Press, Princeton, 1951), p. 207. ; ; 

4G. D. Birkhoff, Dynamical Systems (American Mathematical 
Society, New York, 1927). i ; EEN 

5T. P. Eisenhart, Riemannian Geometry (Princeton University 


Press, Princeton, 1949), pp. 84, 203. 
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We shall prove a slight generalization of this theorem; 
but first, let us note that a similar, but much more 
restrictive and less easily applicable condition is a 
trivial consequence of Hodge's well-known theorem 
that the number of linearly independent harmonic 
vector fields on a compact Riemannian manifold is 
equal to its first Betti number. For if after constructing 
on our manifold an irrotational vector field (which is 
nontrivial, but may vanish at more than one point), 
we then ascertain that it is also solenoidal (i.e., of 
vanishing divergence), then the vector field must be 
harmonic.® 

Theorem 1 (Hodge). Let Vn be an n-dimensional 
Riemannian manifold (with positive definite metric 
tensor), and let F denole a nontrivial class C» vector field 
defined on Vn. Suppose that the curl and the divergence of 
F both vanish identically; or equivalently, suppose that the 
field F satisfies the generalized Laplace equation for har- 
monic vector fields. Then, if Vn is compact, its first Belli 
number is not zero. 

Corollary (Bochner-Myers). If V, is orientable and 
has positive definite Ricci curvature throughout, then ils 
first Betti number vanishes. 

Recall that the curl tensor of a vector field is inde- 
pendent of the metric tensor, and so is a nonmetric 
notion. Accordingly, the following theorem applies equally 
well lo V4 with its indefinite hyperbolic metric as to Vs 
with ils positive definite Riemannian metric. 

Theorem 2. Let V, be an n-dimensional differentiable 
manifold, and let F be a continuous, class C! vector field 
defined on V4. Suppose that F vanishes at most once and 
that its curl vanishes identically on Vn. Then, either Vn 
is noncompact, or V , is compact and its first Belli number 
does not vanish. In either case, of course, if F actually 
vanishes nowhere, the Euler-Poincaré characteristic of Vn 
is zero. 

For nonvanishing F this theorem is a consequence of 
a more general theorem? which applies, for example, 
to manifolds with boundary. In fact, by a generalization 
to arbitrary flows of a theorem proved by Lichnerowicz 
for a very special class of flows? we can prove” that Vn 
is homeomorphic to the product of the real line with 
an (n—1)-dimensional space which is a connected subset 
of a V. But in the present case, because we are deal- 


* K. Yano and S. Bochner, “Curvature and Betti Numbers," 
Annals of Mathematics Studies No. 32, Princeton, 1953, p. 56. 

1 See reference 6, p. 37. 7 

8R. W. Bass, “A criterion for the existence of unstable sets, 
a RIAS preprint, December 26, 1956. Copies available on request. 

? See reference 2, p. 79. . 3 tial 

1 R. W. Bass, “Topological dynamics and nonlinear differentia 
equations," a RIAS preprint (to be published). 
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COSMOLOGICAL MODELS 


ing with a manifold, there is a much simpler proof. We 
wish to thank Professor Kervaire for pointing out to us 
this simpler proof during the 1957 North Carolina 
Conference on Gravitation and General Relativity. The 
proof runs as follows. If V, is simply connected, then 
the generalized Stokes theorem assures us that there 
exists on V, a single-valued scalar potential function of 
which F is the gradient field. (See the survey of vector 
analysis in the paper by H. Weyl."') But if V, is com- 
pact, this potential function must assume both its 
maximum and minimum values on M, and at these 
extreme points the gradient must vanish. This contra- 
dicts the hypothesis that F has at most one zero on Vz, 
and so proves the theorem. 

It is possible that Theorems 1 and 2 have applications 
to the study of specific cosmological models. In fact, 


nH, Weyl, Duke Math. J. 7, 411-444 (1940). 


there are many ways of constructing on V; or on V 
continuous vector fields which are unique onc th 
indefinite metric (or set of gravitational potenti 
for V, has been specified. 
Professor J. A. Wheeler has pointed out to us an 
application of Theorem 2 to V;. 
Theorem 3. Consider the combined Einstein-Maa | 
f eld theory on Vs. If the vector field Mi= ei Ra R™*/ 
Rj4,R?* is defined every where and of class C! on V4, and 
if ui does nol vanish more than once, then the universe V4 
cannot be compact. a 
The vector field u, which was defined by Dr. C. 
Misner, is essentially the gradient of the ratio (in a 
certain coordinate system) of the electric to the ma, 
netic field strength. Dr. Misner has shown that M: 
wells equations imply that ;,;—1j;,;=0. Hence, — 
Theorem 3 follows from Theorem 2. j 


REVIEWS OF MODERN PHYSICS 


1, INTRODUCTION 


HE task of quantizing general relativity raises 
serious questions about the meaning of the 
present formulation and interpretation of quantum 
mechanics when applied to so fundamental a structure 
as the space-time geometry itself. This paper seeks to 
clarify the foundations of quantum mechanics. It 
presents a reformulation of quantum theory in a form 
believed suitable for application to general relativity. 
The aim is not to deny or contradict the conventional 
formulation of quantum theory, which has demon- 
strated its usefulness in an overwhelming variety of 
problems, but rather to supply a new, more general and 
complete formulation, from which the conventional 
interpretation can be deduced. 

The relationship of this new formulation to the older 
formulation is therefore that of a metatheory to a 
theory, that is, it is an underlying theory in which the 
nature and consistency, as well as the realm of applica- 
bility, of the older theory can be investigated and clari- 
fied. 

The new theory is not based on any radical departure 
from the conventional one. The special postulates in the 
old theory which deal with observation are omitted in 
the new theory. The altered theory thereby acquires a 
new character. It has to be analyzed in and for itself 
before any identification becomes possible between the 
quantities of the theory and the properties of the world 
of experience. The identification, when made, leads 
back to the omitted postulates of the conventional 
theory that deal with observation, but in a manner 

which clarifies their role and logical position. 

We begin with a brief discussion of the conventional 
formulation, and some of the reasons which motivate 
one to seek a modification. 


2. REALM OF APPLICABILITY OF THE CONVENTIONAL 
OR “EXTERNAL OBSERVATION" FORMULATION 
OF QUANTUM MECHANICS 


We take the conventional or “external observation" 
— formulation of quantum mechanics to be essentially 
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the following!: A physical system is completely de- 
scribed by a state function y, which is an element of a 
Hilbert space, and which furthermore gives information 
only to the extent of specifying the probabilities of the 
results of various observations which can be made on 
the system by external observers. There are two funda- 
mentally different ways in which the state function 
can change: 


Process 1: The discontinuous change brought about 
by the observation of a quantity with eigenstates 
$1, $z- +, in which the state y will be changed to 
the state ¢; with probability | (V,9;) |?. 

Process 2: The continuous, deterministic change of 
state of an isolated system with time according to 
a wave equation d¥/dt= Ay, where A is a linear 
operator. 


This formulation describes a wealth of experience. No 
experimental evidence is known which contradicts it. 

Not all conceivable situations fit the framework of 
this mathematical formulation. Consider for example an 
isolated system consisting of an observer or measuring 
apparatus, plus an object system. Can the change with 
time of the state of the total system be described by 
Process 2? If so, then it would appear that no dis- 
continuous probabilistic process like Process 1 can take 
place. If not, we are forced to admit that systems which 
contain observers are not subject to the same kind of 
quantum-mechanical description as we admit for all 
other physical systems. The question cannot be ruled 
out as lying in the domain of psychology. Much of the 
discussion of "observers" in quantum mechanics has 
to do with photoelectric cells, photographic plates, and 
similar devices where a mechanistic attitude can hardly 
be contested. For the following one can limit himself to 
this class of problems, if he is unwilling to consider ob- 
servers in the more familiar sense on the same mechanis- 
tic level of analysis. 

What mixture of Processes 1 and 2 of the conventional 
formulation is to be applied to the case where only an 
approximate measurement is effected ; that is, where an 
apparatus or observer interacts only weakly and for a 
limited time with an object system? In this case of an 
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approximate measurement a proper theory must specify 
(1) the new state of the object system that corresponds 
to any particular reading of the apparatus and (2) the 
probability with which this reading will occur. von 
Neumann showed how to treat a special class of ap- 
proximate measurements by the method of projection 
operators.? However, a general treatment of all ap- 
proximate measurements by the method of projection 
operators can be shown (Sec. 4) to be impossible. 

How is one to apply the conventional formulation of 
quantum mechanics to the space-time geometry itself? 
The issue becomes especially acute in the case of a closed 
universe. There is no place to stand outside the system 
to observe it. There is nothing outside it to produce 
transitions from one state to another. Even the familiar 
concept of a proper state of the energy is completely 
inapplicable. In the derivation of the law of conserva- 
tion of energy, one defines the total energy by way of an 
integral extended over a surface large enough to include 
all parts of the system and their interactions.! But in a 
closed space, when @ surface is made to include more 
and more of the volume, it ultimately disappears into 
nothingness. Attempts to define a total energy for a 
closed space collapse to the vacuous statement, zero 
equals zero. 

How are a quantum description of a closed universe, 
of approximate measurements, and of a system that 
contains an observer to be made? These three questions 
have one feature in common, that they all inquire about 
the quantum mechanics that is internal to an isolated 
system. 

No way is evident to apply the conventional formula- 
tion of quantum mechanics to a system that is not sub- 
ject to external observation. The whole interpretive 
scheme of that formalism rests upon the notion of 
external observation. The probabilities of the various 
possible outcomes of the observation are prescribed 
exclusively by Process 1. Without that part of the 
formalism there is no means whatever to ascribe a 
physical interpretation to the conventional machinery. 
But Process 1 is out of the question for systems not 
subject to external observation.* 


3. QUANTUM MECHANICS INTERNAL TO AN 
ISOLATED SYSTEM 


This paper proposes to regard pure wave mechanics 
(Process 2 only) as a complete theory. It postulates that 
a wave function that obeys a linear wave equation 


? Reference 1, Chap. 4, Sec. 4. 

3 See A. Einstein, The Meaning of Relativity (Princeton Univ- 
ersity Press, Princeton, 1950), third edition, p. 107. 

‘L. Landau and E. Lifshitz, The Classical Theory of Fields, 
translated by M. Hamermesh (Addison-Wesley Press, Cambridge, 
1951), p. 343. 

5 See in particular the discussion of this point by N. Bohr and 
L. Rosenfeld, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
12, No. 8 (1933). 
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everywhere and at all times supplies a complete mathe- 
matical model for every isolated physical system with- 
out exception. It further postulates that every system 
that is subject to external observation can be regarded 
as part of a larger isolated system. 

The wave function is taken as the basic physical 
entity with no a priori interpretation. Interpretation 
only comes after an investigation of the logical structure 
of the theory. Here as always the theory itself sets the 
framework for its interpretation.* 

For any interpretation it is necessary to put the 
mathematical model of the theory into correspondence 
with experience. For this purpose it is necessary to 
formulate abstract models for observers that can be 
treated within the theory itself as physical systems, to 
consider isolated systems containing such model ob- 
servers in interaction with other subsystems, to deduce 
the changes that occur in an observer as a consequence 
of interaction with the surrounding subsystems, and 
to interpret the changes in the familiar language of 
experience. 

Section 4 investigates representations of the state of 
a composite system in terms of states of constituent 
subsystems. The mathematics leads one to recognize 
the concept of the relativity of states, in the following 
sense: a constituent subsystem cannot be said to be in 
any single well-defined state, independently of the re- 
mainder of the composite system. To any arbitrarily 
chosen state for one subsystem there will correspond a 
unique relative state for the remainder of the composite 
system. This relative state will usually depend upon the 
choice of state for the first subsystem. Thus the state 
of one subsystem does not have an independent exist- 
ence, but is fixed only by the state of the remaining sub- 
system. In other words, the states occupied by the sub- 
systems are not independent, but correlated. Such corre- 
lations between systems arise whenever systems in- 
teract. In the present formulation all measurements and 
observation processes are to be regarded simply as inter- 
actions between the physical systems involved—inter- 
actions which produce strong correlations. A simple 
model for a measurement, due to von Neumann, is 
analyzed from this viewpoint. 

Section 5 gives an abstract treatment of the problem 
of observation. This uses only the superposition prin- | 
ciple, and general rules by which composite system — 
states are formed of subsystem states, in order that the > 
results shall have the greatest generality and be appli- a 
cable to any form of quantum theory for which these — 
principles hold. Deductions are drawn about the st: o 
of the observer relative to the state of the object system. 
It is found that experiences of the observer (magneti 
tape memory, counter system, etc.) are in full icco 


formulation of quantum mechanics, based on 
Section 6 recapitulates the “relative sta 
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4. CONCEPT OF RELATIVE STATE 


We now investigate some consequences of the wave 
mechanical formalism of composite systems. If a com- 
posite system S, is composed of two subsystems Sı and 
S», with associated Hilbert spaces Hı and Ho, then, 
according to the usual formalism of composite systems, 
the Hilbert space for S is taken to be the tensor product of 
H, and H: (written H — H1& H2»). This has the con- 
sequence that if the sets (£;?!) and (5;5?) are complete 
orthonormal sets of states for Sı and SS», respectively, 
then the general state of S can be written as a super- 
position: 


y5— 5, s0sgE SmS. (1) 


From (3.1) although S is in a definite state V5, the 
subsystems Sı and S2 do not possess anything like 
definite states independently of one another (except 
in the special case where all but one of the a;; are zero). 

We can, however, for any choice of a state in one sub- 
system, uniquely assign a corresponding relative state 
in the other subsystem. For example, if we choose & as 
the state for Sı, while the composite system S$ is in the 
state V5 given by (3.1), then the corresponding relative 
state in S», V (S»; relr, S1), will be: 


V (So; rel£j S1) =N 42504505? (2) 


where JV, is a normalization constant. This relative 
state for £y is independent of the choice of basis (£i) 
(izk) for the orthogonal complement of &, and is 
hence determined uniquely by & alone. To find the 
relative state in S» for an arbitrary state of Sı therefore, 
one simply carries out the above procedure using any 
pair of bases for Sı and Sz which contains the desired 
state as one element of the basis for Sı. To find states 
in S; relative to states in S2, interchange S; and S» in the 
— procedure. 

In the conventional or external observation" 
formulation, the relative state in S2, (S5; rel$,51), for 
a state $5! in Sj, gives the conditional probability dis- 
tributions for the results of all measurements in So, 
given that Sı has been measured and found to be in state 
¢*1—i.e., that $5! is the eigenfunction of the measure- 
ment in .S; corresponding to the observed eigenvalue. 

For any choice of basis in Si, (£;), it is always possible 
to represent the state of S, (1), as a single superposition 

. of pairs of states, each consisting of a state from the 
basis (£;) in Sı and its relative state in S2. Thus, from 
- (2), (1) can be written in the form: 


1 
VS=> — ES (S5; relis). (3) 
Ni 


is an important representation used frequently. 

Summarizing: There does not, in general, exist anything 
ke a single state for one subsystem of a composite system. 
tems do not possess states that are independent o 
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system states are generally correlated with one another. 
One can arbitrarily choose a state for one subsystem, and 
be led to the relative state for the remainder. Thus we are 
faced with a fundamental relativity of states, which is 
implied by the formalism of composite systems. It is 
meaningless to ask the absolute state of a subsystem—one 
can only ask the state relative to a given state of the re- 
mainder of the subsystem. 

At this point we consider a simple example, due to von 
Neumann, which serves as a model of a measurement 
process. Discussion of this example prepares the ground 
for the analysis of observation." We start with a system 
of only one coordinate, q (such as position of a particle), 
and an apparatus of one coordinate r (for example the 
position of a meter needle). Further suppose that they 
are initially independent, so that the combined wave 
function is YoSt4=¢(q)n(r) where $(q) is the initial 
system wave function, and 7(7) is the initial apparatus 
function. The Hamiltonian is such that the two systems 
do not interact except during the interval ¿=0 to t=T, 
during which time the total Hamiltonian consists only 
of a simple interaction, 


Hi;- —ihq(0/ór). (4) 
Then the state 
Vi (qr) — e (q)n(r— qt) (5) 
is a solution of the Schrödinger equation, 
ih (QU ,S*4/01) - Hr +4, (6) 


for the specified initial conditions at time /=0. 

From (5) at time t=T (at which time interaction 
stops) there is no longer any definite independent 
apparatus state, nor any independent system state. 
The apparatus therefore does not indicate any definite 
object-system value, and nothing like process 1 has 
occurred. 

Nevertheless, we can look upon the total wave func- 
tion (5) as a superposition of pairs of subsystem states, 
each element of which has a definite g value and a 
correspondingly displaced apparatus state. Thus after 
the interaction the state (5) has the form: 


yrsta = f $(97')5(q—q')n(r—qT dq’, (7) 


which is a superposition of states Yq —8(q— q')n(r— qT). 
Each of these elements, V, of the superposition de- 
scribes a state in which the system has the definite 
value g=q’, and in which the apparatus has a state 
that is displaced from its original state by the amount 
qT. These elements Yọ are then superposed with 
coefficients $ (g^) to form the total state (7). 3 

Conversely, if we transform to the representation 
where the apparatus coordinate is definite, we write (5) 
as 
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where 


E (9) =N-6(9)n(r'—qT) (8) 


and 
(1/N f $*(g&(gw*(r — qT) —qT ydq. 


Then the £"' (g) are the relative system state functions? 
for the apparatus states 8(r— 7") of definite value r=r’. 

If T is sufficiently large, or (r) sufficiently sharp 
(near 6(r)), then £"(g) is nearly 8(q—7'/T) and the 
relative system states £"'(g) are nearly eigenstates for 
the values q—7'/T. 

We have seen that (8) is a superposition of states 
Yr, for each of which the apparatus has recorded a 
definite value 7’, and the system is left in approximately 
the eigenstate of the measurement corresponding to 
q—7'/T. The discontinuous “jump” into an eigenstate 
is thus only a relative proposition, dependent upon the 
mode of decomposition of the total wave function into 
the superposition, and relative to a particularly chosen 
apparatus-coordinate value. So far as the complete 
theory is concerned all elements of the superposition 
exist simultaneously, and the entire process is quite 
continuous. 

von Neumann’s example is only a special case of a 
more general situation. Consider any measuring ap- 
paratus interacting with any object system. As a result 
of the interaction the state of the measuring apparatus 
is no longer capable of independent definition. It can 
be defined only relative to the state of the object system. 
In other words, there exists only a correlation between 
the states of the two systems. It seems as if nothing can 
ever be settled by such a measurement. 

This indefinite behavior seems to be quite at variance 
with our observations, since physical objects always 
appear to us to have definite positions. Can we reconcile 
this feature wave mechanical theory built purely on 
Process 2 with experience, or must the theory be 
abandoned as untenable? In order to answer this 
question we consider the problem of observation itself 
within the framework of the theory. 


5. OBSERVATION 


We have the task of making deductions about the 
appearance of phenomena to observers which are con- 
sidered as purely physical systems and are treated 
within the theory. To accomplish this it is necessary 
to identify some present properties of such an observer 
with features of the past experience of the observer. 

ê This example provides a model of an approximate measure- 
ment. However, the relative system states after the interaction 
£'"(g) cannot ordinarily be generated from the original system 


state ¢ by the application of any projection operator, E. Proof: 
Suppose on the contrary that £’ @) 2 NEo(q)  N'o(qn(r —qt), 
where XN, WV’ are normalization constants. Then 

E(NE$(q)) = N E$ (q) = NG (gn (r — t) 


and E'$(g)— (N"/N)é(g)n*(r'—qti). But the condition =E 
which is necessary for Æ to be a projection implies that N’/N” 
n (q) =n?(q) which is gener 


ally false. Gurukul Kangri University Haridwar coldtsios ‘BiGitee? dirais the Re 
a ^ n — E 


TO. M P * i A 


Thus, in order to say that an observer 0 has observed 
the event q, it is necessary that the state of 0 has become 
changed from its former state to a new state which is 
dependent upon a. 

It will suffice for our purposes to consider the ob- 
servers to possess memories (i.e., parts of a relatively 
permanent nature whose states are in correspondence 
with past experience of the observers). In order to 
make deductions about the past experience of an ob- 
server it is sufficient to deduce the present contents of 
the memory as it appears within the mathematical 
model. 

As models for'observers we can, if we wish, consider 
automatically functioning machines, possessing sensory 
apparatus and coupled to recording devices capable of 
registering past sensory data and machine configura- __ 
tions. We can further suppose that the machine is so 
constructed that its present actions shall be determined 
not only by its present sensory data, but by the con- 
tents of its memory as well. Such a machine will then 
be capable of performing a sequence of observations 
(measurements), and furthermore of deciding upon its 
future experiments on the basis of past results. If we 
consider that current sensory data, as well as machine 
configuration, is immediately recorded in the memory, 
then the actions of the machine at a given instant can 
be regarded as a function of the memory contents only, E 
and all relavant experience of the machine is contained 
in the memory. k 

For such machines we are justified in using such 
phrases as “the machine has perceived A” or “the 
machine is aware of A” if the occurrence of A is repre- 
sented in the memory, since the future behavior of 
the machine will be based upon the occurrence of A. In 
fact, all of the customary language of subjective experi- 
ence is quite applicable to such machines, and forms the 
most natural and useful mode of expression when 
dealing with their behavior, as is well known to in- 
dividuals who work with complex automata. j 

When dealing with a system representing an ob- - 
server quantum mechanically we ascribe a state func- - 
tion, y^, to it. When the state y? describes an observer _ 
whose memory contains representations of the events 
A, B, ---, C we denote this fact by appending the | 
memory sequence in brackets as a subscript, writing: — — 


WA, B, . - 


The symbols A, B, - --, C, which we assume to be ordere 
time-wise, therefore stand for memory configurati 
which are in correspondence with the past experie 
of the observer. These configurations can be rega 
punches in a paper tape, impressions on a magnetic 
configurations of a relay switching circuit, or even 
figurations of brain cells. We require only that th 
capable of the interpretation “The observer | 
perienced the succession of events A, B, : 
sometimes write dots in a me 
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memories which are irrelevant to the case being con- 
sidered.) 

The mathematical model seeks to treat the interaction 
of such observer systems with other physical systems 
(observations), within the framework of Process 2 wave 
mechanics, and to deduce the resulting memory con- 
figurations, which are then to be interpreted as records 
of the past experiences of the observers. 

We begin by defining what constitutes a “good” 
observation. A good observation of a quantity A, with 
eigenfunctions ¢;, for a system S, by an observer whose 
initial state is J^, consists of an interaction which, in a 
specified period of time, transforms each (total) state 


y $1*9— pC... (10) 


into a new state 
PSH! = bal. cai] (11) 


where a; characterizes’ the state ¢;. (The symbol, ai, 
might stand for a recording of the eigenvalue, for ex- 
ample.) That is, we require that the system state, if il 
is an eigenstate, shall be unchanged, and (2) that the 
observer state shall change so as to describe an ob- 
server that is “aware” of which eigenfunction it is; that 
is, some property is recorded in the memory of the ob- 
server which characterizes ¢;, such as the eigenvalue. 
The requirement that the eigenstates for the system 
be unchanged is necessary if the observation is to be 
significant (repeatable), and the requirement that the 
observer state change in a manner which is different 
for each eigenfunction is necessary if we are to be able 
to call the interaction an observation at all. How closely 
a general interaction satisfies the definition of a good 
observation depends upon (1) the way in which the in- 
teraction depends upon the dynamical variables of the 
observer system—including memory variables—and 
upon the dynamical variables of the object system and 
(2) the initial state of the observer system. Given (1) 
and (2), one can for example solve the wave equation, 
deduce the state of the composite system after the end 
of the interaction, and check whether an object system 
that was originally in an eigenstate is left in an eigen- 
state, as demanded by the repeatability postulate. This 
postulate is satisfied, for example, by the model of von 
Neumann that has already been discussed. 

From the definition of a good observation we first 
deduce the result of an observation upon a system which 
is nol in an eigenstate of the observation. We know from 
our definition that the interaction transforms states 
$a...) into states $yc---ai]. Consequently these 
solutions of the wave equation can be superposed to 


_ give the final state for the case of an arbitrary initial 
E system state. Thus if the initial system state is not an 
l "eigenstate, but a general state >°,a.¢;, the final total 
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state will have the form: 


pS — S appl. - ai]. (12) 


This superposition principle continues to apply in the 
presence of further systems which do not interact during 
the measurement. Thus, if systems S1, S», +++, Sn are 
present as well as 0, with original states y/!, V5: 
+++, V^, and the only interaction during the time of 
measurement takes place between S; and 0, the measure- 
ment will transform the initial total state: 


Syr. ++] (13) 


StSt. HSH LJ, SupS2.. 
V yy 


into the final state: 
y/SrtSzk-- +S H= > o5, 81/2. $ -pSmpr. saz] (14) 


where a;— ($;51,)5") and ¢;5' are eigenfunctions of the 
observation. 

Thus we arrive at the general rule for the trans- 
formation of total state functions which describe sys- 
tems within which observation processes occur: 


Rule 1: The observation of a quantity A, with eigen- 
functions $;5', in a system S, by the observer 0, 
transforms the total state according to: 


y Sup. à p, íJoc. e] 


Lia SWS? Pc. (15) 


where 


ai= ($;51,)51). 


If we next consider a second observation to be made, 
where our total state is now a superposition, we can 
apply Rule 1 separately to each element of the super- 
position, since each element separately obeys the wave 
equation and behaves independently of the remaining 
elements, and then superpose the results to obtain the 
final solution. We formulate this as: 


Rule 2: Rule 1 may be applied separately to each 
element of a superposition of total system states, 
the results being superposed to obtain the final 
total state. Thus, a determination of B, with eigen- 
functions 5;5*, on S; by the observer 0 transforms 
the total state 


Dad SS? YSE. aid (16) 


into the state 
Li sab Sin Saye. YSE aires (17) 


where b;=(n;52,S?), which follows from the 
application of Rule 1 to each element $;5??-:- 
YSPC. aiJ, and then superposing the results with 
the coefficients a;. 


These two rules, which follow directly from the super- 
position principle, give a convenient method for deter- 
mining final total states for any number of observation 
processes in any combinations. We now seek the 
interpretation of such final total states. . 
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Let us consider the simple case of a single observa- 
tion of a quantity A, with eigenfunctions ¢;, in the 
system S with initial state y5, by an observer 0 whose 
initial state is ¥°c---}. The final result is, as we have 
seen, the superposition 


p'SH—  iaib ^t. ai). (18) 


There is no longer any independent system state or 
observer state, although the two have become corre- 
lated in a one-one manner. However, in each element 
of the superposition, $3/?t - - -a:], the object-system state 
is a particular eigenstate of the observation, and 
furthermore the observer-system state describes the ob- 
server as definitely perceiving that particular system state. 
This correlation is what allows one to maintain the 
interpretation that a measurement has been performed. 

We now consider a situation where the observer 
system comes into interaction with the object system for 
a second time. According to Rule 2 we arrive at the 
total state after the second observation : 


y s= ^ iai$ C- - -aj,ai]. (19) 


Again, each element $;J?r...a;a;] describes a system 
eigenstate, but this time also describes the observer as 
having obtained the same result for each of the two ob- 
servations. Thus for every separate state of the ob- 
server in the final superposition the result of the ob- 
servation was repeatable, even though different for 
different states. This repeatability is a consequence of 
the fact that after an observation the relative system 
state for a particular observer state is the corresponding 
eigenstate. 

Consider now a different situation. An observer- 
system 0, with initial state J?r--.3, measures the same 
quantity 4 in a number of separate, identical, systems 
which are initially in the same state, y51!—5*— --- 
=yS»=),ai¢; (where the $; are, as usual, eigen- 
functions of A). The initial total state function is then 


YoSH SH ESO y, Sup S82. . Smp... (20) 


We assume that the measurements are performed on the 
systems in the order S1, S», ---S,. Then the total state 
after the first measurement is by Rule 1, 


paS HSH ES — Y^ ah SwpS2- - aJ AL. . ait] (21) 
(where o; refers to the first system, S1). 
After the second measurement it is, by Rule 2, 
yaSrkSzes +S nto 
=D; jaia jhi S pj SyS? - -YSE aitaja] (22) 


and in general, after measurements have taken place 
(r <n), Rule 2 gives the result : 


Wr= Doi, je k0i0j: arpi Sps? + 457 


ysti. T SmJoc. + *ajl,aj?, * * akt] (23) 
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We can give this state, ¥,, the following interpreta- 
tion. It consists of a superposition of states : 


W ij. $1952. - 87 
Kyser. : PSW aiiaj, zakr] (24) 


each of which describes the observer with a definite 
memory sequence [ata -ax ]. Relative to him the 
(observed) system states are the corresponding eigen- 
functions $,;j!, $;5?,---, $57, the remaining systems, 
Sia, +++, Sn, being unaltered. 

A typical element y’;;.... of the final superposition 
describes a state of affairs wherein the observer has 
perceived an apparently random sequence of definite 
results for the observations. Furthermore the object 
systems have been left in the corresponding eigenstates 
of the observation. At this stage suppose that a re- 
determination of an earlier system observation (S;) 
takes place. Then it follows that every element of the 
resulting final superposition will describe the observer 
with a memory configuration of the form [aj:-- 
a;',-+-a,7,a;'] in which the earlier memory coincides 
with the later—i.e., the memory states are correlated. 
Tt will thus appear to the observer, as described by a 
typical element of the superposition, that each initial 
observation on a system caused the system to “jump” 
into an eigenstate in a random fashion and thereafter 
remain there for subsequent measurements on the same 
system. Therefore—disregarding for the moment quanti- 
tative questions of relative frequencies—the proba- 
bilistic assertions of Process 1 appear to be valid to 
the observer described by a typical element of the final 
superposition. 

We thus arrive at the following picture: Throughout 
all of a sequence of observation processes there is only 
one physical system representing the observer, yet 
there is no single unique slate of the observer (which 
follows from the representations of interacting systems). 
Nevertheless, there is a representation in terms of a 
superposition, each element of which contains a definite 
observer state and a corresponding system state. Thus 
with each succeeding observation (or interaction), the 
observer state “branches” into a number of different _ 
states. Each branch represents a different outcome of — 
the measurement and the corresponding eigenstate for _ 
the object-system state. All branches exist simultane- 
ously in the superposition after any given sequence of 
observations. 1 


t Note added in proof.—In reply to a preprint of this article s 
correspondents have raised the question of the “transitio 
possible to actual," arguing that in “reality” there is 
experience testifies—no such splitting of observer states, 
only one branch can ever actually exist. Since this point may o 
to other readers the following is offered in explanation. 3 

The whole issue of the transition from “possible” to “ac 
is taken care of in the theory in a very simple way—th« 
such transition, nor is such a transition necessary for thi 
to be in accord with our experience. From the vie 
theory all elements of a supe osition (all “bran 
tual,” none any more “real” than the rest. It 
suppose that all but one are somehow | 
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The “trajectory” of the memory configuration of an 

observer performing a sequence of measurements is 
thus not a linear sequence of memory configurations, 
but a branching tree, with all possible outcomes exist- 
ing simultaneously in a final superposition with various 
coefficients in the mathematical model. In any familiar 
memory device the branching does not continue 
indefinitely, but must stop at a point limited by the 
capacity of the memory. 
| In order to establish quantitative results, we must 
put some sort of measure (weighting) on the elements of 
a final superposition. This is necessary to be able to 
make assertions which hold for almost all of the ob- 
server states described by elements of a superposition. 
We wish to make quantitative statements about the 
relative frequencies of the different possible results of 
observation—which are recorded in the memory—for 
a typical observer state; but to accomplish this we 
must have a method for selecting a typical element 
from a superposition of orthogonal states. 

We therefore seek a general scheme to assign a meas- 
ure to the elements of a superposition of orthogonal 
states ?^;0;0;. We require a positive function m of the 
complex coefficients of the elements of the super- 
position, so that m(a;) shall be the measure assigned 
to the element ¢;. In order that this general scheme be 
unambiguous we must first require that the states them- 
selves always be normalized, so that we can distinguish 
the coefficients from the states. However, we can still 
only determine the coefficients, in distinction to the 
states, up to an arbitrary phase factor. In order to 
avoid ambiguities the function m must therefore be a 
function of the amplitudes of the coefficients alone, 
m(ai)=m(|a:|). 

We now impose an additivity requirement. We can 
$ n 
regard a subset of the superposition, say >> ai, as a 

z i=l 
single element a¢’: 
n 
agp’ = > adi. (25) 
i=l 


We then demand that the measure assigned to ¢’ shall 
be the sum of the measures assigned to the ¢; (i from 1 


‘separate elements of a superposition individually obey the wave 
equation with complete indifference to the presence or absence 
“actuality” or not) of any other elements. This total lack of 
effect of one branch on another also implies that no observer will 

ever be aware of any "splitting" process. - : 
guments that the world pictus presented by this theory is 
i experience, because we are unaware of any 
as RUN MS like the criticism of the Copernican theory 
the mobility of the earth as a real physical fact is incom- 
lle with the common sense interpretation of nature because 
e| no such motion. In both cases the argument fails when it is 
the theory itself predicts that our experience will be 
n fact is. (In the Copernican case thea dition of New- 
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m(a)= > m(a;). 


i=l 


(26) 


Then we have already restricted the choice of m to the 
square amplitude alone; in other words, we have 
m(a;) — a;*a;, apart from a multiplicative constant. 

To see this, note that the normality of $' requires 
that |a| —(52a;*a)!. From our remarks about the 
dependence of m upon the amplitude alone, we replace 
the a; by their amplitudes #;= |a;|. Equation (26) then 
imposes the requirement, 


m(o) =m aža) =m u) 
=) m(u)=} muf}. 
Defining a new function g(x) 
8 (x) =m(/x) 
we see that (27) requires that 
£22u2) = dig(u.?). (29) 


Thus g is restricted to be linear and necessarily has the 
form: 


(27) 


eet, Pee mms 


(28) 


g(x) =cx (30) 


Therefore g(a”) =ca®=m(/2®) =m(x) and we have de- 
duced that is restricted to the form 


(c constant). 


(31) 


We have thus shown that the only choice of measure 
consistent with our additivity requirement is the square 
amplitude measure, apart from an arbitrary multi- 
plicative constant which may be fixed, if desired, by 
normalization requirements. (The requirement that 
the total measure be unity implies that this constant is 
1.) 

The situation here is fully analogous to that of 
classical statistical mechanics, where one puts a measure 
on trajectories of systems in the phase space by placing 
a measure on the phase space itself, and then making 
assertions (such as ergodicity, quasi-ergodicity, etc.) 
which hold for “almost all” trajectories. This notion 
of “almost all" depends here also upon the choice of 
measure, which is in this case taken to be the Lebesgue 
measure on the phase space. One could contradict the 
statements of classical statistical mechanics by choosing 
a measure for which only the exceptional trajectories 
had nonzero measure. Nevertheless the choice of 
Lebesgue measure on the phase space can be justified 
by the fact that it is the only choice for which the “con- 
servation of probability” holds, (Liouville’s theorem) 
and hence the only choice which makes possible any 
reasonable statistical deductions at all. 

In our case, we wish to make statements about 
“trajectories” of observers. However, for us a trajectory 
is constantly branching (transforming" from state to - 
mposition) With each successive measurement. To - 


m(ai)=m(u;) = cu?— caj*a;. 


: 
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have a requirement analogous to the ‘‘conservation of 
probability” in the classical case, we demand that the 
measure assigned to a trajectory at one time shall equal 
the sum of the measures of its separate branches at a 
later time. This is precisely the additivity requirement 
which we imposed and which leads uniquely to the 
choice of square-amplitude measure. Our procedure is 
therefore quite as justified as that of classical statistical 
mechanics. 

Having deduced that there is a unique measure which 
will satisfy our requirements, the square-amplitude 
measure, we continue our deduction. This measure 
then assigns to the 7,7, ---kth element of the super- 
position (24), 


pith 82> - np 8n. ISP Cana; ++ sage] (32) 
the measure (weight) 
M ij... (aiaj: +  ax)* (aia: - - ax) (33) 


so that the observer state with memory configuration 
[ai a, --- ag" ] is'assigned the measure a;*a;a;*a;- : - 
aj*a,— M ij.... We see immediately that this is a 
product measure, namely, 


M ij...4— MiMj::- Mx (34) 
where 
M ,— aifai 


so that the measure assigned to a particular memory 
sequence [o/, o, ++, ax” ] is simply the product of the 
measures for the individual components of the memory 
sequence. 

'There is a direct correspondence of our measure 
structure to the probability theory of random sequences. 
If we regard the M i;... as probabilities for the sequences 
then the sequences are equivalent to the random 
sequences which are generated by ascribing to each term 
the independent probabilities M,=a,*a;. Now proba- 
bility theory is equivalent to measure theory mathe- 
matically, so that we can make use of it, while keeping 
in mind that all results should be translated back to 
measure theoretic language. 

'Thus, in particular, if we consider the sequences to 
become longer and longer (more and more observations 
performed) each memory sequence of the final super- 
position will satisfy any given criterion for a randomly 
generated sequence, generated by the independent 
probabilities a;*a; except for a set of total measure 
which tends toward zero as the number of observations 
becomes unlimited. Hence all averages of functions over 
any memory sequence, including the special case of 
frequencies, can be computed from the probabilities 
a;*a;, except for a set of memory sequences of measure 
zero. We have therefore shown that the statistical asser- 
tions of Process 1 will appear to be valid to the observer, 
in almost all elements of the superposition (24), in the 
limit as the number of observations goes to infinity. 

While we have so far considered only sequences of 


observations of the same quantity upon identical sys- — 
tems, the result is equally true for arbitrary sequences 
of observations, as may be verified by writing more 
general sequences of measurements, and applying 
Rules 1 and 2 in the same manner as presented here. 

We can therefore summarize the situation when the 
sequence of observations is arbitrary, when these ob- 
servations are made upon the same or different systems 
in any order, and when the number of observations of 
each quantity in each system is very large, with the 
following result : 


Except for a set of memory sequences of measure 
nearly zero, the averages of any functions over a 
memory sequence can be calculated approximately 
by the use of the independent probabilities given by 
Process 1 for each initial observation, on a system, 
and by the use of the usual transition probabilities 
for succeeding observations upon the same system. 
In the limit, as the number of all types of observa- 
tions goes to infinity the calculation is exact, and the 
exceptional set has measure zero. 


This prescription for the calculation of averages over 
memory sequences by probabilities assigned to in- 
dividual elements is precisely that of the conventional 
“external observation” theory (Process 1). Moreover, 
these predictions hold for almost all memory sequences. 
Therefore all predictions of the usual theory will appear 
to be valid to the observer in amost all observer states. i 

In particular, the uncertainty principle is never — — 
violated since the latest measurement upon a, system 
supplies all possible information about the relative 
system state, so that there is no direct correlation be- — 
tween any earlier results of observation on the sys- - 
tem, and the succeeding observation. Any observation - 
of a quantity B, between two successive observations of — 
quantity A (all on the same system) will destroy the 
one-one correspondence between the earlier and later - 
memory states for the result of A. Thus for alternating - 
observations of different quantities there are funda- 
mental limitations upon the correlations between 
memory states for the same observed quantity, these 
limitations expressing the content of the uncertainty 
principle. ’ 

As a final step one may investigate the consequences 
of allowing several observer systems to interact 
(observe) the same object system, as well as to inte 
with one another (communicate). The latter interact 
can be treated simply as an interaction which co 
parts of the memory configuration of one observer y 
another. When these observer systems are investiga 
in the same manner as we have already presented 
section using Rules 1 and 2, one finds that in 
of the final superposition: 
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are in agreement. This agreement persists even when 
an observer performs his observation after the result 
has been communicated to him by another observer 
who has performed the observation. 

2. Let one observer perform an observation of a 
quantity A in the object system, then let a second per- 
form an observation of a quantity B in this object sys- 
tem which does not commute with 4, and finally let the 
first observer repeat his observation of 4. Then the 
memory system of the first observer will not in general 
show the same result for both observations. The inter- 
vening observation by the other observer of the non- 
commuting quantity B prevents the possibility of any 
one to one correlation between the two observations of 
A. 

3. Consider the case where the states of two object 
systems are correlated, but where the two systems do 
not interact. Let one observer perform a specified ob- 
servation on the first system, then let another observer 
perform an observation on the second system, and 
finally let the first observer repeat his observation. 
"Then it is found that the first observer always gets the 
same result both times, and the observation by the 
second observer has no effect whatsoever on the outcome 
of the first's observations. Fictitious paradoxes like 
that of Einstein, Podolsky, and Rosen? which are con- 
cerned with such correlated, noninteracting systems 
are easily investigated and clarified in the present 
scheme. 


Many further combinations of several observers and 
systems can be studied within the present framework. 
The results of the present “relative state" formalism 
agree with those of the conventional “external observa- 
tion" formalism in all those cases where that familiar 
machinery is applicable. 

In conclusion, the continuous evolution of the state 
function of a composite system with time gives a com- 
plete mathematical model for processes that involve an 
idealized observer. When interaction occurs, the result 
of the evolution in time is a superposition of states, 
each element of which assigns a different state to the 
memory of the observer. Judged by the state of the 
memory in almost all of the observer states, the proba- 
bilistic conclusion of the usual "external observation" 


5 Einstein, Podolsky, and Rosen, Phys. Rev. 47, 777 (1935). 
For a thorough discussion of the physics of observation, see the 
chapter by N. Bohr in Albert Einstein, Philosopher-Scientist (The 
Library of Living Philosophers, Inc., Evanston, 1949). 


HUGH EVERETT, 


III 


formulation of quantum theory are valid. In other 
words, pure Process 2 wave mechanics, without any 
initial probability assertions, leads to all the proba- 
bility concepts of the familiar formalism. 


6. DISCUSSION 


The theory based on pure wave mechanics is a con- 
ceptually simple, causal theory, which gives predictions 
in accord with experience. It constitutes a framework 
in which one can investigate in detail, mathematically, 
and in a logically consistent manner a number of some- 
times puzzling subjects, such as the measuring process 
itself and the interrelationship of several observers. Ob- 
jections have been raised in the past to the conventional 
or "external observation" formulation of quantum 
theory on the grounds that its probabilistic features 
are postulated in advance instead of being derived from 
the theory itelf. We believe that the present “‘relative- 
state" formulation meets this objection, while retaining 
all of the content of the standard formulation. 

While our theory ultimately justifies the use of the 
probabilistic interpretation as an aid to making practical 
predictions, it forms a broader frame in which to under- 
stand the consistency of that interpretation. In this 
respect it can be said to form a metal/ieory for the stand- 
ard theory. It transcends the usual “external observa- 
tion” formulation, however, in its ability to deal logically 
with questions of imperfect observation and approxi- 
mate measurement. 

The “relative state” formulation will apply to all 
forms of quantum mechanics which maintain the super- 
position principle. It may therefore prove a fruitful 
framework for the quantization of general relativity. 
The formalism invites one to construct the formal theory 
first, and to supply the statistical interpretation later. 
This method should be particularly useful for inter- 
preting quantized unified field theories where there is no 
question of ever isolating observers and object systems. 
They all are represented in a single structure, the field. 
Any interpretative rules can probably only be deduced 
in and through the theory itself. 

Aside from any possible practical advantages of the 
theory, it remains a matter of intellectual interest that 
the statistical assertions of the usual interpretation 
do not have the status of independent hypotheses, but 
are deducible (in the present sense) from the pure wave 
mechanics that starts completely free of statistical 
postulates. 
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Assessment of Everett’s “Relative State” 
Formulation of Quantum Theory 
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Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


HE preceding paper puts the principles of quan- 
tum mechanics in a new form.! Observations are 
treated as a special case of normal interactions that 
occur within a system, not as a new and different kind 
of process that takes place from without. The conven- 
tional mathematical formulation with its well-known 
postulates about probabilities of observations is derived 
as a consequence of the new or “mela” quantum me- 
chanics. Both formulations apply as well to complex 
systems as to simple ones, and as well to particles as to 
fields. Both supply mathematical models for the 
physical world. In the new or “relative state" formalism 
this model associates with an isolated system a state 
function that obeys a linear wave equation. The theory 
deals with the totality of all the possible ways in which 
this state function can be decomposed into the sum of 
products of state functions for subsystems of the over- 
all system—and nothing more. For example, in a sys- 
tem endowed with four degrees of freedom %1,%2,43,24, 
and a time coordinate, /, the general state can be written 
V(x1,xs,33,24,/). However, there is no way in which Vy 
defines any unique state for any subsystem (subset of 
X1,%9,%3,%4). The subsystem consisting of x; and xs, say, 
cannot be assigned a state 1(2x1,%3,t) independent of the 
state assigned to the subsystem x» and x4. In other 
words, there is ordinarily no choice of f or u which will 
allow y to be written in the form y — u(x1,93,!) f (x2,v1,4). 
The most that can be done is to associate a relative 
state to the subsystem, 2/:a(x:,v5,/, relative to some 
specified state f(x»,x4,0) for the remainder of the system. 
The method of assigning relative states «;a(x1,5,/) in 
one subsystem to specific states f(#2,2%4,t) for the re- 
mainder, permits one to decompose y into a super- 
position of products, each consisting of one member of an 
orthonormal set for one subsystem and its correspond- 
ing relative state in the other subsystem: 


V — ids fi(2,074,0) rer fi(v1,%3,0), (1) 


where {f} is an orthonormal set. According as the func- 
tions f, constitute one or another family of orthonormal 
functions, the relative state functions trefn have one 
or another dependence upon the variables of the re- 
maining subsystem. 

Another way of phrasing this unique association of 
relative state in one subsystem to states in the re- 
mainder is to say that the states are correlated. The 
totality of these correlations which can arise from all 


1 Hugh Everett, IIT, Revs. Modern Phys. 29, 454 (1957). 
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possible decompositions into states and relative states 
is all that can be read out of the mathematical model. 

The model has a place for observations only insofar 
as they take place within the isolated system. The 
theory of observation becomes a special case of the 
theory of correlations between subsystems. 

How does this mathematical model for nature relate 
to the present conceptual scheme of physics? Our con- 
clusions can be stated very briefly: (1) The conceptual 
scheme of “‘relative state" quantum mechanics is com- 
pletely different from the conceptual scheme of the 
conventional “external observation” form of quantum 
mechanics and (2) The conclusions from the new treat- 
ment correspond completely in familiar cases to the 
conclusions from the usual analysis. The rest of this 
note seeks to stress this correspondence in conclusions 
but also this complete difference in concept. 

The “external observation” formulation of quantum 
mechanics has the great merit that it is dualistic. It 
associates a state function with the system under study 
—as for example a particle—but not with the ultimate 
observing equipment. The system under study can be 
enlarged to include the original object as a subsystem 
and also a piece of observing equipment—such as a 
Geiger counter—as another subsystem. At the same 
time the number of variables in the state function has 
to be enlarged accordingly. However, the ultimate 
observing equipment still lies outside the system that is 
treated by a wave equation. As Bohr? so clearly em- 
phasizes, we always interpret the wave amplitude by 
way of observations of a classical character made from 
outside the quantum system. The conventional form- 
alism admits no other way of interpreting the wave 
amplitude; it is logically self-consistent; and it rightly 
rules out any classical description of the internal 
dynamics of the system. With the help of the principle 
of complementarity the “external observation" formu- 
lation nevertheless keeps all it consistently can of 
classical concepts. Without this possibility of classical 
measuring equipment the mathematical machinery of 
quantum mechanics would seem at first sight to admit 
no correlation with the physical world. 

Instead of founding quantum mechanics upon 
classical physics, the “relative state” formulation uses 
a completely different kind of model for physics. This 
new model has a character all of its own; is conceptually 


2? Chapter by Niels Bohr in Albert Einstein, Philosopher- 
Scientist, edited by P. A. Schilpp (The Library of Living Phil- - 
osophers, Inc., Evanston, Illinois, 1949). 
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self-contained; defines its own possibilities for inter- 
pretation; and does not require for its formulation any 
reference to classical concepts. It is difficult to make 
clear how decisively the “relative state" formulation 
drops classical concepts. One's initial unhappiness at 
this step can be matched but few times in history*: 
when Newton described gravity by anything so pre- 
posterous as action at a distance; when Maxwell 
described anything as natural as action at a distance in 
terms as unnatural as field theory ; when Einstein denied 
a privileged character to any coordinate system, and 
the whole foundations of physical measurement at 
first sight seemed to collapse. How can one consider 
seriously a model for nature that follows neither the 
Newtonian scheme, in which coordinates are functions 
of time, nor the “external observation" description, 
where probabilities are ascribed to the possible out- 
comes of a measurement? Merely to analyze the alterna- 
tive decompositions of a state function, as in (1), with- 
out saying what the decomposition means or how to 
interpret it, is apparently to define a theoretical struc- 
ture almost as poorly as possible! Nothing quite com- 
parable can be cited from the rest of physics except 
the principle in general relativity that all regular co- 
ordinate systems are equally justified. As in general 
relativity, so in the relative-state formulation of quan- 
tum mechanics the analysis of observation is the key 
to the physical interpretation. 
Observations are not made from outside the system 
by some super-observer. There is no observer on hand 
to use the conventional “external observation” theory. 
Instead, the whole of the observer apparatus is treated 
in the mathematical model as part of an isolated system. 
All that the model will say or ever can say about ob- 
= servers is contained in the interrelations of eigen- 
- functions for the object part of this isolated system and 
relative state functions of the remaining part of the 
— system. Every attempt to ascribe probabilities to ob- 
— — servables is as out of place in the relative state formalism 
— as it would be in any kind of quantum physics to ascribe 
= coordinate and momentum to a particle at the same 
_ time. The word “probability” implies the notion of 
— Observation from outside with equipment that will be 
described typically in classical terms. Neither these 
classical terms, nor observation from outside, nor a 
.. priori probability considerations come into the founda- 
lions of the relative state form of quantum theory. 
- So much for the conceptual differences between the 
‘new and old formulations. Now for their correspondence. 
The preceding paper shows that this correspondence 
s detailed and close. The tracing out of the correspond- 
„e demands that the system include something that 
be called an observing subsystem. This subsystem 
be as simple as a particle which is to collide with a 
that is under study. In this case the correspond- 
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ence occurs at a primitive level between the relative 
state formalism where the system consists of two 
particles, and the external observation theory where 
the system consists of only one particle. The correla- 
tions between the eigenfunctions of the object particle 
and the relative state functions of the observer particle 
in the one scheme are closely related in the other scheme 
to the familiar statements about the relative proba- 
bilities for various possible outcomes of a measurement 
on the object particle. i 

A more detailed correspondence can be traced be- 
tween the two forms of quantum theory when the ob- 
serving system is sufficiently complex to have what can 
be described as memory states. In this case one can see 
the complementary aspects of the usual external ob- : 
servation theory coming into evidence in another way 
in the relative state theory. They are expressed in terms 
of limitations on the degree of correlation between the 
memory states for successive observations on a system 
of the same quantity, when there has been an inter- 
vening observation of a noncommuting quantity. In 
this sense one has in the relative state formalism for the 
first time the possibility of a closed mathematical model 
for complementarity. 

In physics it is not enough for a single observer or 
apparatus to make measurements. Different pieces of 
equipment that make the same type of measurement on 


the same object system must show a pattern of con- 


sistency if the concept of measurement is to make sense. 
Does not such consistency demand the external ob- 
servation formulation of quantum theory? There the 
results of the measurements can be spelled out in 
classical language. Is not such “language? a pre- 
requisite for comparing the measurements made by 
different observing systems? 
The analysis of multiple observers in the preceding 
paper by the theory of relative states indicates that 
the necessary consistency between measurements is 
already obtained without going to the external ob- 
server formulation. To describe this situation one can 
use if he will the words “communication in clear terms 
always demands classical concepts.” However, the ; 
kind of physics that goes on does not adjust itself to the 
available terminology; the terminology has to adjust 
itself in accordance with the kind of physics that goes 
on. In brief, the problem of multiple observers solves 
itself within the theory of relative states, not by adding 
the conventional theory of measurement to that theory. 
It would be too much to hope that this brief survey 
should put the relative state formulation of quantum 
theory into completely clear focus. One can at any rate 
end by saying what it does not do. It does not seek to 
supplant the conventional external observer formalism, 
but to give a new and independent foundation for that 
formalism. Tt does not introduce the idea of a super- 
observer ; it rejects that concept from the start. It does 
t ply a prescription to say what is the correct — 
d by S3 Foundation USA Y 
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functional form of the Hamiltonian of any given system. 
Neither does it supply any prediction as to the func- 
tional dependence of the over-all state function of the 
isolated system upon the variables of the system. But 
neither does the classical universe of Laplace supply 
any prescription for the original positions and veloc- 
ities of all the particles whose future behavior Laplace 
stood ready to predict. In other words, the relative 
state theory does not pretend to answer all the questions 
of physics. The concept of relative state does demand a 
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1. INTRODUCTION; GRAVITATION THE ONLY 
FORCE IN WHICH NEUTRINOS ARE 
SUBJECT TO SIMPLE ANALYSIS 


NOWLEDGE of neutrinos to date is confined 
mainly to emission and absorption processes ; that 
is, to the domain of elementary particle transformations. 
For comparison, imagine that one knew about electrons 
only the rate at which they are produced in beta decay, 
or absorbed in K-electron absorption processes, but 
knew nothing about the motion of electrons in electric 
and magnetic fields, nothing about the binding of 
electrons in atoms or the existence of spin-orbit coupling 
and very little about the stress energy tensor of the 
electron. What can one do to learn some fraction as 
much about neutrinos as one knows today about 
electrons? 
The neutrino does not respond directly to electric or 
dA magnetic fields. Therefore, if one wishes to influence its 
orbit by forces subject to simple analysis one has to 
make use of gravitational fields. In other words, one 
has to consider the physics of a neutrino in a curved 
^ metric. 

For this task the only available tools of analysis are 
theoretical. We accept the recently clarified! and dra- 
matically tested? neutrino theory. We see no motive 
to change the theory. Instead we recall in Sec. 2 the 
clearly defined extension of the Dirac equation to the 
curved space that represents the most general gravita- 
tional field. In Sec. 3, we specialize to the neutrino with 
its zero mass and to the class of solutions with right- 


1 T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956); 105, 
1119(L) (1957). 

? Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
105, 1413(L) (1957). 
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totally new view of the foundational character of 
physics. No escape seems possible from this relative 
state formulation if one wants to have a complete 
mathematical model for the quantum mechanics that 
is internal to an isolated system. Apart from Everett's 
concept of relative states, no self-consistent system of 
ideas is at hand to explain what one shall mean by 
quantizing! a closed system like the universe of general 
relativity. E 

‘C. W. Misner, Revs. Modern Phys. 29, 497 (1957). 
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handed polarization that are demanded by the recently 
gained knowledge.'-? Section 4 separates out the radial 
wave equation for the motion of a neutrino in a cen- 
trally symmetric gravitational field, and identifies one 
term in this equation with a spin-orbit coupling. Section — 
5 compares and contrasts the energy level spectrum in 
the case of spherical symmetry for (1) an electron in 4 
an electrostatic field, (2) an electron in a gravitational - 
field, (3) a photon in a gravitational field, and (4) a neu- 
trino in a gravitational field. Section 6 recalls the sta- 
tistical mechanics of an ensemble of neutrinos. Section 7 
discusses some neutrino pair creation processes that do 
not depend upon beta interactions for their existence. — 
Section 8 deals with the contribution of neutrinos to the 
stress energy tensor, Sec. 9 deals with the gravitational - 
interaction of two neutrinos traveling parallel or anti- - 
parallel to each other; and Sec. 10 with the contribution 
to the stress energy tensor due to a neutrino in a bound | 
orbit. Finally, Sec. 11 examines by way of illustration 
an object where both the creation of gravitational field: S 
by neutrinos, and the response of neutrinos to gravita 
tional fields come into play: a geon or entity constit: 
entirely of neutrinos and held together by their mut 
gravitational attractions. 


Spinor fields have been treated in general 
by many authors! and from three principal 
view (Table I). The three formalisms a 
equivalent and must therefore in any a 
give identical results for such well-definec 1 


* See W. L. Bade and H. Nin AE i 
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TABLE I. Comparison of the three principal formalisms for description of spin in general relativity. 


Vierbein formalism 


Components of y 4 

DAYS spin matrices yi 
i=1,---,4 

Dependent on position yes 


Relation between spin 
matrices and metric 


Cvisvi d= 285 


Covariant under 
transformations 


Most general form for second 


16 parameters 
of these transformations 


Formation of covariants 


Pauli conjugate, v! 


Dirac equation for neutrino Y Vay =0 
Lagrangian, L VIY Vay 
Current 4-vectors, s* ytiy y 


Spin matrices conform to metric 


General coordinate and similarity 


V*-i- (Hermitizing matrix) 


2 + 2 
Si Fi Ši 
yes no no 


Metric transformed to locally 
Lorentz metric 


Csisi]+= 2g; d3* — bařdx“ 
Bik b, bi P gag Lorentz. 
yi bk Ya Sk=bk Sa 


Use flat space spin matrices 


General coordinate transformations, 
and quite independent Lorentz 
transformations of the Vierbein 
differentials, dx* 


4 complex 
parameters 


6 real Lorentz parameters, with or 
without inversions of space or 
time or both. 


As in tensor analysis; see Table II for covariant derivative 


yi V/*is*comp. conj. 
s*Vav=0 Y“Vap =0 MEL 
PİS Vay VIY VaV VÍS Vay 
ytisty y!iys) vlishy 


Vierbeine parallel to unit 7, 0, p, T directions 


vectors in 


Corresponding y matrices yr (exp) 


TOT UL 
Ye=r sin; 
LES (exp3v) 74 
Separation of Dirac wave F(r)f(0) 
function for simple choice F(r)g(0) 
of representation of the G(r) (8) 
y's G(r)g(0) 
Spinor wave function is a no 
single valued function of : 
position 


exp (nj —iEt/h) 


Vierbein formalism for Dirac equation in polar coordinates for two simple choices of Vierbeine 


x, y, 2, T directions 


yr= (exp3A) (sin sin eyi 
+sinð cose 2--cos653) ; 
similarly for yo and yọ; 
yr (expiy) 4 


F(r)Y1(8) exp[zGn;4-3) e — iEt/h] 
F(r)V2(0) expli(mj;—4) e —iEt/h] 
G(r)Yi(8) exp[z(m;4-3) e — iEt/ ] 


G(r) Y»(0) expLz(m;— 3) e —iEt/A ] 


yes 


energy eigenvalues and density of stress and energy. 
We find it convenient to use here the formalism of 
V. Bargmann because of its generality. The equations 
of this formalism are covariant with respect to general 
coordinate transformations, and invariant under general, 
ie., position-dependent, similarity transformations of 
the spinors. The fundamental connection between space 
and spin is made through a field of y matrices which 
satisfy the anticommutation relationship, 


VE YkYi— 2gixl, (1) 


at each point in space, where g;; is the metric tensor at 
- that point, and 1 is the unit matrix. For the signature 
of the metric tensor we adopt the familiar Pauli con- 
vention (1, 1, 1, —1). Let the dependence of the gix 
n position be known. Then one can set up a generally 
nt spinor formalism with the help of any field 
| matrices y: that have the following properties: 
ir. omponents are. continuous functions of posi- 


ir (4 


tion in space time, (2) they satisfy (1) and (3) they 
transform like a vector under coordinate transforma- 
tions, (4) under the spinor transformation 


(spinor)new= S! (spinor)oia, 


they undergo the similarity transformation 


GA) new L5 (Y3)oaS. 


It also substantially simplifies the treatment of charged 
spinor fields to limit attention to real representations, 
yx, of the spin matrices, and to limit attention to spinor 
transformations, S, whose matrix elements are also real. 

The principal feature of the mathematical formalism 
is a definition of covariant differentiation which is the 
natural generalization of the covariant differentiation 
of tensor analysis (Table II). In addition to the usual 
Christoffel symbols, Tix”, formed from the metric, gik, 
it is necessary to introduce four 4X4 matrices Ty. 
'These quantities are uniquely determined up to an 
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TABLE II. Covariant differentiation of spin dependent quantities compared and contrasted 
with covariant differentiation of tensors. 


Symbol for covariant differentiation 
with respect to x* 


Special form when space is flat, co- 
ordinates are Euclidean, and y’s 
are independent of position 


Additional quantities needed to define 
covariant derivative when one or 
more of these conditions are not 
fulfilled 


Formula to determine these additional home 
quantities from the metric 8 

How these quantities enter into the 
definition of the covariant 


Tensors 


Final subscript 


ð/ðx* 


40 functions of position Ty,” 


are Are Dt) 
ox! Ox*  ox* 


Depends upon the transformation properties of the 


Quantities with spinor trans- 


formation properties 


Preceding operator 
Vi 


9/8x* 


The T';4? and four 
matrices, Ty 


Eq. (2) or Eq. (8) 


quantity being differentiated 


derivative 
Example I Scalar, f 
Effect of a coordinate transformation [new fold 
Effect of a spinor*transformation Jnew= fold 
Covariant derivative fa 0f/àx* 
Example II Vector, A* 


Effect of a coordinate transformation 
Effect of a spinor transformation 


Covariant derivative 


Atnew= 24 Zold 
A'new=A*old 


OAs 
A= Fr C: 


Example III Tensor, M;* 
: ; azk ox? 
Effect of a coordinate transformation Mitnew= a Srila ota 


Effect of a spinor transformation 


Mi*new— M;*old 


aM 


Covariant derivative 


additive multiple of the unit matrix by 
Oy / 0x* — T i^y, — T yy icd y iT 0. (2) 


The I,” and Tx together permit one to define the co- 
variant derivative of any object of which the trans- 
formation properties for general coordinate and simi- 
larity transformations are known. This covariant de- 
rivative is denoted by V;; its explicit form depends on 
the quantity it acts on (Table II). This covariant 
differentiation has the standard properties 


V&(AB) — (VxA)B4- B(VsA), 
Vi(A*) — (Ved )*, (3) 
Vry;—0, 
where the symbol * means Hermitian adjoint (the 
transpose of the complex conjugate). The quantity, 
V:A, transforms like A under similarity transformations 


and like a tensor of one higher rank under coordinate 
transformations. 


sul Labodils cmt Ae ded 
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The definition of the y; by (1) can always be fulfilled — 
by a linear combination of the matrices of special rela- _ 
tivity. These are constant matrices—and if one wishes, 


Spinor, 
Vnew =VYold 
Ynew=S Wold 
Viv 0V/0x* —T p 
Conjugate spinor yt 
Vnew! =yotat 
Vnew! =YolalS 


Vit =ayt/axt+yir, 


Spinor tensor, Ti+ 
(such as yiys) 
x* 9x? 


Tik new zs Er old 


Tik new —S-1Tik oldS 


ViTi Tii TüaVx— TT 


purely real matrices—that satisfy the conditions 


Fife tH YxYi— 2fik Lorentz; 


B ik Lorentz — 


qii (i1, 2, 3), 


Thus, at each point, w, in 4 space it is possib 
form from the general coordinates a* t 
(*Vierbein") whose metric is Minkow 


dx*=a* ,dX*, 


Then (1) is satisfied by 


PONE, 


0 
0 


0 
0 
1 
0 


qi => Ya. 


dix*— 


E: 


The formalism which confines itself to solutions of (1) 
of the special type (7) is called Vierbein formalism. In 
terms of the Vierbein components 5, a*; the explicit 
solution of (2) has the simple formë 


T= gual (905,5/0x*)a75 —T',i* ]s”+ al, (8) 


where s= }(y'yi— yy’) and a, is arbitrary. In the 
Vierbein frame a similarity transformation of the spinors 
is equivalent to a Lorentz transformation of the 
Vierbein. Thus the invariance of the formalism under 
similarity transformations can be understood geo- 
metrically as invariance under arbitrary Lorentz trans- 
formations of the Vierbein. These Lorentz transfor- 
5 mations have nothing to do with any coordinate 
transformation, and vary arbitrarily from point to point 
. in space. 
The Dirac equation in general relativity can be 
written in the form 


y*Va--uyp-0 (u=mc/h). (9) 


Here we assume the arbitrary traces of the T, have 
been adjusted so as to account for the effects of the 
electromagnetic potentials. 

To form real expressions, as for example for the 
current density, we can follow Bargmann with minor 
differences in notation and define the "Pauli conju- 
gate" of y, 


y! —J*a 


by means of a “‘Hermitizing matrix," o, chosen so that 
both a itself and the four matrices, o7y*, are Hermitian. 


UR (10) 


vhose covariant divergence vanishes by virtue of the 
Dirac equation (9). The Dirac equation can be derived 
z from the variational principle 


5 f IE (11) 


8 L-—yM*(Va)-d-uyy, 
— by independent variation of y! and y. 


(12) 


| 3. ALPHA AND BETA ROTATIONS AND TWO- 
COMPONENT NEUTRINO WAVE EQUATION 


We set the mass term equal to zero in the Dirac 
equation (9) and the Lagrangian (12) to obtain the 
wave equation for a Dirac-type neutrino, 


Vay = 0. 


(13) 


"o 


lution for gen 
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In this special case of zero rest-mass, the wave equa- 
tion and the Lagrangian are invariant under a wider 
class of transformations than are usually considered in 
the Dirac theory. The situation is analogous to the case 
of the charge-free electromagnetic field, Fir. Consider 
any solution of Maxwell’s equations, 


e819 F .5/ 0xY — 0, 
(—4)-3(0/0x9) (— g) F«*— 0, 


where e!?4=1, and €?*! changes sign on permutation of 
any two indices. From any solution of these equations 
in a metric of arbitrary curvature one can generate a 
new solution by a special kind of transformation that 
we may call an *a-rotation" ; 


(14) 


(15) 
where a is an angle that is independent of position and 
time. In flat space this transformation takes the form 


Enew= E cosa+H sina, 
H,4,— H cosa— E sina. 


(Pik) new= Fix cosa--3 (— g) gisgu e FF ag sina, 


(16) 


It is plainly not a rotation in any ordinary sense except 
in the special case where E and H represent the principal 
polarization directions of a monochromatic plane wave; 
then the a transformation rotates the axes of polariza- 
tion by the angle a. 

Similarly, let y be a solution of the Dirac equation 
for zero mass in a space-time continuum of arbitrary 
curvature. Then one can generate a new solution by the 
“B rotation,’” 


Ynew = exp (38ys)V — [1 cos(38)2-ys sin(38) ], (17) 
where B is a constant and 
*ys7 (— g) (1/4!) eP Ty vy gy ry s, 
(vg)? —1, (18) 
(YsYi— —'yiys | ($21, 2, 3, 4). 


In the special case where the neutrino wave is linearly 
polarized in a given region of space, the £ rotation turns 
this direction of polarization through the angle 8. That 
ysW is a solution of (13) follows from (3) and the anti- 
commutation relations (18) ; hence the linear combina- 
tion, (17), of y and vysy is also a solution. 

No change whatever in the metric can lift the de- 
generacy between the spin polarization states V and 
exp(38ys)y.. An analogous situation occurs in the physics 
of a two electron system. No allowable system of forces 
can ever produce a difference in energy between the 
states (1,32) and exp(?y.P2)u(x1,32), where P12 is the 
permutation operator. Nature apparently does not ever 
permit an irrevocable degeneracy of this kind. Only the 
combination z(x,x2) — (2,21) is allowed. Assume simi- 
larly that nature rules out a duplicity of spin states for 
the neutrino that could never be split by any gravita- 


' The possibility of this transformation in flat space is well 
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tional field, however strong. More specifically, assume 
that the only allowed state, v, for the neutrino is a 
state that is transformed into a multiple of itself by 
every 6 rotation: 


exp ( 2BY5)Wallowed =e (Constant toweds ( 19) 


Then one concludes that the allowed state functions 
necessarily have circular polarization, in the sense that 
the expression 


Vallowed 7 V/c— (1d-2yg)y,, (20) 


constitutes a mixture with 90? phase difference of the 
states with rotations of 0° and 180°. To change the 
sign of i in (20) is only to interchange the definitions of 
positive and negative energy states. Lee and Yang! have 
recently given different arguments for considering all 
neutrinos to have right-handed circular polarization. 
Their considerations have received dramatic verifica- 
tion.?.? The conclusion appears inescapably that neu- 
trinos possess only one state of polarization, which is 
circular. 

The allowable spinor state functions satisfy the 
condition 


(1—2y5)V.— 0, (21) 


and in a suitable representation have only two nonzero 
components. They can be described by Pauli's spinors 
of two components, as Lee and Yang show. They intro- 
duce the two-component wave equation 


Hy — ca: py — ihóy/ 0l, (22) 


where o are the three 2X2 Pauli spin matrices. To 
write this equation in generally covariant form, it is 
convenient to introduce four 2X2 matrices s; which 
satisfy the conditions 


[ 555; l= 8:5; - 5; 2g Q3) 


where the bar denotes complex conjugation. Then the 
covariant form of the Pauli-Lee-Yang equation is 


s&V aj =Q. (24) 


The correct interpretation of the s* and the covariant 
derivative V; is well known from spinor analysis. 

A beta rotation is not the only means to generate a 
new solution of the neutrino wave equation (13) from a 
general solution, y. Let a representation be employed in 
which the basic matricesare all real, y‘complex conjugate = Y» 
and let the complex conjugate of (13) be taken; then 
it follows at once that Weomplex conjugate satisfies the wave 
equation as well as does y itself. When y represents a 
positive energy state, Weomplex conjugate Of course repre- 
sents a negative energy state; but there is ordinarily no 
well-defined distinction between the two kinds of states 
In a metric which varies both with space and with time. 

How does one know that the basic matrices can still 
be taken real when the three-dimensional space under 


8 
Phys 35. example, W. L. Bade and H. Jehle, Revs. Modern 
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consideration has an arbitrary curvature and topology 
We assume for simplicity that time has the topology 
a straight line. We are indebted to Professor V. Bar 
mann for informing us of a theorem cited by Hopf = 
the International Congress of Mathematicians, Car 
bridge, Massachusetts (Vol. I, p. 193 of the 195 
Proceedings) to the effect that one can always in 
three-dimensional space define three mutually orthogon- 
nonsingular vector fields—a construction that is we 
known to be impossible on the /wo-dimensional close 
surface of a sphere. Then one has only to take over tE 
standard four real ý matrices of flat space and emplc 
the Vierbein formalism to have four real matrices, 


VS b: Va, (2. 


in the curved space under consideration. 


4. MOTION OF A NEUTRINO IN A SPHERICALLY 
SYMMETRICAL GRAVITATION FIELD 


We explore the reaction of the neutrino to a gravit: 
tional field in the simplest known case: a spherical 
symmetric metric of the Schwarzschild type, 


e 0 0 0 
() 0 0 

$5—|0 0 rzsim6 0 (2 
00 0 =e 


Here the coordinates are x!— r, 3?— 0, x?— o, xt= c= 1 
The dilation functions A(r) and »(r) are assumed t 
depend upon distance in an arbitrary way; they are nc 
limited to the special Schwarzschild solution for 
localized concentration of mass, 


e>=e’=1—2GM/c*r. (2' 


In order to write the Dirac equation in this metric w 
choose a field of y matrices of the type (7). Two choice 
for these matrices are simple: (1) Vierbein axes parall 
to the r, 0, and e axes at each point, so that the desire 
Dirac matrices, y‘ are expressed in terms of the standar 
Dirac matrices, 7‘, for a Cartesian coordinate systen 
by the formulas 


yic e Ma, varo yir sindYs, yi el y,, (2 
and (2), Vierbein axes parallel to some rectangular c 
ordinate system: 

yı= e! (sinf cosey,--sinó singy2+cos073), 
ya r(cos0 cose:-- cosó singy2—sin6¥s), g 
ys=rsind(—singyitcosey2): 3 
yai eia. 
The two choices lead to the sa 
to a different dependence of 


spinor wave function upon 


case (2) the angular dependence Ed vitse 
icted in the familiar case of SPECI® T 


LA 


standard formulas.? Such ambiguities in the wave func- 
tion are to be expected whenever one uses a formalism 
which is invariant under similarity transformations that 
are quite independent of coordinate transformations. 
The physically meaningful quantities, such as the 
current density, will, of course, agree for both choices, 
for the similarity transformation leaves these quantities 
invariant. We show the explicit calculations for our 
choice 1. The T, are found from (2) or (8), 


131—0; 
T=} (singe? 773+ cos65»55) ; (30) 
T= (y///4)e! 9 3,54, 

where »' — dv/dr. 


The Dirac equation for a particle of mass u71/c takes 
the form 


TD—ie P Niy:; 


à 
oe (— 81r. eem 
Ox 
— [T1e-? (0/dr+1-+-v'/4) + (F2/r) (9/90-4-3 cot6) 
+ (ys/r sinb) (0/99) — e 1(9/9T) W+ny. (31) 


We can rewrite this equation, following Schródinger, as 


100/dT — hw, (32) 
with 
w= exp (v/4)r (sin0)y, (33) 
and 
eVh= Fiye 0/10r+ (yi/T) K aan, (34) 


K=%174¥20/100+ y vyays0/1sin00q. — (35) 


The operator K is Hermitian and commutes with /. We 
can therefore choose simultaneous eigenfunctions of / 
and K, and separate the uth component of the wave 
function, w,, into radial, angular and time factors, 


w,=R,(r)O, (0,9) exp(—thT). (36) 


Here the quantity 4 represents (energy/7ic). The angular 
factor, O, is determined by the requirement 


Kw= ko, (37) 


where £ is constant. This equation for eigenstates of the 
angular motion has been investigated by Schrédinger.” 
He finds, in agreement with the conventional treatment 
of the Dirac equation in a central field, a spectrum of 
positive and negative integral eigenvalues k. 

Only the two matrices 74 and fı remain explicitly in 
— the radial equation (34) after the operator K is replaced 
i. by the number k. They can therefore be represented 
— by 2X2 matrices, and the radial factor by a two- 


le, H. A. Bethe, Handbuch der Physik (Julius 
erlin, 1953, second edition), Vol. 24, Part 1. 
Commentationes Pontif. Acad. Sci. 2, 321 
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component spinor 
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In this representation the radial equation for an electron 
in a Schwarzschild metric, with an electric potential 
energy V =vhc, becomes a modification, 


[e (h—v) +p JF — e-dG/dr— (k/r)G=0, 


39 
[e-*(0—9)—1]6-d-e-Par/àr- (/r)F-0, C9 


of the familiar radial equations?! for an electron in a 
centrally symmetric potential. For the neutrino, of 
course, we annul both v and u. 


5. COMPARISON OF ENERGY LEVELS OF ELECTRON 
IN ELECTROSTATIC AND GRAVITATIONAL FIELDS 
AND NEUTRINO AND PHOTON IN 
GRAVITATIONAL FIELD 


In order to gain some qualitative understanding of 
the behavior of electrons and neutrinos in gravitational 
fields we first consider the case of an electron in a gravi- 
tational field. We take over the Schwarzschild solution 
(27) for the metric outside a mass M. We substi- 
tute this metric into the radial wave equation (39) 
and neglect terms of order 1/c? and higher. We find 
(E—V)-—Ac(h—v) is replaced by (E—V-—4), where 
¢=—(GM/r)(E/c*) is the "gravitational potential 
energy" of a particle of energy E. Therefore in this 
approximation the energy levels of an electron of posi- 
tive energy remain unchanged when the electric poten- 
tial is replaced by an equally strong gravitational poten- 
tial. The Bohr formulas for energy levels and radii of 
circular orbits, 


E-—mc?—im(Zenh), (40) 
r=wh?/mZe?, 
are replaced by the corresponding formulas 
E=mce?—3im(GMm/nh)?, 
r=n h" /GMm°. 
Deviations from this behavior, such as arise from gravi- 
tational spin-orbit coupling, are to be expected only 


when the calculated velocity of the electron in the lowest 
Bohr orbit is comparable to the speed of light: 


GMm/h~c, 


(41) 


or 
Mm~hc/G= (2.18X 1075 g)?, 
or 
M~5X 10? g. (42) 


For the analysis to apply in such an extreme case it 
would be necessary that this attracting mass should be 
confined within a distance of the order of the Schwarz- 


1 See for example, L. Schiff, Quantum Mechanics (McGraw-Hill 
Book Company, Inc., New York, 1955), second edition. 
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schild radius of this mass, or the Compton radius of the 
electron, 


'schw = 2GM / c? = 2h/me=7.7X10-" cm 


—a condition impossible of attainment even with 
matter of nuclear density. 

The foregoing weak field analysis demands a binding 
energy for the particle small compared to its rest energy. 
It obviously will not apply to the neutrino with its zero 
rest mass. Moreover, bound orbits lie in the energy 
region between +mc? and — mc? and will cease to exist 
for an object with zero rest mass. The wave function 
for such an object never falls off exponentially in the 
region where the metric has become flat. However, it is 
possible to construct a metric with an inner region, a 
barrier region, and an outer region, in such a way that 
the neutrino wave function falls off exponentially in 
the barrier region. Then leakage from the inner region 
to the outer region is greatly inhibited. Effectively 
bound proper states of long life then exist for the 
neutrino in the inner,region. 

Such trapping of neutrinos is illustrated especially 
simply in the metric of the thin shell spherical geon,'* 


e’=e=1—(2GM/er) for r»(9/4)(GM/c), as 
=1/9; e^-—1 for r<(9/4)(GM/c*). 
With the abbreviations 
dr*=e—Vdr, 
p=(c?/GM)r, 
h (cm) =energy/7ic, 
e (dimensionless) = (GM/c*)h 
= (GM /ħc?) (energy), (44) 


we rewrite the two first-order wave equations (39) for 
zero rest mass and zero electrostatic potential. We then 
eliminate one of the two dependent variables to obtain 
a single equation of the second order for the other 
variable; either 


d’F/do*°+[e— £(p) ]F—0, 


with 
£(p) — e'&*/ p?— e'-9k/ p+ (&/p)(d/dp*)e; (45) 
or 
d*G/dp*?-F [ à— »(o) JG — 0, 
with 
n(p)  ek?/ p?-- e 9 k/ p*— (k/p)(d/dp*)ev. (46) 


The last term on the right-hand sides of the dimen- 
sionless effective potentials (p) and n(p) of (45) and 
(46) has the character of a spin-orbit coupling. As in 
the case of an electron moving under electrostatic 
forces, where the spin-orbit coupling is proportional to 
the angular momentum and to the radial derivative of 
the potential, so here one term in the effective potential 
experienced by the neutrino is proportional to the 


12 J. A. Wheeler, Phys. Rev. 97, 511 (1955). 
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angular momentum parameter, k, and also propor- 
tional to the radial derivative of the metric quantity, 
c — (— ga4)*. However, this term appears with opposite 
sign in the second order wave equations for the two 
components, F and G, of the same state function. From 
the fact that the two different equations have the same 
eigenvalues, it follows that the last two coupling terms 
together in (45) and in (46) produce no net effect on 
the energy levels. Otherwise stated, the energy eigen- 
values are completely invariant against the change from 
kto —k. This degeneracy is the same as the fundamental 
polarization degeneracy that was discussed in Sec. 4. 
The demand that the neutrino have right-handed 
polarization means that the allowed state function is 
given neither by the solution of (45) and (46) for posi- 
tive k, nor by the solution for negative k, but by the 
proper linear combination of these two solutions. How- 
ever, (45) and (46) give the correct pieces out of which 
to construct the allowed total wave function, and also 
gives the correct energy eigenvalues. 

It is now appropriate to check that the same radial 
equations are obtained in the two component formalism. 
For spin matrices, s;, that satisfy the equations of 
definition (23), we make a choice analogous to the choice 
(1) of (28): 


() il 
s-e( ) =s; 
1 0 
i 0 
s-( «s 
ONES 


—1 0 
$3—rT sino ( ) =r sin6035; 
0) 1 


0 1 
s-e( ) (QM 
—1 0 


To define covariant differentiation we need 2X2 ma- 
trices, T+, that satisfy the analog of (2) 


0si/àx*— 


(47) 


T'ig^5,— Tk comp. conj.Si F Sil 77 0; (48) 


namely, 
1120; To=} S comp. conj.52 5 
D3— 3 (sine- DS, comp. conj. Sst cosô52 comp. conj.53) > 
T,— (y /4)eh- Ps, comp. conj.54- 


These representation-independent expressions evider 
can also be generated from the T';s, of the Dirac for 
ism (30) by a simple change: every product of the fc orm 
yif; is replaced by a product of the form 5; comp. co 
The Dirac equation for a particle of mass m in 


each of two components, 
svo 


S*comp. conj. Va! 


= a AA 
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but the Pauli-Lee-Yang neutrino equation has the 
simpler form 

= s*V W=s*(d/dx°—T )y. (51) 
=> This equation is obtained in explicit form from (31) by 


annulling the mass term, uy and replacing 7; every- 
where by $;. Again introduce a new form for the wave 


function, 

c— exp (v/4)r (sin0)*y, (52) 
as in (33). Also multiply the equation for o through by 
S4 comp. conj. and note that 

$4 comp. conj.54= EA 1, 
and recall that the quantities 
(1—1, 2, 3) (53) 
are the Pauli spin matrices. Then the general relativity 
form of the Pauli-Lee-Yang neutrino equation in a 
centrally symmetric metric becomes 
(oe? 0/07r-+020/700 

-Fe30/r sin00 o--e-*0/0T)o-—0. (54) 
We consider a solution, w, which depends upon azi- 
muthal angle and time as 


$4 comp. conj.5i— C i, 


exp (im;e—ihT), 
so that (54) reduces to 
(o,e-Y0/0r-+-020/100+-im3o3/r sinó—ihe-1)o—0. (55) 


We can no longer find an angular operator, K, that 
commutes with (55). Instead, we proceed as follows. 
(1) We temporarily introduce an explicit representation 
— for the Pauli matrices, c;, and express (55) as two 
coupled first-order equations for two unknown func- 
tions. (2) We deduce the character of the solution from 
— what we already know of the solution in the Dirac 
bk formalism. (3) Out of this solution we construct the 


E. we can calculate the Bese eon SES of any 
E: physical quantity. The neutrino flux, for example, is 
given by the trace 
A 
(neutrino flux)*=ytis*y 

= Tr[is*M (1,1)]. (56) 
| (4) This density matrix can be expressed as a linear 
- combination of the four matrices, c; and 1, and thus 
. translated back to a form independent of any special 
representation of the Pauli matrices. It then takes 
the form 


M (1,2) -4 (2^ (1) 
a ae Oa av (ra) (rir)? 


FE 2 0; aen ©2(1) O2(2) 


n 
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where F and G are the radial functions already intro- 
duced. The angular factors in (57) have the form 


O;(1)— f(81) exp (im;v1)/ (sin6)!, 
O»(1)— g(01) exp (2mjv1)/ (sin61)?, etc., 


where f and g are the angular functions of Schrédinger.” 
Such quantities as the number, flux and stress and 
energy density of neutrinos follow in a straightforward 
way from the density matrix (57) according to the pat- 
tern of (56), based on two component spinors. Alterna- 
tively the same answers can be obtained from the Dirac 
formalism, with which we shall generally work. 

In either 2 or 4 component formalisms the energy 
levels of a trapped neutrino are found by solution of an 
eigenvalue equation which can be taken to be (45). We 
assume the geon metric (43). Then the dimensionless 
effective potential, (p), has the form 


£p) — [1— (2/p) &*/p?) — [1 — (2/0) "*(&/p)[1— (3/9)] 
outside the radius p— 2.25; and inside it becomes 
£(p)=k(k—1)/9p?. (59) 


This potential is sketched in Fig. 1 for several values 
of the positive integer, k. Semistable bound states 
occur only for values of k of the order of 10 and larger. 
For such values of & terms in & can be neglected relative 
to terms in £?. Then in the outer region £(p) attains its 
maximum value 


(58) 


Ice c3) = k?/27 
at 
Pmax — 3. (60) 
Its minimum 
Emin (Pmin) = 4°R?/98 
occurs at 
Pmin= 9/4. (61) 


The dimensionless vibration frequency or energy, e, of 
the mth semistable bound state can be estimated from 
the JWKB approximation formula, 


Ge]3«- f te)", (62) 


where a and b are the classical turning points of the 
"bound" state of highest energy. The integral exists 
only when e lies between £min?=2k/27 and Exi — &/3! 
(the two dashed limits in the right-hand part of Fig. 1). 
The total number, M+, of bound states of type k can 
be estimated by setting €? equal to the maximum of 
£(p) and calculating (62), with the result 


N- =| f [(1/27) — (1/p*) + (2/0?) PEL — (2/p) Pdp 


9/4 


+ [^ [(1/21)— (1/9 3d} ; 
` =0.15k—0.5. (63) _ 
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For each value of & the spectrum of allowed values for 
the dimensionless energy parameter, e, stretches from 
a minimum value a little above min? (proportional to k) 
to a maximum value a little less than Emax? (also propor- 
tional to &). In this interval the number of levels, N+, 
is also approximately proportional to k. These qualita- 
tive features of the level scheme are shown in Fig. 1. 

In the absence of a gravitational field the neutrino 
spectrum reduces to the natural analog of the spectrum 
of the free electron. For each wave number, (k:,k,,k:), 
there is one state of right-handed circular polarization 
and of positive energy; and a second state of negative 
energy and left handed circular polarization. All states 
of negative energy are to be considered as filled. Absence 
of a neutrino from a negative energy is to be interpreted 
as the presence of an antineutrino. According to hole 
theory the momentum (or angular momentum) of the 
real physical antineutrino is the negative of the mo- 
mentum (or angular momentum) of the missing nega- 
tive energy neutrino. For that negative energy neutrino 
the momentum and spin angular momentum are oppo- 
site in direction, according to the equation, H — c(o- p), 
of Lee and Yang. Therefore, as they show, the momen- 
tum and spin angular momentum have opposite direc- 
tions for the real physical antineutrino. 


6. STATISTICAL MECHANICS AND THERMAL 
EQUILIBRIUM OF NEUTRINOS 


Gamow and Schoenberg!® have given reason to be- 
lieve that neutrino emission determines the rate of 
gravitational contraction of a heavy star in late phases 
of evolution, after the normal sources of thermonuclear 
energy have been exhausted. In oversimplified terms, 
hot neutrons change to cooler protons plus electrons 
plus neutrinos; hot protons and electrons change to 
cooler neutrons and antineutrinos. The medium con- 
tinually loses energy by emission of neutrinos and anti- 
neutrinos—Gamow’s “Urca process." The v's and »'s 
escape so much more readily than photons that they 
alone determine the rate of energy liberation and gravi- 
tational contraction. In late phases of such gravitational 
contraction the density might rise to a point where the 
opacity of matter even to neutrinos begins to make 
itself felt. For example, consider the point where nuclear 
densities have been reached, of the order of 1038 
nucleons/cm? ; and assume a neutrino interception cross 
section, 10-1? cm?, of the order of that found by Reines 
and Cowan!'; then the mean free path of a neutrino 
will be of the order of only 1 km. Under such conditions 
one has to speak of an opacity with respect to neutrinos 
and a local neutrino temperature along lines familiar 
from the theory of transfer of heat by electromagnetic 
radiation. One does not have to consider this particular 
problem of stellar interiors to raise the question: what 


13 G. Gamow and M. Schoenberg, Phys. Rev. 59, 539 (1941). 
“F, Reines and C. Cowan, J. Taco aa 
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Fic. 1. Comparison of energy levels of an electron in an electro- 
static field and in a gravitational field, and of a photon and a 
neutrino in a gravitational field. The left-hand diagram in these 
four cases gives, respectively, the electrostatic potential; the 
Einstein gravitational potential, — gie" for the “geon metric”; 
the dimensionless effective potential, £(p) —/(I2-1)e'/p* for pho- y 
tons; and the corresponding quantity for neutrinos [the (p) of 
(59)]. The bound states of the electron lie lower than me and are 
therefore stable against electron escape. The energy splitting at — — 
(a) arises from Lamb shift and any other perturbative effects that — 
raise the effective potential near the origin compared to the ideal | 
Coulomb potential. Similarly, a splitting arises at (c) because — 
s-wave electrons respond more than p-wave electrons to the . 
central flat region of the metric. The splittings at (b) and (d) arise 
from spin-orbit coupling. Photons and neutrinos can be trapped | 
only in states of greater or lesser life time, never in completely — 
stable levels. The wave function of a trapped state falls o DO- 
nentially in the region of the effective potential barrier, lower left. 
Zero or small angular momentum comesponds to motion along, 
or nearly along, the radius vector—a kind of motion that always 
leads to escape of the photon or neutrino. The diagrams lower 
right show schematically both the position and the width of 
semistable bound states. Each photon state can be occupie 
any number of photons of either independent state of polariza 
Each neutrino state can be occupied by only one neutrino. The 
corresponding antineutrino state has the same frequency and 
energy and can also be occupied. There is nothing to- re 
with the spin-orbit splitting of the electron states: the angular 
momentum of the neutrino always precesses in such 
stay parallel to the neutrino momentum. 


temperature and a suitably c 
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Fic. 2. Influence of temperature and Fermi energy on the 
equilibrium distribution of neutrinos and antineutrinos. 


shall be occupied is given by” 
W(E)-—1/[14-e-7*£/7T], (64) 


where T represents the temperature (in energy units) 
and nT represents the Fermi energy. 

Translating from hole theory to the physically ob- 
servable neutrino and antineutrino states (Fig. 2), one 
has the expression, 


dn4.— [4rE'dk/ (27)*]/[14-e-7^*^e/T], — (65) 


for the average number of neutrinos per unit volume 

in the interval, dk, of circular wave number; and for 

the corresponding number of antineutrinos, 
dn..— [4r E'dk/ (27)? L1 — W (— Ac) ] 

i — [4r Edk/ (27)? ]/[14- er*^«r7]. 

l The quantities of greatest interest are the total density 

of neutrinos, 


‘ny = (T2/2n2hc8) f 
0 


(66) 


(67) 


a?dx 
ter” 


the total density of antineutrinos (given by the same 
expression with the sign of 7 reversed), and the total 


= energy density, 
x*dx 


evel e [a] 0 


If the Fermi energy is zero, the integrals have the 
s imple values 
E n Ą=n= (T3/22*1*c9) X 1.803, 


E 


E 
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and 
e, — (T*/22*5h3c9) 2X 5.757 


= (122/120) (T*/1c9). (69) 


In contrast, the energy content of electromagnetic 
blackbody radiation is 


€em= (812/120) (T5/h3c9). (70) 


The neutrino energy is smaller than the electromagnetic 
energy by the factor i. The number of accessible 
states of a given wave number is the same for the two 
kinds of radiation: two spin polarizations for photons; 
and for the more penetrating radiation, one neutrino 
and one antineutrino state. Moreover, the occupation 
probability for either kind of state follows the same 
limiting Boltzmann formula for states of high energy 
W(E)--e-F!7, But any given state of low energy can 
be occupied by many photons, and at most one neu- 
trino: hence the advantage for electromagnetic energy 
compared to neutrino energy. These relationships are 
entirely changed when the Fermi energy of the neu- 
trinos has a nonzero value. In that case the energy 
density of the neutrinos can be made to have any arbi- 
trarily large value. 


7. CREATION OF NEUTRINO PAIRS 


In this paper we disregard all processes for creation 
or disappearance of neutrinos which depend upon trans- 
formations of the elementary particles, considering only 
the response of neutrinos to the curvature of the metric. 
More specifically, we limit attention to processes in 
which—according to hole theory—a neutrino is raised 
from a negative energy state to a positive energy state, 
or where, in physical terms, a neutrino-antineutrino 
pair is created. 

Is there anything special about the gravitational field 
which makes it incapable of raising a neutrino from a 
negative energy state to a positive energy state? Other- 
wise stated, does there exist any quantity, Q, which will 
commute or anticommute with the operator in the wave 
equation (51) and which will serve to distinguish posi- 
tive and negative energy states? To construct such an 
operator one has only the four independent 2X2 spin 
matrices. Among these only the unit matrix commutes 
with (51). From it nothing of interest can be con- 
structed. We therefore expect that there is no point of | 
principle which prevents transitions from negative | 
energy to positive energy states. In other words, it is 
as much out of the question in neutrino physics as it 
is in electron physics to make a well-defined distinction 
between negative and positive energy states when 
general ¥gravitational or electromagnetic fields are 
at work. ? 

The mechanism of the transitions in the neutrino 
case is simple. Just as a static disturbance in the metric 
deflects a neutrino, bringing about a transition between 
states of different{momenta,?so a time-varying dis- 


turbance, causes, 2 fzansjtion between states of different 
a f | 
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TABLE III. Order-of-magnitude estimate of cross section for creation of a pair by the collision 


of two quanta of equal 


Process 


but opposite momenta. 


Energy of one quantum 
Localization volume 
Energy density 
Relevant field 

Square of field 


Available potential in region of energy 
concentration 


Potential required to produce transition 
from £,=—hc/X to E= +hc/% with 
nearly 100% probability 


Available disturbance/required disturbance 


Number of times this factor enters into 
matrix element 


Number of times matrix elements occur in 
transition probability 


Pair creation crdss section for 100% creation 
probability 


Resulting estimate for cross section for pair 
creation 


Asymptotic behavior of accurate formula for 
cross section, high energy, unpolarized 
radiation 


y+y—et +e G+G—»+5 
E=he/* E=he/x 
~K ~K 
~he/M ~he/M 
electric gravitational 
c (he) 2 c» (hcG)3/Xà 
8A c (Aic)*/& 8gc- (hG/c)3/X 
bA~hic/Ke ógc-l 
~e/ (hc)! c- (hG/c)3/X 
2 2 
2 2 
~A ~A 4 
ac (e/ hc)? ec (hG/g)*/x* 
ce (eme) ne E) ~(1.6X 1079 cm)*/X* 
~(GE/c)? 4 
ocn (e2/me*)?(me?/E)? Not yet calculated 
XIn[2E/eime] 


energies. Let such a time-varying disturbance in the 
free gravitational field be analyzed into Fourier com- 
ponents in the weak field approximation. According to 
the laws of conservation of momentum and energy, no 
single monochromatic disturbance will be able to pro- 
duce transitions of neutrinos from negative energy 
states to positive energy states (apart from the singular 
case where all three momenta lie along the same line). 
Real pair production demands collaboration of at least 
two of these monochromatic disturbances, traveling in 
different directions. As in the case where two photons 
collide to produce an electron pair, so here it is 
simplest to analyze the two quantum process in a frame 
of reference in which the momenta are equal and oppo- 
site. For an order-of-magnitude estimate of the cross 
section for pair creation it is not necessary to evaluate 
matrix elements in detail. Instead, one can follow the 
reasoning sketched by Bohr and Rosenfeld in their 
discussion of vacuum polarization." Let the two concen- 
trations of energy be pictured as localized in two regions 
of space, of dimensions ~X, and as moving towards 
each other with velocity c, so that they overlap and 
collaborate only during a time interval ~X/c. Then the 
calculation outlined in Table III leads to a cross section 


!* G, Breit and J. A. Wheeler, Phys. Rev. 46, 1087 (1934). See 
E. J, Williams, Kgl. Danske Videnskab, Selskab, eee Tea. 
13, 44 (1935) for the observable physical consequences of this pair 


creation process. 
" N. Bohr and L. Rosenfeld, Phys. Rey. 78, 794 (1950) 
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of the order 
ac- (GE/c*)* . 
~(1.6x10= cm)'/N, e 


for creation of a (v,7) pair by two gravitons, each of 
energy E. The cross section is fantastically small for 
quanta of any familiar energies. As the energy is in- 
creased, a domain of wavelengths is ultimately reached, 
Ac (iG/c?)~1.6X 10-88 cm, at which any normal  - 
analysis of gravitational disturbances into waves would — 
appear to be ruled out: the disturbances in the metric 

have reached the order of magnitude, ógc-1, where — - 
nonlinear effects completely dominate the analysis. — 
Even at such incredibly high energies the estimated | 
cross section (71) only attains a value of the order E 


27-10-96 cm?. (72 ) 


The principle of microscopic reversibility gives 1 
cross section also of the order (71) for the process - 


v4 i—G-FG. i 
The existence of the inelastic process (73) im 


cording to dispersion theory,! the existence o! 
scattering process 


v--(via2G--G)v4- y. 


18 J, S, Toll, “The dispersion relation for light 
to problems involving electron pai 
1952, unpublished; see also J. T 
81, 654(A) (1951). 
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'To estimate the cross section for this process even for 
neutrino energies, fiw, small compared to the critical 
energy (7c5/G)}, it is not legitimate to apply 


m 


(de/ dQ) elastic forward at w = 5E f 


*? g ws (w’)dw’ 


—o 


|. (75) 


e? 
because the principal contribution to the integral comes 
from virtual processes at energies, hw’, comparable to 
and larger than the critical energy. 

We have not considered processes that belong in the 
realm of true elementary particle physics; processes 
such as 

v+routte, (76) 
and 
y+ p(via virtualut4-e-)»v'4- 5’. 
In the frame where the total momentum is zero the 
first process has a threshold at a neutrino energy, 


E=104me. (78) 


The calculated cross section rises well above threshold 
- according to the asymptotic formula” 


abs (g/cc) (E/ me), (79) 
where the beta-coupling constant has the familiar value 
(80) 


From the absorption process one infers via causality 
arguments the existence of the scattering process (77). 
Applied to this process, the dispersion integral (76) is 
only logarithmically divergent. Attribute to the di- 
vergent logarithm the conventional value “10.” Then 
one estimates” a scattering cross section of the order 


(do/d2) forward etastic 77 100" (E28? /ħ5c5)2. (81) 


ES Tt appears reasonable to conclude that both (v,7) 
. — Scattering processes are negligible at any reasonable 
. energies in comparison with the two absorption proc- 
. . cesses. The two absorption cross sections have the same 

E? energy dependence, interestingly enough. Their ratio 
. is the dimensionless number 


ate putter) (EAE 
p. e (v4-7G4-G) (GE/c4)? 
13 = (g/Gh2)i- 09, 


g~10-* erg cm*. 


(82) 


a testimonial to the well-known great ratio between 
beta couplings and gravitational couplings. 


8. DENSITY OF STRESS, MOMENTUM, 
AND ENERGY 


o far we have considered the Tesponse of a neutrino 
(or electron) to a given metric, either static or varying 
e neutri 
Por, m 
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in the metric with the stress-momentum-energy tensor, 
Tir. This tensor has been given for example by Pauli! 
in the case of flat space. Rosenfeld?? has discussed this 
tensor in curved space from the viewpoint of the 
Vierbein formalism and derived some of its components. 
We follow his very general approach. The Lagrangian 
density in general relativity is proportional to the 
quantity 


L(c*/G) R- L]C7 75, (83) 


where R is the curvature scalar and Z arises from other 
field variables in addition to the gi. The requirement 
that the Lagrangian be an extremum with respect to 
variations of the g;; leads to the Einstein field equations 
of the form 


8rG 


Ga(—Ra—igaR)- — Ta, (84) 
c 


where the stress energy tensor, Ti+, is defined for ordi- 
nary fields as the variational derivative 
ACAS 


Ta. (1/85)(-gi- — — 
óg'* 


oL 
= (1/87) (inc), 
ógi* 


and more generally, for spinor fields, by the equation 


(85) 


f Ty Ag" (— g)d' (1/8n)8 f L(—gd*w. (86) 


"The procedure for finding this variation for spinor fields 
is somewhat more subtle than for c-number fields. The 
variation of the g;; reflects itself not only where they 
are used to form invariants, but also in variations of the 
spinors which are necessary to preserve the fundamental 
relationship (1): we must have 


[5s v; let Dv; ]-— 20g. 
One solution is?! 


(87) 


by yy Agen. (88) 


Since any other solution can be obtained from this one 
by a similarity transformation, the above is general 
enough for our purposes. This variation of the y* leads, 
through (2), to the variation of the Tx, t 


OD =F (gs 0T we? — Bpl y), (89) 


where s‘/ is an abbreviation for 4(y'yi— yty’). For the : 


9» W., Pauli, Handbuch der Physik (Julius Springer Verlag, 
Berlin, 1933), second edition, Vol. 24, Part 1, p. 235. ; 

2L, Rosenfeld, Acad. roy. Belg. 18, No. 6 (1940). We are in- 
debted to Bryce DeWitt for the opportunity to see an unpublished 
manuscript of his written several years ago in which the result (92) 


en. 
2! W. Pauli, Ai Phys. 18, 337 (1933). 
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Lagrangian (7), which vanishes when the field equations 
hold, we find the variation 


s ficos far cosas 
= f Lytov V jb ty yer ph ](— g)!da 


= f [3 y, V wage +s (g^' s" gers’) 


X (guð v" = £T yp”) ] (— g) idis, (90) 


where s* is the previously defined four vector of flow 
and density. The ôr, are expressible in terms of the 
dg” and their derivatives. The derivatives are removed 
by partial integration, and the various terms in the 
second part of the integrand collected to form the co- 
variant derivative of the typical component of the 
flow vector, s*: 


TES g)idix 


= f Borse - Idx. (91) 


Comparing (91) with (86), we find the momentum- 
energy tensor 


Tin= — (he/4) yi V p — (Vb) 
-HwiVa—(Valvu]. (92) 


In the case of special relativity, where V= 0/0x*, this 
result—which holds both for the electron and the neu- 
trino—reduces to the energy-momentum tensor given 
by Pauli.? The trace of the energy-momentum tensor 
(92) reduces to 


Tat=pnopty (93) 


as a consequence of the field equations. It is remarkable 
that this trace vanishes for the neutrino field (u=0) 
just as it does for the electromagnetic field. 

One can use this result to derive the expressions 
already given for the density of neutrino energy under 
conditions of thermodynamic equilibrium. 


9. INTERACTION BETWEEN TWO PENCILS . 
ON NEUTRINOS 


We consider a second application of the energy 
momentum tensor. We ask for the effect of a directed 
beam of neutrinos in an otherwise nearly flat space. 
For simplicity, let the beam move in the x direction. 
Take ki= —k,— k&!— k— E/hc. Then the neutrino wave 
has the form 


ug w esp Let unas University TUO 


Here u is a slowly varying spinor function of position 
which (1) is nearly constant in the domain of the pencil 
of radiation—very large compared to A=1/k—and (2) 
falls off smoothly and strongly outside of this region. 
The gradient of y contains terms that come from the 
gradient of u, and others from the gradient of the ex- 
ponential; but the second terms are overwhelmingly 
more important than the first ones. We conclude that 
all components of Tix with 7 or k equal to 2 or 3 are 
negligible. The significant components have the value 


in T4 Tuzck|y|?, (95) 


since the flow-density four vector is light-like. Tolman f 
and Ehrenfest have investigated? the metric due to a y 
pencil like concentration of electromagnetic energy of 
identical character. Therefore the results which they 
derived for light also hold for neutrinos. Two photons 
or neutrinos, or one electron and one neutrino, attract 
when their propagation vectors are antiparallel with 
twice the Newtonian value, and not at all when their 
propagation vectors are parallel. Therefore the neu- 
trinos in a toroidal neutrino geon will be in their most 
stable configuration when half go around one way and 
half go around the other way. 
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10. STRESS, MOMENTUM, AND ENERGY OF A 
NEUTRINO IN A TRAPPED STATE 


As a third application of the stress energy tensor we 
consider the motion of a neutrino in a nearly bound orbit 
in a central field, as in Sec. 5. Let the time dependence 
of the wave function be described by the factor 
exp(—iET/ħc), and neglect any small imaginary part 
of E that describes the slow leakage of the state out of 
the zone of trapping. Then the stress energy tensor 
takes the form 


= (hc/2)e (OV /07) dal E 
—Vran(9/0r) d 

Tr?=—e V Ep, 00) 
T+ T= = [T+ Tr’ |. 3 A 
Require that y be an eigenstate of the z component of. 
the total angular momentum. 'Then these expression 
are independent of $. It is therefore a simple matter to 
sum or average them over various orientations of 
orbit provided the contributions add incoherently. 
easy to give conditions which make this incohe 
addition legitimate.’ The effect of the additi 
averaging is to make (T^), (Tz7), (T°), and (T, 
only nonzero components, and to eliminate 
pendence upon angle. Then these surviving com} 
of the averaged stress-momentum-energy í 


function. When this wave functic 
using the wave equation (32), 


2 See, for example, 
CANE REARS OF SE 
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the form 
(T= (e-/r) [e-"ER*R— (hk/r) R*5,R] 
(Tr) = — (e*/r) ER*R, 
(Te) — (Te?) — (hk/r)e  RFAR; 
however, this form applies only to a Dirac neutrino. 


'The normalization of (36) is such that the fourth com- 
ponent of the flow-density vector integrates to unity: 


(97) 


I= f s4d(volume) 


== frs olo 


** (2) 


2 0*0 
-f Rege-vir f 
0 


sin8 


sinédéd¢. (98) 


The radial and angular integrals are separately nor- 
malized to unity here and hereafter. 

The wave function for the right-handed neutrino, 
as already noted, does not have the form, w, of (36), 
but rather, the form, 2—}(1—7y;5)w of a linear combina- 
tion of two parts. Each part is individually separable 
in the product form but their sum is not. Let R con- 
tinue to denote the radial factor in the first of these two 
parts. Then the normalization (98) will continue to 
apply. The form (97) will not be valid for the stress- 
energy tensor for any individual neutrino state; new 
interference terms have to be added. However, when 
the average is made, as before, over orbits of all orienta- 
* tions, and use is made of the angular properties of the 
functions, as deduced by Schródinger, then these inter- 
ference terms drop out, and (97) continues to apply to 
the Lee-Yang neutrino. 


11. NEUTRINO GEON 


So far as one knows, geons have nothing to do either 
with elementary particle physics or with astrophysics. 
They have interest for quite another reason. Gravita- 
tional fields have a nonlinear character that has many 
unexplored consequences. A few of these consequences 
come to light in the analysis of a geon.?* A collection of 
immaterial energy holds itself together by its own 
gravitational attraction. The analysis of such an object 
or “geon” combines both major topics of the present 

j paper: the response of neutrinos to gravitational fields, 

— and the production of gravitational fields by neutrinos. 
Geons of toroidal form appear in principle to be more 
stable than spherical geons, at least when comparable 
- numbers of quanta go around in the two opposite direc- 
ns. The case in-which the angular momentum is zero 
een analyzed by Ernst. 


iscussion, especially of unexplored analogies 
r further di s and h 


vitation physics rodynamics, see E. Power 
graviti Reve Modern Phys. 29, 480 (1957). 
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In the opposite extreme case where all the neutrinos 
go around the same way, then the right-handed 
character of the neutrinos implies that the resulting 
toroidal system is not mirror symmetric with respect to | 
reflections in its own plane. It would be interesting to | 
investigate the consequences of this asymmetry to see 
whether it shows up in the gravitational field near the | 
toroidal geon. 

Among spherically symmetrical geons perhaps the 
simplest to consider is a thermal geon.? A thermal 
neutrino geon differs from a thermal electromagnetic 
geon only in a trivial respect. The photon energy ‘ 
density in a thermal geon is | 


Tr? = (1/15) (T/R) (w/4r), (99) 


where T is the temperature (in energy units), —e’” 
—g441s the familiar factor in the metric, and «/4 is 
the solid angle within which those rays travel which 
are trapped. The neutrino energy density in a thermal 
neutrino geon is similarly 


Tr? = (s/15) (T*/A*c9)e-(/4m)f(0). — (100) 
Here the dimensionless factor, 
€ yide o yda 
f(a)=(15/2e9| f +f } aon 
0) Lae" o 1-d-e7^ 


is uniquely fixed by the Fermi energy, E»=nT of the 
trapped neutrinos. All the analysis of thermal electro- 
magnetic geons? can be taken over immediately to 
thermal neutrino geons. For this purpose it is only 
necessary to redefine the characteristic scale of length, 
Rr, as 


Rr= (1526/82? f ()G T*)3, (102) 
and the characteristic unit of mass as 
M r= (155901/83? f(n) T^). (103) 


Then all the calculated graphs of reference 23 apply at 
once, and a complete description of the metric and 
energy distribution is available for a thermal neu- 
trino geon. 

In the other simple limiting case of a spherical neu- 
trino geon, all of the energy is concentrated in a thin 
spherical shell. In ray language, all of the neutrinos are 
executing circular orbits of the same radius. Orbits of 
all orientations occur with equal probability. It is a 
matter of choice—that is, a matter of initial conditions 
—whether neutrino orbits of many different energies 
are occupied, or only states of a single energy are filled. 
We take the second option to simplify the analysis, 
although it demands a higher energy per neutrino to 
provide a given total mass. The wavelength of the 
neutrinos is then very small compared to the geon 
radius so the quantum number, k, is very large. 4 

'To formulate equations for the self-consistent metric, 
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breviations 
Q— E/hc, 
p=Qr, (104) 
dp* — c dp, 
e*=1—2p"L(o), 
- where L(p) is a parameter that measures the mass in- 
cluded within the distance 7; 
om =O(p) 5 
d and 
Íp F(r 
( )-teeoi- Dz/e( ) (105) 
g(p) G(r) 


where the radial functions F and G have the nor- 


malization 
ao 


Í er (pr--G»dr-1. (106) 
0 

The wave equation takes the form 

d f/dp**- [1— (e*k*/p*) + (d/dp*) (ck/g) ]f=0, (107) 


and the Einstein field equations lead to the formulas 


dL/dp*= (1/20) (£F 8") 
= (1/20) f+ (d f/dp*)*4- (eE"/ p^) f 
— (e"k/p)d f/dp* ), 
dQ/dp* — (p— 2L)" f*4- (df/dp*)*]. (108) 


These equations for the self-consistent field of a thermal 
geon are very similar to (38), (40), and (41) of refer- 
ence 12 for electromagnetic geons. When we neglect 
terms in k compared to terms in k*, the two systems of 
equations become identical. The solution for the case of 
large angular momentum? leads to the geon metric 
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already used (43) in discussing the response of neutrinos _ 


to a given gravitational field. In summary, geons can. 
be constructed in principle out of neutrinos in much the 
same way that they can be constructed in principle out 
of photons. 


12. CONCLUSION 


From our analysis of some of the interactions between 
neutrinos and gravitational fields we conclude that 
neutrino physics has an interesting character in and by 
itself, even when attention is withdrawn from all beta- 
ray transformations. The behavior of neutrinos has 
become a little clearer, but the mystery why spinors 
occur in nature is left as pressing as ever. What is there 
about the description of the geometry of space which 
is not already adequately covered by ordinary scalars, 
vectors, and tensors of standard tensor analysis? To 
this question the mathematics of spinor fields gives a 
well known answer: spinors allow one to describe rota- 
tions at one point in space completely independently of 
rotations at all other points in space—rotations that 
have nothing to do with the coordinate transformations 
that are treated in the usual tensor analysis. Fully to 
see at work this machinery of independent rotations at 
each point in space, we do best to consider the spinor 
field in a general curved space, as in this paper. But the 
deeper part of such rotations in the description of 
nature is still mysterious. 
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REVIEWS OF MODERN PHYSICS 


1. INTRODUCTION AND SUMMARY 


HE well-established classical theory of fields 
with zero rest mass has rich consequences, many 
of which still stand unexplored today (Table I), 
forty years after Einstein's formulation of the general 
relativity theory of electromagnetism and gravitation. 
One new consequence appeared in a recent investiga- 
tion.! An electromagnetic field, or a neutrino field, or 
a mixed field, of appropriate character and sufficient 
energy density can hold itself together, it was calculated, 
by its own gravitational attraction for a time long in 
comparison with the characteristic periods of the field 
oscillations. Or a the gravitation field, sufficiently 
strong, can guide an electromagnetic or neutrino wave 
and confine its energy to a bounded region of space. 
When the energy of the standing wave is great enough, 
it has enough mass to provide the guiding gravitational 
field all by itself. The wave holds itself together. 
Thus the gravitational and electromagnetic field 
equations of general relativity admit self-consistent 
solutions of great variety, many of which describe a 
reasonably stable concentration of energy. Such a 
“gravitational electromagnetic entity" or “geon’’ is 
endowed with mass, has a characteristic decay rate in 
the free state, moves through space like a Newtonian 
"body" when subjected to fields that vary sufficiently 
‘slowly in space and time, and under the influence of 
‘Stronger fields undergoes transmutation. Geons of 
= mass greater than 1095 g and radius over 10" cm are 
= subject to classical analysis. Smaller geons, even very 
- much smaller geons, presumably exist, but are specif- 
= ically quantum objects. Their properties have not yet 
_ been investigated. The large, classical geons have no 
known connection with observational science. Their 
= interest lies in what they tell of the richness of a pure 
| a field theory. The pure classical field theory, it would 
h à perhaps be better to say: the only well tested theory 
— that one has for fields of zero rest mass; the theory of 
$ _ elementary fields, not fields associated with particles 
that are themselves complex; the only field theory long 
established in its own right, not invented to account 
for selected particles or for special features of nuclear 
f orces. 
From the pue field theory of the fields of zero rest 
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of one particular kind of geon, a 
ollowing properties: 
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(1) The gravitational field is static and spherically 
symmetric; i.e., in appropriate coordinates the element 
of proper distance, ds, or proper cotime, dr, has the 
form, 


(ds)? 


a, pee celine, a aie ES 


— (dr)?= gagdx*da = e^ (dr)? 


+r°[(d0)?+ (sinodo)*]—e'(dTY, (1) 


where \ and » are functions of r alone, found by 
numerical integration. 

(2) Each independent mode of vibration of the 
electromagnetic field is idealized to fall into one or 
other of two sharply separated classes. The energy of 
modes of the first class remains trapped for all time. 
'The second class of vibrations carry energy freely to 
infinity. The one class corresponds (in the language 
of photon orbits) to bounded null geodesics, the other 
to null geodesics that lead to infinity (Fig. 1). In 
actuality the energy of the “bounded” modes leaks off 
to infinity at a nonzero rate through a refractive index 
barrier, after the manner of alpha-particle penetration 
through a nuclear potential barrier. The rate of leakage 
falls off exponentially as the ratio of the dimensions of 
the geon to the wavelength of the disturbance in 
question. In a thermal geon the wavelength of the 
average mode is so small in comparison with the geon's 
radius that the leakage rate is effectively zero for all 
but a very restricted class of vibration modes. These 
few modes on the orbit picture belong to geodescis 
close to the crossover from bounded orbits to free 
orbits. The outward transport of energy resulting from 
such modes is relatively small and is legitimately 
neglected in a first analysis of a thermal geon. 

(3) All free modes are assigned zero energy. Each 
bound mode of circular frequency Qc is idealized to 
have an excitation 


mo? = Eg —hcQ[ — 1--exp (icQ/ T) J. (2) 


All properties of the thermal geon are specified by the 
single parameter 7, which has the dimensions of energy 
and which we call the temperature. Occurrence of the 
quantum of angular momentum, A, in this formula 
makes assignment of boundary conditions no different 
in principle from that in any classical problem: It is an 
act from outside, it may or may not have a quantum 
origin, but it alters in no way the purely classical 
character of all the rest of the analysis. 

Itis easy to compare and contrast thermal geons with 
other gravitational-electromagnetic entities. In all 
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TABLE I. Qualitative comparison of the present state of charge- and mass-free gravitation and electromagnetism with hydrodynamic —_— 
theory showing how many features of the Einstein-Maxwell field still remain to be explored. pes 


THERMAL GEONS 


Hydrodynamics 


tn 


6. 


15. 


16. 


ELI 


18. 


19. 


G. 


AIG, 
«A. 


. Divergence condition; pressure-density relation; and equa- 


tions of motion. 


. Formulation in terms of a single action principle. 
. Descriptions in alternative coordinate systems related by 


tensor analysis. 


. Hedlund and others have made a beginning at representing 


the laws of mechanics in an abstract coordinate-free form. 


. Two alternative formulations of equations, according as 


one analyzes the time change of the hydrodynamic quantities 
at a given space point or at a given mass point 


Degree of arbitrariness in specification of initial conditions 
well understood. 


. Expansions for hydrodynamic quantities near a typical point. 
. Behavior of fluid near a stagnation point or a triple point 


or a vortex center. * 


. Fluid motion generated by an elemental source or sink. 
. Expansion of density, pressure and other quantities near a 


point in a series of spherical harmonics. 


. Sound waves; radiation pattern related to source geometry; 


radiation damping. 


. Shock waves; Mach triple point; slip stream.> 


. Vortex ring moving in quiet fluid maintains its identity 


and integrity for a long time. 


. Law of motion for the center of a vortex follows from the 


hydrodynamic equations themselves. ° 


Turbulence under appropriate conditions describable in 
statistical terms. 


Generation of sound waves by turbulence partly studied.4 


. Many special solutions of the hydrodynamic equations are 


known from similarity arguments or group theory or other 
special methods of analysis. 


Many types of hydrodynamic instability have been analyzed, 
among them Rayleigh-Taylor instability and Holmholtz 
instability and Bénard cells.* 


One has developed a set of secondary concepts adequate to 
describe many derived properties of the hydrodynamic field: 
turbulence; vorticity; acoustic impedance; radiation flux, etc. 
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MES, stabilis f thee P 
e stability of the expan 
. Landau and E. Lifschi 


Ann, Ph 


N 


11. 


13. 


14, 


15. 


16. 


17. 


18. 


19. 


. Maxwell’s source-free equations in curved spaceand Maxwell’s 


. Formulation in terms of a single action principle. 
. Description has same form in all coordinate systems, much 


. Nothing known to have been done to represent the Maxwell- — 


. Coordinate system employed, x‘, may be arbitrary, or may x 


. Cartan-Lichnerowicz equations must be satisfied by initial 


. Expansion for gix and Fy, and R;jx near a typical point. 
. Behavior of electromagnetic and gravitational field near a = 


. Schwarzschild and Reissner-Nordstróm solution.» > 
10. 


. Behavior of waves of high amplitude not yet known, even 


Gravitation plus electromagnetism 


stress-energy tensor as source term in Einstein’s gravitational 
field equations. 


as in group theory the laws of multiplication of the matrices : 
that represent group elements are independent of the special — 
choice of representation. a 


Einstein theory in a coordinate-free form as abstract as the 
abstract theory of groups. 


be given an invariant significance (A. Komar) by identification 
with four of the fourteen invariants, J. of Géhéniau and fe 
Debever.! AE 


conditions, but means are not yet known to generate the 
general solution of these initial value requirements.& 


point of special symmetry. > 


+ 


Similar expansion in spherical harmonics for small departures — — 
from a condition of spherical symmetry seems not yet to F 
have been given.! 


Electromagnetic and gravitational waves in small amplitude — 
approximation and their radiation pattern as related to the 
geometry of the source. Radiation reaction analyzed for 
electromagnetic but not for gravitational radiation. ET 


pU 


qualitatively, except in very special cases. 


Collections of electromagnetic or gravitational waves or 
both under suitable conditions hold themselves together 
gravitationally for long periods of time (“geons”). 


Law of motion for a geon follows from the field equations — 
themselves; the law of motion along a geodesic does not have 
to be introduced as a separate postulate. 


Radiation—isotropic or not—under appropriate conditions 
also describable in statistical terms. 


Gravitation-induced interactions between electromagnetic - 
waves, gravitational waves and geons, and cross sections for - 
elementary types of encounter between these objects, hardly 

analyzed at all so far. p, 


Problem of homogeneous isotropic closed radiation-filled 
universe and its expansion and subsequent contraction, an 
a few other special problems have been analyzed. Field 
largely unexplored.i 1 


One does not know how small departures from spherici 
grow with time in the problem of the expanding uni: 
nor in the Schwarzschild-Reissner-Nordstróm solution. 
problem of stability analysis is practically untouched.! 


Terminology for the electromagnetic field, with i 
components, is extraordinarily rich; but for the gravita 
field, with twenty Rijx the present secondary con 
structure is very rudimentary, having as yet no te 
analogous to dielectric constant, permeability, Po) 

vector, radiation pressure, Thomson scattering c 
inductance, etc. 
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Fic. 1. (a) Schematic diagram of null geodesics or ray orbits in 
the gravitational field of a thermal geon. Smooth curves: bound 
orbits. Dashed curves: orbits that come from or go to infinity. 
Dotted curves: inner and outer boundaries of the active region 
of the geon; i.e., limits between which all bound rays circulate. 
(b) A ray which is to reach to the point r must have an impact 
parameter less than w(r). Here x(r) (—re-"?) is plotted as a 
function of r in dimensionless units. Rays that are bound must 
have impact parameters between P;—0.51Rz and P2=0.62Rr, 
where Rr is a unit of length uniquely determined by the tem- 
perature. 


demands localization of each mode of electromagnetic 
3 oscillation in a region where the dimensionless measure, 
—£4s, of gravitational potential (—1—2 GM/cr for 
Schwarzschild’s point mass solution) is small compared 
with unity, and orientation of the flow of field energy 
in each mode normal to the gradient of —g44, or in 
a direction not too far from normal. In contrast, a 


PA A Sie E 


spherical geon can always escape. 

That region of space where — g44 is small compared to 
unity, or where the rate of ticking of a standard clock 
is greatly slowed, is in some ways analogous to the 
closed container of the theory of blackbody radiation. 
There every mode is confined, while here only the 
- — bounded modes—or modes of semitangential energy 
—  fransport—properly belong to the interior of the 
É "container. Except for this difference the varieties of 
geon are as numerous as the states of electromagnetic 
; field disturbance in a hohlraum. In the general case 
í modes of oscillation of the field are excited, 
| with an amplitude of its own. Then the gravita- 
Feld resulting from the average energy distribu- 
no particular symmetry, and the mathematical 
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photon that travels outward along a radius vector in a 
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analysis is complex. There are at least three particularly 
simple types of geons. (i) Toroidal geons. Here the 
electromagnetic energy is concentrated in the equatorial 
ring where the gravitational potential has its extreme 
value. The energy flows around the ritig in equal or 
unequal measure in the positive and negative senses. 
The ratio of the fluxes in the two directions is unity or 
zero in the two special subcases of zero angular momen- 
tum and maximal angular momentum. Toroidal geons 
presumably have the greatest stability of all geons of a 
given mass and angular momentum. They have received 
partial mathematical analysis by F. J. Ernst.” (ii) Simple 
spherical geons. Here the gravitational field has nearly 
spherical symmetry. The electromagnetic energy is 
localized in a single mode of field oscillation with no 
radial nodes and has a large but definite number, /, 
of nodes in the angular variation of the field quantities. 
More accurately, the energy is divided over a nearly 
degenerate system of modes, corresponding to different 
spherical harmonics of the same / value but different 
m values. Such geons! require for specification two 
parameters: the mass and the azimuthal index number, 
l. The electromagnetic fields are intense in a relatively 
thin spherical shell, or active region. In the course of 
time nonlinear couplings build up the strength of 
originally unexcited modes, and the energy distribution 
slowly becomes more diffuse. (ii) Thermal geons. 
Here the gravitational field is again spherically sym- 
metric, but the available electromagnetic energy is 
distributed over all confined modes according to the 
most natural of statistical laws. A thermal geon is in 
many ways the simplest to discuss because all its prop- 
erties are fixed by a single parameter, the temperature. 

Orders of magnitude and scaling laws for thermal 
geons are readily discussed. Let the energy density of 
blackbody radiation be denoted, by b74/h%c3, where 
b— 77/15. The energy density in the active region is of 
the same order 


energy/volume-- M c?/ Ré——bT*/f*e. (3) 
The linear extension, R, of the active region is set by 


the requirement that —g,, deviate substantially from 
unity inside: 


GM/?R~1. (4) 
From (3) and (4) the size is of the order 
R~Rr= (hic? /8xbGT")}, (5) 


where the factor 87 has been included for later con- 
venience; and the mass is of order 


M~M r= (lic 8rbGT*)4. (6) 


Higher temperature corresponds to geons of greater 
energy concentration, and of smaller mass and size. 
'There is a maximum temperature, and a smallest 
size, for which geons are free from electron pair creation 
and annihilation phenomena. (1) Thermal energies 


? F, J. Ernst, Phys. Rev. 105, 1662 and 1665 (1957). 
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must be insufficient to creat pairs, or the temperature 
T must be significantly less than 2mc?. (2) The electric 
field 6 acting on an electronic charge over the character- 
istic localizability distance for an electron, A/mc, 
must be insufficient to raise the particle to a state of 
positive energy : 


S 6< 6 ue me /eh—4.1X109 (g/cm sec?)! 


(=4.41X 10" gauss). (7) 


Consequently the energy density of the field must be 
limited to values less than 6.,i2/87 to permit a simple 
analysis: 


(12/15) T/E < (m/h)? /8r 
whence 


T « [ (15/7?) (137/87) ]'me = 1.70mc* (1.01 X 10" °K). 


Corresponding to the limit 7~mc? on the temperature 
there are limits 


ce (me*)*/hic = 1.41X 10° erg/cm? on energy density 
comi / hi$ — 1.57X10* g/cm? on mass density 
c (h3/Gmc): - 9.25x 10" cm on size 
~ (ffc / Gm): — 1.25 X 10 g on mass. 


All analysis in this article confined to geons on the 
high mass side of these limits. 

In the realm of sizes that are free of electron physics, 
geons satisfy the simple scaling law implied by (5) 
and (6): when one geon is hotter than another by a 
factor or two, it has a mass and radius four times as 
small; but apart from this difference of scale it has the 
same law of fall off of activity as does the cooler geon. 
For this reason the calculations are carried out in terms 
of the dimensionless scale independent variable 


x—r/Rr, (9) 


where Rr is the characteristic distance of (5). It is 
found that the mass has the value 


x M=0.099 Mr, (10) 


where M; is the characteristic mass value of (6). 
The total mass M (r) out to the distance r, and the 
dimensionless measure of this mass, 


m(x)— M (r)/Mr, 


E 


are defined by 
e= 1—2GM (r)/&r-1—2m(x)/x (11) 


The dimensionless measure of mass, m(x), is shown 
in Fig. 2, along with the metric quantities — ger (x) - e 
and g,—6^ Figures 1 and 2 contain the principal 
results of this paper. 

The analysis is simple in outline. If the gravitational 
field 1S temporarily assumed known, then the informa- 
ion is at hand to set up Maxwell's equations for 
characteristic vibrations of the electromagnetic field. 
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Qc, and is therefore assigned by Planck’s formula a 
definite amount of energy. Distribution of this energy 
in space follows from the form of the field eigenfunction. 
Summation over all characteristic modes then gives the 
total energy density—and similarly the total stress—in 
the field at any specified point in space. The stress- 
energy density so found—or its time average value— 
constitutes the entire source for the original static 
gravitational field. One arrives at a coupled system of 
equations for the gravitational field and for the 
characteristic vibrations of the electromagnetic field. 

In practice the number of characteristic modes of 
appreciable excitation is so enormous that a statistical 
treatment of the characteristic modes is more appro- 
priate than any detailed solution of Maxwell’s equations. 
The Fermi-Thomas picture of electrons in an atomic 
field bears a relation to the Schrödinger equation like 
the connection between the statistical analysis of 
optical rays and the solutions of Maxwell’s equations 
in a gravitational field. In both cases the JWKB 
approximation method links the wave point of view 
to the particle or ray picture. In Sec. 2 Maxwell’s equa- 
tions in a spherically symmetric metric are separated 
into an angular and a radial part. The solution of the 
radial part in the JWKB approximation is found to 
depend upon a single constant, the impact parameter P. 
For a ray which can escape to infinity this distance is 
defined as the asymptotic separation of the ray and a 
parallel ray which comes straight through the center of 
the geon without deflection. For a trapped ray, the E 
concept of ray provides an idealized description of a 
mode of vibration of the electromagnetic field. The 
amplitude is large and oscillatory in the region of 
trapping, falls off exponentially outside the zone of con- 
finement, but with still greater distance starts again to 
oscillate, corresponding to a weak leakage wave that 
runs off to infinity. This leakage wave, described in ray 
language, has an impact parameter, P, that is a property 
of the mode of vibration as a whole. Bound rays in a 
thermal geon have impact parameters between the two 
limits (Fig. 1), 

P,\=3'GM/2=0.51Rr 
and 
P2=0.62Rr, 


and move always between the limits 
Rmin= 0.14Rr and Rmax=0.30Rr. 


Every point in space is characterized by a critical 
impact parameter, f 


m(r)=r expl —}v(r)]. 


No ray with impact parameter greater than m( 
arrive at 7. Trapped rays are associated 
shaded region in Fig. 1. Among these, the 


geodesics, there is exactly one which is 
radius is 


SR BFS FS 8 es 


(c) 


— — and its impact parameter is 
7 (Reircte) = Peircto= P2 0.62 R7 (16) 


Circular motion at the radius R= Rmax is also possible, 
but is unstable. On receiving small disturbance the orbit 
= spirals inward or outward from the circle, slowly at 
— first and then with steeper pitch. This orbit, with 
= impact parameter P=, marks a boundary between 
= Orbits that can be trapped (P2>P2P,) and those 
that can not. 
_ The impact parameter P= P; gives the bound orbit 
with the greatest possible range of excursion in r, 
from r=Rmin to 7=Rmax. The bound orbit with the 
= maximum possible impact parameter, P— P» has the 


rameter P=P, near the outer limit, r— Rma, of 
egion of trapping. All the mass M of the system 

, and the total angular 

. mass-energy is zero. 


Fic. 2. Self-consistent solution of the problem of the thermal 
geon. The circles represent the results of numerical integration for 
the trial value of the eigenvalue parameter closest to giving a 
function m(x) having the proper analytic behavior, as given by 
(86) and (89), at the two limits, and the smooth curves represent 
an estimateof the courseof thefunctions for the correct eigenvalue. 
The quantity e" can be regarded as a measure of the gravitational 
potential that binds the photon in the orbits of Fig. 1. The ordi- 
nates in graphs (b) and (o are Q? and e", respectively. 


and throughout this same region the critical impact 
parameter associated with any point 7 is 


a(r)=r[1—2GM/c?r f>. (18) 


The minimum value of this quantity and the value of 
r at which it occurs have to be identified with the 
coordinates of the critical turning point, Pı, Rmax, in 
Fig. 1. Thus, a ray coming from outside with this 
critical impact parameter, like a ray coming from 
inside, must approach the point r=Rinax without ever 
reaching it, in the manner of a spiral asymptotic to a 
circle. By differentiation of (18) we find 


Rinz =3GM / c 
Pi-m(Rmx)7—3!GM/e. (19) 
The comparison between the two extreme bound orbits 


is striking (Fig. 1). One is exactly a circle of radius 
r= Reise. The other, starting as a straight line tangent 


to the smaller circle Rmin moves out to larger 7, - 
gradually curving as it: goes, crosses the circle r— Reirc - 


and ends up at the circle 7=Rmax after an infinite 


———— ——— REEERE - 
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Rmin and Rmax and ask which of the bound orbits cut 
this sphere. Not all of them, unless 7 happens acciden- 
tally to equal Reircic. A typical trapped ray (P2 > P > P1) 
will or will not reach the distance r according as its 
impact parameter is less than or greater than the 
critical impact parameter, m(r), associated with the 
point r. The extremal ray P=7(r), that can barely 

A touch the sphere moves at that part of its orbit perpen- 
dicular to the axis. A ray of a slightly smaller impact 
parameter cuts across the sphere of radius r both on 
its outward excursion and on its return, both times 
with only a small velocity component normal to the 
surface. A bound ray of minimum impact parameter 
P, cuts this sphere closer to normality than does any 
other bound ray. Rays of this impact parameter 
observed at the point r will have all azimuths. Including 
both outgoing and reflected portions of orbits, these 
rays define a double cone. This double cone bounds 
the bundle of directions filled out by all the trapped 
rays (r(r) Z P 2 P). This bundle embraces the largest 
solid angle when r= Reircto; 1-€., when v(7) — Tmax bound 
=P». The bundle narrows down to a flat disk perpen- 
dicular to the radius vector when r approaches either of 
the limiting values Rmin or Rmax; le. m (7r) — P1. 

For a quantitative measure of ray direction we 
define an angle of inclination, a=0, for a ray (unbound!) 
that travels parallel to the radius vector. For any 
other ray the inclination, a, depends upon the impact 
parameter P that characterizes the whole course of 
that ray and the point r at which that ray is observed : 


d (proper distance Lr) 
tana. —————————————— 

d (proper distance ||») 
=rd9/e dr — [n? (r)/ P —1]3; 


sina = P/7(r). 


(20) 


The bundle of bound rays has, at the point r, angles of 
inclination that range from 


- a=arc sin[ Pi/r(r) ] (21) 


for outgoing rays of the minimum impact parameter P, 
through a— 7/2 for rays of the local extremal impact 

P parameter m (7), to 
a=m—are sin[ P;/x(r) ] (22) 


for returning rays of the minimum impact parameter, 
P. The allowed rays fill a fraction of the entire solid 
angle given by 

c/ 4m — cosa=[1— P,2/n2(r)]}. (23) 


Normal blackbody radiation would have the energy 
density ; 


DT e = (ASTA, 


(24) 
The actual energy density is less because only a portion 
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(23) and because the effective temperature at the point — 


r is not T, but 
T/(— gu) =T, (25) 


according to Tolman.’ Thus the energy per unit volume 
is 
Tr? = (bT) (o/4m)e". (26) 


The same result is obtained from first principles in §3 a 
by evaluating the energy density of each individual $i 
bound mode of vibration of the electromagnetic field 
and summing over all bound modes. The JWKB 
approximation is used, together with the wave-ray 
correspondence. All summations are replaced by 
integrations in view of the enormous number of proper 
vibrations of appreciable energy content. A similar 
calculation gives for the radial component of the 
electromagnetic stress energy tensor 


= (1/3) (OTRE) (o/ 4n fet", (27) 


The circumstance that one has in principle to deal 
with a practically infinite number of eigenvalue 
problems in treating the trapped modes of vibration, 
far from causing difficulties, helps to express the stress- 
energy tensor in terms of purely geometrical quantities. 

In Sec. 4 the self-consistent system of equations of 
the geon is analyzed and solved. Thus, (26) and (27) 
with (23) and (14) give the source of the gravitational 
field—the electromagnetic stress energy tensor—in 
terms of the gravitational field itself. In addition we 
require only the law to find the gravitational field from 
its sources—Einstein's generalization of the equation of 
Newtonian theory, 


V?p=4nGp, (28) 
where e is Newtonian potential and p is the mass 
density. n 

The field equations of general relativity give the 
second derivatives of the giz in terms of the ten source 
strengths T; of which the component, Tss divided 
by c is the mass density. The metric tensor, Sik, 18 j 
completely known except for the two dilatation faa E 
tions, A(r) and »(r). Consequently, two of eiui 
equations are sufficient to determine the potentia ! 
terms of the source strengths: 


Ree (r7 dv/dr4-r?) =r] = (8rGRr/ A)T 


=n, 09) 
Ree (r2 rd /dr) re] (8rGRt/ ^) T: 0) 
= — (o/d) i; 


Here the expressions (26) and (27) for the E 
tensor in terms of the solid angle har varit 
In terms of the dimensionless independ 
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w=1r/Rr; these are 
€^ (a-ldv/dx4-x7) — x= (3) (o/47)'e?* 
= (3) (l= rire) 
€^ (a? — ad /dx) — a? = — (ew/Am)e- 
=—(1—aae’)}e".__ (32) 


These are the two differential equations for the self- 
consistent solution of the thermal geon problem. 

In (31) and (32) the quantity x; is an eigenvalue 
parameter which measures the critical impact parameter 
P; in dimensionless units. Also it determines what 
mass M is required to give stability to a thermal 
geon of temperature T: 


a; P1/Rr= (33)GM/G)/(GMr/d)-3M/Mr. (33) 


This parameter has to be chosen in such a way as to 
yield a solution that is acceptable in the following 
sense: 


(31) 


(1) The metric dilatation parameters must join on 
smoothly to the Schwarzschild values at the outer 
boundary of the active region; (2) The metric must 
become flat at the inner boundary of the active region. 
Specifically, from Eqs. (17), (18), and (19), the condi- 
tions at the outer join point, x— Xmax, are 


"max 01/93; 
e=}; dv/dx-3i(2/23), 
£—3; dd/dx=—3}(2/2). 


At the inner join point, *=2min, the boundary condi- 
tions are 


(34) 


(xe?) at Xmin= xı (definition of amin) 
dv/dx- dA/dx- 0. (35) 


For convenience in numerical integration of the 
self-consistent equations these boundary conditions on 
A(x) were expressed as boundary conditions on a 
variable, m(a)—the effective mass up to a distance x, 
defined by the question 


£?^—1—2m(x)/x. (36) 


At Xmax — 21/3! we have m(xsax) — (3)xmax and (dm/dx) 
—0; at the inner point both m(x) and (dm/dx) are 
zero. The differential equations were integrated with 
an electronic digital computer starting at a specific 
inner join point and proceding outwards until either 
an(x) — x/3 or dm/dx=0. In the former case the devia- 
tion from flatness was noted, the inner join point 
made larger, and the integration repeated from the 

tart. When m(x) became flat before reaching the 
value (3)xmax, the inner join point was made smaller 
d again the integration repeated. Figures 1 and 2 
ort the results of the integration for the best 
je of x; found with the limited machine time 
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Details of the present analysis of thermal geons 
follow. 


2. THE PROPER VIBRATIONS OF THE 
ELECTROMAGNETIC FIELD 


Analysis In Spherical Harmonics 


The electromagnetic field Fj,(Fo~Hz; Fyy~E,) 
satisfies the eight source-free Maxwell equations 


(—g)~3(0/d*) (—g)*F^— 0 (38) 
and 
(a8 y) OF./0x* — 0. (39) r 


Here the numbers {ijkl} are defined by (1234) — 1 and 
by {ijkl} changing sign on reversal of any two indexes. 
Also g is the determinant of the gi: g= —rsin'é 
Xexp[2 (7)2- » (7) ]. In the static spherically symmetric 
gravitation field the Maxwell equations are invariant 
with respect to a group of transformations built from the 
following elementary operations: (1) rotation of the 
space frame of reference; (2) translation of time; (3) 
inversion of the space frame in the center of symmetry; 
(4) reflection in a plane through this center; (5) reversal 
of time; (6) interchange of the roles of electric and 
magnetic fields, according to the substitution 


Flt =h (—g)H ike) gere, (40) 


d 
1 
| 
such that E"--H', HU~—E!. For a flat space time 


continuum one knows the irreducible representations of 
this group of transformations and the basic set of 
functions on which these transformations operate, 
and it is very easy to modify the results for the present 
spherically symmetrical curved static space time 
continuum. The basic solutions are characterized by a 
circular frequency, Q/c, by two angular momentum 
quantum numbers, / and m, and by the statement 
that the disturbance is of electric or magnetic multipole 
character, as the case may be, in the following sense: 
(1) Magnetic multipole field: the electric field is 
everywhere exactly perpendicular to the radius vector; 
the parity of the electric field with respect to space 
inversion is (— 1); the parity of the magnetic field is 
(—1); and the field is expressed in terms of a four 
potential A; 


Fj,—04,/0xi—94A ;/0x*, (41) 


which lies always on the surface of a sphere with 
center at the origin, and points always in the direction 
of the electric field. Thus 4,— 47-0, and the space 
vector A is a function of r multiplied by rX V acting 
on a spherical harmonic. The normalized spherical 
harmonic‘ is denoted by Y; (0,9). We write 


Q= Y 109 (8,9) exp(—iQT); (42) 
then the nonzero components of the vector potential 
4 See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical 


Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 
references to the original literature. 
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for the mode in question have the form 
Ag=a(r)imQ/siné-+ complex conjugate, 
As —a(r) sinddQ/d0-+-complex conjugate, (43) 


where the radial function a(r) has the dimensions 
(g cm?/sec?)* or gauss cm? or cm electrostatic volts. 
The field itself, F;;,, is expressed relative to the coor- 
dinate system that appears in the metric (1). However, 
the field is more easily visualized in a local orthonormal 
coordinate system that is aligned along the 7, 0, ¢, T 
axes. In this frame we shall call the field (EH). From 
(43) we derive 
gr? E =F n=0 
re"? E= Pop = —QamQ/sin0-- c.c. 
r sinĝe” E= F,7— —Qai sin0-0Q/90--c.c. 
7? sinb H, = Fs,— l(14-1)a sin6Q-F c.c. 
r sine? H= Fs, — (da/dr) sin6-0Q/00-4- c.c. 
re? H,— F= (da/dr)imQ/sin0--c.c. 


(44) 


(2) Electric multipole field: the magnetic field is 
everywhere exactly perpendicular to the radius vector; 
space inversion multiplies the electric field by (— 1)"*!, 
the magnetic field by (—1)'. This type of field is 
obtained from the magnetic multipole field by two 
steps: (a) replace a(r) in (43) by b(r) and call the field 
F so calculated *F" (b) substitute this field into (40) 
and calculate the field *F!*," This is the desired 
electric multipole field : 

F,p— L(I 1)Q?r e+» (v)Q-F c.c. 

Fs, — Qe? (db/dr) (9Q/90)-- c.c. 

Fay Qe-N***? (db/dr)imQ-- c.c. 

Fs4,—0 (45) 
F4, elb (r)mQ--c.c. 

Fo, = e!?-»!2b (r)i (00/08) +c.c. 


Radial Function 


The radial factors a(r) and b(r) in the field expres- 
sions (44) and (45) satisfy a common differential 
equation,°® 


d f/dr*24- [O2—1 (1+ 1)e"/r?]f=0 (46) 


dr*— gt-rqr. 


where 


We demand a solution of (46) that is regular at the 
origin. Near the origin \ and v are constant, and À 
is zero.! Consequently, f varies as 7'*! near the origin. 
At larger 7, f increases roughly exponentially until 
the first zero of the square bracket in (46): r— ri. 


5 Reference 1, p. 520. See also A. Eddington, The Mathematical 
Thoery of Relativity (Cambridge University Press, 1923), p. 175, 
where the vector wave equation is written in the form (14^ 
--Ra4"nA*—0, with Llé-$?)5;ag (equivalent to our (8/02?) 
x(—gir*z0). 


Beyond this point the quantity 

L(I--1)e7/Qer? (47) 
falls below unity, the square bracket is positive, and 
the solution is oscillatory. With further increase in 7 
there are two possibilities which are familiar from the 
closely analogous problem of alpha decay: (1) The 
quantity (47) never rises above unity again. In this 
case the solution remains oscillatory to infinite 7, 
ultimately approaching the behavior 


f(r)~c sin(Qr4- c2). (48) 


Such a solution represents an electromagnetic wave 
that runs freely to infinity (analogous to an alpha 
particle with energy that exceeds the potential barrier). 
Since such a wave carries energy away from the geon, 
it is not of interest in constructing a relatively stable 
object. Such modes of oscillation of the electromagnetic 
field are assigned zero energy. (2) The quantity (47) 
rises above unity again at a point r—r» (analogous to 
inner radius of potential barrier for an alpha particle 
with energy below the top of the barrier). A sufficiently 
great increase in r will result in (47) once again falling 
below unity at some point, r=r3. The solution, f(r), 
of (46) rises monotonically from the origin to ri, 
oscillates from rı to 72, behaves between r» and rz as a 
linear combination of a function that falls roughly 
exponentially and another function that rises roughly 
exponentially, and resumes an oscillatory character 
from r to ©. The wave in this outer region transports 
energy away from the geon. The rate of transport is 
the smaller, the less is the ratio of the amplitudes of 
oscillation in the outer and inner regions. This ratio 
has a minimum value for certain characteristic values 
of 2, designated as Qanı. At such a value of 9 the solution 
f(r) decreases monotonically and roughly exponentially 
all the way from r to rs. For such characteristic 
solutions the region from ri(Q,;) to r2(Qnz) is called 
the region of activity. As a first approximation expo- 
nential fall-off is supposed to continue indefinitely 
beyond the point rə. 


Eigenvalues, Eigenfunctions, and Averages 


The characteristic values, Q,;, of Eq. (46) in the 
sense just defined, are given in the JWKB approxima- 
tion by the implicit equation, 


f PIH De'/o er] udr*— (n--X)m. (49) 


'The solutions themselves? in the same approximation 
have the form 


fur) 2 Cur - 4 De'/0,dr3]-* 


sinf f EIIE anA Ondt tE] (50) 


6 See, for example W. Pauli, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), second edition, Vol. 24, Part 2, 
p.1 
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The value of | f|?, averaged over a region appreciable 
. in comparison with one wavelength, but very small 
relative to the size of the region of activity, is 


QDE Cn E Her /Qnrr yb? — G0 


inside the active region, and practically zero outside. 
This measure of intensity, like the limits of activity, 
depends, not upon / and © individually, but only upon 
these two quantities in the single combination of an 
impact parameter, 


P=[U(I+1)/0?}. (52) 
At a given point in the active region of the geon this 
quantity can have any value between the minimum 
value P; for binding (Fig. 1) and the maximum value, 
a(r) (=re-”*), appropriate to that point. 

The number of bound modes of vibration that 
contribute to the electromagnetic field intensity at the 
point r in the active region is obtained by taking the 
product of the following factors and summing: 


2, for polarizations 


214-1, for values of m 
dl, for values of / 
dn, for values of 7. 


Summations over / and are replaced by integrations 
— and then by integrations over all the relevant values 
— of the impact parameter P between P; and m(r) and 
- . over the circular cofrequency 2 by virtue of equations 
(30), and (33). One finds that 


à (Ln) 
n= 
0(P,Q) 


R ff [1— P^e"/r*]-dr*àP4Q, 


nd consequently the total number of modes within 
pecified limits of Q and P is 


dN = (2/7) XIA (P) f [1—Pe//]-dr*. (53) 


XA À 
= Tt is of interest to have not only the local average 
| - (81) of | f|?, but also the local average of the square 
— of its derivative 
Em 
. affare 3e Pa THe. (64) 
— "The symbol (( )) denotes an average with respect 
e and with respect to position over a spherical 
1 of thickness large compared to a typical wave 


(7107! cm) but small compared to the dimen- 
of the active region (7 ^10 cm). We note 


"x r/an0l4. j2 c 
Wt Ie) V 1 /80 |?-+-m? s 1 
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For a typical mode of the form (43) and (44), 


((FogF%)) = Pte*/r* times | 
(Fs Fer - FF) = ame icu I(1+1)/4rr’°} 
(For F?T-- F,zF6T)) — —1 Q2e—[1— P2e"/r? ]-3. 


The sum, iF,4F«— H?— E?, of the quantities on the 
left represents the action invariant for the field oscil- 
lator. The action disappears on the time average for 
this oscillator as it does for every harmonic oscillator.’ 


3. ENERGY-DENSITY STRESS-DENSITY TENSOR 
Radial Stress and Energy Density of One Mode 


The source of the gravitational field is the stress- 
energy tensor of the electromagnetic field, with compo- 


nents 
Tj (4r) Fia Ft — (167)-90,F,5F*? (56) 


so that in flat space time — T4 = T,= — (E’+H’)/8r. 
In a geon with a negligible rate of leakage of energy 
we can assume time symmetry as well as spherical 
symmetry. In the 7, 0, ¢, T system of coordinates, all 
off-diagonal elements of the stress energy tensor 
vanish. Among the diagonal elements there exists the 
equality Tẹ = 74%, and also a general relation expressing 
these two tangential tensions in terms of the radial 
tensions—in terms of 7,7, Tr”, and dTy/dr. This 
knowledge of Tẹ and T,% does not help in the determina- 
tion of the gravitational field from the field equations 


G#= (81G/c*) T (57) 


because there is an identity between Gs’, G,* and 
G7, Gr’, and dG,'/dr, which makes them automatically 
satisfy the same radial-tangential equilibrium condition 
as the corresponding components of the 7"s. For this 
reason it is enough to consider only the two remaining 
components of the stress-energy tensor, T, and Tr”. 

The intensity of the particular mode of field oscilla- 
tion characterized in (55) results in this mode contribut- 
ing to the energy density and radial stress: 


(Tr? (one mode))) 
= (8r) (Fr FT + For FT + F7 F67 
— Fa,F*6— Fa,F$r — F,4Fr9)) 
= — (Q2/16272)e-* 1(14-1) | Cau][1— P?e"/7 3 
(T7 (one mode))) 
= (Bx) (F pr FérJ- FF'*-4- F,zF'T 
— FoF — Fork? — FyrF?*)) 
= (Q1/16z2r2)e-* L(12-1) | Cui |]L1 — Per]. 


Many Modes; Total Mass 


The electromagnetic stress energy tensor being 
bilinear in the field, the fields of all individual standing 


? The integral of H?—H? over all space for a field that is a 
superposition of two modes gives zero for the integral of the 
cross term in virtue of the orthogonality that follows fro 
eigenvalue equation (46) for radial functions of the sar 

ySSFoundaionUSA — — E 


eth ee, 


(58) 


on 


7 TT 
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waves must be added before commencing the evaluation. 
For the time average value of the energy density, 
we assume that the elementary disturbances are in- 
coherent!: the average contribution from cross terms 
between modes vanishes. Thus, we write 


(Tr?) = SX CUT? (n,l,m,p; 7,0,0))) 


pe n,l,m,p 


(59) 


where the sum goes over all values of the angular 
index, /, and mm; over all the values of the index number 
n of the radial proper function f, associated with the 
confrequency Qul; and over both types of polarization: 
p=electric or magnetic multipole. There is a similar 
expression for the radial stress. 

There are two simple ways to get to the total mass.? 


(1) Write 


€^-1—2GM (r)/er (60) 


as a definition of the effective mass, M (r); insert this 
expression into differential equation (30) to derive an 
expression for dM(r)/dr; integrate from r=0 to 
r=% ; and find 


o 


Mé-eM(o »)-- f Y 


Q modes 


X((TrT (one mode)))4«r?dr. (61) 


(2) Write down the expression for the local density 
of gravitational plus electromagnetic energy; integrate 
over all space; use the fact that the gravitational part 
is expressible in terms of a surface integral; use also 
the fact that this surface integral does not involve any 
details of the gravitational field when the metric is 
asymptotically flat; finally, use the fact that the trace 
of the electromagnetic stress-energy tensor is zero: 


Me= f f f (T ETT — T7) (— ghdrdóda 


=—2 > (Tr™ (one mode)))e"***?A«rdr. (62) 
modes 
e Expression (62) is more convenient than (61) because 


the radial integral is easier to calculate. 


Contraction Effect 


To define the energy of one mode, one can think of 
measuring the gravitational field far away from a 
geon before and after the stilling of that particular 
vibration. One might be tempted to write for this 
change in mass 


CAM =I. mode; (63) (wrong) 


8 R. C. Tolman, Phys. Rev. 35, 875 (1930); see also L. Landau 
and E. Lifschitz, The Classical Theory of Fields, translated by 
M. Hammermesh (Addison-Wesley Press, Cambridge, Mas- 
-sachusetts, 1951), pp. 309 and 323. 
Jå CC-0. Gurukul Kang 
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where 


5229 


Im 9) f (Tz*Guode))ePtágrdr. (6) — 
This would be wrong. As the radiation in question - 
leaks out of the geon, less pressure is available to 
sustain the geon against gravitational forces. Con- 
sequently the geon contracts. Thus every other mode - 
finds itself more tightly confined. Its frequency rises. 
Accordingly by the principle of adiabatic invariance 
there is a proportional increase in energy. Therefore, 
the mass of the geon will decrease by an amount less — 
than given by (63). p. 

The fractional change in mass due to stilling of a — 
single mode is fantastically small. For a first primitive — | 
analysis the effect on the geon is primarily a scale — 
transformation to smaller size. Mass and radius 
transform in parallel. Frequency goes up inversely 
as radius, and therefore inversely as mass. The same 
applies—according to adiabatic invariance—to the | 
contribution, Imode; to the energy from every mode 
except the selected mode: 


Almode (increase) AM (decrease) 


" (65) — 


Imode 

(see qualification below). On this basis we compare the 

geon before, + 
(66) 


AM ee 
(M—AM)2=0+> (i rete (67) — 


Me- Toneste others 
and after 


the mode is stilled. Subtraction gives ia 


Tone 
2AM = 


p 1+ (1/M 2)5Tothers 


We are considering a classical geon that has a great 
many proper modes, s=1, 2, ---, where s stands for 
the quartet (1,/,m,p). Each mode has a reduced act 
variable J, (=action/2m) associated with it. 1 
energy consists of two parts: electromagnetic energ 
individual modes and gravitational energy of interaction 
between modes. The sum of both energies (61) is a 
function of the action variables of all these oscillators: 


@M=CM (UJ). 


= A one. 


given by 


(69) 


If a particular action variable de 
normal value to zero, duri 
action variables keep their 


3 
o the 
pn Fi 
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Then the change in mass is 


CAM —cQ,(7)dJ,—ÀM, 
=— Hi (Tr? (chosen mode s)))e?*"!4arr2dr. (70) 


A weakness in the foregoing reasoning is that it 
assume that stopping of the given vibration produces a 
change in the field of gravitational force that is rep- 
resented with sufficient accuracy simply by a change 
of scale. Perhaps the change in metric field will act in 
different ways on different modes, raising some in 7 
value less than others. It is at least conceivable that 
such a differentation might take place. Since the 
quantity of interest is not the J value of one mode, but 
the sum of the changes in J values of all the modes, 
we need, not (65) for every mode individually, but only 
a weaker equation for this sum of changes: 


DT others(increase) AM (decrease) 


(71) 
others M 
'The question about correctness of (71) could be 
answered by an appeal back to first principles: 


(1) Determine the effect on a single mode of an 
adiabatic change in the metric field. (a) Insert in the 
action principle of the electromagnetic field a trial 
function of the product form (43), where however 
the time factor, exp(—707), is replaced by an arbitrary 
undetermined function of cotime, Y(T). (b) From the 
variational principle derive the second-order differential 
equation for this function. (c) Solve by the JWKB 
method. (d) This gives a general expression for proper- 
ties of a single mode under arbitrary adiabatic changes 
in the Schwarzschild metric, containing one arbitrary 
amplitude constant, independent of both r and T. 

(2) Calculate the stress energy associated with this 
mode, and find all over again the expressions (57), 
with the difference that not C,;, but D,;, is constant 
under adiabatic changes, where 


Sie 1) dp e d in 


thes 


MIA Án gs, 


Cu- Datur f [i- Pepe]. (72) 


(3) Write down the equations (29) and (30) of the 
self-consistent geon field for two problems: (a), with 
all modes s excited to specific metric-independent 
amplitudes D,; and (b) with all modes but one so 
excited. 

— (4) By differencing these two sets of nonlinear 
equations derive linear equations for the small changes 


d how these changes alter the 7 value of 


Auc 


"or 
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(7) Compute the change in mass of the system as a 
whole due to stopping one vibration. 


Test of Adiabatic Analysis against 
Ehrenfest-Tolman Formula 


For thermal geons there is an extra simplification 
with which we can check the correctness of (68), 
without the more detailed analysis just outlined. 
Considering blackbody radiation in equilibrium in a 
gravitational field for an asymptotic temperature T, 
we know from Ehrenfest and Tolman?’ that the energy 
density has the value appropriate to the temperature 
T(—g4)- i, rather than T itself. Here this means an 
energy density proportional to Tte, multiplied by 
the fractional solid angle filled by trapped rays. This 
result comes from the normalization (70). 

The energy leaked out of the geon by quenching one 
mode is equated to the thermal energy of a harmonic 
oscillator, as given by Planck’s formula: 


AicQ,i[ — 1--exp(AcQ,;/ T) J? = CAM — 3T, | 


o -— oeg— 


ET f ((T77? (chosen mode)))eV?*""?4gr?dr | 


= (9/4) (13-1) |C,ul* J [1— P*e/t]-dr*. (13) 


Solving this for the amplitude |C,;,|, and inserting 
this value of |C;;| into Eqs. (38) we find the energy 
density and radial stress due to one normalized mode: 


((— T2" (or +T,"))) 2AcQ,[ — 12- exp 80,47 T) ]* 
- [1 — P2e*/7? ]U -ior +D) (e7/ Agr?) 1 


x| f pipe sep (74) 


We multiply (74) by the number of modes, dN, as 
in (53), in the interval dQdP, and sum over all modes 
by integrating over the wave number Q and the 
equivalent impact parameter P. This gives the local 
value of the total energy density and radial stress: 


« —T77 (or4- I) ))tocal total 


ba oe "0 WE I 


= i} AcOL—1+exp icQ/ T) FVA (Se-*/1’) 


x Prax c — P*e»/r* | —4h(or+4)}d(P?) ] 
Pi 
= (a?T5/A528c9)e-?" ([1— Per] 
(or 3[1—Pite”/r*]}!)}. (75) 
In terms of the solid angle, w, spanned by the trapped 
rays, the complete stress energy tensor has the form 


* R. C. Tolman and P. Ehrenfest, Phys. Rev. 36, 1791 (1930) ; 
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(T) ocal total = (m° T4e-?"/155362) 
3/4)? | 
2 (w/ 4a) — $(v/47)* 
2 (w/4r)—§ (o/4v)? . 
— (w/4r) 


The stress-energy lensor calculated here by consideration 
3 of individual modes agrees with the usual blackbody 
value, corrected properly as demanded by the Ehrenfest- 
Tolman argument and by the solid angle factor. No such 
agreement would have resulted if the factor 4 in (70) 
n for the loss of mass on stilling of one mode is left out. 
'Thus the contraction effect is essential. 
Expressions (76) as derived here were used as 
described in the introduction to set up (29) and (30) 
for the self-consistent thermal geon field. 
'To restate the results of the present analysis, the 
total mass of the geon is given by the superficially 
paradoxical formula, 


22 


all modes 


x (76) 


Me=4} (Gas formula for ae) (77) 


"^ of one mode, as in (2) 


4. NUMERICAL SOLUTION OF THE 
DIFFERENTIAL EQUATIONS 


In the dimensionless variable x=7/Rr the equations 
for the geon field are 


€? (xdv/dx4-1)— 12 (42/3) (1 — xie"/22)1e?* 
e^ (1—xdA/dx)—12 —a? (1— xi?e"/22)3e7?7. 


(78) 
(79) 


Let m(x) represent the effective mass, in units Mr, 
out to the distance r= xr, as defined by 


m(x)-x(1—67)/2. (80) 
'Thus the mass of the geon is 
M —m(9)Mr. 
Also define a scale factor, Q, by the equation 
@=er. (81) 


These variables behave as follows (Fig. 2). From 
x=0 to the radius «=amin, the dimensionless mass 
variable, m, is zero. Then it increases up to 


^ m-—m(e )-—xwnax/3-2;/3! (82) 
at the outer boundary 
Xmax= 21/3! (83) 


of the active region. Here x; is a measure of the critical 
impact parameter for trapped rays: 


xı= P,/Rr. (84) 


Thereafter it remains constant at the value m(%). 
The curve for m as a function of « has a horizontal 
slope at #=amin and *=max. A similar description 
applies to Q, with these exceptions: Q is not zero, but 
has a constant value between 0 and 1 for x«xuin; 
and Q has the constant Schwarzschild value of unity 
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for «>4max- Between these limits these quantities 
satisfy the equations 


dm/dx=x?[1—xPx"O0? (1— 2m/x) }} 


-—20!(1—2m/x) (85) 
dQ*/dx— x( [1 — xix (1— 2m/x) |} 
+L1— xx (1— 2m/x) ]1/3) 
—Q1—2m/xy. (86) 


Near the outer limit, x&4x—2x1/3*, of the zone of 
trapping, write 


X— Xmax (14-5), (87) 


where s is understood to be a small negative quantity. 
Then, from the differential equations and the boundary 
conditions the following behavior follows for the 
physically relevant quantities: 


m(x) = (21/39) — (3x?/4)s*4- - - - 
QO? (x) 21— (31/2)x?s*4- - -- 
e^ EOOH: 
e- Qs Qe 
IS iiesos, 


The power series expressions for e^^ and e" join on 
smoothly to the accurate exterior values, 


(88) 


e == (1—2x31/3ix). (89) 
Near the inner limit, for x~amin, write 
X=Xmin(1-+2). (90) 


p P 
Then p 
mx) = (23/3) (an1/ xin) - - - 
Q^) Gosist/32)-- (24/3) abut 
£^ — 1— (23/3) (xil/xmis?)id4- - - 
v= (min / x) + (27/2/15) 2205/2 eee 
c/ Am — 2*ulM - - - 
and, for x1 € Vmin, 
(A= ils 
It is reasonable to assume a trial value for the pe 
eigenvalue parameter vı, and start a numerical integra- _ 
tion working inward from *max=21/3! with the starting 
series (88). The solid angle will first increase, then 
decrease. When it goes to zero, one wants e™ò to be 
unity. This condition is not satisfied in general. Accord- 
ingly, a new choice for x; is made. One proceeds by 
trial and error until e~* goes to 1 as the solid an 
goes to zero. This procedure was not adopted be 
the series expansion (88) was not available 
the numerical work was done. 
In the procedure that was used the couple 
(85) and (86) were integrated from the interior 
ary min although the initial value of Q? deper 
on a chosen value of vı alone, but also on. 
Xmin. To make the integration depend | 
parameter, the invariance of the eq 
Nap" -T 


(91) 


e= (xmin?/xi)); m=0. 


p 


EG TT 


change, similar to that used in reference 1, was utilized. 
— . Defining Z, ñ and Q? and c by the relations 


= x=b73, Qi—0Q m=bm, xY=be?; (92) 
f= one has for m and Q? 
E dm/dz— (z!/2Q* (1 — 2/2) (0/47) 
E dQ*/dz— (z/Q*(1— 2m/2))( (w/4mr) + (o/47)*/3), 
| where 
w/4r=[1— 27 Q* (1— 2/2) ]. (93) 


The choice b=21°/Zmin? or, equivalently, c=Zmin, 
gives the simple boundary conditions at Tmin : 


@(c)=1, dQ*/42|.—0, 
m(c)=0, dm/dz|.=0; 


and the integration can be carried through for any c. 
At the outer boundary, max=T, the correct boundary 
values, following from (88) are 


Qir)-3(T/o?, dQ?/dz|r=0, 
m(P)=1/3, dm/dz|p=0; 


but in general these will not be satisfied for a particular 
choice of c. Starting at an arbitrary c the equations were 
X — integrated, on a punched card programed electronic 
computer, using the Kutta-Runge method; m was 
= plotted as a function of z. If a c is chosen smaller than 
— the actual eigenvalue then, when ?2(z) — z/3, the slope 
- (drn/dz) will not vanish. In such cases the integration 
was stopped at the point where 7(%)=Z/3 and the 
slope examined. A larger c, still less than the eigenvalue, 
will reduce the slope at the critical point. If c is chosen 
- greater than the eigenvalue then dm/dz vanishes before 
m(Z) has decreased to z/3. Thus, the correct eigenvalue 
for c can be approached both from above and below. 
With the limited machine time available the nearest 
value of c to its true eigenvalue for which a numerical 
in egration was carried out was 1.875: the corresponding 
values for T and m(o) are T—4.05 and (o^) — 1.35. 
In 'ig. 2 m(x) and Q*(x) are plotted, by a dotted line, 
[D value of c, for which 6=0.071 (and testo 
Wmin=0.134 and 244,,—0.289). The smooth curves 
t an estimate of m(x), Q*(x), e^, e'2 and 
€ (2)/4r for the correct eigenvalue. 


(94) 


(95) 


rep] 


1 - 5. VARIATIONAL PRINCIPLE FOR THE 
EU THERMAL GEON 


_ All the differential equations of the Maxwell-Einstein 
r, can be derived from the action principle 


ó1 —0, 


(96) 


PARON ROIWDREAND J] A: 


The independent variable here is y: 
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potentials 47. Similarly, one can derive the differential 
equations of the simple spherical geon,} 


d'$/d:x?-4-jk$ — 0 


dk/dx+¢?=0 (99) 
dj/dx=3—[1+ (d$/dx)* ]/ k? 
from the variational principle 
81—0 
I= f g(wu)du 
du=k—dx (n 


L=k743k+ jkdk/du-- j$?— k— (db/du)?, 


as recently shown by Ernst? Encouraged by this 
result, we found that we could derive the equations for 
the thermal geon from the principle 


01 —0 

I=f (x)dx 
(x) — (1— xd) / dax) e? 2-M2— eri 

— (22/3)eM* (e-*— xr). 

However, here the eigenvalue parameter x;, which we 
would like to know, already enters the variational 
principle. The situation resembles that in which we 
would find ourselves if we tried to express the content 


of the Schródinger equation in a variational principle 
built upon the function 


£(a)= (v)*4- (V — 9y?. (102) 
We will always find the trivial solution y(x)=0 for 
this variational problem unless e happens to be an 
eigenvalue: not a very happy way to find eigenvalues! 


Much more appropriate is the more familiar Ritz 
variation principle 


(101) 


f Eoo voz 


f yda 


into which we can substitute any well-behaved trial 
function and obtain an upper limit on e. 
Correspondingly, we take for variation principle 


ô(4*B*)=0, (104) 


e= 


= minimum, (103) 


A*- f amnad), (105) 
b 


B*= f (2/3) eM (e-" — 3y) dy. (106) 
6 


&—5y; (x)=A*(y); v(x) =r*(y); 
e£ *—1—2m*/y; S= Xmax = 01/3}; 
inden USA? min 5. 
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The boundary conditions are 
e*=m*=e*=4 at y=1 (108) 


ere, mecs A= - 
dX*/dy—0, dm*/dy=0 | at y=b. (109) 


From the variational principle (104) follow differential 
equations for A* and »* as functions of y which are 
identical in form to Eqs. (78) and (79) for à and v as 
functions of x except for the introduction on the right- 
hand side of (78) and (79) of an extra factor 

$= A*/B*. (110) 
'The logic proceeds so: (1) Introduce into (105), (106) 
trial functions \*(y) and v*(y) that satisfy (108), (109) 
and that contain one or more adjustable parameters, 
among them the lower limit b. (2) Calculate (4*5*) 
and extremize with respect to choice of these param- 
eters. (3) From (110) calculate s? and hence a, and the 


geon mass 
M-Mqxi/3l- Mrs/3. (111) 


If instead the quantities \ and v are calculated as func- 
tions of x by solution of differential equations (78) and 
(79) for a trial eigenvalue a, an improved estimate of 
the eigenvalue is given by 


41/3!=s=(AB)', 


where A and B are the analogs of (105) and (106) for 
A(x) and v(x). 
6. PHOTON-PHOTON COLLISIONS IN A 
THERMAL GEON 

The electromagnetic energy content of a thermal 
geon decreases slowly not only by the monomolecular 
process of barrier penetration but also by bimolecular 
processes in which two photons collide, either to 
produce a pair of electrons, or to go off as photons in 
new directions.1 We wish to estimate the rate of 
these two processes in a very active part of a thermal 
geon: at the radius of the stable circular orbit (Fig. 1), 
where the solid angle occupied by bound rays is the 
largest, 


(solid angle/47)= 0.59 (112) 
and where the effective temperature is 
To= Te? 3.37. (113) 


Here the number of photons Q, per unit volume in the 
interval of circular wave number dQ, and in the 
interval of solid angle dw (within the allowed cone) 
will be 


dny= (do/4x)QydQ[ — 1+exp Aca/T ac) M. (114) 


The collision between two photons! of wave numbers 
Qı and Q: whose directions of motion make an angle 6 
will look like the collision between two photons of 
equal wave number 2* and opposite direction, in a 
suitably selected local Lorentz system, where 


Q*- (002)! sind. (115) 
10 G. Breit and J. A. Wheeler, p Rev. 46, 1087 (1934). 


The total collision cross section, integrated over all 
angles of the emergence of the pair (for process 1) or soe 
the scattered photons (for process 2) will be E 

c — sin?10o* (Q*), (116) — 
where Q* is the cross section calculated for equally 
energetic but oppositely moving photons. For the 
pair process the cross section o* vanishes below the - 
threshold, 2*=mc/h, and reaches a maximum value of — 
the order (e?/mc?) for a wave number that is a small — 
multiple of this threshold value. For temperatures 
small compared to me? it follows from the Planck  — 
formula that the number of pair production processes 
is exponentially small, with an exponential factor 
qualitatively of the form 


exp—(umc/T), — (117) 


where y is of the order of unity. 

The cross section for elastic photon-photon collisions 
also reaches a peak for wave numbers, Q*, of the order 
mc/h. The peak value of o* for this process is of the - 
order (&/Ac)(e/mc), much smaller than that for —— 
the pair production mechanism. However, the cross 
section has no threshold and varies at low wave 
numbers in accordance with the formula E. 


o* = (52/1125) (€/hc) (8/mc (Q*h/mc)s. (118) - 1 


For low temperatures the effective cross section for |- 
collision between two photons consequently varies h 
as T*, and therefore dominates over an exponentially E 
small factor of the form (117). For this reason we 
disregard pair production processes, relative to elastic - 
collisions, so long as the temperature is considerably 
less than c. 

Not all photon collision processes result in loss. of 
photons from the system. In some cases one or both - 
of the new quanta still move in bound orbits. Only - 
those are lost whose directions are thrown outside the 
cone of trapping angles. In particular a new photon 
escapes from the system if it is moving along a radius 

For an order-of-magnitude estimate of the rate of 
loss of energy we disregard details of the differences 
between trapping and escaping directions and cons ider 
the product of the following factors : 


" 
n^ 


me 


number of photons 


Qı per cm? ~The 
number of photons 
Q» per cm? ~The 


collision velocity 

cross section 

energy loss from 
geon on collision ~T 


€ N 
~(E fhe)? (P mé (T/m) 


product, energy loss j 
per cm? and per sec~ rn. (mcf 
X (me)! 


In contrast, the energy on hand per unit volume is of 
the order 7/738. This quantity, divided by (119), 
fixes a characteristic scale of time, 7, for depletion of 
the geon by photon-photon collisions: 


(energy loss/cm? sec) 


^ 


(energy/cm?) 
~ (&/ho)* (m/h) (T/mc? 
~ (10? sec) (T/mc?*. 


(120) 


For a characteristic time as long as a year it is sufficient 
to have a temperature of the order 


T7107925,-,10-mc 
corresponding to a geon mass of the order 


M v7 10g 
and radius 
Rqc10!9 cm. 


As the energy loss continues, the thermal geon shrinsk, 
grows denser and hotter, and loses energy at a rapidly 
increasing rate. As the temperature rises to the neigh- 
borhood of mc, pair production processes rapidly 
increase in importance. Then the physics of the system 
takes on quite a different character which we do not 
analyze here. 


7. ZERO-POINT ENERGY 


BÓ —'—— 


We have consistently disregarded quantum effects, 

or rather have consistently attempted to choose 
conditions where quantum effects are unimportant, 
in all except the considerations of very hot geons in 
the last section. However, at all temperatures one has 
to reckon with zero-point fluctuations in the electro- 
magnetic field, as well as with the fluctuations due to 
the thermal radiation itself. One can formally associate 
these zero-point fluctuations with a zero-point energy, 
27cQ, that goes with each field oscillator. Usually this 
energy is left out in the bookkeeping of the energy of 
the electromagnetic field. The subtracted density of 
zero point energy of the vacuum is infinite. Normally 
one deals with field physics at the level of special 
relativity, where such an infinite quantity can be 
disregarded. However, in general relativity there is no 
such thing as an arbitrary additive constant in the 
density of field energy. Energy density curves space, 
and an increase in energy density produces an increase 
of curvature. Our analysis of thermal geons is based on 
= the tacit assumption that the zero-point energy does 
— pot have to be counted, either as energy or as a source 
of curvature. We hope this point of view is correct, 
it gives reasonable results in familiar situations. 
Nevertheless, a deeper approach to the problem of 
-point energy is needed—a problem whose overrid- 
mportance to all of field physics Niels Bohr has 


) 
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APPENDIX ON RAY-WAVE EQUIVALENCE 


There is a close correlation between the field theory 
solutions of (44), (45), and (50) and the motion of a 
classical corpuscle of light or ‘“Spseudophoton” along a 
geodesic in the same gravitational field. Superposition 
of standing waves of slightly different Q,;, 7, and m 
values allows one to build up a wave packet. This 
concentration of energy will remain the better defined 
in space and time the larger are the relevant values of 
l and n—that is, the shorter the wavelength of the 
disturbances of significant amplitude in comparison 
with the scale of distances over which the gravitational 
field changes appreciably. The correspondence between 
waves and pseudophoton orbits in the idealized limit 
which disregards the spreading of a wave packet may 
be analyzed this way: (1) We pass from the wave itself 
to its phase, 


slowly varying 
(vector potential)— 4 vector function »e':Phss — (A1) 
of positioa 


where e':P"s* varies rapidly with position; (2) we 
approximate the differential equation for the phase by 
neglecting the slow change of the amplitude with 
distance in comparison with the rapid change of the 
phase with distance. Thus we pass from the accurate 
phase of (A1) to the pseudophase (or eikonal)—the 
central concept in William Rowan Hamilton's method 
of treating problems in geometrical optics as well as 
in mechanics.* The equation for the pseudophase has 
the Hamilton-Jacobi form 


gP (0/0x*) (05/8) — 0. (A2) 


[Instead of deriving this from the wave equation by 
the substitution (A1), one can start directly with the 
picture of a surface propagating parallel to itself with 
the speed of light. The surface and its propagation with 
time can be expressed in the form 

(x! x1) — 17.2. (A3) 
Let xt be one value of the cotime, and x!, a?, à? the 
coordinates of one point on the surface at that time. 
Let x'--dx! denote a neighboring point on the same 
moving surface, P= 17.2, at a slightly later time. The 
space and time separations of the two points are 
connected by the relation 


(0/8x»)dx"— 0. (A4) 


The requirement that the surfaces of (A4) move with 
the speed of light leads directly to (A2).] (3) We 
recognize not only single solutions, P(xi':::x*) of the 
pseudophase equation, but also a typical family of 


* See, for example, J. L. Synge, Geometrical Mechanics and de 
Broglie Waves (Cambridge University Press, 1954), Chap. II; or 
L. Landau and E. Lifschitz, The Classical Theory of Fields, 
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pseudophase functions, form 
= function of (a? -2;8,6567)4-8'(8,6*8*), (AS) e (0b/0r)--r-* (95/00) 
1 [12 25 » 2— 
where each number of the family is characterized by a + ( sind) 5 (09/09). e (ORT ONE 


specific set of values for the three numbers 8!, 8?, 82. 
These numbers might correspond in the case of physical 
optics to components of the wave vector for a mono- 
chromatic wave, but need not have such an immediate 
interpretation. The fourth constant of integration f, 
represents an additive phase constant, always allowed 
because (A2) contains only derivatives of the pseudo- 
phase, never d itself. (4) We impose the requirement 
of constructive interference. Several neighboring solu- 
tions of the wave equation of the form (A1) are super- 
posed in such a way as to build up a wave packet. 
To make this requirement clean cut, we go to the 
pseudophase picture, and enquire how a pseudophoton 
must move in order that it shall always lie at the point 
where four pseudophase functions of nearly identical 
B values have a common value. 'The pseudophase need 
not be constant alohg the path of the pseudophoton. 
It is only required that at each point of the path, 
x'(c), the four pseudophase functions should have a 
common value: 


$(x(c); 8',6*6*; B'(8,8*,8*?)) 
—de(x(c); B'4-d8,*,8*; B'(8'J-d8',8",8*)) 
—d(x(c); B'8"4-d8*,8*; $'(8',8*--d8*,8?)) 
—d(x(c); 8',9*,8*--d8*; 8*(8',8*,8*--d8?)) 


or 
A’ (a; 8)/98*-- (0:b/98*) (98*/98*) =0 (= 1,2,3). 


These three equations connect the three position 
coordinates of the pseudophoton with the time, and 
therefore suffice completely to determine its motion. 
From (A2) and its first derivatives with respect to the 
B's, this motion proceeds along a null geodesic, 


d*x*/da?--T ,,* (da"/do) (dx"/do) 
undetermined 
~ \function of o 


(A6) 


) . (dx*/do) =0 


as expected. As an illustration how one gets all details 
of the pseudophoton motion from (A6), one can ask 
for the velocity components of the motion. For this 
one differentiates (A6) once with respect to g and solves 
for the dx*/do by the method of determinants, finding 


dxi/do= f (e) (4Nuv) (9b/029 081) (05/0298?) 
x (05/0? 9B?). 


Here the arbitrary functions f(s) in the solution 
appear because o itself represented an arbitrary 
parametrization of the path of the pseudophoton. 
The same method gives the acceleration and other 
details of the motion. 

For the spherically symmetric metric of the thermal 
geon the pseudophase propa ation equation takes the 


(A7) 


which possesses separable solutions of the form 


r= f [1—1(I-+ 1) e"/O?r? gear 


rmin 


8 


+ [12- 1) —m? sin? ]4d8 
min 
+ mo = QT +6 (8! ,82,8?) (A9) 


Here the three constants of integration, 6!, 8?, 6%, 
have been expressed in the form Q, 7, and m to bring 
out the identity between the pseudophase and the 
phase of the JWKB approximation to the solution of 
the wave equation. We can superpose waves of differ- 
ent /, m, and Q values to build up a wave packet that 
will trace out the designated geodesic. 

'The nature of the geodesic curve is independent of 
its orientation; consequently it is sufficient to consider 
m values close to zero, corresponding to motion in a 
meridian plane. Which meridian can be specified in the 
wave picture by the relative phase or 8* values with 
which one superposes waves of slightly different m 
values; in the eikonal formulation, by setting equal to 
zero the derivative of the pseudophase with respect to 
m; thus 06/d8°=06/dm=0 gives an equation for ¢. 
However, as there is no interest in this angle, it is 
appropriate to overlook this relation, and set m equal 
to a fixed value: m=0. Likewise the first equation of 
stationary pseudophase, 06/d8!'=06/dQ=0, is also 
irrelevant for our purpose; we do not care when the 
pseudophoton arrives at a given point in its orbit. We 
are left with the second equation of constructive 
interference, 0:5/98? — 9»/01— 0, to determine the shape 
of the geodesic: 


gets f [r2/e"P*—1]}e2dr/r+0-+const. (A10) 


rmin 


Here the quantity P is an abbreviation for the expres- 
sion [ (0+1) ]}/Q and represents the impact parameter 
of the pseudophoton—the distance of closest approach 
in the absence of gravitational forces. Evidently this 
single constant determines the shape of the geodesic, not 
Q or l individually. From (A10) we derive the properties. 
of the geodesics already discussed in the main text and 
pictured in Fig. 1. All the information gained about geo- 
desics carries over to the characteristic solutions of the 
wave equation. The limits of motion, ri (P) and r2(P), of 
the rays correspond to the points where the field ampli- 
tudes change from oscillation to exponential fall off. Incli- 
nation of the nodal surfaces of the field is closely related 
to the inclination of the rays; and the energy carried 
by the rays or the wave fields has to supply the gravitat- 
ing mass that holds the geon together. s 
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REVIEWS OF MODERN PHYSICS 


VOLUME 29, NUMBER 3 


J UCTS 


Linear and Toroidal Geons 


FREDERICK J. ERNST, JR.* 


Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


NE particular phase of Wheeler’s program of 
drawing a new richness from general relativity 
involves the concept of “mass without mass." The 
bodies, which Wheeler constructs solely from gravita- 
tional and electromagnetic fields, have a mass which is 
due to the electromagnetic field energy alone. No 
more concrete form of matter is present in these geons. 
For an undergraduate thesis topic, I decided to inves- 
tigate certain types of geons, in particular those in 
which the electromagnetic field energy is spread over an 
infinitely long line, and those in which it is concentrated 
in a toroidal region of space. The former seemed to 
permit simple analysis, while the latter seemed to be 
the type most fundamental in geon theory. 

The problem of describing the gravitational and 
electromagnetic fields of a linear geon was treated in 
the self-consistent field approximation, by solving 
Maxwell’s equations in the average gravitational field 


produced by the electromagnetic energy of the geon.! 


* Now at University of Wisconsin, Madison, Wisconsin. 
1 Frederick J. Ernst, Jr., Phys. Rev. 105, 1665 (1957). 
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For a linear geon whose mass-per-unit-length is M 
and whose electromagnetic field energy is concentrated 
in a cylinder of radius rz, the following relation was 
found for the product of the frequency and the reduced 
wavelength of the electromagnetic waves which travel 
along the line of energy concentration: 


A/c (r/a) Y, N=8(GM/c?)—8(GM/c*)?. 


Here G is the gravitational constant, c the velocity of 
light, and a a constant with dimensions of length. 
This constant a is undetermined for a geon which is 
really infinitely long. However, if the linear geon is 
bent into a large circle of radius Rr, the boundary 
conditions at infinity fix the value of a at approximately 
8R. 

Probably the greatest usefulness of the geon concept 
lies in the fact that it constitutes a completely con- 
sistent, completely covariant, picture of an extended 
body; the problem of treating internal stresses con- 
sistently never arises. No one believes that they 
bear the slightest relationship to any existing bodies or 
elementary particles. 


REVIEWS OF MODERN PHYSICS 


Feynman Quantization of General Relativity __ 


CHARLES W. MISNER 


Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


> 1. STRUCTURE OF QUANTUM THEORY OF 
GENERAL RELATIVITY 
HIS paper reports the beginnings of the quantum 
theory of general relativity based on the 
- Feynman!? integral or “sum over histories." We have 
not seen a way to use the Feynman integral to solve 
immediately all the principal problems. We have to 
study the theory one piece at a time and to set each 
fragment in place when we are able to understand it. 
In this sort of approach we need not follow any logical 
order, but may study the easy parts first and hope to 
fill in the rest later. However, some over-all picture of 
what the completed puzzle may look like is necessary 
in order to recognize the pieces.f 
This paper describes in broad outline the principal 
features of a quantum theory of general relativity and 
fills in a few details. If rigor could be supplied we 
would have a theory rather than an approach to one. 
Two fragmentary but concrete contributions to 
the theory based on the Feynman integral are made. 
(1) We formulate an H principle (Sec. 4), which 
specifies the relative weights to be given to different 
values of the fields in the Feynman integral. This 
principle—applied to the metrics of general relativity 
(Sec. 5)—leads directly to an operator form of the 
field equations (Sec. 6). (2) We make (Sec. 7) a partial 
evaluation of the Feynman propagator. In consequence 
we are able to write down immediately the state of 
the field on any of a rather wide class of hypersurfaces 
when we have specified the state on one hypersurface. 
This evaluation is possible because the answer is 
trivial. The state is essentially identical on all hyper- 
surfaces of the same class. In other words, we prove the 
important result that the Hamiltonian operator is zero. 
" This situation is peculiar to a theory in which the metric 
is quantized. 


* A part of this work (Sec. 5) was done while the author held 
a Charlotte Elizabeth Proctor Fellowship (1954-1955) which he 
gratefully acknowledges. 

T Based in part on a thesis submitted to Princeton University, 
May 1957, in partial fulfillment of the requirements for Ph.D. 

1 R. P. Feynman, thesis, Princeton University, 1942. 

2R. P. Feynman, Revs. Modern Phys. 20, 367 (1948). 

1 Nole added in proof.—Two other papers meant to be read in 
association with this paper, C. W. Misner and J. A. Wheeler, 
“Classical Physics as Geometry,” and J. A. Wheeler, “On the 
Nature of Quantum Geometrodynamics,” were completed too late 
for publication in this issue and have been submitted for publica- 
tion elsewhere. 
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2. ALTERNATIVE APPROACHES TO THE 
QUANTIZATION OF GENERAL 
RELATIVITY 


Four approaches have been suggested to discover 
the content of the quantum theory of general relativity: 
(1) One considers an ideal Lorentz space, and treats 
the departures of the actual metric from this flat 
condition as small—that is, one linearizes the gravita- 
tional field equations, applies standard methods of 
field quantization? and then attempts to modify this — 
basically linear theory by reinstating the nonlinear 
terms.58 All other approaches consider the field 
equations of general relativity in their fully covariant — 
but nonlinear form. (2) 'The canonical formalism 
endeavors to investigate the noncommutative algebra 
of the operators of the theory in general and the 
Hamiltonian operator in particular, with a view to 
finding ultimately in this way eigenvalues and transition 
probabilities.7~® One first sets up an appropriate 
algebraic structure on the field variables by defining — 
Poisson or Dirac’ brackets. Here “appropriate” is an 
abbreviation for two conditions: (a) the algebraic - 
formulation of the classical theory is equivalent to — 
the Lagrangian formulation, and (b) the algebraic | 
structure admits a representation by linear operators - 
in Hilbert space where the brackets are represented by _ 
commutators. The problem thus defined has next to 
be solved by finding a particular operator representation. — 

The other two approaches deal with propagators, — 
(fars| fier), that are natural generalizations of the 
propagator, 


(vato | 3341) — [m/2mi (£3— t) |} a 
Xexpim(2—21)?/2(t—h) (1) 
of a simple one particle problem. 


The hypersurfaces, cz and gı, take the place of the 
time variables, /; and ¢,; and the field configura 


3 L. Rosenfeld, Ann. Physik 5, 113 (1930). P 


* W. Pauli and M. Fierz, Helv. Phys. Acta 12, 297 (1939) 
5A summary of such linearized quantum anal is been 


given by F. Belinfante, Revista Mex. Fis. 4, 192 (1 
8 B. E. Laurent, Nuovo cimento (10) 4, 1445 (195 
1 This approach has been intensively studied 
Revs. Modern Phys. 29, 352 (1957), Helv. 
IV, 79-97 (1956). Eb 
3 Belinfante, Caplan, and Kennedy, Revs. ) 
518 (1957). ; 
? B. S. DeWitt, Revs. Modern P 
10 P, A, M. Dirac, Can. J. Ma 
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of Schwinger" deals with the infinitesimal changes in 
this propagator, 


5{ fooa| f101) = (+7/h) (foo2| 81 | fron), (2) 


which come about through changes in the action, P 
either by way of alterations in the position of the two 
surfaces, in the configurations of the fields on the 
surfaces, or otherwise. In distinction to the canonical 
formalism with its use of Hamiltonian and momenta, 
Schwinger’s method deals with the action and expresses 
itself in a manifestly covariant form. This method has 
not been applied independently to general relativity, 
but is used in conjunction with the Feynman method. 
(4) The Feynman method focuses, not on a differential 
equation to be solved for the propagator, but on a 
formula for the solution: 


(feo2| fics) CAPE exp (1 n). (3) 


With this expression goes a formula for a matrix 
element which Dyson” writes in the form, 


(foo2|0| fioi) =N 2 On exp(i n). (4) 


Here H indicates a field history, that is, a definite 
specification of the field throughout the region between 
the hypersurfaces e» and cı. The quantity O is a func- 
tional of the field and Oz is its value for the particular 
field history Z. The sum extends only over field 
histories whose boundary values on ce» and c, are 
f» and fı. The normalization factor N depends on c» 
and oi, not on f» and fi, and is introduced to secure 
the unitarity of the propagator. The (dimensionless) 
action is taken in general relativity to have the value 


Ty= (2/161Gh) f R(— g)!d'x. (5) 


The Newtonian gravitation constant, G, and the 
quantum of angular momentum, 7, appear in the 
theory, never individually, but only in a combination 
with the dimensions of length, 


L*= (4G/A)§=1.62X10-* cm. (6) 


Like the Schwinger method, the Feynman method deals 
with manifestly covariant quantities. The operators 
that are associated with physical quantities are defined 
by integrals of the type (4), where every quantity on 


on the right-hand side of the equation is a c number. 
Another convenient quality of the Feynman method 


that it is flexible and can be applied in a limited way. 
explicit representation of an algebraa dequate to 
press the entire classical theory—such as thecanonical 


Phys. Rev. 82, 914 (1951). 


eee yen, Advanced Quantum Mechanics (Cornell Univer- 
thaca, 1954, mimeogra) 


hed), p. 54. 
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method demands—contains a vast and indigestible 
amount of information. In the Feynman theory we 
need not consider all these operators at once; we may 
begin by constructing just one of them, or some other 
operator which we think might be simpler than the 
basic operators of the canonical theory. In this way 
the theory may be attacked in a succession of short 
skirmishes rather than in a single frontal assault. 

What of the problems of the three methods (1), 
(2), and (4) that have received some detailed considera- 
tion? We discuss here (1) the inappropriateness of the 
linearized treatment, (2) the problem of observables 
in the true theory of general relativity, and its different 
immediate consequences for the (a) canonical and 
(b) Feynman type of quantization, and (3) the work up 
to now on the methodology of Feynman quantization. 

In a linearized version of general relativity it is 
easy to make calculations by standard perturbation 
methods. However, the characteristic length L* is so 
small compared to the distances relevant in any familiar 
experimental context that such computations are not 
of much interest. If gravity is to occupy a significant 
place in modern physics, it can do so only by being 
qualitatively different from other fields. As soon as we 
assume gravity behaves qualitatively like other fields, 
we find that it is quantitatively insignificant. 

Classical theory contains no characteristic length L*. 
"There we do have the possibility to confine our attention 
—if we wish—to the realm of weak fields. Consider the 
classical field equations, 


R,,—$5g,,R—0, (7) 


and an initial space-like surface, c. On it admit as 
initial condition only such a metric as leaves o nearly 
flat. Moreover, permit only small normal derivatives 
of the metric at c. Then the same weak field conditions 
wil prevail some time later. Therefore the linear 
approximation makes sense. 

Not so in quantum theory. We can form a state which 
makes the initial surface ø nearly flat, even on a sub- 
microscopic level. However, uncertainty relationships 
will be expected to prevent our simultaneously restrict- 
ing the time derivative of the metric at o to a small 
value. Consequently large curvatures over small 
regions are to be expected. Similarly, even if there 
were a “vacuum state" for the gravitational field, 
there is no reason to expect that it would be a state 
where the metric is nearly flat over small regions—a 
point that has been emphasized by Professor Wheeler. 
In other words, a linearized version of general relativity 
seems precisely adapted to throwing out just those 
features which are physically new and interesting. We 
therefore pass it by. í ; 

In the full nonlinear theory one meets the fundamen- 
tal issue, what are the real physical observables? We 
always use the word observable in a classical sense: 
an observable © is a functional of field histories H for 
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which there is in classical theory a conceptual experi- 
ment whose outcome is interpreted as providing the 
value Ox of © for the unique field history H which 
existed physically at the performance of the experiment. 
This definition of an observable avoids using the idea 
of an event, but the simplest examples of observables 
require this idea. In electromagnetic theory, for 
instance, where the field in question is the vector 
potential A, an event & determines a functional Qg 
whose value for a field history A is @:(A)=A (a). 
Here x; is the point corresponding to the event £. 
This functional, G;, is not an observable; however, 
S:CA) — F(x;)-—curl4(a;) defines an observable func- 
tional F. In electromagnetic theory it is usual to 
speak of F(x) as an observable when one really means 
the observable F. The fancy 9$; is in fact superfluous 
since every physicist knows what is and is not observ- 
able (ideally) in classical electromagnetic theory. 
There is nothing to be gained there by explicitly 
distinguishing all distinguishable ideas. In general 
relativity it is better,to make the necessary distinctions 
explicitly. 

A fundamental distinction is that between a point x 
and an event £. The possibility of making distinctions is 
the fundamental fact which makes logical thinking 
possible. A mathematical object is anything which 
is subject to logical discussion; as such it must 
satisfy one axiom—that it be distinct from every 
other mathematical object. A point is a mathematical 
object which is an element of a set M satisfying further 
axioms; for present purposes we require SW to be a 
four-dimensional differentiable manifold.” These axioms 
completely exhaust the meaning of the word “point” 
as we use it. 

In studying electromagnetic theory the distinction 
between points and events is not interesting since we 
may assume that there is a unique point a; in the theory 
corresponding to each physical event £. The event may 
be thought of as a time and place where two neutral 
point particles collide, or where it could have been 
arranged that such a collision occur. The idea of an 
event, then, need not involve electromagnetism, and 
it may be assumed that the correspondence £e»x; has 
been established on the basis of a nonelectromagnetic 
theory. Thus, before we begin a study of electromagnet- 
ism, we already know that a point is a good mathemat- 
ical model of an event." The correspondence x 
may be called the point theory of events, and on the basis 
of this theory we may use the events £ themselves as 
points in discussing electromagnetic theory. 

In general relativity, a different situation prevails. 
Before studying general relativity we have no notion 


13 Georges de Rham, Variélés Différentiables (Hermann et Cie, 
Paris, 1955), p. 1; H. Whitney, Ann. Math. 37, 645 (1936). 

M Convincing arguments have been given which indicate that 
a point is not a good mathematical model for a quantum mechan- 
ical "event." See E. P. Wigner, Revs. Modern Phys. 29, 255 
(1957). 
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of a metric, no theory of distance and time. We are 
therefore unable to imagine any idealized physical 
theory which would provide a theory of events to use 
in discussing general relativity. The theory of events 
must spring up within general relativity, not logically 
precede it. When a scalar such as R(x) is considered 
as an observable in classical general relativity, the 
point x represents an event and is in reality a com- 
plicated functional of other events which the observer 
used to define his location, and of the metric throughout 
a region containing both those reference events and 
the event associated with x. If we were prepared to 
discuss such an observable, we would use a notation 
that gave fair warning of the complexity of the computa- 
tion it envisages, and of the large number of quantities 
on which it depends. When we write R(x) we mean a 
comparatively simple mathematical object, the value 
of the curvature scalar at a point x for the metric 
under consideration. The point is not an observable 
in the classical theory. Consequently, R(x) is not an 
observable functional of the metric, nor is g,,(«), nor 
is the value of any scalar or tensor function at x. If $ 
is any function of points defined by the metric then we 
expect no corresponding operator $(x) to be construct- 
ible in the quantum theory of general relativity. For 
trivial functions like ¢=0 we can find corresponding 
trivial operators. One advantage of the Feynman 
approach is that it allows us to work with functions 
like R(x) without having to assume the existence of a 
corresponding operator. 

Bergmann! finds that to carry through the canonical 
quantization it may be necessary to find the “true 
observables" in general relativity and use them in 
place of more familiar field variables. Similarly, we 
expect the Feynman method will generally not provide 
constructions for operators corresponding to classical 
quantities which are not observables. As discussed 
earlier in this section, however, a start can be made in 
the Feynman theory with only one or two such observ- 
ables in hand, while the canonical theory seems to 
require that a large number of them be expressed in 
manageable form. 

Distinct from the problem of characterizing and 
finding observables (which we have defined as a 
classical problem) is the problem of describing the 
measurability of such observables in the light of quantum 
theory. This problem has been discussed on the basis 
of quantum limitations on the measuring instruments 
by Osborne, by Anderson," and by Saleker and 
Wigner.5 In electromagnetic theory a satisfactory 
discussion from this point of view has been given by 


15 P, G. Bergmann, Nuovo cimento (10) 3, 1177 (1956); see also 
reference 7. 

16 M. F. M. Osborne, Phys. Rev. 75, 1579 (1949). 

U J. L. Anderson, Revista Mex. Fis. 3, 176 (1954). 

15 H. Saleker and E. P. Wigner (to be published). See also 
reference 14. = 
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Bohr and Rosenfeld, but only after an analysis of 
the measurability had been provided by the quantum 
theory of the electromagnetic field. The two approaches 
—one from quantum theory of the measuring apparatus, 
the second from the quantum theory of the field—are 
complementary but should be consistent. A discussion 
of measurability based on the quantum field theory 
alone is more direct, since it requires no ingenuity in 
discovering an optimal experimental arrangement. 
A desire to understand the quantum limitations on 
measurements of the gravitational field is therefore one 
reason for investigating the quantum theory of general 
relativity. 

The Feynman method is the basis of our approach to 
the quantum theory of general relativity, so we now 
consider the techniques which have been used to 
express the Feyman method mathematically. Feyn- 
man’s technique’ in defining the “sum over histories" 
was based on a use of Hamilton's principal function S. 
In the quantum mechanics of a particle, the propagator 


1S 
4 t’ 
ern f exp|— f Lits 
A t 


where L is the Lagrangian. To define this expression 
Feynman first considered the case of a small time 
interval Aż, and set 


(x^^, tA- At| a^ 0) — A exp{iS(x”, H-AL; x’,t)/h}, 


(8) 


(9) 


where S is / Ldt evaluated for the classical path with 
the required end points,” and A is a normalization 
factor. An iteration of the infinitesimal propagator (9) 
together with a limit A/—0 produces the “sum over 

_ paths" of Eq. (8). The normalization factor A 
is fixed by requirements inherent in this limiting 
i aaa it may depend on x’, x", t, and At, but is 

.. independent of x' and x" if the coefficients of the $ 
|. terms in L are independent of x, and is independent of 
= tif Lis not explicitly a function of t. This S method of 
_ defining the sum over paths has been applied by 
— — Choquard" to situations where the potential is anhar- 
= monic. It has been extended? to Lagrangians where 
= the coefficients of the velocity terms are not constants. 
= Anderson? has pointed out, however, that this S 
. technique when applied to gauge-invariant theories 
such as general relativity leads to an unacceptable 
result: A1=0. The explanation of this failure of the 
method is easy to find: In a gauge-invariant theory 
there are infinitely many histories which describe the 


ppe Choquard, thesis 
c Morette, Phys. Rev. 81, 848 (1951). 
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same physical situation; and if one attempts to normal- 
ize after integrating, the result is an unsatisfactory 
4-—0 normalization. This difficulty has been elim- 
inated in electromagnetic theory by Wheeler? and by 
Laurent? who perform an average over gauges in 
place of an integration. There were, however, two 
problems which the factor A was to solve. One problem 
was to determine the absolute weight to be given to - 
a field history in the sum over histories; it was this 
problem which led to the 4—1— 0 failure, but which is 

solved by using an average over gauges. The second 
problem, which logically precedes the first, was to 
determine, through the dependence of A on x, the 
relative weights to be given different histories. In 

Sec. 3 we formulate the H principle which states 

the relative weights which are to be assigned different 

field histories. It is then meaningful to speak of an 
average so that a way is open to consider subsequently 

the normalization of the “sum over histories." The 
averaging process, and the remaining, field independent, 
normalization factor, are not investigated. 

More recent treatments of Feynman quantization 
may be called non-S methods. Most of these non-S 
treatments are based on the work of Davison? who 
introduced the technique of Fourier analyzing the 
history and then integrating over the Fourier coef- 
ficients. This technique has been applied by Burton 
and De Borde?* to several mechanical systems, and is 
used by Matthews and Salam," and by Laurent* in 
field theory. Laurent's work is the first application of 
the Feynman method to general relativity. None of 
these techniques can be applied to a quantization of 
the full theory of general relativity, since Fourier 
analysis is applicable only to linear systems. 

Wheeler? has used an essentially non-S technique to 
quantize the electromagnetic field. In common with ; 
the original Feynman approach, he approximates the 
space-time volume V between two hypersurfaces by a 
grid of points 9t. A field history is then approximated 
by a skeleton history where the value of the vector 
potential is prescribed only at the grid points. Next 
the action integral is also skeletonized in being approxi- 
mated by a sum which is defined for every skeleton 
history. Finally the propagator 


(Ass ao feno (<i/sorne) f T, dtc sa (10) 


is defined by integrating over the values of A at the 
grid points Ilz<,d4A, and passing to a limit as the mesh 


^! J. A. Wheeler, Fields and Particles (unpublished). Lectures 
given at Princeton (1954-1955 and 1956-1957) and at Leiden 
1956). 
t Bs D Davison, Proc. Roy. Soc. (London) A225, 252 (1954). 

2: W, K. Burton and A. H. De Borde, Nuovo cimento (10) 2, 
197 (1955). , 

77 P. T. Matthews and A. Salam, Nuovo cimento (10) 2, 120 - 
(1955) 
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of the grid tends to zero. The entire procedure may be 
abbreviated by the phrase 


84 — N-(V) T] dA (a), 


zeV 


(11) 


where the normalization factor N indicates both a 
finite normalization factor A(N) which appears with 
each skeleton integral, and the procedure of averaging 
over gauges. 

Polkinghorne’! has shown how operator field equa- 
tions and canonical commutation rules may be derived 
in a non-S Feynman field theory. He does not require 
any details of the construction of the Feynman integral, 
and his work provides a justification for the use of 
non-S definitions of the functional integral. 

In applications of the Feynman method to field theory 
considered by the British group, the states are treated 
abstractly and denoted by Dirac kets***s: | f’c’) is a 
state for which the field f on o’ is characterized by 
eigenvalues f’. The Feynman propagator then is a 
matrix element of the unit operator (fo2|1| fio). 
Wheeler™ has introduced into his discussions of 
Feynman field theory the idea of representing the 
states explicitly as functionals ¥,(f) of the field con- 
figurations. A field configuration is simply a specific 
value of the field given for every point of the surface c. 
As an example of a state functional we quote from 
Wheeler the ground state of the electromagnetic field: 


H(z) 
eJ —— 


Here N is a normalization factor which is independent 
of the field, but which depends on the way the functional 
integration over field configurations is defined. ‘This 
idea of a state functional is a key idea in the quantum 
theory of general relativity, for we may begin with 
state functionals and then later, when we know some- 
thing about the inner product of two such functionals, 
find the relationship between these functionals and 
vectors in Hilbert space. In this way we avoid assuming 
that there exists a g,,(x) operator and a normalizable 
physical state which is an approximate eigenfunction 
of g,,(x). In a fully gauge-invariant theory neither of 
these assumptions is true. 

The idea of a state functional is independent of any 
idea of an inner product. The idea of a state vector is 
that of an element of Hilbert space, and is therefore 
stated in terms of an inner product. To distinguish the 
two situations we use the notation Wa, V», for state 
functionals, and |a), |b) for the corresponding state 
vectors when they exist. A state vector |a) can be 
defined by a state functional Ya for which S |Yal f) |*9f 
is finite. This functional integration is over the field 


hv op] - — dy). (11a) 


(1955); 
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- MO 
configurations f which are the arguments of Ya ( 
over field histories). It is easily possible that |a)=|b) - 
even though Yay». In (3) and (4) the quantities 
(fro2| fior) and (fs|O] fic:) are functionals of the 
two field configurations f» and fı. They serve to define | j 


matrix elements through the formula 
La 


Gleln- SVA olol fowl off (12). 


where |1) and |2) are state vectors defined by the 
state functionals y; on o; and y» on e». We assign no — 
meaning to the isolated symbol | fc), and would wait 
until the existence of an appropriate state were made | d 
probable before writing | fc). E 
Both Laurent and Wheeler employ a gauge-invariant 
action, /F,,/#’d‘x, in quantizing the electromagnetic _ 
field, and suggest using S R(— g)!d'x in general relativ- — 
ity. This does not seem to avoid the use of a subsidiary __ 
condition, but does allow one to use a gauge invariant | 
subsidiary condition. In electromagnetism this condition | 
is 
V. (A) — V. (A--gradA) for all A. 3) | 
In general relativity the subsidiary condition on the E 
state functionals is similar in form: V, must be constant - 
over every set of field configurations which differ only ; 
by gauge transformations. 


3. NATURE OF QUANTUM THEORY OF à 
GENERAL RELATIVITY 23 


We now sketch an over-all view of what one is to - 
mean by the quantization of general relativity with a 
minimum of explanation or justification: 

(1) We introduce a 4-manifoldj? M, of points. : 
These points have no physical significance in themselv. 
However, they serve as handles for stating the si 
icant mathematical relationships. They act as forml 
building material; no metric has yet been introduc 


surfaces, c1, 9», -+ +. They are 3-dimensional sub: 
folds? of M. 

(3) We introduce the concept of a metric at a poin 
The metric is the inner product operation (nl 
particular metric is defined by giving a way of co 
ing the inner product #-v=(w,v). of eve 
tangent vectors 1, v at x. It is most com 
by giving its components g,,(x) in a 
ordinate system so that the computatic 
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The notation ds? for the metric at x is more common” 
than ( , ), but has the same meaning. Thus we shall 
always mean by ds? a metric (an inner product 
operation) at x. In particular, the operation ds? may 
be used to compute distance intervals, but is no! to 
be understood as itself being a distance interval. 

(4) We introduce a field hislory, ds? for the metric, 
f for a more general field, by giving at each point of 
M a definite value ds? (x) or f(x) for the field there. 

(5) If values ds?(x) or f(x) are specified only over a 
single hypersurface gı, we call this a field configuration 
(ds?) or fi at oi. 

(6) For any hypersurface o or e; we consider state 
functionals y, or Y, (to be distinguished later from the 
narrower class of physical state functionals). A particular 
state functional y; at e; is defined by giving for each 
field configuration f; at e; a complex number y4( f), 
the value of y; for the field configuration fi. 

A sample state functional y, can be defined by 


y. (ds?) = exp| = f» ERE IE) ies (14) 


if o is space-like for the metric ds?, 
V.(ds?)-—0 otherwise. 


Here we assume coordinates around o chosen so that 
c is defined by a?(x)—0. Having written the field 
configuration ds? on c in the form 


ds? (x) = £00 (x) (da?)?+- 220: (x) dada’ + g;; (x)dx'dxi 


we compute the three-dimensional Ricci curvature 
tensor *&;; and volume element (?g)!d*x from the metric 
3g;;7 gi; defined on o by ds*. We do not know exactly 
what physical situation this sample state functional 
describes. It gives greatest probability to the field 
configurations ds? for which *R;;=0, i.e., for which the 
gi; metric makes g flat (assuming that the topology 
of o allows a flat metric). It is assumed that y; gives a 
complete description of a physical state of the system, 
so that from y, plus the machinery of the theory one can 
compute the expectation value of every observable. In 
a particle theory SW is one dimensional, — « «1« c, 
and the o are zero dimensional, t=T, while a state 
functional y, is an ordinary function V7 (x) of the field 
f=x= particle coordinate. 
(7) From all conceivable families Y= (yi)^i——. of 
state functionals in particle theory, the Schroedinger 


M 3) Computation methods more efficient than classical tensor 
analysis focus attention on the quadratic differential form 
| dg ,,dxtdx” rather non upon its components fo Vire 
[a^ is viewpoint [c] leads to new insights into differentia 
al r E T MIS Men of a differential [b] [d] identifies 
t en ifferential form ds? with the inner product operation ( , 
; Cartan, Leçons sur la Géométrie des Espaces de Riemann 
thiers-Villars, Paris, 1946), second edition. [b] H. Flanders, 
Soc..75, 311 (1953). [c] S. S. Chern, Bull. 
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equation, ihdy,/dl=Hy,, selects certain admissible 
ones called s/ates. The entire admissible family of state 
functionals is determined when we give one member, 
say Vo. When we represent y by Wo we are in the Heisen- 
berg picture, while when we represent v by the admis- 
sible family {yı} we are in the Schroedinger picture. 

A similar situation prevails in field theory where a 
state y may be represented either by a state functional 
Yo at a chosen surface oo (Heisenberg) or by a family 
{Wo} of state functionals (Schroedinger) satisfying 
the dynamical principle. 

(8) As dynamical principle we use, in place of the 
Schroedinger equation, the Feynman principle: Given 
a state functional yo at oo, we find the other members 
of the family (y,) for the state determined by yo 
through the formula 


Wel fe)= | KUn; fooadbol J fo. (15) 


Here J ---ôfo is a functional integration over field 
configurations foat oo, and K isthe Feynman propagator 
which may also be written (fso | foso). 

(9) The Feynman propagator is to be defined by a 
functional integration over field histories: 


Kfar fur) f exo| rec ur, (16) 


where Jy(f)=/fy£d'x is the action integral for the 
classical theory of the field, evaluated for the particular 
field history f defined over the four-dimensional V 
which has ec; and e; as boundaries. The functional 
integration extends over all field histories f with 
boundary values f» on e» and fı on gı. We write 


6f=N-(V) II df. 


zeV 


(17) 


to suggest that the definition of the functional integra- 
tion might be approached by the Wheeler-Feynman 
skeletonizing process (Sec. 2). Here df, is a measure on 
the space of values f(x)= f; of the field at a point. 
The normalization factor V(V) suggests the limiting 
processes and normalizations which go into the defini- 
tion of the functional integration process. 

In Sec. 4 we give two axioms (H) and (L) which 
guide in the choice of the measure df, to be used in 
constructing ôf, and in Sec. 6 we see that the operator 
field equations can be derived on the basis of these 
axioms. In Sec. 5 we define the measure S- --df, to 
be used in quantizing general relativity, /—ds?, and 
the operator field equations for general relativity are 
given explicitly in Sec. 6. The problem of defining the 
functional integral has been t&mporarily side-stepped, 
not solved. / 

(10) Gauge-invariance 


brings with it a subsidiary 
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generates a usable state y={y,} by (15). Those ys 
which do define usable states y, and the y they define, 
are called physical states. The criterion which distin- 
guishes physical states is called the subsidiary condition. 
The sample state function of (14) satisfies the subsidiary 
condition in general relativity. 

(11) Gauge invariance in general relativity has its 
origins in the /opological invariance of the theory. 
Topological invariance means that, given two manifolds 
M and M which are topologically equivalent (differen- 
tiably homeomorphic), if we first perform all construc- 
tions required by theory and then choose a particular 
homeomorphism (differentiable 1-1 correspondence 
between the points x of M and x’ of SI’) between 
M and Mv’, it will always be possible to extend it to a 
1-1 correspondence between the elements of the 
structure over M and those of the structure over M.” 
Roughly, topological invariance means that nothing in 
the theory changes on replacing M by a topologically 
equivalent manifold. Thus we might let M be the set of 
quadruples (r, z!, z, 2) where r> Qisa real number and 
each z* is a complex number with |z:|—1. On the 
other hand we might just as well let M u the set of 
quadruples (5,01,0*,00) where s is any real number and 
each 0! any family (04-272) , of real numbers (n= : -- 
— 1, 0, 1, 2, ---). This second manifold is customarily 
called RX T°. 

The topological invariance of general relativity has 
other consequences besides the subsidiary condition. 
If a pair of hypersurfaces c», o1 (e.g., s=2, 1 in the 
foregoing) are topologically indistinguishable from 
another pair 04, 03 (e.g., s= 40, 30), then the correspond- 
ing Feynman propagators K(2,1) and K(4,3) should 
be equivalent. This fact we consider in detail in Sec. 7 
and find that it implies that the Hamiltonian operator 
vanishes. Consequently, among the members of a 
state Y= (V,) defined by a state functional Yo on oo, 
every time there is no topologically invariant criterion 
which distinguishes the relationship of v; to M and co 
from the relationship of e» to M and eo, Yı and y» will 
be equivalent. That is yı puts the same physics on cı 
as y» puts on o2—y, is essentially independent of 
c and the Heisenberg and Schroedinger pictures 
essentially coincide. For example, (14) defines a y, 
not just for a particular surface c, but as g is allowed 
to vary it defines a family Y= (V). This family satisfies 
the dynamical principle (15) for the appropriate class 
of surfaces c, e.g. those surfaces defined in RXT’ by 
S= f.(0',6°,68) where fe is any differentiable (periodic) 
function. 

(12) The idea of Hamiltonian, Heisenberg, and 
Schroedinger picture, and many other concepts familiar 
in other field theories can only be incorporated in 
quantized general relativity by analogy. They do not 
have exactly the same meaning, for we do not have at 
hand any metric, or meaningful idea of time, to use in 
defining them. The manifold M started out without a 
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metric, and never gets one. We cannot, for example, 
speak of space-like surfaces, but must replace this idea 
with that of a space-like state functional: a Ye which 
satisfies V,(ds?)—O0 for every field configuration ds? 
which does not make c space-like. 

The dynamical principle (15) was likewise written by 
analogy, but it turns out to be very undynamic (Ye 
independent of o)—at least we hope it would be 
undynamic in this sense if the constructions could be 
carried out. With no metric on WM there is little physical 
significance to a choice of ø so probability amplitudes 
ought not to depend on this choice. The true dynamics 
is the dependence of observables on time, and therefore 
takes place at a point in the theory where there is 
a metric with which a meaningful idea of time can be 
stated. The true dynamics is an inner dynamics which 
is to be found within the Feynman propagator, rather 
than in its external action on state functionals. We 
give one example: The volume V(e,ds?) — J^, (3g)3d*x 
is an observable (gauge invariant) functional of c 
and the field configuration ds? on ø. For a state y 
[such as the one defined by the state functional Wo of 
Eq. (14) with oo the surface s=0 in RX T*] its expecta- 
tion value is 


(Ge) futt, — as) 


where the functional integration extends over all 
field configurations f—ds? at ø. Since the Hamiltonian 
vanishes, 6(V (c))4/8e (x) — 0. This says not that (V), 
is a constant of motion, but that it is topologically 
invariant. To define the time derivative of V we need a 
field history, not just a field configuration. If ds? is 
given everywhere over V between e» and e; making c1 
space-like, then we can define a function /(x) as the E 
length of that geodesic from x to c, which is normal to J 
gı. Then /(x) is well defined for all x sufficiently near 3 
oi. Next define V (o1,ds?,t)= V (o1,ds2) where or is the 
hypersurface (x)= T, and ds7° is the field configuration 
induced on ør by the field history ds?. Then we have 


(Phy f veu] 


t=0 


í 22 
xewl-ro «uos, a9 — 


where y^, V; are the members of Y= {Ye} corresponding 
to c» and oy, and the functional integration extends ov: 
all field histories f=ds* defined over V, including an —— 
integration over the boundary values f, on øn. This is —— 

an admittedly complicated definition, for 4 de eer de 
ds*. We do not know how to evaluate such formulas, - 
nor how to give them a mathematically precise meaning 

This example is intended merely as an indicati 
dynamical questions may be formulis witi 
theory. 


* 


4. H PRINCIPLE 


We view the Feynman method as a Huygen’s 
principle? : In forming 


4 
ih expl- (action) | d (field histories) (20) 
i 


the exponential by interference effects should select 
for us the fields that propagate significantly. In the 
integration all fields should be weighed equally, 
otherwise our arbitrary choice of what weight to put 
on each history in d (field histories) would compete 
with the exponential in selecting the significant fields. 
Of course we have yet to say what “weighed equally” 
means. The phrase suggests immediately, if we look 
about for suitable mathematical expression of it, the 
idea of invariant integration over a group. 
Can we discover an invariant group integration in a 
simple problem? Consider a scalar field (x). An 
— obvious group is the set of fields under addition. The 
integral over values of the field $(x)— 6. at a point 
actually used here, .f^ - - -dó., to generate the functional 
integration /---6¢ is in fact the unique invariant 
= integral over the additive group of real numbers ¢;. 
= To construct /-:--d¢ from Jf^---d$., normalization 
— factors A (JN) appear depending on the grid of points 
= JN used in the approximation of J^: -ôp by a multiple 
integral. The normalization factors are, however, 
1 independent of ¢. In the Feynman propagator 


b 


4 

K ($2,025 $1,01) = I exp| za v($) los (16^) 
1 

-— where V is the volume with]o2 and v; as boundaries and 


Iy($)- f £d' 
Y 

is the action integral, the functional integration 
= S~- - +6 extends over all fields ¢ over V which reduce to 
— $2 0n es and $1 on cı. This set of fields, F(V ; ¢2,¢1), does 
. not form a group; however the fields ¢ over V which 
are zero on e? and o; do form a group, call it G(V,bdyV), 

d the functional integration is invariant under this 
up. By this we mean 


few [res (21) 


; every functional 7 of ¢ [such as the exponential of 
action in Eq. (16’)] when x is in G(V,bdyV). 

This invariance condition can be stated 

atx) =ò for x<G(V;bdyV) 

; E 

the left-hand side 
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of (21). The functional integral is thus invariant under 
a group G(V,bdyV), even though it is an integral over 
F(V; $»,0;). The relationship between G and F can be 
stated by saying that G is a transitive group of permuta- 
tions? of F. That xeG is a permutation of F means that 
the transformation x of F defined by $—4$-L-x is a 
1-1 transformation of F onto F, while transitive means 
that if ġo is one field in F, every other $e is of the form 
¢=¢0+x for some x«G. 

We now state these ideas in a still more abstract 
form in order to isolate certain aspects of the simple 
problem (quantizing a scalar field) and state them in a 
way which shows no traces of the problem in which they 
were recognized. Then the statements may be con- 
sidered a discussion of the simpler aspects of more 
difücult problems. Were we to look immediately at 
general relativity the pertinent simplicities might get 
confused with difficult questions which we are not 
trying to answer immediately. Thus in the theory of 
an unspecified field fwe will havea Feynman propagator 


Koss fw) f [r ol (2a) 
2,72; J101) = exp; —Ly 
d F à 
defined by an action integral 
Iy(f)- | $d'w (23) 
v(f) f xX 


and a functional integration /---5f. The integral 
extends over the set F(V; fo, fı) of fields which reduce 
to fzon c» and fı on e. We want to have a transitive 
group of permutations of F(V; f»,f1); we denote this 
group by G(V,bdyV). 

Definition: If G is a transitive group of permutations 
of F we say 


F is an homogeneous set and G its homogeneity. 


If meG is one of the transformations, the transform of 
JeF will be written f” in order not to suggest that we 
are necessarily dealing with a linear theory. (In the 
preceding example f—4$, z-—x, and jf*—é-cx.) 
Successively applying two transformations, m then w, 
we get ( f*)^— f= where zw is the product in G. (In the 
example the group was written additively and mw=x1 
-Fxs if r= x1, w=x2.) The invariance of the functional 
integration under G is expressed by 


à(fr)—5f 


which states that the volume element at any point f* 


(H) 


of F is just as big as it is at f, and means that for any — 


"T 
® This is identical with the idea of a transitive transformation 
group, but this name is more common when topological considera- 
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functional T 


femur f sor (24) 
for all eG. 
This H principle is so named because of the Huygen's 
principle which suggested the ‘‘weighed equally” phase, 
» the Homogeneity**? of the fields F under the group G 
which gives precise meaning to the phrase, and the 
Hurwitz integral or Haar measure??? which will 
enter into the construction of an integration satisfying 
this postulate. 
As a matter of convenience, we note that an invariant 
integral 


ga)- i r( Naf (25) 


over F(V; fe, f1) can be defined (formally) in terms of 
an invariant integral J ---ôr over G(V,bdyV). We 
define 7*, the transform of a functional T under m, by 
the condition that 77 have the same value at f7 as T 
did at f, i.e. 


FDA PEE (26) 
Then the invariance requirement (24) can be stated 
g(r7)— g(T) for all reG(V ,bdyV). (27) 
We define g by 
s fter, (28) 


where fo is some fixed field. 
'Then 


s(3- free f rue 


= [rues se 


^ 
provided 8 (mc) — à, i.e., if J- - -ôr is a right invariant 
integral over G(V,bdyV). This definition of J= J^ - - -ôf 
in terms of /- -ôr appears,to depend on the choice of 
B fo; however if J ---òm is left invariant, 6(wr)=67, 


then 


IT)= [rue Sre 


Thus fo”, i.e., any field in F(V; fa fı), could have been 
used in place of fo without changing the value of § (7). 
In view of the construction of f- -6f we imagine 
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(17), the homogeneity group of the functional integral 
is to be generated by an homogeneity group G(x) of - 
the point integral f ---dfz over the space F(x) of 
field values fz= f(x) at x. If c (x)eG(x) we write the 
image of f(x) under x(x) as f(x)". Let G(x) be an — 
homogeneity of F(x) for each x, and m a field with 7i 
values m(x)eG(x) and for x on bdyV, m(x)—1. Then. 
we define the homogeneity G(V,bdyV) of the set of - 
fields F(V;f»fi) as the group of all transformations 
f—>f where f* is defined by é 


F=f (I) 
If m, w are two elements of G(V,bdyV) their product | E 


is defined by AN 
(eo) (25) = m (x)e (x) ; 


where the product on the right is taken in G(x) for 
each xeV. Eq. (L) says that the m transformations are - 
Local. Thus we have reduced the problem defining 
G(V,bdyV) to that of defining G(x). Since f ---ôf can — 
be defined formally in terms of J - - -óm, a point integral - 7 
S- - -dmz over G(x) can be taken as the starting point 
for a construction of the Feynman propagator. 


»1 


for each x«V. 


5. MEASURE ON METRICS EU 


Applying the ideas of the preceding section, we f 
must define a transitive group of permutations G(x) - 
on the space F(x) of metrics at a point. If g,, (x) aroi 3 
the components of ds?(x) we define the components 
gu" (x) of ds*(x)*(? by 


gu (9) m (2) Boa) P(x), e» 


where m (x) is a tensor satisfying "- 


(30) 


E 


1 
detr = pet annals 20. 


The point integral? 


f^ =f- 


is a left and right invariant integral over G(x), v n 
to within a factor independent of m. We assume tha 
functional integral J^.::óm will be generated 
Ke “drz. Since in àr— IV-!(V)[[dz. the norma 
factor is independent of m, J- --óm will be a l 
right invariant integral over G(V ,bdyV), and th 
an invariant functional integral over F(V;, 

(28). This ^---àf is then used in (22) t 
Feynman propagator of general 
integral we use in general relati 


3 
e (detz)-* II dr,” 


n, vum 


To what extent is the choice of G(x) arbitrary? 
We do not know precisely,*” however since we have 
gone to all this trouble to avoid problems raised by 
gauge-invariance, it is worth noting that G(x) coincides 
with the gauge group at the single point æ (consider 
a= 0y"/Ax"). This criterion on the choice of G(x)—let 
G(x) be the gauge group at x—also gives the right 
answer in electromagnetic theory and determines 
G(x) uniquely. The choice of G (x) should be independent 
of the Lagrangian of the theory however. It is much the 
same question as “Is the field f to be a scalar, vector, 
tensor, or what?" which must be decided in a classical 
theory before field equations are written for the theory. 
If we erroneously thought of general relativity as a 
theory of simply a symmetric tensor field g,,, then the 
space F(x) of field values g,,(x) at x consists of all 
symmetric tensors and is a vector space under addition. 
The obvious choice of an homogeneity G(x) of (xF) is 
the group of translations gu” = gusu» and linear 
integration 


Apr duum Cm. MEN LEE 


f^ II de» (33) 


is unique to within a factor independent of g,,. Using 
JR(—g)!d'a as the action integral in the Feynman 
propagator, and G as the homogeneity we could 
probably construct a quantum theory with the Einstein 
equations 


EE COE RS SPL LE I 1.143 a a SLES 


Ris Flw R= 0 (34) 


as its classical limit. However, neither the action 
integral, nor the group G, distinguishes between the 
(diagonal) tensors £,,— [ — 1,1,1,1] and g,,*=[1,1,1,1]. 
Both are solutions of the (34), and neither would have 
a preferred status in the classical limit of the quantum 
theory based on G, so this classical theory would not 
be general relativity. 

The invariant integral (31) over G(x) is unique to 
within a factor independent of m. We have chosen this 
factor in (31) in a definite way that is independent 
of the choice of coordinates used to represent v by its 
components z^, The invariant integral (33) over 
F(x) is also unique to within a factor independent of 
£u. In this case, however, had we chosen different 
coordinates 7” (x) we would have written 


II dj,,—r(A) II dg,» (35) 
nz» ux» 


— where A= |l|0x#/dz’|| and r is some function of the 
natrix A. It is easily seen that r defined in this way is a 


Th lem then is: Are there two distinct Lie groups 
; e Piep are effective homogeneities of the coset space 

considered simply as a differentiable manifold, and 
"define essentially different invariant integrals on F. 
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dimensional representation it is necessarily of the form? 
r(A)-— (detA)* 


and by counting the number of factors 4," which enter 
in (35) from the transformation law for gy, we see that 
k=5. This observation allows us to write down im- 
mediately the integral 


f --d(metric),— f ---(—g)-! TI} dg, (36 


m 


over F(x) invariant under G(x), where again the choice 
of the arbitrary g,-independent factor is made in- 
dependently of the choice of coordinates. The range of 
integration in (36) is the connected region of g,,-space 
containing g,,=diag (—1, 1, 1, 1) and bounded by 
detg,,— 0. 


6. OPERATOR FIELD EQUATIONS 


Consider the integral (22) for the propagator in the 
form 


K (fuss fu) f xoti m/m. GD 


Using the invariance (H) of the integration we have 
inserted a transformation 7eG(V,bdyV). This integral 
is a functional of m which is independent of r, therefore 


ôK | i pély(f*) i 
= —— X —Iy(f* 6 8 
om (x) a m (x) e [T q jw S 


Here the requirement (L) that the z's be local trans- 
formations of the field f was used, since m must be a 
field (x) in order to define the variational derivatives 
in (38). Defining the Jacobian transformation 0f*/dm by 


Of." 
8f*(x)— e (x), (39) 
Eq. (38) can be written | 
ôlv(f) pof. i 
1 )=0 B 
e 8 f (x) (a JS ) S 


after setting m=the identity transformation. These 
are the Quantum mechanical form of the Field equations. 
'The equations 


aIy(f)  My(f) ôf 


= =0 (40) 
ór(x) Sf(x) Om. 


3 We thank Professor V. Bargmann for pointing out this 
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are equivalent to the Classical Field equations 


&ly(f) dE 
5 f(x) 


for the Jacobian is of maximum rank: any desired 
change in f” may be produced by a suitable change in r. 
(G is transitive.) 

In linear field theories equations (40) are identical 
to (CF); it follows directly from f*— f--c (linearity) 
that 9f*/óm — 1. 

In general relativity we have from (29) a representa- 
tion of the Jacobian transformation by a matrix 


(CF) 


Og" uv 


= faym OP Tp” gya (41) 
Tg“ 


when 7 is the identity, mg*=6,* and 


gu” 
( n) sentti (42) 
1 


ÓTg* 


The field equations (CF) in this coordinate system are 
ól(d?) — e 
ae  16xG 


(Ré hee’) (Gre) (43) 


so (QF) reads 


(2| (Ra — 35a°R) (— g)3 | 1)— 0. (44) 
Obvious linear combinations of these equations give 
Q|R(-|1)—0 (45) 
and 
(2| RA (— g)*| 1)— 0. (46) 


The form of (44) depends only upon the invariance 
of the integration with respect to the transformation 
m, not upon the fact that we concern ourselves with the 
£,, rather than g^ or some other equivalent tensor 
constructable algebraically from g,,. A transformation 
of ds? defines corresponding transformations of these 
tensors as well, and àZy/óm(x) is independent of the 
factorization (40) used to compute it. 

The content of (44) is this: in the quantum theory of 
general relativity there exists an operator corresponding 
to the classical tensor (Ra?—4}6.8R)(—g)!, and this 
operator is the zero operator. There is in (44) no 
statement about operators corresponding to (— g)? nor 
Ra —3ôaP R; hence the order in which the factors are 
written in Eq. (44) is not significant. 


7. TOPOLOGICAL INVARIANCE 


Conventional field theories start with a manifold 
possessing a metric (usually the flat Minkowski metric) 
and describe the way in which some other field is to 
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be assigned to the manifold. Such theories are metrically 
invariant (Lorentz invariant): they are unaffected by 
any transformation of the manifold which leaves the 
metric unchanged. General relativity starts with a 
manifold and describes the way in which a metric is 
to be assigned to the manifold. In general relativity, 
only the differentiable structure (frequently abbreviated 
“topology’’) is fixed at the start, and the theory of 
general relativity is unaffected by any transformation 
of the manifold which leaves the topology unchanged. 
We do not mean that every quantity in the theory 
remains absolutely fixed, but that to every permissible 
transformation of the manifold there corresponds a 
transformation of all the other quantities in the theory 
of such a nature as to leave the physical content 
unchanged. A transformation of a manifold which 
leaves the topology unchanged is called a homeomor- 
phism. In this section we look at the transformation 
of the Feynman propagator corresponding to a homeo- 
morphism, and see that if every homeomorphism is a 
permissible transformation (i.e. if the theory is 
topologically invariant) as in the theory of general 
relativity, then the Feynman propagator connecting 
equivalent hypersurfaces is trivial. 

We say two hypersurfaces e» and cs are equivalent if 
(1) there exists a hypersurface o1, a Vo, with e» and 
gı as boundaries, and a V3; with c3 and e; as boundaries, 
and (2) there is a homeomorphism h of the 4-manifold 
M which maps V3: onto V21, e; onto e», and which 
restricts to the identity map of c; onto itself. 

A homeomorphism gives not only a correspondence 
between points by y=hx, but can be used to construct a 
correspondence of all fields. If ¢ is a scalar function, the 
corresponding function under h is written $^ and 
defined by $^(x)— (hx). The metric corresponding 
under h to ds? will be designated by (ds?)h. If x», y“ 
are local coordinates around x, and around y-hx, 
respectively, then h can be represented locally by 
differentiable functions h^: 


yz h^ (a9,xt,23,23). (47) — 


The components g,,^(x) of (ds?)^(x) are given in te ms 
of the components gu» of ds? by A 


ah“ oh? 
Bur” (x) = gas (ha) — 
da Ox” 


In a similar way a field f^ corresponding under 
a field f could be defined. A state functional hi 
corresponding to V at ø is then defined by requi 


hy(f) - (f^) 


for every field configuration f at he. 

Let h be a homeomorphism which estab 
equivalence of two hypersurfaces c: 
functional y4 at gı (see definition o; 


a state (family of sta 
by S3 oundation L JSA 


Si oe 
Ar Rm T 


E d 
9; 
V 
— —————À. 


Fic. 1. The vanishing of the Hamiltonian. The hypersurface 
c3 is obtained from es by a change óc (x) which consists of sweeping 
c» across V. into a3. The corresponding change óys in the state 
functional defines the Hamiltonian density operator 3Cop(x) 
according to the Schwinger-Tomonaga equation 


bya (79) = G/A f Gal fe. edr: 


The state is defined by specifying a state functional yı on oi. 
Standing at e; however, we are unable (in a topologically invariant 
theory) to formulate a criterion for choosing a second hypersurface 
a which would permit the choice ¢=c2 but which would not allow 
o=os3. Thus v; and y, are equivalent, i.e. 5¥2=0. In d topologi- 
cally invariant theory we therefore must have 36,5— 


containing the state functionals y» at e» and y; at os 
which are defined by y; and the Feynman propa- 
gator over V2;.and Vs, respectively. In a “matrix” 
notation which suppresses arguments (fn) and integra- 
tions (8/1) we may write (compare (15)) 


Vo K (c2,01)y1 
M Vs K (es,71)Va- (50) 


Since h is the identity on cı, hoy=o; and hyi-y. 
If h is a permissible transformation we must have 
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hK (03,71) = K (hos, he:)h, (51) 
or in the present case, since he3— o», 


In summary, let Y= (ya) be a state for a topologically 
‘invariant quantum theory, and let a2, c; be equivalent 
. under a homeomorphism h with he?— c, then hyo=yy. 
The equation ye=y, is nonsense since y; and y; are 
functionals with different argument domains (the 
ield configurations on c» and oj, respectively). In a 
topologically invariant theory the only distinguished 
A transformations which we could use to identify these 
two domains are the homeomorphisms. Consequently 
one does not misinterpret the equation hya—ya by 
saying that y» is the same as yı. When y» is given by 
TÉ explicit formula such as (14), the equation hy?—y4 
says that a formula for y; may be obtained simply by 
replacing T2 by 71 in the formula for y». The general 
idea is that in a topologically invariant theory, a 
ho homeomorphism i is the same as an identity transforma- 
on, modulo physically meaningless mathematical 
ctions. 
have taken as the basic elements of quantum 
eory the definition (16) of the Feynman prop- 
pude y sode formula 
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we may define a Hamiltonian density operator 3Cop(x) 
directly in the quantum theory. The Schwinger- $ 
Tomonaga equation,*“° 


th 


bY, 
stove (53) 


gx 


serves this purpose. Let a pair of hypersurfaces such as 
c» and c; in Fig. 1 differ by the boundary of a small 
(cellular) neighborhood V of a point x. A comparison 
of Y; and y is defined by 


yo — hya— y», (54) 


where h is any homeomorphism h : ¢3—»2 which reduces 
to the identity on the common submanifolds of ce; 
and c». There is no structure available in a topologically 
invariant theory to make a more definite choice of h, 
but 3C,, will be well defined without any further 
restrictions on h. Note that the definition of hy; 
in terms of y; is independent of the equations of 
motion (15). Now suppose that both y; and y» are 
members of a state y defined by a state functional yı 
on gı, and that V is bounded by c» and ei so V4-V ; is 
bounded by os and o;. We may in this case interpret 
óy» as the change in the state functional produced by 
a change óc(x) displacing the surface e» across Vz. 
Then since V, is assumed to be a cell (a homeomorph 
of the unit cube E! in Euclidean 4-space) the homeo- 
morphism h: e3—» can be extended to a homeomor- 
phism h: V4- V ,—V whichis the identity on c;. Therefore 
73 and oz are equivalent, hja— y», 03— 0, and conse- 
quently 3€,,—0. In any topologically invariant theory, 
the Hamiltonian operator vanishes. For the conclusion 
3C, — 0 to hold it is necessary that the quantum theory, 
not just the classical theory, be topologically invariant. , 

Because of different methods of definition, our 3655 
Hamiltonian is not necessarily the operator correspond- 
ing to the Hamiltonian defined in classical theory. 
However Professor J. L. Anderson at the Chapel Hill 
conference voiced suspicions that the classical Hamil- 
tonian in general relativity would be zero. 

Is the vanishing of the Hamiltonian embarrassing? 
Not at all. As defined here the Hamiltonian is, so to 
speak, the generator of infinitesimal homeomorphisms 
and is totally unrelated to the energy of the system or 
to the dynamic changes taking place in the observables. 
Its vanishing. is merely the local statement of the 
topological invariance of the theory, and is therefore 
desirable. We postulate it as one of the characteristic 
properties of the Feynman propagator in quantizing 
general relativity or any other topologically invariant 
field theory. 


SUMMARY OF CONCRETE RESULTS 


It may reasonably be expected that whenever any 
construction of the Feynman integral is possible, 


inge Ph Rey, i, 1449 (1948). 
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this construction can be done in conformity with the 
H principle. The H principle characterizes a property 
of the Feynman integral sufficient to guarantee that 
an operator form of the field equations will hold. 
The choice of the homogeneity of the field determines 
uniquely the relationship between the form of the 
operator field equations and the form of the classical 
field equations. The homogeneity of the metric field of 
general relativity has been defined, and the operator 
form of the Einstein field equations has been given. 
In a topologically invariant quantum field theory, 
such as quantized general relativity, the (Schroedinger) 
state functionals on equivalent hypersurfaces are 
equivalent, so that the Hamiltonian vanishes. 
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1. INTRODUCTION 


UESTIONS have been raised whether gravita- 
tional radiation has any well-defined existence.! 
Supporting this skeptical position, Rosen has investi- 
gated further? the cylindrical gravitational waves first 
considered by him and Einstein? as an outgrowth of a 
suggestion by H. P. Robertson. A monochromatic wave, 
or a pulse, of cylindrical symmetry, moves inward in 
matter-free space, implodes on the axis, and moves out 
again. This is the only problem of gravitational radi- 
ation where one has an accurate solution of the field 
equations of general relativity. The problem is special 
enough not to illustrate all features of gravitational 
radiation. On the other hand, all correct general 
statements about gravitational radiation must ob- 
viously be compatible'with this problem. This problem 
1 A. E. Scheidigger, Revs. Modern Phys. 25, 451 (1953). 
? N. Rosen in Jubilee of Relativity Theory, edited by A. Mercier 
and M. Kervaire (Birk häuges Verlag, Basel, 1956). 


3 A. Einstein and N. Rosen, J. Franklin "Inst, 223, 43 (1937); 
N. Rosen, Bull, Research Council Israel 3, 328 (1953). 
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for the stimulus which this conference provided. 
Among the many participants whose remarks helped 
to clarify the Feynman quantum theory of general _ 

relativity, we are particularly indebted to Professor 
J. L. Anderson, Dr. S. Deser, and Dr. B. Laurent. 
Above all, we thank Professor J. A. Wheeler. He 
originally suggested the problem of formulating the 
Feynman quantization of general relativity. We regret 
that our approach to this problem has not the concise- 
ness of his solution to it, which was simply to write 


f exp( G/2) (Einstein action) ya) (celd histones 2 


He provided constant encouragement in pursuing 
the investigation; and his provoking ideas on the nature — 
of the theory of general relativity led us to adopt __ 
the intrinsic or coordinate-free point of view which has : 
been essential in the development of this theory. His — 
help and advice in writing this paper are reflected in G 
those sections which are most clearly presented. ET - 
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therefore occupies a special position in the theory oe 
gravitational radiation. 
Rosen finds an unexpected result. The pseudotensor 
that measures the density of gravitational energy and 
momentum in the cylindrical wave is everywhere zero. 
The significance of this finding is the subject of this 
paper. We conclude that many of the otherwise 
parently paradoxical properties of this cylindrical w 
can be understood by taking into account the an 
between gravitational waves and  electroma, 
waves, and the special demands of the equiv 
principle, which rules out a special role for an 
ticular frame of reference. 
Section 2 recapitulates the expressions or 
and Rosen and of Rosen for the metric of the cyli 
wave. Two kinds of solution are of inter 
chromatic waves and pulses. A pulse ty 
is constructed that is represented 
simple mathematical exp 
proof that th 
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momentum and energy is everywhere zero, both for 
monochromatic waves and for pulses. From this it does 
not follow that the energy of the gravitational wave is 
zero. Rather, this energy is undefined because the wave 
is unbounded. Were the pulse imploding, not on an 
infinite straight line, but on a circular line, the energy 
would be expected to be finite and reasonable, according 
to simple physical arguments. Section 4 returns to 
the infinitely extended case where the exact solutions are 
available. The curvature tensor of Riemann, Rj;x1, does 
not vanish in the region occupied by the wave; nor do 
j the invariants formed from the components of this 
curvature tensor vanish. The disturbance in question 
is real and not removable by any change of coordinate 
system. In Sec. 5 influence of the gravitational wave 
upon the motion of an infinitesimal test particle, at 
rest before the arrival of a pulse, is studied. The particle 
receives a velocity from the ingoing pulse, but after 
implosion the pulse returns with reversed force and 
reduces the velocity to zero. The analogies are stressed 
with the case of a charged particle subject to the action 
of an electromagnetic plane wave. There the passing 
wave gives no net forward impulse to the particle in 
the approximation in which the secondary wave 
radiated by the particle itself is neglected. When allow- 
ance is made for radiation reaction, the equation of 
motion of the particle predicts a forward push. Several 
predictions about the response of a test particle to 
gravitational radiation are made which are in principle 
subject to check. It is concluded that the cylindrical 
waves of Einstein and Rosen present no real paradox; 
that the apparently anomalous behavior of these waves 
is completely consistent with the equivalence principle 
of general relativity. 


2. CYLINDRICAL WAVES 


Spherical gravitational waves, like spherical electro- 
magnetic waves, can never be truly spherically sym- 
metric. The polarization tensor in the one case, or the 
polarization vector in the other case, cannot keep a 
constant magnitude and change continuously in di- 
rection over the surface of a sphere, according to the 
fixed point theorem of topology. Cylindrical gravitation 
waves, like cylindrical electromagnetic waves, avoid this 
difficulty. The polarization at a point is described by a 
small ellipse normal to the direction of wave propaga- 
tion. This ellipse describes the distances from a central 
= test particle of a set of test particles which were origi- 
E nally at rest upon a circle before the wave fell upon 
— them. The principal axes of this ellipse are parallel and 
—. perpendicular to the axis of the cylinder. As the phase 
- of the oscillation advances, the long axis becomes the 
it sh ort one, and conversely, but the axes do not rotate. 
e cylindrical waves of Einstein and Rosen make no 
| of the other independent state of polarization, in 
ich the principal axes are turned at 45? to the axis 
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nates, p, e, and z. The product of the velocity of light 
and the time is represented by the cotime, T. In these 
coordinates the metric of Einstein and Rosen has the 
form 

ds$—gr*(—dT?--dp?)J-pe?*de?--edz (1) 


where the dilatation quantities, y and y, are functions 
of p and T alone. The gravitational field equations are 
satisfied in empty space for a metric of the form (1) 
provided y and y satisfy the equations, 


1 
Vp V »— V rr — 0, (2) 
p 
Y» PLZ +r], (3) 
Yr — 2p Wr. (4) 


Solutions of (2) are well-known and represent cylin- 
drical waves. It was originally thought that these waves 
are capable of transmitting energy to unlimited dis- 
tances because one can write a solution representing 
progressive waves, where the first'dilatation factor has 
the form 

V— AJo(ep) coswi+ BNo(cp) sinet ; (5) 


and the second factor, in the special case B= A, reduces 
to the expression 


y= 34*ep( Joop) Jo (wp) +N o (op) N o (wp) 
"ep (J'o(ep))*2- (Jo! (wp))?+ CN o(wp))? 
+ QV o (wp))? ]H- LJ'o(ep)J o' (wp) — N o(wp) N o' (wp) ] 
Xcos2wT+[Jo(wp)N o' (ep) +N o(wp) o' (wp) ] 


2 
Xsin2eT) ——A*oT. (6) 


T 


The last term of (6) is aperiodic in time. It leads to a 
systematic change of the metric with time which was 
at first interpreted as due to loss of energy. Rosen gave 
arguments against this interpretation. With Rosen, 
we exclude solutions that contain the irregular Bessel 
function, No(wp), as not well defined at the origin. 
More interesting than a monochromatic dilatation 
factor V of the form (5), with B—0, is a pulse formed 
by linear superposition of such waves. We superpose 
such waves with an amplitude factor A — 2Ce-?^, thus: 


y=2C f e~ J o(wp) cose T dw 
0 


=C[(a—iT +p }3+CL(a+iTy+e7y4. (7) 


The quantity a is an approximate measure of the pulse 
width.* " 

Consider any value of the distance p, which is very 
large compared to a. Then (7) is large only when T is 


* Note added in proof —We are grateful to W. B. Bonnor for a 
reprint of his paper, J. Math. and Mech. 6, 203 (1957) where he 
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near —pand near +p. At the one moment the imploding 
wave is going by; at the other moment it is reexploding 
towards infinity. 

Let T be a large negative number, and ask for the 
shape of the pulse at this time. Introduce the dimen- 
sionless quantity x by the formula p=—T-+ax. Then 
the pulse has the approximate form 


y2C(—2aT)M[x4-(14-32)!]/2(14-32)), (8) 


indicated in Fig. 1. Pulses of other shapes can easily 
be constructed by combining the two terms in (7) with 
constant phase factors, e? and e~t, respectively. The 
shape of the present pulse does not change with time 
until it comes close to the origin. The strength evi- 
dently grows inversely as the root of the distance of the 
peak of the pulse from the origin, as expected for a 
cylindrical wave. At the origin itself the dilatation 
factor y has the value 


V— 2Ca/ (a*4- T?). (9) 


The second dilatation factor y is determined up to a 
constant by integrating (3) and (4), as follows: 


y= 3C?( a?— pL (a—iTy--p]?—pT (a4-1T)?-- p? |? 
—a-*(T?-+.a?— pP) LT'2- 2T (a?— p?) + (2*-p*)]-3). (10) 


Choose a fixed time T and an arbitrarily smal 
quantity e. Try to draw a sphere around the origin of 
a radius R so large that the dilatations, y and y, are 
less than e everywhere over the surface of this sphere. 
The task is an impossible one; there is no such sphere. 
The metric is everywhere regular, but it does not 
become asymptotically flat in the sense just mentioned, 


3. VANISHING OF THE PSEUDOTENSOR DENSITY 
OF ENERGY AND MOMENTUM 


In evaluating the stress energy pseudotensor, we 
consider not only the monochromatic wave (5) and the 
pulse (7), not only the most general solution of the 
gravitational field equations (2)-(4), for empty space, 
but also the case where nongravitational energy is 
present. Then the field equations (2), (3), (4) no longer 
pertain. However, we limit ourselves to the case where 
the stress-energy tensor, Tir, of this extra energy has 
cylindrical symmetry and where a metric of the form 
(1) still applies. 

The pseudotensor, lir of gravitational stress and 
energy is known not to be uniquely defined by the local 
conservation law, or requirement of zero divergence: 


(—4g)*(3/8x*)(—g) (T4*4-459) 0 (k=1,2,3,4). (11) 


We adopt the familiar Einstein choice for the stress 
energy pseudotensor, formulated by Tolman‘ in the 
following convenient language: (1) Define a Lagrange 


4R. C. Tolman, Phys. Rev. 35, 875 (1930); see C. Møller, The 
Theory of Relativity (Clarendon Press, Oxford, 1952) for a sum- 
mary. Also, see especially L. Landau and E. Lifshitz, The Classical 
Theory of Fields, translated by M. Hamermesh (Addison-Wesley 
Press, Reading, Massachusetts, 1951), Chap. 11. 
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Fic. 1. The pulse-like cylindrical gravitational wave of Eq. (7) 
is concentrated near the radius p= —T on the implosion run, for 
negative values of T; and concentrated near p=-+T when it 
reexpands out from the axis of symmetry. The upper diagram 
shows the pulse shape valid for both inward and outward runs 
when p and T are large compared with the pulse width, a. The 
lower diagram gives approximate representations of the pulse 
valid in the selected regions of the (o,7) diagram. The symbols r 
and p are used indiscriminately. The asymptotic value of the 
dilatation constant y within the forward and backward light cone 
is taken to be zero, from which it follows that the asymptotic value 
of y everywhere in the neutral zone is the constant 


Yaym= | P (Li? r*)dp. 


density function, 


L= (— 8g) TaT u —TavT gu"). (12) 
(2) Define the quantity 
sk™= (c!/8rG)g0L/ 0g, mi (13) 


where g,,,‘! is an abbreviation for 3g/8x". Then the 
divergence of this quantity gives an expression for the 
total stress energy pseudotensor, 


Té) - (— g)- Mos ^/ 0x", 


that satisfies the conservation law (11). 
Calculation of (12), (13), and (14) is simplified by 
the diagonal character of the metric. We find 
09/9g5—0; 
8/8g*— 3(— g)!g'ga(g?0gn/0x'-.-g^àgs/0x) (15) 
and thence the values of s4"! and s4“. We have no interest 


in the values of s4? and s, because their derivatives 
with respect to 3?—0 and a?— e, respectively, are-zero, 


(14) 
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We end up with an identically zero value for the energy 
1 density, 


Té-- ti (— g)> (t/16rG) (0/821) (— g)ig 
X (g?0gzs/ 0x 4- g*0gss/ 0x) 
= (¢/87G) (9/dp)(—1+2pdp/dp 
—2pdy/dp)=0. (16) 


In other words, when no matter is present, the gravi- 
tational pseudoenergy density itself is zero, as has 
already been shown by Rosen.? When matter is present, 
the right-hand sides of the field equations (2), (3), (4) 
have to be corrected, but the calculation (16) of the 
energy density remains valid. The gravitational field 
automatically adjusts itself so that the pseudoenergy 
density of the gravitational field is equal and opposite 
to the density of all other forms of energy. In a similar 
E fashion, the gravitational contribution to the density 
of momentum in the radial direction compensates 
exactly all other contributions to this momentum, 


T4-4-11- 0. (17) 


The results (16) and (17), while impressive, are 

meaningless. The quantity Tiz is a tensor, but t4 is not. 

A coordinate transformation produces no change in the 

| values of the four independent invariants I, of the 
i. tensor Tiz, defined by 


MENT ANT ot 3 +14 
CSP IED) TO IEE Ihe 
3 EHE o5 (18) 
E TAL T T; A+T4) 
a The corresponding quantities, 71, 4», îs 44 for the 


pseudotensor /;, are not invariant; they can be given 
arbitrary values at a point by suitable coordinate 
transformation or by suitably altering the definition 
(14) of the pseudoenergy tensor, consistently with the 
E conservation law (11) or (3) by any combination of 
a (1) and (2). 
P- In physical terms, it has no well defined sense to say 
; that the density of gravitational energy is zero, or that 
the flow of gravitational energy vanishes. No experi- 
ment could ever test whether these quantities are zero. 
The density of other forms of energy can be measured 
by the gravitational fields they produce. But gravi- 
tational field energy itself does not appear as a source 
term in Einstein’s field equations, so there is no un- 
ambiguous way to speak of localized gravitational 
— energy density as a source of a measurable gravitational 
fi eld. 
E : - Only total energy has a well-defined significance, and 
- even this only when very special conditions are met. 
‘There is no such quantity as total energy, for example, 
n a closed universe‘; there the integrated conservation 
WS: 'educe to the trivial identity, zero equals zero. To 
ie total energy it is necessary that the metric 
become asymptotically flat. More precisely, a coordi- 
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nate system must exist in which the metric quantities 
go to the Euclidean flat space values at least as fast as 
1/(distance from origin). Then the gravitational field 
falls off as fast as 1/7? or faster, and a surface integral 
allows one to compute the mass or energy of the system 
unambiguously. This condition is not met in the case 
of an infinite cylindrical gravitational wave.t 

The wave must be limited to a finite region of space 
to have a well-defined energy. Consider therefore a 
gravitational wave imploding, not on a straight line, 
but on a circular line. Let the thickness of the pulse a 


T Note added in proof —We are indebted to Professor M. Fierz 
for permission to quote from his letter to us of May 14, 1957. 

“So we have y(*,T)-— constant, i.e., independent of T [from 
Eq. (4)]. Let y (p,T) be a wave-packet fulfilling Eq. (2); we may 
assume that y/(p,T) 2 0 for p> R—naturally this is not strictly true, 
but practically we may imagine v to have a finite spread. Now 
for p» R we have 


ds? =° (dp? — dT?) + pd ^? +d, ^ 


where y is a positive constant, namely the ‘energy’ in the ordinary 
sense of the wave field v: 


GT)» f. p(W,?-++W7r*)dp = const 


[where y is normalized to zero at the origin]. Putting p’=e"p, 4 
T'—eYT, o'—6& Yo, we have 


ds?= —dT^ dp? 4- pd o" +d2. 


This looks pseudo-Euclidean. But the range of g'is not 027, but 
0—6 727. This means that the geometry on a ‘plane’ T= const, 
z= const is the one on a conical surface. This holds as well as we 
want for any T if p (or p’) is big enough. So, if we assume y to be 
regular everywhere the geometry is not 'regular' at infinity 
(p>), that is, it is not pseudo-Euclidean though the curvature 
vanishes for big p. Looking at the problem in this way, it is evident 
that the deviation from [ Euclidean character] is not due to the 
roordinate system. This peculiar behavior is a property in the 
arge.’ 

This beautiful analysis of Fierz indicates that there is a subtle 
sense in which one can define an energy-like quantity per unit 
length of a cylindrically symmetrical gravitational wave, and 
indicates further that this energy-like quantity is positive definite. 
There is a most interesting analogy between the conical space of 
Fierz, and the curved space of the Schwarzschild metric, in the 
following sense: In both cases there is a departure from a Euclidean 
character, the integrated magnitude of which over a surface of 
radius p or r is independent of r and measures the total energy: 
included within that surface. Of course, the area of the bounding 
surface increases faster with r in the second case than the first; 
correspondingly, the departure from the Euclidean character re- 
mains constant (as measured by Ag) in the cylindrical case, and 
falls off with r in the spherical case. See also the discussion by Fierz 
at the end of reference 2.—We owe to Dr. Charles Misner an 
important additional remark about the definability of energy ina 
system that is not asymptotically Euclidean, and especially in a 
closed universe. Landau and Lifshitz show [reference 4, Eq. 
(11-88) ] that the energy-momentum four vector can be expressed 
in the form of an integral over a closed 2-dimensional surface 
bounding a 3-dimensional space-like volume P?= /'jP9edS*oa. 
When the three-dimensional space is closed, then the bounding 
surface S can be shrunk to zero. This circumstance might appear 
to argue, as indicated in the text, that the law of energy conserva- 
tion reduces to the trivial identity, 0—0. However, no closed sur- 
face can be covered without singularity by a single coordinate 
system. One has to use at least two coordinate patches. But //^*. 
depends upon the gravitational stress-energy pseudotensor. 
Therefore its values in the two or more coordinate patches in 
the regions where they overlap are no$ related to each other as 
are the values of a true tensor. Consequently, it is ot clear—Dr. 
Misner points out—that the energy integral will vanish. The 
remarks of Fierz and Misner raise the following question. Does - 
there exist in relativity theory for a closed space a quite generally 
defined energy-like quantity that has not yet been clearly 
formulated? 
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be chosen very small compared to the radius, 5, of the 
circle. For simplicity, let the initial conditions for the 
problem be formulated at the moment, T=0, of 
“maximum implosion. The dilatation factors at this time 
we require to follow formulas like (7) and (10), 


V 2C (à 9); 9y/0T—0 
y= (C/a)L(1-Fa/p)?—1]; oy/0T—0 (19) 


provided that the distance p—now measured from the 
circular line—is small compared to the radius, 5, of that 
line. We now have a toroidal gravitational wave instead 
of a cylindrical gravitational wave. For times before 
T=0 this wave implodes on the circle, and for later 
moments the wave explodes out from the circle. If the 
wave is weak enough (C<a), the familiar linearized 
theory of gravitational waves, or even Huygens' 
analysis, can be applied to discuss its behavior. It will 
approach asymptotically to a spherical wave pattern 
for very large values of the time. The wave will behave 
qualitatively in the same way when the dimensionless’ 
measure of strength 'C/a is larger, but then the analysis 
will be more complicated. 

The point at issue is this: will the toroidal gravita- 
tional wave have any energy? By conservation laws 
the answer to this question at one time will answer it 
for all times. Therefore take the time T=0 of maximum 
concentration of the wave. The disturbance being con- 
fined to a limited region of space, one may assume the 
metric to be asymptotically flat. This permits definition 
of the total energy or mass of the gravitational wave. 
But is this energy unique? May it not be assigned at 
will by choosing arbitrary values for the coefficients of 
1/r in the asymptotic formulas for the space part of 
the metric 


ds?~ (1--GM/2&r) (da?4-dy?--dz)). (20) 


Are not the initial conditions for the gravitational wave 
“at the time T=0 a matter of arbitrary choice? Does the 
existence of this freedom mean that it has no sense to 
talk of gravitational energy and gravitational waves? 
No such complete freedom exists.5 Let gas (o,8— 1,2,3) 
denote the space part of the metric at the time T'— 0, 
and let R® denote the curvature invariant of this three- 
dimensional space. Furthermore, introduce six quan- 
tities, Pap= Ypa (v8 — 1,2,3), with the trace y= y7, to 
measure the time rate of change of the metric, 


Ogag/ OT = cag. (21) 


Then the three-dimensional “stretching rate tensor," 
ap has to satisfy in the three space, T'— 0, the equations 
of Lichnerowicz and Fourés 


(paf — ab p); 5— 0 (a= 1,2,3) 
€^— Pap eP+R®=0, (22) 
At T=0, the first time derivative of all the metric 
quantities vanishes. It follows from (22) that the 
5 See Y. Fourts-Bruhat, J. Rational Mech. Anal. 5, 951 (1956). 
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three-dimensional curvature invariant d the metric Go. 
must vanish everywhere at the time T= 


RƏ=0 at T=0. (23) 


This demand is automatically and accurately fulfilled 
by the line element (20). But this line element is the 
asymptotic form of the metric for the toroidal wave. 
Thus (23) is a differential equation for the metric that 
connects its asymptotic behavior (specified by the 
parameter M) with its behavior in the region of energy 
concentration, so (23) provides a means to determine the 
“mass” or energy of the gravitational wave. 

The most general pure gravitational wave that is 
symmetric with respect to the time T=0 satisfies (23). 
A particular class of such solutions can be written in 
the form 


ds?— f'(«,y,2) (da?-I- dy? -dz?), 
where the Laplacian of f must vanish :9 


v2f=0. 


(24) 


Apart from the trivial constant solution, all solutions 
of this equation diverge somewhere, as illustrated by 
(20). The everywhere regular solutions of (23) can 
therefore not be written in the conformal form (24). — — 
We have not so far found a scheme to construct and 
catalog all such regular solutions. The solution of this — . 
problem is central to further study of time-symmetric — | 
gravitational waves. st 


4. THE CYLINDRICAL GRAVITATIONAL WAVE 
PRODUCES A NONZERO CURVATURE 


From now on we regard the cylindrical gravitational — 
wave as the idealized limit of a toroidal gravitational 
wave, of finite and well-defined energy, when the radius 
b of the torus is extremely large in comparison with all 
other relevant physical dimensions. b. 

'To see that this wave is not a fictitious "coordinate" 
wave in a really flat space, it is enough to consider the - 
Riemann curvature tensor, R;jyi. Were the space reall; 
flat, this tensor would vanish in one coordinate system 
and therefore in all coordinate systems. However, by 
direct calculation from the metric (1) [without use of 
the field equations (2), (3), (4) ] we find the components 


TABLE I. Alteration in separation of nearby test particle 
appropriate invariant way to describe the polarization pro) 
of the cylindrical gravitational wave. 


Does separation at Nature of separation of the two infi 


right change as test particles 
determined by 

alteration in 5p óz 
Coordinates? yes no 
Invariant intervals? yes yes 


* L. P. Eisenhart, Riemannian Gi 
Press, Princeton, 1926 
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Making use of the field equations (2), (3), (4) further 
simplifies these expressions, but does not reduce them 
all to zero. Existence of these nonzero components 
proves that the cylindrical gravitational waves propa- 
gate real curvature in space. 

This departure from flatness produces real physical 
effects; the curvature modifies’ the invariant distance 
between nearby infinitesimal test particles. Conse- 
quently objective existence must be attributed to the 
gravitational wave that produces these effects. 


5. RESPONSE OF TEST PARTICLES TO THE 
CYLINDRICAL GRAVITATIONAL WAVE 


An infinitesimal test particle follows the geodesic 
equation of motion 
d*x*/ds?+-Tag'(da*/ds) (da? /ds)=0 (26) 
where the quantities D;;? may be regarded as com- 
ponents of the gravitational field—dependent, of course, 
according to the equivalence principle, on the choice 
of the coordinate system. In the coordinate system (1) 
a test particle which is instantaneously at rest (da!/ 
ds=0; da*/ds—1) experiences at that moment the 
acceleration 


d'p/dT* — —Y44 —5g!0g/0x! — — 0y/0p-t- Oy/ dp 
p.— (a—iTy p’— (a+iT)? 
“WE Wet Catin) 
p+a+ T? 
MR TOC a re | 
[+ (a—iT) PE’ (a+iT) ]* 
-Ce(E(a— iT - 91" - Ea T +T) 


E. itati ticular 
the pulse type of gravitational wave. In particular, 

ME alc once at rest at the axis of the cylinder remains 

rer at rest. 

rani, report at Chap 


(27) 
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To treat the motion of a particle that is some distance 
from the axis, we analyze the equation of motion to the 
first order of approximation: (1) we neglect terms in 
C?, such as y and its derivatives, in comparison to terms 
in C; (2) we evaluate the forces not at the new position, 
but at the old position; (3) we treat da'/ds as equal to 
1; and (4) we write the pulse in the form 


yz f(e+T) (28) 
for negative values of T; and in the form 
v= f(p— T) (29) 


for positive values of 7. In this approximation the 
velocity has the value 


a 
do/at= f (d°p/dT?)dT 


T (30) 
a Í (IDAT = FYT) for T<0 


dp/dT=—W(po,T) for T>0. 


The particle experiences a sharp outward push (see 
Fig. 1) at about 7— —p; then a weaker inward ac- 
celeration that brings the particle to rest at the time 
T —0. Then the inward slow acceleration resumes, the 
particle gains more and more velocity; and finally, at 
about T=-+p, the particle experiences a final sharp 
outward acceleration that reduces it to rest. The 
outward migration of the particle up to the time T=0 
is just balanced by the subsequent inward migration, 


0 0 
p= f (dp/dT)dT = f Vae Cx. G) 


The particle ends up where it started. A calculation to 
the first order that is really accurate does not replace 
9V/9p by OV/OT and gives for the migration, not 
(31), but 


0 m 
N= f f (ap/dp)dT'dT =2C 


for large p for the change from T=— œ to T=0. 

The migration in coordinate gives no true measure of 
the change in distance between test particle and origin. 
To the first order this distance at the time 7=0 is 


potAp potAp 
fe»--[ evf a-w 
0 0* 


p ^ 

=potap— f yd; - 
0 / 

? 


pot 2C—2€ In(2p/a). (32) 


E í Foo 
1 Hill conference (to be published). The particle moves, no. farther from the origin, but 
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CYLINDRICAL GRAVITATIONAL WAVES 


closer to it.{ These results warn how dangerous it is to 
draw any conclusions about motions of test particles 
from changes in their coordinates. One must instead use 
invariant intervals between particles to measure the 
effect of the wave. We note (Table I) that the principal 
axes of the polarization ellipse lie in the z and ¢ direc- 
tions, despite the fact that these coordinates do not 
change, while p does. 

Can energy be extracted out of the gravitational 
wave? Yes, because the distance 6z between nearby 
test particles changes with time. This change can be 
used to drive an engine. Where does the energy come 
from, it having been agreed that the pseudotensor of 
gravitational energy density and energy flow is zero in 
the chosen coordinate system? The maximum possible 
rate of absorption of energy by the engine will be 
governed by the rate at which the gravitational forces 
do work upon the test particles. These forces will be 
proportional to the first power of the mass of the 
typical test particle. The inward energy flux onto the 
test system ought therefore to be proportional to the 
first power of the mass of the test particle. Consider 
these quantities in the weak field approximation. Let 
back symbolize the gravitational field of the cylindrical 
wave. Likewise let T&v symbolize the gravitational 
field due to the moving test particles. Then the energy 
density is qualitatively of the form 


9 9 
Tack’ 2T pack! test HT test”. 


The first term, due to the background field, can be 
given arbitrary values by suitable choice of the co- 
ordinate system, and happens to vanish in the coordi- 
nate system (1). The middle term describes the flow of 
energy into the absorbing system. 

Details of the energy flow require elaborate analysis. 
By analogy with the problem of an electromagnetic 
wave working on one or two test particles: (1) response 
of the particles, measured by changes in their invariant 
separation, is proportional to the first power of the 
field strength in the weak field approximation; (2) loss 
of energy from the driving wave to the test particle 
system is describable in terms of an interference be- 
tween the primary wave and the secondary or scattered 
wave; (3) when there is no true absorption in the test 


1 Note added in proof —To the second order the velocity of the 

test particle originally at po follows from integration of 
d'o/dT?* - (9V/0p)o-- (dp/dT) (QU/9T )eo— (Ay/Ap)po. 

Here it is legitimate in the same order to write 

(9V/98p)p =o -- (o— po) yo". 
The integration gives for the velocity at the time T=-++ the 
values —2C?/a? and —2zC?po/a* for values of po large and small 
compared to a, respectively. This finite velocity produces in the 
course of an infinite time an infinite displacement. This circum- 
stance does not affect the validity of the expansion in powers of 
the wave strength, C. 

* See Bohr, Peierls, and Placzek, Nature 144, 200 (1939); N. F. 
Mott and H. S. W. Massey, The Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1949), second edition, Chap. VIII; and 
N. F. Mott, Proc. Roy. Soc. (London) A133, 228 (1931). 
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system, but only scattering, then the scattered energy; 
of second order in the field of the test particle, is the 
same in integrated value but is opposite in sign to the 
loss of energy from the primary wave, represented by 
the term linear in the field of the test particle; (4) the 
primary wave moves the test particle only transversely 
to the first order in the primary field strength, and to the 
second order in the primary field strength there is also 
a forward and backward response of the test particle? 
A charged particle responding to an electromagnetic 
wave executes a figure eight motion—without however . 
undergoing any net forward motion in this second 
approximation. Only when the radiative reaction of 
the secondary wave on the test particle is taken into 
account does one find a phase lag in the figure eight 
motion and a net forward impulse imparted to the 
charge. Radiation pressure comes in only when the 
scattering is taken into account. All these results are 
consistent with the conservation laws. 

Similarities between gravitational and electromag- 
netic waves thus make it simple to draw a number of 
reasonable inferences. The significance of these infer- 
ences has a much more subtle character in the gravi- 
tational case than in the electromagnetic case. Neither 
field energy densities nor test particle motions have a 
meaning independent of the choice of coordinate 
systems. The simple observable consequences of wave 
action are instead changes in the separation of various 
nearby test particles—changes that are related to the 
covariant components of the curvature tensor Rijko 
rather than to the values of the noncovariant field 
strengths, T;,. This more complex character of the 
observation problem in gravitation physics is in full 
accord with Einstein's principle of equivalence. 

This principle does not deny a physical reality to 
gravitational radiation but on the contrary leads to the 
only well defined way there is to express the influence — — 
of this radiation: in terms of its effect upon invariant 
space time intervals, such as the interval between two - 
test bodies. 
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REVIEWS OF MODERN PHYSICS 


1, INTRODUCTION 


HE Maxwell equations apply! in a multiply 
connected space as well as in a simply connected 
space; the “handles” or “worm holes” in a multiply 
connected space trap lines of force, in such a way that 
one can associate an integrated flux of lines of force, or 
"charge," with each “worm hole"; and the charge so 
defined stays constant in time as a consequence of 
Maxwell's equations, regardless of the complication of 
the initial field values, and regardless of the way the 
metric changes with time, as long as the topology does 
not change. The theorem that the number of linearly 
independent constants of charge is equal to the number 
of worm holes (or to the second Betti number, R», of 
the 3-space) is a consequence of the well known theory 
of harmonic forms.? 

This note enquires whether the two-component 
Dirac equation for the neutrino in curved space? 
resembles the Maxwell equations in the following sense: 
does the two-component neulrimo equation admit zero 
frequency solutions in a multiply-connected time-inde- 
pendent metric? Tf such solutions, Yı, V», - - -, exist, then 
one can construct a general solution of the following 


form 
Y=QWitQyeo+::-, 


where the Q,’s are constants. One might then ascribe 
to the constants, Q;, the name of “neutrino charge" 
and look for conservation properties—when the metric 
is allowed to vary—analogous to the conservation 
already proven for electric flux. 

The simplest multiply-connected space has the 
topology of a “torus” defined by the metric in (5) and 
(6). This space admits a zero-frequency solution of 
Maxwell's equations In the same space the two- 


1J. A. Wheeler, Phys. Rev. 97, 511 (1955); C. W. Misner and 
J. A. Wheeler (to be published). Dii ; 
? A. Lichnerowicz, Algèbre et analyse linéaires (Masson et Cie 
Paris, 1956), second edition; G. de Rham, Variétés différentiables: 
formes, courants, formes harmoniques (Hermann et Cie, Paris, 
1955); W. V. D. Hodge, The Theory and applications of Harmonic 
Integrals (Cambridge University Press, Cambridge, 1952), second 
ition. 
CUPIS for example, D. R. Brill and J. A. Wheeler, Revs .Modern 
1957). 
Ese es Pec these equations reduce to two uncoupled 
irs of equations, one pair for the electric field, the other for the 
poe etic field. It is sufficient to consider the first pair: diy E=0, 
ma E=0. There is no solution of these equations in a spherical 
t losed s ace, but in a toroidal space of the form (5) and (6), there 
ear E onzero solution in which the lines of force encircle the 
© pone direction. This is one of the simplest examples of a 
vector field. Note added in proof.—This 3-space is SS 
t is usually cálled a torus is T3 — SX T?— SUX S!x S!. 
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component neutrino wave equation is treated by the 
method of the separation of variables and it is proved 
that there exists no nonvanishing solution of this 
equation that is acceptable according to present 
standards. Consequently, there is no reason to expect for 
the neutrino field a concept of charge having any direct 
analogy to electric charge. 


2. TWO-COMPONENT EQUATION IN CURVED 
SPACE-TIME SOLUTION BY SEPARATION 
OF VARIABLES 


Unfortunately, no theory of harmonic spinor fields 
exists, on which one can draw, as one can on the 
existing highly developed theory of harmonic vector 
and scalar fields. There is no harmonic scalar function 
in a closed three space which is not a trivial constant. 
Does the spinor neutrino field more resemble, in respect 
to number of independent solutions, the scalar field 
(NV —0) or the vector field (N= R»)? To prove that the 
number of nontrivial spinor fields is not Rə as for a 
vector field, it is sufficient to give one contrary example. 
This example is the subject of the remainder of this note. 

The two component specialization of the Dirac 
equation takes the form? 


oap OW?/ Ox*-- T ^, ] — 0. (1) 


Latin indices, such as k, range from 1 to 4; and Greek 
indices range from 1 to 2, thus p= (1,2). Dotted indices 
denote complex conjugation and are summed only 
against other dotted indices. The quantities c^;, are 
defined by the relation 


(2) 


and the metric is chosen to have the signature 
(1,1,1,—1). Lastly, four 2X2 connection matrices, I’ «k, 
are defined up to an additive multiple of the unit matrix 
by the following equation 


Oo" ,,/ 0x*-I-T 50" pp — T por — T 5,0 * 5, =0, 


othoi tHo ËE ap = 2g*!6,7 


(3) 


where the I*,, are the usual Christoffel symbols. 

Restricting attention to a special class of spaces, 
consider an Euclidean 4-space («,y,2,w) where the 
fourth-dimension w has nothing to do with time. In 
this flat 4-space pick out a curved three-dimensional 
hypersurface, or 3-space, by way of 


[+y +) r PH. (4) 


5 We use here nearly the same spinor notation as that used by 
W. L. Bade and H. Jehle, Revs. Modern Phys. 25, 714 (1953). 
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Here r and p are parameters defining a particular space. 
For example, a “toroidal” space would have r>1 and 
020, while a spherical space results for 7—0, p=1. 
Points in the three-space can be specified by the three 
coordinates x, y, z. or more conveniently by three 
orthogonal angle variables, x, 6, e, the latter two being 
analogous to the usual angles of a spherical coordinate 
system. 


Now introduce the time variable, or “cotime,” 
T' — ct. The four-dimensional metric becomes 


d= A G)dx*-- BGOde'--sinede?]—àT?*, — (8) 
where 
A (x) = cos?x-l- p? sin?x 
B(x) = (r-F sinx)*. (6) 


To satisfy (2) the 2X2 spin matrices, c^;, are selected 
to have the values 


eh m Bey; 
eui 7) 


in terms of the standard Pauli matrices, 


ee Din 2) o 


According to Bade and Jehle? the 2X2 matrices with 
raised spin indices have the values 


=> 
015,7 Aoz; 


035, = B-'c./sind; 


giis = A-Ig,; g??* = — Bc}; 
ot = B-ig./sinü; gi?"— —1. (9) 
From the metric (5) the Christoffel symbols, I'^,,, may 
be computed. Since the neutrino has no charge the usual 
electromagnetic fields are excluded in the following 
determination of the connective matrices, I'7,;: 
P7, —17,-—0 
D7,5— —i(A4B)-3B'c./4 (10) 
T7,5—41(4 B)-3 sin0B'c,/4— 1 costa ;/2. 
Here B’ is an abbreviation for dB/dx. Substituting into 
(1) we obtain the first-order two-component neutrino 
wave equation 
A~te.(8/dx) B+ (sinb) 4c, (9/90) (sind) y 
+ (sin0)3e.9V/29-4-0V/9T —0. (11) 
Our interest centers around harmonic or zero-frequency 
solutions; hence the last term in (11) will be put equal 


to zero. The solution of (11) proceeds by assuming a 
space dependence of the form 


vei (C 2) ex (^ Í “(/B)bctime)). (12) 


Substituting into (11) and multiplying by c, the 
“radial” or x dependent part of V comes out as a com- 
mon factor, leaving only an equation in the angle 0: 


[ (sine) (d/d0) (sind) — ite. (ma./sino)] (Z ) =0 (13) 
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equivalent to the two equations 
(sinb)? (d/d6) (sin0)* f — ik f — (mg/sin8) = 0 
(sin8)-!(d/d0) (sin8)!g-I-ikg— (m f/sin8) 20. (14) 


The radial factor in (12) is only acceptable if the number 
k has one or another purely imaginary value or is zero; 
whereas the angular factor is only acceptable if & is a 
real nonzero integer. No acceptable solution meets both 
requirements. 

The radial factor has the value 


V. BÀ ev(^ if 1773! (15) 


This radial factor should be nonsingular, and should be 
periodic with period 27 in x. Therefore k must have the 
purely imaginary or zero value 


= (Omi isti) / f “(A/B)idx, (16) 


where the integrand never changes sign and never even 
goes to zero. 

Equations for the angular part of V similar to (14) 
have been investigated by Schrödinger. They differ 
from ours because of our choice of representation of the 
matrices, c^;,. In no other respect but this formal one 
do the angular equations differ from the familiar 
angular equations for the Dirac electron. General. 
relativity effects put in no appearance. Only those 
states meet present standards of acceptability for which 
k is a nonzero integer,” and for which m has one of the 
values 


m- — |&k|—3, A S 


The value k=0 is not among the allowed values. 
Consequently there exists no harmonic spinor field in 
the given metric. 
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$ E. Schrödinger, Commentationes Pontif, Acad. Sci. 2, 21 
(1938). c 
7 For a table of values of & and corresponding values of j 
see for example L. Schiff, Quantum Mechanics (MeGraw-Hill 
Company, Inc, New York, 1940), first edition, p. 3 
investigated the two independent solutions for F0, 


(J-e) v aar) 


Both are square integrable. However, o ration o1 ei 
angular momentum operators that MEETS Vm). 
or y (k,m— 1) ought to give a zero result but ins 
functions. In other words, the angular 
become non-Hermitian operators Ha the 
accepted, ET 
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E. 1. INTRODUCTION 

3 OME of the progress made during the past few years 
RD by others as well as by ourselves in the theory of 
tion of the gravitational field in interaction 
Maxwell field and the Dirac electron field is 


VOLUME 29, 


F. J. BELINFANTE, D. I. CAPLAN, AND W. L. KENNEDY i 


Purdue University, Lafayette, Indiana 


NUMBER 3 


JULY, 


1957 


—. Quantization of the Interacting Fields of Electrons, 
3 Electromagnetism, and Gravity “t | 


these fields is representative for the complications due 
to gauge invariance as well as for the complications 
arising from the spinor character and the Fermi-Dirac " 
quantization of a fermion field. Once these difficulties | 
will have been solved for this representative case, we 
expect that quantization of other fields interacting with 
the gravitational field will not meet serious obstacles. 

For simplicity we have assumed a simple topology of 
the universe, similar to that of special relativity theory. 
We also assume that all fields drop off to zero sufficiently 
strongly at spatial infinity for existence of a free energy- 
momentum four-vector.! Our coordinate system then 
may be chosen to approach an orthogonal Lorentz 
frame at spatial infinity. Matter and radiation fields 
then should be considered as occupying some finite 
volume in infinite space. 

These assumptions may be unjustifiable, as space 
time might have a *Swiss-cheese" structure along world 
lines of elementary particles’ or a foamy structure full 
of “worm holes" corresponding to fluctuations in the 
vacuum field,’ or space may be closed. Such possi- 
bilities deserve careful investigation, as they may lead 
to important consequences. Some of the conclusions 
arrived at here might be invalidated if the universe 
were full of holes, loops, or knots. 

We commence by considering what kind of “classical 
theory" may serve as a starting point for inventing a 
quantum theory. This leads to a “modernization” of the 
classical theory of fermions, replacing the c-number 
formulation of the classical theory by a ''quasi-c- 
number" formulation. This necessitates a redefinition 
of the rules of differentiation, of Poisson brackets, etc. 
In quantizing such a classical theory we use some of 
the devices proposed or suggested by Dirac,? such as 
“weakly vanishing quantities" and “modified Poisson 
brackets,” altering and modernizing these methods as 
needed. It then turns out that the canonical variables 
derived from the original Lagrangian do not satisfy 
canonical commutation relations. New variables are 
introduced which do satisfy canonical commutation 
relations. We also indicate a method by which one 


zi 


1 See, for instance, C. Møller, The Theory of Relativity (Clarendon 
Press, Oxford, 1952), pp. 339-340, or H. Weyl, Space-Time-M alter 
(Dover Publications, New York, 1950), pp. 269-272. 

2 F, J. Belinfante, Phys. Rev. 98, 793 (1955). 

3 J. A. Wheeler and C. Misner, Chapel Hill Conference (1957). 
See Science News Letter 71, 67 (February 2, 1957). E 
4 See, for instance, H. Weyl, 2i pace-Time-Malter (Dover Publi- — 
cations, New York, 1950), p. 278. % 

5P. A.M. Di . J. Math. 2, 129 (1950). 
Be M. Dine Can y DeW: t, Phys. Rev. 87, 116 ( 
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can arrive at this canonical quantization without use 
of Dirac's modified Poisson brackets.7:8 

The proof of covariance of this quantization pro- 
cedure meets difficulties partly due to vagueness of the 
meaning of the weakly vanishing quantities of Dirac's 
method. These difficulties are avoided in the altered 
theory, discussed in part II.t The altered theory is a 
theory which has been altered by adding noncovariant 
elements. Thus one avoids the existence of “‘con- 
straints,” and replaces them by “auxiliary conditions.” 
The latter prevent the added terms in the Lagrangian 
from having any effect on predictions of the theory. 
The altered theory may well serve as a means for 
dealing with applications of the quantum theory of 
gravitation, just as most predictions of quantum elec- 
trodynamics were obtained from the similarly altered 
theory of Fermi further developed by Tomonaga, 
Schwinger, Feynman, Dyson, and others, and not by 
the “true” gauge-independent theory originated by 
Pauli and further developed by Belinfante. 

The problem remains as to what questions one is 
allowed to ask the theory. This problem is closely 
related to the “initial-value problem” of the classical 
theory, and to the problem of determining the “true 
variables” of the gravitational theory. This is briefly 
introduced in Part III. Another problem introduced 
without a definite solution is that of whether there 
exists in the general theory of relativity such a thing 
as the “interaction representation" of Lorentz-covariant 
field theory. 


PART I. QUANTIZATION OF THE 
“CLASSICAL” THEORY 


2. MODERNIZATION 


Quantum theories usually are derived from classical 
theories by postulating that the commutators of the 
variables no longer all vanish but have given values. 
By the classical theory of electrons one then means the 
wave-mechanical theory of Dirac. 

Classical theories of Einstein-Bose fields are charac- 
terized by the fact that they are described by c-number 
fields, that is, by ordinary commutative algebraic 
quantities. The classical theory owes its limited validity 
for phenomena involving many quanta to the fact that 
it is the limiting case of the quantum-mechanical theory 
for fields of which the squares or products have expec- 
tation values much larger than the elementary quantum. 
It is the limiting case of the quantum-mechanical theory 
in the hypothetical limit in which Planck's constant 4 

7 F. J. Belinfante and J. C. Swihart, “A theory of gravitation 
and its quantization,” a report of research supported by the 
National DU Foundation and the Purdue Research Founda- 
tion (1954). j 

8 F. J. Belinfante and J. C. Swihart, A Ln linear 
theory of gravitation,” Part III [Ann; Phys. 2 (1957)], and Part 
IV (to be published later). a , 

The word “altered” is used to avoid confusion with the use of 
“modified” for denoting the change of the Poisson brackets that 
was proposed by Dirac. CC-0. Guru 
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is made much smaller than any product of fields; that — 
is, the limit for 4—0, provided that this limit is taken _ 
in the correct way. In particular, the commutation. S 
relations? et 


[s q;(50] = 0, (2.12) 
[1 (x,05 p (x^,0]—0, (2.1b) 
[g:(x,2) 5 $3 (x^,2)] = iħcôii 63(x — x’) (2.1c) 
in this limit become 
[gi (x4); g(x] = 0, (2.2a) 
[pi(x,4); pix] = 0, (2.2b) 
[gi (x,t); pi(x’,0] = 0, (2.2c) 


so the field variables describing Einstein-Bose fields in 
the classical limit all become commutative quantities, 
which justifies their treatment as c numbers. 

It is seen from (2.2) that there is no similar justi- 
fication for describing Fermi-Dirac fields in classical 
approximation by c numbers. For Fermi-Dirac fields, 
the “commutators” [ ; ] are anficommutators, and (2.2) 
show that in “classical approximation" 7; — 0 Fermi- 
Dirac fields should be described by purely anticom- 
mutalive quantities, which might be described by 
ordinary c numbers but for the fact that they flip sign 
when commuted with another such quantity. We call — 
such quantities quasi-c-mumbers. “Classical” theories 
of fermions in which ordinary c numbers would have 
been substituted for quasi-c-numbers are no longer the 
limiting case of the quantum theory and therefore may ~ 
lead to difficulties. 

The amendment of the classical theory for taking 
care of the anticommutativity of all “Fermi-Dirac 
quantities" among each other we shall call the moderni- 
zation of the classical theory. By a Fermi-Dirac quantity 
we mean an expression in which each term contains ah — — 
odd number of Fermi-Dirac field variables as factors — 
while an expression in which each term contains an even — 
number of Fermi-Dirac field variables (irrespective of 
what fermion fields those variables describe) will be — 
called an Einstein-Bose quantity. ái 

If Y is a state in which the quantity q has the value 
q', then Y is an eigenfunction of q belonging to the 
eigenvalue q’: j 

qu qu (2.3) 


For Einstein-Bose fields, g may be an observable and 
q an ordinary c number. For a Fermi-Dirac field 
variable q we would call Y an eigenfunction of q if (2.3) 
would be valid with q’ a quasi-c-number. The 
difference between an operator as q and a 
number such as q’ is that the anticommu 
with ? would be a delta function, while 
mutator of q' with p would vanish. In thi 
fashion, there are now simultaneous. eiger 


* We define p- 


a Fermi-Dirac field variable at all points of space, just 
as there are for Einstein-Bose field variables. The old 
objection that the Fermi-Dirac field q at two different 
points 1 and 2 do not even commute and therefore have 
no simultaneous eigenfunction no longer holds, since 
the anticommutativity of the operators qı and qs is now 
exactly what is needed for the existence of a simul- 
taneous eigenfunction, according to 


gga’ = qilg V) = qi! qz 
= — go gi = — g2(qi'V) = — qY. (24) 


Thus, quasi-c-numbers are useful not only in the 
“classical” theory of fermion fields, but also in the 
quantum theory of such fields, making it more similar 
to the theory of boson fields. 

In theories of interacting fermion and boson fields, 
the “commutator” of two quantities 4 and B’ is de- 
fined by 


[A; B’] = AB’ — (—)*a“s B'A, (2.5) 


where ua = 1 for a Fermi-Dirac quantity A, while 
ua = 0 for an Einstein-Bose quantity A. In the classical 
theory, such “commutators” vanish, thus making any 
pair of Fermi-Dirac quantities anticommutative. This 
lack of ordinary commutativity of field variables even 
in the classical limit necessitates a distinction between 
differentiation from the front (the left) and differen- 
tation from the back (from the right) of Einstein-Bose 
quantities with respect to Fermi-Dirac variables, in 
the classical as well as in the quantum theory. These 
two types of derivatives have been called the ante- 
derivative and the posiderivative!!!: 


d4F/dq = (bg) (BF); dF /dq = (bF)(09)?. (2.6) 


Here, the variation of a quantity is assumed to be a 
quasi-c-number of the same (Einstein-Bose or Fermi- 
Dirac) character as the quantity varied. According to 
this definition, the derivative of a relation like (2.1c) 
with respect to g from the left even for a fermion field 
gives the identity  — p = 0, instead of the embarrass- 
ing relation p + p = 0 to which old-fashioned differen- 
tiation would give rise. 

On the basis of the definitions (2.6), the modernized 
rules of differentiation are easliy set up.!° One finds 


(84Q:/8go) = (~) +D (4?Q1/dqo); (27a) 


(84/890) (0102) = (0401/8q0)Q2 
4-(—)"" 01(04Q2/8qo); (2.7b) 


A4/8g1) (0^/8g2)Q = (—)'(84/89:) 
i X(84/8q)Q, (2.7c) 


: non) (07/8g2)Q = (07/942) (0^/9q1)Q, (2.7d) 


7, 765 (19 
_ J. Belinfante, ys Rex 91 As (1953)] calls these deriva- 
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and so on. The relations 


(04/0q)F[Q1(q),Q02(q):-- J 
= »5(04Qi/804)(04F/9Q;), (2.8a) 


(0”/99)FLQ1(q),Q2(q)- ++] 
=)i(0?F/AQ;)(8"Qi/dq) (2.8b) 


are valid in the modernized classical theory but in 
general are not valid in quantum theory unless one 
understands the right-hand members as meaning that 
(9Q;/9q) is to be inserted in F at the place where Qi is 
differentiated away in 9F/9Q;. Otherwise, trouble arises 
from the fact that 6Q; = (9"0;/0g)óq, contrary to ôq 
itself, is not a quasi-c-number and may neither commute 
nor anticommute with some other factors in F. 

Modernization will also affect the definition of the 
Poisson brackets. The reason why in quantum me- 
chanics we are interested in Poisson brackets (P.B.) is 
their relation to the commutators, supposedly according 
to 

[A; B'] 
lim 


»—0 ihc 


= (A,B’). (2.9) 


Here, according to (2.5), the left-hand member changes 
sign under interchange of the quantities A and B’, 
except if both are Fermi-Dirac quantities, in which case 
interchange leaves the “commutator” (2.5) invariant. 
Therefore, in the modernized classical theory the P.B. 
should be defined in such a way that the right-hand 
member of (2.9) has the same properties under inter- 
change of A and B’. For functions of the q and p and 
their spatial derivatives g,, = 0g/da* and p,, = 0p/0x" 
at two simultaneous points (x,x°) and (x',3?), this 
leads us to define the modernized P.B. of A and of B’ by 


(A (x,2?), B(x’,«°)) 


QU OPA O pem XU Gi 
T ree 
Ogi Ogi, EA op% ES AEE 


Gu ON a 
= (=) + - | 

-0q'i ðq'i, , Ox'* 
044 044 ð 
pao. 
api api, ax" 


jae- (2.10) 


These P.B. of the modernized classical theory satisfy 
the identities 
(ARB) = VEND (2.11) 


(—)"4"c(A,(B',C")) + (—)"»"(B',(C",4)) 
+ (—)vev»(C",(A,B^)) = 0, (2.12a) 


(—)m((B,C"),4) + (—)"* ((C",4),B^) 
+ (—)ave((A,B’),C”)=0, (2.12b) 


(A, fLB1,Ba,-+-J) = 0 3(A’,Bi)(04f/0B;), ^ (2.13a) 
dof DBitieBa sy sa itjuamor pus 07 // 9B ;) (B5, A"). (2.13b) 
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The relations (2.11) and (2.12) match similar identities 
for the commutators (2.5), while the left-hand and 
right-hand members of each Eq. (2.13) with the P.B. 
replaced by commutators (2.5) in the quantum theory 
need not be equal except in the classical limit 7; — 0 
in which all factors become purely commutative or anti- 
commutative. [Compare the note below (2.8). ] 

In a representation in which the state vector WV 
according to (2.3) is a modernized eigenfunctional of 
the fields g(x) for all x at a given time +°, the operators 
p(x) satisfying the commutation relations (2.1) may 
' be represented by the variational operators 


pi(x) = (—)"(—iho(o^/og,(x)). (2.14) 
"The meaning of the variational quotient here is given by 
d4q(x’)/dq(x) = às(x' — x), (2.15a) 
so that, with f(x')— f[g(x), q,. (x^) ] and 
[f fo)ex, 

04 f(x’) [2 "dAf(x’) @ 
bg(x) dq(x’) ðq, , (x^) 0x'* 
d4F(f) b4f O4F 

E —,, (2.15c) 
bg(x) dg (x) of 
bf Q^ X 9^ x 
p ier K ? m 
dq(x)  ðq(x) 09, (X) /,, 


Similarly, in a representation in which W is an eigen- 
functional of the fields p(x), the operators q(x) are 


gi(x) = ihe{d4/dpi(x)}. (2.16) 


Because of the existence of fermion fields, the clas- 
sical theory of gravitation requires “‘modernization”’ in 
another regard. It is impossible to describe the co- 
variant derivatives of the spinors or undors?:? de- 
scribing fermion fields in terms of these fields, the 
metrical tensor g,,, and derivatives only. The meaning 
of an undor or spinor is most naturally defined with 
respect to a local set of pseudo-orthogonal coordinate 
axes 4o kap» tep and Ag) given by the four four- 
vectors Aça)“ satisfying 


Jao x), (2.15b) 


with 


(2.17) 


The four unit vectors Aça) form the four “legs” of what 
Weyl in German calls a Vierbein (= fourleg). The 
gravitational field can be expressed in terms of a 


£u a)" hey = & a) (8) = tall — 28059 ]. 


1 F, J. Belinfante, Physica 6, 849 (1939). 

13 F, J, Belinfante, Physica 7, 305 (1940). This article also sum- 
marizes the theory of Vzerbeine (fourlegs). 

4 We use the (— -+ + +)-signature of the metric; a? is the 
“time” coordinate. Greek indices run from 0 to 3, small italic 
indices from 1 to 3; without brackets they are world tensor 
indices, and between brackets ( ) they are local tensor indices 
indicating components slong: the fourles axes. Capital indices are 

or indices running from 1 to 4. 
und H. Weyl, Z. Physik 56, 330 (1929). 
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chosen *'fourleg" field by 

ge = QOO hoy hy, (2.182) 

£00 fige = ôm, (2.18b) 

gg. = Oy”. (2.18c) 


The world metric g,, and the local metric £(4;(g; then 
are used for lowering world and local tensor indices, 
and their inverses for raising them. The sixteen- 
component fourleg //(4)^ is used for projecting a local 
four-vector onto the world coordinate system, and so 
on. For simplicity we use a so-called uniform repre- 
senlation? of undors, and similarly for spinors. This 
means that with respect to the chosen local axes ha) 
we choose for the Dirac matrices the conventional 
representation independent of coordinates x and satis- 
fying the relations 


y = — ifa, (2.192) 
y GO y) +. yA VG) = 286000, — (2.19b) 
anata (2.19¢) 

aa = aot, (2.19d) 

yt B= — By. (2.19e) 


We can, for instance, choose the Kramers representation 
which is also convenient for Yang and Lee’s two-com- 
ponent neutrino theory, in which the matrices 8 and 
aC) are represented by pı and by p30; or we may 
use the Pauli representation with 8 = p, and a” 
= pio"). In both cases 


#=1, (2.20a) 
a = — aw) = 1, (2.20b) 
aM = y50™. (2.20c) 
The Dirac matrices y“ satisfying 
YY ty yee eee (2.21) 


and therefore depending on x are then given by 
yt (x) = hatl) y9. (2.22) 


Thus, through (2.18), the gravitational field is deter- - 
mined by the 16-component Z(45", as are also through 
(2.22) the 64 components of the matrices y#. This is 


independent variables as proposed by others.!97 | 
also avoid the necessity of investigating the con 
quences of the trivial invariance of a theory 
unspecified spinor representation with respect to a 
change of representation. Our method allows only 
changes of representation as are given by a cl 
the fourleg field without change of th 
matrices »y(*). Other trivial invariances co 

16 E, Schródinger, Sitzber. preuss. Akad. 
math. Kl. 1932, 105. i 

11 J, Heller and P. G. B 
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conservation of the number of fermions minus anti- 
fermions, or of the number of heavy fermions minus 
heavy antifermions, etc., have been discussed in the 
past.5 Such invariances under multiplication of field 
variables by imaginary powers of e are only formally 
similar to the electromagnetic gauge invariance but 
really are something independent and different.” 

In the following we consider’ the fourleg components 
lta” as independent variables, and the metrical tensor 
as quantities derived by (2.18). With the help of the 
fourleg field we then express the covariant derivatives 
of the electron fields y and y appearing in the La- 
grangian. Our treatment differs from that of the 
DeWitts® by leaving the fourleg field initially arbitrary. 


3. PRIMARY CONSTRAINTS 
We would like to define “field momenta" by? 


i bi = O"L/óq,o = P(Q. 54.0),  (3.1a-b) 
lu 

il and then to express the Hamiltonian 

i 

i gom f PxH (3.2a) 
i with 

li | H = pigi o — L(q,9,.,4,0) (3.2b) 


in terms of the $, q, and q,. only. For this purpose one 
would want to solve for the q,o in terms of the p from 
(3.1). However, this is impossible if the Lagrangian 
JL d'x is invariant (but for possible boundary effects 
at the limits of integration) under groups of trans- 
formations with “descriptors” £ which are functions of 
position 20-24 

The theory of electrons interacting with gravitational 
and electromagnetic fields may be derived from the 
basic Lagrangian 


Lo = Lı + Let Li+ L; (3.3a) 
L, = (A/16nG) jg? ({p0,b} (08,7) 
— {ap,8}{Bo,0}), (3.3b) 
Le = — hej + WY ® ho Vad 
— 2(VuW hay y], (3.3c) 
L;mjA, (3.3d) 
Ly = — (16m) jg g Fag Fy, (3.3e) 
where 
; j = gh, (3.4a) 
{pop} = ga Eor, A], (3.4b) 


18 See Sec. 2 of F. J. Belinfante, Physica 7, 449 (1940). 
19 F. J Belinfante, reference 13, Appendix. 
»[ Rosenfeld, Ann. Physik 5, 113 (1930); Ann. inst. Henri 


EUM 32). 
EL oincaré 2, 25 (13. Phys. Rev. 75, 680 (1949). 
2 3 G Pe a $. G. Bergmann, Phys. Rev. 83, 1018 


951). feld, Phys. Rev. 84, 737 (1951). 
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Loo, A] = $ (gapo + Erop — Boar), (3.4c) 
Qu = 0q/0a*, (3.4d) 
v= iB, (3.46) 
Vib = Vu + AI y Ita + Ay (vu) ] 
Xy y Of, (3.4f) 
Vil = Vu Apu + hay {vad} ] 
Xyy P y vor (3142) 
jt = ie j heat yy = e j hiat yta y, (3.4h) 
Bo = VuAy — ViA, = Avy — Ayr. (3.41) 
Thence, 
La = (c4/64mG) j (2g^^g^'g^" — 2grgroger 
-ghegerghr + ggPeg^r) gnu, »Eps e, OSO) 
Le = — he j [kj + hn — 53 Y^ 
Ti (yxy — y Goyyynyp hay un]. (GSD) 


Our basic Lagrangian Lo suffers from invariance 
under gauge transformations 


A', = A, ar £u (3.62) 
y' = [exp(£ie/Ac) V, (3.6b) 
y = y exp(£e/ihc), (3.6c) 


which for infinitesimal values of the arbitrary ‘‘de- 
scriptor" function £(x) take the form of the transfor- 
mations discussed by Bergmann and collaborators™:”® as 


6A, = £u (3.72) 
by = (ie/hc)y£, (3.7b) 
by = (e/ihc) PE. (3.7c) 


Thence the existence follows of the gauge constrain?®?" 
¢=P=0, (3.8) 


if P^ are the momenta conjugated to A,. 

Our Lagrangian also suffers from invariance under 
fourleg transformations. Under infinitesimal rotations 
of the fourlegs through “angles” in the four-dimensional 
local space at x given by the infinitesimal descriptors 
Eca (x) = — Eea (x), the various field variables 


25 P, G. Bergmann and R. Schiller, Phys. Rev. 89, 4 (1953). 

26 The left-hand members of the primary constraints indicated 
by $ (where necessary with indices) are given as functions of the 
p and q; these functions were easily determined by Bergmann's 
method. The right-hand members of these constraints are zero. 
If the p in the left-hand members were interpreted by (3.1) with 
L replaced by our basic Lagrangian L,, the constraints would be 
identities 020. In the next section we introduce a different inter- 
pretation of our field momenta p; ‘the constraints then become 
“weak equations,” and therefore we write = instead of =. . 

27 “Constraints” are relations which hold automatically between 
the q and ? on a surface time = constant. “Gauge” constraint 
does not mean constraint on the gauge, but constraint resulting 
from gauge invariance. Similarly for "fourleg" or “coordinate” 
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undergo infinitesimal transformations 
h(a)" = Eta) gh PE, (3.92) 
5A, = 0, (3.9b) 
bY = 58a ayy y y, (3.9c) 
bp = Ty YO Ea); (3.9d) 


again of the general form discussed by Bergmann. 
Thence the existence follows of the six fourleg con- 
straints?™8 


Qo (B) = Galy yo = yo yy 
HAV (wGO) GO) — yP y@)ar 
+ py I — p, 0 h] = 0. (3.10) 


Here, 7 is the row matrix of momenta conjugate to the 
components of the column matrix y, and the column 
matrix m is the momentum conjugate to the row 
matrix y. The p,‘“ are the momenta conjugate to the 
fourleg components Aqa)”. 

Finally, J Lod'x suffers from invariance (but for 
boundary effects) under arbitrary coordinate trans- 
formations x = "+ £(x), under which, for in- 
finitesimal values of the descriptors &, the field vari- 
ables locally undergo transformations 


Ot ay" =, Na)’, (3.11a) 
6A, = — E Ay, (3.11b) 
oy = 0, (3.11c) 


or, if one considers the alteration of the field at given 
coordinate values rather than locally at a given point 


Bhat = E hay)” — Ehia», (3.122) 
5A, = — #4, — #4), (3.12b) 
ôy = — EV, (3.12c) 
bp = — Py. (3.12d) 


From this invariance property of the Lagrangian, the 
existence follows of the four coordinate constraints?! 
0= Du = Pu Ih = RITAN + (c!/32xG) 7) §aB,s 
X[2g* gh? à,* — 2g*? gP* 5,0 
: FES LOS ar (> OR 
= pu ha)? — $4, -l- 
(c/A6xG)Lj(g* 6,9 — g*5,)].. (3.13) 
The constraints (3.8), (3.10), and (3.13) are the 
primary constraints of our theory. Other constraints 


(i.e., relations between the ? and the q) will be derived 
in following sections. 


«€ 


28 A, Schild and R. Skinner, Carnegie Institute of Technology, 
Department of Mathematies, Technical Report No. 23, Septem- 
ber 10, 1952, using in this regard a notation similar to that used 
by the DeWitts,* write II and —Il for our 7 and r. The minus sign 
is due to their lack of distinction between antederivatives and 
postderivatives. Notice that in our notation z— — 18, as we de- 

d all momenta as postderivatives (3.1a) for having pg,o and 
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4. WEAK EQUATIONS 


If we would define momenta pt by 
pi = 0*L,/0qi,o, 

the constraints would be identities 
(D, 4 ga) = 4*(0^L,/00,),0,4) = 0, (&2a-b) 


where (4.2a) is due to (4.1) and (4.2b) is due to the 
invariance properties of Lo. Some effects of identities 
such as between the first and last member of (4.2), on 
the canonical formulation of the theory, would be (i) 
the q and p cannot arbitrarily be prescribed at some 
initial time a? and (ii) the relations (4.2) between the 
p‘ defined by (4.1) show that (4.1) are not independent, 
and therefore the go are not determined uniquely by 
(4.1). Therefore, for an allowable choice of the q and p 
[satisfying (4.2) ] there still is arbitrariness in the qo. 
Worst of all, identities of the form of (4.2) would not 
be compatible with the canonical commutation relations 
(2.1). 'This truly should mean that these relations (2.1) 
need alteration; but, as it is hard to guess how this 
should be done, we postpone this question to Part III, 
Sec. 24. Instead, we first try to maintain a quantization 
of variables q and f as closely similar to (2.1) as possible, x 
avoiding the discrepancy with (4.2) by assuming with — 
Dirac that the p in our commutation relations differ E y 
n 


(4.1) 


from (4.1) by unknown q numbers 7! which in some 
ill-understood way “have the value zero" in all physical 
states of nature: 


pi = 0PL,/0qi,0 + m, 
ni = 0. 


(&3a) — 
(43b) — 
Lo 
The second equation here is called a “weak” equation — 
by Dirac.’ Dirac assumes that also the Lagrangian — — 
field equations (or at least some of them) may be valid 
only weakly”: Lr 
aP Lo/ðqi — (90*L,/0qi,),, =F, £i = 0. (4.4a-b) 4 L 


The constraints, being identities between the q, the 
q.s, and the (9PL,/9q,o), then take the form 


$*(5—n, Q; q. ) = 0. 


Since $*(p, q, q.s) — $*(—7, 4,4.) is a polynom 
containing at least one factor y in every term, thi: 


2 Sometimes, indeed, even if momenta are defined by 
instead of (4.1), some of the field equations may lead to 
straints. If, for instance, one uses for the Maxwell fi 
order Lagrangian Ly= (47)^!7 gel, [iF wt, 
the Fy,=—F,, and the 4, are considered e 
variables q, the field equations for Fra would bi 
and would endanger the commutativity postulati 
such a theory between Frs and the ca l conj 
unless either we replace 0 in the field equatio ‘By s 
or we change (2.1). Dirac first ined and t 
formula expressed in terms of the ¢, alter 5 (2.1) in 
t can again be omitted wherev: D " 
leads to results identica ; 
method of quanti: 
“derived va 
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ference will vanish weakly by (4.3b) if we assume that 
both @n=0 and 70=0 follow whenever 7=0. (4.6) 
Then, (4.5) leads to 

$*(,9,9. 2) = $*(P,-+-) — d*(p—m, +++) = 0. (4.7a-b) 
Thus the constraints, when expressed in terms of the 
new p given by (4.3), hold only weakly, and only as 
a consequence of (4.3b). The identities (4.7a) express 
the constraint functions $* in terms of the s. 

Dirac’s theory is vague about the meaning of the 7 
and the t. This is an advantage in as far as it shows the 
independence of many results, of whatever the and ¢ 
may be. It is a handicap when the covariance of the 
theory is to be proved. [See Sec. 13.] 

Worse is Dirac's vagueness about what is meant by 
“weakly zero." If this means a condition imposed upon 
the state vector, it is not clear why the condition (4.6) 
would be fulfilled. It may therefore be preferable to 
understand weak equations as relations singling out a 
subspace of Hilbert space with the idea that whatever 
the theory would predict outside this physical subspace 
of Hilbert space should not be believed?! In this case, 
any Q which does not commute with some 7 (or () 
would then be a physically meaningless quantity, even 
if expressible in terms of our original g and p. How one 
might be able to formulate such a theory in more detail 
is discussed in Sec. 24. 


5. SECOND-CLASS CONSTRAINTS 


In Sec. 3 we discussed constraints which were due to 
invariance properties of the Lagrangian. A quite dif- 
ferent type of constraints exists on account of the fact 
that the Lagrangian is linear in the time-derivatives of 
y and y, with coefficients not depending on any other 
go. [Compare (3.5b).] Therefore, the corresponding 
definitions (4.3a) give the undors 

5 7 — 0PL,/0j],o = t+ ihe jj^, (5.1a) 

n = m — 0PL,/Oj,o m--ihcjwyw — (51b) 
as functions of the q and p. This makes constraints 
out of the equations (4.3b). Since these constraints 
have nonvanishing (modernized) P.B. with each other 
and with some of the other constraints, we call them 
second-class constraints in Dirac's terminology,’ and 
indicate these by On. So, 61, 92, 63, 04 are the components 
of n, and 6s, 96, 97, 0s are the components of 7. 


6. HAMILTONIAN 


By hard work it can now be shown that the Hamil- 
tonian (3.2) with L replaced by Le is equal to 


Sa Hs (2,99, s4, o) (6.12) 


= h + pbk + Onn” + Os. (6.1b) 


Compare reference 2 
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Here, h is a function of the 5, q, and q,s only, given by 
b = (21G/c) (g* 3) pu b, OI hey 
— h ha — Èra ceg] 
H (28°) pu gos sCeo)? gg + hea? gigi? 
ae hay? gg? + lta)? g5 ger e hay gergo] 
F (6/32xG) (8°) j Bur r Bpo, s [ggg g" 
— Fgh” gra grs g0 + Fgh? ga grs 900 T j g^ go grogo 
E 2gi0gr0 ger gos + 2g pvp gor gs0 == gO gre ge0grs 
= gir goggas d gh ges gPrgoo = gis g"P gorgo] 

— 2m (gj)! Bag D P? 

-H (g%)+ A ne [Prge S JERA di ud Pger] 

Me Ore 2) A ege [gvtg'tgi — gueghrg 

+ 2gs g60 gro — gr8grgs0 w gr gh0grs | 

+ he j iW + yh hv 

FM © — vy Wheat] 

— ie j WyWA,. (6.2) 
The $* are given by (3.8), (3.10), and (3.13). Their 
coefficients 6, are given by 

B= (g9)^[ 4.925] s, (6.32) 
Bea) = Mud ay (99) 197". , 

FA cu) cay", Ova It qeu] gy", o]; (6.3b) 

B^ = (q9)7! g^? 5, (6.3c) 


where g?? = j g9?. The 6, are given by the column- 
matrix and the row-matrix undors (5.1b) and (5.1a): 


) = «y (6.4a) 
6=7= — eg, (6.4b) 


and their coefficients p^ by 
B= Ful = Yo + SEQ vy, — Wr) 
X Cca o — hea)? (09)7 Q^? s], 
u = Wot SU" o — hia)? (99) 9^8 5] 
X (Yuy C? = y G»y,)v, (6.5c) 


Onu” = TaT = Ou = Ou — pe (6.6) 


since these undors are F.D. quantities. (T means 
transposed.) Then, Oz is given by 


O2 = (21G/c*) (09) my, [ £ (a) (8) g" 
+ h hay" — hay! hey ] + 2m(09)7! gagn?n?, (6.7) 


where 7,‘ and @ are given by (4.3a) with qi = ha)! 
and with qi = Aa. 

While H, is determined by’ (3.2) but for a three- 
dimensional divergence term, the subdivision of H, 
according to (6.1b) into a canonical term, constraint 
terms, and a term of second order in weakly vanishing 

e. We may add to x or to u^ 
not unique. 


T 


(6.5a—-b) 


so that 


- 


L od 
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any functions of the q, q, s, and p, and then compensate 
the resulting terms by subtracting them from f. Or, 
we may add to 8x or to u” any weakly vanishing quan- 
tities, and then compensate the resulting terms in H, 
by subtracting these terms from O». Moreover, instead 
of expressing H, in terms of the constraints $* and 8n, 
we could make use of some linear combinations of 
them. In particular, we can achieve some simplifications 
in the following by replacing the $* by constraints d* 
defined by 


pzgzcp, (6.82) 
pla) (8) = pio) (B) + 1G (ny Py — yy (y 
"E ATAOE AEN 
= p, C 4 O0 — p, 0 C0» 
+ the j Wy OYE — y 0OHyvy iy, (6:8b) 
P, = Du + oA, 
= pu@h ay)? + (c/16rG) 
X [grs — g% a. (6.8c) 


. . . . 
The Hamiltonian can then be written as 


56, = f'd'x( + BB, + 6,M*^ + Oo}; (6.9) 


QkB, = PB + DB" + 909 BG, (6.10a) 
B= (g g4 40, — (6.10b) 

B» = (g): g^ e B*, (6.10c) 
Bay) = Braye) [see Eq. (6.3b) ]; (6.108) 
0,M^ = 0M — M0, [compare Eq. (6.6)], —(6.11a) 
M = ys (6.11b) 

M = Jo; (6.11c) 

$ = h H (g0) PETA ary (6.12) 


with D from (6.2). 

The formulas given so far for the Hamiltonian are 
valid in classical approximation only; that is, we have 
not really considered here the question of the correct 
ordering of the factors in each term, except for a dis- 
tinction between even and odd permutations of Fermi- 
Dirac quantities necessary in a modernized theory in 
connection with the sign of the term. We did not even 
introduce the “symmetrization” conventional in field 
theory! according to which for instance a product 
~'Qi(g) should be written as 


2{p'Qi + (—)“ Q2). (6.13) 


One reason for this negligence is that on account of 
experience with the quantization of the “linear” theory 
of gravitation?^* we are not even convinced that there 
exisis a correct ordering of factors in the Hamiltonian 
as long as we try to express it in terms of the variables 
q and p used so far. We believe that one should look for 
the correct ordering of factors affer the “canonization” 
of the variables discussed in Sec. 12. 
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7. HAMILTON’S EQUATIONS 


Regarding the Hamiltonian density H, as a function 
of independent variables q, q, s, 7,0, and p, we find [com- 
pare (3.2) and (2.15d)] 


qio = 04H, /dp' = d435C,/dp'. (7.1) 


The Lagrangian field equations (4.4a) by (4.3a), (3.2), 
and (2.15d) can be written in the form 


pio = o — DP 36, /bqi, (7.2) 
where 


(20 weakly). (7.3a-b) 


Now, let F be a function F(q,q, „p,p. r) not explicitly 
depending on the field velocities q,o and po. Then 


Fo = (0?F/0qi)gi,0 + (3PF/ðqi, s)gi.os 
+ pio(d4F/dp') + po (04F/0p,.), (7.4) 


if we understand products like (3P F/ðq)q.o as meaning 
that in the terms of F we place the factor qo at the 
position where we differentiate away the factor q, etc. 
Now insert for gi,o and for pto the expressions (7.1)- 
(7.2), and for qi, os and for p` o, their spatial derivatives. 
The resulting expression we compare with the integral 
over x’ of (2.10) with A replaced by F and with B 
replaced by Z,, keeping (2.15) in mind. Thus we find 


F o = (F,865) + o (O4F/0p*) + oi (04F/8p* r), (7.5) 


where again the last terms should be understood as 
substitutions of o' at the positions where factors pi 
were differentiated away. On account of (7.3b), the 
equations (7.5) give weakly Hamilton's equations of 
motion. 

In (7.1)-(7.2) we differentiated H, at constant qi, o. 
From (3.2) and (4.3a) it is easily seen that 


bP30,/bqi,o = 0PH,/Oqi.o = m. (7.6) 


ai =no— ți 


8. SECONDARY CONSTRAINTS 


We now apply (7.5) to the constraint functions dk 
and 6,. As the constraints according to (4.7b) and (6.4) 
with (4.3b) are weak equations valid for any time 2°, 
also their time derivatives must be valid as weak equa- 
tions. Combining this with the weak vanishing of o! 
by (7.3), we obtain the weak equations 


(&*, 5C,) = 0 (weakly); 
(85, Ieo) = 0. 


(8. la) 
(8.1b) 


In Secs. 9 to 11 we discuss methods of evaluating 
(&*,5C,). We find there that (8.1a) is equivalent to a 
set of weak equations 

xs Ek 0, (8.2). 
where the x* are again functions of the q, q,,, and p. Thi : 
equations (8.2) are known as the secondary constrain: 


um PPS 
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One finds for x, xz, and x (29) 32 


x= P's + ie j Wy; (8.3a) 
xo = $ + [po Aa P'Ao].-- Core, (8.3b) 
aes tips tay’ — PTA, i], — CQ"; (8.30) 
x (0 = 0. (8.3d) 
Here, we put 

C = A/16nG, (8.4) 

— G, = H hoy. + P^ Ax, 
+ Me (uv — WY,.). (8.5) 


Equations (8.3) show that there are only five 
secondary constraints corresponding to the eleven 
primary constraints $* = 0 and obtained by postulating 
the validity of the latter for all time. If we now repeat 
this procedure and use the fact that also the secondary 
constraints (8.2) must be valid for all time, we find the 
weak equations 

0 — xk» = (x*,9€,). (8.6) 


We find in Sec. 11 that these equations are satisfied 
automatically and do not give rise to further con- 
straints.” 

Returning now to (8.1b), let us remember how the 
0, were introduced. Let g^ be those field variables qi 
for which 


9^L,/0q^.o = fn(q) (8.7) 


does not depend on any q,,. (So, y and y are the q".) 
Let us denote the corresponding ?!, ni, t!, o! by pn, On, 
,, and on. Then the (4.3) become constraints 


pn — aP L,/ 0q". o = a(g) = 0. (8.8a-b) 
By (7.5) and (8.8) we then find 
(On, IC) = p, 0 — 01(070,/0p!) 
= ĝo — 015)" = fn, (8.9a-c) 


where we used (7.3a). 

In our particular theory, it is allowable and covariant 
to assume that among the Lagrangian field equations 
the electron wave equations are valid strongly. By (4.4) 
this means assuming 

ta = 0, (8.10a) 


so that (8.9) yields j 
(On, 3o) = 0. (8.10b) 


this reason, the validity of the second-class con- 
M (8.8) at all times by (8.1b) does not lead to 
any new secondary constraints. 

By (8.2), the three-dimensional volume integrals of 
(8 3 over space within a closed surface 2 weakly 
ES. h. This yields, by (3.4h), for the charge of the 
E. ‘e the limit for 2— © of the surface integral 
univer ver 2. Similarly, by (6.9) and the weak vanish- 

Er Dk, Bn, and Os, we find that if 9^ , — 0 at spatial 

|^, Un; 
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infinity, then the total energy in the universe is weakly 
equal to the limit for E — cc of the surface integral of 
[PAo — po hiat]. As ©, is easily recognized as the 
"canonical" or "orbital" momentum density,? (8.3c) 
may be used similarly for expressing the total momen- 
tum of the universe as an integral over a closed surface 
at spatial infinity. 


9. MODIFIED POISSON BRACKETS 


From (6.4) with (5.1) it is easily seen that the 
modernized Poisson brackets (2.10) between the 0, do 
not all vanish"; 


(6 (x),9 (x) = he j (y)x” 53(x — x’). (9.1) 


Now, if we would try to quantize our fields according 
to (2.1), then (2.9) would follow, and then we would 
find nonvanishing anticommutators 


[Ox (x); 0^ (x^)] = ie j (y)k ôs(x — x’) (9.22) 


incompatible with the simultaneous weak vanishing of 
0x and of 6" which requires 


[6x (3); 8^ (x^)] = 0 (9.2b) 


instead. In order to achieve (9.2b) and to prevent 
(9.2a), we need a modified scheme of quantization. 

Such a modification was suggested for Einstein-Bose 
fields by Dirac’ in his work on second-class constraints 
By “modernization” we adapt his method to our Fermi- 
Dirac field of electrons. We modify the quantization 
scheme by replacing (2.9) by 


[A ; B/] 
à—0 the 


where [A,B’], the so-called (modernized) modified 
Poisson bracket of A and B’, is now defined in terms of 
the ordinary (modernized) P.B., by 


[4,8] = (A,B!) — 4S x" fx" (A Bm) 
Xema (x x!!!) (0, B") + 3(—) “aus 
XK dx! f dix!" (B! 0, ) enm (x x") (Om, A). 
(9.4) 
Here, A means A(x), B’ means B(x’), etc., all for the 


same x°’. The matrix c™™ in (9.4) is the inverse of the 
matrix 


Crnn(X’,X) = (0m(x’),On (x)) 
= — (—)*™"“" Cum(x,x’), 


—[A,2'], (9.3) 


(9.5) 
according to 


S dix! cm (x! x!) Cnn (x! x") = ó5!0s(x" — x’). (9.6) 
In the classical limit [4 ; B/] 0, in which 
enl vm = (—) rtu) (um un) C c y 
we also have 
J dix Com (x! x" )emi(x'^ x’) = 5,153(x’ — x”). (9.8) 
SF. J. Belinfante, Physica 6, 887 (1939); 7, 449 (1940). 


(9.7) 
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Consistency of (9.8) with (9.5) through (9.7) is ensured 
by 
Gl (xix) = (—) FD (umt) OSC SM). 


(9.9) 


In the classical limit, in which by (2.2) with (2.5) 
all quantities become purely commutative or anticom- 
mutative according to 


AB! = (—)vawn B'A, (9.10) 


the modified P.B. (9.4) satisfy the same identities 
(2.11)-(2.13) as the (modernized) regular P.B. (2.10). 
Since also “commutators” (2.5) satisfy the identities 
(2.11)-(2.12) and satisfy (2.13) but for terms which in 
the classical limit vanish even after division by +, 
quantization by (9.3) would seem feasible. 

Now, let F be any function of the q and p and their 
spatial derivatives. Then it follows from (9.4) with 
(9.5)-(9.6), with (2.11) and with (9.8) that, in the 
classical limit (9.10), 


[F0] = 0. (9.11) 
Therefore, (9.3) suggests 
[F ; On] = 0, (9.12) 


which means that 0, should be commutative or anti- 
commutative with “everything”, and therefore should 
be a quasi-c-number. As we knew already that at least 
weakly the 0, should vanish, we conclude that the 6, 
should be vanishing quasi-c-numbers and therefore 
simply would be c-numbers (as the sign of zero is 
irrelevant) and thus would vanish strongly: 


6,=0 [so02520 023520] (9.13) 


As we put the 0, strongly equal to zero, we have to 
be careful zot to conclude from that that there would 
be no difference between regular and modified P.B. 
Although the 0, vanish strongly, their regular P.B. 
with the various pi and qi (or with each other) do not 
vanish. That is, (8.82) with (9.13) tell us that the pn 
are strongly equal to the fn(q) of (8.7); yet, in defining 
the regular P.B., we introduced differentiations with 
respect to p at constant q, and with respect to q at 
constant p, obviously ignoring the constraints (9.13). 
Thus, for instance, the regular P.B. of (8.8) with gi 
yields 


and 


(qi 84) E 05/0p! T Din, 


and, similarly, 
(np) = 9"0,/0q; = — OP fa/ðqi.  (9.14b) 


From (9.13)-(9.14) it is clear that (modernized) regular 
P.B. of any function F of the original q and p can no 
longer be calculated as soon as the function F is sim- 
plified by any use of the constraints (9.13). On the 
other hand, because of (9.11), there are no difficulties 
with the modified P.B. Therefore, it will be our pro- 
cedure, before any use of (9.13) is made, to calculate 
all the modified P.B. by (9.4) and, once this has been 


(9.14a) 


ete a a 
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accomplished, from there on to avoid completely any 
mentioning of the regular P.B. with their confusing 
independent differentiations with respect to q’s and ^ 
which by (9.13) we want to consider not really inde- — 
pendent. E 

Since the old modernized regular P.B. appeared not - 
only in the definition (9.4) of the modified P.B., but - 
also in the equations of motion of Hamilton (7.5), 
we want to express these equations of motion now in 
terms of modified P.B. With the covariant assumption — 
(8.102), the difference between [F, 3Co] and (F,3,) 
by (9.4) is seen to vanish strongly on account of  - 
(8.10b). Thus we find E 


F.o = [F,56,] + o (94F/8p!) + of,,(4F/api,) (915) ^ 


for any function F of the q, q,,, p, and p,,. Among theo! 
appearing in (9.15), now, the o, will strongly vanish — 
on account of (7.3a) with (8.10a) and the time deriva- — 
tive of (9.13): 


On = On,0 — bn = 0; (9.16a-b) 


however, the other o! in general will not vanish strongly. z 
Since the n'o in general do not transform contragredi- — 
ently to qi, any imposed condition that the ot given by - i, 
(7.3a) would strongly vanish would not even seem to 
be a covariant condition. The reason why the conditions 
05 = O were covariant is because in (9.16) the 05,9 and 
the £4 separately vanish strongly, and because, besides - 
the 6n, o, also the ôn, s with s— 1, 2, 3 vanish strongly on 
account of (9.13), so that the 0,» remain zero after a 
coordinate transformation mixing time differentiations 
with spatial differentiations. If the same would have to — 
be true for the other o, one would expect a strong 
vanishing of the y! in analogy to (9.13) ; but the origina ! 
reasons for which we introduced the 7! make this 
impossible. Therefore, F, o equals [F, 3c] only weakly, 
on account of (7.3b). This point will be important in 
Sec. 13 when we discuss the question of the covariance 
of our quantization. ue 
Now using the expression (6.9) for 3Co, and us 
the fact that the ®* and any modified P.B. of Oz 
another quantity vanish at least weakly, and that : 
0, and its modified P.B. with other quantities vanis 
strongly, we obtain the weak equation of motion - 


Fo = [F, 3e] = S@x'{(F,D (x^)] : 

+ [F8 (x) JB, (x’)}. (9.17) 
This looks like an equation of motion for F, bi 
is not always. For instance, if one chooses F = A 


explicit calculation of the right-hand member of 
yields : n 


4 (gj)! P*gao + (g?)t "(Avo — TID 


and the last term of this cancel 
left-hand member of (9. 
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We have been working here in a classical approxi- 
mation only. In the quantum-mechanical generalization 
of (9.17), the modified P.B. are replaced by (iic) * X the 
corresponding commutator, hoping for the best with 
respect to the assumption (4.6) various times made 
tacitly in the course of the derivation. A check on this 
assumption is not possible as long as we do not specify 
our ni in terms of the g and p. Moreover, in the “true 
theory" introduced in Sec. 24, a check of this sort 
becomes superfluous. Finally, for reasons discussed in 
Sec. 12, a change from modified P.B. to commutators 
in the third member of (9.17) with use of the expressions 
for $, etc. derived in the foregoing cannot be expected 
to lead to correct quantum-mechanical equations of 
motion anyhow. 


10. COMMUTATION RELATIONS OF THE 
ORIGINAL VARIABLES 


We shall now calculate the modified P.B. between 
the various q and p and such derived variables as g,, or 
j = 4/—g. According to (9.3), the commutation (or 
anticommutation) relations between these variables are 
then obtained by multiplying the modified P.B. by thc. 
'The (anti)commutators of more complicated expres- 
sions then should be obtained from the ones derived 
here for the simple variables, even if the result thus 
obtained might differ from what one would obtain by 
first calculating the modified P.B. between the com- 
plicated expressions and then multiplying by (tc). The 
existence of such differences for complicated expressions 
4 and B was the reason for writing “lim(#— 0)” in 
ront of (9.3). 

Using (9.4) with the ôn given by (6.4) with (5.1) and 
she Cmn given by (9.5) with (9.1), so that c!" is given by 


cz = cM, = (hoje) O) osx" — x"), — (10.1) 


we find the following modernized modified Poisson 
brackets: 


[Ia PO] = —Lp™, hay] = 935/8009; — (10.22) 

[5,(9, 2,9] = ihc 95 6,0 0,9 (g??)1 p, 
XP @ yy — yyy;  (10.2b) 

pu, yx]z —[vx, pai t 
= Zos (gY (yy VY) — hu vx), (10.20) 
L2, ?; y"]z —-[»^, 2.0] 
= Los (g) (Jy 959)» — 9^ h@,}; (1028) 
[v.x; 47] = D, yx] 

= —(Acg?j)3 83 (7°) x"; (10.20) 
[A,, P] = -EP*, 44] = 9; (10.2f) 


denotes the three-dimensional delta function 
s: etween the two different points at which the two 

ntities are taken of which we are giving the modified 
Other pairs among the variables Ji ay"; py™, YK, 
and P” all have vanishing modified P.B. The 


dt d PB. for #* and for mz can be calculated by 


É 
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(S.1a) and (5.1b) with 7 = 0, n = 0 from those for p4 
and yx: 


LE Tk] = —[7x, 2.9] 


= 4hħce j ò {L8 y — h@, yy}, (10.32) 
[5.(9, m= = $5.0] 
= jhe j bs {YOL y — kh, y}; (10.3b) 
[Vx, z"] = (#4, Vx] = 7x, V^] 
= [J4, rK] = 45x}; (10.3c) 
Crk, #4) = [$^ rK] = — Müc(y)k^ 9 (10.3d) 


We further give some useful modified P.B. of derived 
quantities : 


EAS gA = — [Ee pe, pi] = 


= (Supt, AF Euh ,)05; (10.42) 

Ler, pa] = Cha, g] 
= (òpe he + ô h)»)0; (10.4b) 
Cou, j] = —L5, Pa] = j 49, ds. (10.4c) 


The “commutators” (2.5) for all these pairs of 


quantities are simply i#cX the modified P.B. given 
above. 


11. CONSISTENCY OF THE CONSTRAINTS 


As the various constraint functions &* are weakly to 
vanish simultaneously, also their products and therefore 
their commutators and anticommutators should vanish 
atleast weakly. For compatibility with the quantization 
prescription (9.3) therefore it is a necessary condition 
that all the modified P.B. of the $* among each other 
vanish at least weakly. By explicit calculation one finds 


[$8 6] 
= { £6) Op 60 à) + £8) 060g (0 6) 


+ £O) Cap (6) 0) + £O Bh (OG, (11.1a) 

[9,, 9, ] = {8,8 — 86,0} 8s, (11.1b) 
[$, $^] = [4, &,’] = [6, p0] 

= [8,0 @/]=0, (11.1c-f) 


so that, indeed, the modified P.B. of these constraints 
will vanish weakly on account of these constraints. 
As explained above (8.1a), weakly 
dk, = 0, (11.2) 


We evaluate #* o weakly by (9.17) with F replaced by 
PE. The last term in (9.17) will vanish weakly by (11.1) 
with the assumption (4.6). Therefore, the weak equa- 


tions 

S&x! [95 $(x)] = 0 (11.3) 
must be valid. Explicit calculation of the left-hand 
members of the equations (11.3) yields? 


SEx [6, $^] = 9x, (11.42) 
SEx [Bn O] = Q,--Axx--x, — (11.4b) 
Stx [$690 0), $^] = 0, (11.4c) 
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where x and x, are the expressions (8.3), and where Q 
and Q, are the expressions 


Q = —[(g9)7 g d], (11.52) 
Q, — 15, h^ a hiapo 09) = 4r (gj) pu Pb 
+ CEO Uca, (Say? g? — Iu? g^") o 0 

— 2g"5,)],. (11.5b) 


Since the latter expressions vanish weakly on account 
of the primary constraints, we conclude from (11.4) 
that the expressions x and x, must vanish weakly. They 
are functions of the q, q,r, q.rs p, and p,.. Thus we have 
found the secondary constraints (8.2) to be additional 
necessary conditions for the consistency of our theory. 

Consistency now requires that also the products and 
the “commutators” and therefore the modified P.B. 
of the functions x* among each other as well as with 
the functions ®* shall vanish at least weakly. Explicit 
calculation of these modified P.B. yields? 


Lx, | = Cx, ®,,’ | = x, pia) 6)" | = 0; (11.6a-c) 
[Xu d] icis 0, x05 -+ (eo) (g??6,* "z gô?) 05, 8) 
(11.6d) 
[365 $,'] = [ ,6,*6; ], s 
-H dp, (g) os ne 26,0g9*)05 , 
+ à, P) (g09)71 (3999 (g* — gt (B)°) hard, « 
+ [4n (g^ j) gu P 
-4-18,* (^. gb 0 ® — x, — Ax ]os, (11.60) 
Ibn qo 0] = 5 Pa) (8) $3, ,; (11.6£) 
Cx, x’]= 9, Do x'] = &'x9;. (11.7a-b) 
Exo x^] = Go," + $Z76,0,)0s r — [3,7003 ] rs 
+L Gu," H PZ) 83], r + Drda r (11.7c) 
Here we put 
Zr = CO AN . (g^ g"* ES gg") d om dr j-1Pr ], (11.82) 
d,r* = (g)3gr[0, + Shayla? b 20? ]. (11.8b) 
Obviously the expressions (11.6)-(11.7) all vanish 
weakly on account of the primary and secondary 
constraints and the assumption (4.6), without imposing 
further independent constraints. 


Finally, since the x constraints can be derived for 
any value of x°, we conclude that necessarily 


0 c O (11.9) 
and, therefore, by (9.17) and (11.6), 
J @x' [x*(x), $(x)] = 0. (11.10) 


Explicit calculation of the left-hand members of (11.10) 
yields” 


[x J^ 9'd'x' ] = 0, (11.11a) 
Du, J'$'dx' ] = &'[9?Z7']. — 5,7... — (11.11) 
This shows that the necessary conditions (11.10) are 
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satished automaticaly and do not lead to further 
constraints. 

Because of the relations (11.1), (11.4), (11.6), (11.7), 
and (11.11), our & constraints and x constraints form 
a system of first-class constraints in Dirac's sense.5! 
This completes the proof of the consistency of the 
canonical formulation of our theory? ?5 


12. CANONIZATION 


From (9.3) with (10.1)-(10.3) we see that, as a 
consequence of the "modification" procedure (9.4), 
the pairs of variables h(a)" with f,(9 and vx with 7# 
or V^ with zz do not satisfy the conventional canonical 
commutation relations (2.1). We shall now introduce 
new variables which will satisfy the conventional com- 
mutation relations (2.1) on account of our modified 
quantization (9.3). That is, the modified P.B. of our 
new variables d and P will be 


[di (x,x9), pi(x’,x°) | = 6,05(x F3 X). 


[di ,39), d; (x^) ] = ixx), P3 (x9) ] = 0. 
(12.1b-c) 


Now, let (A,B’) denote the “canonized” P.B.,*** that 
is, modernized regular P.B. obtained from (2.10) by 
replacing in it the sums over derivatives with respect 
to the original g and p, by sums over derivatives with 
respect to the new “canonical” variables d and ĝ. 
Then, from (12.1) with (9.3) one finds for the modified 
P.B. of such functions 4 and B' of the canonical vari- 
ables and their spatial derivatives in x and in x’, in the 
classicallimit (9.10) in which relations like (2.8) hold 
for modified P.B., 


(12.1a) 


[A; B'] 


ne 


. 15} —74 1 =)F X . 
lim [4,8']=lim(4,8')=lim (12.2a-b) 


From the new variables d and p we also require that 
the new variables p,‘@ shall be Hermitian, and, for — 
ensuring the validity of the conclusions conventionally 
drawn from the theory of second quantization, that - 
the canonical conjugates to the q describing the electron - 
field shall differ from their Hermitian conjugates by a — 
factor thc only? $ 

This problem of “canonizing? the quantum-me- 
chanical theory by introduction of appropriate new 
variables was first solved by the DeWitts.® Indep: 
ently, the same method in a more explicit form 
later used by Belinfante and Swihart in their 


3! We say “in Dirac’s sense" and not “according to Dirac 
formalism”, because Dirac® used regular P.B. in the 1 
of whether a set of constraints is first class or not, w! 
(modernized) modified P.B., identifying the latte 
mutators by (9.3). Therefore, we are not interested. 
P.B. of thé constraints, unless the latter are unde 
way discussed in Sec. 12. - 

35 J. L. Anderson, Phys. Rev. 99, 1009 (195 

358 Notice that we use here boldface parenthe 
from the lightface parentheses used in (2 

36 V. Fock, Z. Physik 75, 622 (1932) ;. 7 
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theory of gravitation.":? We use here a notation mostly 
resembling the latter work.*” 

We start from the expression for the charge density 
in units e: 


je = i j YY = yt j hatay, (12.3a-b) 


[compare (3.4) and (2.19)-(2.22)]. We now determine 
| a Hermitian operator O which is one of the square roots 
a^ of the operator j lita} a‘ appearing in (12.3): 


2 = j hatat, O= 0t  (124a-b) 
For this purpose and for future use, we introduce the 
notation? 
t= Fo = — FOS he? jz-A99w/-sg, (12.5a) 
FO = F = haj = h®»/—g, (12.5b) 
F=|F| = Fa? + Fo? + Foy) (12.5c) 
yze-E(—F)9, w=+(+F)!, (12.5d) 
8=w=+(C-F)!, = F/F, (12.5e-f) 
so that 
E z-r(pg—29), (12.62) 
Aon = hay j (P? — 92), (12.6b) 
P = —FqFO =(—g)(—g) = — jg”, (12.60) 
wv = +[2((+82)}. (12.6d) 
Using this notation, we find? 8-37 
9? 2 t+a-F, (12.4c) 
O = $(w--v)2-3(w— v)». a = Ot 
= 23 (99)! + (t-o) a], (12.7) 
Q» = 3u"[14-2.- «] + 3^[1—2.- o], (12.82) 
f(0) = t/@)[1+2-0]+3f(@)[1—-2-a], ^ (12.8b) 
O7 = (29)71[ (v4-w) + (v—w)a-a] 
= 2-3 93[(r4-9)! — (r—9)9- o]. (12.8c) 
We may also write 
"E (COENA (2 
21[ (— g9)*2- 19 i 
NLIS (12.10) 
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With the help of the Hermitian Dirac matrix O 
— given by (12.7) or (12.9) we now define new fields Jj 


ad p= OY, j$t2y!0-J80, (12.11a-b) 


A, and V correspond to —3T^, --Àr, — t, 
M and 8. A LR 7, D was written for 
AA The relation between the quantities ¢ and F on 
“and the gravitational field on the other hand, in 
t work differs, of course, from the corresponding relation 
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so that 
y= 07%, P= J!0-8 = (g"g)-/180, 
where we used 8 = ty, 

We now can eliminate y and y and their derivatives 
completely from the Lagrangian by substitution of 
(12.12), in which O by (12.9) is a given function of the 
fourleg components and the constant Dirac matrices = 
y®. Thus, L, becomes a function of $, Yt, hia", Ay, 
and their derivatives. As (12.4a) yields 


Q-! ja? 07 = 0700-7 = 1, (12.13) 


the terms with Yo and with ji; in the Lagrangian 
density are then easily found to be 


Mhe[ 9j, o — WoW]. 


Adding $iic(JtJ),o to the Lagrangian density, we get 
a new but equivalent Lagrangian with density 


Lo(G,G.n) = Lo(9,g.u) + Mhe(dtj),o (12.15) 


which is independent of Yt and which contains Wo 
only in the form 


(12.12a-c) 


(12.14) 


ihepty, o. (12.16) 


We now consider J, //,4)*, and A,'as the variables di, 
and we define the variables 2! by 


pi = ni + 0?L,/8à o. (12.17) 
Then, the ?! canonically conjugate to 
Qd; A, Y, and hat (12.182) 
are found to be 
pi = Pr, theft, and p,, (12.18b) 


where $,(? differs from p,“® as we keep w instead of 
y constant in the differentiation with respect to Aqa)", o. 
By explicit calculation we find 


s" 90,0 JO, o 4 
B, = p, + bip oo F er 
Oh qe". 0 Oh qs", 0 
a0 90 
= pa + xina O= 9 b 
Oh a)" Ohta)" 
hejn hay? [^y Oy Ory M — y Bry Ory (ae) Wy 
ST x 
e (12.19) 
or, conversely, j 
T 3 
hc ot (a) oy ny (0) — y Qno (ex) y i 
aen ag AE OO 


4h? (— g) = g] 


In the notation of (12.5) and (2.20), (12.19) takes the 
form 


PO = Lo Pi = $0, (12.21a-b) 
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Bo = po + ghel + 0) j eO Ytoomy) Fin), 
(12.21c) 


where c(0060—1, —1, or 0, as (/)(m) (2) is an even, 
an odd, or no permutation at all of (1)(2)(3). 

Using the modified P.B. (10.2), it can then be shown 
by explicit calculation that the d and f thus introduced 
as functions of the old q and p automatically satisfy 
the relations (12.1) and therefore are the desired 
canonical variables, quantized according to (2.1) with 
symbols ~ placed over the q and 5. In the verification 
that [$ (x), 5,00(x)] 2 0, use is made of the 
identity? 


X (&) € (1) (my (ny H X Em) 00 (ny H X mek 


+ X (nyecm o = 0, (12.22) 


which is valid for any quantity X) as long as the 
indices take the values (1), (2), (3) only. In particular, 
one applies (12.22) with Xa) = F) [see (12.5b)]. 
The charge density, in terms of the new variables, is 
given by ° 
p = j° = 4OY = ey. (12.23) 


Since icy is now the canonical conjugate to V, the 
y-field is quantized according to*® 


Vx GOV (à) + V (x x(x) 


= 6x” 63(x—x’), (12.242) 
VxV + r'bx = 0, (12.24b) 
prs 4 PAL eK = 0, (12.24c) 


so that the formulas of the conventional theory of 
second quantization?* are valid without change. In 
particular, if Qy is the charge at time a? in a volume V, 


Qv (a9) = Sy p(x,a9) dix = ef, d'x PP, (12.25) 


and if 6(x,V) = 1 for x inside V, and 6(x,V) = 0 for x 
outside V, then (12.24)-(12.25) yield 


Qv Wx(x) = jx(G)LOv — e(x,V)], (12.262) 
Ov V*K(x) = J*E(x)[Qv + e&(x,V)]. (12.26b) 


From this it follows that x(x) and ~**(x) are oper- 
ators which decrease and increase the charge Qy in any 
volume V containing x by e, while they do not change 
the charge in volumes not containing x. Therefore, J 
and its conjugate /, and not the old undors y and y, 
should be considered the “electron wave functions." 
We see from (12.2b) that, if we had expressed the 
Lagrangian from the beginning in the form Z,, we 
would have had no need for introducing modified P.B. 
We can now derive a Hamiltonian 36, directly from L,. 
In the quantum-mechanical theory, we should then 


Der co 
38 As by (2.20) we chose 6*=1, we may identify dotted undor 
subscripts with undotted undor superscripts, so that y** may be 
written instead of V*& for the Hermitian conjugate of the com- 
ponent Vx of V. For the ¥ and J^ we use a similar index notation, 
although these quantities are not undors at all under Lorentz 
transformations of the fourlegs. 
CC-0. Gurukul Kangri University Haridwe 
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*symmetrize" in $6, all terms according to the tra- —— 
ditional prescription (6.13). This is preferable to first — 
symmetrizing 36, by (6.13) and then eliminating the 
old variables by (12.12) and (12.20), because such a 
procedure could be expected to lead to Hamiltonian - 
equations which are not equivalent to the Lagrangian — — 
equations because of noncommutativity of certain - 
factors." $ 


13. DIFFICULTIES WITH RESPECT TO THE 
COVARIANCE 


We now try to prove the covariance of our commu- 
tation relations for the canonical variables d and f. 
It would be sufficient to prove that, whenever they are 
valid on one surface x? — constant, then on this 
surface all their time derivatives would be valid. By — 
Taylor expansion in x?, their validity on any surface 
x? = constant would then follow. This would then ~ 
complete the proof of covariance of the commutation 
relations, on account of the arbitrariness of the coor- 
dinate system used.?.19 

For the time derivative of the “commutator? 
[ĝi ; ??] one easily finds, by a generalization of (9.15), — 


[% s P" .o = (1G 5 2], Ho] + olla ; BI) 
+ of (84[G ; pV]/80p*). (13.1) — 


Remember the factor ordering discussed below (7.5). _ 
On the surface a? = constant where we have already 
assumed the validity of D 


[ds ; BY Vea 0) = he PU] = Hii A(x—x), (132) 


(13.1), by [72:01 0, (x— x^), 30, ] = 0 and by (2.158), — 
simplifies to E 


(L2) AeA 3 
S dix" ok(x)to4[gi(x) ; 23(x")]/bgk(x)). (13.3) 


The difficulty now is that, even though the com- - 
mutator in the right-hand member of (13.3) is given by 
(13.2), yet the integrand in this member need not 
vanish. In this integrand, the order of factors is suck 
as to substitute factors o* for factors p*, and such a 
substitution even on a vanishing commutator need not 
give a vanishing result, as is easily seen from the 
example 

qi(9^[p* ; 2*1/82*) = [p' ; gi] 7& 0, 
with the same interpretation of the order of factors. 

If all o* were strongly zero, from the strong vanishing 
of (13.3) at x° would then follow the strong 
of its time derivative [di; P" ] o at x? by 
similar to (13.1)-(13.3). By repeating the 
over and over again, we would then by Ta; 
sion find (13.2) to be valid at any time. C 
similarly with [d ; à"] and with [6 ; ']. 


bawec- 
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3 B invariance group, 
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As explained in the text beneath (9.16), however, 
we cannot assume the o* to vanish strongly. If, there- 
fore, we use merely the weak vanishing of o*, then, from 
the strong validity of (13.2) at the time a? only the 
weak vanishing of (13.3) would follow, so we cannot 
predict the value of [ĝ; p], o at x° not knowing 
Cigi ; 2] o 365]. Thus, our proof of covariance com- 
pletely breaks down. 

These troubles arise from the fact that commutators 
of o* with other quantities need not vanish strongly, 
and that commutators of weakly vanishing quantities 
with $6, need not vanish even weakly. The latter dif- 
ficulty would be avoided if we could believe enough in 
the assumption (4.6). However, the use of (4.6) prior 
to (or for the purpose of) a calculation of a commutator 
would undo the entire introduction of weakly vanishing 
quantities 7! and ¢', of which the purpose was providing 
different commutation relations, even weakly, for 
instance for pi and for d?L,/0qi,o. 


14. WHAT NOW? 


The difficulties of the preceding section could perhaps 
be solved by a complete change of the quantization 
procedure, replacing (12.1) by commutation relations 
which would be compatible with strong vanishing of all 
ni, ¢*, and o!. As attempts at the realization of such a 
program meet the unsolved problem of finding the 
so-called “true variables" of the theory,‘ we shall 
postpone its discussion to Sec. 24. We first consider a 
different attempt at escaping the difficulties. 

The cause of the trouble is the unknown behavior of 
the o*. The need for the o* arose from the existence of 
constraints. We could avoid the latter if we would 
destroy the various invariance properties of the 
Lagrangian by adding noninvariant terms to Žo. Such 
noninvariant terms which were no part of the basic 
Lagrangian L, would not describe any physical reality. 
The theory using the Lagrangian including these non- 
invariant terms we shall call the altered theory, and we 
denote the added terms themselves by Laaa. These 
terms really ought to vanish; we shall assume that they 
vanish “weakly.” As these terms themselves are 
functions of the field variables and their derivatives, the 
condition of their weak vanishing imposes differential 
equations as restrictions on the field variables. These 

“auxiliary conditions" are not invariant under all trans- 
formations which left the basic Lagrangian invariant; 
the total altered Lagrangian will show invariance only 
under the more restricted group of transformations 
which leave the auxiliary conditions invariant. 


the momenta defined by (3.1) in 
terms of the total altered Lagrangian will not be 
fet to constraints such as (3.8), (3.10), or (3.13). 

dition restricting the group of gauge trans- 


The con 
7 ann and I. Goldberg, Phys. Rev. 98, 2 and 544 


>, G. Bergm 


AND KENNEDY 

formations will essentially be the Lorentz condition; as 
a condition restricting the coordinate transformations 
we use the De Donder coordinate condition. Finally, 
we impose a convenient fourleg condition. Let us 
represent all those auxiliary conditions by the weak 
equations 


S^(g,g,,) = 0. (14.1) 
Then we may choose for our altered Lagrangian density 
L=L, + Laaa (14.2a) 

with 
Laaa = IKE 2n (14.2b) 


where for Kmn we choose a convenient symmetric set 
of coefficients 


Kan = (—)"9 Kan, (14.3) 
with 145—275. (In practice, all um= 0.) 
We now define pi by (3.1) with 
L= L, + Lua = L — Aihc(j). (14.4) 
Comparison with (4.3) then yields 
n! = OP Laaa/OGi,0 = Kmn{S™(d?S"/0qi, o) 
+(—) "ti (ðP S™/ðqi o) S”}. (14.5a-b) 
We can also write 
ni = ôP Laaa/ Odi o. (14.5c) 


This is so because Laaa will not depend on either j or 
{t or their derivatives, and those are the only d which 
are not equal to the corresponding q. For these g", both 
(14.5a) and (14.5c) express the strong second-class 
constraints (9.13). [Compare (5.1).] From (14.5b) we 
also see that the weak vanishing of the other 7‘, which 
was postulated in (4.3b), may now be regarded as a 
a consequence of the weak conditions (14.1), provided 
that the assumption (4.6), that a weakly vanishing 
factor irrespective of its position makes a product 
weakly zero, is applicable to the last member of Eq. 
(14.5b). 
By (14.5c) and (14.2a) we now find from (12.17) 


pi = oP"L/0d o, (14.6) 


so that our old d and # now are the canonical variables 
in our altered theory with Lagrangian density L. 

We assume the strong validity of the altered Lagran- 
gian field equations obtained from the variational 
principle 


(Boundary integral) = 6fZd‘x = àfLd'x; (14.7a-b) 
thence, A 5 
9PL/0d; — (0PL/0Gi,n),» = 9, (14.8a) 
OPL/dqi — (0PL/04i,x),. = 0. (14.8b) 
Comparison with (4.4a) yields 
P (OPLaa/0qi,),, — OP Leaa/dgi. (14.9) 


5 T. De Donder, La Gravifique Einsteinienne (Gauthiers- 
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By (14. 2b), this is a polynomial containing factors S^ 
or S^, in all of its terms, so that the weak vanishing 
(4. 4b) of fiisa consequence of (14.1) and its derivatives 
S” a = 0, if again the assumption (4.6) is applicable. 

Since by (4.7) we could express the original con- 
straints in terms of the 7, we see from (14.5b) that the 
constraints follow from the auxiliary conditions (14.1). 
Later, we complete the analogy between the constraints 
and the auxiliary conditions by showing that, con- 
versely, the auxiliary conditions follow from the 
constraints. We shall also provide a simple proof, re- 
quiring much less explicit calculation than the deriva- 
tion of (11.4c), (11.11a) and (11.11b) that, whenever 
(14.1) and some of their first time derivatives are valid 
at a given time x°, automatically their higher time 
derivatives will be valid, and therefore (14.1) will hold 
for all times.“ Repeatedly we use the assumption (4.6) 
that all expressions which we meet and which contain 
a factor S^ placed anywhere will vanish weakly on 
account of (14.1). 

Equations (3.1) or (14.6), together with (14.8b) or 
(14.82), enable us to express all the go and Go in terms 
of the q and f or the 4 and f and their spatial deriva- 
tives. For instance, we find y/o from the field equation 
(14.82) with ĝi = Wt. The other ĝ,o are solved for from 
(14.6), without any constraints interfering. Therefore, 
the canonical formalism in the altered theory takes the 
conventional form, using as the Hamiltonian the ex- 
pression 


j6 = JfÉdx- o F Iaa, 
H = PGi, 0 — L = H, — Ladd = HA + Haaa. (14.10b) 


Quantization then follows by Eqs. (12.1), while such 
expressions as (14.10) are subjected to the sym- 
metrization prescription (6.13). 

The o$, which bothered us in the past, are now from 
(7.3), (14.5a), and (14.9) easily found to be equal to 


oi = ð? Laaa/ôqi TE (9? Laaa/ 9i, 9, 8 
= — DP Braa/Dgi- (14.11) 


The main trouble with the altered theory is that its 
field equations are not strongly covariant, due to the 
terms (14.9) in (14.8b) or (4.4a) weakly vanishing on 
account of (4.4b) or (14.1). They could, however, even 
* weakly" cause troubles, if there would be reasons to 
disbelieve the assumption (4.6). Failure of (4.6) to be 

valid at various other places may cause further diffi- 
culties. It is hoped that such difficulties can be avoided 
by proceeding from the altered theory to the “true” 
theory introduced in Sec. 24. 

In Lorentz-covariant quantum electrodynamics, both 
the altered theory and the true theory are well known. 
The altered theory is here Fermi’s quantum electro- 
dynamics,'* which has formed the basis for most of the 


(14.102) 


41). I. Caplan, Ph.D. thesis, Purdue University (1957). 
45 E. Fermi (1929, 1930). For a treatise in English, see Revs. 
Modern Phys. 4, 87 (1932). For a treatment avoiding explicit 
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modern applications of quantum electrodynamics veri- 
fied by experiments. Similarly, one might hope to find 
applications of the altered quantum theory of gravita- 
tion before the “true” theory is completely developed. 
However, in similarly altered quantum electrodynamics 
we had the advantage of knowing at least the “true 
variables," (there, the transverse fields), which for our 
present theory are not yet known explicitly. This may 
make it hard to formulate physically meaningful 
questions which the altered theory may be asked to 
answer. 

In the “true” theory, the quantization prescriptions 
are altered in such a way as to be compatible with a 
change of all weak relations between true variables into 
strong equations. Untrue variables which do not even 
weakly vanish are eliminated; weakly vanishing untrue E 
variables are treated as strongly zero. The theory then 
can be formulated without ever even mentioning the 
untrue variables. In Lorentz-covariant quantum electro- 
dynamics, this true theory was first given by Pauli? for 
electromagnetic fields having individual Dirac electrons 
as source. A generalization of this theory using the 
quantized (anticommutative) electron field was later 
developed by Belinfante and Lomont* and is known as 
the “gauge-independent” theory. In this gauge-inde- 
pendent theory, only the transverse components of the 
electromagnetic field are quantized as a photon field, 
while the longitudinal part of the electric field is the 
Coulomb field — vf (p'/r)d?x', in which p is expressed 
by (12.23) in terms of the quantized fields of the par- 
ticles which are its source. The covariance of such a 
theory is then shown without ever mentioning 
such “untrue” concepts as that of “longitudina 
photons." 46,47,42 

Now returning to altered theories, we may ask how 
weak equations are to be interpreted. Here, we prefer 
to interpret them as restrictions on Hilbert space,3^25,11,5 
thus avoiding not only non-normalizable state vec- 
tors,?^48 but also the necessity of defining an indefinite 
metric in Hilbert space.? The main advantages of this 
interpretation are that it makes it easier to justify our 
frequent use of the assumption (4.6), and that it leads 
more naturally to the true theory of Sec. 24. 

Historically, the existence of the altered theory of 
quantum electrodynamics was helpful in the develop- 
ment of the true, gauge-independent theory, not only 
because it led naturally to the elimination of the no 
vanishing untrue variables, but also because i 


odit bins duit dS ad un 


are 


RS. 


Á F, J. Belinfante UE S. Lomont, Phys. Rev. 
48 F., J. Belinfante, Phys. Rev. 76, 226 (1949 
49S. N. Gupta, Proc. Phys. Soc. (London) 
A66, 129 (1953). 
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the altered theory is better without than with Gupta’s 
interpretation of weak equations.‘ On the other hand, 
the analog of Gupta's indefinite-metric method may be 
useful in direct applications of the altered theory as 
such to physical problems, without attempts at using 
a “true” quantization procedure. 


PART II: THE ALTERED THEORY 
15. AUXILIARY CONDITIONS 


We now develop an explicit form of the altered 
theory outlined in the preceding section. Our first task 
is to choose explicit forms for the auxiliary conditions 
(14.1); our second task, to choose the Kmn of (14.2). 
Our guiding principles are: (1) We have to destroy by 
these conditions the complete invariance of our Lagran- 
gian, but like to retain some limited invariance, under 
a more restricted group of transformations. (2) We like 
to keep Laaa simple. (3) Equations (14.6) or (3.1) should 
be simple enough so that we can solve them without too 
much trouble for the field velocities. (4) The relation 
between the constraints and the auxiliary conditions 
may be kept fairly simple. With these principles of con- 
venience in mind, we have made the following choices. 

As a gauge condition, one would like to use the 
Lorentz condition, 


0 — W, = (g^A,),,. (15.1) 


If we would use the square of this in Laqa, we would be 
introducing products of g#”,, and of A «, s. Consequently, 
2y (14.6), the Maxwell momenta P* would depend on 
he gravity velocities, and the gravity momenta ,‘@ 
would depend on the Maxwell velocities (time deriva-. 
tives of the Maxwell field). This would unnecessarily 
complicate the solution for the field velocities in terms 
of the momenta. We can avoid this complication by 
taking for our gauge condition 


0 — S= g"A, ,, (15.2) 
and taking for our coordinate condition De Donder's?? 
Q = S= gr ,, (15.3) 


Then, the Lorentz condition remains valid by 0 = (S 
++ S#A,); but, when Laga is made quadratic in S and 
quadratic in S^, we avoid cross terms between deriva- 
tives of the gravitational field and of the Maxwell field. 
Moreover, we have thus chosen a coordinate condition 
beloved by many authors.50-9.2 
A convenient form for the six fourleg conditions 
which are to replace the six fourleg constraints (3.10) is 


0 = Sag = Neue — heuha]. (15.4) 


E- Here, the N> are unit vectors tangential to some 

sen chosen set of time-like curves of which one runs through 
5; , (USSR) 1, 81 (1939). 

E m SE Roy. Irish Acad. A52, 11 (1948). 

N. Fe pt, Proc. Phys. Soc. (London) 465, 608 and 161 
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every point of space time. They may be normalized by 
N,N” = g,,IN"N* = — 1, (15.5a) 
No«0«N?, (15.5b) 


In order to understand the geometrical meaning of 
the fourleg conditions (15.4), we multiply them by 4^, 
and we use the identity 


hraz hy = — lcay Jt OS, = — Maya 
= (gu, oy"), s. (15.6) 
Multiplying the resulting expression by — 2^", we get 
0 = N'($g?'g.» Mt qo)" + cay”, r}; (15.7) 
so, by (3.4b) with (3.4c), 
Nay? y = Nay 7 {dup} 
+ $e?" Liv. ~ Enar) (Ses) 
By g” = h®»hg)’, this may be written as 
Nha, y = — Nupo} hca + € ah, (15.9) 
where we put 
€(a) (8) = Zhi" hey” — liay” py" ]gy, N^. (15.10) 


Not only does (15.9) follow from (15.4), but (15.4) 
also follows from (15.9). This may be seen by multiply- 
ing (15.9) by e)p antisymmetrizing the result with 
respect to (æ) and (8), and using (15.10), (3.4b), and 


[Av] — Duy] = £u.» — (15.11) 


Therefore, (15.9) is fully equivalent to the fourleg 
condition (15.4). 

From (15.9) we see the meaning of the fourleg con- 
dition. It predicts the fourleg field at later times, once 
the fourleg field has been given at an initial time. It 
imposes the condition that the fourlegs, at the various 
points along any one of the time-like curves of direction 
NV+, are obtained from each other by parallel displace- 
ment combined with an additional twist which, per 
unit of proper time along these curves, is given by the 
€(a) (8)* 

This twist, however, is not invariant, but depends on 
the world coordinate system being used. That is, under 
a mere coordinate transformation with 


Ox^'/0x" = A^"',, Q'x"'/OxeOx* = AH po 
0x"/Ox" = A*y, (15.12) 
and without any change of the leg fields Aqa) or of the 


time-like field IN except the coordinate transformation 
of their components, the twists €(«)) transform into 


Srv, u- 


etc., 


€ (a)() = Ela) G) + Fhia” he N goo 
(A APy — A%y Alun). 


The twists, therefore, may alter under nonaffine coor- 
dinate transformations, even if by 


(15.13) 


AM ug = (15.14) 
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one keeps the coordinate condition (15.3) valid after 
as well as before the coordinate transformation. There- 
fore, the fourleg conditions (15.4) make the fourleg 
field at later times depend not only on the choice of 
time-like curves NV and on the choice of the initial 
fourleg field, but also on the choice of the world coor- 
dinate system in space time. 

One could have avoided the noninvariant twist e(4) (9) 
in the fourleg field, by choosing, instead of (15.4), the 
auxiliary conditions 


0 = N*Dheuliqy y — heh cay",r] 
-+ NENG [It ay It gy" = hgh]. (15.15) 


However, use of this expression would complicate Laaa 
in such a manner that it would no longer be simple to 
solve the (3.1) for the hg)’ o in terms of the p,®. We 
therefore content ourselves with the use of (15.4). 


16. RESTRICTED INVARIANCE TRANSFORMATIONS 


Our altered Lagrangian jfLd'x wil be weakly 
invariant (but for boundary effects) under those of the 
transformations (3.7), (3.9), (3.11)-(3.12) or combina- 
tions thereof, which leave the auxiliary conditions 
invariant. We calculate the combined effect of these 
transformations on the expressions (15.2)—(15.4) for the 
S^, First, we calculate 


öge = frag fF gh — EN ee AME ONE) 
Then, we use the fact that for any quantity F 
8(F,,) = (6P),,, (16.2) 


if 8, as in (3.12), denotes the "substantial variation" 
ôF = 6F — EPF, (16.3a-b) 
'Thus we find 


with & = ôx’. 


§S = — PS, — PS — Eug" + gu, (164a) 
SSe = — ES", — EAS" + EP AS^ + gE V, — (16.4b) 
5S (a) e = — BS (a). — £c) eoe 9S 6) 

+ EG) EM OS (ay (8) 
+ NEP! — heuha] 
— 2NP EG 0). (16.4c) 


Therefore, if the auxiliary conditions (14.1) are to 
be valid after as well as before these infinitesimal trans- 
formations, the descriptors £, £^ and &4)@) will have 
to be restricted by the conditions 

g"£ uy = 0, gg Ari (16.5a-b) 
and 


NE (a) 0» = ANE” aD eode! — heuha]. — (16.56) 


The conditions (16.5b) were already mentioned in 
(15.14). Equations (16.5c) express the necessity of 
accompanying nonafüne coordinate transformations 
(£& X, = 0) by a change in the ieee of the 


eis 


tpm ae I tn x; 


E 3$ 5 
fourleg field along the time-like curves in the Nè died 

tion. This necessity stems from the lack of coordinate-in 
variance of the fourleg condition (15.4), which was also 
expressed by the property (15.13) of the e(4) (s) occurring a 
in (15.9). ^ 


17. ALTERED LAGRANGIAN 


We now choose the coefficients Kmn of (14.2). We do 
not want to cause more lack of invariance of the 
Lagrangian than purposely already introduced by our 
definition of the auxiliary conditions. The obvious 
choice for Lada is 


Laia = Le + Ly + Lr, (0722) 


where the coordinate-condition terms Le, the fourleg- _ 
condition terms L,4, and the Lorentz-condition terms 
Ly are given by 


Lo = — $C j gu SES (17.1a) 
Li = — 4C j Sims A, (17.1b) x 
Li = — (8rj)™ SS, (17.1c) — 


with C given by (8.4). Here, the powers of 7 = (— PM 
have been chosen in such a way that, including the — 
factors 7 hidden in g^" in the definitions (15. 2)- (15. 3) P. 
of the S and the S^, each term of L is linear in j. The — 
constant coefficients in Lz and in Le have been given © 
such values that in first approximation the flat-space ` 
Lagrangians of Fermi’s quantum electrodynamics'5 and 
of Gupta's gravitational theory? are obtained, with our 
own normalization of the variables. The constant in L4 
was taken in such a manner that there is some cancel-- 
lation of terms in the special case that V# is normal to 
the hypersurface x? = constant, i.e., if | 


N, -— 0, 
No = —(—89) 
N = pos 


(17. me and using (G. 3)- (3. 5 and | 
£y,» = — (Krohn + Buoh 3) qa? s, 
qM, = ja à," + hH 6, A — gh BO Shar, > 


we find 


Lo + Le = 3Cj Sab, Boe, 2g" gg? — googiognr 
H4gegerg vr 2g gbeg: 1 

= 3Cj hre" o hoy r (Sur kor, ades 3 
— gw hs hOr 4 g PON 
= go" ho, 41. met g 
+ 24, MOL ot = 
NL 


L= aCj he 


LN 
Aa ) 
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Li+ Ly = (81) jA a pAn Lge g 

= A Sa tal 
The altered Lagrangian density then is the sum of 
(17.4a), (17.4b), (17.4c), (3.3d), (3.5b), and the last 
term of (12.15). Here, (3.4h) and (12.12a-c) with 
(12.9)- (12.10) should be used for expressing L in terms 
of the d and @,. 


(17.4c) 


18. g(p) OF THE ALTERED THEORY 


'The altered theory enables us to express the field 
velocities d, o in terms of the canonical variables d and f. 
The equation for jJ, o is obtained by variation of yt in L 
as given at the end of the preceding section. 

For the electromagnetic field, the d and f are iden- 
tical with the q and p. We find for the canonical field 
momenta 


IDEA) Aliplig ers ghg — gge], 
These equations are solved by 
Aso = — 40 (0) ga,P* 
zi: (gc As [051.999 — 0,5 g'! — 5.9 gP#]. (18.2) 
For the gravitational field (fourleg field), we first 
calculate the old field momenta 
2,99 = Cj hgy,. [go A7 hO — guy (00 hOr 
4- g’ h®, ha, — g? hc», 41, 
— go g? POA) 4. Q0, hO 8,7 + 00, f 07 6,0 
—h®), hi0 y — h, h 6,0 + io (8) 6,7 6, 
— £8) 5,7 8,9 H 1, 10), NN? 
—£oe (8) Suv Nv N°] 
+ Mi, y — VO V y). (18.3) 


These 16 equations for the Go = 7/5)", o are solved by“ 


hgy’ o = (4C3)? pu L(g) Uta" he” 

— hey" hay” — g" £o) 

+ (N°) (y^ hia” — g" £o) 
+ h^ (N/N) (K hey 

— be) 8,") + (g™) 1 (1C? Ig, g” 

HAD fig? 8,7 — h" heyy g” 

— he gy! 8," — bey à," g” 

— à) ô g” + Sip) ^ g^ 

— no» hyu g? — o» hey? 6,8 

+h hy’ 6,°) ] 
+ ah Gc? (N9) ^J (y"Yv oy — veyYv?)v. (18.4) 
> Thi ressed in terms of the d and ? by means 
: E Tu Vu (12.20). "Thus we have obtained all 
— field velocities in terms of the canonical variables. 

“At this point, a few remarks may be made about the 

E ed “Feynman quantization" of our theory.” 
— | Phys. Rev. 76, 769 (1949); 80, 440 (1950). 


68 R, P. Feynman, Kapitel aus der Feldquantisierung 
= aW., Pauli, Ausgoreite d à e Buchgenossenschaft, Zürich, 
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In this formalism, integrations are performed over field 
variables. According to B. Laurent,*® the integrations 
over the gravitational field should be interpreted as 
integrations over all possible values of the sixteen 
fourleg components Aqa)”. According to B. S. DeWitt®® 
and to J. L. Anderson,** the “volume element ing space” 
should be a product of the differentials of the g and a 
weight factor depending on the determinant with 
elements 


Gà = a’ L/ðqi, oq, o. (18.5) 


If for L one chooses the basic Lagrangian L,, then one 
meets the difficulty that the determinant of the G! 
vanishes. In the altered theory, however, this difficulty 
is avoided. The determinant then can be factorized into 
a determinant Ga where the gj are the /r(4)^, a deter- 
minant G4 where the qi are the A,, and a determinant 
G, for the electron field. We find 


Gn = C15(g0915. Det{ (14n) h, h®, 


— h®,h®, + (1—2)g,2 (0 0), (18.6) 


where the rows of the determinant are labeled by (o) 
and u and the columns by (8) and v, and where 


n= (N°)?(—g)-1. (18.7) 


The fact that this determinant remains a function of 
the field variables (4^ themselves may cause difficul- 
ties in attempts at verifying whether the procedure of 
Feynman quantization of the altered theory of gravi- 
tation will give results equivalent with those which one 
would obtain from a similar procedure using merely 
two true variables instead of the sixteen variables of 
the altered theory. In Fermi’s quantum electrody- 
namics, this complication is avoided because 


Ga = (4x) (99g 


does not depend on the A, themselves, thus enabling 
Laurent®® to show the equivalence of the two corre- 
sponding procedures in quantum electrodynamics. 


(18.8) 


19. ANALOGY OF CONSTRAINTS AND 
AUXILIARY CONDITIONS 


In Sec. 14 we have shown that in the altered theory 
the constraints of Part I hold weakly on account of the 
auxiliary conditions (14.1). We now show that, con- 
versely, the auxiliary conditions (14.1) will be satisfied 
whenever the primary constraints 


ok = 0 (19.1) 


are given to hold weakly. Here, the ®* are given by 
(6.8a), (6.8b), and (6.8c). 

For proving this statement we substitute, in the 
definitions (15.2)-(15.4) of the quantities S”, (18.2) and 
(18.4) for 4,6 and for hg)”, after first expressing 


55 Oral communication, Chapel Hill Conference on the Role of 
Gravitation in Physics, January 18-23, 1957. 
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derivatives of the metrical tensor by (17.3). Thus we 
find 


S = — 4r (g0) P? = — 4g(g!)-1b, — (19.2a-b) 
S^ = — QC) (g?)-teyCO[g hoy F gr hoy] 

+(e) [et g0, — 2% gor, ] (19.3a) 

= (2Cg*)- [Jia het BOP — 2593, ], (19.3b) 
Saze) = QCN?j)3 Pu [Ee mho" — emia] 

+ 2«iGc (N°) Vy ceyY y «y — YEY c» JV 

(19.42) 

= (2CN*5)7 £q«yco£w ob 0. (19.4b) 


This proves that the auxiliary conditions of the 
altered theory are completely equivalent to the con- 
straints of the original theory. Similarly, the time 
derivatives of the auxiliary conditions are equivalent 
to combinations of the x constraints with each other 
and with the d» constraints. 


20. CONTINUED VALIDITY OF THE 
AUXILIARY CONDITIONS 


A simple proof of the compatibility of the auxiliary 
conditions with the field equations of motion of the 
altered theory can be given using the general invariance 
properties of the basic part L, of the Lagrangian density 
discussed in Sec. 3.44 Bergmann?!???5 has proved the 
following theorem. Consider infinitesimal transforma- 
tions of the coordinates x^ and the field variables y4 
(which is Bergmann's notation for our qi). At the 
point P, let these transformations be given by 


a/#(P) = «"(P) + dx" = a"(P) + &(P); | Q0.1) 

yal (P) = ya(P) + ya, (20.2a) 
bya = cak” Ey + cAx£*, (20.2b) 

where the descriptors &* with k=0, 1, 2, 3, 4, 5, ---, 10 


label the transformations. In particular, the descriptors 
for k=u(=0, 1, 2, 3) label the coordinate transforma- 
tions (20.1); £4 [also called £, see (3.7) ] labels the gauge 
transformations, and £ through ¿" [also called £(«) (5; 
see (3.9)] label the fourleg rotations in the local 
Lorentz frames. Define the point P by 


x'^(P) = x*(P), (20.3a) 
so 
x+ (P) = x*(P) — (P), (20.3b) 
and put, as in (3.12) and (16.3), 
yal (P) = ya(P) + ya, (20.4a) 
ya = ya — Yau". (20.4b) 


Now suppose that, under such general transformations 
nol restricted by (16.5), the part L, of the Lagrangian 
density at P transforms into 


Ly! (P) = Lx(P) + 8L, (20.5a) 
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at P, and suppose that Lẹ is the four divergence of 
some four-component quantity Q" which need not be 
a four-vector : 


8L, = Qv" ,. (20.5b) 


If L4 has the invariance property (20.5b), then Berg- 
mann proves that automatically 


L.^[cax — ya) — (4 cav") 5281022010) 


where 
JL. = OPLy/ OVA — (3P Lx/ OYA, »),», (20.7) 


and where y4,x for k=» means ya,» and for k=4, 5, 6, 

-, 10 means zero. 

We first apply this theorem to the infinitesimal gauge 
transformations of the original variables ya = qi, in 
(3.7). For these transformations we find the c44* and 
cas by comparing (3.7) with (20.2b). Under such trans- i 
formations, (20.5b) is valid, with P = P and with y 
Q” = 0, not only for Lo but also for L. and Ly given by 
(17.1a-b). Therefore in this case taking 


L = L, + L: + L= L -— L, (20.8) 
we find that (20.6) now takes the form i 
(e/hc) Ly y — Ly¥8 y]— L.",-0, (20.9) 


where Ly”, LYt8, and La” are the expressions (20.7) 
for ya = y, for ya = y, and for ya = Ap respectively. 
Since Lz does not depend on either y or V, we find 


L,* = L¥=0, (20.10a) 
LU = LY = 0, (20.10b) 


where we used the electron field equations. On account 
of the field equations of the altered theory L^" = 0 for 
the electromagnetic field, (20.9) then yields 


02 — UREN = Ioda 
= [3LL/ ðA, = (8Lr/984A, r) vla (20.11) 
Inserting (17.1c) with (15.2) in (20.11) we obtain 


0 = (4r) (Sg), (20.122) . 


so that 


S, o0 = (— g™®) gS, AA 2g°S, r0 
+ 2g” Siu BY” S ]. 


Now assume that, at a given time a? 
S(x,x°) = 0, 
S.o(x,x°) = 0. 


Thence, at 2°, also S,, = 0, S,,, = 0, So = Sic 
for r,s = 1, 2, 3. From (20.12b), then, at a5, i 
S,o0=0 


The nth time derivative of (20. o shows 
for every x all time derivatives of S up to 
vanish Weeks then also the me 


of (20.13a) and (20.13b) at x° yields at x? also 
S.o0=0, S,ooc=0, S,o000=0, etc. (20.14b) 


By Taylor expansion we thus find from (20.12) with 
(20.13a) and (20.13b) 


S(x) = 0 for any 2°. (20.15) 


This shows that the one “all-time” auxiliary condition 
(15.2) is equivalent to ‘wo “initial” conditions (20.13) 
and (20.13b) imposed at some starting time a?, from 
whereon the auxiliary condition will remain valid on 
account of the field equations of motion used in (20.10)- 
(20.11). 

As a second application of (20.6), we use it for the 
infinitesimal fourleg rotations (3.92), (3.9b), (3.9c), and 
(3.9d), for which the index k stands for the six com- 
binations (&)(8) with (a)«(8). The cay" this time 
all are zero, and the cax are, 


for ya = hey", Cak = hOr — NOG O, 


(20.16a) 
for ya = y, Cak = Fiy (2 0) — «y 0o C |y, 

(20.16b) 
foryaz V, — cak = dX [y vy? — y Cy 0]; 

(20.16c) 


all for (a) < (8) only. For (o) > (8), cak = 0. 

In absence of gauge and coordinate transformations 
ze find that this time not only L, but also L. and Ly 
ave the invariance property (20.5), with P = P. 
Therefore, we now choose 


ie ea p= D — Da (20:17) 


Then, (20.6) yields 0 = L,4c4x, or, by the field equa- 
tons L4 = 0, 


0 = — LA cax = cax[ (07L4/8y4,,),, — OP Ls/dya ]. 
(20.18) 


By (17.1b) and (20.16a) with (a) < (8), this gives 
0=—4C{hPOH45 y — O46, A} 


(= oS OOj) (So) SF) 
Oft (y) y m ðh” 
Most of (20.19) contains at least one undifferentiated 
factor Sexe or S99; the only exceptions are the 

terms 


— ACTA Oy) — KOM yO] 
X (AS (8) (e)/ Ihm SO, j, (20.20) 


3 by (15.4) are found to yield CÍN’ SW) ,, 
hereto (20.19) but for a factor takes the form 


. nS (2 9), , + terms with factors .S 9 (9, (20.21) 


| (20.19) 


fore, if, at some given initial time 2°, 


20. 22) 
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so that also S@®), = 0, then by (20.21) at that a? 
also N9S (90 9 = 0 and therefore S‘)® o = 0 at that 
x°. Using a reasoning similar to that between (20.13) 
and (20.15) we find 


SOA) — 0 for any «^, (20.23) 


as a consequence of the initial condition (20.22) and 
the field equations of motion used at (20.18) in the 
derivation of (20.21). 

Finally, we apply (20.6) to the infinitesimal coor- 
dinate transformations (3.11)-(3.12). Comparison of 
(3.11) with (20.2b) shows that the c4, this time all 
vanish, and gives us the values of the various Cap”. 
Under these coordinate transformations, the basic 
Lagrangian density L has the property (20.5b), so we 
put 


Deb PIT ums — Kmno92, (20.24) 
[see (14.2)]. According to (17.1) the Kmn = Kam 
depend on the y4 but not on the y4,,. On account of 
the field equations L4 = 0, the icentities (20.6) this 
time by (20.24) may be rewritten as 
= Tadd YA, u 3r (Ls Gane) vy 
where, by (20.7), 
Laaa* = (OK mn/Oya)S™S" 3F 2K mnS™(0S"/dya) 
— 2[Kmn(OS™/dy4,y) ] XS" 
— 2K mn (0Sm/0»y 4, 4).S". A+ 


Now, let us assume that at some initial a? it is given 
that 


(20.25) 


(20.26) 


s®"=0, S",=0 (ato). (20.27) 


As this assumption includes S = 0, So = 0, and 
S9) = 0, we infer from our previous results that 
now S = S$‘) = Q for all x°, so that also 


So = SEB) oo = O. 


But what about .S^ o? 
Inserting (20.26) in (20.25), we find that all terms 
contain at least one factor S" or S",, except the terms 


Iv OSEY OAM) n. (20.29) 


Even these terms vanish according to (20.27) or (20.28) 
except possibly the terms with n = ø (=0,1,2,3) and 
A = y = 0, that is, 


aa 2¢ ay? Ky (0/054, 0).S*, 00. (20.30) 


From (17.1) we find due necessarily m = p (=0,1,2,3) 
and that Kp = — $C g,.. Using 


Se = 5h? by” + hO bye — ger h% yug, (20.31) 


for calculating (0S?/dya,o) for ya = Ag), for which 
Cap = hepy ôd, we find for (20.30) 

C hep)? 9^ Bool h®? 5,9 + 1/0905, — ge? 1,0, S", o0 
= C g” gus S", oo. 


(20.28) 


= DC 


(20.32) 


> 
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Equation (20.25) therefore tells us that (20.32) must 
weakly vanish whenever (20.27) is weakly valid, so 
that the assumptions (20.27) lead to S# oo = 0 at 2°. 
By an argument similar to that between (20.13) and 
(20.15) we conclude that 

S^ (x) = 


for any a? 


(20.33) 


follows from the initial conditions (20.27) at some 
given a?. 'Therefore the eleven all-time conditions 
(20.15), (20.23), and (20.33) are equivalent to sixteen 
initial conditions (20.13), (20.22), and (20.27) for 
n = p, since the postulate S19 6? , = Oin (20.27) follows 
already from (20.22) by (20.23). The equations of 
motion L^ = 0 are responsible for this continued 
validity of the auxiliary conditions. 

Throughout these derivations we have used tacitly 
the assumption (4.6) that products containing a factor 
S^ will vanish weakly, whatever the position of the 
factor may be. Compare Sec. 14. 


21. CANONICAL QUANTIZATION OF THE 
ALTERED THEORY 


We quantize the altered theory by the canonical com- 
mutation relations (12.1) between the canonical vari- 
ables g and $, which is equivalent to the quantization 
of the original q and p = ðP L/ðq, o by means of modified 
P.B. as in Sec. 10. 

As the S^ now will not commute with all field vari- 
ables, the tacit use we have been making of the assump- 
tion (4.6) may not always be justified. We shall not 
investigate this point, as we trust that any errors 
existing in this respect in the altered theory will auto- 
matically be removed as in Sec. 24 we go over to the 
true theory, in which all terms containing factors S^ 
are systematically omitted from the formalism. 


22. COVARIANCE 


As in Sec. 13, for a proof of the covariance of the 
commutation relations it suffices to prove that, on a 
hypersurface a? — constant, all time derivatives of the 
commutation relations will vanish whenever the com- 
mutation relations themselves are valid on that hyper- 
surface. 3 

Starting from the Lagrangian function L and using 
the canonical variables d and and the Hamiltonian 
defined by (14.10), we can derive the conventional 
equations of Hamilton and, thence, using (12.1) at 2°, 


the Heisenberg equations of motion” 


thcF o = [F 5 $]. (22.1) 
In our altered theory, formulated in terms of the 
canonical variables d and p, there are no constraints 
interfering with the derivation of (22.1). Also, any 
function of the field variables and of any derivatives of 
them can be expressed in terms of these canonical 
variables and their spatial derivatives, 
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If the commutation relations (12.1) hold as strong 
equations on the hypersurface at a?, the time deriva- 
tives of the commutators, according to (22.1) equal to 
(hc) X their commutators with f, are equal to 
commutators of c numbers with 3€, and therefore 
vanish on this hypersurface. Applying (22.1) at x° to 
F=these time derivatives, we find the vanishing of the 
second derivatives of the commutation relations, and 
so on. By Taylor expansion we thus find the validity 
of the postulated canonical commutation relations and 
therefore of the Heisenberg equations of motion at 
all times. 

Since any space-like surface can be chosen as a 
surface x? = constant (even with the coordinate choice 
restricted by the De Donder condition), we thus have 
formally proved the covariance of the commutation 
relations in the altered theory. 

As already mentioned below (14.11), in the altered 
theory the field equations themselves are not com- 
pletely covariant. Given two surfaces 3? — constant, the 
altered Lagrangian between them will depend on the 
frame of reference, the fourleg field, and the gauge 
chosen between these two surfaces, since Laqa was 
purposely chosen to be not generally invariant under 
transformations which undo the auxiliary conditions. If, 
therefore, we integrate the field equations and thus 
express the field variables on the second surface in 
terms of those on the first surface, we will get results 
which are not independent of the choice of coordinates 
and gauge in between. Whatever the meaning of the 
variables on the second surface thus turns out to be, in. 
any case we have shown above that they will satisfy — 
again the same (form of) commutation relations. That 
is, the meaning of the g and ? may vary, but not the — 
relations (12.1) between them: formally, the relations - E 
(12.1) are fully invariant. . 

Differences in meaning of the field variables, however, - 
are due completely to Lada and to the terms resulting 
from Laga in the field equations, which in the altered — 
theory may be given in the form of the Heisenberg — 
equations (22.1). These equations are formally inte- 
grated by 


F(t) S U()F(0)U (0^, 


di! 
TO i= -f5 Tau Jl Pug 


xf SRW) 4 s4 E a) 


$6, di,/ih) (1— e adl, afi) 
x: - (1— Wedto/ih) (1— Fadi (URS 2.3 3b) 


Here, dii, dis, ey din (with ties ) [ the 
infinitesimal time dated logi: à 
which the time 


z(1— 


"e 


540 


stands for 3C(é) in the time interval between 


n—l n 
t=) dt; and t4-di—); di; 
i=l i=l 


If in (22.3) we would replace 3C(£) by fe, (i), so that 
consequently U(t) would be changed into a quantity 
U, (t), then F(t) = Uo (HF (0)U, (H) would satisfy 


ihcFo, olt) = [Fo (t) 5 305 (0], (22.4) 


so, in the classical limit, in which fẹ, is distinguished 
from 3€, merely by its being expressed in terms of dif- 
ferent variables (see Sec. 12), the prescription (9.3) 
would yield 


Fo, o(t) = [Fo (i), o (t)] = [F5 (4),96, (4) ] 


for#%—0. (22.5) 


Except for terms with o;, this is the time dependence 
(9.15) of F(t) of the covariant (unaltered) theory. 

The unaltered theory does not predict the time 
dependence of all variables. As explained in (9.18), the 
time dependence of quantities like (for instance) Ao is 
left undetermined in the unaltered theory in absence of 
auxiliary conditions. Such quantities, of which this 
unaltered theory cannot predict the future, must be 
considered physically meaningless (unobservable), if the 
unaltered theory is believed to describe nature. There 
are, however, some other quantities (compare the true 
variables discussed in Sec. 24) of which the unaltered 
field equations do describe the future in an unambiguous 
way. 

If we now ask in what ways the predictions (22.2) by 
our altered theory, for the latter meaningful quantities, 
differ from the predictions made by the original, unal- 
tered, covariant theory, then we see that there may be 
two types of differences: 

(A) There may be effects of ordering of factors in 
products, such as the ones which may make 3€, unequal 
$05 (compare the end of Sec. 12), or which may make 
[Fo ; 5C.]/inc different from [ Fs, 3, ]. 

(B) There are in the expression (22.3), and therefore 
in (22.2), differences between 3€ and the Hamiltonian 
$6, of the unaltered theory, causing a difference 

between the relation (22.2) between F(t) and F(0) in 
the altered theory, and the corresponding relation, 
covariant and unambiguous for physically meaningful 
quantities F, between their values at times / and 0 in 
the original theory. T" E f 

The difference between 3€ and 3€, vanishes weakly. 
These weakly vanishing differences, though, occur as 
factors in various positions in the products of terms 
appearing in Eqs. (22.2)- (22.3). In the classical limit 
ER 0, however, (i.e., in a "quantum theory" in which 
vs, of ordering of factors in most places would be 
could believe the assumption (4.6) 
h these products would vanish weakly 


hic real 
ee position of the weakly vanishing 
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(A) should be overlooked. In this approximation, then, 
the time-dependence of the variables in our altered 
theory would be, at least “weakly,” as covariant as in 
the unaltered theory. 

We may also say that there is, in this approximation, 
covariance under the limitations imposed upon gauge 
and frames of reference by the auxiliary conditions. 
Under these conditions, indeed, the field equations are 
(weakly) covariant by the (weak) vanishing of the 
terms which are not generally covariant; and our 
classical approximation then ensures that integration 
of the conditionally (weakly) covariant field equations 
yields conditionally (weakly) covariant results. 

In the “true” theory discussed in Sec. 24, we com- 
pletely avoid the problems discussed here and avoid the 
necessity of a “classical approximation" by working 
there entirely with field variables which depend 
uniquely on time and with equations of motion which 
avoid dependence on weakly vanishing quantities. 

Summarizing, in the altered theory the commutation 
relations are formally fully covariant, but the field 
equations are at best only weakly covariant, under the 
transformation group restricted by the weak conditions 
(16.5). 


23. PARTICLE INTERPRETATION OF THE THEORY 


In a chosen frame of reference as similar as possible to 
a rectangular Lorentz frame of reference and with the 
fourleg components as nearly equal to Kronecker 
symbols (ça) = ôa”) as our curved space time admits, 
let ĝi(x) and pi(x) be the canonical field variables on 
a surface a? = constant. We consider the field in a 
“cubical” region in which x!, a?, and a? each lie within 
an interval of size L, and in which we expand the field 
variables by 


Gi(x) = Vx qix exp(ik:x) + ci, 
pix) = V> Xx pik exp(—ik- x), 


where c; = ôa" for qi = hia)", where V = L’ and where 
k-x means kx’. The summation over kı, kə, and ks is 
over positive and negative multiplies of 27/L. 

In our present case, there are “real” (i.e., Hermitian) 
Einstein-Bose fields satisfying 


Dem Pep 
and there are complex Fermi-Dirac fields for which 
(23.3) 


(23.1a) 
(23.1b) 


(23.2) 


pi = ihcG;*. 


For the real boson fields we put, with real constants fj; 
depending on k — |k| and to be determined later, 


qik = gi" = Qo fill — Liew"); (23.42) 
pit = fico = (ho)! fiU + hew], (23-62) 
(23.4c) 


QUANTIZATION OF 
so that 
[x 5 liet] = — Vie* 5 lik] = 81x, (23.5a) 
[ix 3 line] = (ine* 3 lix*] = 0 (23.5b) 
For the fermion fields, we have 
[gik 5 qi *] = (ihe) [qix 5 piw] = ôijôkw, (23.6a) 
[gik 5 qiw] = 0, (23.6b) 
[gi«* 5 gix*] = 0. (23.6c) 
l'or the boson fields we define occupation numbers 
Nik = lt y. (23.7) 


For the electron field, we perform a unitary transfor- 
mation, from the Fourier components qik and qjx* of 
the undor components of the field, to linear combina- 
tions a,x and ask” of them, corresponding to flat-space 
free-electron states of positive and of negative energy. 
For the positive- energy states we define occupation 
numbers by &rk” ag, and for the negative-energy states 
we consider a;ya,x* = brk” b, an occupation number for 
a particle of opposite charge. (Here, b, = a;x*.) From 
these definitions and (23.5)-(23.6) it follows that the 
occupation number operators have zero and integral 
eigenvalues only; only 0 or 1 for fermions. The /, the 
positive-energy a, and the 5 are annihilation operators, 
and their Hermitian conjugates are creation operators. 
We now choose the f;(k). Writing out 50, we find it 
to contain terms bilinear in the creation and annihilation 
operators, with coefficients which are functions of the 
c; occurring in (23.1a). The sum of these terms we call 
the ‘unperturbed Hamiltonian," and the remaining 
terms in JC we call the perturbation. All the *non- 
linearity" of the theory thus is part of the perturbation. 
By an appropriate choice of the f;(&) then we can give 
the unperturbed Hamiltonian the form of a sum of a 
meaningless vacuum energy term (to be subtracted) and 
the various occupation numbers, 
where |o|= k for the graviton field and the photon 
field, and |&o| = ++[k? + &?]* for the electron field. By 
introducing the brk = @rx* we did already eliminate the 
minus signs from the unperturbed electron energy. 
For the boson fields there remain minus signs. (For 
instance, the “‘scalar photon” energy term appears with 
a minus sign.*5) One can show that these negative terms 
cancel against some positive terms on account of the 
auxiliary conditions,“ or that the unperturbed energy is 
the sum of positive terms and weakly vanishing terms;?! 
or one can introduce Gupta's indefinite metric and 
show that, on account of the auxiliary conditions, states 
which by themselves would have to be interpreted as 
negative-probability. states occur in nature always 
combined with positive-probability states in such a way 
that the actual probability of the combined state 
vanishes in the unperturbed case.?:? In all these pro- 
cedures, one may use the unperturbed (“linear”) ap 
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want to show that the unperturbed particle energy is 
positive definite. In this approximation these problems 
have been solved in the past, except for the fourleg 
field with the fourleg conditions imposed, which would 
require a reformulation of Gupta’s theory in terms of 
fourlegs. 

The unperturbed theory is, of course, not generally 
covariant in the Heisenberg representation. The labeling 
of the particles by k has no covariant meaning. For 
discussion of the most interesting applications of the 
quantum theory of gravitation, this perturbation 
approach probably is completely useless. We refer here 
to such problems as the effect of the curvature of space 
on the self-energy of elementary particles. All we wanted 
to show in the present section was that, from the point 
of view of the field theoretician who considers gravita- 
tional effects negligible, the conventional treatment of 
the fields of photons and electrons remains possible, 
with a graviton field added to it as a next approxima- 
tion; in as far as such a conventional treatment was 
justifiable in the first place. 


PART III. UNSOLVED PROBLEMS 
24. TRUE THEORY 


One unsatisfactory feature of the altered theory was 
the unjustified use made over and over again of the 
assumption (4.6) that a product would be made weakly 
zero by a weakly vanishing factor whatever its position. 
It would be preferable to reformulate the theory in such 
a way that its formulas, as far as physically not mean- 
ingless, all would be strong equations. This, however, 
obviously requires an alteration of some commutation 
relations. 

At the same time, this reformulation is to be used for 
eliminating from the fundamental formulas some quan- 
tities which show such ambiguities as dependence on 
the gauge of the Maxwell field. The following program 
of reformulation automatically seems to lead to vari- 
ables which do not depend on the chosen frame of 
reference in space-time either, although, by relating the 
coordinates to the walls of and the apparatus in the 
laboratory, it would seem that an unambiguous meaning 
can be given to a chosen particular frame of reference. 
The fact that our present theory leads us more or less 
automatically to a description of the fields by invariants 
may be due to our failing to incorporate the laboratory 
and its gadgets into our Lagrangian, in an effort to keep 
our theory simple. If the laboratory would be included, 
distances between field points and laboratory apparatus 
could be described by invariants, making the theory 
applicable to the problems of the experimental physicist. 
How this would affect the formulation of the true 


theory requires investigation, as until now this problem - 


has been neglected. 


The key to the true theory lies in a canonical trans- - E 


formation defined by some of its properties, but until — 
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such a canonical transformation is the one proposed by 
Fermi for quantum electrodynamics in flat space,*® in 
which the components of the vector potential in xyz 
space are transformed into the Fourier components of 
the longitudinal and the transverse components of this 
field, while the electric field-strength vector field is 
transformed into the Fourier components of the trans- 
verse electric field strength, and of the deviation of the 
longitudinal electric field strength from the Coulomb 
J field. Such a canonical transformation is not local, 
1 although it is performed completely on a hypersurface 
a? = constant. It may be convenient to execute it in 
several steps. If y stands for the variables g and Ê, if Z, 
E X, --- are convenient parameters such as spatial coor- 
| - — dinates or wave vectors or others, then such a trans- 
formation might for instance go through steps like 


Y (Za?) = dx F42, X, VA (x,2) ], (24.1a) 
YalX, 2) = fd"ZS.[X,Z,Y.(Z,2)], (etc.). (24.1b) 


Such a transformation is canonical from step to step 
if at each stage the Y. can be divided into two groups, 
the 9? and the Qj, in such a way that 


[ 9:(X), 93(X^)] = 6:3 63(X — X’), (24.2a) 
L$:(X), $;(X)] = [0*(X), (X^) ] = 0, (24.2b-c) 
de where, for instance between steps one and two, 
b^G(X) b4G (X^) 
bQ(Z) bP(Z) 
bPG(X^ b4G(X) 


= (=) 


bQ(Z) DPZ) 


| 


ET feu 


« 


(24.3) 


BUT! in some step differential operators are involved, this 
— can be expressed by using in (24.1) derivatives of delta 
inctions. If we treat x, Z, X, --- as indices, and the 
integrals over these variables as sums, the expressions 
— (24.1) are simply polynomials or series in the field 
; wiables with all possible values of the indices, with 
oefficients which may depend on the values of the 
* x. dices. In this sense we shall call the final variables yY 
T or $ and 6 “polynomials” in the initial variables d 
and #. The P.B. defined by (24.3) then are ordinary 
=~ (modernized) P.B. with respect to the d and the 2, or, 
— what is the same, modified P.B. with respect to the 
original q and p which followed from the Lagrangian 
before canonization. [Compare Eqs. (12.1) and fol- 
lowing text. |. 
posu that it is possible to find a canonical 
mation which leads to a set of 9 and @ such 
à ome among the @ will have the following two 
pperties: The primary and secondary constraints 
t amounts to the same, the initial auxiliary 
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calling them the “fake” or the “phantom” momenta); 
and these @ shall be “depending throughout" on the 
constraints or initial auxiliary conditions. By saying 
that something “depends throughout” on a certain set 
of quantities we mean that it can be written as a “‘poly- 
nomial" (in our generalized sense) in such a way that 
each term in the polynomial contains at least one factor 
belonging to this certain set of quantities. Consequently, 
if this entire set of quantities would be set equal to zero, 
anything “depending throughout" on this set of quan- 
tities would also become equal to zero. 

Our statement, therefore, really means that the two 
sets of equations 


“or 


of = 0 (24.4a) 
and 


e= 0 (24.4b) 


will follow from each other, if the € are the primary and 
secondary constraints or the initial auxiliary conditions. 

There may be many sets of canonical variables 9 and 
@ of which some 6? have this property. We shall choose 
for the following discussions a set of variables for which 
the number of fake momenta (?! is as small as possible. 
If we call the @ which are no 6*f the “true momenta,” 
and indicate them by an index t, then we make the 
number of true momenta (?* as large as possible. 

The question arises of what is Lhe minimum number 
of fake momenta possible. In our theory there are 
sixteen constraints (24.4b). However, if one believes in 
the quantization of the altered theory, then these con- 
straints are not really independent. In Sec. 11 we 
have seen that there exist relations between the modified 
P.B. of the constraints, and the constraints themselves. 
In particular, from Eq. (11.12) one can solve for the 
$) in terms of modified P.B. of the & © and 
(0, From (11.6d), one can solve for x in terms 
of $ and its modified P.B. with xo. From (11.6e) 
one can solve for the x, in terms of some other con- 
straints and the modified P.B. of the ®, with xo. Now, 
if the quantization prescription (9.3) are believed, 
than we can express the modified P.B. in terms of 
commutators, which, after all, are differences of 
products and therefore are polynomials. Then, we 
could express the #09), the xr, and x, as quantities 
“depending throughout" on the PW, the ®,, $, and 
xo. If, therefore, we could express the latter nine 
constraints by functions depending throughout on say 
only nine 6, then we would automatically get also the 
other seven constraints in terms of these nine 6f, 

Notice that we cannot simply identify the €^ them- 
selves with the @*, since the G^ satisfy the relations of 
Sec. 11 for their modified P.B., while the @f satisfy the 
relations (24.2c). For the ! one should use some set of 
quantities depending throughout on the €^, and at the 
same time satisfying (24.2c). We have not determined ~ 
any.set of such quantities as yet. However, it is prob- - 
ably impossible to express the nine independent con- 
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than sixteen mutually commutative canonical (fake) 
field momenta @*. This would leave eight true momenta 
@* for the fields of electrons, photons, and gravitons 
in interaction. 

Let 9r and 9, be the canonical conjugates to the @! 
and 6". The Hamiltonian 30, expressed as a “‘poly- 
nomial" in the new variables, will possess a part 


30, = J^ dX BCI (24.5) 


depending throughout on the 6f, and a part 3€, com- 
pletely independent of the @: 


KH = Ki + Ice; d35C,/dDP'(X) — 0. (24.6a-b) 


The coefficients @; will in general be function(al)s of 
the 9;, Cf, 91, and @t. We shall now prove that 3C, is 
not only independent of the 6f, but also of the 9r. 

'The proof is based on the fact that the time deriva- 
tives of constraints depend throughout on the con- 
straints. (See Secs. 11 and 20.) So, the equations (24.4b), 
valid at one time, must automatically be valid at all 
times. Then, the sante must hold for the equivalent set 
of equations (24.4a), so that the 9f are polynomials 
depending throughout on the set of 6f. 

On the other hand, the validity of Hamilton's equa- 
tions in the altered theory tells us that 


Plo = — dP 30/5 9«(X). (24.7) 


Therefore, the b? 30/8 9; must depend throughout on 
the 6f, This shows that in 3€ the 9; can occur only in 
terms containing some fake momentum, that is, in 
terms of the part 3C; of the Hamiltonian. In other words, 


b3C,/b 9: (X) = 0. (24.6c) 


Up to there, we have merely discussed a canonical 
transformation in the unquantized altered theory. We 


now want to introduce the unquantized true theory. - 


The “true” theory is derived from the “pure” theory 
with the Langrangian L°(G,¢,,) of the end of Sec. 12, 
with field equations which in terms of the old vari- 
ables g can also be derived from the basic Lagrangian 
Lolq,q. u). We define “pure” momenta by 


pi = 0L°/9G..0; 
po = 9L,/0qi, 0. 


(24.8a) 
(24.8b) 


Here, the ° is the “purity index" indicating the use of 
the pure or basic Lagrangian. As compared to the 
momenta ? of Parts I-II, which were knowingly (Sec. 
18) or unknowingly (Secs. 3 and 14) derived from the 
altered Lagrangian, we have this time 


p= pi ni, Pimp—w. (24.9a-b) 


When we substitute the p° for the ? in the constraints, 
we get (4.5). They become trivial identities 0 = 0 when 
one substitutes for the p° their definitions (24.8). 
Where we eencounter P.B. of the constraints, though, 
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we consider them functions of the q, q, s and $°: 
$^* = d*(5*,34,.)); (24.10) 
e* (2^ (a. u)» Q g.a) = 0. (24.10) 


In the pure theory, we do not distinguish strong and 
weak equations, so that in the following we shall simply 
write = for =, unless we want to indicate that the 
equality is a definition or a trivial identity. 

We define “pure P.B.” (A,B)° between functions A 
and B of the pure variables q and $°, by substituting 
differentiations with respect to p° for the 9/3 in (2.10). 
Replacing the P.B. in Eq. (9.4) by pure P.B., we define 
“pure modified P.B.” [4,B ]?. The expressions of Sec. 
10 for the modified P.B. remain valid for the pure 
modified P.B., if we replace all momenta p occurring 
in these formulas by $?. Again, pure modified P.B. 
are equal to pure regular P.B. with differentiations 
with respect to the canonized variables d and $°. 

The pure Hamiltonian is given as a function of the 
p^, q, and Guy by 


R, = (P Gio — Lo(GF.)}@x. (2411a) 
In the unquantized theory this is equal in value to 


= S{p°igio — Lo(q,9.u)}@x, (2411b) 


which is given by the expression for 3€, in Sec. 6, with 
the p replaced by p°, and with the terms with 0 con- 
straints omitted if we use modified P.B. in the fol- 
lowing. Also the term Os may be omitted, as by using 
p° we avoided the introduction of quantities n. [Con- - 
trary to the altered theory, the ņ are not introduced — 
as chosen functions of the g and q,„ so that their - 
omission from the old formulas does not impose any - 
auxiliary conditions 7(q,¢,,) = 0.] Terms 9*5, remain. 
By the procedure of Sec. 11, we introduce the - M 
secondary constraints. The relations of Sec. 11 remain - 
valid, if we add indices ° behind the Hamiltonian and — 
behind every momentum, every constraint, and every - 
modified P.B. p 
The Hamiltonian equations (9.15) for any function 
F? of the q and $ may now be written as ; 
°, o = [F*5€5, 5, (24. 2) 
as the o by (7.3) will vanish with the and ¢ in the p sure 
theory. This treating weak equations as strong e jua- 
tions makes, of course, quantization by (9. 3) i - 
sible; but we do not plan to quantize in suchi a 
way. m. 
We now perform the canonical transf 
outlined above, introducing “pure” fake - : 
variables 9? and 6? which are functionals of f the d anc 
p°. From (24.12) and (24.2) we derive the Ha 
equations for the new variables. The Ha 
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anyhow as they were quadratic in weakly vanishing 
expressions. In the pure theory, these terms do not 
appear in the first place. 

As above, we prove that the true part of the pure 
Hamiltonian depends on the true pure variables only. 
The fake part of the Hamiltonian has the value zero on 
account of the vanishing of the fake momenta, but 
still might contribute to the P.B. of the Hamiltonian 
with the fake coordinates 9;°. 

In the following, we omit the purity indices °, under- 
standing them tacitly. We now prove that the true 
pure variables, ®t and 9, are invariants under the 
transformations (20.4) further specified by (20.1)- 
(20.2) with (3.7), (3.9), and (3.12). Under such trans- 
formations of the original field variables q as functions 
of the coordinates x,4? (and not of the point P, as the 
latter changed to P), the q,, are transformed by 


5(g,u) = (59), m 


and the transformation of the pure momenta is obtained 
by expressing them in terms of the q and the q,, by 
means of (24.8) [and not of (3.1) or (18.1)—(18.3) ]. The 
transformed quantities 9 and @ are obtained by insert- 
ing in (24.1) for each step the transformed variables of 
the preceding stage in the right-hand member, but 
leaving the functional dependences, the values of the 
“coordinates” x, Z, X, etc., and the intervals of inte- 
gration unchanged. 

In order to prove now the invariance of the true pure 
variables, 


(24.13) 


89, — 0, 


&pt = 0, 


(24.142) 
(24.14) 


we first construct the "generator" of the infinitesimal 
transformation group. It is given by 


G = Jd'x(£ob — Ex + FE a) qb O9 0? + £ ody 
— £x, — E(B + Boyqgyb + Bup,)), 


where again ''purity' of the constraints is understood 
tacitly. The various quantities occurring in (14.15) are 
defined by (3.8), (3.13), (6.2), (6.3), (6.8), (6.10), 
(6.12), and (8.3), with indices ?. 

By straightforward calculation one then can verify 
the validity of the relations 


ôF = [FS] 


for F equal to one of the various q and of the theory, 
whence its validity for functionals of the q and p 
automatically follows. The formulas of Sec. 10 are used 
for evaluating the right-hand members of (24.16) for the 
various choices of F; in the resulting expressions, the 

ure momenta p are expressed by (24.8) in terms of the 
3 d The calculation is simplified by the vanishing 
gen eee crite when not differentiated as in a P.B.; 
of t 4i E the modified P.B. of the products B® with F 
€ E p[F,&]. Thus we are not bothered by the 
IIl H sl 


(24.15) 


(24.16) 
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fact that the B depend on field velocities for which the 
P.B. are not known. 

The calculation of the left-hand members of (24.16) 
for the various choices (q and p) for F was already dis- 
cussed below (24.13). 

If the two members of (24.16) for the various F 
would be calculated in the a/fered theory, using (18.1)- 
(18.3) instead of (3.1), one would find that the two 
members of (24.16) for some F would differ by amounts 
which would vanish only if the descriptors would satisfy 
the conditions (16.5). That is, in the altered theory only 
the restricted invariance transformations are generated 
by G according to (24.16). These restrictions were 
required for maintaining the validity of the auxiliary 
conditions and thus for maintaining the vanishing of 
the n = OL444/0qQ,9 by which the momenta were 
altered. In the pure theory, there are no auxiliary con- 
ditions, and, correspondingly, there are no restrictions 
on the group of invariance transformations (20.4) for 
which (24.16) holds. 

From the validity of (24.16) for the various q and 5, 
its validity for any functionals of the q and p follows 
by (2.11)-(2.13). We may, therefore, apply (24.16) 
also to the 9 and the @. It is then convenient to express 
also the generator G in terms of the 9 and the 9. From 
(24.15) we see that 8 depends throughout on the con- 
straints €^; therefore, it also depends throughout on 
the (pure) fake momenta 6. Since the latter vanish 
when not differentiated, the only contributions to 
LF,S] (and, therefore, to ôF) are the contributions 
from modified P.B. of F with the fake momenta Gf. 

On the other hand, among all the 9 and @& the only 
ones having nonvanishing modified P.B. with the @! 
are the 9;. Therefore, by (24.16), we find 


do! = 0, (24.17a) 
óp* = 0, (24.17b) 


The result (24.17a) is trivial, as the canonical trans- 
formation leading to the 9 and (? had been chosen in 
such a way that the vanishing of the @f was simply a 
different way of stating the vanishing of the Q^. Besides 
the trivial invariants 95, however, we see from (24.17b) 
and (24.17c) that the true variables in the pure theory 
form a nontrivial set of general invariant functions of 
the “coordinates” X and x°. Only the fake coordinates 
9, are not invariant under the transformations (20.4). 

As the 9;(X,«°) depend on the arbitrary choice of 
coordinate system, gauge, and fourlegs, they cannot 
have a physical meaning if our theory is complete. (As 
stated above, it is not, since we forgot to include the 
laboratory system ; and, therefore, an electron field in 
the south-west corner of the laboratory cannot be 
described in our theory by an invariant field function 
independent of the coordinate system, even though one 
would want to ascribe physical reality to such a field. 
We shall here ignore this fact, hoping that a more com- 


; 


QUANTIZATION OF INTERACTING FIELDS 545 


plicated theory could be deviced for describing labora- 
tory physics, and that a reasoning similar to the one 
given here could then be applied to that more complete 
theory.) Therefore, we regard the 9; as fake variables 
indeed. The phantom momenta 6 are not even vari- 
ables, as they are always zero. Only the 9; and @t then 
should be regarded as “‘true observables.” 4 

It is, therefore, not only convenient but also justi- 
fiable to eliminate the fake variables completely from 
the theory. In our new canonical representation of the 
theory, this can appropriately be achieved by simply 
ignoring them. Doing so brings us from the “pure” 
theory into the true theory. 

In the true theory, the pure 2; and @‘ are “from the 
beginning” the only variables. We now forget about the 
original Lagrangian with its g and the old Hamiltonian 
36^, with its d and f, which were merely heuristic 
artifices. Our true theory is described by the knowledge 
of the Hamiltonian functional JCC 9.(X),0*(X) ] intro- 
duced similar to (24.6a) in the pure theory, and inde- 
pendent of fake variables according to (24.6b) and 
(24.6c). The field equations of our true theory are, 
according to (24.12), 


94097 [.94,9C. ] = 045C,/dP', 
Ot o = CEt Ie] m= 0P3C,/0 Qt. 


(24.18a) 
(24.18b) 


The fact that for deriving the form of the functional 
IC 2:,P¢] we needed (or at least used) the untrue 
theory with its ĝ and f is a minor historical detail. 

We are now ready to quantize the true theory. As 
there are no longer fake variables in the theory, we are 
no longer concerned about the constraints, which 
simply told us about the vanishing of the 6f. As we 
ignore the 9r, we need not answer questions on whether 
they commute with the 9f or not (maybe they do). 
The only commutation relations which we need are the 
ones between the true variables. Just for them, we shall 
now maintain the validity of the quantization principle 
(9.3). Thus, we obtain the commutators 


[9«(X,a*) ; CY (X',39)] = ihc" (X — X’), (24.192) 
[9:5 Qu] = 0, (24.19b) 
[et ; 9*] = 0. (24.19c) 


The main difficulty with the true theory is that as 
yet the form of the canonical transformation leading 
from the g(x) and p(x) to the 9(X) and E(X) is not 
known, and that, consequently, such observables as the 
total energy-momentum four-vector of the system, 
known in terms of the former, are unknown in terms 
of the true variables. Some progress has been reported 
by DeWitt and by others about methods of finding this 
canonical transformation, partially using methods 
borrowed from the altered theory,5556 Some of the 
main troubles in this work are the nonvanishing of the 


s F, J. Belinfante and D. I. Caplan, Bull. Am. Phys. Soc. 
Ser. II, 2, 12 (1957). . 


modified P.B. between the constraints in their known 
form, and the dependence of the secondary coordinate 
constraints on products of canonical momenta. 

The other main difficulty with the true theory is the 
necessity of incorporating in it some elements describing 
the setup of the initial state of an experiment in the 
laboratory, if we want to describe the experiment by 
some kind of true variables. This is equivalent to for- 
mulating a theory for a nonclosed system in which 
some external fields may be given. 


25. INTERACTION REPRESENTATION 


In the theory of fermions, it is necessary to dis- 
tinguish particle states from antiparticle states. The 
electron wave-function may be interpreted as a 
superposition of negaton states multiplied by anni- 
hilation operators, and the complex conjugates of 
positon-state wave functions multiplied by creation 
operators. In the Heisenberg picture, an unambiguous 
and invariant distinction between these two types of 
states seems hard to formulate in a natural way. 

'The main merit of the discovery of the interaction 
picture in Lorentz-covariant flat-space field theory was 
that it enabled us to make this very distinction in an 
elegant way. It would, therefore, be useful to achieve the 
same in generally relativistic physics. 

The major problem is to define the proper interaction 
operator JV appearing in the generalized Schrödinger 
equation 


Vici (a°), 0/— Sz =constant j dx Wir (x,2) Erha). (25.1) 


Here, the subscripts 7 denote the interaction picture. 
The operator W(x,x°) describes the local change of Wr 
per unit four-volume near the point (x,39), for instance 
as a bulge develops near that point in the space-like 
hypersurface a? = constant. The interaction picture and 
the Heisenberg picture are related by a time-dependent 
unitary transformation U (a?), by 


Vr(x9) = U(a9)v, (25.2a) 

qr(X,39) = U (a3)g (x,32) U (a9). (25.2b) 

In the Heisenberg picture, U (4?) satisfies the equation 
ihcU (a9),o = S PXU (4?)W (x,2°). (25.3) 


A fact overlooked by many authors who wrote on 
this subject is that in general W is not a scalar, and 
that in general the commutator between W at two 
different points on the space-like hypersurface a? = con- 
stant contains spatial derivatives of three-dimensional 
delta functions between those two points. Consequently, 
the interaction picture qr(x,49) of a field quantity 
q(x,29) at a given world point will depend on the slope 
of the hypersurface x? = constant through that point.9? 
Thus, a quantity which is a scalar in the Heisenberg 
picture need not be a scalar in the interaction picture, 


57 F, J. Belinfante, Phys. Rev. 76, 66 (1949). a 
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while the field y, which transforms in a horrible way in 
the Heisenberg picture, may well be expected to turn 
out to be an undor in the interaction picture of the 
altered theory, while the true variables describing the 
electron field may well turn out to be the components 
of a simple undor (4-component Dirac wave function) 
in the interaction picture of the true theory. At least, 
itis this way in the Lorentz-covariant true theory of the 
Maxwell field interacting with electrons, in so-called 
“sauge-independent quantum electrodynamics.” 47 

Because of the dependence of W1(x,x°) on the slope 
of the hypersurface 2°=constant through the point 
(x,49), the integrability of (25.3) is not obvious. (It is 
trivial in Fermi’s altered flat-space quantum electro- 
dynamics, where W is a scalar, and where commutators 
[W (x,2°) ; W/(x',a°)] are simply proportional to the 
delta function 63(x—x’); but it is by no means trivial 
in many other cases, like ours.) Therefore, whenever 
someone suggests a form for W, it is his task to prove 
that this choice for W makes (25.3) integrable; that is, 
given U(a?) on one hypersurface. the value of U (x?) 
on a later hypersurface a?— constant should be proved 
to be independent of the choice of the coordinate 
system, the fourleg field, and the choice of gauge 
between these two hypersurfaces.5^.47 

In the Lorentz-covariant theory, it turns out that 
(25.3) in all cases investigated is integrable, if for W 
one chooses the interaction part of the T% component 
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of the symmetric energy-density tensor of the matter 
field. (In such theories, the matter energy is conserved 
by lack of gravitational energy.) On the other hand, 
many examples can be given of Lorentz-covariant 
theories in which the interaction part of the Hamil- 
tonian density does not satisfy the integrability con- 
dition for (25.3). 

For our gravitational theory, it is not known which 
definition of W will lead to an integrable equation 
(25.3), and at the same time will transform by (25.2)- 
(25.3) from the Heisenberg picture to an interaction 
picture in which the distinction between positon and 
negaton states is clear and in some sense invariant. The 
question arises whether the gravitational equations in 
such an interaction picture would reduce to the formulas 
of some flat-space theory of gravitation, like the linear 
approximation to Einstein’s equations. The existence 
of such an interaction picture in the altered theory isa 
condition for the possibility of defining Gupta’s indef- 
inite metric for graviton states. The interaction picture 
of the true theory would not require any indefinite 
metric. 

A minor consequence of the existence of any inter- 
action representation would be the possibility of for- 
mulating in a simplé way a covariant perturbation 
procedure for the gravitational theory, which, as dis- 
cussed at the end of Sec. 23, may be a rather useless 
tool. 
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E I. INTRODUCTION of known nuclear species is almost 1200, with some 327 
of this number known to occur in nature. In spite of 
this, the situation is not as complex as it might seem. 
i ‘AN inhabits a universe composed of a great Research in “classical” nuclear physics since 1932 has 
LVI. variety of elements and their isotopes. In Table shown that all nuclei consist of two fundamental build- - 
I, 1 a count of the stable and radioactive elements and ing blocks. These are the proton and the neutron which 
isotopes is listed. Ninety elements are found terrestrially are called nucleons in this context. As long as energies 
and one more, technetium, is found in stars; only pro- below the meson production threshold are not exceeded, — 
been found in nature. Some: 272stable all “prompt” nuclear processes can be described as the 
dioactive isotopes occur on the earth. shuffling and reshuffling of protons and neutrons into - 
the variety of nucleonic packs called nuclei. Only in the 
slow beta-decay processes is there any interchange be- 
tween protons and neutrons at low energies, and even 
there, as in the prompt reactions, the number of nu- 
cleons remains constant. Only at very high energies 
can nucleons be produced or annihilated. Prompt 
é plus. the slow beta reactions 
b FRRIDIE PRSE Du one typ 


A. Element Abundances and Nuclear Structure 


SYNTHESIS OF ELEMENTS 


"TABLE I,1. Table of elements and isotopes [compiled from Chart of 
the Nuclides (Knolls Atomic Power Laboratory, April, 1956) ]. 


Elements Isotopes 
Stable 81 Stable 272 
Radioactive: Radioactive: 
Natural (Z <83) 1^ Natural (A <206) 114 
(Z>83) gb (A > 206) 44 
Natural: Natural: 
Stable and Radioactive 91 Stable and Radioactive 327 
Radioactive: Radioactive: 
Artificial (Z <83) 1° Artificial (A <206) 702 
(Z>83) 10 (A > 206) 169 
Total 102 ‘Total 1198 
Neutron 1 Neutron 1 
103 1199 


a Tc, observed in S-type stars. 

b Including At and Fr produced in weak side links of natural radioactivity 
* Pm, not observed in nature. 

d Including H3, C", and To”, 


nuclear material into any other even at low energies 
of interaction. x 

With this relatively simple picture of the structure 
and interactions of the nuclei of the elements in mind, 
it is natural to attempt to explain their origin by a 
synthesis or buildup starting with one or the other or 
both of the fundamental building blocks. The following 
question can be asked: What has been the history of 
the matter, on which we can make observations, which 
produced the elements and isotopes of that matter in 
the abundance distribution which observation yields? 
This history is hidden in the abundance distribution of 
the elements. To attempt to understand the sequence 
of events leading to the formation of the elements it is 
necessary to study the so-called universal or cosmic 
abundance curve. 

Whether or not this abundance curve is universal is 
not the point here under discussion. It is the distribu- 
tion for the matter on which we have been able to make 
observations. We can ask for the history of that par- 
ticular matter. We can also seek the history of the 
peculiar and abnormal abundances, observed in some 
stars. We can finally approach the problem of the uni- 
versal or cosmic abundances. To avoid any implication 
that the abundance curve is universal, when such an 
implication is irrelevant, we commonly refer to the 
number distribution of the atomic species as a function 
of atomic weight simply as the atomic abundance dis- 
tribution. In graphical form, we call it the atomic 
abundance curve. 

The first attempt to construct such an abundance 
curve was made by Goldschmidt (Go37).f An improved 
curve was given by Brown (Br49) and more recently 
Suess and Urey (Su56) have used the latest available 
data to give the most comprehensive curve so far avail- 
able. These curves are derived mainly from terrestrial, 
meteoritic, and solar data, and in some cases from other 
astronomical sources. Abundance determinations for 
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Fic. I,1. Schematic curve of atomic abundances as a function 
of atomic weight based on the data of Suess and Urey (Su56). 
Suess and Urey have employed relative isotopic abundances to 
determine the slope and general trend of the curve. There is still 
considerable spread of the individual abundances about the curve 
illustrated, but the general features shown are now fairly well 
established. These features are outlined in Table 1,2. Note the 
overabundances relative to their neighbors of the alpha-particle 
nuclei A = 16, 20, - - -40, the peak at the iron group nuclei, and the 
twin peaks at A —80 and 90, at 130 and 138, and at 194 and 208. 


the sun were first derived by Russell (Ru29) and the 
most recent work is due to Goldberg, Aller, and Müller 
(Go57). Accurate relative isotopic abundances are 
available from mass spectroscopic data, and powerful 
use was made of these by Suess and Urey in compiling 
their abundance table. This table, together with some 
solar values given by Goldberg e! al., forms the basic 
data for this paper. ; 
It seems probable that the elements all evolved from — — 
hydrogen, since the proton is stable while the neutron 
is not. Moreover, hydrogen is the most abundant — 
element, and helium, which is the immediate product of - 
hydrogen burning by the pp chain and the CN cycle, 
is the next most abundant element. 'The packing-frac- 
tion curve shows that the greatest stability is reached 
at iron and nickel. However, it seems probable that i 
and nickel comprise less than 1% of the total mass of 
the galaxy. It is clear that although nuclei are tendini 
to evolve to the configurations of greatest s 
they are still a long way from reaching this 
It has been generally stated that the 
dance curve has an exponential decline to + 
is approximately constant thereafter. Alt 
very roughly true it ignores ma 
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TABLE I,2. Features of the abundance curve. 


Feature 


Cause 


Exponential decrease from hy- 
drogen to A~100 


Fairly abrupt change to small 
slope for A>100 


Rarity of D, Li, Be, B as com- 
pared with their neighbors H, 
He, C, N, O 


High abundances of alpha-par- 
ticle nuclei such as O!'*, 
Ne?...Ca*, Tit! relative to 
their neighbors 


Strongly-marked peak in abun- 
dance curve centered on Fe59 


4 — 80, 130, 196 
Double peaks 
4 — 90, 138, 208 


Rarity of proton-rich heavy 
nuclei 


Increasing rarity of synthesis 
for increasing A, reflecting 
that stellar evolution to ad- 
vanced stages necessary to 
build high A is not common. 


Constant e(z,y) in s process. 
Cycling in r process. 


Inefficient production, also con- 
sumed in stellar interiors even 
atrelativelylow temperatures. 


He burning and a process more 
productive than H burning 
and s process in this region. 


e process; stellar evolution to 
advanced stage where maxi- 
mum energy is released (Fe5* 
lies near minimum of packing- 
fraction curve). 


Neutron capture in rz process 
(magic N=50, 82, 126 for 
progenitors). 

Neutron capture in s process 
(magic V=50, 82, 126 for 
stable nuclei). 


Not produced in main line of r 
or s process; produced in rare 
p process. 


and are outlined in the left-hand column of Table I,2. 
The explanation of the right-hand column will be given 


in Sec. II. 


It is also necessary to provide an explanation of the 
origin of the naturally radioactive elements. Further, 
the existence of the shielded isobars presents a special 


problem. 


B. Four Theories of the Origin of the Elements 


Any completely satisfactory theory of element forma- 
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tion must explain in quantitative detail all of the fea- 
tures of the atomic abundance curve. Of the theories so 
far developed, three assume that the elements were 
built in a primordial state of the universe. These are 
the nonequilibrium theory of Gamow, Alpher, and 
Herman [see (A150) ], together with the recent modifi- 
cations by Hayashi and Nishida (Ha56), the poly- 
neutron theory of Mayer and Teller (Ma49), and the 
equilibrium theory developed by Klein, Beskow, and 
Treffenberg (K147). A detailed review of the history 
and development of these theories was given by Alpher 
and Herman (Al53). . 
kt Each of these theories possesses some attractive fea- 
but none succeeds in meeting all of the require- 
Tt is our view that these are mainly satisfied by 
h theory in which it is proposed that the stars 
igin of the elements. In contrast with 
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nents. 
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primordial state for which we have no evidence, this 
latter theory is intimately related to the known fact 
that nuclear transformations are currently taking place 
inside stars. This is a strong argument, since the pri- 
mordial theories depend on very special initial condi- 
tions for the universe. Another general argument in 
favor of the stellar theory is as follows. 

It is required that the elements, however they were 
formed, are distributed on a cosmic scale. Stars do this 
by ejecting material, the most efficient mechanisms 
being probably the explosive ejection of material in 
supernovae, the less energetic but more frequent novae, 
and the less rapid and less violent ejection from stars 
in the giant stages of evolution and from planetary 
nebulae. Primordial theories certainly distribute ma- 
terial on a cosmic scale but a difficulty is that the dis- 
tribution ought to have been spatially uniform and inde- 
pendent of time once the initial phases of the universe 
were past. This disagrees with observation. There are 
certainly differences in composition between stars of 
different ages, and also stars at particular evolutionary 
stages have abnormalities such as the presence of 
technetium in the S-type stars and Cf?*! in supernovae. 
A detailed discussion of these and other features is given 
in Secs. XI and XII. 

It is not known for certain at the present time 
whether all of the atomic species heavier than hydrogen 
have been produced in stars without the necessity of 
element synthesis in a primordial explosive stage of the 
universe. Without attempting to give a definite answer 
to this problem we intend in this paper to restrict our- 
selves to element synthesis in stars and to lay the 
groundwork for future experimental, observational, and 
theoretical work which may ultimately provide con- 
clusive evidence for the origin of the elements in stars. 
However, from the standpoint of the nuclear physics 
alone it is clear that our conclusions will be equally 
valid for a primordial synthesis in which the initial and 
later evolving conditions of temperature and density are 
similar to those found in the interiors of stars. 


C. General Features of Stellar Synthesis 


Except at catastrophic phases a star possesses a self- 
governing mechanism in which the temperature is ad- 
justed so that the outflow of energy through the star 
is balanced by nuclear energy generation. The tempera- 
ture required to give this adjustment depends on the 
particular nuclear fuel available. Hydrogen requires a 
lower temperature than helium; helium requires a lower 
temperature than carbon, and so on, the increasing 
temperature sequence ending at iron since energy 
generation by fusion processes ends here. If hydrogen is 
present the temperature is adjusted to hydrogen as a 
fuel, and is comparatively low. But if hydrogen becomes 
exhausted as stellar evolution proceeds, the tempera- 
ture rises until helium becomes effective as a fuel. When 
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further until the next nuclear fuel comes into operation, 
and so on. The automatic temperature rise is brought 
about in each case by the conversion of gravitational 
energy into thermal energy. 

In this way, one set of reactions after another is 
brought into operation, the sequence always being 
accompanied by rising temperature. Since penetrations 
of Coulomb barriers occur more readily as the tempera- 
ture rises it can be anticipated that the sequence will 
be one in which reactions take place between nuclei 
with greater and greater nuclear charges. As it becomes 
possible to penetrate larger and larger barriers the 
nuclei will evolve towards configurations of greater and 
greater stability, so that heavier and heavier nuclei will 
be synthesized until iron is reached. Thus there must 
be a progressive conversion of light nuclei into heavier 
ones as the temperature rises. 

There are a number of complicating factors which are 
superposed on these general trends. These include the 
following. 

The details of the rising temperature and the barrier 
effects of nuclear reactions at low temperatures must 
be considered. 

The temperature is not everywhere the same inside 
a star, so that the nuclear evolution is most advanced 
in the central regions and least or not at all advanced 
near the surface. Thus the composition of the star 
cannot be expected to be uniform throughout. A stellar 
explosion does not accordingly lead to the ejection of 
material of one definite composition, but instead a 
whole range of compositions may be expected. 

Mixing within a star, whereby the central material is 
mixed outward, or the outer material inward, produces 
special effects. 

Material ejected from one star may subsequently 
become condensed in another star. This again produces 
special nuclear effects. 

All of these complications show that the stellar theory 
cannot be simple, and this may be a point in favor of 
the theory, since the abundance curve which we are 
trying to explain is also not simple. Our view is that 
the elements have evolved, and are evolving, by a whole 
series of processes. These are marked in the schematic 
abundance curve, Fig. I,1, as H burning, He burning, 
a, €, r, S, and p processes. The nature of these processes 
is shown in detail in Fig. I,2; details of this diagram are 
explained in the following sections. 


IL PHYSICAL PROCESSES INVOLVED IN STELLAR 
SYNTHESIS, THEIR PLACE OF OCCURRENCE, 
AND THE TIME-SCALES ASSOCIATED 
WITH THEM 


A. Modes of Element Synthesis 


As was previously described in an introductory paper 
on this subject by Hoyle, Fowler, Burbidge, and Bur- 
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the features of the abundance curve, at least eight 
different types of synthesizing processes are demanded, 
if we believe that only hydrogen is primeval. In order 
to clarify the later discussion we give an outline of these 


processes here (see also Ho54, Fo56). 
(i) Hydrogen Burning 


Hydrogen burning is responsible for the majority of 
the energy production in the stars. By hydrogen burning 
in element synthesis we shall mean the cycles which 
synthesize helium from hydrogen and which synthesize 
the isotopes of carbon, nitrogen, oxygen, fluorine, neon, 
and sodium which are not produced by processes (ii) 
and (iii). A detailed discussion of hydrogen burning is 
given in Sec. III. á 


(ii) Helium Burning 


These processes are responsible for the synthesis of 
carbon from helium, and by further a-particle addition 
for the production of O!5, Ne? and perhaps Mg**. They 
are described in detail in Sec. III. 


(iii) a Process 


These processes include the reactions in which a 
particles are successively added to Ne?" to synthesize 
the four-structure nuclei Mg?!, Si?8, S*, A36, Ca“, and 
probably Ca“! and Ti5. This is also discussed in Sec. III. 
The source of the a particles is different in the a process 
than in helium burning. 


(iv) e Process 


This is the so-called equilibrium process previously 
discussed by Hoyle (Ho46, Ho54) in which under con- 
ditions of very high temperature and density the ele- 
ments comprising the iron peak in the abundance curve 
(vanadium, chromium, manganese, iron, cobalt, and . 
nickel) are synthesized. This is considered in detail 
in Sec. IV. 

(v) s Process 


This is the process of neutron capture with the emis- | 
sion of gamma radiation (»,y) which takes place on a | 
long time-scale, ranging from ~100 years to ~105 years 
for each neutron capture. The neutron captures occur 
at a slow (s) rate compared to the intervening beta 
decays. This mode of synthesis is responsible for the 
production of the majority of the isotopes in the range 
23< A X46 (excluding those synthesized predominantly 
by the « process), and for a considerable proportion of 
the isotopes in the range 63 X A < 209. Estimates of the 
time-scales in different regions of the neutron-capture 
chain in the s process will be considered later in this 
section, while the details of the nuclear physics of the 
process are discussed in Secs. V and VI together with 
the results. The s process produces the abundance peaks 
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(vi) r Process 


This is the process of neutron capture on a very short 
time-scale, —0.01-10 sec for the beta-decay processes 
interspersed between the neutron captures. The neutron 
captures occur at a rapid (r) rate compared to the beta 
decays. This mode of synthesis is responsible for pro- 
duction of a large number of isotopes in the range 
70<A<209, and also for synthesis of uranium and 
thorium. This process may also be responsible for some 
light element synthesis, e.g., S??, Ca!?, Ca*®, and perhaps 
Ti’, Ti”, and Ti**. Details of this process and the results 
of the calculations are discussed in Secs. VII and VIII. 
The r process produces the abundance peaks at A — 80, 
130, and 194, 


(vii) p Process 


This is the process of proton capture with the emis- 
sion of gamma radiation (,y), or the emission of a neu- 
tron following gamma-ray absorption (y,z), which is 
responsible for the synthesis of a number of proton-rich 
isotopes having low abundances as compared with the 
nearby normal and neutron-rich isotopes. It is discussed 
in Sec. IX. 


(viii) x Process 


This process is responsible for the synthesis of deu- 
terium, lithium, beryllium, and boron. More than one 
type of process may be demanded here (described col- 
lectively as the x process), but the characteristic of all 
of these elements is that they are very unstable at the 
temperatures of stellar interiors, so that it appears 
probable that they have been produced in regions of low 
density and temperature. There is, however, some ob- 
servational evidence against this which is discussed in 
Sec. X together with the details of the possible syn- 
thesizing processes. 

In the upper half of Table II,1 the abundances of 
different natural groups of elements, taken from the 
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atomic abundance table of Suess and Urey (Su56), have 
been summed and listed, firstly by number and by 
fraction of the total, and secondly by weight and by 
mass fraction of the total. In the lower half of Table 
IL, a similar listing has been made, but in this case 
the isotopes have been grouped according to which 
mode of synthesis has been responsible for their produc- 
tion. Our method of assignment to these different 
processes is described in subsection B. In some cases a 
natural group comprises just the elements built by one 
process; e.g., the iron group of elements are also the 
e-process isotopes in the lower half of the table, and 
consequently the same entry appears in both halves. 
In one case, that of the r-process isotopes of inter- 
mediate atomic weight, the estimate given is one that 
has been calculated in Sec. VII. 

An auxiliary but indispensable process which is also 
demanded in our description of element synthesis is a 
nuclear process which will provide a source of free 
neutrons for both the s process and the r process. The 
first suggestion in this direction was made by Cameron 
(Ca54, Ca55) and Greenstein (Gr54), who proposed 
that the C(a,n)O! reaction would provide such a 
source. In addition to this the reaction Ne#(a,z)Mg* 
has also been proposed by Fowler, Burbidge, and 
Burbidge (Fo55). More detailed work on the rates of 
these reactions by Marion and Fowler is now available 
(Ma57) and some discussion is included in Sec. III. 


B. Method of Assignment of Isotopes among 
Processes (i) to (viii) 


Of the eight processes which are demanded to syn- 
thesize all of the stable isotopes, assignments among 
hydrogen burning, helium burning, the a process, the 
e process, and the x process are comparatively straight- 
forward, and are implicit in previous work and in the 
discussions in Secs. III, IV, and X. Thus pure hydrogen - 


TABLE II,1. Atomic abundances of various groups of the elements from Suess and Urey (Su56). 


—————————————————————————————————————————————————ÉÉÉÉs 


Group By number 
H 4.00X 10° 
He 3.08X 10? 
Li, Be, B 1.44X 10? 

Carbon group: (C. N, O, Ne 4.01X 107 
Silicon group: Na —Sc 2.65X 10° 
Iron group: 50€ 4 <62 6.4 X105 
Middleweight: 63 <A «100 1.1 X10 
Heavyweight: A> » 100 28 
H-+He burning 124 <22 4.01X 107 
a process: 24, 28, -48 2.2 X106 
s process: 23 < A <46 4.7 X10 
e process: 50<A x62 6.4 X10: 
s process: 63€ A €75 8.8 x10? 
s process: A m 07^ 1.1 X10? 
r process: intermediate 4 ~1.5 X10: 

(calculated) 
r process: 42 75 1.5 x10? 
p process: 3.1 
Summary: X(H) 0.755, Y(He) 20.231, Z(A 2520 014 


CC-0. 


urukul K 


Fraction of total By weight Fraction of total 
0.928 4.03X 10" 
0.071 1.23X 10 
3.3Xx 10? 1.30X 10* 
9.310 6.5 X105 
6.1x107? 7.8 X107 
1.5X 10-5 3.6 X107 
2.61078 7.7 X10! 
6.5X 10-10 4.6 X10? 
9.3X 107! 6.5 X105 
5.1X107* 6.1 X107 
1.11075 1.3 X107 
1.5X 107 3.6 X107 
2.0X 1078 5.7 X10! 
2.6X 10 1.1 X10! 
~3.5X 1075 ~8 X10! : 
3.5X107 1.4 X10* 
7.2X10™ 2.0 x10 
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Fic. II,1. Logarithm of abundance Z (silicon=6.00, hydrogen 
= 10.60) of isotopes from 4 — 120 to 150 according to Suess and 
Urey (Su56). Odd mass numbers are shown in the bottom curve 
(read right ordinate). Even mass numbers are shown in the top 
curves (read left ordinate). Isotopes of a given element are con- 
nected by light lines (not to be confused with cross-hatched modes 
of element synthesis). Nuclei are distinguished by their method 
of synthesis as follows: +, produced only in neutron capture at 
a slow rate (s process); O, produced only in neutron capture at 
a rapid rate (r process) ; &, produced in both processes but pre- 
dominant mode of production assigned as discussed in text; 
X, produced only in proton capture or photoneutron processes 
(p process). The paths of the three processes are then indicated 
by the cross-hatching indicated in ihe figure. The stable nuclei 
with the magic number of closed shell neutrons, N — 82, are indi- 
cated by m. The abundance peak near A = 139 follows from the 
low neutron-capture cross section of the magic stable nuclei in 
the s process. The abundance peak near A =129 follows from the 
low neutron-capture cross section and slow beta decay in the y 

rocess for the magic neutron-rich isobars (for example, A = 129, 
I 82, Z=47) which eventually decay by beta emission to the 
stable nuclei in this region. These arguments are based on the fact 
that in "steady flow" the abundance of a given nucleus will be 
inversely proportional to the rate at which it is transmuted by 
neutron capture or beta decay. The alternation in abundances 
exhibited by the sequence Te!2, Te, Xce95, Xe!9, and Bal, 
Ba! is to be expected in the s process because of the difficulty in 
adding further neutrons after two have already been captured. 
In general there is only one isobar at odd mass numbers. However, 
Te!?3 and Sb” differentiate the z and s processes in an odd A 
curve. Te! is probably unstable but with a very long lifetime. 


burning is responsible for the synthesis of helium, and 

ure helium burning is responsible for C”, O!5, and 
Ne”. Also, hydrogen burning in these latter products of 
helium burning accounts for all of the stable isotopes 
ap to Ne (cf. Sec. III). The only exceptions up to this 
UD are deuterium, lithium, beryllium, and boron, 
po. erefore been assigned to a radically differ- 
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nuclei was originally suggested by Hoyle (Ho54). All of 
these nuclei lie in a region of the abundance curve in 
which the surrounding nuclei are synthesized by the 
s process. As described in detail in Sec. VI, a plot of the 
oN products (neutron capture cross section times abun- 
dance) for such nuclei should delineate a smooth curve. 
However, because of their comparatively large abun- 
dances, the nuclei made by the a process all lie above 
this curve. This result bears out the assignment of these 
nuclei to the @ process. Assignment of the nuclei in the 
iron peak to the e process was also proposed earlier by 
Hoyle. 'The large abundance peak at this point shows 
clearly that a separate process is demanded and the 
results of Sec. IV suggest strongly that our assignments 
to the e process are correct. 

As far as assignments among the s, 7, and p processes 
are concerned, the situation is a little more complex. 
Suess and Urey (Su56) and Coryell (Co56) have already 
pointed out that the peaks in the abundance curves at 
stable nuclei with filled neutron shells (.1— 90, IV — 50; 
42138, N=82; A=208, N=126) strongly indicate 
the operation of the s process, and the nearby peaks 
at A=80, 130, and 194, shifted by 6A~8 to 14, simi- 
larly require the operation of the r process. Also, calcu- 
lations of Fowler et al. (Fo55) suggested that apart 
from the nuclei built by the o process all of the nuclei 
with 23<A<46 with the exception of S36, Ca'*, and 
Ca’! can be synthesized by the s process. 

Certain isotopes of the heavy elements can be built 
only by the r process while others can be built only by 
the s process. The two processes differ in this respect 
because they allow very different times for the occur- 
rence of the beta disintegrations along the chain of 
nuclei built by the neutron addition. In the s process 
most beta-active nuclei have time to decay before addi- 
tional capture occurs. On the other hand, the r process 
involves neutron captures which take place at a rate 
much faster than the beta decays which have reaction 
times of 0.01 to 10 sec. 

The need for a third process, the p process, arises 
because a third set of isotopes cannot be built by either 
the rapid or the slow capture of neutrons (the reasons 
for this from the standpoint of nuclear structure are 
discussed in Sec. V). As an example of the way in which 
the three processes operate and also of how assignments 
have been made, we shall consider the eight isotopes of 
tellurium. The light isotopes s2Te7z0!™, s;Te;5, and 
52 e75"* can be synthesized only in the s process, since 
in the r process, the ultimate beta decays of the neutron- 
rich isobars at 122, 123, 124, produced by rapid neutron 
addition, terminate at the stable isotopes soSnz»", 
&19b73/9, and soSnz4/?*, which are on the neutron side of 
the nuclear stability line. On the other hand, the 
heaviest isotope Te? can be produced only in the r 
process, where it is the stable product of the decay of 
neutron-rich isobars of mass 130. In the s process, radio- 
active Te"? with a half-life of 70 min has time to decay 
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capture, the resultant I? decays in 12.6 hr to Xe! 
which is thus produced in the s chain instead of Te!?. 
The isotopes Te?5, Te!®, and Te! can be produced in 
either the s or the r process, although Te? is produced 
in the slow capture of neutrons only in a weak side link 
of the chain resulting from the fact that T8 decays 5% 
of the time by positron emission or electron capture. 
'Thus we believe that it is synthesized predominantly by 
the r process. The rarest and lightest isotope Te!° 
cannot be built by either process and it is for this 
isotope that the p process is demanded. Te"? is about 
1% as abundant, and Te'?, Te'*?, and 'Te?* are about 
10% as abundant, as Te?! and Te. This suggests that 
we assign Te?*, which has an abundance comparable 
to Te"? and Te, to the r process. Te!’ is an inter- 
mediate case, but it follows the trend of the r process 
and to this we assign its production. Assignments be- 
tween the s, 7, and p processes have been made in this 
way. In Figs. II,1; I1,2; and II,3, the separation of the 
isotopes in the region 120 4 «150 is shown. In Fig. 
II,1 the abundances àre plotted logarithmically after 
the manner of Suess and Urey (Su56). Nuclear species 
produced in the same process are connected by shaded 
curves and the general trend of the production becomes 
clear. In order to show more clearly the great increase 
in abundance in the peaks, linear plots of the abun- 
dances of the odd and even isotopes, respectively, are 
shown in Figs. II,2 and II,3. The magic-number peaks 
stand out clearly in both odd-A and even-A nuclei. 


C. Abundances and Synthesis Assignments 
Given in the Appendix 


'The Appendix contains all of the information we have 
been able to collect which is relevant to the synthesis 
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problem. All of the stable isotopes in order of increasing 
A are given in this table. We also include the beta- 
unstable isotopes which lie on the main neutron-capture 
chain in the s process, together with a few others which 
are given for special reasons. The table was originally: 
drawn up to represent the building of elements by the 
s process. For this reason the left-hand columns follow 
the main chain of nuclei synthesized by neutron capture 
in the s process. The right-hand columns give informa- 
tion concerning the isotopes which are either completely 
by-passed by the s process or which lie in the subsidiary 
loops of the chain. These loops can be formed in two 
ways. Either they form at nuclei which beta decay with 
a half-life such that in the s process a proportion of the 
nuclei will capture a further neutron before beta decay, 
while the remainder beta decay directly (the next step 
in the chain following the nucleus Xz“ being either 
Xz44 or Xz,14). Alternatively a loop will be formed if 
a nucleus can decay either by emitting an electron or 
by emitting a positron or capturing a K electron (the 
next step in the chain following the nucleus Xz“ being 
either Xz,14 or Xz 3^). A few isomeric states are also 
given [an example is Cds? (8-) ] in cases in which 
they also lead to the development of loops. In all cases 
the side of the loop which is in the main chain will be 
determined by the faster of the reactions (either neu- 
tron-capture or beta-decay) which can take place. To 
distinguish between nuclei which lie in the weak branch 
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in the chain, horizontal lines are drawn to contain 
each loop. 

Although the table was prepared primarily for the s 
process it is now used to describe all of the modes of 
element synthesis. For this reason a number of beta- 
active nuclei which are by-passed in regions of small A 
are given. This enables us to discuss the r process as it 
would apply for the very light elements. 

Abundances given in the Appendix have been taken 
predominantly from the table of Suess and Urey (Su56). 
For the elements scandium, titanium, vanadium, 
chromium, manganese, iron, cobalt, nickel, copper, and 
lead, the solar abundances obtained by Goldberg, Aller, 
and Müller (Go57) are also given in parentheses under 
those of Suess and Urey. The product of the neutron- 
capture cross section times the solar abundance is also 
given in parentheses in the cV column (cf. Sec. VI). 

Assignments of all of the stable isotopes to their 
most probable mode of production are given in the 
right-hand columns in the table. In the s and the r 
processes, when the isotope can be made only by one 
or other of these processes, then they are designated s 
only or r only. In cases where the isotope is made pre- 
dominantly by one process though the other may con- 
tribute a little—as, for example, where the r process is 
mainly responsible for synthesis, though the isotope lies 
in the main s chain—then we write simply r (or s), 
hydrogen burning, helium burning, a, e, p, x, as the case 
may be. In some cases more than one process may 
contribute appreciably to the synthesis of that isotope. 
Tn these cases the process which is believed to contribute 
most is written first, while in the few cases in which the 
two processes are believed to make equal contributions, 
an approximate equality sign is used, and in the 
abundance column (2) is written. In some other cases 
2 of the abundance of an isotope has been attributed to 
the s process and only $ to the r process. In these cases 
(2) is written in the abundance column (these fractions 
are only very approximate). Thus, in proceeding from 
isotopes which can be made solely on the s process to 
those which are made solely on the r process, the 
sequence of designations is s only, s, sr, scr, rs, r, 
r only. Magic-number nuclei with closed shells having 
14, 20, 28, 50, 82, and 126 neutrons, most of which are 
synthesized by the s process, are marked in the assign- 
ment column of the table by m in parentheses. Simi- 

larly, nuclei made by the r process whose progenitors 
had closed shells having 50, 82, or 126 neutrons are 
marked by m’ in parentheses. A few of the light nuclei 

undergo nuclear reactions which lead not to heavier 
: hesis but to breakup, or to decrease in A 
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D. Time-Scales for Different Modes of Synthesis 
(1) Hydrogen-Burning Time-Scale 


Hydrogen burning is responsible for all of the energy 
production of stars on the main sequence. After stars 
have evolved off the main sequence following the de- 
velopment of a chemical inhomogeneity, hydrogen 
burning in a shell still remains an important energy 
source. Thus the synthesis of elements in hydrogen 
burning is going on continuously, and the range in time- 
scales for particular stars is dependent only on their 
initial masses after condensation, and the point in their 
evolution at which they eject material which has been 
synthesized. Thus these time-scales may range from 
7-105 years for massive O and B stars to times which 
are of the order of though less than the age of the galaxy 
(since we have no evidence for the existence today of 
primeval stars of pure hydrogen). 


(2) Helium-Burning Time-Scale 


It is believed that helium burning takes place in 
stars which have evolved onto the giant branch of the 
HR diagram. In this region central temperatures of 
~108 degrees and densities of ~10° g/cc are reached in 
the helium core, according to the theoretical calcula- 
tions of Hoyle and Schwarzschild (Ho55), and under 
these conditions synthesis of C? becomes possible 
(Sa52, Co57, Sa57). The further helium-burning reac- 
tions leading to production of O!*, Ne™, and Mg” also 
can take place under suitable conditions though the 
amounts of these isotopes synthesized will decrease as 
the Coulomb barriers get larger (cf. Sec. III). The time- 
scale for helium burning is therefore governed by the 
lifetime of stars subsequent to their becoming red 
glants. Since their mode of evolution off the giant 
branch is not yet understood, it is difficult to make 
accurate estimates of this time, but calculations of 
Hoyle and Schwarzschild and Hoyle and Haselgrove 
(Ho56a) suggest that a time-scale of ~107-108 years for 
stars to evolve in this region is reasonable. 


(3) a-Process Time-Scale 


This process, since it involves reactions between 
nuclei of comparatively large Z, demands temperatures 
of ~10 degrees (cf. Sec. III). Thus it appears that this 
condition will be reached only when a star is contracting 
further following the helium burning mentioned above. 
Consequently we may hypothesize that this situation 
is reached at a later stage of evolution, after the star 
has left the giant branch. The time-scale involved is 
difficult to estimate. It is probably short in comparison 
with the time taken for the star to evolve in the giant 
region but long compared with the time-scale for the e, 
r, and p processes. An argument concerning the syn- 


thesis of Ti‘, the last nucleus which may be built by 


this process, suggests that the time-scale for its produc- 


E 
i 
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of this argument are given in Sec. III D. The total time- 
scale for the whole œ process might lie in the range 
7-10?-10* years. 


(4) Rapid Time-Scales 


€ process.—As is discussed in Secs. IV and XII, this 
process takes place under extreme conditions of tem- 
perature and density, probably just prior to a supernova 
outburst. The time-scale involved may be of the order 
of seconds or minutes. 

r process.— The nuclear physics of this process de- 
mands that neutrons be added extremely rapidly, so 
that the total time-scale for the addition of a maximum 
of about 200 neutrons per iron nucleus is ~ 10-100 sec. 
It has previously been suggested that the spontaneous 
fission of Cf?*! is responsible for the form of the decay 
light curves of supernovae of Type I which have an 
exponential form with a half-life near 55 days, so that 
this is strong evidence for the fact that the r process 
takes place in such outbursts (Bu56). The time-scale 
for the explosive phases of such outbursts may well be 
as short as 100-1000 sec. Further support is given by a 
comparison of the results of calculations based on this 
hypothesis with the observed abundances of isotopes 
built by this process (Secs. VII and VIII). 

p process.—1t has previously been suggested that this 
process takes place in the outbursts of supernovae of 
Type II on a time-scale comparable to that for the 
process. 

(5) s-Process Time-Scale 


In earlier work it was suggested that the s process is 
currently going on in the interiors of some red giant 
stars (Ca55, Fo55). The presence of technetium in the 
atmospheres of S-type stars, observed by Merrill 
(Me52), and also to a lesser extent in carbon and M-type 
stars, affords conclusive evidence that nuclear activity 
involving neutron capture is currently going on in the 
interiors of these stars. This element is being both 
synthesized and mixed’ to the surface of the star in a 
time which is less than or at least of the same order as 
the half-life against beta decay of the longest-lived 
isotope of technetium (Tc? with a half-life of 2X105 
years). This is compatible with the result that the time 
taken for the stars to evolve in the giant branch of the 
HR diagram is —107 years. Of the reactions C?! (o1) O!6 
and Ne? (o5) Mg?, which can give neutron production, 
the former will give an adequate supply of neutrons to 
carry heavy-element synthesis right through to the 
heaviest nuclei only if there is some mixing between the 
envelope hydrogen and the products of helium burning 
in the cores at the red-giant stage. In a previous paper 
(Fo55) it was pointed out that the Ne" (a, 5) Mg reac- 
tion could provide an adequate source of neutrons and 

f also avoid the problem of mixing between core and 
envelope. In Sec. III F, however, it is pointed out that 
for this to be the case, certain conditions must be 
satisfied. The relative importance of these two reactions 
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long after the s process has ceased operating. For ele- E 
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for the s process will be discussed in detail in Sec. ITI F. 
The evidence from work on theoretical models suggests 
that a very deep convective zone extending inward from 
the surface is not unreasonable, so that mixing of the 
synthesized material to the surface can take place. 

As will be seen, there appear to be two time-scales 
for the s process. These depend on the average times 
taken for the nuclei to capture neutrons. Thus these 
times are functions of the neutron density and hence 
of the rates of the neutron-producing reactions, and 
also of the capture cross sections. In Sec. V we describe 
the method of estimating the neutron capture cross 
sections (c) given in the appendix. By using these 
together with the isotopic abundances and the assign- 
ments of nuclei to the s process, it is possible to make 
some estimates of the neutron-capture times at par- 
ticular points in the slow neutron-capture chain. The 
method of doing this is as follows. 

As pointed out in Sec. II C, if the beta-decay time is 
greater than a few years then the next link in the chain 
following Xz“ may be either Xz,“ or Xz4*, the rela- 
tive importance of the branch depending on the time- 
scale for neutron capture at this point. We show in the 
appendix all possible loops corresponding to time-scales 
between ^10? years and ~10® years. Thus in all cases 
in which the beta decay takes place in a time <100 
years we have assumed that all of the nuclei will beta 
decay and any nuclei which can only be produced if  — 
another neutron is captured before the beta decay takes 
place are by-passed in the s process. If on the other hand 
the half-life for beta decay is >>10° years we have as- 
sumed that the nucleus is effectively stable in the s 
chain and will always capture a neutron. In cases like 
this it must be remembered, however, that all of the 
unstable nuclei with half-lives >>10° years which are 
effectively stable as far as the s process is concerned 
will eventually decay into the succeeding stable nuclei 


ments in the solar system this will be true for all long- _ 
lived but unstable nuclei for which the half-life «57» 10° 
years. 
There appear to be two indicators for the time-scale 
for the s process in two regions of A. The first can be 
obtained from two isotopes of krypton. Both Kr* and. 
Kr® are built only by the s process, being shielded in 
the r process by Se*? and Se**. However, from the ap- 
pendix we see that there is an s chain loop at Se” which 
is due to the beta decay of this isotope with a h: 
of 7X10! years. Thus while Kr* is produced part! 
the main chain and partly in the loop, Kr® is only [ 
duced in the loop. Now under conditions ot 
neutron flow (see Sec. VI) the basic equation 
relative abundances of these isotopes are _ E ; 


N(Kr9)A, (Kr8)) 20.92 (Se), | 
and m 
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where Àn and ^g are the neutron-capture and beta-decay 
rates respectively. The coefficient 0.92 appears because 
in the loop the nuclei have to pass through Br*? which 
beta decays only 92% of the time. On dividing these 
two equations and substituting in terms of the half- 


lives /, and ¢g instead of the rates, we find that 
tn (Se?) +t (Se?) 5 e) N (Kr®) 
t, (Se??) ^ [(Krg) N(Kr9) 


Now o(Kr*°)~2¢ (Kr®) so that A, (Kr59)722 , (Kr*?) and 
t, (Kx8)e-21, (Kr*). [In the appendix we put e(Kr99) 
—g(Kr*) and do not in general take into account the 
factor of —2 which is a result of the fact that the light 
neutron-poorer isotopes capture neutrons more readily 
than the heavier ones. ] The abundance ratio N (Kr&)/ 
N(Kr®) is given in the appendix. Thus substituting 
these values on the right-hand side of the equation we 
find for Se? that 


tn/tg=1/1.37, 


and, since ¢g=7X10' years, ‘,=5.110' years. Now 
this half-life for neutron capture is determined in a 
region where c;,— 360 mb, so that in the region near iron 
where this neutron chain begins and where c—30 mb 
the effective half-life is 5.1 1015€ 360/306 X 105 years. 
The total time demanded to build up the isotopes 
from iron if this were characteristic of the whole curve 
would be 109-107 years since there are many captures 
involved, but most of these take place on nuclei with 
larger o values than that for iron. We show later that 
this long time-scale for the s process is probably the 
result of a paucity of neutrons—probably only about 
five neutrons per iron nucleus are made available. This 
is reflected in the tendency for the øN product to de- 
crease rather rapidly as A increases. 

The second indicator for an s process time-scale comes 
Írom consideration of the isotopes of gadolinium at 
4-152 and 154. Of these isotopes Gd!* can only be 
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made by the s process. On the other hand the majority 

of Gd!*? is probably made in the p process (Sec. IX), 
since its abundance fits in well with the run of abun- 
dances of the isotopes made by this process in this 
region of the curve. We shall arbitrarily suppose that 

of the total abundance of Gd!*? of 0.00137 about 0.001 

is made by the p process (cf. Fig. IX,1) and the re- 
mainder by the s process, since the following argument 

is in no way critically dependent on this division. The ~ 
small amount made in the s process must be due to the 
fact that Gd!*? is mostly by-passed in the s-process 
chain. Reference to the appendix shows that the branch- 
ing which does this cannot take place at Eu! since in 
28% of the cases Eu!* will decay to Gd!? while in 78% 
of the cases isomeric Eu!” will decay to Gd. The 
combination of these two decays shows that in 36% of 
the cases Eu!*? will decay to Gd! if the production 
ratio Eu!?/Eu!?"-5, Thus the branching responsible 
for this by-pass must take place at Sm!®! which has a 
half-life for beta decay of 80 years and which must 
mainly capture a neutron before beta decay. Thus we 
must have that 


t,(Sm!51) Jjv'(Gd!9) 


Ig(Sm!*) | N(Gd!9)' 


where NV’(Gd'*) is the abundance of Gd!* estimated on 
the supposition that 36% of the decays from Eu! give 
an abundance of 0.00037. That is, V’(Gd!52) = 0.00037/ 
0.360.001, and JV(Gd!*') is the abundance of this 
isotope given in the appendix. Thus substituting for 
N'(Gd'9) JN(Gd!5), and (Sm!) we find that 
t,(Sm!5!)~5 years. Using the ratio of the o’s in this 
region as compared with iron we find that near iron 
1,108 years. The mean value of g near A = 150 is about 
1000 mb whereas o(Sm!*?)= 1440 mb. Thus the mean 
tn near 4 — 150 is of the order of 10 years, and the total 
time for the capture of —200 neutrons is about 2X 10? 
years. We show later that this shorter of the two time- 
Scales of the s process is probably due to the fact that 
plenty of neutrons are available and that the "steady 


flow” concept can be used. In this case the cN product id 
remains approximately constant. 
(6) x-Process Time-Scales E 


Several alternative processes which may synthesize 
deuterium, lithium, beryllium, and boron are described 
in Sec. X. Depending on which of these is the most 
satisfactory, the time-scale for synthesis may range 
from a few seconds if a supernova origin is assumed to 
7-10? years if the surfaces of active stars are considered j 
probable. The time-scale here is important only in as 
far as it may allow some predictions of the probable 
distribution of these elements in the solar system and 
the Galaxy. 

In Fig. IL4 we give a schematic diagram showing 
where the various synthesizing processes take place in 
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time that the star lives in each temperature range. The 
estimated time-scales associated with each of these 
processes are also given very approximately. 


II. HYDROGEN BURNING, HELIUM BURNING, THE 
« PROCESS, AND NEUTRON PRODUCTION 


This section and the sections to follow are devoted to 
detailed elaboration and discussion of the different 
physical processes introduced in Sec. II. These sections 
treat quantitatively experimental and theoretical evalu- 
ations of the cross sections and reaction rates of the 
nuclear processes involved in energy generation and 
element synthesis in stars. The material supplements 
and extends that published in a series of articles in 1954 
(Fo54, Bo54, Ho54), in 1955 (Fo55, Fo55a), and in 
1956 (Bu56). In the first part of this section we give a 
discussion of the relations between nuclear cross sections 
and nuclear reaction rates in stellar interiors and of the 
notation used in this and the following sections. 


A. Cross-Section Factor and Reaction Rates 


The experimental results to be discussed will be used 
to derive the numerical value of the nuclear cross-sec- 
tion factor for a charged particle reaction defined by 


S—c(E)E exp(31.28Z1ZoA*! E!) kev bams 


where o(Z) is the cross section in barns (10?! cm?) 
measured at the center-of-mass energy E in kev. The 
charges of the interacting particles are Z; and Zo in 
units of the proton charge and 4 — 414o/ (414-46) is 
their reduced mass in atomic mass units. S is measured 
in the center-of-mass system. From measurements made 
in the laboratory system with incident particle energy 
E, and with target nuclei at rest, the quantity S is 
given by 
Ao 


— exp(31.28Zi1ZoA 3 E17?) kev barns. 


AT 49 


S=0 (E)E: 


For a nonresonant or off-resonant reaction SS is a 
slowly varying function of the energy Æ. Methods for 
extrapolating to the effective thermal energy Æe in 
stellar interiors have been given by numerous authors 
(Sa52a, Fo54, Sa55, Ma57). The effective thermal 
energy at temperature T is 


E=1.220(Z}2Z° AT?) kev barns, 
where Ts is the temperature measured in units of 


109 °K. The width of the effective range of thermal 


energy is x AD 
AE,=0.75 (ZYZeA T,5)1/6 kev. 


The mean reaction rate of a thermonuclear process 
may be expressed as 


P=pr=mino(or) y — 3.63 10" 


S Ar 


Ad 0 


reactions cm™? sec-!, 
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where nı and no are the number densities of the inter- 
acting particles per cm? and (cv), is the average of the 
cross section multiplied by the velocity in cm? sec 
The quantity r is the reaction rate per gram per second. 
The quantities x; and xo are the amounts of the inter- 
acting nuclei expressed as fractions by weight. In terms 
of S,—.S(E,) kev barns, it is found for a nonresonant 
process that 


P=7.20X10-¥nynofoSo(AZiZo) ^re 
reactions cm~ sec! 


X1Y9 
— 2.62 x 1095? — —— f. S AZZ) ire" 


fn 1A9 


reactions cm? sec^!, 


where S, is in kev barns and 


AN! 
T= azas(zeze—-) 
Ts 


(this 7 is not to be confused with the mean lifetime of 
the interacting particles which will always be accom- 
panied by appropriate subscripts, etc.). The term f, is 
the electron screening or shielding factor discussed by 
Salpeter (Sa54), evaluated at E.. The cross-section 
factor Sə as customarily calculated does not include 
allowance for electron screening. 

The mean lifetime of the nuclei of type 0 for the 
interaction with nuclei of type 1 is given by 


1 
71(0) 


= pı (0) =voP/no 


pı 
=4.34X 10®'—v0Sofo(AZ1Z) 1r e7" sec 


Aı 
ZıZo 
(276 RET 


where vo is the number of nuclei of type 0 consumed in 
each reaction. The quantity #1(0) is the mean reaction 
rate per nucleus of type 0. If nuclei of type 0 are re- 
generated in a cycle of reactions then 71(0) becomes the 
mean cycle time for nuclei of type 0. 

The most satisfactory procedure for determining Se 
is to make experimental observations on cross sections 
over a range of energies not too large compared to £e. 
The cross-section factor, S, can then be plotted as a 
function of E and an appropriate extrapolation to find 
S, can be made. This is not always possible and compu- 


=7. 83x10 ns, [Ga 


tational procedures for several frequently occurring 


cases will now be given. 
(i) For the case in which S, is to be calculated from 
the experimentally determined parameters of a -reso- 
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nance at E, which falls outside the range E+ 2A E,, then 


Ti. 
o =tTko—, 
(E— E,)?-+T?/4 
and 
0? 1—a,E, tcI» En 
8,2 3.10x 10$5— —— —— — kev barns. 


A Koyi (x) (E,— E)? +r?/4 


The corrections for level shift effects are given by 
Marion and Fowler (Ma57). The various quantities 
which enter into these expressions are : 


X= reduced De Broglie wavelength of interacting 
particles 0 and 1 
= (1?/2M E) — 144 (A E)? fermis (107? cm) 
R/&— (E/ En)! 
R=interaction radius 
= 1.44 (A43134- A93) fermis 
0;^— dimensionless reduced width for the inter- 
action of particle 1 with particle 0, derivable 
from the observed width, Tı 
I;— width for re-emission of particle 1 with 
particle 0 
= 60: (12/2M R?) (R/X) P, 
— 607 (EEn)! Pi 
= [3r/2K»11* (x) ] (1 —aıB)0 Er 
Xexp(—31.28Z:Z14 ! E-!) 
P,= barrier penetration factor for orbital angular 
momentum /7 
— [7(En/ E)3/AK 243 (x) (10 —01E) 
Xexp(—31.28ZiZoA* E-!) 
T2= experimental width for emission of reaction 
product 2 with 3; approximately independ- 
ent of E. 
T'2 total width of resonance— Il';d-T'?4- - - - 
w= statistical factor = (2J-4-1)/ (2714-1) (2794-1) 
J=angular momentum of resonant state 
J1-— angular momentum of particle 1 
Jo- angular momentum of particle 0 
x— 2(Eg/ Eg)!— 0.525 (AZ1ZoR)! 
En [1/1(-1) ] X centrifugal barrier height 
=h /2MR=20.9/ AR*x10? kev 
Ec= Coulomb barrier height= ZiZoe?/ R 
= (1.44Z1Zo/ R) X10? kev. 


Kauai (x) — modified Bessel function of order 274-1. Con- 
venient tables for K are given in (Br37, 52). 


Eben uae C) )- 
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For large x (high Coulomb barrier) : 


2(+4)" 
Kamla) = (x/23)} exp| i — | 


Ec! 
p~l 
E 


| (1—a;E) exp| -31.2821244 ee 


Eoy? Er\} 
+4( ) —20-+4+(—) | 
En Ec 


x 


=exp[— 7.621(14-1)/ (AZYZsR)Y] 


7107 (kev)-i, 


Q1 0^7 


3(ErEc)} 


In principle the cross sections and cross-section fac- 
tors given above must be summed over all values of the 
orbital angular momentum, /#. The expressions given 
apply to any one specified /-wave interaction. Because 
of the low energies involved in nuclear collisions in 
stellar interiors, s-wave (J=0) interactions and in some 
cases p-wave (/=1) interactions are usually the only 
ones which need to be taken into account. However, 
whenever selection rules or destructive interference 
effects reduce the low /-value interactions to zero, then 
higher / values must be considered. In addition, when- 
ever any particular /-wave interaction is resonant, see 
(iv), then it must be taken into account. Resonant 
cross sections can be quite large even for high / values. 

(ii) For the case in which the cross section is an 
average over resonances of the same spin and parity 
with mean width T spaced by an average energy interval 
equal to D, then averaging over the expression for c 
given in (i) yields 


8 2m? A QI -1)TiT»/ DT. 


In general, each / wave can form several compound 
systems of different spins but the same parity. In em- 
ploying the above approximate relation with the simple 
statistical factor (2/+-1) we assume that these different 
systems have the same mean widths, T, and the same 
mean level separations, D. 
With the foregoing expression for e, one finds, neglect- 
ing aL E,, 
0? 2l--1 Tekr 
So= 1.94 101— 


c kev barns. 
A Kou (x) TD 


This will prove to be useful for order of magnitude 
estimates for interactions of charged particles with 
heavy nuclei (Z2 10). Blatt and Weisskopf (B152) have 
given a general relation between the particle decay 


SYNTHESIS OF 


their mean energy separation. This can be written 


The function B(Ao) varies between ~0.3 and 3 for all 
except a few light and intermediate weight nuclei 
(Fe54, We57a) and we will set it equal to unity for 
order of magnitude estimates in what follows. The 
quantity A,~0.7 X10— cm is the characteristic reduced 
De Broglie wavelength of low-energy nucleons once 
inside nuclei. 
We now have, for R in fermis, 


21--1 I» 
S,7-1.4X 10$———— —— — kev barns. 
A RK ax) if 


For /=0 and large x we then have 


Ec} 
xexo] +4( ) | kev barns. 
Er 


In general for (p,y) reactions on the light nuclei (Z= 6 
to 12) one finds S,~1 to 100 kev barns. For the (p,a) 
reactions, S,~10* to 105 kev barns. On substitution 
into the expression for the mean lifetime, and setting 
vo=1, fo=1, 1— 0, it is found that 


pn (ZiZo)5/6 T» 
A, RAST? T 


Ec\} 
xexo| +4(—) =| sec". 
En 


In cases where this expression is applicable, e.g., (5,y) 
or (œn) reactions on heavy nuclei (Zz 10) one will in 
general have «2T. 

(iii) In the case of light nuclei, the interaction energy 
may fall in the flat minimum in between resonances. 
For this nonresonant case, order of magnitude estimates 
may be made by summing the contributions of all 
resonances of a given type with width P spaced by an 
average energy interval equal to D. The nonresonant 
cross section for a given /-wave interaction is 


Onr= T% (211) (133-8) PsP 2/D?. 


This expression assumes that all except the two nearest 
resonances have random phases, that is, that their con- 
tributions to the cross section can be simply added 
without compounding amplitudes. The factor (m?+ 8) is 
to be used if the two nearest resonances interfere con- 
structively; the factor (7?—8) if the two nearest reso- 
nances interfere destructively. In fact, it is possible for 
the cross section for a given / wave to go to zero if all 


E 
S(l=0)~1. x10 (75 


~3:8X100— 
71(0) 
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of the contributing states interfere to give zero reaction - 

amplitude. In this case the next highest / wave must be 

considered. On the average, for order of magnitude 

estimates, we can assume that all resonances, including 

the two nearest ones, are randomly phased in which 

case the factor 778 becomes z?. The expression for anr 

is then the same as ¢ in (ii) with T replaced by 2D/s. 
With this substitution, expressions for So and 1/71(0) 

given in (ii) can be employed. It will be noted, however, 
that in general l'? € D so that an approximation similar 
to l»—T is not valid in this case. For the light nuclei 
D~1 to 10 Mev, whereas for radiative processes: 
T2=l'y~0.1 to 100 ev so that 107 <T,/D <10. For 
particle emission I'2/D may be as high as 0.1. 

(iv) When a resonance £, falls within the range : 
~E,+2AE, the resonant cross section factor S, ă 
derivable from the resonant cross section o,, must be : 
employed. When resonant, even fairly large /-wave 
interactions must be considered. We have 


— Ar XorQrs/r?. 
We will consider two limiting cases, 


c,—4mrXT,/DET. for 


c Ar XT3/T1 


r=; 


for T=Pyr.. 


The cross-section factor is 
0; 1—a,E,. ERr 


S,—1.24x 10— s E 
A Koani (x) I? U = 


The two limiting cases become 


6; 1—aE, wEr 
S,—41.24X 101— — —— 
A Kor (x) T» 


for T=, 


cl» 
$,2.63X 107 m 


I 
Xexp(--31.28ZiZoA3E;-3) for LP Dore. 
b 


The resonant reaction rate is for P in kev and S, in 
kev barns: 


fr E 
P=3.08X 10e Aere reactions cm~? sec 


112X108 2% decer 
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In the preceding expressions 
7,—31.28Z1Z294! E--M-11.61E,/ Ts 


and f, is the electron shielding factor evaluated at £,. 
The mean reaction time of nuclei of type 0 is 


vof» 


px 
—pi(0) — 1.86 10 — —  —S,Te-" sec 


T1 ) A1 A Ts? 
px vw Rf Oy 1—oiE, 
2310 = E E 
A (ATs)! Kex) 
Hey IN T-T; 
px, vowl of, 
0.49 101 — — — exp(—11.61E,/Tx) 
Ay (ATs)? 
for TzTpjpre 


B. Pure Hydrogen Burning 


The point of view that element synthesis begins with 
pure hydrogen (primordial or continuously produced) 
condensed in stars is based on the existence of the so- 
called direct pp chain of reactions by which hydrogen 
is converted into helium. This chain is initiated by the 
direct pp reaction 


ptpod+B++r,+0.421 Mev, 


which has good theoretical foundations but which has 
not yet been observed experimentally in the laboratory 
because of its extremely low cross section even at rela- 
tively high interaction energies. In the above equation 
and in what follows we use v, for neutrinos emitted 
with positrons, 6+, and ». for antineutrinos emitted 
with electrons, 8-. We use nuclear rather than atomic 
mass differences in expressing the Q values of all reactions. 
There is of course practically no difference in atomic and 
nuclear Q values when positrons or electrons are not 
involved. 
The calculated cross section for the pp reaction is 
10~” cm’=10-* bam at 1-Mev laboratory energy. 
This is much too small for detection with currently 
available techniques. The yield when a thick hydrogen 
target is employed can be estimated to be 5X108 
reaction per incident proton or approximately one 
reaction per 3X105 amp sec corresponding at 105 volts 
to 310" w sec. Thus only one reaction per 10 Megawatt 
years of bombardment can be expected. In an earlier 
paper (Fo54) it was indicated that the Cross. section 
would reach a maximum value at 100 kev. This is not 
the case if account is taken of the rapid increase in beta- 
decay probability with increasing beta-decay energy 
and hence with increasing incident proton energy. At 
the present time, however, it is not possible to ob- 
a. o. ithin many orders of magnitude, the necessary 
tain wl f bombardment even at 1 Mev or above. At 
amounts A cross section becomes 3X(10-!5 barn but 
) hydrogen targets would be necessary to avoid 
very pure : 
ea duction. 
tron pro 
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At still higher energy, meson production becomes a 


complication. 
(1) Rate of pp Reaction 


Definitive theoretical calculations on the rate of the 
pp processes were given by Salpeter (Sa52a). These 
calculations accurately took into account the well- 
determined phenomenological parameters of the neu- 
tron-proton and proton-proton interactions and showed 
that the main uncertainty in the cross section lay at 
that time in the uncertainty of the Gamow-Teller beta- 
decay constant for which the following value was given: 


g=7.5+1.5X10~ sec“ (Sa52a). 


This value was adopted by Fowler (Fo54). The 20% 
uncertainty in the value of the Gamow-Teller coupling 
constant did not imply any uncertainty in the validity 
of the Gamow-Teller selection rules for beta-decay 
transitions. Then, as now, the super-allowed nature of 
the beta decay, He*(0*)—.Li*(1^)--8-4-» , which is 
permitted only by the Gamow-Teller selection rules, 
serves as a solid empirical foundation for this type of 
transition. The recent discovery of the nonconservation 
of parity] in allowed beta decay transitions (Wu37, 
Le56, A157) is further substantiation of the existence of 
Gamow-Teller selection rules. The fore-and-aft asym- 
metry in the decay of aligned Co™ nuclei observed by 
Wu et al. is not possible for allowed Fermi transitions 
even with nonconservation of parity. 

Experimental data on ft values for super-allowed 
mirror transitions and 0—0 transitions in beta decay 
available in 1956 were employed by Kofoed-Hansen and 
Winther (Ko56) to evaluate the coupling constants in 
beta decay with improved accuracy. A recent measure- 
ment of the energy of the O*(0*)—N"!*(0*) transition 
by Bromley et al. (Br57) leads to only a minor change in 
Kofoed-Hansen and Winther’s results. Bromley et al. 
find 1809.72- 7.8 kev for the transition energy and thus 
an ft value equal to 308856, which brings O“ into 
agreement with the AP, CI**, and K*5 0*—0* transitions 
used by Kofoed-Hansen and Winther. 

The quantity g which appears in Salpeter's expression 
for the rate of the pp reaction is related to the quantities 
B and x defined by Kofoed-Hansen and Winther (Ko56) 
through the relation 


g=4 In2(x/ B) — 2.77 (x/ B). 


They find that the best fit to the experimental data 
yields B=2787+70 sec, 4—0.5602-0.012, so that 
B/x=4980+ 150 sec. With the new O“ data we estimate 
B=2818, x— 0.544 so that B/x= 5180 and 


£7 5.35-E0.15X 107! sec (new value, 1957), 


f The reader is admonished that parity is still conserved to a 
high degree of experimental accuracy in reactions involving the 
strong interactions among nucleons (Ta57) as contrasted with the 
weak interactions leading to beta decay. The importance of parity 
conservation in nuclear reactions is illustrated in the discussion 
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TABLE III,1. Energy generation in pp chain and CN cycle. 


bb chain CN cycle 
N(p,y) determining C!2(p,7) determining 
T Eo 100 Eo Wey Eo I 
105 °K kev oe (aaz ; ) kev Log (esie x) kev Lor (ee) 
5 2.8 —0.79 13 — 11.24 11 —7.71 
10 4.5 -+0.79 20 —347 18 —0.73 
15 5.9 1.54 27 +0.30 24 +2.65 
20 7.1 2.01 32 2.67 29 4.78 
30 9.3 2.58 42 5.63 38 7.45 
40 11.3 2.94 51 7.49 46 9.13 
50 13.2 3.19 60 8.81 53 10.32 
70 16.5 3.54 75 10.72 67 12.0 
100 20.8 3.86 94 12.3 84 13.5 
which is 29% less than the value given by Salpeter consumed per reaction is 
(Sa52a) and used by Bosman-Crespin e/ al. (Bo54) in d d 
numerical calculations. These numerical values should 1 dxn 
p —— NT, x 13 soc! 
thus be reduced by 29%. The over-all probable error, P» CH) tn di “18 (ct) DRE 


taking other sources of error into account, can be con- 
servatively estimated as 10%. The cross-section factor 
becomes 


S= 28.5 (1-+0.008£) X 10-* kev barn + 10% 
for £ in kev or 
So= 28.5 (1+0.0087,') X 10-? kev barn +10%. 


The correction term in Æ or Ts? arises from the de- 
pendence on energy of the beta-decay transition prob- 
ability, and in addition from small corrections to the 
barrier penetrability when a nonzero interaction radius 
is assumed. It is accurate only for Æ x< 100 kev or T « 10? 
degrees. At laboratory bombarding energies for EZ 1 
Mev, .S—-2E**x10-? Mev barn, c--3£E,* 5x 10 barn. 
In the following discussion it is convenient to use a 
quantity «55, which is involved in the reaction rate and 
is given by 


asp pf op Ts 3(14-0.0127514-0.008734-0.000657) 
Xexp(— 33.8047 5-3) 23: 10075 


Ts 3.95 
20x15, (7) near T$—15. 
5 


The electron screening factor, f,,, can be taken as 
approximately equal to unity for 7528. The quantity p 
is the density and vy is the concentration by mass of 
hydrogen. The correction terms in Tę? and Ts arise in 
integrating over all the interaction energies. The first 
has been discussed by Salpeter (Sa52a) and the second 
comes when the energy dependence of S is included to 
first order in the integration. The reaction rate in 
reactions per gram of material per second is Cp pH 
multiplied by a numerical factor derivable from So, viz., 


7,5577 0.833a, rn X 10" reactions g~! sect 


ile the mean reaction rate per proton with iwo. 
whi CC-0. Gurukul Kangri Univerath OA Mar 


If the pp chain is completed then the energy release in 
the over-all process, 4H'—He', is 26.22 Mev= 4.201 
X10-* erg, using the atomic masses of Wapstra 
(Wa55). This value excludes the 2% neutrino energy 
loss. The expression for the energy generation, €pp, is 
then given by 


€pp 7 0.9 X 4.201 X 10-7, ergs 
or 
€pp= 1.75apptu*X 109 ergs g^! sec? 


(4H'He'). 


This energy generation as a function of temperature is 
tabulated in Table III,1 and is indicated graphically in 


STELLAR ENERGY GENERATION 
HYDROGEN- BURNING 


€ IN ERGS GR"! sec! 
Li 


TEMPERATURE IN 10° DEGREES 


Fic. III,1. Energy generation in ergs g-! sec“! as a function. of 
temperature in the pp chain and the CN cycle. The ordinates give 
loge directly for oxm?f55— 100 g/cm, pxuxyfy=1 g/cm? or 
pxuxcfo= 1 g/cm’. They are thus appropriate for xx. x(N!*) or e 
= x(Cl)~0.8x(C2-+C¥) — 0.01xg. If N! (p,,) is resonant the CN- 
cycle rate is determined by C#(p,+) and xe=0.8xen- If NHC py) is 
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TABLE IIT,2. Mean lifetimes or cycle times in hydrogen burning (years).^ 
Logexefor(H) | Logexwfxr(H) Log (pxyfr/100) 
m H! H! H: T 
10° °K C2(p,y) N4(p,7) pp chain cr Nu ow Ne? Nen Nen (10* °K) 

5 +19.0 +22.5 +12.09 +16.5 20.0 5 
10 12.0 14.7 10.51 9.53 12.2 10 
15 8.63 11.0 9.76 6.15 8.44 10.8 15 
20 6.50 8.61 9.29 4.02 6.07 8.24 43-10.92 +12.41 + 10.62 20 
30 3.83 5.65 8.72 1.35 3.11 4.99 7.28 8.63 6.76 30 
40 2.15 3.79 8.36 —0.33 1.25 2.94 5.02 6.25 4.32 40 b 
50 0.96 2.47 8.11 — 1.52 —0.07 1.49 3.42 4.55 2.55 50 
70 —0.72 0.56 7.76 —3.2 —1.98 —0.50 1.20 2.18 0.05 70 
100 —2.22 — 1.00 7.44 —4.7 — 3.54 —2.37 — 0.80 0.02 — 2.33 100 


a O!* and Ne? lifetimes based on results of Ta57a and Pi57a. 


Fig. III,1, where it is compared with that for the CN 
cycle, which is discussed in Sec. III F. 

If the chain goes only to He*, as might be the case in 
limited times at low temperature, then the energy 
release in 3H'—He? is 6.68 Mev=1.070X10- erg and 


Epp =0.89appX 10° ergs g` sec! (3H'—He?). 
The mean lifetime of hydrogen in the pp chain becomes 
Tpp(H) = 1.14 (a5 xn) X 10° years 


— 1.99 (xn/€55) X10" years 


1.99 10° 100 
Epp 


— years, 
pxn 


= FG. III, 
i in hydrogen. b 
nuclei e gi 
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where E,, is the quantity tabulated by Bosman- 
Crespin e/ al. (Bo54) decreased by 29%. It will be re- 
called that pxy~100 g/cm? at the center of the sun and 
similar stars. Hydrogen lifetimes at relevant tempera- 
tures are given in Table III,2 and Fig. III,2. 

The recent detection (Re53, Co56a) of the free anti- 
neutrino through absorption by hydrogen in the 
reaction 


v_-+ $8*-4-n— 1.804 Mev 


has led to increased confidence in Fermi's neutrino 
theory of beta decay, and thus in the theoretical calcu- 
lations of the rate of the pp reaction which have just 
been discussed. In addition, the interesting possibility 
arises of investigating antineutrino capture in deu- 
terium in processes which would be inverse to the direct 
pp reaction. Since antineutrinos are produced in the 
negative beta decay in a neutron reactor, observation 
of the following reaction 


v++d—p+ p+B-— 1.443 Mev, 


which is directly inverse to the pp reaction, would re- 
quire that antineutrinos and neutrinos be identical. 
Recent experiments (Aw56), which show that the half- 
lives of Ca‘® and Zr*® to double beta decay are 210" 
years, indicate that this is not the case. In addition, if 
v_~v,, the reaction Cl§’7+-y—A%7-++6- would not be 
expected to take place and this has been shown to be 1 
the case (Da56). Also, the »;+d process would be very 
difficult to detect over background because the energy 
given to the protons and to the electron will be dissi- 
pated promptly in electronic collisions. The process will 
not have a distinguishing signature as does the anti- 
neutrino absorption by protons, where the slowing down 
of the neutron gives an observable delay up to as much 
as 17 usec (Co56a) between the positron annihilation 
energy release and the neutron capture energy release. 

On the other hand, the ‘‘mirror-inverse” process to 
the pp reaction, which is 


y --d—n--n4-8*— 4.029 Mev, 


can be induced by reactor antineutrinos of sufficient 
energy and it will have a signature even more distinctive 
than that for {he absorption in light hydrogen. Only 
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small fraction of the reactor antineutrinos have energies 
above the threshold for this process and thus it will be 
much more difficult to observe than the absorption by 
protons. In fact, in the current experiments by Cowan 
el al. (Co56a) deuterium is used in place of part of the 
hydrogen in order to show that the observed events are 
directly proportional to the proton concentration. 
While this paper has been in preparation, two papers 
have appeared on the antineutrino disintegration of the 
deuteron (Mu57, We57) which give the effective cross 
sections for reactor neutrinos as ¢(v_+ p) 2 6X 10-*! cm? 
and e (v d-d) — 2X 10-55 cm?. These must be multiplied 
by a factor of 2 in order to account for parity-noncon- 
serving beta transitions. In any case the deuteron dis- 
integration cross section is only 1/30 of that for the 
proton. However, if the mirror inverse process can 
ultimately be observed, the observation would consti- 
tute fundamental experimental confirmation of the very 
general ideas underlying the pp process. Nole added in 
proof.—Cowan and Reines (Co57a) have not been suc- 
cessful in detecting the »v_+d reaction but their experi- 
mental upper limit of a (v. .--d) — 4X 10755 cm? does not 
exclude the theoretically expected value given above. 


(2) Other Reactions in the pp Chain 


New measurements of the cross section for D?(p,y) 
have been reported (Gr55) since the review by Fowler 
(Fo54), but these new values do not necessitate any 
significant change in the value of the cross-section factor 
given there (5,— 8X 10-5 kev barn). The final results 
for the He*(He*,25)He! cross section have been pub- 
lished (Go54). The value of 2.5X 10-5 barn at Ej — 200 
kev or Eem= 100 kev yields a cross section factor equal 
to 1200 kev barn. Fairly substantial corrections for non- 
zero radius of interaction in the barrier penetrability 
energy dependence and for electron shielding effects 
will increase this to an effective value, .$,— 2000 kev 
barns, at relevant stellar energies. 


C. Pure Helium Burning 


When hydrogen burning in a star's main-sequence 
stage leads eventually to hydrogen exhaustion, a 
helium core remains at the star's center. It has been 
suggested (Sa52, Sa53, Op51, Op54) that the fusion of 
helium plays an important role in energy generation 
and element synthesis in the red-giant stage of the 
star's evolution. The fusion occurs through the processes 

He'J4- Het— Be? 


Be*-- He Cis cnP--» 
or, in a more condensed notation, through 
SHer y, 


We refer to this as the 3a reaction. These processes 
are believed to occur at a late stage of the red giant 


9 


CC-0. Gurukul Kangri University Haridwar Collection. Digtized by : 


IN STARS 565 
evolution in which the hydrogen in the central core has 
been largely converted into helium, and in which gravi- 
tational contraction (Ho55) has raised the central tem- 
perature to —105 degrees, and the density to ~105 
g/cc. Under these conditions, as shown by Salpeter, an 
equilibrium ratio of Be* to He‘ nuclei equal to ~10-® 
is established. This conclusion followed from experi- 
mental measurements (He48, He49, To49, Wh41) which 
established the fact that Be? was unstable to disintegra- 
tion into two alpha particles but only by 95 kev with 
an uncertainty of about 5 kev. 


(1) Rate of the 3a Reaction 


Even though very small, the equilibrium concentra- 
tion of Be? is sufficient to lead to considerable produc- 
tion of C? through radiative alpha-particle capture by 
the Be’, and of O!5, Ne”, etc., by succeeding alpha- 
particle captures. Salpeter's calculations, in which reso- 
nance effects due to the Be* ground state were taken 
into account, indicated a rate for the helium-burning 
considerably greater at a given pressure and tempera- 
ture than that previously calculated by Opik using 
nonresonant reaction rates (Op54). Detailed considera- 
tion of the reaction rates and of the resulting relative 
abundances of Het, C?, and O'* led Hoyle (Ho54) to the 
prediction that the foregoing second reaction, in which 
C? is produced, must exhibit resonance within the 
range of energies at which the interaction between Be? 
and He* effectively occurs. Hoyle's predicted value for 
the resonance energy was 0.33 Mev, corresponding to 
an excited state in C? at 7.70 Mev. 

It recently has been shown (Fo56, Co57) through the 
studies of the alpha emission following the beta decay 
of B” to the second excited state of C”, that this state 
does decay into three alpha particles through an inter- 
mediate stage involving He‘ and the ground state of 
Be’. The general reversibility of nuclear reactions thus 
leads one to expect that C? will be produced in the 
Salpeter reactions given above and that the second 
excited state of C? does indeed play a dominant role 
in the synthesis of elements from helium, as predicted | i 
by Hoyle. 

The experiments reported (Co57) show that 
Q(Be5—2He!)—93.72-0.9 kev, that the excitat 
energy of C?* is Q(C?*— C!) — 7.653+0.008 Mev, 
Q(C#*— Be5— He*) 2 278-E4 kev, Q(C?*—3He* 
+4 kev, and that the most probable spin and | 
assignments for C*?* are O+. The state must have e 
even spin with even parity or odd spin with h odd 
parity. Otherwise, by the conservation of a ang lar 9- 
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stable C. The reaction rate per alpha particle is 


mo 1 ae 
M eee cn 
2 Pye) AA 
a TJ. 
2053 c E MB 
MET DHr 


Xexp(— Q/RT) sec, 


where the appropriate Q is Q(C?*— 3He*) — 3722-4 kev. 
Numerically : 
1 


———-— 2.37 
T3a( Het) 


P:a(He*) — 


Ty 43.2 
X 10-4 (ox4)* — ew( ——— 
Tg fi 


8 8 


sec, 


where T, is in ev and Ts is the temperature in units of 
105 degrees. Electron screening will increase this rate 
by a small factor. Using Salpeter's expression for weak 
screening (Sa54), we find that fa;c-exp0.88(ps/ T ?)!, 
where p; is the density in 10° g/cm?. Kavanagh (Ka56) 
finds that TaT, for C?*, so that I’. does not appreci- 
ably influence the reaction rate numerically. Farrell 
(Fa57), Salpeter (Sa57), and Hayakawa et al. (Ha56b) 
have calculated T, on a reasonable model for states of 
C? and find T',—0.001 ev. If the y radiation is highly 
forbidden then r, must be replaced by the width for 
pair emission by C?*. From the inelastic scattering 
(Fr55) of high-energy electrons by C? this can be calcu- 
lated (Fr56, Op39) to be D.,725X 10-5 ev. 

The present rate is in reasonable agreement with that 
given by Hoyle (Ho54), although it is worth pointing 
out that two changes have been made from these earlier 
calculations. Formerly T, was taken as 1 ev, thereby 
exaggerating the reaction rate. On the other hand, 


pf =10°9/cm> 


L0G jo LIFETIME (YEARS) 


Ne 


10 12 14 16 18 20 
T inlO® DEGREES 


^ 


3. Mean lifetimes in years for various nuclei in helium 

i C "4 function of temperature. The curves are drawn in 

burning as @ —1 and p/—10* g/cm’. The Het lifetime to 
Ao. versely proportional to (oxa)*faa. The other life- 

ely proportiomgl.éogtafui Kangri University Haridwar Coll 


FOWLER, AND HOYLE 
the resonance level was formerly taken such that 
Q(C?*—3He*)—420 kev. This reduced the reaction 
rate by an amount that closely compensated for the 
error in I. 

The energy generation, with Q(3He!— C?) — 7.281 
Mev-— 1.165X 1075 erg, becomes 


ny 43.2 
€3a = 1.39 X 10" (P xa) fsa — exp( — ) ergs g ! sec. 
Tg T 


8 


If the C? formation is followed by rapid production of 
O' and Ne? then Q(5He!— Ne?) = 19.18 Mev- 3.072 
X10-* erg and the numerical coefficient in the above 
equation becomes 3.6610". Salpeter (Sa57) and 
Hayakawa et al. (Ha56b) have shown that this rate of 
energy generation is ample to supply the energy emitted 
by a star while it is on the tip of the red-giant branch 
when p~10° g/cm’, xa~1, and 710? degrees. Under 
these conditions e34— 600 ergs g^! sec^! and es, 1500 
ergs g ! sec}. 
v 


(2) Rate of the C*(a,y)O' Reaction 


The C? produced in the helium fusion can capture an 
alpha particle to form Oê and thus continue the element 
synthesis. The binding energy for an alpha particle in 
O!* is 7.148 Mev, so that this process proceeds mainly 
through the bound state in O!^? at 7.116 Mev. This state 
has spin and parity equal to 1~ and thus the alpha 
capture by C? (0*) is a p-wave capture and the radiation 
to the ground state of O!*(0*) is electric dipole. The 
probability for this radiation is somewhat reduced by 
the isotopic spin selection rule for 7"— 0—0 for electric 
dipole transitions. Swann and Metzger (Sw56) find the 
mean lifetime of the state to be 0.5. .9,7* 5» 10^! sec, 
or 420.13 ev. The reduced alpha particle width for 
the state can be taken as 0,?— 0.1 with a probable varia- 
tion of a factor of 10 either way (Aj55). The cross- 


section factor becomes 
3.8107 
S o= ———— —— kev barns 
(E,4-32)? 


for E,— 199 T3! kev. The reaction rate per C? nucleus is 


= pa(C")=—— 
TACH) a 


=1.44X 10 pxaSo Ts? exp(—69.19T 3-3) sec"! 
DXa 

e iL C10) — — ——— 

T£ (12-0.167-3)? 


Xexp(— 69.1973?) sect. 


If a screening term is introduced it will be the same as 
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(3) Further Alpha-Capture Reactions 


The rate of the O!5(a,y) Ne? process depends critically 
on whether the excited states in Ne” at 4.95 and 5.62 
Mev have the proper spin and parity (even-even or 
odd-odd) to be formed by O! and the alpha particles 
in their ground states. These states probably have 
even parity and even spin and since they occur at 204 
kev and 874 kev, respectively, in O!-+qe@ and since 
E, 246T3 kev it is clear that for T Z 108 degrees they 
will act as resonances in the conversion of O!* into Ne? 
Production of Ne?? in comparable or greater amounts 
than O!5 in helium burning is thus to be expected. 
Resonances can also be expected to occur in Ne? 
(a,yy)Mg™ but the Mg? production will be small 
because of the large barrier factor for alpha particles. 

In Fig. IIL,3 and Table IIL3 we show the mean 
lifetimes versus temperature for the 3He'—C? and 
C¥(a,y)O! reactions as calculated above, as well as 
the lifetimes for O!*(a,y)Ne? and Ne(a,y)Mg** as 
calculated by Salpeter (Sa57). Salpeter uses a dimen- 
sionless alpha-particle width, 0,?— 0.02, for O!*(e,y). 
We have taken 0,7—0.01 for Ne?(e,y) and have 
modified his calculations accordingly. We also show in 
Fig. IIL3 the nonresonant 3He'—C" lifetime to il- 
lustrate the large factor arising from the resonance 
predicted by Hoyle. 

In comparing the rates of the helium-burning reac- 
tions with the atomic abundances of C?, O!5, Ne??, and 
Mg* two points must be borne in mind. In the first 
place only the rate of the 3He'—C?^ is known from 
experimental evidence to better than a factor of ten. 
The others are very uncertain and one of the most 
pressing current problems in element synthesis is the 
need for experimental measurements on C(a,y), 
O! (a,y), and Ne? (ay). Measurements at high energies 
(2-5 Mev), where the reactions can be easily detected, 
are needed to serve as guides in extrapolating to lower 
stellar energies (0.2-0.5 Mev). Such measurements 
are planned in the near future at the Kellogg Radiation 
Laboratory. 

In the second place, the relative rates of the reactions 
depend critically ,on temperature, and thus different 
astrophysical circumstances will lead to marked dif- 
ferences in abundance ratios. Helium burning can 
result, for example, in large or small C?/Ne? ratios. 
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At the same time it is clear from Fig. IIL3 that ir 
the region 1.0 to 1.3310? degrees the reaction rate: 
are all of the same order of magnitude within th: 
present uncertainties except for the very slow produc 
tion of Mg" from Ne?., Thus the atomic abundanc 
ratios of C?:0!5:Ne?: Mg%=1:6:2:0.2, given b; 
Suess and Urey (Su56), or 1:5:8:1, given by Alle 
(Al57a) for early-type stars, are reasonable value 
on the basis of the synthesis of these elements i 
helium burning. Also other processes are involved 
A considerable amount of C! has been converted int 
N” by the CN cycle (see Secs. III F and XI A); Mg 
has been produced in the a process (see Sec. III D 
which consumes O!5 and Ne?^, and so on. 


D. « Process 


As has just been discussed, helium-burning syn 
thesizes C?, O'5, Ne”, and perhaps a little Mg”. Thi 
occurs at temperatures between 105 and 2 105 degree 
and results in the exhaustion of the helium produced i 
hydrogen-burning. An inner core of C?, O!5, and Ne 
develops in the star and eventually undergoes gravita 
tional contraction and heating just as occurred pre 
viously in the case of the helium core. Calculations « 
stellar evolutionary tracks have not yet been carrie 
to this stage, but it is a reasonable extrapolation « 
current ideas concerning the cause of evolution int 
the giant stage. Gravitation is a “built-in” mechanisi 
in stars which leads to the development of high temper: 
ture in the ashes of exhausted nuclear fuel. Gravitatio 
takes over whenever nuclear generation stops; it rais: 
the temperature to the point where the ashes of tl 
previous processes begin to burn. Implicit in th 
argument is the assumption that mixing of core an 
surrounding zones does not occur. 

No important reactions occur among C^, O!5, ar 
Ne” until significantly higher temperatures, of tl 
order of 10? degrees, are attained. Two effects the 
arise. The y rays present in the thermal assemb 
become energetic enough to promote Ne”(y,a)O 
This is the first (y,æ) reaction to occur since the alph 
particle binding in Ne? is only 4.75 Mev, while it 
7.37 Mev in C? and 7.15 Mev in O!. The proton am 
neutron binding energies in these nuclei are 12 to 
Mev, so that (y,o) precedes (y,p) or (y,n). The alp- 


TABLE III,3. Mean lifetimes in helium burning (years). 


T Los| 55: | fear (Het) Loge , 
105 °K 3He!-Ci? C? (a) N4(a,7) O16 (a, y) Ne” (ay) C3 (a,n) Net (œn) 
Cer) O Ner) . ONG) ASe M GI Con NN E 
70 4:15:47 +11.1 +13.6 11.6 17.9 +5.44 +16.3 
100 7.90 7.57 9.60 7.5 12.6 1.93 10.86 
120 .5.01 5.94 7.78 5.9 10.1 0.31 8.31 
150 2.18 4.09 5.70 44 7.3 —1.54 . 5.41 
175 0.59 2.90 4.36 3.5 5.5 —2.73 3.59 
200 —0.58 1.91 3.26 2.9 4.0 —3.71 2.03 
250 —2.16 0.39 1.54 2.0 1.7 —5.23 —0.38 
300 —3.18 —0.77 0.23 1.5 —0.1 — 6.39 —2.20 
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particles thus released can now penetrate the Coulomb 
barrier of the remaining Ne? quite readily at 10? 
degrees, thereby forming Mg?. The resulting transfor- 
mation is strongly exothermic, viz. : 


Ne?-4-,—0!*4-He!— 4.75 Mev 
Ne?-- Het2Mg?'4-y4-9.31 Mev. 
Combining these two equations yields: 
2Ne*0!'4- Mg?'--4.56 Mev. 


Of course, a proportion of the released alpha particles 
is consumed in scouring out the C? and forming O'*. 
The result is the formation of additional O' and Mg”; 
this is highly favored on a statistical basis even though 

complete equilibrium is not attained. 
The addition of the alpha particles released from 
the Ne” need not be limited to the formation of Mg”. 
| Thus, once some Mg?! is produced we also expect Mg?- 
: (a,y)Si** to take place, since it is also possible to pene- 
trate the Coulomb barrier of Mg?! at temperatures of 
order 10° degrees. Again, once an appreciable concen- 
tration of Si is built up, we expect Si*§(a,y)S*” to 
take place in some degree, and so on for the production 

of A** and Ca“. 

i This is the a process marked in Figs. I,1 and I,2, 
| and responsible, in our view, for building, in decreasing 
proportion, the a-particle nuclei Mg”, Si*?, S*?, A99, and 
Ca“. Their relative atomic abundances are indicated 
in Table IIT,4. The abundance of Ne? is included for 
comparison. The proportions decrease in general along 
this sequence, partly because the production of any 
member of the sequence does not take place in an 
appreciable amount until the preceding member has 
first been produced in considerable concentration, and 
partly because Coulomb effects become increasingly 
inhibitory as larger and larger values of Z are reached, 
even at temperatures somewhat above 10° degrees. 
The nuclei produced in the o process stand out in 
abundance above other neighboring nuclei. This is 
made clear in Fig. VI,1 which is discussed in Sec. VI 
in connection with the neutron-capture s process which 
synthesizes these nuclei. Mg”, Si’*, etc., are much too 
abundant to have been produced in the s process. 
The œ process is of course, very similar to helium 
burning. We differentiate the two processes on the 
basis that the alpha-particle sources are quite different 
in the two cases. Detailed calculations on the rates of 
the a-process reactions have been given by Hoyle 
(Ho54), by Nakagawa et al. (Na56), and by Hayakawa 
= e al (Ha56b). We estimate that a progression in 
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E ative abundances of nuclei produced 
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temperature from 10? to 310° degrees, either in 
various regions or at various times in a star, will 
suffice to bring the rates of the (oy) reactions from Mg 
to Ca” into reasonable correspondence. 

The a process is, of course, an oversimplification as 
temperatures near 310° degrees are considered. 
Interactions between the heavier nuclei themselves 
must also be taken into account. It is interesting to 
note that experimental information on the cross sec- 
tions of these interactions are already becoming avail- 
able from research with high-energy accelerators 
equipped with ion sources capable of producing heavy 
ions (Ha562). 

One interesting elaboration of the a process has not 
been previously discussed in the literature. The straight- 
forward (a,y) reactions involving stable nuclei termi- 
nate at Ca“ since Ti“ with an electron capture lifetime 
of approximately 1000 years (Hu57b) is produced next. 
We have 


29Ca*?+ oHet— oT i++ af 
22 T144- e .Sc*4- V+ 
215C — pCa -} B*-4- LA 


7,771000 years 


71— 3.9 hours. 


If the alpha-capture lifetimes are greater than 1000 
years, then the foregoing decays occur before Ti" 
captures another alpha particle. Then one has 


20a“ + oHet— 2. Ti'8-+-7, 


the Ti'$ being stable. The important point is that Ti‘ 
is produced in an interaction with approximately the 
same barrier height as in the case of Ca* and thus 
these two should be of roughly equal abundance. 
This is just the case within a factor of two (favoring 
Tis!) in spite of the rapid decrease in abundance 
evident from Si’: to Ca, Some Tit! may also be pro- 
duced in the e process discussed in the next section. 

A corollary of our argument is that the time-scale 
of the a process must exceed 1000 years at Ti“. If Ti“ 
captured an alpha particle it would produce Cr‘ 
which decays through V5 to Ti'$. The unconsumed 
Ti“ would eventually decay to Ca“, and in this case 
one would expect Ca^ to be considerably more abun- 
dant than Ti'$, 
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E. Succession of Nuclear Fuels in 
an Evolving Star 


Starting with primeval hydrogen condensed into 
stars, pure hydrogen burning, pure helium burning, 
and finally the o process successively take place at the 
stellar center and then move outward in reaction zones 
or shells. When the star first contracts the generation 
of energy by hydrogen burning develops internal 
pressures which oppose gravitational contraction, and 
the star is stabilized on the main sequence at the point - 
appropriate to its mass. Similarly, the generation of 
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relative stability during the red-giant stage of evolution. 
It is assumed that mixing does not occur. This is sub- 
stantiated by the fact that, as hydrogen becomes ex- 
hausted in the interior, the star evolves off the main 
sequence which is the location of stars with homogenous 
interiors. 

At the end of helium burning most of the nuclear 
binding energy has been abstracted, and indeed the 
cycle of contraction, burning, contraction . . . must 
eventually end when the available energy is exhausted, 
that is, when the most stable nuclei at the minimum 
in the packing fraction curve are reached, near Fe*5, 
If a star which condensed originally out of pure hydro- 
gen remains stable, it eventually forms the iron-group 
elements at its center, and this “iron core" continues 
to grow with time until gravitation, unopposed by 
further energy generation, leads eventually to a violent 
instability. This problem of the ultimate instability 
is discussed, but not solved, in Sec. XII. At this point 
it suffices only to emphasize that the instability may 
result in the ejection of at least part of the “iron core" 
and its thin surrounding shells of lighter elements into 
the interstellar medium and that in this way a reason- 
able picture of the production of the abundance peak at 
the iron-group elements can be formulated. Production 
of the iron group of elements requires temperatures 
near 410° degrees, at which statistical equilibrium 
is reached, as outlined in Sec. II and discussed in detail 
in Sec. IV (the e process). 


F. Burning of Hydrogen and Helium with Mixtures 
of Other Elements; Stellar Neutron Sources 


In the previous discussion we considered the effect 
of heating hydrogen and its reaction products to very 
high temperatures. First, the hydrogen is converted 
to helium, and the resulting helium is converted to 
C?, O!5, and Ne*^. Then a particles released by (y,o) 
reactions on the Ne? build the a-particle nuclei Mg”, 
Si28, S%, A39 Ca, and also Ca" andTi!5*, Finally, at 
very high temperatures, the latter nuclei are converted 
into the iron group. Further heating of the iron group, 
although of astrophysical importance, does not lead 
directly to any further synthesis. Thus all the remaining 
elements and isotopes must be provided for otherwise 
than by a cooking of pure hydrogen. 

Very much more complicated reactions arise when 
we consider the cooking of hydrogen and helium mixed 
with small concentrations of the elements already 
provided for, e.g., C}, Ne*, Fe**, It is easy to see how 
such admixtures can arise. Since stars eject the products 
of nuclear synthesis into the interstellar gas it seems 
highly probable that only the “first” stars can have 
consisted of pure hydrogen. The results of hydrogen 
cooking in such stars would follow the lines described 

above. But once the interstellar gas was contaminated 
by this first cooking, nuclear processes would operate 
on hydrogen which contains impurities. The eventual 
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hydrogen exhaustion will lead to helium burning with 
impurities. As we shall see later, the presence of other 
nuclei can lead to highly important effects. 

In addition, hydrogen and helium may in some cases 
become adulterated with impurities even in the “first” 
stars. For example C?, Ne? built in the inner central 
regions of such stars may be circulated into the outer 
hydrogen envelopes. 'The question whether such 
mixing occurs, and astrophysical observations bearing 
on the problem, is considered in Secs. XI and XII. 


(1) CN cycle 


When C? produced in helium burning is mixed with 
hydrogen at high enough temperatures, hydrogen is 
converted to He* by the CN cycle in addition to the 
pp chain previously considered. The implications for 
energy generation in hot main-sequence stars have 
been considered by numerous authors since Bethe 
(Be39) and von Weizsiicker (We38). The reactions of 
the CN cycle are 


C? (py) NB Bt) CB 
Cn (5,y) N" 
N¥(p,7)0!8(Gty,) N" 
N¥(p,a)C®. 


These four reactions produce C™, the heavier stable 
isotope of carbon, and the two stable forms of nitrogen. 
For C?, C", and N" the (p,a) reaction is not exothermic | 
and only the (p,y) reaction occurs. At N™, the (5,0). 
reaction becomes exothermic and much more rapid 
than the (p,y) reaction, which serves only as a small 
leak of material to O!*, The N'(p,a) reaction repro- - 
duces the original CP and a true cycle of reactions is 
established. Not only does this give rise to the catalytic 
conversion of hydrogen into helium until hydrogen 
is exhausted, but it also results in the carbon and nitro- 
gen isotopes not being consumed in hydrogen burnin 
'The cross sections of the CN-cycle reactions have 
been under experimental investigation in the Kell 
Radiation Laboratory for some years and a re 
of the reaction rates in stars as known up to 195 
included in the earlier paper by Fowler (Fo54), 
numerical computations by Bosman-Crespin | 
(Bo54). New measurements of the CN-cycle reacti 
in the 100-kev range of interaction energies are 
underway by William A. S. Lamb and Ross E. H 
at the Livermore Radiation Laboratory, 
using an ion source capable of delivering sev 
milliamperes of protons in this energy ran 
of almost 1000 over the currents u ed i 
experiments. Results on C!?(p,y) are alre 
(La57) and results have also been o 
(La57a). These are the two slowest ı 
cycle and are the ones primarily 


rate of this reaction. 
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Fic. III,4. Yields of the C#(p,y) and N(5,y) reactions as a 
function of bombarding energy obtained by Lamb and Hester 
(La57) at Livermore. The N!(5,y) results were obtained using a 
titanium nitride target. In results not illustrated here the yield 
has been measured down to 100 kev where it has the very low 
value of only one reaction per 10!5 incident protons. 


cross-section curves for C?(p,y) obtained by Lamb 
and Hester. For comparison, points obtained originally 
by Hall and Fowler (Ha50) and by Bailey and Stratton 
(Ba50) are shown. All of the observations are seen 
to fit a modification due to Thomas (Th52) of the 
Breit-Wigner dispersion formula using parameters of 
e resonance at 456 kev. The new results confirm 
he original measurements, but more importantly they 
xtend the measurements to cross sections lower by a 
factor of ten and they do this with increased precision, 
so that the extrapolation to the lower temperatures 
relevant to stellar interiors (Z,~25 kev) can be made 
with much more confidence. Their cross section o= 5.2 
X 10-? barn at 90 kev is a representative one and yields 


12 
S= (—x90xs.2x10-") exp(4-188.4/ (90)!) 


Py 1.7 kev barns. 
cag 


- Extrapolation to stellar energies yields 

E. 5, 1.2::0.2 kev barns for C''(py)N* 

und by Hall and Fowler (Ha50), so that no change 
» numerical calculations of Bosman-Crespin ef al. 
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to a cross-section factor 


14 
S= (—x125x7.0x10~) exp{+219.8/(125)}} 
15 


= 2.8 kev barns. 


Their value, c—0.9X 107! barn, at 100 kev is the 
smallest charged particle cross section measured up to 
the present time. 

'This and their other values correspond to a cross- 
section factor at stellar energies equal to .$,— 3.2 kev 
barns. In the Kellogg Radiation Laboratory Pixley 
(Pi57) has made measurements on this reaction from 
220 kev up to 650 kev. His results can be interpreted 
as indicating that a narrow resonance at 278 kev, 
with width T—1.7 kev, is superimposed on a non- 
resonant background which increases with the energy 
just as the calculated Coulomb barrier penetration 
factor times the usual 1/v-term. 'The nonresonant cross 
section varies from 1.44X1077 barn at 450 kev to 
4.74X10~7 barn at 650 kev. The measured cross 
sections correspond to a cross-section factor at low 
energies given by S,=2.8 kev barns. The two sets of 
experiments indicate that the nonresonant background 
is characterized by a relatively constant S from 130 
to 650 kev. Averaging the two values given above we 
have, with a reasonable allowance for systematic 
errors, 


So=3.0+0.6 kev barns for N!!(5,y)0!5. 


This result is 12% of the value derived from the 
measurements of Woodbury, Hall, and Fowler (W049) 
near 124-kev bombarding energy, and confirms the 
finding of Duncan and Perry (Du51) that this old value 
could not be attributed to the effects of known reson- 
ances from 278 kev to 2.6 Mev. Fowler (Fo54) at- 
tributed the large value at 124 kev to the resonance 
effects of a bound level at 6.84 Mev in O, which is 
543 kev below the N+ threshold, and Bosman- 
Crespin e/ al. (Bo54) accordingly used, near 7T'— 107 
degrees, the value S,=33 kev barns for N(5;). 
'There is now no basis for this value. Accordingly, 
the tabulated values of Bosman-Crespin et al. for N"- 
(p,y)O must be multiplied by ~0.09. On this basis 
the N'5(5,y) reaction is very much slower than C" (5,y). 

Lamb and Hester (La57) obtain preliminary values 
for the cross section for C? (5,y) which are about twice 
those which were obtained by Woodbury and Fowler 
(Wo52). Until this discrepancy is cleared up it is 
recommended that the reaction rates given by Fowler 
(F054) be employed with some caution. No new meas- 
urements are available on N?5(5,o) and the rates given 


by Fowler (Fo54) can be employed. Cross-section fac- = 


tors given by Fowler (Fo54) are: 
$,76.12-2 kev barns for C (p,y)N", 
mdh tta Kah kex barns for N%(p,a)C¥. — - 
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In spite of the concordance of the new off-resonant 
measurements for N'!(5,y) there still exists the vexing 
problem as to whether resonance occurs in N(5,y)O!5 
in the region of stellar energies corresponding to an 
excitation energy in O! near 7.372:0.03 Mev. Known 
levels in O!5 near this excitation occur at 6.84, 6.90, 
7.61 (+), and 8.33 Mev ($+). The spin and parity 
assignments for the last two levels come from studies 
of the N'(5,5) scattering by Pixley (Pi57) and by 
Hagedorn et al. (Ha57). The 7.61-Mev level is the level 
investigated in detail at 278-kev bombarding energy 
by Pixley. It is too narrow and too far removed to 
influence the cross section at 7.37 kev. In the mirror 
nucleus N/5, which has been investigated more com- 
pletely, levels occur at 7.16 ($+), 7.31 ($*), 7.58 ($*?), 
8.32 (4+), and 8.57 Mev ($+). The spin and parity 
assignments are the results of a recent comparison of 
shell model calculations with experiment by Halbert 
and French (Ha57a). In the light of the spins and 
parities and of the expected large level shifts (Th52) 
it can be convincingly argued that the last two levels 
correspond to the last two indicated above for O. 
One of the other three has not been found in O. 
Considerable work has been done on this problem 
in the last few years, but no new level has been found 
in this region in O55, and a possible explanation lies in 
the level shift phenomenon. However, the research 
has not been exhaustive and it is still possible that a 
level falls in the range 7.37-+-0.03 Mey, where it would 
serve as a resonance at stellar energies and thus would 
possibly enhance by a considerable amount the N“(,7) 
reaction rate in main-sequence stars. 

If resonance in NU (p,y) occurs then the reaction could 
be much more rapid than C?(5,y), in which case the 
over-all rate of the CN cycle is determined by this last 
process. In this case the energy generation is that 
given as ec by Bosman-Crespin eż al. (Bo54), 


ec — (3.182c0.54)acxnxc X 1077 ergs g sec, 


where xc is the fraction by mass of C". This is about 
81% of the total carbon, C? plus C5, and there will 
be very little nitrogen. Thus xc ~0.8xcn. The quantity 
ac is given by 


oc — p fc (T«-34-0.017) exp(— 136.975-3) 
Ts 
15 
with the electron shielding factor given by Salpeter’s 


strong screening formula (Sa54) as fo= exp (0.98p3/ Te). 
The mean lifetime of hydrogen becomes 


vc (H) = 1.90 (xn/ «c) X 10" years 
while for C? the mean cycle time is teal 


ru (C33) =0.63 (xc/ ec) X10" years. 


17.9 
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Fic. III,5. The cross sections of the C"(p,y) and N!'(5,y) 
tions at low bombarding energies. The early results on C!#(p. 
of Bailey and Stratton (Ba50) at the University of Minnesota, 
and of Hall and Fowler (Ha50) at the California Institute of 
Technology are compared with the new and more accurate resul 
of Lamb and Hester (La57) obtained at the University of Ca 
fornia Radiation Laboratory, Livermore. A modification of the 
Breit-Wigner dispersion formula by Thomas (Th52) based 
parameters of the resonance at 456 kev is found to fit the exp: 
mental result very well. Note the extremely low cross s 
107!! barn measured experimentally by Lamb and Hester. 


On the other hand, if resonance does not oc 
N'(5,y) then we must use the new value for S, alre: 
given. Ignoring all small correction terms and de 


QN pfx To? exp(— 152.37 573) 


strong screening expression as fy 
then the reaction rate of the 
material per second becomes 
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The energy release per cycle, excluding the 6% neutrino 
energy loss, is 25.04 Mev-—4.011X10-* erg using 
Wapstra's masses (Wa55), so that the rate of energy 
generation can be written 


ex = (0.786+0.16) (anxnvn) X 10° ergs g sec. 
The mean lifetime of hydrogen becomes 


tn (H) 2 1.90 (xn/ ex) X10" years 
= (2.42+0.48) (anxn) X 1077 year, 


while for N” the mean cycle time is 


TR (N) — 0.55 (xx/ex) X 10" years 
= (0.70+0.14) (anxn) X 107? year. 


At the present time the rate of energy generation by 
the CN cycle can be taken as lying between the wide 
limits given by ex and ec. Since resonance has not been 
established in N'(5,y), the best guess is ex. Values 
Íor ec and ex and the various lifetimes and cycle times 
are given in Figs. IIT,1 and III,2 and in Tables III,1 
and III,2. 

Because of the uncertainty in the resonance problem 
in N'Ü($,y) it is reasonable to employ astrophysical 
arguments in search of a more definite answer concern- 
ing the rate of the CN cycle. Let it be assumed that 
the observed cosmic abundances of N?' and C? have 
been produced at equilibrium at temperature 7 from 
C? in the CN cycle. Then if .$,—33 kev barns (Fo54) 
for N'(5,y) and S,=6.1 kev barns (Fo54) for C? (5,y) 
it can be calculated that the relative numbers of 
nuclei are given by 


NM/C9—[133/T, ].. 


'The relative abundance given by Suess and Urey 
(Su56) is 
N4/C#= 168. 


The temperature giving this ratio is approximately 107 
degrees. At this temperature the C? cycle time is 
3X10? years for pxu— 100 g/cm?, so conversion of C? 
to C? or N“ will occur only in old stars. 

With the lower limit of S,=3.0 kev barns for N” 
(p,7) it is found that 


N4/C8=[440/Ts}. 


The temperature corresponding to the observed relative 
abundance is —-T'— 3.4 X 10’ degrees. This value is close 
to the temperature believed to hold in the hydrogen- 
— burning shells surrounding the helium cores of red giant 
! E (Ho55). It is perhaps reasonable astrophysically 
5. gue that this constitutes the last situation in which 
A dn d N“ are in equilibrium under hydrogen-burning. 

d e. nd N“ from these shells will be ejected into 

Ecc bility arises in the stellar interior. C? 
in the helium region after the 
hydrogen are consumed in helium burning 


3 : m and NH (o, y) cy ciis 
E. 2 See Ce 
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argument, the lower limit for S, would seem to be the 
preferred value. 

With the new value for Se for N"(5,y) it is found 
that the CN cycle rate will exceed that for the pp 
chai only in stars with central temperatures over 
18X 10° degrees. The existence of nitrogen-rich peculiar 
stars, as discussed in Sec. XI, is to be expected on this 
basis since at equilibrium in the CN cycle we now 
have 


NH/C? —- [200/7, |* 


so that N7»CP at all reasonable temperatures (T, « 40) 
for hydrogen burning. Stars in which carbon from the 
helium-burning cores has been passed slowly enough 
through hydrogen-burning zones and then mixed into 
the outer atmosphere will show a much greater over- 
abundance of nitrogen than of carbon. The C/C! 
ratio by number should be 4.6 for the carbon in such 
stars. On the other hand, stars in which C?, O!5, and 
Ne”? from helium-burning zones were mixed quickly 
without hydrogen-burning into the envelope would 
show anomalous abundances of these isotopes and not 
necessarily of N™ or C®. The ratio of C/C? might be 
quite large in such stars. These points have been em- 
phasized by Greenstein (Gr54a) ; see also Sec. XI A. 

Finally, with the new nonresonant value for N"- 
(p,y) the CN cycle is very slow in the sun. The recent 
inhomogeneous model calculations of Schwarzchild, 
Howard, and Härm (Sc57) which use only the pp chain 
need not be modified to include CN cycle processing 
of hydrogen except for the cases involving rather low 
values of the initial hydrogen content. D. E. Oster- 
brock (private communication) has kindly made dif- 
ferential corrections to the calculations of Schwarzs- 
child eż al. using the pp reaction and N" (p,y) reaction 
rates given in this paper. He finds 7',—15.4X10? 
degrees and p.=147 g/cm? for an original hydrogen 
content of 80% by mass. These values replace T',— 14.8 
X109 degrees and p.-=132 g/cm?. For the present 
values xg—0.30 and acn=0.003 at the solar center 
he finds €,,— 5.25 ergs g^! sec! and ecn=0.20 erg g^ 
sec. Thus the CN-cycle energy generation is only 
about 4% of that of the pp chain at the center and is 
less than this value on the average. 


(2) Other Hydrogen-Burning Reactions 


The reactions of protons and other light nuclei have 
been discussed by Fowler (Fo54) and by Salpeter 
(Sa55) and most recently by Marion and Fowler 
(Ma57). The rapid destruction of the lithium, beryllium, 
and boron isotopes in hydrogen burning, the end result 
being the production of helium, is well known and will 
not be discussed here, though some of the problems 
which this raises for synthesis of these elements are - 
discussed in Sec. X. 

At the temperatures occurring in the hydrogen- | 
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N“ by 
O'* (py) F^ (Bv, )O" 
OU (5,a) N2-1.20 Mev (exothermic). 


The N" is then processed by the CN cycle. When the 
small leakage due to N!5(5,y)O!* from the CN cycle 
is taken into account with the above reactions one has 
a generalized CNO cycle. 

For O'(p,y) Tanner and Pixley (Ta57a) give the 
preliminary value 


S, 44-2 kev barns for O!5(5,y) 
so that the lifetime for O' in hydrogen burning becomes 


TH (O19) ES (aoxu)- X 10-17 year, 
where 
ao-— pT. exp(— 166.7 Ts). 
Here we have neglected the weak electron shielding 
expected to hold in high-temperature, low-density 
shells. Since O'*(5,y) is followed rapidly by OY (p,a) 
and by hydrogen processing in the CN cycle, the hydro- 
gen lifetime will be the same as that for O!5. Whenever 
O! burning is not complete, a small amount of O” 
(7107 XO!$*) remains in equilibrium with O!6. This 
may be sufficient to account for the small concentra- 
tion of O7 —4X 107XO!* observed in the oxygen iso- 
tope ratios. Apparently, not all of the O'* and O” 
have been destroyed in the hydrogen-burning shells of 
the giant stars during the relatively short life of 
this evolutionary stage. On the other hand, O!5—2 
X107X O!5 is not produced in sufficient abundance by 
OV (5,y)F!5(8*»,)O!5 since the (p,a) reaction is much 
faster than the (5,y) for OY. 
The burning of Ne? in hydrogen is followed by the 
NeNa cycle which is somewhat similar to the CN cycle, 


Ne? (5,y) Na? (8v, )Ne^ 
Ne? (5,y)Na? (8*v.,)Ne* 
Ne? (5,y)Na? 
Na? (p,a)Ne”. 


New calculations based on recent experimental informa- 
tion have been made for the rates of the NeNa-cycle 
reactions by Marion and Fowler (Ma57). It is found 
that Na*(p,a) is considerably faster than Na? (5,y), 
so that little leakage from the cycle occurs to Mg™. 
A method of obtaining the reduced nucleon emission 
widths for the corresponding levels of mirror nuclei 
is presented and is used in particular in the calculation 
of the Ne” (5,y) reaction rate. It is found that a bound 
level in Na?! at Ne*°+- p— 26 kev markedly enhances the 
rate of this reaction and that S,~12 kev barns at the 
temperatures of hydrogen-burning shells. Results of pre- 
liminary measurements by Pixley, Hester, and Lamb 
(Pi57a) increase this to 

Sens kev barn. Nese) 
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Substantial quantities of Ne?' are produced at the ele- 
vated temperatures occurring just before the hydrogen ? 
is exhausted in such shells. This will be true only if the a 
carbon, nitrogen, and oxygen isotopes are relatively 
rare so that hydrogen is not processed too rapidly 
before the Ne” can be burned. The Ne”! thus formed 
becomes important in the subsequent helium burning 
when the reaction Ne”! (a,n)Mg™” may serve as a source 
of neutrons for heavy element synthesis. 

The mean lifetimes or cycle times of the light nuclei 
in hydrogen-burning are summarized in Table IIL2 
and Fig. IIL2. 


(3) Helium Burning with Reaction Products ; 
Stellar Neutron Sources 


The primary products of pure helium burning are 
C?^, 0!5, and Ne? When these are subjected to further 
hydrogen burning, production of all of the stable iso- 
topes from C" to Na”, with the exception of N!5, O!5, and 
F”, is accounted for. Production of these three excep- 
tions is treated at the end of this section. In hydrogen 
burning, cyclic processes are established which trans- 
form the hydrogen into helium without consuming 
the cycling, catalytic nuclei. Exceptions are O'* and 
O"; these nuclei are consumed in hydrogen burning 
so it is clear that a proportion of these isotopes originally 
produced has not been subjected to terminal hydrogen 
burning. 

Exhaustion of the hydrogen by the cyclic processes 
eventually means that the unconsumed isotopes of 
carbon, nitrogen, neon, sodium, and perhaps oxygen, 
will be mixed with helium. Upon contraction the mix- 
ture comes to a temperature at which helium begins 
to interact with these nuclei. Numerous reactions 
occur but by far the most significant are the exothermic 
(a,n) reactions which provide a source of neutrons for 
the s and r processes by which the heavy elements can 
be synthesized. 

The first stellar neutron source was proposed by 
Greenstein (Gr54) and by Cameron (Ca54, Caos 
namely the exothermic reaction: 


C! (q,2)O%+ 2.20 Mev. 

To this, Fowler ef al. (Fo55) added the exoth 
(a,n) reactions involving the A=4n+1 nuclei, v 

O" (a,n) Ne?--0.60 Mev > 

Ne? (en) Mg"+-2.58 Mev | 

Mg? (o,n)Si*4-2.67 Mev 
and the special case, 

Mg? (a,)Si?--0.04 Mev. 


The next 4 — 44-1 reaction, Si? (a,n) 
by 1.53 Mev, and S? (a,n) AT? i 

Insofar as neutron so 
giants are concerned, we 
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because it is destroyed by O" (p,a) in hydrogen bum- 
ing. Mg? and Mg are not produced in hydrogen 
burning because the hydrogen is consumed in other 
processes before Mg*4(p,y) becomes operative. 

Marion and Fowler (Ma57) have recently discussed 
the rates of the C?(o,5;) and Ne? (a,n) reactions. For 
the C¥(a,n) reaction they find .$,—2.1X 10" Tg kev 
barn so that the C? lifetime is 


9 


Jh 
Tan (C) 2 4.9X 10-25—- exp (32375?) years. 
DXa 


For the Ne?(o,2) reaction they find S,=1.6X10" 
kev barns so that the Ne? lifetime is 


Ts 
Tan (Ne?) =5.6X 10-*°— exp(468T;-3) years. 
pra 


A reaction rate of importance in the following discussion 
is that of N!(a,y), for which it was found that S,= 
1.21077, kev barn and 


Tg 
Tay (NH) =8.2 10-'— exp (36075?) years. 
DX 


The above lifetimes are indicated graphically in Fig. 
IILS3 and are tabulated in Table III,3. 

Neither C?(a,5) nor Ne? (a,n) are wholly free from 
objection as stellar neutron sources. Cameron (Ca55) 
and Fowler et al. (Fo55) have discussed the problems 
which arise if the C?(a,77)0!* reaction is taken as the 
principal source of neutrons for heavy element synthesis 
in helium burning during the giant stage of a star's 
evolution. The essential difficulty lies in the fact that 
only a small amount of C! is produced at equilibrium 
in the carbon-nitrogen cycle; C?/C??— 1/4.6 by number 
at equilibrium. As a result too few neutrons are pro- 
duced when C begins to interact with the helium. 
The cosmic abundance ratio C?/Fe**—6.4 implies 
that 6.4/4.6=1.4 neutrons will become available per 
iron nucleus and these will only be sufficient to build 
nuclei slightly heavier than Fe**. Another difficulty 
is the fact that N” is the most abundant of the isotopes 
at equilibrium in the CN cycle; N“4/C#=168 even 
at the high temperature of 3.410’ degrees for a 

hydrogen-burning shell. The reaction NHG(z,p)C 
consumes a large fraction of the neutrons produced in 
the C? (ayn)O!5 reaction. These difficulties can be 
avoided, as emphasized by Cameron, with the C5- 
(o,1)0?* reaction as the neutron source, if it is postulated 
that considerable mixing between core and envelope 
- takes place during the giant stage. In fhis case hydrogen 
b. thc envelope interacts with C? produced by 
So in the core and constantly replenishes the 
He——C ut at such a rate that little N“ is produced 
reaction. In addition if C?, produced 
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outer regions of the core where C? is burning, then the 
C? captures the protons from N (s?) and replenishes 
the C!, thus permitting the full quota of neutrons 
to be made available for heavy element synthesis 
just beyond Fe®®. 

Fowler et al. proposed the Ne?'(oa,»)Mg?! reaction 
as an alternative source of neutrons which would 
avoid the foregoing difficulties without calling upon 
core-envelope mixing with its attendant stability 
problems. In this proposal it is assumed that Ne?, 
previously produced during helium burning at an 
earlier stage of galactic evolution, is converted into 
Ne? in the hydrogen-burning shells at 30-50X10* 
degrees surrounding the helium-burning cores of red- 
giant stars. When the shell hydrogen is converted into 
what then becomes core helium, the Ne* interacts 
with helium to produce neutrons. The neutrons are 
captured by iron-group nuclei, also previously syn- 
thesized, to produce heavy elements. The atomic 
abundance ratio Ne*/Fe55— 14 is taken as indicating 
that ~14 neutrons will become available per iron 
nucleus, a sufficient number for considerable heavy 
element synthesis. This suggestion thus requires that: 

(i The reactions Ne?(5,y)Na?!(8*v,)Ne? produce 
Ne” faster than it is destroyed by the Ne” (p,y)Na? 
reaction. 

(ii) The Ne" is produced before the hydrogen mixed 
with the Ne? is exhausted by the pp chain or the 
CN-cycle reactions. 


(iii) The N™ is depleted by the N” (o,y)F!5 reaction ' 


before the Ne” (a,5) Mg?! reaction supplies the neutrons. 
(iv) ‘The Ne? is consumed by Ne” (a,n)Mg before 
helium is depleted in the core. 


Because of the uncertainty in the reaction-rate 
calculations presented here, it is not possible to give 
unequivocal answers as to whether these conditions 
are satisfied; however, the following qualified state- 
ments can be made. With regard to (i) the results 
incorporated in Table III,2 and Fig. IIL2 indicate 
that Ne? is indeed produced from Ne” faster than 
it is destroyed. If the NeNa cycle reaches equilibrium, 
then about 9097 of the Ne? could have been converted 
into Ne? along with small amounts of Ne? and Na”. 
With regard to (ii), it is clear that the conversion of 
Ne? into Ne? will not occur before the hydrogen is 
exhausted by the CN cycle or oxygen reactions unless 
there is only a small concentration of carbon, nitrogen, 
and oxygen, perhaps 0.1% that of hydrogen by weight. 
This is ~8% the normal abundance but could occur 
in some stars. With regard to (iii) it may be seen from 
Table III,3 and Fig. III,3 that N^ will be fairly well 
scoured out at low temperatures before Ne? begins 
to interact, although there is again considerable un- 
certainty in this conclusion. 

With regard to (iv), Table III,3 and Fig. IIL3 
show that Ne(a,n) will compete with other helium 
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degrees in the core. Even then it is about a hundred 
times slower than the consumption of He‘ by 3He'— 
C? as long as helium is abundant. However, there is a 
factor of x,” in the rate of 3He'—C*?? relative to Ne?!- 
(an), where Xa is the concentration by weight of the 
helium. Thus when x4 «0.1, the Ne” will be consumed. 
Indeed, we can expect that as x4 decreases the core 
temperature will rise to maintain the energy generation 
and eventually the last Het nuclei will rapidly scour 
out the Ne? at high temperature. In any case, even 
if the Ne? remains impervious to helium burning 
it will lose its loosely-bound neutron in the subsequent 
interactions of the medium-weight nuclei. 

With the above considerations in mind a tentative 
picture of the generation of neutrons in red giant cores 
is as follows. We assume that the core will spend some 
107 to 108 years at low temperature (20— 405 105 
degrees) while the star slowly progresses into the giant 
stage, some 10° years at 50 to 100X 10° degrees, and 
then only a brief period, say 10? years, at 200x105 
degrees as it rapidly exhausts helium and burns the 
middle weight elements. The C? lifetime to the (a,7) 
reaction is about 10° years at 75x 10* degrees, so that 
C” will be consumed at this stage. Thus a few neutrons 
per Fe*? become available on a time-scale of about 
10* years. We have seen in Sec. II that a time-scale 
S 105 years per neutron capture is demanded to produce 
the early part of the abundance distribution built by 
the s process; this is discussed further in Sec. VI. 
With the consumption of the C? in its central regions, 
the core now heats to greater temperatures and rapidly 
processes He‘ by 3He'—C", etc. Toward the end of the 
helium burning, instability may well set in and mixing 
may occur throughout the core and with the envelope 
hydrogen. New C? is produced, Ne? burns, and a great 
flux of neutrons is produced in the final period of about 
10? years. In Sec.II we showed that a shorter time-scale 
was necessary to account for the s-process abundance 
distribution for elements with A = 100, where the atomic 
abundance curve becomes relatively flat. This is dis- 
cussed further in Sec. VI, and in Sec. XI in connection 
with the observed overabundances of heavy elements 
in stars believed to have recently undergone s-process 
synthesis in their interiors. 

Finally, we turn to neutron sources on a very short 
time-scale, ~10 seconds, as in supernovae. A mechanism 
by which neutrons could arise in the hot envelope of a 
supernova following core collapse was proposed by 
Burbidge, Hoyle, Burbidge, Christy, and Fowler 
(Bu56). This mechanism is thought to occur in four 
stages: 


(i) A collapse of the inner regions of a highly evolved 
star occurs leading to the conversion of gravitational 
energy into other forms of energy, particularly in the 
envelope of the star where it is converted into thermal 
energy. A possible cause of such a collapse is discussed 
in detail in Sec. XII. The imploding envelope reaches 
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2X 108 degrees as a result of the conversion of gravita- 
tional energy into thermal energy. The density rises to 
7-105 g/cm?. 

(ii) The onset of reactions of the type CP (5,y)N5, 
O (py) FM, Ne?(5,y)Na?, Mg"(5,y)AP5 take place in 
the outer parts of the star. These occur very rapidly at 
2X108 degrees. The mean energy production from 
these reactions may be taken as approximately 2 
Mev per proton. With a composition characteristic 
of a highly evolved star, consisting of approximately 
equal abundances (by number) of hydrogen, helium, 
and light nuclei, the energy released in these reactions 
is sufficient to raise the temperature of the material 
to a value ~10° degrees as the hydrogen is consumed. 
If all of the nuclear energy were converted into particle 
energy, a temperature of 6X10? degrees would be 
attained. This maximum temperature will not be 
reached, however, because of the conversion of energy 
into radiation, turbulence, growing magnetic fields 
and the general expansion of the eventually exploding 
envelope. However, 10? degrees will probably be reached 
during the initial implosion of the envelope into the 
region vacated by the collapsing core. A radiation 
temperature of —10? degrees will result from the hydro- 
gen consumption if p= 105 g/cm‘. 

(ii) At this high temperature, alpha-particle reac- 
tions become important, and the crucial neutron- 
producing reaction is Ne” (a,n)Mg™, which follows 
very rapidly on the 23-second beta decay of Na?! 
The mean reaction time for Ne?! is of the order of 10-5 
sec if 7T—10? degrees and gc10* g/cm?. The (a,n) 
reactions on C! and O” are not operative under these 
conditions since N? requires 14 min in the mean to 
decay to C? and F" requires 100 sec to decay to O”. 
A series of neutron-producing reactions from combined 
hydrogen and helium burning on Ne?! and heavier 
nuclei are shown in Fig. III,6. All of the beta decays 
shown in this diagram are reasonably short. In general 
(p,y) reactions compete with positron emission until 
proton addition is no longer possible and positron 
emission must occur. 

(iv) The neutrons produced in hydrogen and helium 
burning are rapidly thermalized (kT~100 kev) and 
then they are captured primarily by the abundant 
nuclei of the iron group which were initially present 
in the envelope. We have supposed that their abun- 
dances at this stage total about 1% by mass. If the 
envelope was very underabundant in these elements 
the neutrons would be captured by the light elements. 
This rapid neutron capture process, the r process, 
will be discussed in detail in Secs. VII and VIII. For 
this discussion we require to know the neutron density. 
This will now be estimated. 


The neutrons become available in the mean lifetime 


of Na?! (33 sec), or Mg? (7 sec) and AI?* (10 sec). Thus - 


a reasonable mean time for the neutron production 
during the imploding high-density stage is about 10) 
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sec. There will be one neutron produced for each Ne? 
nucleus present, and on the assumption that there 
are approximately equal number densities of hydrogen, 
helium, and light nuclei, and that perhaps one-third 
of the light nuclei are together C2, O!5, and Ne”, each 
having equal abundance, the number density of Ne? 
is ~10”p. It has been earlier stated that a reasonable 
value for p2-105 g/cm’, during the implosive stage. 
However, the neutron captures will occur during the 
later expanding stage when pc-100 g/cm?, so that the 
neutron density during this stage will be ~10% neu- 
trons/cm*. We assume that the radiation temperature 
remains at the high value of ~10° degrees during the 
capture process. As we shall see in Sec. VII, this means 
that captures occur until the neutron binding energy 
= js reduced to ~2 Mev. Further captures must wait 
* until beta emission occurs with lifetimes for the neutron- 
— rich nuclei of about 3.sec. Each beta decay is followed 
by about 3 captures so that the total time for ~200 
captures (Fest CP9) is 7-200 sec. Thus the capture 

“me is long as compared with the total neutron pro- 
E tion time and we are justified in assuming that the 
tial neutron density is that given by the original 
J e, in our discussion of the r process in 
E envelopes we put Beene i density fn 

nd the 


thermal neutron velocity at kTœ100 kev is approxi- 
mately 4X108 cm/sec, so that the neutron flux (nv), 
—~4X 10” neutrons/cm? sec. 

In Secs. X and XII brief mention is made of a further 
possible neutron source in a very highly collapsed 
stellar core. 


(4) Origin of N, O'3, and F”? 


The concentration of N! given by the CN cycle 
is far too low, as compared with that of N™, to explain 
the ratio N!5/N?—1/270 in the atomic abundance 
distribution. It is too low by a factor ~ 100, assuming 
the very slow rate for N“(p,7)O", discussed above in 
Sec. IIIF (1). Hence it appears that N!5 must be 
produced by reactions other than those of the normal 
CN cycle. Let us consider the reaction C! (a,n)O!$, 
occurring in the presence of N”, derived previously 
from the CN cycle, and also in the presence of a strong 
excess of C!? derived from helium burning. This re- 
quires mixing of material in a helium-burning core. 
Protons liberated by N'(x,p)C™ are, in the main, 
converted back to neutrons by the reactions C* 
(b,Yy)N"(8*»,)C? and CH(o,4)O!, since the C}, in 
excess over its CN cycle abundance, will capture most 
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either through N” (n,p)C™“, or through C!(n,y)C%, 
the latter reaction being important because of the 
excess of C?, 

Neutrons are eventually lost, however, through 
capture in reactions with smaller probability. Important 
among these is N'(»z,y)N!*. If the C! excess is great 
enough for all protons, released by N” (n,p)C™, to be 
absorbed in CP(5,y)N?, the ultimate result is to pro- 
duce an N!* concentration comparable with that of the 
original C concentration. Since C9/N!*— 1/168, this 
implies the possibility of N!5/N!'—1/168. As noted 
above, the isotopic ratio is N!5/N!!— 1/270. It appears, 
therefore, that the present process, dependent on an 
excess of C? becoming mixed with the products of the 
CN cycle in helium burning, is capable of providing 
for the origin of N". 

At somewhat higher temperatures than are required 
to promote the above reactions, F? is then produced 
by N" (a,y)F®. At the same time O?? is produced by 
N“ (a, y) F!5(8*v,)O!5. It would then follow that F!9/0!$ 
~N"/N", This is the case within a factor of 10. 

To conclude, detailed mechanisms have been ad- 
vanced for the production of the nuclei C!?, C8, N!4, N15, 
O15, O1, O18, Fe”, Ne”, Ne?!, Ne??, Na? in combination 
hydrogen-helium-burning in stars. These mechanisms 
are illustrated graphically in Fig. 1,2. 


IV. e PROCESS 


At temperatures above ~3X10° degrees all manner 
of nuclear processes occur in great profusion, i.e., 
(va), Qv, p), Qm), (av), (b), (my), (p,n) reactions 
as well as others involving heavier nuclei. Such reac- 
tions allow the conversion of a nucleus A, Z to a nucleus 
A’, Z', even in cases in which Z and Z’ are large; i.e., 
even though considerable Coulomb barriers may be 
involved in the conversion. This is the physical condi- 
tion for statistical balancing to occur among the 
nuclei. In previous papers (Ho46, Ho54), it was shown 
that the abundances of the elements in the iron peak 
could be synthesized under conditions of temperature 
and density such that statistical equilibrium between 
the nuclei and the free protons and neutrons was 
achieved. In this section this question is re-examined 
using the more accurate nuclear and abundance data 
now available, and taking into account the appropriate 
excited nuclear states, the energies and spins for which 
are available now from the work of Way, King, Mc- 
Ginnis, and Lieshout (Wa55a). 

Under conditions of statistical equilibrium the num- 
ber density 2(4,Z) of the nucleus A, Z is given by 


AMET j (14)4-2 (ny) 
ere ssaa] DET | 24 
2m? 784:2 Q(A,Z) 
a a Pur c Q 


where nm, np are the number densities of free neutrons 
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is the statistical weight factor given by 


€ (4,2) — 27 (27,+1) exp( — E;/RT), 


where Æ, is the energy of the excited state measured 
above the ground level, and J, is the spin. Q(A,Z) 
is the binding of the ground level of the nucleus 4, Z, 
and is given by 


0(A,Z)=¢[(A—Z)M,+ZM,—M(A,Z)], 


where M n, Mp, and M(A,Z) are the masses of the free 
neutron, free proton, and nucleus A, Z, respectively. 
Writing 0= log (np/nn), and measuring T in units of 10° 
degrees (To), (1) can be expressed in the form 


logn (4,2) logo (452) 830/71 
5.04 
+4 log(4 Ps) OM Z) 


+A (lognn—34.07—4 logTs)+Z0. (2) 


This is the form given by Hoyle (Ho‘*) except that 
formerly the approximation was made of putting 
w(A,Z)=2, and a slight numerical change of 0.01 in 
the numerical term in the right-hand side of the equa- 
tion has been made. Logarithms are to the base 10. 
The nuclear data required to calculate Q(A,Z), w(A,Z) 
are available, so that explicit values of (A,Z) for 
various A, Z can be worked out if nn, 0, Ts are specified. 
Thus it might seem, at first sight, as if abundances 
of the nuclei under statistical equilibrium are functions 
of three independent parameters. This is not the case, 
however. Two parameters are sufficient to determine 
the system. This can be understood best from taking 
p, the density, and Ts as the independent parameters, 
although we shall see later that 0, Ts give a more 
convenient choice of parameters from an arithmetical 
point of view. If p is given, the abundances calculated 
from the above equation must satisfy the condition 


>M(A,Z)n(A,Z)+ 32 M pn H} M ns — p, (3) 
the contribution of the electrons present in the system. 
being neglected. The contribution of the free protons 
and free neutrons is also negligible for the values of p, — 
T used below, although values of p, Ty could be chosen 
for which this would not be so. Equation (3) ca 
interpreted in a number of ways, for instance as 
termining logy, in terms of p, T^, 0. A second conditi 
determining 0 in terms p, Ty, arises in one or other 
two alternative ways. If the time-scale is long e el 
equilibrium between protons and neutrons is estab 
through the operation of beta processes a 
nuclei. This equilibrium is expressed by th 
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m, being the electron mass, and 7, the electron number 
density. 

If, on the other hand, the time-scale is not long 
enough to establish equilibrium between neutrons and 
protons, then (4) must be replaced by the condition 
that the ratio of the number of neutrons per unit volume 
(bound and free together), to the number of protons 
per unit volume must be a specified constant with a 
value determined by the initial state of the material. 
That is to say 


X (A—Z)n(A,Z)+nn= (specified constant) 
ZA 
XLE Zn(A,Z)+np]. (5) 
ZA 


Before proceeding to a numerical discussion of the 
above scheme of equations it is desirable to relate 
them very briefly to astrophysical considerations, 
particularly to the temperature evolution and time- 
scales shown schematically in Fig. II,4. So long as the 
time-scale is longer than a few months (4) are applica- 
ble, but in the final rise of temperature to the explosion 
point shown in Fig. II,4, and during the cooling that 
follows explosion, the time-scale is far too short to 
admit of the use of (4). During these phases (5) must 
be employed. An examination of (5) has shown that 
it requires 0 to stay nearly constant at a value deter- 
mined by the constant that appears on the right-hand 
side of the equation. This constant is in turn deter- 
mined by the values of 7(A,Z), np, nn that are operative 
at the last moment of applicability of (4). 

We can now give a description of the physical and 
mathematical conditions that determine the abundances 
of the nuclei of the iron peak. Astrophysical reasons, 
discussed in Sec. XII, require a temperature evolution 
of the form shown in Fig. IL4 to take place in certain 
types of star. As previously pointed out, when T 
rises above about 3XK10? degrees the statistical equa- 
tions become applicable. So long as the time-scale is 
long enough, beta processes establish the equifibrium 
that satisfies (4). The decay of Mn’ with a half-life 
of 2.58 hours is important in this connection, as also 
is Co9' with a half-life of 267 days. The Co*' turns 
out to be a fairly abundant nucleus and its decay has 
the effect of changing protons to neutrons. The Mn*$, 
on the other hand, changes neutrons to protons. The 
time-scale for an appreciable interchange between 

neutrons and protons, or vice versa, turns out to be of 
the order of months. This time is determined by two 
considerations, the half-lives of the beta-decaying 
clei and their abundances. In the case of Co57 
p. lifetime is long but the abundance fairly high, as 
the He Mentioned. In the case of Mn‘ the lifetime 
has pen but the abundance comparatively low. For 
is short. f p, T of interest in the present section the 
the pe ‘a Muy Mn is too low for free neutron decay 
free neu 3 1 lishing (4). 
J— to be of much portance in establishing (4) 


Fig. I4 shows that the time-scale 
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becomes too short to maintain (4) as the explosion 
point is approached. Equation (5) must then be used, 
the constant on the right-hand side being obtained by 
the values of 1(4,Z), np, nn that are operative in (4) 
at the time that we switch from (4) to (5). This state- 
ment implies a discontinuous transition between (4) 
and (5). A rigorous treatment would provide for a 
continuous transition so that in this sense the present 
arguments are approximate. Throughout the remaining 
evolution to the explosion point, and in the subsequent 
cooling, 0 remains approximately constant. The basic 
reason for this is that although complete equilibrium 
between prompt nuclear reactions is obtained the 
neutron-proton ratio is determined by the beta-decay 
rates and the majority of these decays no longer have 
time to take place. The question now arises as to what 
this constant value of 0 should be. The values of 
n(A,Z), nj, n, at the time (4) ceases to be operative 
would be sufficient to determine 0, in addition to de- 
termining the constant on the right-hand side of (5). 
The values of (A,Z), np, 1, in*question are in tum 
determined by the values of p, Tə that are operative 
at the stage at which (4) ceases to hold good. Thus if 
these values of p, T'; were known, 0 could be calculated. 
Unfortunately the relevant values of p and Ty are not 
known a priori. Only accurate quantitative calculations 
of stellar evolution can provide this information, and 
such calculations have not yet been made. 

Our method of solution has been to carry out a 
series of abundance calculations for a network of values 
of 0 and Ty and to obtain the values of 0 and Ts which 
give the best fit to the observed relative abundances. 
To do this it is convenient to determine the abundances 
of all of the isotopes relative to Fe®®, which is shown 
later to be the most abundant nucleus. The equation 
for Fe*? is obtained by substituting 4 —56, Z— 26 in 
(2); equations for the abundances of the other isotopes 
relative to Fe59* are then obtained by eliminating 7n 
between the equation for Fe** and the general equation 
(2). We then obtain 


n(56,26) 


= — 9l 
(56,26) 


n(A,Z) A—56 
log— ——-— | l 
n(56,26) 56 


—# logTs—# log56 | 


—— (A,Z 2 (5626) 
T Q A, ) EO b 
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A considerable simplification can now be effected at 
the expense of only a slight approximation. This rests 
on two points, first that A=56, Z=26 is the most 
abundant nucleus, and second that the application of 
(6) is confined to values of A not very different from 
56, since nuclei with appreciably different A turn out 
to possess only negligible abundances; the exception 
to this is obtained when A=4, Z=2, so that the 
present approximation cannot be made if it is desired 
to work out the He! abundance. In this approximation 
4/56 is close to unity and the last term on the right- 
hand side of (6) may be neglected. More important, 
the quantity (4—56)/56 is small compared to unity, 
a circumstance that enables us to approximate to the 
factor that multiplies (4—56)/56. For values of p 
between 10! g/cm? and 10? g/cm?, which covers the 
range of density of present interest, we write 

A — 56 n(56,26) 

— | log- 33.77—$ logT's— $ log56 
56 (56,26) » 


~0.183(56—A). 


The coefficient 0.183 is strictly correct for ZT 5=3, 
p=2X10° g/cm’, but a change to p— 10? g/cm? only 
alters the coefficient to 0.153. This approximate term 
is in any case of comparatively minor importance in 
its effect on the value of logz(4,Z). We now have 


n(A,Z) 
log———=0.183(56—A) 


5.04 A 
+ fea 2-206629) 
T 56 
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w(A,Z) 
-Flog——— ——--0(Z—0.464A4). (7) 


w (56,2 


Reference to Fig. IL4 shows that the temperature 
increases up to the explosion point and cools thereafter. 
Through the increase of temperature the equilibrium 
abundances will change in accordance with (7). The 
abundances will also change during the early part of 
the cooling. But eventually the temperature will fall 
so low that the nuclear reactions slow up and the 
isotopes become “frozen.” Freezing occurs when (y,a), 
(yn), and (y,p) reactions become insufficient to 
provide a ready supply of alpha particles and free 
neutrons and protons. Because the thresholds for these 
reactions differ from one nucleus to another, freezing 
will not occur simultaneously for all nuclei, and so it 
wil occur over a range of temperature. Thus the 
particular value of the temperature that we find to 
give the best fit to the observed abundances should 
be interpreted as the mean freezing temperature, 
Calculations of relative abundances have been 
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Fic. IV,1. Logarithmic abundance curve for the iron group 
isotopes relative to the abundance of Fe55. The points connected 
by dashed lines are the solar abundances determined by Goldberg 
et al. (Go57) using terrestrial isotope ratios to calculate isotope 
abundances. The points connected by solid lines are calculated 
from equilibrium theory using partition functions calculated from 
the energy level data of Way et al. (Wa55a) and using a tempera- 
ture of 3.8X 10? degrees and a ratio of protons to neutrons equal 
to ~300. 


degrees to 7.56X10? degrees, and values of 0 of 1.5, 
2.5, and 3.5. The binding energies Q(A4,Z) have been 
obtained from the tables of Wapstra and Huizenga 
(Wa55, Hu55), and the weight factors w(4,Z) have 
been estimated from the level diagrams of Way et al. 
(Wa55a). In one case, that of Ni®’, an additional 
binding of 0.84 Mev over that given by Wapstra and 
Huizenga has been used to bring the Q into agreement 
with the mass-spectrometer value. 

The best fit is obtained for T=3.78 X 10? degrees and 
6— 2.5. This value of @ corresponds to a density of the 
order of 10° g/cc. Results of this calculation are shown 
in Table IV,1 and in Fig. IV,1. To determine the final 
abundances of the stable isotopes the last reactions, 
i.e., the freezing reactions, have to be taken into ac- 
count, together with the beta processes which take 
place after the freezing reactions have occurred. These 
reactions are given in column 4 of Table IV,1. The 
particular freezing reactions which we have taken into 
account are V?(y,?)  Mn9(y,5)  Co*"(y,p), and 
Cu®(y,p), all of which have fairly low thresholds of 
6-7 Mev and which will freeze at a lower temperature 
than the (y,a) and (y,z) reactions. We have arbitrarily 
supposed that in these cases half of each of these iso- 
topes have gone to Tit, Cr, Fe**, and Ni®, respec- 
tively. In columns 6 and 7 of the table and in Fig. IV,1, 
these calculated abundances relative to Fe59 have been 
compared with the solar element abundances given by 
Goldberg et al. (Go57) taken together with the well- 
known isotopic abundances. For 50:4 «62 the fit is 
very good indeed, the standard deviation between calcu- 
lated and observed values being 0.3 in the logarithm in 


this region. The binding energies are in general uncertain — — 
to within 0.2 Mev, and this uncertainty is sufficierit to 


carried out for values of dc.gangimgkdagrunide&dyxddGlwar teadust mothe same order as those found. 
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TABLE IV,1. Comparison between logio observed and calculated abundances in the iron peak (relative to Fe9) ; 
T =3.78X 10° degrees, l0g10p/nn = 2.5. 
Equilibrium Freezing Final Observed Observed — 
Z A abundance reactions calculated ' solar calculated 
Ti 22 46 —4.53 —4.54 — 2.88 +1.66 
47 —4.95 —4.96 — 2.89 +2.07 
48 —3.61 VO (yp) — 3.56 —1.92 +1.64 
49 — 5.06 Vi? (B+) —4.37 — 3.04 7r 1.33 
50 —4.36 —4.37 — 3.06 +1.31 E 
V 23 50 —4.96 —4.97 —5.31 —0.34 
51 —3.14 Cr*1(g*) — 2.62 —2.71 — 0.09 
Cr 24 50 —2.64 — 2.65 — 2.09 +0.56 
52 —0.80 Mn*9(y,p) —0.78 — 0.82 — 0.04 - 
53 — 2.60 Mn5(87) — 1.93 —1.76 +0.17 
54 —3.30 Mn*(g*) —2.64 —2.32 +0.32 
Mn 25 55 —2.06 Fes5(8*) —1.16 —1.44 — 0.28 
Fe 26 54 — 1.26 —1.27 —1.21 +0.06 
56 0 Co? (y, p) 0 0 STAN. 
57 —1.94 Co*7 (8*) —1.49 — 1.63 —0.14 
58 — 2.36 Co55(g*) —2.27 —2.46 — 0.19 
Co 27 59 —2.62 Ni*?(8*) — 2.33 — 2.00 +0.33 
Ni 28 58 —2.42 —1.31 —1.11 4-0.20 
60 —1.35 —1.36 —1.52 —0.16 
61 —2.11 —2.12 — 2.85 —0.73 
62 —2.34 Cu8(y, p) —2.35 —2.38 — 0.03 
64 — 6.86 Cut (g+) — 6.70 — 2.88 +3.82 
Cu 29 63 —4.36 minus Cu8(y,p) —4.67 —2.17 +2.50 
65 —7.06 —7.07 —2.51 +4.54 


A similar uncertainty is also present because of our 
assumption of a unique freezing temperature. 
For A<50 and A>62 there are gross discrepancies 
between observed and calculated values and because 
of these we conclude that other modes of synthesis are 
demanded for these isotopes. Beyond 4 — 62, the nuclei 
Ni“, Cu8, and Cu® have all been assigned in the 
appendix to the s process and in Sec. VI and in Fig. 
VI,3, it will be seen that the (oN) products for Cu, 
Ni“, Zn“, and Cu® are all comparable (c/N—710*) as is 
expected in the first part of the s-process chain which 
runs from 63:4 «209. The oN product would not be 
expected to be constant if these nuclei had been syn- 
thesized by the equilibrium process. Below A= 50, the 
titanium isotopes have been assigned as follows: Ti‘® 
to the s process, Ti** to the a process, and Ti‘, Ti*?, Ti 
probably to the r process. In this region of A, 46€ A 
«50, where the 5, a, e, and r processes all intersect, 
details of the exact contributions from each process are 
not easy to determine. In particular, the r-process 
calculations in this region are very approximate (cf. 


Sec. VII). 


V. s AND r PROCESSES: GENERAL 
CONSIDERATIONS 

al aim is to compare calculated abun- 

E- p El abundances both for the s and 

. dances sses. Our method of assignment to these 

| the f DIOC described in Sec. II. Before we describe in 

processes 1$ ays in which the two processes can be 

etail a necessary to digress in order (i) to review 

ndled, 1 X 4 


y the reason ene 
F My a E 


dete. 4 


fron. hanstandpaivssigiaudessiechy. tleipaining Rneratys 08A As shown in the two bottom 


stability why all three processes, the s, the 7, and the f, 
are demanded, and (ii) to describe our neutron capture 
cross sections, c, which are given in the appendix and 
are demanded in the discussion of the s process alone. 


A. “Shielded” and “‘Shielding’’ Isobars 
and the s, r, p Processes 


Let us consider nuclei of the same A but different Z. 
In Fig. V,1 we show the well-known schematic plot of 
the stability of such nuclei as a function of Z. In this 
diagram, Z4 is the charge of the most stable isobar at 
a given A as given by the smooth Weizsücker mass law 
(We35). It can occur near an odd or even integral value : 
of Z. The coefficient in the quadratic dependence of the = 
mass M (A,Z) on (Z—Z4)? is B4/2. For odd A (top i 
diagram) there is only one parabola and the nucleus : 
with charge Z closest to Z4 is the stable isobar. Those 
with smaller Z are electron-antineutrino emitters, while 
those with greater Z capture electrons and emit neu- 
trinos or emit a positron with a neutrino. In a few cases 
two nuclei near the bottom of the parabola will ap- 
parently be stable, one with a very long but detectable 
half-life or with too long a half-life to be measured. 
Rb?’ is an example of this type; it decays to Sr?" with 
a half-life of 4.310! years. An odd-A nucleus produced 
in neutron capture will always decay eventually to the 
most stable isobar. 

For even A there are two mass parabolas. Those 
nuclei that have odd Z, odd W (=A —Z) lie on a para- 
bola separated from that for nuclei with even Z, even M 
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diagrams, one, two, or three nuclei can be stable, de- 
pending on the ratio of 64 to B4. Double beta decay is 
possible for all but the most stable, but this is a very 
slow process with half-life 7 10!5 years. An example of 
cases where there are three stable isobars is given by 
Sn", Te”, and Xe", On the other hand, there is only 
one stable nucleus for each even A for A X34 and two 
stable nuclei for 365 4 X 76. For 4278 there may be 
two or three stable nuclei for each value of 4. In a 
neutron-capture process at a rate rapid compared to 
negative beta decay (the r process), the nuclei produced 
lie far up the left-hand side of the parabolas shown. At 
the termination of the process 8- decay leads to the 
stable isobar with smallest Z. This is the shielding 
isobar, and the other one or two stable isobars with the 
same A are said to be shielded. In a neutron-capture 
process at a rate slow compared to negative beta decay 
(the s process), the isobar on the left is sometimes 
produced, that in the middle is sometimes produced, 
but never the isobar on the right. Those not produced 
are said to be by-passed in the s process. It is to produce 
the isobar on the right, that having the greatest value 
of Z, that a third process, the p process involving the 
addition of protons on already existing heavy nuclei, 
is demanded. Details of this process are described in 
Sec. IX. 


B. Neutron-Capture Cross Sections 


In the third column of the appendix we give either 
the neutron-capture cross sections or, in the case of 
unstable nuclei, the half-lives against beta decay. The 
cross sections (c) which are given in millibarns (10? 
cm?) are mostly cross sections for neutron capture with 
emission of gamma radiation (7,7). For small A a few 
cross sections for other reactions initiated by neutrons, 
in which there is no increase in A [ (7,2) reactions] or a 
decrease in A [ (50) reactions], are given. All of the 
values are for a neutron energy of 15 kev which is 
reasonable if the s process is taking place in the in- 
teriors of red-giant stars at T=1— 2X108 degrees. To 
obtain the cross sections several sources were used: 

(i) Many of the o’s for the lighter nuclei have been 
obtained from the Brookhaven tables (Hu55a). Others 
have been obtained from the thermal cross sections 
(1/40 ev) by extrapolation, using a 1/v law, where this 
law is thought to apply (designated 0.1% of thermal in 
the appendix). Where o does not drop as rapidly as 1/v 
in the kilovolt region we have taken 1% of thermal 
(designated this way in the appendix) to be a reasonably 
accurate value. In a few cases the o’s have been marked 
extr. meaning extrapolated from nearby experimental 
values, or exp. meaning experimentally measured. 

(ii) The majority of the remaining o's have been 
obtained from the pile reactivity measurements made 
by Snyder et al. (Sn55), in which reactivity changes due 
to different materials are measured. Since the reactivity 
measure is given in units of cents per mole, normaliza- 
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Fic. V,1. The stability of nuclear isobars to beta decay. Za is 
the charge of the most stable isobar at a given A as given by the 
smooth Weizücker mass law (We35). It can occur near an odd or 
even integral value of Z. The coefficient in the quadratic de- 
pendence of M(Z,A) on (Z—Z4)* is Ba/2. For odd A (top 
diagram) there is only one parabola and the nucleus with charge 
Z closest to Z4 is the stable isobar. Those with smaller Z are 
electron-antineutrino emitters while those with greater Z capture 
electrons and emit neutrinos or emit a positron with a neutrino. 
In a few cases two nuclei near the bottom of the parabola will 
apparently be stable, one with a half-life too long to be measured. 
An odd 4 nucleus produced in neutron capture will decay 
eventually to the most stable isobar. 

For even A there are two mass parabolas, those nuclei with 
odd Z, odd N lying on a parabola separated from that for even Z, 
even N nuclei by the pairing energy ôa. As can be seen from the 
two bottom diagrams one, two, or three nuclei can be stable de- 
pending on the ratio of 64 to Ba. Double beta decay is possible 
for all but the most stable, but this is a very slow process with 
half-life7 10!5 years. In a neutron-capture process at a rapid rate 
(r process) compared with negative beta decay the nuclei produced. 
lie far up the left-hand side of the parabolas shown. At the - 
termination of the process the negative beta decay leads to the. 
stable isobar with smallest Z. This is the shielding isobar and the 
other one or two are said to be shielded. In a neutron-capture 
process at a slow rate (s process) compared with negative b: 
decay, the isobar on the left is sometimes produced, that in the 
middle is sometimes produced, but the isobar on the right is never 
produced. Those not produced are said to be by-passed in the 
S$ process. 


tion has been carried out by using the B' (io) re 
which has a cross section of 1 barn at 15 ke 
reactivity measures have been given for isot 
Z «17, and so we have made a reasonable e 
of the reactivity curves of Snyder et al 
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1 barn equal to 24 cents per mole for nonmagic isotopes 
with odd A, the original normalization of Snyder et al., 
and 1 barn equal to 8 cents per mole for the even A and 
the nuclei with closed neutron shells. This latter re- 
normalization has been carried out after comparison of 
the cross sections obtained from the reactivity measure- 
ments with experimental activation measurements for 
a neutron energy of “25 kev” made at Oak Ridge 
(La57b) and at Livermore (Bo57). These latter cross 
sections are shown in Table VI,1, and they are discussed 
further in Sec. VI when the oN products are considered. 
In the appendix the cross sections of both even and odd 
isotopes with closed neutron shells were increased over 
the original estimates, using the original normalization 
of Snyder et al., in order to avoid making the even A 
cross sections exceed the odd A cross sections at these 
magic-neutron numbers. A further effect which must 
arise and which cannot presently be estimated from the 
reactivity measures is the variation in ø within isotopes 
of even A. This variation must be in the sense that the 
lightest isotopes will tend to have larger cross sections 
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than the heavier ones. Trends such as these, which may 
affect the run of the oN products, are discussed further 
in Sec. VI. 

The reason for differentiating between c's for odd and 
even A instead of differentiating between nuclei with 
odd and even numbers of neutrons is the following. 
The results of Hurwitz and Bethe (Hu51) show that 
neutron capture occurs through a compound nuclear 
state whose effective excitation should be measured 
without regard for special pairing effects in the ground 
state of this nucleus. Thus only odd-even effects in 
the ground state of the target nucleus are relevant. 
The even A-even Z-even N target nuclei capture neu- 
trons with less excitation and thus smaller o’s than 
the odd A target nuclei. In particular, the value of c 
for odd A nuclei is the same for the odd Z-even NV 
case as for the even Z-odd NV case. Snyder ef al., have 
taken this effect into account, and in fact their plotted 
curves give a large odd-even effect. The difference 
between the normalizations that we have used for odd 
and even A is in order to diminish the odd-even effect 
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Fic. V,2. The neutron capture paths of the s process and the r process. Ne?, as a typical light nucleus, and 
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Fe® as the most abundant member of the iron group are indicated as “seed” nuclei at which synthesis begins. 
The capture path of the s process (slow compared with 8- decay) wanders along the stability line in the Z, A 
plane and finally terminates in alpha decay above bismuth. The 7 process (rapid compared to 8- decay) is 
caused by an intense neutron flux which drives the nuclear matter to the neutron-rich side of the stability line. 
For a temperature of 10° degrees the nuclei add neutrons until the neutron binding energy decreases to 2 Mev. 
At these “waiting points” 8 decay must occur before further neutrons can be added. Note the "staircase" 
effects at neutron magic numbers, N, which is due to the difficulty, at this point, of adding the (V+1)th 
neutron. When the path thus moves closer to the stability line the 6- decay lifetime at the waiting points in- 
creases and the material builds to an excess abundance. Thus this effect at V — 50, 82, 126 leads to relatively 
sharp peaks in the abundance curve. These peaks occur with a smaller Z and A (proton-poor) than is associated 
with the stable nuclei with magic N and they are thus displaced 6 to 10 units in A below the magic peaks 


nuclear matter is fed back into the process at A~108 and A~i46. Thus cycling and true steady flow occurs 
above A~108. CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 
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given by their curves, because we are dealing with 
neutrons of higher energy than they were using (15 kev 
instead of <1 kev). 

(iii) For the few cross sections for which estimates 
are not available either from the thermal measurements 
or the reactivity measurements, we have interpolated 
from a smooth curve through the reactivity measure- 
ments for 47-40 and the thermal measurements for 
A <20. In this interpolation we have maintained a ratio 
of ~3 for e (odd 4)/e(even A) with a minimum at the 
isotopes with a magic number of 14 neutrons. 


C. General Dynamics of the s and r Processes 


In the buildup of nuclei by the s and the r processes 
the reactions which govern both the rate of flow and 
the track followed in the (4,2) plane are the (z,y) 
and (y,n) reactions, beta decay, and, at the ends of the 
tracks, alpha decay in the case of the s process and 
neutron-induced fission in the case of the r process. We 
denote the rates of the (7,7), (y,) and beta process as 
An, ^y, Ag, Where 


An= 1/T57 0 4Unfin, 
Aa 1/757 const/ W g5, (8) 


Aud mz onc, 


and o, and g, are the cross sections for the (zy) and 
(y,n) reactions, respectively; v, and 2, are the velocity 
and density of neutrons responsible for the (y) reac- 
tions; ny is the density of y radiation; and Wg is the 
beta-decay energy. 

The general equation for the buildup of nuclei in the 
s-process is then 


dn(A,Z)/dt=,(A—1, Z)n(A—1, Z)—X«(4,2)n(A,Z) 

-FAs(4, Z—1)n(A, Z—1)—34(4,Z)n(A,Z) 
-termination terms due to alpha 

decay at 42 209. (9) 


The general equation for the r process is 


dn(A,Z)/di2N,(A—1, Z)n(A—1, Z)—X.(A4,2)n(A,Z) 

IW, Z—1)n(d, A {AVAL A) 

+)r,(A+1, Z)n(A+1, Z)—d,(A,Z)n(A,Z) 
+termination terms due to fission 

for AZ 260. (10) 


For the s process, we have, in general, 
An «As(Ta2 rg). 
For the process, we have 
NEN OR Tg). 


As long as \n> a buildup continues with Z constant and 
A, continuously decreases until As (4,2) & A, (4+1, Z). 
At this point no further buildup can take place until 
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Fic. V,3. Detail of Fig. V,2 showing the s-process and r-process 
paths from A — 120 to 130. Note that the s process builds through 
one stable isobar, except when branching in the beta decay occurs 
as at 4 — 128. The nuclei not built are said to be by-passed. In the 
r process the capture path involves those neutron-rich nuclei with 
binding energy ~2 Mev. The path runs parallel to the stability 
line except at a magic number such as N — 82, when it turns toward 
the stability line producing waiting points with greater 8- life- 
times. The subsequent 8- decay jn dic freezing of the r process 
produces only the shielding and not the shielded isobars. It will be 
clear from the diagram that certain nuclei are not produced in 
either the s or r processes. These are very rare in abundance as 
might be expected, and are produced by a secondary process, 
the p process, which is described in Sec. IX. 


beta decay occurs, thereby increasing Z. The effective 
rate of neutron addition at this point is such that 


D (A,2)—A4 (4+1, Z)] (4,2). 


'The tracks of both the s and the r processes in the 
(A,Z) plane are shown in Figs. V,2 and V,3, and were 
obtained by methods described in the following sections. 

VI. DETAILS OF THE s PROCESS 


Excluding the alpha-decay terms, and remembering 
that An «As, so that the beta decay takes place in a time 
short compared with neutron capture, we have from (9) 


dn(A) 
di 


=), (A—1)n(A—1)—An(A)n(A). (11) 


'The large As terms in (9) serve only to produce the 
most stable Z at each 4. Equations (11) determine for 
the synthesis of the s-process nuclei as a function of 
time. In order to use this type of equation for calcula- 
tion it is convenient to use the capture cross sections 
o(A,Z) and to use, instead of /, ‘the number of neutrons 
injected per standard nucleus, since this is a number 
which can be calculated from the abundances of the - 


nuclei in the neutron-producing redctions. Thus Eqs. $t 
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(11) can be rewritten (Fo55), 
dn(A) _ ofA —1)n(A—1)—o(A)n(A) 
dn. > > «(A)n(A) 


4 


, (12) 


where 2, is the number of neutrons captured. 

The properties of these equations can be thought of 
in terms of a hydrodynamical analogy. Consider a river 
bed with a number of depressions in it, each depression 
corresponding to a value of 4, and proportional in its 
volume to c^. Suppose that water starts at A; and 
flows in the direction of increasing 4. Water does not 
reach (A;+2) until the depression at (A;+1) has been 
filled. Similarly, water does not reach (A;+3) until the 
depression at (A;+2) is filled. Moreover, if there is a 
final reservoir at Ay, water only reaches A; when all of 
the depressions are filled. Thereafter there is steady 
flow, water going from A; to A; without change at 
intermediate points. This analogy is not complete since 
in the hydrodynamic case there is no flow at all beyond 
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Fic. VI,1. Plot of the abundances of the isotopes times their 
eutron-capture cross sections (s products) for 22« 4 «50. This 

D t should be compared with an earlier one given by Fowler et al. 
Pre 55). With the exception of those for A >46, the points marked 
(Fo filled circles represent isotopes made predominantly by the 
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s proce of the large abundances of these isotopes, and thus we 
because the synthesis of these isotopes to the a process. The 
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a particular depression until this depression has been 
filled, whereas in the nuclear case there is always a 
finite probability that some flow occurs. 

The saturation or steady-flow abundance of a par- 
ticular isotope is reached when dz: (A)/dn.— 0, i.e., when 


n(A) | c(A—1) 
n(A—1)  o(A) 


If a sufficient number of neutrons is available, the last 
of the isotopes in the s chain will achieve the full value 
of n(A) given by this equation and we shall have 


n(A)a (A) — constant 


over the range of isotopes built by the s process, apart 
from those immediately at the beginning of the chain 
in which the oN product will decrease unless these nuclei 
are continuously augmented during the s process. How- 
ever, if an insufficient number of neutrons is made 
available, we find that a plot of the 2(A)o(A) product 
is a monotonic function of A, smoothly decreasing as 
A increases. 

There are two separate regions in the abundance 
curve where a considerable proportion of the isotopes 
are made by the s process. The region 22 <A «50 has 
been discussed previously (Fo55) and it was found that 
in this region steady flow was not attained, but that 
with a supply of neutrons such that z/n(Ne?)-—238, 
the abundances of the isotopes built in the s chain up 
to Ti* could be reasonably well reproduced. However, 
some modification of these results can now be made 
with the cross sections which are given in the appendix. 
A new plot of oN against A is shown in Fig. VI,1. The 
effect of the improved cross sections is to show very 
clearly that oN is truly a very smooth function of A for 
all of the isotopes built predominantly by the s process 
in the range of atomic weight 23 < A <46, thus bearing 
out the correctness of our assignment of these nuclei. 
One point of special interest is the case of scandium. 
This has only a single isotope, Sc*®, and is made accord- 
ing to the appendix by the s process. However, when 
the oN product is plotted by using the abundance given 
by Suess and Urey (Su56) the point falls below the 
curve delineated by the surrounding points. On the 
other hand, the solar abundance determined by Gold- 
berg et al. (Go57) is larger than that given by Suess and 
Urey by a factor ~20, and this oN product (which is 
the one plotted) lies above the curve. This strongly 
suggests to us that in the case of scandium the true 
abundance lies between the solar abundance and the 
estimate from terrestrial and meteoritic data. The 
points which lie above the curve, designated by crosses 


instead of filled circles, are due to the nuclei which have — 


4 — 24, 28, 32, 36, 40, 44, and 48. Their values of oN 
are higher than those of their neighbors because their 


5 abundances are far larger. These are the nuclei which 
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capture cross sections, c, clearly have no significance 
in their case. 

Calculations similar to those carried out previously 
(Fo55) using the new cross section estimates have been 
carried out by Tuttle (private communication) and 
curves showing these results are also shown in Fig. VI,1. 
The best fit is obtained for 1,/Ne*?— 2.1, as compared 
with the value of 1,/Ne?— 2.8 obtained in the original 
calculations. This new calculated curve fits the observed 
aN values only out to 4—43, whereas in the earlier 
calculations it appeared that a reasonable fit out to 
A=50 was obtained. Thus, unless the cross section 
estimates in the region 45<A<50 are considerably in 
error, we conclude from these new results that Ti”, 
Ti", Ti?, and Ti*? are not built predominantly by the 
s process, because their abundances are larger than we 
should expect on the basis of this theory. As described 
in Sec. III D, Tit’ is built by the @ process, and Ti", 
Ti”, and Ti* have been tentatively ascribed to the r 
process. This region of A is the region where the a, s, 
e, and r processes all intersect, a point which was 
emphasized at the end of Sec. IV. Ti? is assigned partly 
to the s process and partly to the e process but its atomic 
abundance is higher than expected on this basis. 
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The second region in the abundance curve where 
many isotopes are made by the s process is the region 
63<A<209. In this region, as described in Sec. II, 
assignments are more complicated because in many 
cases both the s and the 7 process contribute to the 
synthesis of an isotope. The correctness of our assign- 
ments can be tested by plotting both the oN products 
and also by plotting NV and 1/o as a function of A. These 
plots are shown in Figs. VI,2 and VI. In Fig. VIj2, 
which shows the plots of V and 1/c for isotopes of odd A 
only, the major peaks in both JV and 1/c at magic 
neutron numbers JV — 50 and 82, the approach towards 
the peak at the double magic numbers Z—82 and 
N=126, and the minor peaks at Z=50 and 4-180 
are well defined. 'The run of the points throughout these 
curves shows that there are no major inconsistencies in 
our assignments. For a more detailed comparison we 
use the plot of oN against A (Fig. VI,3). In this plot 
isotopes made solely by the s process are distinguished 
from those in which the s process and the r process both 
contribute roughly equal amounts or in which the s 
process dominates. In the latter two cases the oN 
product has been corrected by assuming that either 4 
or $ of the abundance is due to the s process. In cases 
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where a smaller proportion than 4 of the abundance has 
been estimated to be made by the r process, no correc- 
tion has been applied and the total «V product has been 
plotted. The curve shows a steep decline from A~63 
to A~100. Beyond this point, the slope appears to 
decrease more gradually, and it may tend to level off 
completely; however, the scatter of the points in this 
region, particularly beyond A~170, makes the exact 
trend hard to determine. A large part of the scatter in 
this plot is most likely due to uncertainties in the esti- 
mated values of o and also, to a lesser extent, uncer- 
tainties in the relative abundances of some elements in 
the rare earth region. Thus, in particular, the very low 
points at Ba!*! and Pt! are probably due in part to an 
underestimate of e, since as has previously been men- 
tioned, no account has been taken of the fact that the 
lightest even isotope of an element will have a larger c 
than heavier even isotopes. Again, the high values of 
oN obtained for Sm? and Sm}*° may indicate that our 
estimates of all of the o’s for the samarium isotopes have 
been consistently too high. 

The relative abundances of the isotopes of barium 
show in a very striking way how the s-process operates. 
The light isotopes Ba? and Ba® cannot be made on 
the s or r processes and are indeed very rare with atomic 
abundances 0.0037 and 0.00356, respectively. The fact 
that they are almost equal can be well understood on 
- sis of their production in the p process (cf. 

ithe E They result from the decay of positron- 
Eoo erogenitors at 130 and 132, made in equal 
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Fic. VI,3. Plot of 
the abundances of 
the isotopes times 
their — neutron-cap- 
ture cross sections 
(oN products) for 
63<A<209. The 
points marked by 
filled circles repre- 
sent isotopes made 
by the s process only, 
while those points 
marked by open 
circles represent iso- 
topes made by the 
s process predomi- 
nantly; in cases in 
which it has been 
estimated that a cer- 
tain fraction of the 
abundance is made 
by the s process (per- 
haps 3 or 4) this 
fraction was used in 
computing oN. The 
curve which is drawn 
is purely schematic. 


160 180 200 


isotopes from Ba?! to BaS show much greater abun- 
dances, with a marked increase with increasing number 
of neutrons. Ba! and Ba"? can only be made in the s 
process, Ba” is magic in this process, and Ba'® and 
Ba?" are predominantly made in the s process. The 
marked rise in abundances from Ba? to Ba, i.e. 
0.0886, 0.241, 0.286, 0.414, 2.622 can be understood on 
the basis of the decreasing neutron capture cross section. 
This is to be expected as more neutrons are added, and 
culminates in the very low cross section and large 
abundance expected for Ba!3 with magic A —82. Our 
estimates of cross sections in the appendix do not take 
the gradual rise with JV into account, but it is strongly 
indicated by the Oak Ridge results. It will be interesting 
to see if neutron activation measurements on Ba™ 
(producing 29 hr Ba!) and on Ba? (producing 2.6 
min Ba/77), bear out the ratios expected relative to 
Ba’. The expected cross sections are 11.432.622 

0.0886— 336 mb for Ba! and 11.43 2.622/0.286— 109 
mb for Ba'^*, Unfortunately, the isomeric states may be 
produced with only a small fraction of these cross sec- 
tions and this will lead to some ambiguity in interpret- 
ing the experimental result. Unambiguous results would 
be obtained by measuring the total absorption cross 
sections, but this is very difficult experimentally. It is 
our view, however, that such measurements would 
serve as a crucial test of the validity of the s process. 


The steep part of the curve shown in Fig. VL3, - 


followed by part which tends to level off, suggests that 
the curve has a composite character and that the 
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have been produced in more than one stellar synthesis 
process. Thus, the simplest possibility is that one 
process is responsible for the part of the curve in the 
range 63<A<100 and that this part is similar in 
shape to the oN plot for the isotopes in the range 
33« 4 «46, shown in Fig. VIL, falling to zero very 
rapidly beyond A~100. This part of the curve shows 
that there have not been enough neutrons available 
per Fetë nucleus to build the nuclei to their saturation 
abundances. Thus, it may be that in this region the 
C¥(q@,2)O! reaction has been the neutron source. A 

. Second process may be responsible for that portion of 
the curve beyond 4~100. In this case, since this latter 
slope is small or zero, this is strongly suggestive of 
steady flow being achieved and of all of these nuclei 
reaching their saturation abundances. The rates at 
which the neutrons are released by C¥(a,2)O'! and 
Ne?! (a,7) M g?* are discussed in Sec. III. The time-scales 
obtained from arguments based on particular isotopes 
in the s-process chain are given in Sec. II, where it was 
shown that these time-scales were compatible with the 
result that the oN product falls steeply to A~100, 
implying a paucity of neutrons, and then levels off, the 
abundances reaching their saturation values. Thus at 
the end of the s-process chain we expect that cycling 
among the lead isotopes, following the alpha decays at 
Po?!, Bi? and Bi?! which are shown in the appendix 
and illustrated in Figs. V,2 and V,3 has taken place, so 
that the lead isotopes which are included in the cycle, 
Pb?*, Pb*", and Pb*5, have been built up to a far 
greater extent than Pb" which is not in the cycle. Some 
lead is also produced by the r process, and if this con- 
tribution is taken into account we can calculate the 
amount of cycling which has taken place, and also 
predict a total abundance of lead. This question is 
discussed in Sec. VIII, following detailed explanation 
of r-process dynamics. 

If this curve in Fig. VI,3 is a composite of two curves, 
it is also clear that the degrees of dilution of the abun- 
dances in the two parts are different, since larger over- 
abundance ratios are demanded to obtain complete 
saturation than if saturation is not achieved. Such a 
situation is entirely possible, since the two different 
processes might have occurred in two different red-giant 
stars, in which the dilution was a function both of the 
original composition, the mixing to the surface, and the 
ejection into the interstellar medium. Alternatively, 
they might have occurred in a single star at different 
evolutionary stages in which the structures and hence 
these same parameters would be changed. To study this 
question further it is important to investigate the com- 
position of a star in which it is believed that the s 
process has recently been occurring. The S-type stars 
and the so-called Ba II stars fall into this category, and 
the results of such an investigation are described in 
Sec. XI D. 

Finally, in Table VI,1 we show the oN products for 
just those isotopes for which experimental measures of 
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TABLE VI,1. “25 kev” cross section (La57b, Bo57) 
abundance (Su56). 
a(mb) N (Si =108) oN Assignment 
I. Synthesized on Ne? 
Na” 1 4.38X 10! 4.38X10! H burning, s 
Mg? «14 1.00X 10° «1.4 10° s(m) 
ATI! 1.4 9.48» 10! 1.3 X105 s(m) 
CI? 1.1 2180 2.4 X10? s(m) 
K" 19 219 4.2 X103 s 
II. Synthesized on Feš6 
Cu" 116 146 1.7 X10! s 
Ni“ 8 318(0.61) 1.6 X10 s 
Cue 46 66 3.0 x10 s 
Ga! 68 4.54 3.1 X10? s 
Ge™ 54 18.65 1.0 X10 s 
Asi 590 4. ae 1.6 X10 Sr 
Ys 25 8.9 2.3 X10? s(m) 
Zr 243 9.48 2.3 X10 s 
Mo? 209 0.581 (1/2) 60 s=r 
Rul? 386 0.467(1/2) 90 s=r 
Inus 805 0.105(1/2) 42 s=r 
Sb: 950 0.141 130 s 
Balss 11.4 2.622 30 s(m) 
Lal? 50 2.00 100 s(m) 
Cero 31 2.00 62 s(m) 
prin 546 0.40 218 s(m) 
Hf15o 441 0.155 68 S 
Re!s5 2650 0.05(1/2) 66 s-r(m/) 
Hg? 57 0.0844(2/3) 3.2 ( E 
^ : A(2 s(m)-cycle 
Bi 14 0.144(2) 0.2(2) (Gus 


cross sections at ‘“‘25-kev” neutron energies have been 
made at Oak Ridge (La57b) and at Livermore (Bo57), 
and which have been assigned to the s process or in 
which the contributions of the r process have been 
estimated. Five of the isotopes lie in the range 23€ 4 
<46, while the remainder have A > 63. This table shows 
the same effects as are shown in Figs. VI,1 and VI,3. 


VII. DETAILS OF THE r PROCESS 


The essential feature of the r process is that a large 
flux of neutrons becomes available in a short time in- 
terval for addition to elements of the iron group, or 
perhaps, in cases where the abundances in the iron 
group are abnormally small, for addition to light nuclei 
such as Ne”. 

From the point of view of the present section, the 
precise source of the neutrons is not important; any - 
source capable of supplying a large neutron flux on 
short time-scale of order 10-100 sec, would meet the 
requirements. In Sec. IILF we discussed the po 
bility that a neutron density of 10*!/cm? and a f 
of 4X10'/cm* sec might be produced in supern 
envelopes at temperatures ~10° degrees. We ass 
these conditions in the following discussion | 
of the r process and of the abundances pro 
Fong (Fo57), using a hydrodynamical . : 
previously calculated abundances proc iced 
process. Our method is somewhat d 
include the (y,s) as well as ui) 
calculations. 
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A. Path of the r Process 


A nucleus of fixed Z cannot add neutrons indefinitely 
even in the presence of an intense neutron flux. The 
energy of binding of each successive neutron becomes 
progressively weaker as more and more neutrons are 
added, until ultimately the binding falls to zero. This 
sets an upper limit to neutron addition at fixed Z. 
Moreover, not even this limit will be attained because 
of the incidence of (y,z) reactions at the temperature 
necessary to produce the neutrons by charged particle 
interactions. The effect of (y,n) reactions can readily 
be understood from statistical considerations. Write 
n(A,Z) and n, for the number densities of nuclei A, Z 
and of neutrons respectively, and let Q,(4,Z) be the 
neutron binding /o the nucleus X (4,Z) in the reaction, 


X (4,Z)--nX (44-1, Z)+7+0,(4,2), 
such that 
Q»(A4,Z) - B.(A--, Z) 
—eC[M(A,Z)H-M,—M(A--F1,Z)]. (13) 


Note that Q, for nucleus A, Z is equal to the neutron 
binding energy B, (taken positive) in nucleus A+1, Z. 
With T' in units of 10° degrees, Q, in Mev, and neglect- 
ing weight factors of order unity, the statistical balance 
in this reaction is expressed by 


n(A-++1, Z) 5.04 
log— — — — — logn,,— 34.07 —3 logT's4- ——0Q;. 


(14) 
n(A,Z) To 


with all logarithms to the base 10. For neutron addition 
to be highly effective we requiren (44-1, Z)/n(A,Z)7»1. 
When n(A+1, Z)/n(4,Z)~1, neutron addition is less 
effective. When 2(A+1, Z)/n(A,Z)<1, neutrons are 
scarcely added at all. As an approximation, adequate 
for the present discussion, we may consider that neu- 
trons are added or not added according to whether 
n(A+1, Z)/n(A,Z)=1 is satisfied or not, i.e., according 
to whether 


T 

Qn>—(34.07+$ logTo—logn,) (15) 
5.04 

is satisfied or not. With T>~1 and 7,~10* as found in 


Sec. III F, we have 
Onz2 Mev. 


Larger Qn values would be required at higher tempera- 


tures or at lower neutron densities. 7(A-++1, Z)/n(A,Z) 


js very sensitive to small changes in Q, or Ts. Under 
the conditions discussed above 5.040,„/Tə=~10. Hence 


a ten perce 
ten percent 
changé 7 (47 
versely, for 8? 
dance W! 


nt change in Qn, namely by 0.2 Mev, or a 
change in Ts, namely by 10? degrees, will 
+41, Z)/N(A,Z), by a factor of ten. Con- 
ven Qn, T's, and Z the distribution in abun- 
J] exhibit a sharp peak where n(A-+-1, Z) 
This peak will be at most two or three units 
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We have said that Q, decreases as more and more 
neutrons are added at fixed Z. This statement ignored 
neutron pairing effects. Thus Q, is higher for odd 
N=A—Z by 1.5 to 3 Mev (depending on A) than it is 
for even N — A — Z. This means that instead of a simple 
monotonic decrease of Q, with increasing A (Z fixed) 
we have two decreasing sequences, one for JV odd, the 
other for JV even, the two sequences being separated 
by about 2 Mev in the range of 4 of interest in this 
discussion. 

Consider the effect of these two sequences on the 
criterion for neutron addition. Evidently the pairing 
effect makes it substantially more difficult for Q, to 
satisfy the criterion when JV is even, and hence neutron 
addition must always be expected to cease when N is 
even. Thus if a neutron can be added at JV even, then 
a further neutron will always be added, since an addi- 
tional energy approximately equal to 2 Mev is then 
available for binding the second neutron. On the other 
hand, when a neutron is added at odd JV, the situation 
is reversed—a second neutron would in that case be less 
strongly bound by —2 Mev—so that, although the first 
neutron might satisfy our criterion, the second is a good 
deal less likely to do so, and eventually, when X be- 
comes large enough, will not in fact do so. Thus we 
expect that neutron addition will always cease with JV 
at an even value, so that if 4 is odd Z must be odd, and 
if A is even Z must be even. 

These remarks all refer to a fixed value of Z. Now Z 
must increase by unity from time to time, since the 
neutron-rich nuclei at present under consideration are 
all unstable against negative beta decay, the lifetimes 
being ~0.01-10 sec. When Z thus increases, the energy 
of binding of the next neutron increases quite sub- 
stantially, so that one or more neutrons can again be 
added. Once again, however, neutron addition will cease 
at some even N. Neutron addition cannot then proceed 
until Z increases by a further unit—and so on. We 
therefore obtain a clear picture of how the nuclei evolve, 
by repeated neutron addition interspersed with 8- 
processes, the nuclei always being obliged to “wait” for 
a B- process when neutron addition decreases Q; to the 
limit allowed by our criterion. The process is shown 
schematically in Fig. V,2. A detail of this figure for 
118« 4 <132 is shown in Fig. V,3. 

The s and r processes differ in a very crucial way. In 
the s process, neutrons are made available very slowly 
so that the neutron density is always low. In such 
circumstances the addition of neutrons to the nuclei is 
controlled by their (n,y) cross sections. That is to say, 
the various nuclei compete among themselves for the 
capture of a slow trickle of neutrons, the abundances of 
the nuclei being governed by the flow equation (11) 


dn(A)/dt= —),(A)n(A)+2n(A—1)n(A—1), 


where n(A) is the abundance of that beta-stable isobar 
at A which occurs in the s-process capture path. In the 


2... 


situation in which there is no neutron shortage, and 
neutron addition is limited not by (zy) cross sections 
but by (y,n) competition and by “waiting” for 8- 
processes to take place. Essentially, we assume that 
equilibrium is reached between the rapid (n,y) and 
(y,n) processes, viz., n, Yy, n, and that the slow beta- 
decay processes constitute a slow leakage from this 
equilibrium. The corresponding flow equation in the 7 
process, derived from the general equation (10), takes 
the form 


dn(Z)/di- —dg(Z)n(Z)+Ag(Z—1)n(Z—1), (16) 


where z:(Z) is the density of that isotope of element Z 
at which waiting for negative beta decay occurs, i.e., 
the isotope for which Q,~2 Mev. The quantity As(Z) 
is related to the beta-decay mean lifetime, 7g, and half- 
life, tg, by ^5— 1/rg= 0.693/1. The condition for steady 
flow in the r process is 


Ag(Z)n(Z) —Ag(Z— 1)n(Z— 1) 2 const 
Or ; 
n (Z) aœ Ag (Z) = ta(Z). 


This is the analog of the steady-flow condition in the 
s process, namely, 


An (An (A) 2A4(A — 1)n(A — 1) 2 const 
or 
n(A)«),1(A). 


Just as the abundances of the s nuclei suggest that 
steady flow has occurred in the s process, so the abun- 
dances of the r nuclei suggest that steady flow has 
occurred in the 7 process. 

The 2(Z) given by the flow equations cannot immedi- 
ately be interpreted as atomic abundances. At first sight 
it might seem as if only certain values of A are con- 
cerned in the r process, namely the values of A at which 
the nuclei “wait.” In Figs. V,2 or V,3, if nuclei of charge 
Z wait at A, nuclei of charge Z+1 wait at A--AA, 
where AA equals the number of neutron captures at 
Z-+1 after beta decay at Z. Thus it might appear that 
only atomic weights A, 4--A4, etc., are likely to be 
produced in any appreciable abundances by the r 
process. This would be the case if there were a unique 
track of the kind shown in Figs. V,2 and V,3. But this 
is scarcely likely to be the case, since there will certainly 
be a spread in A, Z values about this path, simply due 
to the statistical nature of Eq. (14). Thus a small 
scatter in the values of atomic weights at which waiting 
for beta decay occurs is only to be expected. This 
suggests that we convert the nz abundances to na 
abundances by 


n(A) 9 n(Z) (A4)7— n(Z) (dZ/dA), (17) 


where AA is the number of unit steps in A for a single 
step in Z along the typical track of the form shown in 
Fig. V,2, and dZ/dA is the slope of the track in the Z, A 
plane. That is to say, we "spread" the abundances 
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of A that occur between the waiting points. This treat- 
ment is of course approximate, but it is thought ade- 
quate for the present purpose, since the present analysis 
contains other simplifications that are explained at a 
later stage. We arbitrarily take the spread from a given 
waiting point at A to the next higher waiting point at 
A-+AA rather than in the reverse direction. Physically, 
this corresponds to the assumption that, in freezing, the 
material accumulated at a waiting point with given A, Z 
is spread out, as y radiation dies out, by final neutron 
captures over an interval in A up to the waiting A for 
Z-+1. The equation for the equilibrium between (zy) 
and (y,z) reactions is much more sensitive to T, (linear 
dependence), than to nn, (logarithmic dependence). 
Thus, as T and n, decrease, the equilibrium is displaced 
toward slightly greater A values, representing the cap- 
ture of the last neutrons. 

The solution of the dynamical problem in the r 
process falls into two parts. The first part consists in a 
determination of the track shown schematically in 
Fig. V,2, the second consists in estimating the beta- 
decay waiting time. The relative abundances given by 
steady flow then follow immediately from 
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where rg(4,Z) is now the mean beta-decay lifetime at 
the waiting point, 4, for a given Z. A determination of 
the track demands a precise specification of the cri- 
terion for neutron addition. This criterion can be written 
as Qn>Q., where Q, is to be a specified quantity, of 
order 2 Mev, which depends on nn, T in accordance 
with the inequality (15). 

The problem of the determination of the track is that 
of obtaining Q, as a function of A, Z from nuclear 
data. Assuming for the moment this to be done, we 
then have Q,(A,Z)>Q, as the condition for neutron 
addition. We now wish to determine the waiting values 
of A for various Z by using the following criteria. 

With Z specified, IV — 4 — Z must be even, and 


Q«(4,2)2 Qo, 
Qn(A+2, Z) « Qo. 


In this way the waiting points A, AHAA, --- co 
sponding to Z, Z+1, --- can be found. A further nec 
sary condition is that the waiting points increase m 
tonically with Z. 

We have not found it possible to determine the | 
ing points solely from the current empirical 
data on neutron binding energies, This is to be 
if it is recalled that one must know the bindin 
of the very neutron-rich nuclei along the 
ture path with considerable precision (~ 
order to specify the path precisely. H 
energies of the stable nuclei on 
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precision. Furthermore, the extrapolation to the neu- 
tron-rich nuclei involves considerable uncertainty. For 
these reasons we have been forced to resort to a method 
of calculating r-process abundances which establishes 
a few parameters semiempirically on the basis of certain 
salient features of the abundance curve itself. We now 
outline a method of calculation which may eventually 
be capable of yielding a theoretical abundance curve on 
the basis of nuclear data alone. 

First, we consider the determination of Q(A,Z) on the 
basis of the smooth Weizsäcker atomic mass formula 
(We35), neglecting shell, pairing and quadrupole defor- 
mation effects: 


1 
M(A,Z)=(A -ZM Maa f 
m 


Z(Z—1) 
i —| (18) 
A3 


where M, and My are the masses of the neutron and 
of the hydrogen atom and a, £, y, and e are constants 
in energy units, to be determined empirically. They 
represent, respectively, volume, isotopic, surface, and 
Coulomb energy parameters. In the following discussion 
we use a=15.3, 8— 22.6, y=16.7, and e€— 0.69, all in 
Mev, as determined by Fowler, Hornyak, and Cohen 
(Fo47). Equation (18) can be alternatively written as 


(4—22)? 


1 
M(A Ma Ba (Z—Za4y, (18a) 
c 
where 


E 
Zam (ia) (19) 
4B 


is the value of Z at a given mass number, A, for which 
M (A,Z) has the minimum value, M 4. Z4 is not neces- 
sarily integral, and both Ma and Z4 can be deter- 
mined in terms of the empirical constants by setting 
0M/dZ=0, keeping A constant. The coefficient Ba 
appears in the well-known parabolic dependence of 
M (A,Z) on Z and can be evaluated from 


88 € 48 
Bien e (20) 
A 46 A 


Alternatively, Ma, Za, and Ba can be taken as quan- 
tities to be determined as empirical functions of A. 
Returning to Eq. (18), we can determine Q,(A,Z) 


as follows 
Q,(A 42) =2[M,+M(A,Z)—M(A+1, Z)] 
e Z(Z—1) 
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The terms in the second line in Eq. (21) can be identified 
successively as due to volume, isotopic, surface, and 
Coulomb effects in atomic masses. Equating Q, to a 
specified Q, in Eq. (21) gives A as a smooth function 
of Z. The plot of Z against A runs approximately 
parallel to the stability line, but it is depressed below 
this line by an amount that depends on the value of Q,. 
For Q,— 2 Mev the depression amounts to about 7 units 
in Z at A~100 and about 11 units in Z at 4-200. If 
the nuclear masses were really given by the Weizsäcker 
formula the nuclei would evolve along this line, not 
completely in a smooth fashion because of the discrete — - 
nature of 4, but smoothly within one unit of 4. There 
would be no gross deflections of the line, such as are 
implied in Figs. V,2 and V,3. In addition, the values of 
rg and dZ/dA would also be a smooth function of A, 
so that the theory would be incapable of explaining the 
peaks and troughs of the abundance curve for the r 
nuclei. Evidently an improved expression must be used 
for M(A,Z) if the theory is to provide this degree of 
detail. We have not attempted a'complete treatment 
but have been content to approximate in a degree that 
does not seem to have too serious an impact on the 
calculated results. A fuller treatment of the form of 
M (A,Z) is at present being investigated by Dr. Forrest 
Mozer at'the California Institute of Technology, and 
improved results should be forthcoming from its use. 

Our treatment is based on modifying the above ex- 
pression for M (4,Z) so that we have 


1 
M(A,Z) -Mw(A,Z)-—L/(N)9-g(2)], — 22) 
z 


where Mw(4,Z) represents the Weizsäcker expressions 
given in Eq. (18). That is to say, we subtract a sum of 
two functions, one of the neutron number and the other 
of the proton number. Insofar as they are functions of 
N and Z separately, this procedure takes into account 
the important effects on nuclear masses of (i) neutron 


or proton shell structure, (ii) spheroidal quadrupole a 
deformation of partially filled shells, and (iii) pairing of ] 
neutrons and pairing of protons. Products of two such 
functions are not included. The quantities f/(JV) and 


£(Z) will be discontinuous functions at magic closed 

shell numbers for JV or Z respectively. The sign is taken | 

negative so that f/(/V) and g(Z), as positive quantities, | 

decrease the mass and add to the stability of a nucleus. 
We now obtain 


Q0,(A,Z)=a—B—2yA-3 
a € 
te ea pera, (23) 
AL 128 
where 
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Note that g(Z) drops out of Qn. Care must be exercised 
in evaluating f' at magic numbers where f is discon- 
tinuous. Our criterion Q,>Q,, with Q, a specified 
number ~2 Mev, now gives a track in the Z, A plane 
that depends on f’(A—Z). 

The capture path is changed considerably on taking 
f'(A—Z) into account. The plot of Z against A for the 
process follows a smooth curve approximately parallel 
to the stability line if the Weizsücker mass formula, 
Eq. (18), is used. The plot of Z against A, shown in 
Fig. V,2, departs from such a smooth curve, however. 
Deviations are introduced by the function f(4—Z). 
Most notably, this function causes the curve to swing 
upwards towards the stability line whenever A—Z 
equals a neutron magic number. The physical reason 
for this is that the energy of binding of the next neutron 
decreases sharply by about 2 Mev at neutron shell 
closure. Consider neutron shell closure at V=A—Z 

82, A=123, Z=41 (cf. Fig. V,3). The 82nd neutron 
is added with a binding of 2 Mev, or perhaps somewhat 
more than this, the value of Z being some 12 units 
below the stability line at this stage. An 83rd neutron 
cannot then be added at such a depth below the sta- 
bility line because of the sharp fall of binding after 
shell closure. Indeed, an 83rd neutron at Z=41 would 
scarcely be bound at all. Further evolution then depends 
on a 8~ process, which decreases A — Z to 81. An 82nd 
neutron can then be added, but an 83rd again cannot. 
A further 8- process must therefore take place, when 
once again an 82nd neutron can be added. In this way 
the nucleus climbs a staircase with Z and 4 both in- 
creasing by unity at each step. Eventually, however, 
the climb up the staircase carries the nucleus close 
enough to the stability line for an 83rd neutron to be 
added at a binding energy ~2 Mev. This occurs for 
Z=49, A=131. Subsequently Z increases by one unit, 
not for a one-unit increase of A, as on the staircase, but 
for an increase of some three or more units in A. The 
differential in 4 must be an odd integer since waiting 
occurs only for even JV. We refer to the values of A 
and Z for a magic N at which more than one capture 
occurs as the “break-through” values at the abundance 
peaks. Break-through pairs are (82, 32), (131, 49), and 
(196, 70) at IN — 50, 82, and 126, respectively, and stair- 
cases similar to the one at /V — 82 occur at /V — 50 and 
126. These staircases are associated with the rising sides 
of major peaks in the abundance curve for the r process. 
More subtle effects of proton shells and spheroidal 
deformations are discussed later. 

From the above discussion it would seem that the 
capture path cannot.be determined without explicit 
knowledge of (4 — Z), but this is not so, as the follow- 
ing device shows. Let A., Ze be a nucleus with empiri- 
cally known neutron-binding energy, and with 


'Then we have 


QnA.) -a—8— My ci 


Z2 : 
eu ee aae '(A.—2Z2, (23a 
PEUT. f'(4 ), (23a) 
where 
f'(A.—Z.)=f' (4—2). 
Subtracting Eq. (23a) from (23), we have 
Q.,2 — Q (A5 Z) Y (473—473) 
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In the last approximate expression we have evaluated 
in Mev the differences in the surface and Coulomb 
terms for the cases which will be found to be of interest. 
The isotopic term in 8 is by far the largest term in the 
difference in neutron binding energy for two nuclei 
with the same N. The important result of the foregoing 
analysis is that g(Z) does not appear in (23) for Q,(4,Z) 
and f(V) and f'(N) do not appear in (24). This follows 
from our assumptions that to first order the deviations 
from the Weizsäcker mass law are separable in V and Z. 

If the values of Q(4,,Z.) were always accurately 
known the present procedure would be simple of appli- 
cation. Unfortunately, individual empirical values of 
Q(A,,Z.) contain sufficient inaccuracies to cause serious 
difficulties if employed singly. The difficulties can be 
overcome, in part, by a suitable form of smoothing, 
except for values of A—Z between ~84 and ~110, in 
which range the empirical mass data seem to be too 
poorly known even to admit of smoothing. 

Smoothing is effected by constructing the quantity 


Ze 
AG As Z)weal 0. (4529-48 , ] $ 


The quantity in square brackets is first calculated for 
each nucleus for which empirical values of Q, are avail- 
able, and then averaged over all cases having the 
specified value of IV — 4.— Z.. The A indicates that the 
values are calculated relative to those at the beginning 
of the appropriate neutron shell. Thus A (f^) is the excess 
neutron binding energy to nuclei with a specified M 
over that given by the smooth Weizsücker mass formula 
normalized to zero at the beginning of the shell in which 
N lies. We have used the nuclear mass tables of Wapstra 
(Wa55) and Huizenga (HuS55) for this purpose. When 
this has been done for various NV the resulting average 
values have been plotted against JV, as in Fig. VII,1. 
A second form of averaging is then effected by drawing 
a smooth curve through the points obtained in this way, 
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NORMAL INCREASE 
IN STABILITY 
IN SHELL 


SPHEROIDAL 
DEFORMATION 
STABILITY 


EXCESS NEUTRON BINDING ENERGY (MEV) 


so 60 70 80 120 130 140 
NEUTRON NUMBER (N) 


150 160 


Fic. VII,1. The average excess neutron binding energy to nuclei 
with neutron number N, over that given by the smooth Weizsücker 
atomic mass formula (We35). Each value has been normalized 
to the value at the beginning of the shell in which N lies. Empirical 
mass data for the VY —82 to 126 shell are not accurate enough to 
yield the portion of the curve in this region. 


We interpret the “quadratic” rise in the neutron 
binding excess between /V—50 and 82 as the normal 
behavior as a neutron shell is filled. The last neutrons 
interact with a greater number of nucleons and are 
bound by about 2.6 Mev more than the first neutrons 
in this shell. In the M= 126 to 184 shell there is a rapid 
rise to great stability early in the shell, a flattening off, 
and eventually a decrease having a maximum slope 
near V=152. We assume that eventually the curve 
rises again to a high value at shell closure. The early 
rise may be attributed to the ability of these heavy 
nuclei to take up spheroidally deformed shapes which 
have lower energy levels for extra neutrons than the 
spherical shape at the beginning of the shell. Maximum 
deformation is reached apparently near A~144 and 
then the shell becomes spherical again on closure, with 
the normal shell effect coming into play. The effect of 
spheroidal deformations on quadrupole moments and 
on rotational level structure in heavy nuclei has been 
briliantly developed by Bohr and Mottelson (Bo53) 
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potentials have been made by Nilsson (Ni55). Nuclei in 
the V=51 to 82 shell do not show these effects in a 
pronounced manner, and thus “normal” shell behavior 
can be expected. The effects are well known in the 
heavier /V —82 to 126 shell, for which, unfortunately, 
masses accurate enough for our purposes are not avail- 
able. The effects can be expected to be highly developed 
in the /V — 126 to 184 shell. The influence of the en- 
hanced stability on the r process is discussed in detail 
in what follows. Note added in proof—The recent mass 
spectroscopic data of W. H. Johnson, Jr., and V. B. 
Bhanot (Jo57) yield a curve in the range IV — 82 to 126 
similar to the right-hand curve in Fig. VII,1. 

A difficulty which arises in determining the Q,(A,Z) 
from the empirical Q,(4,,Z.) lies in the isotopic pa- 
rameter 8 for which we have taken the value 22.6 Mev. 
This is the value which gives the correct dependence of 
Za on A if the Coulomb coefficient e is taken as 0.69 
Mev. Fowler et al. (Fo47) found this value for e to be 
necessary to fit the rise of the packing fraction curve 
for nuclei with 47 70, and Green has confirmed this 
point (Gr54b). This value for e is somewhat larger than 
that found in early attempts to adjust the smooth 
Weizsücker formula to nuclear masses but is in keeping 
with the smaller values of nuclear radii found in electron 
scattering experiments by Hofstadter and his col- 
laborators (Ho56c). However, in determining Q,(A,Z) 
from Q,(A.Z.) we really need "local" values of 8 at 
N=A-—Z=A,—Z,, not the average value determined 
by the best fit to Z4 over all A. This implies that £ is 
not constant, as is indeed found to be the case if one 
adjusts the Weizsücker formula or its alternative form 
in M 4, Ba, Za to local regions. Unfortunately, the em- 
pirical values for Q,(A.,Z.) do not cover a sufficient 
spread in A, and Z, to give accurate determinations of 
the local values for 8, and thus the extrapolation to A,Z 
values far from the stability line involves considerable 
uncertainty. 

To elaborate, let us consider the accuracy with which 
we must compute Q, for the waiting point, A, at a given 


and extensive calculations of energy levels in spheroidal Z value along the capture path not near any magic E 
TABLE VII,1. Parameters of the 7 process at magic neutron numbers. x 
- — M UU al P 
5 n? B W, 7 7 
N A Z Process Mey ZA Mev ven Mev Md A 2 (calc) n (obs) M 
50 a 2 Go) O o . 143 382 — 123 L)m42. 6r ESSE 4 
81 31 (87»— 2.4 35.4 1.88 ee 4.07 8.96 3 10.4 6.62 E 
à 82 32 Gy) 2;9* Break-through point 
2 128 46 s 1.0 54.5 1.36 1.18 7.48 0.43 1 Stan. 1.48 
8 129 47 (87»— 14 54.9 1.36 ee 7.84 0.34 1 1.17 1.05 
7 130 48 (87) 1.7 55.3 1.35 116 5.82 E) 6 1.73 oe 
: À 131 49 (ny) 2.08 Break-through point 
: 68 (8-»—) 1.2 77.9 1.16 0.77 8.31 0.25 1 0.87 0.533 
126 1s 69 (87) 14 78.3 1.16 8.39 0.24 3 0.28 0.548 
a 70 (n,y) 1.6 Break-through point 
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shell number in N. We evaluate 


GOM 862? 
——| ~———~— 0.25 to —0.1 Mev, 
ðA |z A? 


where the numerical values have been determined near 
A=100 and 4-200, respectively. Since the Q, can 
hardly be specified to better than 0.5 Mev an uncer- 
tainty in A of several units is to be expected. The break- 
through points near magic shell numbers for JV can be 
evaluated from 


a0n 88ZN 
GA a OMS 


~ 


~0.5, 0.3, 0.2 Mev, 


where the numerical values have been determined at 
IN — 50, 82, 126, respectively. Again an uncertainty of 
one or more units in A arises from uncertain knowledge 
of the Qn. 

With these difficulties in mind, we have chosen to 
establish a few key points in the track of the r process 
by using the values for the atomic weights at those 
peaks in the atomic abundance curve which are at- 
tributed to the r process. On the leading edges of these 
peaks there is no arbitrariness, except in the value of 
A (or Z) at which a given magic N is reached, and in 
the value of 4 (or Z) at which break-through occurs. 
The break-through points at which neutron capture 
without a preceding beta decay becomes possible occur 
just beyond the maxima of the magic-neutron-number 
abundance peaks. We have chosen these break-through 
points to give the best fit to the three abundance peaks 
due to magic neutron-numbers and have then adjusted 
the path determined by our criterion Q,(A,Z)>Qo to 
fit the three points and to give a smooth run of waiting 
points between these break-through points. Thus the 
r-process path has been determined by a smooth curve 
for Qo passing through the break-through values at 
N=S0, 82, and 126. These key values are shown in 
Table VII,1, where we list the Q, values calculated by 
the smoothing procedures, using 8— 22.6 Mev. These 
Qn values show a systematic decrease from 2.9 Mev at 
N=50, through 2.1 Mev at N=82 to 1.6 Mev at 
N=126. These values correspond to temperatures of 
1.45, 1.0, and 0.8 X 10? degrees, respectively, for 21, — 10%. 
Whether or not this systematic decrease is real is a 
matter which cannot be answered with present knowl- 
edge of nuclear masses and binding energies. In at- 
tempting to use estimated local values for 8 we have 
found that the differences in Q, and thus T are only 
accentuated. It is clear that the conditions, 2, and T, 
for the production of the three peaks were not greatly. 
different. A small difference, if real, would be very 
significant in our understanding of the astrophysical 
circumstances under which the r-process elements were 
synthesized. We return to this matter later in our discus- 
sion and in Sec. XII. The capture path from Fe** to 
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TABLE VII,2. The path of the r process and calculations 
of r-process abundances. 


Atomic , 
Ba 104 Wg 7 abun- È 
N A Z ZA Mev Mev Mev sec AA dances . | 
30 56 26 . Starting . | 
point 
42 68 26 30.3 2.40 1.40 3.42 21.4 3 First I | 
waiting 
point 
44 71 27 31.4 2.20 tee 4.68 4.45 7 2.20 
50 78 28 34.2 1.94 1.42 6.26 1.04 1 3.61 
79 29 34.6 1.92 tee 6.45 0.90 1 3.11 
80 30 35.0 1.90 1.43 3.82 12.3 1 42.6 " 
81 31 35.4 1.88 te 4.07 8.96 3 10.4 
52 84 32 37.4 1.80 1.44 4.28 6.96 1 24.2 
85 33 37.8 1.78 tt 4.59 4.91 5 3.40 1 
56 90 34 39.8 1.70 1.44 4.67 4.50 7 2.23 
62 97 35 42.5 1.60 one 8.50 0.225 5S 0.156 | 
66 102 36 44.5 1.55 1.41 8.39 0.241 5 0.167 | 
70 107 37 46.5 1.50 see 11.00 0.062 3 0.072 
72 110 38 47.7 1.47 1.35 9.73 0.115 7 0.057 k 
78 117 39 50.5 1.41 c.. 13.19 0.025 3 0.029 
80 120 40 51.7 1.39 1.27 12.02 0.040 3 0.046 
82 123 41 52.8 1.38 tee 13.33 0.024 1 0.083 
124 42 53.1 1,37 1.23 11.05 0.061 1 0.211 
125 43 53.5 1.37 tre 11.46 0.051 1 0.176 
126 44 53.8 1.37 1.20 9.30 0.144 1 0.500 
127 45 54.2 1.36 see 9.61 0.122 1 0.423 
128 46 54.5 1.36 1.18 7.48 0.427 1 1.48 
129 47 54.9 1.36 aoe 7.84 0.338 1 1.17 A 
130 48 55.3 1.35 1.16 5.82 1.50 3 1.73 
84 133 49 57.6 1.33 eee 8.61 0.211 3 0.244 
86 136 50 57.6 1.31 1.08 6.10 1.18 9 0.454 
94 145 51 60.6 1.28 see 9.59 0.123 5 0.085 
126 185 59 74.9 1.18 te 16.31 0.009 1 0.030 3 
186 60 75.3 1.18 0.78 14.82 0.014 1 0.049 3 
187 61 75.6 1.18 ... 14.78 0.014 1 0.049 
188 62 75.9 1.17 0.78 13.06 0.026 1 0.091 
189 63 76.3 1.17 see 13.14 0.025 1 0.088 
190 64 76.6 1.17 0.78 11.54 0.049 1 0.170 
191 65 76.9 1.16 eee 11.40 0.052 1 0.180 
192 66 71.3 1.16 0.77 9.94 0.103 1 0.357 
193 67 71.6 1.16 ove 9.90 0.105 1 0.364 
194 68 77.9 1.16 0.77 8.31 0.252 H 0.874 
126 195 69 78.3 1.16 ft 8.39 0.240 3 0.278 
128 198 70 80.4 1.16 0.76 8.90 0.180 11 0.056 
138 209 71 83.9 1.16 HE 12.56 0.032 3 0.037 K 
140 212 72 84.9 1.16 0.75 11.81 0.043 3 0.050 
142 215 73 86.0 1.16 ore 12.68 0.030 3 0.035 
144 218 74 87.0 1.16 0.75 11.93 0.041 3 0.048 
146 221 75 88.1 1.16 see 12.80 0.029 3 0.034 
148 224 76 89.1 1.16 0.74 12.06 0.039 3 0.045 
150 227 77 90.2 1.16 see 12.91 0.028 3 0.032 
152 230 78 91.3 1.16 0.73 12.30 0.036 1 0.123 
231 79 91.6 1.16 DE 12.22 0.037 1 0.127 
232 80 91.9 1.16 0.73 10.67 0.072 3 0.084 
154 235 81 93.0 1.16 see 11.52 0.049 3 0.057 
156 238 82 93.4 1.16 0,72 10.10 0.095 3 0.110 
158 241 83 94.5 1.16 see 10.94 0.064 1 0.221 
158 242 84 94.8 1.16 0.72 9.41 0.136 3 0.157 
160 245 85 95.9 1.16 see 10,24 0.089 3 0.103 
162 248 86 97.0 1.16 0.72 9.64 0.120 3 0.139 
164 251 87 98.0 1.16 coe 10.36 0.084 3 097 
166 254 88 99.0 1.16 0.72 9.64 0.120 3 0.139 
168 257 89 100.1 1.16 o 10.48 0.009 3 0.091 
170 260 90 101.2 1.16 0.71 9.87 0.107 5 
174 265 91 102.9 1.16 srs 11.0 0.052 7 


a Probably depleted by neutron-induced fission. 


A=265 which we have used is given in Table VII,2 and 
is illustrated in Figs. V,2 and V,3. The path is complete 
except for a gap from A= 150 to 4 = 185, in which regi 
the empirical masses are so poorly known that there is 
no guide at all even to the trend of the capture track. 


B. Calculation of r-Process Abundance e. E~: 


We now pass to the conclusion of our proble 
namely, calculation of the relative abundanc s of th 
elements produced in the r process. This im 
termination of AA=0Z/0A and rg at th 
points. The capture path calculated fro 
Q.(4,2) 2 Q. yielded nonintegral va 
and thus a fairly smooth 90Z/à4A al 
we used as a guide as discuss 
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have finally chosen in Table VII,2, and in the “actual” 
track, Z and A change by integral values, and so we 
have chosen to use the integral AA listed in Table VII,2, 
in calculating n(A). In Table VII,2 the various param- 
eters needed in the abundance calculations are also 
listed. 

The mean beta-decay lifetimes at the waiting points 
have been calculated from the Fermi expression 


ik de 


where Ws, measured in Mev, is the effective beta-decay 
energy at the waiting point. It includes the kinetic 
energy of the electron and neutrino and the rest-mass 
equivalent energy (0.5 Mev) of the electron. The nu- 
merical constant has been determined by using an al- 
lowed transition log;of! value of 3.85, where 


1rWgj5 ae 
eae 
30L auc 


if Wg is measured in Mev, and /— 0.69375 is the beta- 
decay half-life. The method described below for evaluat- 
ing W leads in general to an underestimate, so that our 
values of 7g could be too large by a factor of as much 
as 10. However, the relative values and thus the relative 
abundances should not be uncertain by such a large 
factor. 

The determination of W as a function of the waiting 
point charge, Z, and mass, A, is a matter of some 
complexity. The total kinetic energy, Qg, available in 
the beta transition to the ground state of the daughter 
qucleus is calculable from the atomic mass expression 
ziven in Eq. (22) and becomes 


Qs— &LM (A4,Z,N) — M (A, Z+1, N—1)]. 


Since the masses are atomic rather than nuclear, no 
allowance need be made for the beta-electron mass. We 
thus have, 

dg df 


—B4(Z4—Z-—0.5)4-—— —. 25 
Qs A(Za ) IZ aN (25) 


In this expression dg/dZ and df/dN explicitly appear. 
However, since they appear as a difference their in- 
fluence on Qs cannot be too great. Except at shell 
numbers, g and f increase with Z and JN, respectively. 
Tf g and J were linear in Z and N with the same coefhi- 
cient, then dg/dZ—df/dN would be zero. Actually, g 
and f are approximately quadratic in the nuclear excess 
over magic-number values. Since there is a neutron ex- 
s in negative beta decay, in general df/dN7 dg/dZ 


7 and Z4 are usually smaller than the values calcu- 
P m the smooth formula. Z4 changes discontinu- 


m ic numbers, increasing after N magic and 
sly at Bee Z magic. Actually, the residual effect of 
creasing be taken into account by using just the 


first term of Eq. (25) for Qg with local values for B4 
and Za, particularly for Z4. Local values for Z4 have 
been given by Coryell (Co53) and we have used these 
values as tabulated in Table VIL2. Z4 is not only a 
function of A but also of the shell in which Z and N fall. 
Coryell chose the smooth Weizsücker relation between 
local values of Ba and Z4, namely B4Z 47-40, but we 
have not found this to be sufficiently accurate for our 
purpose. Accordingly, we made an independent analysis 
in order to obtain the values of B4 listed in Table VIIj2. 
To do this we used Coryell's Z4 at a given A and deter- 
mined B4 from the empirical Qg differences calculable 
at a given A from the masses of Wapstra (Wa55) and 
Huizenga (Hu55). These values of B4 are shown asa 
function of A in Fig. VII,2. 
We thus have 


Qs=Ba(Za—Z—0.5), 


where B4 and Z4 are now the “local” values for these 
quantities taking into account all deviations from the 
Weizsäcker mass law except odd-even effects, which 
must be treated separately, as discussed below, for 
nuclei with odd A and even A. It is emphasized that 
Z4 must be chosen to correspond to the shells in which 
Z and N lie. 

The beta-ray transition to the ground state of the 
daughter nucleus will rarely be allowed. Allowed transi- 
tions occur to excited states of the daughter nucleus 
having spins differing by zero or unity from those of the 
parent ground state and having the same parity. Of 
these allowed transitions perhaps one is favored by a 
large matrix element indicating considerable similarity 
in the initial and final states as to spin, isobaric spin, 
and orbital characteristics. The excitation of this 
favored state will in general be lower at larger 4, 
since the level density increases with A. It can be argued 
that the amount of excitation ought to be proportional 
to, and of the order of magnitude of, the isobaric param- 
eter B4. We have arbitrarily chosen 2B, as the excita- 
tion energy of the excited state to which the beta 
transition effectively occurs. With this choice, the rela- 
tive heights of the abundance peaks at N= 50, 82, and 
126 are approximately reproduced as indicated by a 
comparison of the columns giving z (obs) and (calc) in 
Table VII,1. The choice of 284 probably errs on the 
high side, so that our estimates for Wa may be some- 
what low. 

We can now write down W as soon as pairing energy 
or odd-even terms are clarified. If 04 is used to designate 
the pairing energy term, and if odd A nuclei are taken 
as arbitrary standards for which no pairing correction 
is made, then for the mass of the ground states of even 
A, even Z, even WN nuclei we must subtract 64/2, and 
for even A, odd Z, odd N nuclei we must add 64/2. Our 
waiting nuclei all have even JV, so that for odd A no 
correction is necessary and for even A we must subtract 
64/2. On the other hand, the special symmetry prop- 
erties of the ground states of nuclei insofar as pairing 
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effects are concerned do not apply to the excited states. 
This has been shown by Hurwitz and Bethe (Hu51) in 
connection with their analysis of the neutron capture 
cross section of odd A and even A nuclei. Hence, we 
neglect pairing energy terms in the daughter nuclei. As 
a final result, then, 

+0 A odd, Z odd 
Wg=Ba4(Za—Z—2.5)+0.5 

—46, A even, Z even. 


This prescription leads if anything to an underestimate 
of Ws, as indicated above, so that our values for 
ta~W,-* may be high by as much as a factor of ten. 
The term m.c?=0.5 Mev has been added to give the 
total kinetic plus rest mass energy of the effective beta 
decay. For 64/2 we use the empirical values tabulated 
by Coryell (Co53). His values of 64/2 as a function of 
A are shown in Fig. VII,2. The resulting values of Wg 
are given in column 7 of Table VIL2 and have been 
used to calculate the values of rg given in column 8. 
These in turn have been used to calculate the abun- 
dances given in coiumn 10, arbitrarily taking the 
abundance of 5?Tez;?* near the N= 82 peak as standard 
at 1.48 on the Suess and Urey scale. The calculated 
abundances are shown as a histogram for comparison 
with Suess and Urey abundances which are plotted as 
points in Fig. VII,3. The results of the calculations, ex- 
tended into the range above A=209, are shown in 
Fig. VILA. 

From Fig. VII,3 reasonable but not exact agreement 
with observed abundances is obtained on the basis of 
the theory of the r process that has been outlined. The 


100 


Fic. VII,3. Abun- 10 
dances of nuclei pro- 
duced in the r proc- 
ess. The empirical 
points are taken 
from Suess and Urey 
(Su56). The histo- 
gram is a curve 
calculated by the 
methods described in 
the text. The free pa- 
rameters have been 
adjusted to yield 
the correct relative 
heights of the three 
abundance peaks for 0.1 
magic neutron num- 
bers V=50, 82, and 
126. 
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Fic. VII,2. The parameters B4 and 64/2 as a function of atomic 
weight. B4 was calculated by the method described in the text, 
while 64/2 is taken from the work of Coryell (Co53). 


break-through values for 4 were established from the 
rounding-off points of the three observed abundance 
peaks ascribed to JV— 50, 82, and 126, respectively. 
However, the rapid rise in abundance below the peak 
point is unambiguously given by the rapid decrease in 
beta-ray energy as the track is held in the Z, A plane to 
the magic V numbers until break-through is finally 
attained. The relative abundances of the peaks come out 
quite well on our calculations, but this can be attributed 
to our arbitrary choice of the excitation energy, 2Bu, 
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TRANSBISMUTH SYNTHESIS 
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FISSION 
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EFFECT 
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SPHEROIDAL 
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ABUNDANCE 


200 220 240 260 
ATOMIC WEIGHT 
Fic. VII,4. Abundances of heavy nuclei produced in the 7 
process. The method of calculation was the same as that used in 
calculating the abundance histogram shown in Fig. VII,3. It is 


assumed that neutron-induced fission terminates the rz process 
at A — 260. 


in the residual nucleus after beta decay. We can con- 
clude as follows: on the basis of the r-process track 
shown in Fig. V,2 which passes through neutron-rich 
nuclei with neutron-binding energies of the order of 
2 Mey, and on the basis of beta-decay lifetimes for these 
nuclei computed from reasonable local values for the 
parameters B4, Z4, and 84/2, it has been possible to 


compute a satisfactory caricature of the abundances of’ 


those nuclei which have been produced predominantly 
in the r process. 
Let us discuss a few special features of the calculated 
histogram of Fig. VII,3. In the first place, the N= 50 
peak is really a double peak with maxima at A — 80 and 
4-84. The empirical validity of this double peaking 
rests on the ratios Se®°/Se®= 33.8/5.98 and Kr#/Kr*/ 
Kr$6— 5.89/29.3/8.94, determined by the mass spectro- 
scope. Changing the Se/Kr ratio, which might be 
possible in view of the divergent methods of obtaining 
their individual abundances, does not lead to a solution 
of the problem. It is also difficult to question the assign- 
ment of these isotopes to the r process. This situation 
can be caricatured in the r process by (i) letting 4 — 80, 
Z — 30 be the last nucleus at N= 50 for which beta decay 
is followed by only one neutron capture; (ii) letting 
break-through occur at 4 —81, Z—31, with beta decay 
followed by three neutron captures to 4—84, Z— 32, 
N= 52; (iii) making this last described nucleus a waiting 
oint followed by only one neutron capture, in keeping 
with the empirical fact that the binding energy of the 
53rd neutron is as small as that of the 51st neutron. 
i d this point the abundance curve trails off 
Bey QD lly as the neutron binding energy for increasing 
gradua y increases up to N=82 and the capture 


C ly returns to the off-peak path. E 
Ra e ee of the W=126 peak is very precipitous, 


t that the neutron-binding energy 
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rapidly increases after the drop at /V— 126, and the 
rapid return to the very neutron-rich nuclei gives a 
small dZ/dA (dN/dA~1), a small rg, and hence a small 
abundance. As noted previously, the rapid increase in 
neutron-binding energy after N — 126 can be attributed 
to the fact that the first neutrons in the IN — 127 to 
N=184 shell can distort the closed nucleon shells 
(N — 126, Z— 82) in such a way as to lead to a spheroidal 
deformation considerably more stable than the spherical 
shape at the end of the preceding shell. When maximum 
deformation is reached, further neutron addition does 
not lead to greater stability, and the neutron-binding 
energy curve reaches a plateau. This results in the 
r-process path moving somewhat closer to the stability 
line in the Z, A plane. This leads in turn to somewhat 
greater values of rg and dZ/dA and thus to a moderate 
increase in abundance. It is to this spheroidal deforma- 
tion effect that we attribute the abundance hump from 
4-230 to 260 in Fig. VIL4. Additional discussion of 
this feature is given in Sec. VIII. We also attribute the 
abundance hump near 4=160, which is evident in 
Fig. VII,3, to this same effect, even though we have not 
been able to make detailed calculations in this region. 
It is well known that the stable nuclei in this region 
show large quadrupole moments consistent with the 
fact that the most stable forms of the ground states are 
spheroidal rather than spherical in shape. 

The precipitous drop expected on the backside of the 
NN — 82 peak is masked by the appearance of a peak due 
to the magic number of protons, Z— 50. It might be 
thought that in a neutron capture process, proton magic 
numbers would be irrelevant. However, a proton magic 
number does affect the beta-decay lifetime by slowing 
down the transition to the nucleus containing a proton 
outside the closed shell. Another way of expressing this 
is to note that, for example, Z4 does not increase when 
Z changes from 49 to 50 in Table VIL2, and thus Wa 
decreases, rg increases, and the abundance hump evi- 
dent at 4 — 140 in Fig. VIL is to be expected. Since 
dZ/dA becomes quite small at Z magic, as numerous 
neutrons are added before decay to the proton in the — . 
next shell occurs, we find that the abundance value — | 
established at the waiting point (4 — 136) is spread out 
over a considerable interval of atomic weights up to  - 
A — 145. z 


C. Time for the r Process : Steady 
Flow and Cycling 


The r-process abundances have been calculated on 
the assumption that a steady state is reached in which 
the abundances are proportional to the beta-decay life- 
times at the waiting points. The circumstances under - 
which the steady state is a good approximation can be ' 
elucidated by considering the individual beta decay 
times and total time for the r process. From Table VIL2 
Fe*5, taken as the source nucleus, rapidly captures some 
12 neutrons to produce Fe, the first waiting point i 


= 
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the “typical” capture path. Here Q, is less than Q, 
(~3 Mev in this region) for the first time and beta 
decay occurs with a lifetime of ~21 sec. This is longer 
than all the succeeding lifetimes and is in fact ~25% 
of the total time for the r process. This latter quantity 
is just the sum of all the rg in Table VII,2, plus a rough 
estimate of 3 sec for the region A=150 to 185, and is 
therefore ~80 sec. After passing Fe®*, the material 
spends ~40 sec in the V=50 (and 52) peak. Thus the 
long-lived “source” and first “sink” control the flow 
for a considerable period during which the heavier, 
shorter-lived products come into, and remain in equi- 
librium with, these long-lived predecessors. It is sig- 
nificant that the Fes? lifetime plus the V=50 peak 
lifetime is long as compared with the 5 to 23 sec life- 
times of Mg”, Na*!, etc., which control the production 
of the neutrons. It is also significant that the total time 
for the r process is comparable to the ~100-sec expan- 
sion and cooling time for the supernova envelope. 

From the correspondence of the calculated abun- 
dances with those in the atomic abundance distribution, 
it would seem that this distribution was produced under 
conditions in which steady flow was just reached and 
maintained. Other conditions can pertain in different 
circumstances. The establishment of steady flow re- 
quires about 38 neutrons per capturing Fe35; since the 
average atomic weight in the distribution given in 
Fig. VII,3 is ~94. For fewer than 38 neutrons per Fe*$, 
the upper end of the abundance curve will not reach its 
full value. For a greater number of neutrons, as will 
certainly be the case in some supernovae, the abun- 
dances of high atomic weight will be enhanced over 
those illustrated in Fig. VII,3. This enhancement occurs 
over the entire region above 47-110 because of cycling 
resulting from the neutron-induced fission process near 
A~260. For asymmetric fission, one-half of the flow is 
returned near A~110 and the full flow is maintained 
above A~150. Thus the abundances above A~110 
grow relative to those below ~110, with a factor of two 
marking the growth above A~150 relative to that for 
A~110 to 150. For a neutron to iron-group abundance 
ratio = 100, practically all of the original “seed” nuclei 
will be cycling in the region A~110 to 260 and increas- 
ing in abundance with average atomic weight A~174. 
Under these circumstances the peaks at /V—82 and 
N=126 have about the same abundances, since only 
one half of the material is returned to the IV — 82 peak 
in the cycling. In Sec. XII we consider the case of en- 
hanced production above A~110 to be typical for 
certain supernovae. 


D. Freezing of the r-Process Abundances 


Implicit in our comparison of calculated abundances 
with those observed is the assumption that the unstable 
nuclei produced at mass number 4 in the r process 
subsequently decay only by beta decay to their stable 
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predominant final step in the synthesis of a stable 
nucleus by the r process as the temperature and neutron 
flux decrease and the r process abundances are “frozen 
in." In some cases beta decay can occur to a state of the 
residual nucleus in the final chain of beta decays which 
is so highly excited that it is unstable to neutron emis- 
sion. This is similar to the delayed emission of neutrons 
following fission. Since this mode of decay is not the 
main one, we have neglected it in our calculations. We 
note here, however, that delayed neutron emission 
occurs for even-even nuclei, since the depression of their 
ground states results in the availability of higher excited 
states when they are produced. Thus, this process favors 
odd A production over even A, since some even A mass 
chains switch to odd by delayed neutron emission. This 
point tends to compensate for the fact that even A 
abundances are somewhat greater than odd A abun- 
dances before the freezing occurs. 

Smart (Sm48, Sm49) suggested, in connection with 
primordial synthesis of the elements, that (y,7) reac- 1 
tions compete with negative beta decay in the freezing 
after a rapid neutron capture process. In this way the 
shielded isobars could be produced. In stellar synthesis 
the shielded isobars are produced separately in a second D 
process which we have labeled the s process and which 
we suggest has occurred during the giant stage of stellar 
evolution. It is our belief that (y,z) reactions subse- 
quent to the 7 process, primordially or in supernovae, 
cannot have produced the shielded isobar abundances 
found in the atomic abundance curve. 

It has been noted in Sec. VI that the barium isotope 
ratios and absolute abundances are consistent with p- 
and s-process production. Let us now consider the diffi- 
culties arising in an attempt to explain the observed 
barium abundances, for example, on the basis of (y,z) 
reactions in the freezing of the r process. In the first 
place the possibility can be considered that the neutron 
flux suddenly ceases while the temperature is still high 
and that (y,) reactions rather than negative beta 
decays return the material to the stability line. This — 
would require the ejection of some 10 to 30 neutrons 
per product nucleus and would obviously be self- 
defeating in that it would almost restore the original - 
neutron flux. Furthermore it would invalidate the 
planation for the r-process peak abundances given in. 
this section and would require double abundance h 3 
to have been produced in the -process path 
A~100, 140, and 200, for which there are no 
reasons. 

A more reasonable possibility is that sugge 
Smart; after the original very fast beta decay 
the nuclei close to the stability line, the 
become long and the (7,7) process compet 
adjustments. Thus in the case of barium, n 
duced at A just greater than 138 might 
beta decay, in the long-lived 
seBass™ (85 min), ssBags? 


1 


idi 
S Age) * 
x / 


«n 


598 BURBIDGE, 
loosely bound 85th, 84th, and 83rd neutrons and pile 
up the material in ssBas?*5 with its tightly bound 82nd 
neutron. Some leakage to the lighter isotopes could 
occur and a general tailing off in abundance from 
56Bago!*® to 56Ba74° would be expected. This is indeed 
found with the important exception that 55Ba7,!°° is 
even slightly more abundant than s.Baz.'*, which is not 
to be expected at all. Furthermore, if the (y,7) process 
does occur at barium, why does it not occur for xenon? 
On the basis of this process one would expect magic 
s4Xes5/?9 to be the most abundant of the xenon isotopes, 
with a tailing off to 54Xe;o*. This is not found to be the 
case. s4Xe;73!?? is the most abundant isotope of xenon and 
is 2 to 3 times as abundant as s4Xeso! and 5,Xes?*5. On 
the other hand, this is just what is to be expected if it 
is supposed that the s and r processes are operating 
separately. 54Xe7s'* is the heaviest stable isotope of 
xenon which can be produced in the s process, and pre- 
sumably it has the smallest (y) cross section. 54Xeso!** 
and 54X€s2!*° are made only in the 7 process, and they 
are low in abundance in keeping with the general ratio 
of the r-process abundances to the s-process abundances 
in this region. 

Returning to the case of barium, we must finally 
emphasize that in the Suess and Urey distribution Ba"® 
is very abundant compared to its neighbors. If it were 
made by (y,7) reactions following the r process, this 
would require an abundance peak in the primary path 
at A just greater than 138, for which no explanation 
can be given in terms of known “magic” properties. On 
the other hand its great production in the s process is 
understood in terms of its own magic properties. 


VIII. EXTENSION AND TERMINATION OF THE 
r PROCESS AND s PROCESS 


A. Synthesis of the Naturally 
Radioactive Elements 


Because of its long time-scale and because it builds 
through the beta-stable nuclei, the s process is incapable 
of producing the naturally radioactive elements beyond 
bismuth. Bismuth (Z—83) is the heaviest of the ele- 
ments with an isotope which does not decay by electron 
emission, alpha-particle emission, or fission. As is dis- 
cussed in detail later, the short-lived alpha-emitting 

isotopes of polonium, which are produced after bismuth, 
terminate the s process by cycling its products back 
to lead. 

On the other hand, just because of its short time-scale 
and because it builds through charge-poor, neutron-rich 
nuclei, the r process can produce transbismuth elements. 
These proton-poor nuclei are relatively more stable to 
d fission than their stable isobars at a 
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nuclei were synthesized by the instantaneous irradiation 
of U*** by an intense neutron flux. The successive addi- 
tion of neutrons to U?* built U?*! and other neutron- 
rich uranium isotopes. After the explosion, the U% 
decayed rapidly to beta-stable Cf**!. The Cf? was de- 
tected in the test debris through its spontaneous decay 
by the fission process. The energy release in the spon- 
taneous fission is 220 Mev per decay, which is very large 
compared to the energy emitted in alpha decay (~5 
Mev) or beta decay (~1 Mev). Fields e/ al. reported 
the half-life of Cf? as 55 days. More recent measure- 
ments by Thompson and Ghiorso (Th57) yield a pre- 
liminary value of 61 days while Huizenga and Diamond 
(Hu57) have recently obtained a value of 56.2+0.7 
days.§ The Cf% is unique in that it is the only beta- 
stable nucleus which decays predominantly by spon- 
taneous fission with a half-life between a few days and 
10* years. 

The authors and their collaborators (Bu56, Ba56) 
have associated the 7 process astrophysically with the 
explosion of supernovae of Type I. A characteristic 
feature of supernovae of Type I is that after an initial 
period of 50-100 days the light curve exhibits an ex- 
ponential decline corresponding to about 0.0137 magni- 
tudes daily or a half-life of 55 days. The uncertainties 
in this half-life are discussed in Sec. XII. The close 
correspondence between this value and that for Cf 
suggested that Cf’! was produced in the supernova 
explosion along with the other products of the r process. 
Because of its large energy release per decay it was 
supposed in this earlier work that the Cf? would 
dominate the radioactive energy input into the super- 
nova debris for the order of a year after the original 
outburst. In the following part of this section we discuss 
the radioactive decay of the r-process products which 
give the radioactive energy input for Type I supernovae. 
The connection between the energy input and the light 
curve for Type I supernovae is discussed in Sec. XII. 
The source of the great flux of neutrons required in 
supernovae has been discussed in Sec. III. 


B. Extension and Termination of the r Process 
(1) Radioactive Energy Input in Type I Supernovae 


Certain of the calculations necessary for computing 
the radioactive energy release by r-process products 
have been made by Schuman (Sc57a). He has analyzed 
the mode of decay and calculated the total decay energy 
for the longest-lived neutron-rich nuclei produced in 
each mass chain where the r process extends beyond the 
stable nuclei (47209). His results, modified by new 
data, are incorporated in Table VIIT.1. The total decay 


§ The calculations which are described in this section have all 
been made using a half-life of Cf? of 61 days, since the authors 
were not aware of the work of Huizenga and Diamond when they | 
were made. Clearly, the value obtained by them is in better agree- — 
ment with the original result of Baade for the half-life of the light 
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energy includes all subsequent shorter-lived activities 
which quickly come into equilibrium with the decay 
listed. Neutrino kinetic energy is not included; 45% of 
the energy released in each beta decay is assigned to 
the electrons. In addition we list in Table VIII,1 all 
mass chains produced in the r process below A= 209 
which beta decay with maximum half-lives in excess of 
3 days. In the table all chains with maximum half-lives 
less than 3 days are neglected, except for the fast spon- 
taneous fission decays at the end of the table, which are 
designated (SF) in column 4; (z,f) indicates neutron- 
induced fission. 

Table VIIL1 illustrates the fact that after the rapid 
beta decays in a given mass chain which immediately 
follow the termination of an r-process event, the beta- 
stable nuclei above bismuth decay either by fission to 
the middle of the periodic table, or by alpha emission 
and further beta decay to the long-lived nuclei listed. 
Those above uranium then decay to Th? (4n naturally 
radioactive series), Np?? (454-1 series), U?* (454-2 
series), and U” (4531-3 series), and eventually to Pbs, 
Br, Ph, and Pb’. The tabulated results confirm the 
uniqueness of Cf***. It is the only beta-stable, neutron-rich 
nucleus which decays predominantly by spontaneous fis- 
sion with a half-life between 10 days and 10‘ years. The 
table clearly indicates that the energy released by any 
fission decay exceeds the energy release of any alpha- 
plus-beta chain by a factor of five, and thus qualita- 
tively the dominance of the radioactive energy release 
by Cf?! is assured. 

It is important to consider the empirical evidence 
which underlies this matter of the uniqueness of Cf**. 
Ghiorso (Gh55) has presented a graphic display of this 
evidence by plotting spontaneous fission and alpha- 
emission half-lives versus neutron numbers for the trans- 
uranium nuclei. Ghiorso’s diagram is shown in Fig. 
VIII,1. The spontaneous fission half-lives decrease pre- 
cipitously in value for all elements beyond the “magic” 
neutron number N= 152. In what way 152 is magic, we 
discuss below. For V<152, the fission half-lives for a 
given Z show the characteristic rise with increasing JV, 
to be expected from the well-understood increase in 
lifetime with decreasing value of the fission parameter, 
Z/A-—Z/(Z4-N) (Bo39). This parameter is propor- 
tional to the ratio of the nuclear Coulomb energy to the 
nuclear surface energy. The alpha-emission half-lives 
also decrease at M= 152, but then recover and resume 
their normal increase with JV, since the essential nuclear 
bindings increase with JV, while the Coulomb energy, 
upon which the alpha-particle decay energy is linearly 
dependent, remains essentially constant. The result 
is the sudden occurrence, within one isotope or two 
for each element, of spontaneous fission as the pre- 
dominant mode of decay rather than alpha emission. 
Ghiorso's diagram, with its ordinate of some 28 factors 
of ten in half-life, shows that the sudden dominance 
of this mode of decay occurs over a wide spectrum 
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Fic. VIII,1. The analysis by Ghiorso (Gh55) of the spontaneous 
fission half-life (solid lines) against neutron number. Dotted lines 
indicate the experimentally observed alpha half-life variation 
except in the cases of elements 102 and 104. 


Only for 9sCf**! does it occur when the fission life- 
time is anywhere near 55 days. For fermium it occurs 
at Fm?** with a fission lifetime of 3 hours (measured), 
while for curium it occurs at s&Cm?9*? with a fission life- 
time of 10! years (estimated). For the other relevant 
californium isotopes, Cf"? has ta=3X10' years and 
Isy— 10! years, so that it decays by spontaneous fission 
a considerable proportion of the time, while Cf*® has 
te=2.2 years and fsr=66 years, so that it decays 3% 
of the time by spontaneous fission. For Cf**', on the 
other hand, fse=56 days while ¿a> 100 years (esti- 
mated). The fission activity predominates to the extent 
that alpha decay has not yet been observed for Cf?*, 

As an empirical rule the spontaneous fission lifetime 
for N>152 is a function primarily of A. Thus it is 
210° sec for 4=252, 5X10? sec for A= 254, 10! sec 
for 4256, ~10 sec for A=258, and ~10 sec for 
A — 260. 

To obtain a quantitative measure of the energy re- 
leased by radioactivity by the products of the r-process 
event, we must multiply Schuman’s calculations and 
those which we have made of the energy release for each 
mass chain, by an estimate of the relative production 
of the fast- decaying progenitor of that chain’ in the 


event itself. This is done in Table VIIL1, where the last 


columns give the total energy released, ; a 
energy released measured in Mev/day. 
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TABLE VIII,1. Radioactive energy release of mass chains produced in the r process with half-life >3 days. 


gitized by S3 Foundation USA 


Decay energy Initial abund. Total energy Initial en. rate 
Longest half-life, E" noQ 0.7 noQ/tt 
A Element seconds, days or years Decay type Mev (Si 4105) Mev Mev/day 
3 H 12.26y B 0.01 for reference only 
10 Be 2.7X108y B 0.25 for reference only 
14 Cc 5600y B 0.08 for reference only 
32 Si ~300y B 0.82 50 40.8 7-1.1X 107 
33 25d B 0.12 50 5.95 0.165 
B 0.08 50 SEA) 0.0299 
B 0.22 50 12.8 9.3X 1075 
B ~0.11 1 ~0.11 ~4.8X 107 
B 1.83 100 183 26.9 
B 1.36 30 40.8 0.628 
B ~0.05 30 ~0.15 7-9.4X 107? 
B ~0.03 10 ~0.3 ~7X1078 
B ~0.08 3: 70.248 796.7 X107? 
B 0.31 3.4 1.05 1.9X 1071 
B 0.66 3.4 2.24 0.0287 
B 1.26 272 27 1.9X 10^ 
B 0.70 2.2 1.54 0.0183 
B ~0.03 2.23 7-0.067 ~1.4X10-" 
B 1.73 2.2 3.81 0.0408 
B ~0.13 0.156 ~0.02 7-1.8X 10719 
B 0.6 0.167 0.10 0.0017 
B 1.61 0.17 0.274 5.2 107! 
B 7-0.02 0.072 7-0.0014 ~4X 1078 
B ~0.5 0.57 ~0.28 ~0.026 
B ~1.2 0.176 ~0.21 ~0.015 
B ~0.9 0.50 ~0.45 ~0.011 
B ~0.8 0.42 ~0.34 ~0.06 
B 0.50 1.73 0.865 0.0745 
B 2.5 1.73 4.32 0.933 
B ~0.2 0.24 ~0.048 ~0.0063 
B ~0.1 0.244 ~0.024 ~2.3X10 
B ~0.55 0.45 ~0.25 ~1.6X10% 
B ~2.4 0.45 ~1.08 ~0.058 
B ~0.27 0.45 ~0.12 ~0.0026 
B ~0.42 0.45 ~0.189 ~0.0095 
B ~1.5 0.45 ~0.68 ~0.0016 
B 0.45 0.09 0.040 0.0024 
B 70.045 0.09 ~0.004 ~1X107 
B ~0.12 0.1 ~0.012 ~1.3X 10 
B ~1.2 0.14 ~0.17 ~0.0078 
B ~0.3 0.15 ~0.045 ~0.0045 
B ~1 0.11 ~0.11 ~0.0223 
B ~0.15 0.1 ~0.015 ~0.0011 
B ~0.05 0.05 ~0.002 ~2X 107° 
B 70.23 0.03 70.007 70.0011 
B ~0.2 0.03 ~0.006 ~6.1X 1071 
B ~0.5 0.03 ~0.015 ~2.3X10% 
B 0.8 0.057 0.046 2.85X 10 
B ~0.6 0.03 ~0.018 ~0.0024 
B 0.19 0.031 0.006 6.0 1075 
B 1.0 0.09 0.09 9.610 
B 0.1 0.09 0.009 ~3.1X10% 
B 70.15 0.18 70.027 70.0012 
B 1.01 0.88 0.889 7-8.4X 1071 
B ~0.6 0.278 ~0.17 ~0.012 
B ~0.23 0.056 ~0.013 ~0.0028 
B 70.23 0.056 70.013 ~1.9X10 
5.8 0.17 0.986 9.36 10-5 
23.1 0.034 0.785 ), 
28.6 0.034 0.972 
28.7 0.045 1.29 
27.9 0.045 1.26 
31.6 0.045 1.42 
34.8 0.032 1.11 
35.2 0.032 1.13 
33.8 0.032 1.08 
36.4 0.123 4.48 
39.9 0.127 5.07 
39.3 0.641 25.2 
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TABLE VIII,1.—Continued. 


Longest halie Decay energy Initial abund. Total energy Initial en. rate 

A Element seconds, days or years Decay type Mev (Si 3309 Mev dev ai 
233 U 1.62X 105y a+p 38.9 0.084 3.27 3.83 X 1078 
234 U 2.50% 105y «4-8 41.2 0.084 3.46 2.63X 1078 
235 U 7.1 X108y a--6 44.6 0.663 29.6 7.93 10-4 
236 U 2.39X 107 a 4.6 0.167 0.768 6.10 10-4 
237 Np 2.2 X10%y a+8 43.9 0.617 27.1 2.34X 1078 
238 U 4.51 10?y a+B 46.3 0.405 18.8 7.90X 10-1? 
239 Pu 2.43 X 10'y a 5.2 0.267 1.39 1.08X 1077 
240 Pu 6.6 X10%y a 5.3 0.110 0.583 1.68X 1077 
241 Am 470y a 5.6 0.221 1.24 5.01X 1075 
242 Pu 3.8X 105y a 5.0 0.260 1.30 6.49 107? 
243 Am 7600y a-rB 5.4 0.157 0.848 2.0 X107 
244 Pu 7.5X107?y a--8 15.2 0.393 5.97 1.41X 10-9 
245 Cm 1.1X10'y atp 11.4 0.430 4.90 8.43X 1077 
246 Cm 4000y a 5.5 0.103 0.566 2.69X 1077 
247 Cm >4X 107 a+B 16.3 0.103 1.68 <7.76X 10719 
248 Cm 4.3X10°y a, SF (10%) 23.4 0.236 5.52 2.62 1075 
249 Ci 470y a 6.3 0.139 0.876 3.45X10^* 
250 Cm 7.5X10y a, SE (75%) 170 0.139 23.6 5.97X 1076 
251 GE 700y a 6.2 0.236 1.46 3.96X 1075 
252 Cf 2.2y a, SF(3%) 12.9 0.097 1.25 0.0011 
253 E 20d «1-8 6.7 0.188 1.26 0.0436 
254 Cf 61 or 56.2d SF 220 0.139 30.6 0.349 
255 E 24d a-r8 7.3 0.139 1.01 0.0292 
256 All ~10's SF eee sae eee wae 
257 Fm ~10d a, SF(6%) 18.5 0.091 1.68 ~0.116 
258 All ~10s F, (n, f) ... con cee ... 
259 All ~10s SF, (nf) ee 
260 All ~107s SF, (n,f) 


odd A nuclei were produced, and that equal amounts of 
even A nuclei were produced, and that the ratio of 
production of odd to even A was 1:3. We feel that this 
assumption can be improved upon by using the results 
of Table VII,2. Table VII,2 includes the abundances 
which we have calculated for the r process in the range 
4 — 71 to 209. Estimates to be discussed later have been 
made for A <70. Above A — 209 we include our calcula- 
tions for the production of transbismuth mass numbers 
using exactly the same methods as those which were 
employed to calculate the abundance histogram shown 
in Fig. VII,3. The extended results are shown graph- 
ically in Fig. VIL. 

Some comments on the calculations above A= 209 
are appropriate. No guiding landmarks such as the 
observed magic number peaks are available above 
4 — 209. On the other hand, the relative masses of the 
nuclei near the beta-stable region are quite well estab- 
lished through extensive measurements of the alpha- 
and beta-decay energies of the naturally occurring and 
artificially produced radioactive nuclei from 4 — 210 to 
7260. This is amply demonstrated by the smoothness 
of the neutron binding energy excess curve shown in 
Fig. VII,1 for neutron numbers above N— 126. The 
general increase in the neutron binding energy following 
the closure of the M= 126 shell is apparent, as well as 
the rapid and considerable enhancement of stability 
which is to be attributed to the ability of the nucleons 
in nuclei with 7126 to take up spheroidal as con- 
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trasted to spherical distributions. The loss in neutron 
stability, after the maximum spheroidal deformation is 
reached at N—140 to 150, leads to a pseudo-shell effect|| 
near N=152 for which there is considerable experi- 
mental evidence (Fig. VIII,1) in the sudden onset of 
spontaneous fission itself at this neutron number. The 
decrease in neutron binding energy leads to increased 
nuclear masses, and the energy available for fission 
suddenly increases. This increase, coupled with the 
already deformed shape which is the first step toward _ 
fission, leads to the catastrophic decline in spontaneous — 
fission lifetimes. M5 
Referring to Fig. VIII,3, the calculated and observed - 
abundance curves just above the M= 126 shell peak at - 
4-194 show the precipitous drop expected from the | 
rapid return to stability arising from the fact that the 
first neutrons in the V —126— 184 shell deform 
nuclei spheroidally. The greater neutron binding 
in the beta-stable region means that neutrons are re 
captured, and that the capture path at Q,--2 ^ 
passes through nuclei far removed from the sta 
line, the beta-decay energy at waiting po: 
hanced, and the lifetimes and the resulti 
are decreased (4-200 to 4-230). Eventu 
ever, the maximum deformation is. pas 
N=152 the neutron binding energy is d 


|| The next magic number exp 
with strong, Qus splittin 
for the n—7 s m Me 
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Fic. VIII,2. The radioactive energy release of the products of the r process. Radioactivity with half-lives 
less than 3 days has been neglected. Individual curves are shown for the beta decays of products with A <70, 
for alpha and beta decay for the products with A >70, for the products which decay by spontaneous fission, 
for the sum of all of these cases, and for Fe alone. The label for each curve includes the total mas in atomic 
mass units which produces the energy release measured in Mev/day on the right-hand ordinate. The scale of 
energy release in ergs/day, given in the left-hand ordinate, is for an amount of material measured in grams and 
equal numerically to the number of mass units indicated. 


(Fig. VII,1), the r-process path moves toward the sta- 
bility line, the beta decay waiting energy decreases, and 
the broad hump in the abundance curve from A — 230 
to ~260 corresponding to V=152 to 170 occurs. In- 
cluded in this abundance hump is the progenitor of 
Cf at 4— 254. Superimposed on this broad hump is 
the minor peak expected at the closure of the Z— 82 
shell. Our calculations do not take into account the 
influence of the closing of the proton shell at Z= 82 upon 
the neutron spatial distribution, which may tend to 
become more spherical at this point. This effect may 
well enhance, for the neutron-rich nuclei, the pseudo- 
shell effects at N= 152, since some nuclei which lie in 
the z-process path fall close to having N=152 and 
Z=82 simultaneously. 

Above IN — 170, 4 — 260 the closing of the shell as V 
advances toward 184 would be expected to yield a deep 
minimum in the abundance curve just before a rise to 
another major peak at N= 184, A~280. However, the 
r process terminates before this minimum and subse- 
quent rise can occur. This is because of the onset of 
neutron-induced fission (n,f) near 47-260, which will 
become more probable than neutron capture (zy) and 

will shunt the 7-process products back to the middle of 
the periodic table at A~110 and ~150, if we assume 
that asymmetric fission is the rule. These fission frag- 
ments are swept up in the general flow of the r process 
and in this way a cycling, steady flow will be established. 

— The sudden onset of neutron-induced fission is to be 
exactly the e reasons F ae previ- 
$ 3 to explain the onset of spontaneous 
ously oN d fission were ignored, 


Sy fission. EE fission lifetime will destroy the 


expected for 


scale is 10-100 seconds. Even the mass chains at 
A=257, 258, 259 may not be produced in full measure. 
The onset of neutron-induced fission is delayed until 
A=260 only because the r process builds through neu- 
tron-rich nuclei for which the fission-inducing parameter 
Z*/A is abnormally low, and also because the average 
neutron energy is moderately low (k7~100 kev at 
T~10° degrees). These last points constitute the central 
explanations underlying the difference between the fis- 
sion decay curve of the californium fraction of the 
Bikini thermonuclear debris and the energy input curve 
expected for a Type I supernova. In the Bikini debris 
the 2.2-year Cf”? activity dominated the fission decay 
curve after about 200 days (Fi56) and indicated that 
50 times as much Cf* was produced as Cf?*. This 
factor of 50 is required because Cf??? decays only 3% of 
the time by spontaneous fission. In the thermonuclear 
test the capture path started with U8 and was limited 
to the neutron-rich isotopes of uranium (Z- 92) even 
as it built through the progenitors of the beta-stable 
californium isotopes at 252 and 254. For the r process 
we see from Table VIL2 and Fig. V,2 that Z—87 and 
88 at 4—252 and 4-254, respectively. Thus, the 
progenitors in the Bikini explosion had relatively higher 
Z and were more susceptible to neutron-induced fission 
as compared to neutron capture than are the pro- 
genitors in an r-process event. In addition, they were 
almost certainly subject to a neutron flux containing à 
high-energy component in the many Mev range and 
for this reason interacted relatively more often through 
fission than through capture. The result was certainly 
that the Bikini synthesis of the neutron-rich uranium 
isotopes (which ultimately decay to Cf??, Cf?^ etc.) 
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event relative to fission at each mass number in the 
build-up from A=238 to 254. This competition with 
fission explains in a very plausible manner why, even 
though the high-energy neutron-capture cross section 
remained constant at the geometrical size of the neu- 
tron-rich isotopes of uranium, yet the relative synthesis 
must have decreased markedly with increasing A so as 
to have produced Cf** only in the observed 2% of the 
amount of Cf?*?, Thus, in the fission decay curve of the 
Bikini californium fraction, the Cf??? decay with its 2.2- 
year half-life should dominate, as it does, after about 
200 days. This will not at all be the case in the r process 
where, as shown in Table VIL2, Cf?? and Cfi are 
produced in the ratio of 0.097 to 0.139, essentially one 
to one. 

We now return to the quantitative calculation of 
the radioactive energy decay curve which follows an 
r-process event. In Fig. VIIL2 is shown the energy 
release in ergs/day as a function of time for (i) the beta 
decays of nuclei with A<70, (ii) the alpha and beta 
decays with A 7 70,*(ii) the spontaneous fission decay, 
and (iv) the total sum for these three cases. This figure 
is based on the calculations given in Table VIII,1, and 
these in turn are based on the abundance distribution 
for steady-state flow but without cycling from 4 — 110 
to 260. Figure VIIL2 thus represents the radioactive 
energy decay curve for an 7-process event, such as 
might take place in a supernova outburst, which would 
have produced the atomic abundance distribution of 
Figs. VIL3 and VII,4 plus an extension to atomic 
weights below .4 — 70. The main contributions to the 
energy release after the first few days through the first 
two years come from Ca", Fe, Ra?5, CP?9, and CPS. 
These contributions are summarized in Table VIIT,2. 

Figure VIIL2 shows that the total energy release 
parallels the spontaneous fission release from 50 to 450 
days. The spontaneous fission release during this period 
is almost entirely due to Cf?**, In the labels for each 
curve in Fig. VIII,2 we also include the total mass, in 
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atomic mass units, involved in the production of each 
of the three types of decay given as (i), (ii), and (iii) 
above. Thus, the alpha- and beta-decay energy for 
A270 in Mev/day (right-hand ordinate) is that for 
2 10* atomic mass units of material which has been 
computed by multiplying the abundances of Table 
VII,2 by the appropriate atomic weights, A, and 
summing over A> 70. In the left-hand ordinate we have 
obtained the energy release in ergs/day for the same 
numerical amount of material in grams by multiplying 
by 1.6X10-5 erg/Mev and dividing by 1.6610-* 
gram/atomic mass unit. The number of mass units 
producing the beta decay for 4.70 is estimated to be 
8X 10! by extending the calculations of Table VII,3 in 
an approximate manner to 4 «70. Two estimates are 
given for the amount of mass associated with the spon- 
taneous fission curve. If only the Cm**°, Cft, and Fm?5? 
which actually undergo fission are counted, the total 
mass is some 120 atomic mass units. However, it is not 
possible to suppose that these fissionable products are 
produced alone and thus for another estimate we associ- 
ate with them the production of all of the mass chains 
above 4-110. This is the appropriate model for the 
situation discussed previously in which the neutron flux 
is great enough to move all of the material into the 
region A — 110 to 260 and cycle it there. The yield from 
4 —110 to 150 must be multiplied by one-half because 
only half of the fission fragments return to this region. 

"These considerations show that the energy release per 
gram of r product is much greater for fission than for 
alpha and beta decay. This is illustrated graphically in 
Fig. VIILS3 where the energy release is plotted for three 
different cases in which the same amount of material, 
namely, 1% of a solar mass (2X 10?! g), is converted to 
r products. In Fig. VIII,3 the ordinate has been ex- 
pressed in absolute magnitude with zero magnitude 
corresponding to 2.310" ergs/day; this is done to 
facilitate comparison with actual supernova light curves 
which are shown and discussed in Sec. XII. A total 


TABLE VIII,2. Principal radioactive decays of Table VIII,1. 


Longest half-life, 


A Element days or years Decay type 

33 P 25d B 

47 Ca 47d 8 

59 Fe 45d B 

85 Kr 10.4y B 

89 Sr 54d 8 

91 Y 58d 8 

95 Zr 65d B 
131 I 8.05d B 
140 Ba 12.8d B 
144 Ce 285d B 
194 Os ~2y B 
225 Ra 14.84 «4-8 
228 Ra 6.7y a-+8 
250 Cm 7.5X 10y a, SE (75%) 
252 Cf 2.2y a, SE (3%) 
254 Cf 61 or 56.2d SF 
257 Fm G1 a, SF(6%) 
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Decay energy Initial abund. Total energy Initial en. rate 
_ no noQ 0.7 neO/ty 
Mev (Si 2105) Mev Mev/day 
0.12 50 5.95 
1.83 100 183 
1.36 30 40.8 
0.31 3.4 1.05 
0.66 3.4 2.24 
0.70 2.2 1.54 
1.73 2.2 3.81 
0.50 1.73 0.865 
~24 0.45 ~1.08 
~1.5 0.45 ~0.68 
1.01 0.88 0.889 
27.9 0.045 1.26 
35.2 0.032 1.13 
170 0.139 23.6 
12.9 0.097 1.25 
20 0.139 30.6 
18.5 0.091 1.68 


otr- Dtg ed Dy OurTdattorro 


604 BURBIDGE, BURBIDGE, 


FOWLER, AND HOYLE 


=] = ot + —— 107° 
| SUPERNOVA ENERGY DECAY 
| 1% SOLAR MASS CONVERTED 
| “lio 


ore PLUS DECAYS (A>110) E 


7 


MAGNITUDE 


ALL DECAYS 


[9] 
D 
r3 
ERGS/ DAY 


per iron group nucleus. Compare with Fig. XII,1. 


mass of one percent of a solar mass is taken simply as a 
reference point in this diagram. The total mass neces- 
sary to be converted to produce the observed light 
curves of supernovae is discussed for two specific cases, 
the Crab Nebula and the supernova in IC 4182, in 
Sec. XII. 

The three cases which have been treated in Fig. 
VIII,3 are as follows. One case is the energy release for 
all activities in equilibrium with half-lives greater than 
3 days, produced in an r process which would give an 
je distribution similar to that necessary to 

ccount for the r-process isotopes in the atomic abun- 
dance curve. This would occur, as indicated previously, 
if steady flow was achieved but no cycling occurred in 
the region above A = 110. Another case illustrated is the 
energy release just for the activities produced above 
A=110. This is then the type of energy curve expected 
for a supernova in which the neutron flux was so great 
that all of the converted material was pushed into the 
region above A= 110 and cycled there (one half cycling 
4-110 to 150). In this curve the Cf** fission decay 
dominates the curve from 56 to 450 days but other 
activities take over after 450 days. The relation between 
this energy decay curve and the light curve of the super- 
nova in IC 4182, which was observed for about 600 days 
after maximum, is also considered in Sec. XII. 
The third case shown in Fig. VIIL3 is one calculated 
— for the special case in which only a few neutrons are 
= made available per iron group nucleus. In this case the 
Cope : t activity produced is that of Fe®, which 
most importan à s : 
has a half-life of 45 days. It is produced in maximum 
1 4 Ms when 1t-/Fe*=3, in which case 20% of the 
Bis ce iconverted into Fe® (Fo55a, Appendix II) and 
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Fic. VIII,3. The radioactive energy release of the products of the r process calculated by assuming that 


one percent of a solar mass (2X 10?! g) of these products is produced. Three cases are illustrated; (i) the energy 
release for all alpha, beta, and fission decays in relative abundances similar to those found for r-process products 
in the atomic abundance curve, (ii) the energy release for an extreme r-process event in which all of the con- 
verted material is moved into the region above A = 110 and cycled there, and (iii) the energy release? from Fe, 
when this isotope is produced in maximum quantity in a process in which only a few neutrons are made available 


which the decay curve produced by Fe? could explain 
an observed supernova light curve are discussed in 
Sec. XII, although from the astrophysical standpoint 
we do not consider this to be a very likely occurrence. 


(2) Abundance Yield in the r Process below A=70; 
the Production of Titanium; Discussion of 
Short-Period Radioactivity Following 
the r Process 


We have postponed to this point discussion of our 
estimate for the r-process yields below A= 70. Two im- 
portant activities, 4.8-day Ca‘? and 45-day Fe5, occur 
in this region. We have mentioned Fe* above in discus- 
sion of a rather special possibility. Here we discuss its 
production in a steady-state r process similar to that 
discussed in Sec. VIT when the abundances above 4 — 70 
were calculated. There is one important difference, how- 
ever. When Fe*5 is taken as the starting point (infinite 
source) in the r process, the first waiting point is at 
A=68, and no production below this atomic weight is 
achieved. Thus, the source material for building isotopes 
below A~70 must be the light elements rather than the 
iron group elements. This leads to considerable uncer- 
tainty in estimating the r-process yields below 4 — 70. 

Another reason why detailed calculations have not 
been made on the r process below A = 70 is the fact that 
the s, e, and a processes are the major contributors in 
this region. Only for S36, Ca*®, and Ca‘ in this region is 
there no other method of production than the r process. 
It is also possible that Ti“, Ti, and Ti*? should be as- 
signed to this process. All of these isotopes except Ca** 


have abundances ~100 (Su56). Thus empirical data in - 


néarbgomucleiidlibegeonditiens RR Eod geinar Hacking, Uskthough good mass data are- 


ee | ME ee 


L 
P 
E 
d 


SYNTHESIS OF ELEMENTS 


available, we have hesitated to use our expression for 
the effective W for light nuclei in calculating 7g and 
hence abundances, since it assumes a high density of 
levels in the daughter product. Since the abundance is 
proportional to Wg,g-5, one can expect considerable 
fluctuations for the r-process products. This may ex- 
plain the behavior illustrated by the abundance ratios 
Ca*®: Ti”: Ca1$5— 1.6:189:88. An abundance peak for 
N= 28 in the r process might be expected at somewhat 
lower A, and thus the abundance of Ca‘® seems defi- 
nitely low and must be attributed to a fluctuation in 
the value of Wg at the progenitor for A —46. Ti’ may 
also be produced in the s process or possibly in the e 
process. The abundance produced in the s process 
should be considerably less than the abundances of Sc*® 
and Ti**, which are 63 and 194, respectively, since the 
s process is dropping rapidly in this region. It should 
also be produced less abundantly than  Ti*(194), 
'Ti? (134), and Ti®°(130) in the e process. Thus it would 
seem reasonable to attribute to the r process a part of 
the mass-chain at 4—47 comparable in abundance to 
Ca‘! rather than to the abnormally low Ca*. Ca‘? is in 
this chain and we round off its abundance to about 100 
as given in Table VIII,1. As indicated in Fig. VIII,2, 
this gives rather a large contribution in the early part 
of the energy decay curve. However, as discussed in 
Sec. XII, the early part of the supernova light curve 
may not be simply a radioactive energy decay curve, 
since it may represent cooling of the expanding envelope 
for a short period after the explosion. 

The amount of production of the mass-chain at 
4-59, and of Fe9 in particular, is very difficult to 
estimate. We can expect that the nucleus produced 
directly in the r process might have Z— 20. An atomic 
abundance estimate of 30 is a reasonable value. The 
energy release in the decay of the Fe? is slightly larger 
than that in the decay of the Cf£5* when the atomic 
abundance yield of the Fe? is assumed to be 30. The 
abundances are in the ratio 30/0.139=220 while the 
energy release ratio is 1.35/220— 1/160. The Ca" energy 
release is ~5 times that of Cf?*t, This, of course, will not 
be the case in a supernova in which a large ratio of 
neutrons to iron is available and only activities with 
4A» 110 are produced. However, this illustrates the fact 
that in any case the energy release in the Cf^*! is only 
a small part of the zotal energy release from the radio- 
activity following a supernova explosion. In each mass- 
chain there will be very rapid beta decays releasing some 
10 Mev in beta-ray energy. We estimate that the Cf^*! 
is only about 0.05 to 0.5% by number of all the nuclei 
produced in the r process. Thus the total energy released 
radioactively is 10 to 100 times that from Cf?*! but is 
emitted within a matter of a few minutes or hours of 
the initial explosion. The main point is this: If the 
Cf?* release is ~10'7 ergs, which is a reasonable esti- 
mate, then the total radioactive energy release will be 
108 to 10? ergs. This is indeed a large value, but it does 
not exceed the total energy available, some 10° ergs, 
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from the hydrogen and helium reactions which take 
place in the envelope of the supernova. 


(3) Abundance of Fission Fragments Produced 
in the r Process 


At this point a remark concerning the contribution 
of fission fragments to the atomic abundance distribu- 
tion is in order. Termination of the r process by very 
rapid spontaneous fission and neutron-induced fission 
during the supernova explosion will occur at A~260, 
Z~90. Fission of such neutron-rich nuclei will probably 
result in the production of more neutrons than are 
observed for beta-stable nuclei; we estimate ~6. On 
the assumption that the fission is asymmetrical in 
charge and mass we then expect fragments which are 
spread about A~108, Z~38, and A~146, Z~52, as 
shown diagrammatically in Fig. V,2, although we have 
rounded off these numbers to 4—110 and 150 in pre- 
ceding discussions. The neutron-rich fragments are very 
similar to the nuclei involved in the capture path and 
are swept up into the r process and do not produce any 
particular effects near A~108 or 146. They tend to 
cycle material above A~108 and to establish steady- 
state abundances in this region, even though they are 
far from the iron group elements and light elements 
with which the synthesis starts. The neutrons released 
in the fission are recaptured as the r process proceeds. 

On the other hand, the ultimate decay by spontaneous 
fission of Cm, Cf?5, Cf?! and Fm?*? produces a total 
yield of both light and heavy fragments equal to 0.75 
2«0.139-1-0.035«0.097-1-0.1394-0.067«0.091— 0.252 on 
the Si— 109 scale (see Tables VII,2 and VIII,1). This 
abundance is spread out over the usual distribution in 
fragments and the peak yield can be expected to be 
about 8% of the total or about 0.020. This is illustrated 
graphically in Fig. VII,3, where it will be noted that 
the fission fragment abundance is small compared to 
that produced directly in the r process. 


C. Age of the Elements and of the Galaxy 


Transuranium elements are produced by the r process. 
Those with atomic weights of the form 235-+-4m, 
m=0, 1, 2, 3--- are progenitors of U* provided alpha 
decay is more probable than fission. From Table VIII,1 
this appears to be the case for m<5 but for m» 5 it 
seems that fission must dominate. Thus there are six 
progenitors of U*5 at atomic weights 235, 239, 243, 247, 
251, and 255. The number of progenitors of U?5, of 
atomic weights 238-++4m, is even more restricted. As 
can be seen in Table VIII,1 the beta-stable nuclei at 
4 — 238, 242, and 246 decay by alpha emission while 
that at 4 — 250 decays 25% of the time by alpha emis- 


sion and 75% by fission. Starting with Cf, nuclei of ` 
atomic weights 254, 258, etc., decay predominantly by 
fission. This information is summarized in Table VIIL3, - 
where we also list the progenitors of the other parents 


of the radioactive series, Th?? and- Np% 
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TABLE VIII,3. Production of parents of radioactive series; progenitors decaying by alpha emission rather than spontaneous fission. 


soT h32 (4m) $3N p?? (4n 4-1) 


93U25 (4n +2) oU (4n --3) 


Half-life 1.39 X10!0y 2.2 X10%y 4.51 X10?y 7.13 X108y 

A Yield A Yield A Yield A Yield 

232 0.084 237 0.057 238 0.110 235 0.057 

236 0.057 241 0.221 242 0.157 239 0.110 

240 0.110 245 0.103 246 0.103 243 0.157 

244 0.157 249 0.139 250(25%) 0.035 247 0.103 

248 0.139 253 0.097 251 0.097 

252 (97%) 0.094 255 0.139 

Total yield 0.641 0.617 0.405 0.663 
Ratio U?5/U?:5— 0.663/0.405 = 1.64 
"Th?*2/U9:5 — 0.641/0.405 = 1.58 


If the abundances produced by the r process were the 
same for all progenitors, the ultimate abundance of 
U*®, after alpha and beta decays at 239, 243, etc., would 
exceed that of U”: by a factor of 6/3.25— 1.85. Calcula- 
tions discussed in the previous sections make it possible 
to improve upon this factor by totaling the yield of the 
progenitors for the individual radioactive parents, U?*9, 
U*8, and Th??, Np?" as well. Yields for the progenitors 
and the totals after alpha and beta decay are given in 
Table VIII,3. The ratio of U?5/U**8 produced by the r 
process and subsequent decay is 1.64, slightly less than 
the ratio of the number of progenitors. This is to be ex- 
pected since the even-4 progenitors of U8 will indi- 
vidually be produced in greater abundance than the 
odd-A progenitors of U?** because of the even-odd pair- 
ing term which decreases the beta-decay energy of 
even-A waiting points and thus increases even-A wait- 
ing point abundances. This effect is most clearly demon- 
strated by the calculations in Sec. VII which show peaks 
at A=130 and 194, where each A is a waiting point. 
We digress, in order to discuss this effect more fully. 

For the A= 130 peak, results of the calculations given 
in Table VII,2 are that W,= 11.46, 9.30, and 9.61 Mev 
at A=125, 126, and 127, respectively. For 4 — 126 the 
value would have been W— 10.50, i.e., it would have 
been intermediate between the values for 125 and 127, 
if we had not subtracted 64/2=1.20 Mev from this 
value. The calculated abundances were then found to 
be 0.18, 0.50, and 0.42, and these values must be 
compared with the observed values for Te, Tel’, 
and D, i.e., 0.328, 0.874, and 0.80. The computed 
values are low but are relatively correct. Empirically, 

we can estimate the even-odd pairing effect from 
2Te!?6/ (Tes 17) = 1.55. The main uncertainty in this 
calculation arises from the uncertainty in the abundance 
ratio of tellurium to iodine. ae 
Three osmium isotopes are produced in the rising 
tion of the A = 194 peak. Using 64/2=0.78 Mev, we 
por t Wa 13.06, 13.14, and 11.54 Mev at 4 — 188, 
find E 1 90 respectively. The predicted abundances 
189, an DO 9 0.09, and 0.17, and these are in good 
ane ae ith the observed abundances of Os!55, Os! 
 Agreem. $ - 
PETI. which are 0.45%, 0161, end 0264, respec 


RT 
E 


tively. In this case, on the basis of relative isotopic 
abundances alone, the even-odd pairing term is given 
by (Os!?4-Os!55)/(2*«Os!9) = 1.23. Incidentally, the 
observed abundance ratio of the two osmium isotopes 
Os!?/Os!55— 1.98 represents a substantial check on our 
calculated abundances (proportional to W 375), which 
give a ratio of 1.85. This agreement indicates that 
our choice of parameters B4 and Z4 and our use of 
Wsp=Ba(Zs—Z—2.5)+pairing term has some em- 
pirical validity. Off the abundance peaks, the even-odd 
effects are not so clear cut in our method of calculation, 
since odd-A nuclei can result from even-A waiting 
points and vice versa. However, there is some correla- 
tion along even and odd lines as is clear from a perusal 
of Table VII,2. 

An even-odd effect of 1.13 yields the change from 
1.85 to 1.64 discussed above for the uranium isotopes, 
and this seems to be a reasonable value. It neglects the 
effect of delayed neutron emission from excited states 
of the nuclei in the decay of the various mass chains to 
their stable isobars. This is a small effect, but does give 
some transfer of even-A material to odd-A material 
since the most highly excited states result in beta 
transitions from odd Z-odd N-even A nuclei to even 
Z-even V-even A nuclei. If the even-odd effect were as 
high as 1.55, as it is at the 4 — 130 peak, the production 
ratio would be 1.20. By a selective choice of parameters 
entering into our calculation the ratio could be reduced 
in extremum to a value as low as unity. It is our con- 
sidered opinion that it is highly unlikely for the ratio 
to be less than this value. A reasonable value for an 
upper limit would be 2. 

With these estimates of the production ratio of 
U*5/U755 in the r process, we are now able to calculate 
the age of these uranium isotopes (and by inference of 
the other r-process isotopes) using their presently ob- 
served terrestrial abundance ratio. 

(i) Let us suppose that all of the uranium were pro- 
duced in a single r-process event (e.g., one supernova) 
at one moment of time, /9X 10? years ago. Then, using 
a present-day ratio of U?5/0?358— 0.0072, and using 
half-lives of 7.13310? years and 4.5110? years for 
U*> and U?5, respectively, we have the following equa- 
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tion for the abundance ratio U**5/U*8 as a function of fo 
U?35 (to) 
U?38 (to) 


= 0.0072 X 2 tol (1/0.713)—(1/4.51)}] = 0,0072 X 21-18t0, 


This relationship is plotted in Fig. VIII,4. At the forma- 
tion of the solar system 4.55X(10? years ago U%5/U%8 
=0.29, which is definitely below the lower limit of 
unity for the production ratio discussed above. We find 
U*5/U955— 1. 1.64, and 2 at /9— 6.0, 6.6, and 6.9X10° 
years, respectively. Our best value for the time of a 
single-event synthesis of U?* and U*$ is thus 6.6» 10? 
years ago. If these isotopes were produced in a single 
supernova, this is its date. For each change of a factor 
of two in the production ratio of the uranium isotopes, 
this figure changes by 0.85 10? years. 

There is some confirmatory evidence for the above 
calculations in the Th??/U*5 abundance ratio, which 
is, however, much more uncertain than the U?55/U?5s 
ratio. Suess and Urey estimate that the present-day 
ratio Th*?/U*8=3 to 3.5. Our production ratio is 
0.641/0.405 — 1.58. From these data we find /9— 6.2 to 
7.1XX10? years. This time estimate is obviously quite 
sensitive to the value taken for the present thorium to 
uranium ratio but is not inconsistent with the value of 
fo obtained from the U?*/U?*5$ ratio. 

(ii) Alternatively, let us consider the problem on the 
basis that production of uranium started a time fo X 10? 
years ago and that, instead of production being confined 
to just one moment, production took place at a constant 
rate until a time 4X 10? years ago, after which no more 
production occurred. This model corresponds to produc- 
tion in a series of supernovae with uniform mixing of 
their products over the interval ¿o to /3. Let U?5(r) and 
U*55(f) be the abundances at any time, /, and let Ass; 
and Xogs be the production rates taken as independent of 
time. If / is taken as the time measured backward from 
the present epoch, we then have 


dU*5(() 0.693 
HT U25 (4) 
di 13 
lo2 t2 h. 
dU*88(t) 0.693 
=e U238(/) 
di 4.51 ) 


These equations taken together with the boundary 
conditions 


U?»5 (to) = U38 (to) =() 
integrate to give 
a U5(t) 0.713Az2a5f1 — 279707077131] 
U98(7) = 4.51N23sL1 = 2-1Go-0 14.51) 7) 


2th. 


This result, together with the condition that the free 
decay of U*® and U** from ż to the present day must 
yield a ratio equal to 0.0072, determines the following 
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Fic. VIII,4. The ratio U*5/U™8 as a function of time. This curve 
has been employed to determine the age of terrestrial uranium 
by the method described in Sec. VIII C. 


relation between /; and fo 


U?35(0) 0.7 13Asas[ 1 S 2-100 10.713] ]2—1/0.713 


= =0.0072. 
U238(0) 4.51Xsas[ 1 — 2710-0 4.51) 141/481 
With 
Noss/ Nass 1.64, 
this reduces to 
[1— 2714-)/0:713]] 0.0072X4.51 
F918 —(oOy/AR. 
[1—2-1«-() 4.817] 1.640.713 


The values of fo corresponding to a set of values of A 
are given in the following tabulation, along with values 
of U*5(5)/U933 (5) : 


tı (in 10? years) 4.5 5.0 5.5 6.0 6.6 
to (in 10? years) 18 11.5 8.5 7.4 6.6 
U25((6)/U95() 0.29 0.43 0.65 0.98 1.64 


The computed value for fo is very sensitive to /; if h 
is chosen near the time of formation of the solar system 
at about 4.5X10? years ago. On the other hand, Zo does 
not change rapidly once /, exceeds 5.5 10? years ago, 
since /; must equal ¢; at 6.6X110? years, the computed 
time for a single-event synthesis. Evidence on the time 
interval between nucleogenesis and the formation of the 
meteorites of the solar system has been given by 
Wasserburg and Hayden (Wa55b). Following Suess and 


Inghram they argue that Xe"? would be abnormally — 


abundant in meteorites if the meteorites crystallized 
before I, with an observed half-life of 1.7107 years, 
had all decayed. They did not find abnormal amounts 
of Xe!? in the Beardsley chondrite and concluded that 
it crystallized at least 23.7 half-lives or 4.1108 years 
after the production of the I. Tn their argument they 


assume that D? and I? were produced in equal ~ 


amounts. This is consistent with our point of view that _ 


I? is a progenitor of Xe! and Suess and Urey 'sabun- - 
dance ratio Xe!?/I*— 1,05/0.80— 1.30. Our calcula- 


tions in Table VIL2 yield I?/T*1— 1.17/0.422.8 in 
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the r process. Actually, the calculations of Wasserburg 
and Hayden are quite insensitive to the I??/T!?? ratio, 
our calculated value raising their lower limit only to 
4.3X 108 years. 

On this basis it would seem justified to choose 
4;>5.0X10° years, and therefore fo lies between 11.5 
and 6.6 10? years. For nucleogenesis in a continuous 
and uniform series of supernovae occurring between the 
formation of the galaxy and the time of formation of the 
cloud of gas or protostar from which the sun condensed, 
we can take 10! years as a round figure for the beginning 
epoch. On this point of view the age of our galaxy is 
thus ~10" years. 

There is one point of view in which the above ideas 
must be somewhat modified. In the steady-state cos- 
mologies of Hoyle (Ho49) and of Bondi and Gold 
(Bo48) it may be expected that the U*5/U9 ratio in a 
sufficiently large volume will remain constant due to 
supernova activity, in spite of the apparent universal 
expansion and the constant dilution by the addition of 
matter in the form of hydrogen which is necessitated 
in order to keep the mass energy content of the specified 
volume at a fixed value. The characteristic time in- 
volved for the removal by expansion of one-half of a 
particular type of matter from a fixed volume is 
0.693T/3, where T is the reciprocal of Hubble’s con- 
stant. Taking T as 5.4X10? years we have for our 
characteristic half-life 1.25 10? years. The decay life- 
time for any radioactive material must be properly cor- 
rected for this value. The effective lifetimes of U?5 and 
U9$ become 0.45 X 10? and 0.98X 10? years, respectively. 

On the steady-state point of view {o= ©, and after a 
long period of production one would expect that at 
time 4, after which no further contribution to solar 
system material occurred, we should have 


U*5(t;) 0.45)235 


U*8(t1) 0.98)238 


This is just the value expected from the present-day 
ratio of U*5/0*:5— 0.0072 now if the solar system ma- 
terial has been isolated for some 5.7X10? years. We 
may conclude that the present abundance ratio of the 
uranium isotopes is consistent with the steady-state 
cosmology if the method of production of their isotopes 
is the r process as described. We do not wish to over- 
emphasize this conclusion, but rather to emphasize that 
studies concerning the origin of the radioactive elements 
may lead to objective tests of the various cosmological 

theories. > 
It can also be noted that there exists an approximate 
indication of the epoch of synthesis by the s process. 
he radioactive isotope K“ ís in the main line of the s 
xrocess. Figure VI,1 shows that for this isotope oN ~ 104 
or o in mb and N on the scale Si= 108. We estimate in 
P277 dix that «7-100 mb so at the time of K^? 
eppen N~100. It is now, N=0.38. Using the 
years we find that the 


cm 
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K* was produced —10!'? years ago. This calculation 
could be made with great assurance if the capture cross 
sections for 15-kev neutrons were measured accurately 
for K”, K”, and K“, Our calculation assumes the K“ 
cross section to be 12.5 times that of K* which has a 
closed shell of neutrons.? Even if this factor has the 
very high value of 100 the epoch for K*° formation will 
be reduced only to 6.5X 10? years ago. 

In any case we consider the minimum age of the 
isotopes of uranium, namely 6.6X10? years with an 
uncertainty on the low side of at most 0.6X10° years, 
to be significantly greater than the age of the solar 
system, 4.5X 10? years. This age is indeed comparable 
to the ages, 6.510? years, of the oldest known clusters 
in the galaxy (Jo56, Ho55, Ha56c). Since our age is a 
minimum for that of the elements and thus, on the 
hypothesis of stellar nucleogenesis, for the galaxy, it 
would not be unexpected if still older objects were 
eventually found in the galaxy. 


D. Termination of the s Process; the Abundances 
of Lead, Bismuth, Thorium, and Uranium 


The s process is terminated at Bi"? by the onset 
of natural alpha-particle radioactivity. Detailed dis- 
cussion of the termination has been postponed to this 
point so that it can be applied, along with the discussion 
of the r-process termination, to calculation of the 
abundances of lead, bismuth, thorium, and uranium, 
which can be expected to be produced in the s and r 
processes. 

As illustrated in Fig. VIII,5, the s process proceeds 
through the mercury isotopes to stable TI? and thence 
by neutron capture to TI?! which decays 98% by beta 
emission to Pb?“ and 2% by electron capture to Hg". 
We can neglect this last branching. The half-life of 
TI! is 4.1 years, which we shall take to be short com- 
pared to its mean neutron-capture time. At Pb'* 
neutron capture leads to Pb? which decays by electron 
capture with a lifetime of approximately 5X107 years 
(io) “INES. : 

Pb? is essentially stable on the time-scale of in- A 
dividual captures in the s process, and the neutron 1 
capture continues through the stable lead isotopes l 
Pb?5, Pb*’, and Pb*5 to beta-active Pb*9. After the 5 
s process finally ends, the Pb?9*5 produced in the capture 3 
chain eventually does decay to Tl”. Pb? decays in : 
3.3 hours to stable Bi*? which, upon neutron capture, : 
forms the 2.6 10*-year alpha-particle-emitting ground H 
state of Bi?? or the 5.0-day electron-emitting isomeric 
state, RaE. For slow neutrons the capture results 
44% of the time in the ground state and 56% of the 
time in the isomeric state. It is reasonable to assume 
that this branching ratio will hold for the 15-kev 
neutrons involved in the s process. The RaE decays 
quickly before neutron capture to Po? which is an 
alpha-particle emitter with 138.4-day half-life, fast 
compared to neutron capture times. Thus Pb? is 
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Fic. VIII,5. This diagram shows the details of the termination 
of the s process. The half-life for electron capture in Pb% should 
be changed to ~5X 107 years. 


formed and this branch of the termination of the s 
process can result in a cycling process between Pb? and 
BiU The long hal&life of the ground state of Bi?° 
means that it captures a neutron before decaying, 
so that in this case the termination is delayed until 
Bi?! is formed; this then decays rapidly through Tl?” 
to Pb??", which can then cycle back through lead and 
bismuth. The result is a steady production of Pb?, 
Pb", Pb?°8, and Bi? by the s process. The steady-flow 
relative abundances of these nuclei are then given by 


112940 204= 412050205 = 1.822060 206 


= 312910 207 = 12089 208 = 712099 209; 


where the o’s represent neutron capture cross sections) 
a is the factor for the number of terminal cycles, and 
the factor 1.8=1-+44/56 arises because Pb??9 is re- 
plenished in only 56% of the cycling processes. 

'The capture cross section for 15-kev neutrons have 
been discussed in Sec. V and are given in the appendix. 
These cross sections are 100 and 50 mb for the odd 
isotopes Pb*5 and Pb?", 25 mb for the even isotope 
Pb*?*, 10 mb for the even doubly-magic isotope Pb?5, 
and 15 mb for the odd magic Bi*?. These values are 
consistent with the energies gained on neutron addition, 
i.e., 8.10, 7.38, 6.73, 3.87, and 4.67 Mev, respectively. 
There is a problem concerning the neutron addition 
energy and the capture cross section for Pb. The 
reactivity measurements do not distinguish between 
even isotopes. From Huizenga’s masses (HuS5) the 
energy is 6.80 Mev but has a considerably larger error 
than that for the other lead isotopes. It can be argued 
that Pb?'5 with fewer neutrons than Pb**, should 
more readily capture neutrons than Pb, and so the 
Pb“ cross section has been estimated as 50 mb. On 
this basis one-half as much Pb?! should be produced 
on the s process as Pb'5, as long as cycling is neglected. 
To see whether such a ratio is reasonable, we may 
compare it with the abundance ratios of other pairs 
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way, i.e., by steady flow in the s process without cycling. 
We find, for example, that the abundance ratios Te??/ 
Te1—0.52, Xe"5/Xe70—0.47, Ba!1/Ba55—0.31, and 
Sm!fe/Sm!50— 1.52. 
|. An alternative way of estimating the relative lead 
capture cross sections is by comparison with the T 
barium capture cross sections deduced from the relative 
abundances of the barium isotopes 134, 135, 136, 137, 
and 138. These lead to the completion of the M= 82 
neutron shell just as Pb??! to Pb? lead to the completion 
of the /V — 126 shell. Bat and Ba are shielded, that 3 
is, they are made only in the s process, Ba? is magic 
in the s process and all of its yield can be attributed to 
this process, while for Ba?5 and Ba!’ we have attributed 
two thirds of their abundances to the s process. 

Thus, on the basis of our two independent estimates, 
the relative abundances of the lead isotopes produced 
in the s process are as follows: 


Pb** PbS (T]1%5) Pb%ë pps! pps Bj% 1 
From reactivitye 1 0.5 1510 G 5a 33a 
From barium 1 1.8 1.8a 3.1a 29.6a «+> 
abundances 
a In case a —1, use 2 in place of 1.1a. a 


b [n case a —1, use 3.2 in place of 1.8a. 


Having discussed the relative abundances of the lead 
isotopes and bismuth expected to be produced by the 4 
s process, we must now calculate the relative abundance 
production expected in the r process. This can be done 
for Pb?°’, for example, by first adding the abundances : 
given in Table VII,2 for the mass chains 206, 210, 
214, . 234, which decay fairly rapidly to Pb", 
For Pb**5 this sum is 0.48 on our customary scale. 
If we wish to compare our results with the “non- 
radiogenic" lead isotope abundances at the time of 
formation of the solar system, we must add to this sum 
the amount of Pb** resulting from the decay of U*$ 
in the period between element production and solar 
system formation. This value depends somewhat on 
whether the element formation was continuous, or 
occurred in a single event, but for simplicity we have - 
chosen the latter alternative. The decay period is then 
(6.6-4.5) X10°=2.1%10° years, so that 27% of the 
U*88 will have decayed. From Table VIII,3 we see t 
this adds 0.11 to the Pb? abundance, bringing th 
total to 0.59. These abundances are summarized 
Table VIII,4 which also includes the results of si 
calculations for Pb, Pb", and Bi’. Since Np? dec 
rapidly as compared with the time scales involve 
the Bi?” abundance is just the sum over all mass 
208 219 EM z 
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recommend the chondritic meteorite ratios. According 
to Patterson ef al. (Pa53, Pa55, Pa55a) the ratios are 


Pb25 Pb*? Pb*5 Total Pb 
Pb? Pb Pb? Pb? 
Tron meteorites, x 
4.5X 10? yr ago 9.5 10.3 29.2 50.0 
Chondrites “now” 19.4 15.9 38.6 74.9 


Now Pb?* is not produced directly in the r process: 
since it is shielded by Hg and it does not result 
Írom any radioactive decay of r products. From the 
capture cross sections in the s process it may be ex- 
pected that it will be produced to a lesser extent than 
the other isotopes, and this will be especially true if the 
s process does not just terminate at Bi*?, but cycles 
to some extent, thus building up Pb**, Pb?", and 
Pb*"5. Thus the observed ratios given above are entirely 
reasonable on the basis of s process and r process syn- 
thesis of the elements. 

On the other hand, these processes will have produced 
much more lead than commonly accepted in abundance 
estimates. This can be seen as follows. Pb?*! is produced 
in the regular flow of the s process, and should have 
the corresponding abundance, which may be calculated 
as follows. The average value of oN, read off the curve 
in Fig. VL3, is about 10 in the vicinity of 4—204. 
The estimate given above for the cross section is 
50 mb, and hence JV — 0.20. The cross-section estimate 
is probably high rather than low, so this abundance is, 
if anything, a lower limit. This leads to a total lead 
abundance of 10 for the iron meteorites and 15 for 
the chondrites. These values are much larger, for 
example, than those given by Suess and Urey, namely 
0.31 and 0.47, respectively. On the other hand, our 
_ values are in good agreement with the solar abundance 
obtained by Goldberg ef al. (Go57), i.e., a value of 
about 20 from the lead/hydrogen ratio and 10 from 
- the lead/silicon ratio on the silicon— 105 scale. Our 
view is that the meteoritic abundance of lead may be 
= exceptionally low due to a fractionating process that 
. took place when the meteorites were formed. 


B. 
E TABLE VIII,4. Production of Pb**, Pb®7, Ph®8, 
and Bi in the r process. 


E 


Ph% Pbi? Phs Bizo 
Long-lived parent zs yz: Th (Np?) 
= Parent: 1 
Originally 0.405 0.663 0.641 0.617 
4.5X 10? years ago 0.295 0.083 0.577 0.0 
Now 0.146 0.001 0.462 0.0 
-Fr -lived parent: 
a us E bes 0.110 0.580 0.064 0.617 
- Now (no fractionation) 0.259 — 0.662 — 0.179 ^ 0.617 
* nies progenitors 0.477 0.369 0.266 0317 
l 0.587 — 0.949 0.034 


0? years ago . 
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On the basis of our analysis of the lead produced in 
the s and r processes we can calculate lead isotope 
ratios, the only uncertainty being in the cycling factor 
a. Using the two estimates of the cross sections dis- 
cussed above, i.e., those derived from the reactivity 
measurements and those derived from the barium 
abundances [with c(Pb?9)— 50 mb], and choosing 
a=6 in the first case and a=1 in the second, we have 
the following values for the three isotopic ratios: 


Pb** pp» Ph Pix 

Pb% pb»: Pp» ppm 
From reactivity ¢(a=6) 9.5 10.7 31.6 24.7 
From barium abundances (a= 1) 6.2 7.8 31.2 tee 
Tron meteorites (obs) 9.5 10.3 29.2 


In this calculation we have taken into account the 
amount of lead produced by the decay of r-process 
isotopes before the freezing of the material of the 
meteorites 4.5X 10? years ago. Thus for the first case 
(a=6), Pb*5/pp?9— 1.15€64-0.587/0.2— 9.5. There is 
little to choose between the two sets of calculations, 
but we are inclined to favor the first since it would 
be rather accidental if the s process terminated at 
bismuth without some cycling at its termination. 

In addition to obtaining a high abundance of lead 
through these calculations, we also find that the abun- 
dance of'bismuth is high. Using the reactivity cross 
sections and the cycling factor a— 6, we find that Bi?” 
should be produced with an abundance 20 times that 
of Pb?'! in the s process. An additional contribution of 
0.934/0.2— 4.7 comes from the r process (Table VIII,4). 
Thus, Bi**? should have an abundance of 24.7 X 0.2 = 4.94 
on the silicon— 10* scale whereas Suess and Urey, 
using a value due to the Noddacks, give 0.144. 

On the other hand, our calculation of the abundances 
of the isotopes of thallium is in fair agreement with 
the abundances given by Suess and Urey. Thus TP, 
with a cross section of 276 mb, has a calculated s- 
process abundance of 10/276=0.036, to which must 
be added 0.057 from the r process, yielding a total of 
0.093 which is only a factor of 3 higher than the Suess 
and Urey value of 0.0319. Tl? results from the decay 
of Pb? produced in the s process and thus the Pb?% 
cross section of 100 mb must be used in calculating 
its s-process abundance, ie., 10/100— 0.10. Adding 
0.057 for the r-process abundance, we obtain 0.157 
which is about twice the value of 0.0761 given by Suess 
and Urey. 

Our values for the mercury isotopes, as compared 
with the values of Suess and Urey, are shown in the 
following: 
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s process X 7 process Total Suess and Urey 
Hi^ — Qon 0057.80" Qo 
g ] T 1 I 
Hg!” 0.015 0.057 0.072 | 
Hg?» 0.042 0.057 0.099 
Hg?! 0.015 0.057 0.072 
Hg” 0.042 0.057 0.099 
Hg? 0.000 0.057 0.057 
0.498 
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2. HYDROGEN-BURNING AND Q-PROCESS ? 


PLATE I. 


PLATE 1. Portions of the spectra of stars showing the results of hydrogen burning and possibly the æ process. 
Upper: (a) Normal A-type star, n Leonis, showing strong Balmer lines of hydrogen and a strong Balmer discon- 
tinuity at the series limit. (b) Peculiar star, v Sagittarii, in which hydrogen has a much smaller abundance than 
normal. Lower: (a) White dwarf, L 1573-31, in which hydrogen is apparently absent. The comparison spectrum 
above the star is of a helium discharge tube; note the lines of helium in the star's spectrum. (b) White dwarf, 
L 770-3, which shows broad lines due to hydrogen only, for comparison with (a) and (c). (c) White dwarf, 
Ross 640, which shows only the two lines due to Ca II and a feature due to Mg I. All the spectrograms in this 
plate were obtained by J. L. Greenstein; the upper two are McDonald Observatory plates and the lower three 
are Palomar Observatory plates. 
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3. AGING EFFECT IN a-, e-, AND s- PROCESSES 


L4 


PLATE 2. 


- PrATE 2. Portions of the spectra of stars showing different aspects of element synthesis. Upper: (a) Normal 
rbon star, X Cancri, which has C2/C!?—3 or 4. (b) Peculiar carbon star, HD 137613, which shows no C! bands, 
in which hydrogen is apparently weak. (c) Normal carbon star, HD 52432, which has C2/C~3 or 4. Note 
ZrI lines appear to be strongest in (a). Middle: (a) Normal carbon star, HD 156074, showing the CH band 
y. (b) Peculiar carbon star, HD 182040, in which CH is not seen, although the weak band of Cs at A 4365 
is also very weak, indicating that hydrogen has a low abundance. Lower: (a) Normal F-type star, 
Peculiar star, HD 19445, which has a slightly lower temperature than £ Pegasi, yet all lines but 
ogen are much weakened, showing that the abundances of a-, e-, and s-process elements are much lower than 
(aging? effect). The middle two spectra were obtained by J. L. Greenstein, the remainder, with the 
HD 137613, by E. M. and G. R. Burbidge. 
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STARS SHOWING RESULTS OF s-PROCESS 
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PLATE 3. 


PrarE 3. Portions of the spectra of stars showing the results of the s process. Upper: (a) Normal G-type star, 
x Geminorum. (b) Ba II star, HD 46407, showing the strengthening of the lines due to the s-process elements ~ 
barium and some rare earths. Middle: (c) M-type star, 56 Leonis, showing TiO bands at X 4584 and 4626. (d) 
S-type star, R Andromedae, showing ZrO bands which replace the TiO bands. Lines due to Sr I, Zr I, and Ba IL are 
all strengthened. Lower: (c) Another spectral region of the M-type star, 56 Leonis; note that Tc I lines are weak or 
absent. (d) R Andromedae; note the strong lines of Tc I. The spectrum of R Andromedae was obtained by P. W. 
Merrill, and the upper two spectra by E. M. and G. R. Burbidge. 
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Supernova in IC 4! 


Crab Nebula 
EI 


v 


Prate 4. Left: The Crab Nebula, photographed in the wavelength range \6300-A6750. The filamentary structure stands out clearly 
at this wavelength, which comprises light mainly due to the Ha line. Right: The supernova in IC 4182, photographed (a) September 10, 
1937 at maximum brightness—exposure 20 m; (b) November 24, 1938, about 400 days after maximum—exposure 45 m; (c) January 
19, 1942, about 1600 days after maximum, when the supernova was too faint to be detected—exposure 85 m. Note that the lengths of 
the three exposures are different. These plates were taken by W. Baade, to whom we are indebted for permission to reproduce them. 
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Thus the calculated abundance is in fair agreement 
with that given by Suess and Urey. The expected 
decrease in cross sections with increasing N, neglected 
here, would give the observed gradual rise in abundance 
with M up to Hg??. The drop in abundance at Hg? 
is to be expected since it is not produced in the s process. 

The large abundance of lead which we have derived 
Írom both the s and the r process results in considerable 
difficulties from the geological standpoint. Thus it is 
worthwhile to consider ways in which this conflict 
might be avoided. The most convincing evidence that 
the s process has been fully operative is the fact that 
the observed relative abundance of Pb, for which 
the r-process contribution is only 5%, and Pb, 
produced only by the s process, agree with the predic- 
tions of the s-process theory. Thus, the large Pb*95/pb?^t 
abundance ratio is attributable partly to the small 
neutron-capture cross section expected for magic 
Pb?" and partly to some cycling at the end of the 
s process. On the other hand, Pb? might have an 
anomalously large cross section or might not be pro- 
duced at all if T?! had such a large cross section that 
it captured a neutron and formed Tl% instead of 
decaying to Pb??, Neither of these possibilities seem 
likely, but they must be borne in mind as possible 
ways out of the conflict with geological evidence. It 
may be remarked that the total predicted lead pro- 
duction by the r process alone is 1.15 as compared 
with Suess and Urey's value of 0.47. 

Finally, we consider the abundances of thorium and 
uranium. The recent results of Turkevich, Hamaguchi, 
and Reed (Tu56), using the neutron activation method, 
indicate that there is only a small amount of uranium 
in the Beddgelert chondrite. Urey (Ur56) has analyzed 
these results, which give an abundance of 0.007 on 
the scale of Suess and Urey. His results also give an 
atomic abundance of 0.02 for thorium. Our predicted 
r-process abundances are 0.147 for uranium and 0.462 
for thorium. Thus, our calculations would seem to 
indicate that thorium and uranium as well as lead and 
bismuth have been reduced in abundance by some 
fractionation process in the formation of the planets 
and meteorites. As previously stated, of these four 
elements only lead has had its abundance in the sun 
determined (Go57), and in this case the solar abundance 
is in agreement with our calculated abundance and 
is very much higher than the abundance given by 
Suess and Urey. ` 

In conclusion, the expected yield of radiogenic lead 
from the decay of thorium and uranium during the 
period since the formation of the meteorites would 
resuk>in ratios of (Rd Pb**)/Pb™, (Rd Pb**?)/Pb™, 
and (Rd Pb**)/Pb? equal to 0.75, 0.41, and 0.57, 
respectively (see last line of Table VIIL4; Pb?* is 
taken as 0.2). These values are obtained by assuming 
no uranium-lead-thorium fractionation at formation. 
The Rd Pb?’ and Rd Pb? ratios are clearly consistent 


with Patterson's determinationswofiatbeunradiggeRiGiar Coden BPRS Ba ofr 
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leads in chondrites and the Nuevo Laredo meteorite 
since we have used 4.5X10° years as the age of the 
meteorites. On the other hand, the ratios to Pb? 
are considerably smaller than those found for radio- 
genic leads, indicating that lead was removed pref- 
erentially relative to uranium and thorium in chon- 
drites and especially in the Nuevo Laredo meteorite. 
However, the iron meteorites could well contain the 
small amount of radiogenic leads which would be ex- 
pected if no fractionation of lead relative to uranium : 
and thorium occurred when they were formed. D 
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IX. p PROCESS 


In Sec. V it was pointed out that the proton-rich 75 
isotopes of a large number of heavy elements cannot - 
be built by either the s or the 7 process, and particular 
examples of this difficulty are discussed in Sec. II, 
in connection with our assignments to one or the other 
of the synthesizing processes. With the exceptions of 
In! and Sn$5, all of these isotopes have even A. 
From the Appendix we see that in the cases of Mo*, 
Cd*5, and Gd!9, in addition to synthesis by the p 
process, these isotopes can also be made in weak loops 
of the s-process chain. In addition, In!?, Sn!5, and 53 
Sn!!5 may also be built in a weak loop of the s-process 
chain which is begun by decay from an isomeric state 
of Cd!9, In Fig. IX,1 a plot of the abundances of the 
p-process isotopes is given. The black dots represent 
isotopes which are made only by the p process, while 
the open circles represent isotopes which might have a. 
contribution from the s process as well. A smooth 
curve has been drawn through the points merely to 
show the trends and positions of the peaks. This curve — . 
shows the same general trend as that of the main 
abundance curve, and the fact that the open circles 
lie predominately near the curve defined by the other 
points suggests that in no case is the s process an impor- - 
tant contributor to the abundance. All of the isotopes 
are rare in comparison with the other isotopes of the - 
same element, and it appears that only about 1% © 
of the material has been processed by reactions which | 
give rise to these isotopes (see Table II,1). The reac- 
tions which must be involved in synthesizing these 
isotopes are (p,y) and: possibly (y,2) reactions on 
terial which has already been synthesized by the s 
the r processes. 

The astrophysical circumstances in which 
reactions can take place must be such that mate 
of density Z;10* g/cm? and containing a no 
excessive abundance of hydrogen is heated to 
tures of 2-3 X 10° degrees. It has been suggeste 
that these conditions are reached in the env 
supernova of Type II. Alternatively 
reached in the outermost parts of the er 
supernova of Type I in which the r pro 
place in the inner envelope. These possil 
are explored further in Sec. XI] 
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equilibrium is reached between (f,y), (v,2), and 


(y,n) reactions, i.e. (POS. 


reaction is (,y), the flux of free neutrons built up 
by any (y,n) reactions will not become comparable 
with the proton flux, so that complete equilibrium 

= cannot be set up between protons, neutrons, and 
. gamma radiation. In Fig. IX,2 we give a schematic 
_ diagram which shows what the effect of (p,y) and 
— (y,m) reactions on nuclei which originally lie on the 
bility curve in the Z, A plane will be. These reactions 
nd to drive nuclei off the curve of greatest stability 
the direction of increasing A and Z in the case of 
3 ^) reactions and decreasing A in the case of (y,) 
ctions. Qualitative arguments suggest that the 

: alues of AA and AZ, the displacements off the main 
= stability curve, will be small. The reasons for this are 
- as follows. In the cases of ruthenium, cadmium, 
xenon, barium, cerium, and dysprosium, the two 
lightest iso! ypes built by the p process have roughly 
equal abundances or at least ratios which never exceed 
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case of tin, three isotopes, Sn!?, Sn, 
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opes we might expect, because 
case of tin, for 
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Fic. IX,1. Here we show a plot of the abundances of the isotopes made in the p process. The isotopes with 
magic WV or magic Z are marked n and 7, respectively. A curve hasbeen drawn through the points to show the 
general trends. Note the peaks at V= 50 and 82 and the lesser peak at Z= 50. 


a very long way from the main stability line so that 
contributions from many nuclei were responsible for 
the tin isotopes, we would also expect that the ratios 
would not be small. Thus our qualitative conclusion 
is that (p,y) reactions are responsible but the nuclei 
are only displaced in general two or three units of 
A and Z from the stability line. The existence of the 
nuclei Mo? and Sm™ which have closed shells of 50 
and 82 neutrons respectively and which show up as 
peaks in Fig. IX,1 suggests that these have been 
made directly from progenitors with closed neutron 
shells which form peaks in the normal abundance 
curve; ie. in the case of Mo? these would be Zr”, 
Y®, Sr®8, etc., while the progenitors of Sm would 
be Nd, Pr, Ce, etc. The case of Er!*! remains an 
anomaly, since the ratio Er!9/Er!9—15 is very large 
and is out of line with the results for the other pairs of 
isotopes. There appear to be no peculiarities in the 
possible progenitors of Er! which might explain this 
large abundance. 

A simple calculation can be made to see whether 
these qualitative results deduced from the observed 
abundances are correct. The equation of statistical | 
equilibrium is ~ 


n(A--1, Z4-1) 
log——— — — logn,— 34.07 
n(A,Z) 
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Fic. IX,2. The path of the p process in the Z, A plane. Material 
on the stability line (produced previously by the r or s process) 
is subjected to a hydrogen density of 10?* protons/cm? and a 
temperature of ~2.5X10° degrees. The (5,y) reactions give an 
increase AA — AZ —4 or 5 until stopped by the (y,/) reaction at 
nuclei with a proton binding energy, Q ,7-4 Mev. The (y,n) reac- 
tions also produce a displacement onto the p-process line. Along 
this line positron emission must occur before further synthesis can 
take place. In general tl lifetime of this emission is ~10* sec 
which is longer than the p-process conditions hold (100 sec). 
Thus a displacement ôZ~3 off the stability line (slope 73) at a 
given A occurs. This displacement by proton capture will occur 
even at large A~200 in a time €1 sec which is short compared 
to the time for the p process. Thus the displacement is terminated 
by the positron emission and not by decreasing Coulomb barrier 
penetrability so that it will be substantially independent of A. 
The p-process abundances as shown in Fig. I,1 and Fig. IX,1 
should parallel the main abundance curve. ‘The abundances will 
be 107? to 107? of those produced in the s and r processes. 


where 2, is the number density of protons, Q; is the 
proton binding energy, and T is the temperature in 
units of 10? degrees. This equation is analogous to (14) 
in Sec. VII. Putting 2,—10?9/cm? and 7$—2.5, the 
binding energy of the last proton such that n(A+1, 
Z+1)=n(A,Z) is obtained by putting the left-hand 
side of (26) equal to zero. We find Q,=4.3 Mev. Now 
the proton binding energy is given by 


21 


4N? 
) —$yA- 
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0,(4,2)=a—6( 1- 
(27) 


This equation is analogous to (23) of Sec. VII for the 
neutron binding energy; the symbols have the same 


meaning. 
Thus 
00> N? 
——| ~—86—=0.6 for 100<A<200. 
9A |N A3 


The binding energy of a proton in a nucleus on the 
main stability curve in this range of A is about 7 Mev. 
Thus AQ,;~2.7 Mev and AAœ4 to 5. Thus AZ is also 
4 to 5. However, we wish to know the deviation in Z 
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We call this 6Z and calculate it as follows. In Fig. IX;2 
the slope of the line joining nuclei (4,Z) and (4-1, 
Z-+1) in the Z, A plane is 1. On the other hand, the 
change in Z corresponding to AA is just the change in 
the Z ordinate. Now the slope of the curve of maximum 
stability is ~}. Thus 6Z is given by 


0Z—$AAc-3. 


Whether the nuclei are driven off the main line to 
this maximum extent will depend on (i) whether 
sufficient protons are available, and (ii) whether the 
equilibrium conditions endure for sufficient time to 
allow the unstable nuclei to positron-decay so that the 
maximum number of protons can be added. The life- 
time against positron emission is given by 


0$ 
Tp (forbidden transition), 
Wot 
where 
Wat=Ba(6Z—0.5)-+0.5. 


Now B4c-1.5 Mev near A=100. The coefficient of Ba 
in this equation is (8Z — 0.5) instead of (6Z—2.5) (which 
is used in Sec. VII) because we assume that the positron 
emission takes place by a forbidden transition to the 
ground state instead of by an allowed transition to an 
excited state as is the case for beta decay discussed in 
Sec. VII. In that case a mean value Wg was calculated. 

Thus Wc-4.2, and 75*721000 sec. Now the duration 
of a supernova outburst has been estimated to be 10- 
100 sec, and the time during which the p process takes 
place may be of the same order as or shorter than this 
explosion time. Consequently, it appears that the 
number of protons which can be added to the heavy 
nuclei is limited by the positron decay times and the 
synthesis to the limit of proton stability at this tem- 
perature will not be reached. Thus we conclude that 
the qualitative argument based on the observed 
abundances, that A472 or 3 and AZ~™1 or 2, is borne 
out by this calculation. 

The number of protons available to be captured by 
the heavy elements is determined by the number 
which are captured by the light and abundant elements. 
A typical example is C?. Addition of two „protons 
produces O whose half-life for positron: emission is 
72 sec. Thus it is probable that the maximum number 
of protons which can be added to C? through the 
duration of the p process is only two. If we supp 
that in the envelope in which the process occurs 
H/C” ratio is normal and equal to —10*, it is cl 
that even when we take into account all of the TE 
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elements which capture protons they can take onl; 
small fraction of the total available, so that pro 
capture among the heavy nuclei is not jing by pithe 1 
number of protons available. b 
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Sec. III A, case (ii) ] 


il Z568 
—23.1x1099— —— 
F AST? 
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Zo A d 
exp] 1.26(4Z9(4o'+-1))!—4.25(——) l sec}, 


S 


where A= 40/(Ao+1). For example, for soHg?*9, we 
have 


1 p 
-=3.0X D. exp(— 78.87 3-3) sec. 


(7 Ts 


Thus for 7,—2.5 and p—10? g/cm?, 1/7—10 sec-!, 
so that the capture rate is rapid and is not a limiting 
factor in the proton addition. 


X. x PROCESS 


We have given the name x process collectively to 
mechanisms which may synthesize deuterium, lithium, 
beryllium, and boron. Some discussion of the problems 
involved in the x process are discussed in this section. 


A. Observational Evidence for the Presence of 
Deuterium, Lithium, Beryllium, and 
Boron in our Galaxy 


From the appendix the number ratios of deuterium, 
Li’, Li’, Be?, B", and BY relative to hydrogen are 
14X10-, 1.8X10-*, 2.3X 102, 5X10"; 1.1x 10-9, 
and 4.9X 1075, respectively. Thus deuterium is rare as 
compared with its neighbors hydrogen and helium in 
the atomic abundance table, but as far as the remainder 
of the elements are concerned is very abundant and 
comparable with iron. Lithium, beryllium, and boron 
are all extremely rare as compared with their neighbors 
helium, carbon, nitrogen, and oxygen, and are only 
about 100 times as abundant as the majority of the 
heavy elements (see Fig. I,1). It should be emphasized 
for these elements particularly that all of these values 
have been obtained from terrestrial and meteoritic 
data and thus they may not be at all representative 
of the cosmic abundances of these elements. 

A number of attempts have been made to detect 
deuterium in the sun. The latest, by Kinman (Ki56), 
shows that the abundance ratio of deuterium to hy- 

drogen in the atmosphere is less than 4X 1075. Attempts 
have also been made to detect the radio spectral line at 
327 Mc/sec due to neutral deuterium in interstellar gas, 
and the most recent results by Stanley and Price (St56) 
and Adgie and Hey (Ad57) lead to the conclusion that 
the deuterium to hydrogen ratio does not exceed 5X 10-*. 
The abundances of lithium and beryllium in the 
solar atmosphere have been investigated by Greenstein 
son (Gr51) and Greenstein and Tandberg- 
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drogen ratio lies in the range 1.6X10-—7xXx10-2 

or about 100 times smaller than the meteoritic value. 

The beryllium to hydrogen ratio= 10—”, a value which 

is reasonably well in agreement with that of Suess and 
Urey. An upper limit to the beryllium to hydrogen 
ratio of 10- has been obtained for a magnetic star 

by Fowler, Burbidge, and Burbidge (Fo55a). Esti- 
mates of the upper limits to the interstellar abundances 

of lithium and beryllium have been made by Spitzer - 
(Sp49, Sp55). He has estimated that the upper limit 
to the lithium to sodium ratio is about 0.1, so that if 
sodium has normal abundance the lithium to hydrogen 
ratio is less than 1077. The beryllium to hydrogen 
ratio is found to be X 10". This is an order of magnitude 
lower than that found in meteorites, and Spitzer has 
concluded that some berylium may be locked up in j 
interstellar grains. 

Lithium, probably in variable amounts, has been 
detected through the presence of the Li I resonance i 
doublet at À 6707.8 in a wide variety of late-type stars. 
Certain carbon stars show this feature very strongly in f 
their spectra (Mc40, Mc41, Mc44, Sa44, Fu56), whileit 
is also present in S-stars (Ke56, Te56), and in M-type 
dwarfs and giants (Gr57). No relative abundances are 
yet available. 

Boron is spectroscopically unobservable. 

In the primary cosmic radiation the abundances of 
lithium, beryllium, and boron are comparable with those 
of carbon, nitrogen, and oxygen (Go54a, Ka54, No55, 
No57). 


B. Nuclear Reactions Which Destroy Deuterium, 
Lithium, Beryllium, and Boron 


First we outline the reactions which destroy these 
light elements in a hydrogen-burning zone. At tempera- 
tures commonly found in the interiors of main-sequence 
stars the reactions which destroy deuterium are 
D'(d,?)H*(8-)He*, D'(5,y)He*, and D'(d,n)He*. In 
the same way the reactions which destroy lithium are 
Li®(p,~)He*® and Li’(p,2)He*. Beryllium is destroyed 
by Be?*(5,2)Be*2He* and D?(5,y)He*, or Be*(po) 
Li*(5,*)He*. Boron is destroyed by B!?(5,)Be'(EC)- 
Li'(5,)He*' and B"'(5,9)Be*2He*. Thus the net 
result is always to convert these elements into helium 1 
through proton bombardment, and the rates of the } 
reactions are such that in all conditions before a star 
evolves off the main sequence all of the deuterium, 
lithium, beryllium, and boron in the volume which 
contains the vast majority of the mass will be destroyed 


(Sa55). 
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C. Synthesis of Deuterium, Lithium, — 
Beryllium, and Boron 


The foregoing considerations make it appear probable 
that these elements have been synthesized in a low- 
temperature, low-density environment in the universe, 
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Foundation USA 


T 


SYNTHESIS OF ELEMENTS 


absent. The alternative is a situation in which the 
synthesis was followed extremely rapidly by an expan- 
sion of the material resulting in cooling and decreased 
density so that the reactions leading to destruction 
were avoided, or else by a rapid transfer of the synthe- 
sized material to a low-temperature, low-density 
environment. Recent work of Heller (He57) shows 
very clearly the conditions of density and temperature 
under which a deuterium to hydrogen ratio —410-* 
can be preserved. Now the regions in our Galaxy in 
which such conditions are present are (i) in stellar 
atmospheres and (ii) in gaseous nebulae. 

(i) This possibility was explored (Fo55a, Bu57) in 
connection with nuclear reactions which may take place 
in the atmospheres of magnetic stars (see Sec. XI). 
Besides having large magnetic fields and thus large 
sources of magnetic energy which may be available for 
particle acceleration and hence nuclear activity, the 
magnetic stars have one other feature which makes 
the results of elements synthesis in their atmospheres 
observable. It seems probable that their atmospheres 
do not mix appreciably with the lower layers. Thus 
the light elements synthesized there will not be mixed 
into the interiors and destroyed. However, the abun- 
dance of deuterium produced following the release of 
neutrons by (,7) reactions on the light elements in 
such an atmosphere can never exceed a deuterium to 
hydrogen ratio ~10~*. The use of different nuclear cross 
sections than those employed in Fo55a might conceiv- 
ably raise this upper limit to ~107!. Because of the 
rarity of the magnetic stars and because of the small 
mass of their atmospheres, ejection of such atmospheres 
into the interstellar gas will lead to an interstellar deu- 
terium to hydrogen ratio <10". If a more widespread 
class of stars such as the red dwarfs are proposed as stars 
in which deuterium can be made in the same way, a 
maximum interstellar ratio of 107° might be achieved. 
Thus since the lower limit to the interstellar abundance 
ratio so far determined is 5X10, this explanation 
might be satisfactory. However, it leaves the terrestrial 
abundance to be explained by circumstances peculiar to 
the solar system, e.g., through electromagnetic activity 
in an early stage of formation of the solar nebula, a 
situation which is rather unsatisfactory. 

Production of lithium, beryllium, and boron in a 
stellar atmosphere can take place through spallation 
reactions on abundant elements such as carbon, nitro- 
gen, oxygen, and iron. Thus, if we believe that stellar 
atmospheres are the places of origin of these elements, 
it is also probable that they are a major source of the 
primary cosmic radiation, a conclusion which is con- 
sistent with observed abundances of primary nuclei 
mentioned earlier. Since energies > 100 Mev/nucleonare 
demanded for spallation reactions it has been suggested 
that these reactions take place in regions fairly high 
in the stellar atmospheres. If it is supposed that these 
reactions go on only in magnetic stars, and that all 


the material synthesized is ejected, then the interstellar 
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ratios of lithium, beryllium, and boron to hydrogen 
which can be obtained are all about 10-13, However, 
if the red dwarfs are proposed as stars in whose at- 
mospheres spallation reactions can go on at the same 
rates, ratios ~10-" can reasonably be predicted for the 
interstellar gas. Lithium has been found to be quite 
strong in the spectrum of T Tauri (He57a). 

'Thus we conclude that if the x process takes place 
in stellar atmospheres, a further process is demanded 
to synthesize the deuterium in the solar system, 
though the interstellar abundances of lithium, beryl- 
lium, and boron might be produced. 

(ii) We shall now consider in a qualitative fashion 
the possibility that the x process takes place at some 
point in the evolution of gaseous nebulae. The current 
sources of energy in the bright gaseous nebulae are 
in general the highly luminous stars which are embedded 
in them. However, the discovery in recent years that 
some gaseous nebulae (not necessarily optically bright) 
are strong sources of nonthermal radio emission has 
shown that another source of energy must be present. 

There is strong support for the theory that this radia- 

tion is synchrotron emission by high-energy electrons | 
and positrons moving in magnetic fields in these 
sources. The reservoirs of energy which must be present 
in such sources in the form of high-energy particles 
and magnetic flux are as large as the total amounts 
of energy which are released in supernova outbursts. 
Thus the energetic conditions that are demanded to 
produce a flux of free neutrons, which can then be 
captured to form deuterium and can also spallate 
nuclei to form lithium, beryllium, and boron, are also 
present. Unfortunately, the mean densities in such 
radio sources are so low (~10-*! g/cc) that at the 
present time the amount of activity leading to synthesis 
must be negligible. On the other hand, the situation 
in the early life-history of such nebulae may have 
been more conducive to such synthesis. 

Recently the light from another star of the T Tauri 
class, NX. Monocerotis, has been found to be largely 
polarized, thus indicating the presence of a considerable 
amount of synchrotron radiation (Hu57c). High-energy 
particles and a magnetic field must therefore be present. 
Stars in the T Tauri class are thought to be young stars, 
recently formed and not yet stabilized on the main 
sequence, and are embedded in dense interstellar matter. 
The observation of lithium in T, Tauri itself and syn- 
chrotron radiation in NX Monocerotis support the idea 
that the x process (by spallation) is occurring here. 

Of the strong radio emitters in our own galaxy, the 
Crab is known to be a supernova remnant, and it may 
be that some of the other sources are supernova rem- 
nants as well. In the context of the theory described 
in this paper, supernovae are the sources both of the 
r process and the p process, while a supernova outburst 
may well follow the e-process production of elem: F 
Now if, in the early stages of a supernova outburst 
after these other processes have takèn Mace: ans 
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envelope is beginning to expand so that the densities 
fall below those in which deuterium, for example. 
will be destroyed, the envelope can be subjected to a 
large flux of neutrons, it is possible that the x process 
could take place. However, as pointed out by Heller, 
if the source of neutrons which is demanded to synthe- 
size deuterium is C#(æ,n)O or Ne (a,2)Mg™* (in 
Sec. III it was pointed out that there are strong reasons 
for rejecting C¥(a,n)O% and using Ne'(a,n)Mg^ as 
the source of neutrons here), then a high temperature 
~10° degrees is demanded to produce sufficient neu- 
trons, but a low density —10-— 10-5 g/cm? is de- 
manded to preserve the deuterium; this appears to 
be an improbable situation. Thus a more plausible 
mode of synthesis would obtain if a large flux of neu- 
trons from a high-energy, high-temperature region 
could be injected into an envelope of cool hydrogen 
at an early stage of the expansion. The followiag 
situation may be envisaged. As discussed in Sec. 
XII, at temperatures in excess of 5X10? degrees and 
densities 2105 g/cm? the stellar core will reach a 
configuration in which there can easily be a transition 
from a core made of iron to a core consisting primarily 
of helium with a fraction of free neutrons. If some 
portion of this core can be ejected into a surrounding, 
relatively cool, shell, the neutrons will be moderated 
and captured to form deuterium. The condition that 
they are captured before decaying is that p2 10 
g/cm*. 

'The very advanced stage of evolution in which a 
star might possess a neutron core might also provide 
a suitable source of neutrons for deuterium production, 
though this question will not be explored further here. 

In Sec. XII it is shown that one percent of a super- 
nova shell may be converted to the heavy elements 
in the r process. If the total mass of material is taken 
to be ~1M o, then dilution by a factor of the order of 
104 is demanded to produce the correct abundances, 
relative to hydrogen, in the solar system, which is 
710-9 from Table II,1. Thus, the supernova shell must 
have mixed with a mass of about 10! times its mass 
in the interstellar gas. The deuterium to hydrogen 
ratio in the solar system is ~10~ so it appears that if 
sufficient neutrons were available to convert the whole 
of the hydrogen in a supernova shell to deuterium, 
then this amount of dilution could explain the observed 

solar system abundance of this isotope. To produce 
3 the lithium, beryllium, and boron, it must be assumed 

that about 1% of the carbon, nitrogen, and oxygen 

in the shell was spallated either by high-energy neu- 
trons or alpha particles ejected by the core or by protons 
into which the neutrons decayed. It is also possible 
that these latter elements may have been produced by a 
h-energy tail of the protons which are demanded 

£ ess. It does not appear probable, however, 
per p m. supernova could account both for the 
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A supernova origin for the x-process elements would 
also suggest that supernovae are the original sources 
of cosmic radiation. Thus the primary cosmic radiation 
might be expected to have greater than normal abun- 
dances of iron and other abundant elements synthesized 


in supernovae. There is some evidence in support of this 
(No57). 


D. Preservation of Lithium in Stars 


Finally, we discuss an observational result which may 
suggest yet another region where lithium may be syn- 
thesized, and where it is certainly preserved. We sum- 
marized in Sec. X A the evidence that lithium is present — | 
in many kinds of late-type stars. Though no relative 
abundances of this element in different classes of late- 
type stars have yet been determined, it seems highly 
probable that the lithium abundance is variable, and 
also in some stars it is probably far more abundant than 
it is in the interstellar gas. This suggests strongly that 
there is some mechanism by which it can be preserved 
and even synthesized in stellar interiors. For example, 
in one S-type star, R Andromedae (Me56), both 
technetium and lithium are observed. Hence in this 
case there must be mixing between the helium-burning 
core where the technetium is synthesized and the 
surface. We have emphasized in Sec. X B that lithium 
cannot survive in a hydrogen-burning zone. Cameron 
(Ca55) attempted to show that Li’ can be built in a 
hydrogen-burning zone through He? (o) Be? (K)Li", the 
Li’ reaching the surface of the star because it is preserved 
in the form of Be’, whose half-life against K capture 
is lengthened because of the comparative rarity of 
s-state electrons at the densities of production. Un- 
fortunately his calculation of the rate of the reaction 
He?(ayy)Be? is based on an estimate given by Salpeter 
(Sa52a) which was incorrectly printed, and it seems 
also that the increase of the half-life against K capture 
has been considerably overestimated. 

Lithium does not react as rapidly with helium as 
it does with hydrogen, and it appears possible that 
it can exist in a helium-burning zone long enough for 
it to be able to reach the surface from the deep interior. 
Thus we conclude that the presence of lithium in the 
atmospheres of late-type stars suggests that these stars 
can have no hydrogen-burning zones. This implies 
that the helium cores must be large enough, and the 
stars’ evolution sufficiently advanced, so that the 
hydrogen envelopes extend only to depths where the 
temperatures are less than ~10® degrees. Reactions 
which may synthesize lithium in a helium-burning 
core will be discussed elsewhere. 
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XI. VARIATIONS IN CHEMICAL COMPOSITION 
AMONG STARS, AND THEIR BEARING ON 
THE VARIOUS SYNTHESIZING 
PROCESSES 


Different processes of element synthesis take place 
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the problem of element synthesis is closely allied to 
the problem of stellar evolution. In the last few years 
work from both the observational and theoretical 
sides has led to a considerable advance in our knowledge 
of stellar evolution. Theoretical work by Hoyle and 
Schwarzschild (Ho55) has been repeatedly mentioned 
since it affords estimates of temperatures in the helium 
core and in the hydrogen-burning shell of a star in the 
red-giant stage. However, the calculated model is for 
a star of mass 1.2 solar masses and a low metal content 
(~1/20 of the abundances given by Suess and Urey), 
and is thus intended to apply to Population II stars. 

From the observational side, the attack has been 
through photometric observations of clusters of stars, 
from which their luminosities and surface tempera- 
tures have been plotted in color-magnitude or Hertz- 
sprung-Russell (HR) diagrams, by many workers. 
We refer here only to two studies, by Johnson (Jo54) 
and by Sandage (Sa57a). A cluster may be assumed to 
consist of stars of approximately the same age and 
initial composition, and hence its HR diagram repre- 
sents a “snapshot” of the stage to which evolution 
has carried its more massive members, once they have 
started to evolve fairly rapidly off the main sequence 
after their helium cores have grown to contain 10 to 
30% of the stellar mass. Clusters of different ages will 
have main sequences extending upwards to stars of 
different luminosity, and the point at which its main 
sequence ends can be used to date a cluster; the rate 
of use of nuclear fuel, given by the luminosity, depends 
on the mass raised to a fairly high power (3 or 4). 

Figure XI,1 is due to Sandage (Sa57a), and is a 
composite HR diagram of a number of galactic (Popu- 
lation I) clusters together with one globular cluster, 
M3 (Population II). The right-hand ordinate gives 
the ages corresponding to main sequences extending 
upwards to given luminosities. This diagram gives an 
idea of the way in which stars of different masses (which 
determine their position on the main sequence) evolve 
into the red-giant region. The most massive stars 
evolve into red supergiants (e.g., the cluster 4 and x 
Persei); the difference between the red giants belonging 
to the Population I cluster M67 and the Population II 
cluster M3 should also be noted. Since stars evolve 
quite rapidly, compared with the time they spend on 
the main sequence, the observed HR diagram may be 
taken as nearly representing the actual evolutionary 
tracks in the luminosity-surface-temperature plane. 

A feature of Population II stellar systems is that 
their HR diagrams contain a “horizontal branch" 
[ see, for example, the work by Arp, Baum, and Sandage 
(ArS2}] which probably represents their evolutionary 
path subsequent to the red-giant stage. This feature is 
not included in the diagram of M3 in Fig. XI,1, although 
it is well represented by that cluster, since this diagram 
is intended to show just the red-giant branches of 
clusters. The old Population I cluster M67 has a sparse 
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Fic. XI,1. Composite Hertzsprung-Russell diagram of a number 
of galactic (Population I) star clusters, together with one globular 
cluster, M3 (Population II), by Sandage (Sa57a). The abscissa 
measures the color on the B-V system, and defines surface tem- 
perature (increasing from right to left). The left-hand ordinate 
gives the absolute visual magnitude, M., of the stars (thus lumi- 
nosity increases upwards). The heavy black bands (Population I) 
and unfilled band (Population II) represent the regions in the 
temperature-luminosity plane which are occupied by stars. The 
names of each cluster are shown alongside the appropriate band. 3 
The right-hand ordinate gives the ages of the clusters, correspond- 
ing to main sequences extending upwards to given luminosities. 
Note that the clusters all have a common main sequence below 
about M,-— 4-3.5. Note also that the red giants have different 
luminosities, according to the luminosities they had while on the 
main sequence (which are defined by their masses). Diagram 
reproduced by courtesy of the Astrophysical Journal. 


analogy of the horizontal branch; the other Population 
I clusters in Fig. XI,1 do not show such a feature. 
Presumably the evolutionary history of a more massive 
Population I star subsequent to its existence as a 
a red giant is more rapid. 

Whenever reference is made in different parts of 
this paper to particular epochs in a star's evolutionary _ 
life, we are referring to a schematic evolutionary 
diagram for the star which has the same general - 
characteristics as the HR diagrams in Fig. XI,1. 
With this background in mind, we turn now to astro- 
physical observations which provide many indication 
of element synthesis in stars. This is either ta 
place at the present time or else it has occurred o 
a time-scale spanned by the ages of nearby Popula 
II stars. These indications may be divided into the 
following groups. 


A. Hydrogen Burning and Helium B: 
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hausted almost all of their hydrogen. Such stars would 
be expected to be very rich in helium and perhaps 
the products of helium burning. Alternatively, stars 
may develop inner cores in which helium burning takes 
place, while still possessing hydrogen-burning shells 
and envelopes with a normal hydrogen content. If 
mixing (large-scale convection) then sets in, in such 
a star, core material which has been modified by 
hydrogen burning may appear on the stellar surface. 
While a star is in the red-giant stage, the temperature 
of the hydrogen-burning zone may be as high as 
30 or 40X10° degrees, at least in Population II stars 
with masses of 1.2 Mo. At 30X10* degrees there 
may be considerable destruction of oxygen through 
the reactions O'*(5,y)F" (8*v,)OV (5,9) N* (cf. Table 
IIL2 and:Fig. IIL,2), if the evolutionary time-scale 
is as long as 10° years at this stage. If the onset of 
energy generation by helium burning in a partially 
degenerate core leads to some instability and conse- 
quent mixing (Ho55), then the star may settle down 
into a new structure in which hydrogen burning occurs 
at a lower temperature, in material which may or may 
not have been appreciably enriched in C”. 

As was pointed out in Sec. ITI F(1), any stars in which 
the products of helium burning mix through a hydrogen- 
burning zone to the surface should appear rich in nitro- 
gen and neon, as well as in helium, and considerably de- 
pleted in hydrogen. The equilibrium abundances of 
C55, N“, and N?* relative to C? will be approached if 
sufficient time is spent in the hydrogen zone for the 
CN reactions to have gone through several cycles. 
On the basis of the most recent cross-section values N” 
will be by far the most abundant of the carbon and 
nitrogen isotopes if equilibrium is attained even though 
C? is the nucleus produced in the helium burning. 
O!* will also be converted to N™ (without cycling) 
if the temperature is great enough. Ne? will mainly 
be converted to Ne? and Ne? and a very small amount 
of Na so that the element neon survives hydrogen- 
burning. 

Greenstein (Gr54a), using the older rates of the 
CN cycle, discussed the connection between the opera- 
tion of the CN cycle at various temperatures, the 
amount of mixing, and the abundance of nitrogen 
observed on the surface. We wish to elaborate on this 
argument at this point. If equilibrium is attained 
the ratio N/C will be given by 0.82 N/C? since N!5 

is very rare and C*/C?—4.6 by number independently 
of temperature. The rough temperature dependence 
given for N'4/C? in Sec. III F(1) is not sufficiently 


TABLE XI,1. Equilibrium nitrogen-carbon ratios as a function of temperature (ox = 10). 
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accurate for our present purposes and in Table XI,1 
we give various equilibrium ratios as a function of 
temperature. In the last row of the table we list the 
logarithm of the time / in years for the N/C ratio to 
approach the equilibrium value at a given temperature 
from a not too greatly different value at another 
temperature. This time is of the order of magnitude of 
the sum of the mean lifetimes of C? and C? which is 
22% greater than that of C” alone and is thus easily 
calculable from the entries in Table III,2. In Table 
XL1 we have taken pxy=10 g/cc since this value is 
representative of the density and hydrogen concentra- 
tions in hydrogen-burning zones in giant stars. These 
characteristic times required to reach the equilibrium 
ratio for N/C are relevant to our problem. Only if the 
CN isotopes remain at the temperatures listed in the 
first row of Table XI,1 for times comparable to those 
listed in the last row will the N/C ratios given in the 
intervening rows be reached. The last and thus lowest 
temperature at which the CN isotopes spend sufficient 
time in mixing to the surface will determine the observed 
surface ratios. This assumes that the mixed-in CN 
outweighs that in the original envelope material. An 
inspection of the table indicates that this last, lowest 
temperature is probably about 15X10° degrees since 
the time required for N/C to reach its equilibrium 
value is ~107 years at this temperature. We estimate 
that 107 years is the maximum time available for 
transport of the original C? from the core through a 
significant portion of the envelope. 

Figure XI,2 gives a schematic representation of the 
way in which the N/C ratio varies in the hydrogen- 
burning regions of a star of approximately four solar 
masses. During the initial condensation of the star, 
this ratio might be about 1 or 2, as in the solar system 
material and in young stars like 10 Lacertae and 7 
Scorpii (see Table XI,2). As hydrogen burning becomes 
established at central temperatures 20-30 X 105 degrees, 
the ratio rapidly reaches an equilibrium value in the 
range 100-50. When the star leaves the main sequence, 
gravitational contraction of the core occurs, the tem- 
perature of the hydrogen-burning shell rises and N/C 
decreases. At the onset of helium-burning, C" is 
produced in the core and eventually some of this new 
carbon will be mixed into the hydrogen-burning regions. 
'There will be a relatively short period during which 
the N/C ratio decreases to a minimum, followed by 
a rapid rise as N/C reaches its equilibrium value at 
the temperature at which the hydrogen burns in the 
star, which by now is in a highly evolved stage, per- 


20 30 40 50 70 100 

110 58 38 28 17 14 

90 47 31 23 14 12 

100 54 36 26 16 13 
—0.4 —2.1 —3.6 


5.1 2.4 0.8 


th di Tr T T1281 


oo Pi Pe 


SYNTHESIS OF ELEMENTS IN STARS 623 


100 
MAIN SEQUENCE 


EQUILIBRIUM 
RATIO ACHIEVED 


N/C RATIO 
[e] 


GRAVITATIONAL 
CONTRACTION 


ONSET OF 
CN-CYCLE 


ONSET OF 
bb-CHAIN 


HOT SUBDWARF? 


NEW EQUILIBRIUM 
RATIO ACHIEVED 


ONSET OF 
He- BURNING 


(sts =—CN -CYCLE 


IN ENRICHED 
MATERIAL 


MZ 


MIXING 


~10® YEARS >} ~2 X 108 YEARS. ———— — —-1——^0! YEARS —I-9— ~ 107 YEARS —~] 


TIME SCALE 


Fic. XI,2. Schematic representation of the variation of the N/C ratio in regions where the hydrogen burning 
occurs in a star of approximately four solar masses. An initial ratio of ~2, as in the solar system, is assumed. The 
time scales for different phases of the star's evolution are schematically marked as abscissas. With the onset of the 
CN cycle, an equilibrium ratio in the range ~50-100 is rapidly reached; when the star leaves the main sequence 
the temperature increases and the ratio drops. The onset of helium burning in the core reduces the ratio to an un- 
known lower lilit defined by the onset of mixing. Passage of the core C!? through an outer hydrogen-burning 
region increases the ratio again to a new equilibrium value. 


haps that of a hot subdwarf. The hydrogen-burning 
zone may be far out from the star's center and thus 
at a fairly low temperature, say 15X105 degrees. In 
this case we would estimate N/C to be ~160 with an 
upper limit from uncertainties in cross sections of 
7250. 

Several groups of stars exist whose spectra give 
evidence that hydrogen burning and helium burning 
have been occurring under the various possible condi- 
tions that we have just considered. These are as follows: 

(i) Some stars, classified by other criteria as being 
of spectral types O or B, have no hydrogen lines; the 
stars HD 124448 (Po47), HD 160641 (Bi52), and HD 
168476 (Th54) are examples. Helium and carbon lines 
are strong in all three; the oxygen lines usually prom- 
inent at this temperature are completely lacking in 
HD 168476. A preliminary determination of abundances 
in HD 160641 (A154) has shown that carbon, nitrogen, 
and neon are all more abundant, relative to oxygen, 
than in normal 'stars, while helium has completely 
replaced hydrogen. These three stars have high veloci- 
ties and may have originated in another part of the 
Galaxy than the solar neighborhood; they are probably 
Population II objects. The comparative rarity of such 
stars among surveys of B-type stars seems to indicate 
that they do not spend long in this evolutionary stage, 
or else the conditions under which stars evolve in this 
way are actually rare. 

(ig;-Münch and Greenstein have studied seven hot 
subdwarf stars with peculiar abundances of the light 
elements, and especially with an apparent excess of 
nitrogen. An analysis by Münch (Mu57a) of one such 
star, HZ 44, which is a high-temperature subdwarf, 
has shown that helium is more abundant than hydrogen. 
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Nitrogen is about 200-300 times as abundant as carbon. 
Two determinations of the relative abundances of the 
elements, by mass, are given in Table XI,2, correspond- 
ing to the range of temperature and pressure given by 
the analysis. Aller's results for HD 160641 [see (i) 
above], are also given, together with the “normal” 
abundances by Suess and Urey, the abundances in the 
main-sequence (unevolved) young stars r Scorpii and 
10 Lacertae obtained by Traving (Tr55, Tr57), and 
the abundances in 7 Scorpii obtained by Aller, Elste, 
and Jugaku (Al57c) (we have arbritrarily assumed 
here that the H/He ratio is the same as that determined 
by Traving). Since numbers of atoms are not conserved 
during element synthesis (4H'—He, 3Het—C? etc.), 
only percentage abundances by mass are meaningful 
in considering the amount of increase or decrease in 
a given element, as compared with its normal abun- 
dance. In HZ 44 there appears to have been a slight 
increase in the sum of the elements heavier than helium, 
most of which is due to an increase in nitrogen by a 
factor between 10 and 25. The earlier discussion indi- 


TABLE XI,2. A comparison between the chemical compositions 
of evolved stars and young stars. 


Percentage mass 


Main sequence 
des voung stars HZ 44 
Element (Su56)  Traving Aller (Range) HD 160641 
H 15.5 58.6 Er 90 -9.1 0 
He 23.3 39.8 39.8 88.7 -83.8 95.4 
C 0.080 0.17 0.03 0.0047- 0.014 . 0.31 
N 0.17 0.19 0.15 1.66 — 4.85 0.47 
(0) 0.65 0.55 0.40 0.12 - 0.34 0.75 
Ne 0.32 0.62 0.84 0.47 - 1.38 3.00 
Si 0.053 0.10 0.07 0.17 - 0.48 0.065 
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cates that this increase is probably due to modification 
of C?, part of which was present in the star when it 
condensed, and part of which was produced by helium 
burning. The following schematic picture may explain 
the observations. The star has had a helium-burning 
core in which at least some C? was built, and probably 
some O! and Ne? (depending on the time-scale and 
temperature, according to Fig. III,3). Mixing then 
occurred, and the core material passed out through 
a hot hydrogen-burning region (30-40X 10° degrees) 
in which a good proportion of the oxygen could have 
been destroyed (depending on the time the material 
spent at this temperature). The neon isotopes cycled 
and were not destroyed even if the temperature was high 
enough for neon to interact. Further modification of 
the star's structure occurred, and the most recent 
hydrogen-burning region through which the internal 
material passed, on being mixed to the surface, was 
a cool one (—15X10* degrees), in which the ratio 
N/C in the enriched material became ~160 by number 
on the basis of our previous equilibrium estimates 
and ~300 by observation. Since each of these values 
has errors of the order of +50% it would seem that 
they are in satisfactory agreement. 

Muünch has suggested that HZ 44 (and some other 
similar stars which he is studying at present) may be 
of Population I; they have low velocities and differ 
in other respects from “horizontal branch" stars of 
Population II, and may be analogous objects in Popu- 
lation I. The absolute magnitude of HZ 44 is in the 
range +3 to +5; the surface gravity seems high, and 
its mass may be considerably larger than 1 Mo. 

(iui) The "classical" Wolf-Rayet stars, of both the 
carbon and the nitrogen groups, belong to Population I. 
A discussion, which includes references to earlier work, 
is given by Aller (A143). There is still disagreement on 
the extent to which the characteristic broad emission 
features in the spectra are due to ejection of material, 
but there seems no doubt that these stars have reached 
a late evolutionary stage (Sa53). One example is a 
member of the binary system V 444 Cygni, in which 
the other component is an early-type massive star. 
'The mass of the WR component is apparently less than 
the main-sequence component, but is still large (~10 
Mo); if the star has reached a later evolutionary stage 
then its mass may originally have been larger. The 

lifetime on the main sequence may have been only 
a few million years. The WR stars are apparently 
deficient in hydrogen, but upper limits to its abundance 
have not been set. Helium is apparently the main 
constituent. In the WC stars the ratios by number 

— of helium: carbon: oxygen are 17:3:1: (Al57a), and 

TERR n is not seen at all. In the WN stars the ratios 

6 E Fe cc ober of helium: carbon: nitrogen: are about 


i Al57a). All these estimates are 
20:1/20:1 dr Mn in abundance determina- 


from thermo- 
ough large departures 
pra stratification, etc. However, it 
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seems probable that in WN stars the surface material 
has been through the CN cycle (Ga43) ; according to 
the dependence of N'4/C?? as a function of T, the tem- 
perature would be quite high, ~50X10° degrees. In 
WC stars, on the other hand, the products of helium 
burning have probably reached the surface without 
being modified by hydrogen burning (Sa53, Gr54a). 

(iv) Planetary nebulae are Population II objects 
(Mi50). The composition of the nebulae is quite 
similar to that of young stars (Al57d), but the central 
stars, which can be of WR, Of, or absorption-line 
O type, are often apparently deficient in hydrogen. i 
Many authors (e.g., Sw52) have pointed out that,  ' 
among the central stars of WR type, there is not a 
clear-cut distinction between a carbon and a nitrogen 
sequence, as there is in Population I WR stars. Appar- 
ently the abundance ratio of carbon/nitrogen can take 
a whole range of values: the balance between the onset 
of mixing and the extent and temperature of a hydrogen- 
burning zone would seem not to be so critical as in the 
case of the Population I WR stars. The masses of the 
central stars of planetary nebulae are about 1 Mo 
(A156), and their absolute magnitudes are about 
0 or +1. Bidelman (Bi57) and Herbig (St57) have 
suggested that the hydrogen-poor carbon stars of the 
R Coronae Borealis class [see (viii) below] may be 
the ancestors of some planetary nebulae. 

(v) The A-type stars v Sagittarii (Gr40, Gr47) 
and HD 30353 (Bi50) have anomalously weak hydrogen 
lines and appear to be rather similar to, although 
slightly cooler than, HZ 44 [see (ii) ]. While helium, ni- 
trogen, and neon are all strong in v Sagittarii, carbon is 
weak. In Plate 1 (see pages 611-614 for plates) spectra 
are shown of the region near the Balmer limit in this star 
and in the A-type supergiant 7 Leonis (which it re- 
sembles in temperature and pressure), obtained by 
Greenstein at the McDonald Observatory. The compari- 
son between the two stars is striking, the remarkable 
absence of the Balmer discontinuity in v Sagittarii, and 
the strength of helium lines while at the same time ion- 
ized metals are strong, are impossible to explain other 
than by an abnormal composition. The great strength 
of lines other than hydrogen has been explained by the 
reduced opacity (mainly due to hydrogen in a stellar 
atmosphere of this temperature), but possibly the 
temperature is somewhat lower than has been estimated. 
Both v Sagittarii and HD 30353 are spectroscopic 
binaries; this might be significant in view of work by 
Struve and Huang on mass-loss from close binaries 
(St57a), since one possibility for their evolutionary 
history is that the stars might have lost most of their 
hydrogen-containing atmospheres in this way. 

(vi) Some white dwarfs, i.e., stars near the end 
of their life, show strong lines of helium and no hydro- 
gen. These stars must have degenerate cores and the 
only nuclear fuel remaining must be in the surface - 
layers. In Plate 1 we show Greenstein's spectra of three 
white dwarfs. One has nothing but strong heli 
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lines; one with very broad hydrogen lines is shown 
for comparison, together with one which is discussed 
in subdivision B of this section. 

(vii) The carbon stars, in which bands due to 
carbon molecules dominate the spectrum instead of 
bands due to oxides, as in M and S stars, have an 
abnormally high abundance of carbon relative to oxygen, 
which will all be used in forming the spectroscopically 
inaccessible CO molecule. It has therefore not been 
possible so far to determine the ratio of carbon relative 
to hydrogen. Bouigue (Bo54a) has found that nearly 
equal abundances of carbon and oxygen, i.e., a carbon/ 
oxygen ratio between 3 and 6 times normal, could 
account for the spectroscopic appearance (see Bi54). 
The carbon/oxygen ratio may vary among the carbon 
stars (Ke41). 

'The majority of carbon stars have an apparently 
normal atmospheric abundance of hydrogen. They 
may have a higher than normal abundance of the 
heavy elements (Bi54, Gr54a) (cf. paragraph D (iii) 
of this section], but no abundance determinations 
are yet available; technetium has been observed 
(MeS6a). Again, the majority of these stars show 
bands of C?C? and CC}, indicating that the C/C! 
ratio is about 3 or 4 (Mc48), which is near the equilib- 
rium ratio produced in the CN cycle. Thus these stars 
may be ones in which helium burning (3He'— C?) 
has been taking place in the core (together, probably, 
with some neutron production leading to the s process). 
Large-scale mixing may then have set in before all the 
hydrogen in the envelope had been exhausted; the C! 
passed through a hydrogen-burning shell on its way 
out to the surface, and the equilibrium ratio of C? 
was thus produced. As many authors have noted, 
nitrogen should be abundant in these stars. Two 
examples of this kind of star, X Cancri (an irregular 
variable) and HD 54243, will be seen in Plate 2. Such 
stars at a later stage in their evolutionary history might 
look like WN stars or the star studied by Miinch, 
HZ 44. However, the increased carbon/oxygen ratio 
might possibly be due to destruction of oxygen in a 
sufficiently hot hydrogen-burning region. 

(viii) Some rare specimens among the carbon stars 
have weak or absent CH. bands and hydrogen lines, 
and have been suggested to be deficient in hydrogen 
(Wu41, Bi53, Bu53). There is no evidence to suggest 
that in these stars the C/C! ratio is smaller than 

n that in the solar system (~90). Most of the group are 
variables of the R CrB type; RCrB itself was analyzed 
by Berman (Be35) and found to be very rich in carbon 
and deficient in hydrogen. There are a few nonvariable 

examples, two of which are shown in Plate 2. A spectrum 
of AD 137613 (Sa40, Bi53) has been borrowed from the 

Mount Wilson files and is shown alongside the two 

normal carbon stars ; absence of C? bands and weakness 
of Hg are striking. The stars are not a good match in 
temperature, and hence differences in their line spectra 
will be seen; however, HD 137613 is hotter than the 
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other two so that Hs would be expected to be stronger 
in it. Greenstein's spectra of the peculiar carbon star 
HD 182040, first discussed by Curtiss (Cu16), and the 
normal carbon star HD 156074, which have similar 
temperatures, are shown together; the weakness of 
the CH. band and H, in the former, while Cz can be 
seen, is notable. HD 182040 has no detectable C5, 

Such stars are too cool to show helium even if it is in 
high abundance, although Herbig (He49a) suggested 
tentative identification of an emission feature at À E 
3888.4 in the spectrum of R CrB near minimum light 
with Hel. Possibly the 3He'—C? reaction has been 
going on in the core and the products were not mixed 
to the surface until almost all of the hydrogen in the 
star had been used up, and no hydrogen-burning shell 
existed, and hence no C? was produced. The R CrB 
stars probably belong to Population II. Stars of this 
sort at a later evolutionary stage might look, for ex- 
ample, like HD 124448, or like those central stars of 
planetary nebulae which are of WC type, as discussed 
in (iv) above. 

Two stars with a large C'?/C? ratio, HD 76396 and 
HD 112869 (Mc48), have excessively strong CH; they 
belong to the high-velocity group of CH stars studied 
by Keenan (Ke42). Another star of the same sort is 
HD 201626 (No53). If C? has actually mixed out to 
the surface, then it cannot have gone through a hydro- 
gen-burning region. Nitrogen should then be less 
abundant than in normal carbon stars. One possibility 
is that these stars do not possess a hydrogen-burning 
shell, but have a relatively thin surface region in which 
hydrogen still exists. Another possibility is that the 
temperature of an outer hydrogen-burning zone was 
not high enough. The high-velocity (Population II) 
character of the CH stars means that they may, at 
the beginning of their lives, have had a ratio of carbon, 
nitrogen, and oxygen to hydrogen which was much 
lower than in Population I stars. 

(ix) Miss Roman (Ro52) has found that certain 
G- and K-type giants having high velocities havea — 
peculiar appearance in the cyanogen band; she has j 
designated these the “4150” stars. Bidelman (Bi57) 
suggested that these stars may have a higher than 
normal carbon abundance. However, he has commented 
recently that, although these stars have strong cyanogen 
(CN), they do not show C» bands (private communica- - 
tion). Perhaps they are also examples of stars whose 
surface layers contain material that has recently passed 
through the CN cycle; the nitrogen/carbon ratio may 
be larger than normal. y 

A peculiar G-type giant, HD 18474 (Bi53, Hu 57a) 
and two similar stars studied by Greenstein and Keenan, 
have weak CH and somewhat weakened CN absorption ; 
these seem to have a low carbon/hydrogen r: 
while the abundance of the metals seems to be no 
in two of the stars and low in one which has 
velocity (Gr57a). TET 

'To summarize, we conclude thas : j 
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indications of the occurrence of hydrogen burning and 
helium burning in stars show great diversity. Hydrogen 
burning is demonstrated by complete hydrogen ex- 
haustion (e.g., HD 160641, some white dwarfs) ; partial 
hydrogen exhaustion and high nitrogen abundance 
(e.g., HZ 44, WN stars, v Sagittarii); occurrence of 
C?! in the equilibrium ratio with C? (e.g., normal 
carbon stars). Knowledge of the masses of the various 
stars mentioned here is scanty, but a wide range may 
be involved, leading to a range in evolutionary tracks 
and time-scales (see Fig. XI,1). The general evolutionary 
sequence, however, is probably as follows: (a) the 
carbon stars (red giants); (b) stars like HD 160641, 
the WN stars, and HZ 44 (“horizontal branch" stars 
and their analogy in Population I) ; (c) the white dwarfs 
(exhaustion of fuel, end of life). 

Evidence for helium burning is less direct. The main 
problem is that in cool stars the depletion of oxygen 
during hydrogen burning will always lead to an ap- 
parent increase of carbon, because less CO will be 
formed. Further study of dissociation equilibria of the 
various molecules, together with a knowledge of the 
opacity of carbon stars, may throw more light on the 
problem. However, the WC stars and possibly HD 
124448 may have a large increase in carbon; in HZ 44 
a smaller increase may have occurred (see Table XI, 
2). 

The way in which conditions for hydrogen and helium 
burning depend on the initial mass of the star is at 
present quite uncertain, and more computed evolu- 
tionary tracks, carried through the onset of helium 
burning, are needed. 


B. «œ Process 


A peculiar white dwarf, Ross 640 (Gr56), has strong 
features attributed to magnesium and calcium. Green- 
stein's spectrum of this star is reproduced in Plate 1. 
Although analyses of white dwarf atmospheres, with 
their extremely large surface gravities, have not been 
carried out, it seems hard to explain such a spectrum 
except by the actual presence of large amounts of the 
a-process elements magnesium and calcium. 

One peculiar and perhaps unique white dwarf has no 
recognizable spectral features except very broad absorp- 
tions at Ad 3910, 4135, and 4470. Greenstein (Gr56a) has 

suggested that these may be the helium lines Aà 3889 

+3965, 41214-4144, and 4438-4472, arising under 
conditions of extreme pressure, with the obliteration 
of atomic orbits which would give rise to other lines 
normally expected. Burbidge and Burbidge (Bu54) 
have suggested that the features at Aà 3910 and 4135 
to Si II AA 3854-3863 and 4128-4131, 


e due 
E" feature at \ 4470 may be due to Mg II 
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C. Synthesis of Elements in the Iron Peak of the 
Abundance Curve, and the Aging Effect as 
It Is Related to this and Other Types 


of Element Synthesis 


Stars which have evolved so far as to have the central 
temperatures and densities necessary for the equilib- 
rium production of elements in the iron peak become 
unstable (see Sec. XII). Thus if they spend only a 
short time in this stage, specimens in which it is occurr- 
ing or has recently taken place would be expected 
to be rare (unless stellar remnants—white dwarfs— 
are left after the explosion). However, if element 
synthesis has been going on throughout the life-history 
of our galaxy we might expect to observe an aging 
effect in that the oldest stars might have the lowest 
metal abundances. The following observations support 
this. 

(i) Some stars in whose spectra metallic lines are 
strikingly weak have been observed. Analysis by 
Chamberlain and Aller (Ch51) ef the so-called sub- 
dwarfs, HD 19445 and HD 140283, led to an iron 
abundance 1/10 of normal and a calcium abundance 
1/30 of normal for these stars. A recent more detailed 
analysis of HD 19445 by Aller and Greenstein (Al57b) 
has confirmed the low iron abundance, which they find 
to be 1/20 of normal. Plate 2 shows the photographic 
region of the spectrum of HD 19445 together with the 
normal F7 V star &£ Peg; HD 19445 actually has a 
slightly lower temperature than ¢ Peg (Gr57), and if it 
were compared with a GO or G2 star (where its tempera- 
ture places it) the difference in the strength of the me- 
tallic lines would be even more striking than illustrated 
in Plate 2. The absolute magnitude of HD 19445, about 
-F5, is very near to the main sequence at the true 
temperature of the star; certainly the departure from 
the main sequence is within the error in the trigono- 
metric parallax. The name "subdwarf" is thus seen 
to be misleading. Most of the *subdwarfs" in this 
temperature range have been so designated from spec- 
troscopic parallaxes, which are uncertain since the 
spectral peculiarities of these stars have caused them 
to be classifed too early on low-dispersion spectro- 
grams. 

HD 19445 and HD 140283 have high space velocities 
and belong to Population II. The implication is that 
they are members of a spherical distribution of stars 
which condensed before the Galaxy assumed its present 
flattened form and hence are old stars. Similar extreme 
weak-line stars, presumably belonging to Population 
II, e.g., HD 122563 (Gr57), may have low velocities. 
The fact that calcium is weakened as well as the 1ron- 
peak elements means that this aging effect shows, as 
would be expected, in other element-building processes 
besides the e process. Plate 2 shows that a line of Sr II 
is also weak (strontium is produced by the s process). 
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tics of Population II were analyzed by Burbidge and 
Burbidge (Bu56a), by the curve-of-growth method 
without allowing for the effect of a lowered metal 
abundance on the opacity. In each star the abundances 
of a selection among the elements magnesium, alumi- 
num, calcium, scandium, titanium, chromium, manga- 
nese, iron, strontium, yttrium, zirconium, and barium 
were determined. The stars showed a spread in the 
ratio of the abundances of these elements relative to 
hydrogen which indicated a range in ages; the most 
extreme case had a similar ratio to those in HD 19445 
and HD 140283. The abundance ratios for strontium, 
yttrium, and zirconium showed no significant differ- 
ences from those for iron, but tentative results for 
barium gave smaller ratios than those for iron (this 
result was however, uncertain). 

(ii) Stars with high space velocities do not belong 
to the solar neighborhood, and in particular those with 
high z velocities may be presumed to belong to an 
older more spherical population. The so-called sub- 
dwarfs have very high space motions, but Miss Roman 
(Ro50, Ro52) and Keenan and Keller (Ke53) found 
a general correlation between space motion and spectral 
peculiarities in that high-velocity stars tend to have 
strong CH and weak CN and metallic lines. A recent 
analysis of a group of high-velocity stars by Schwarzs- 
child, Schwarzschild, Searle, and Meltzer (Sc57b) 
has shown that the most extreme example measured 
by them, ¢? Orionis, has ratios of the metals to hydrogen 
and of carbon, nitrogen, and oxygen to hydrogen, that 
are both one quarter of the solar values. The heavy 
elements also are under-abundant by the same factor 
as iron. Thus if the different compositions of the so- 
called subdwarfs, the less extreme high-velocity stars, 
and the solar-neighborhood stars are due to an aging 
eflect, then elements produced by hydrogen burning, 
helium burning and the o, e, and s processes are all 
affected, and in the high-velocity stars the factors are 
all about the same. Seven high-velocity G-type giants 
analyzed by Greenstein and Keenan (Gr57a) have 
values for the metals/hydrogen ratio varying from 
0.4 to 0.6 times normal. 

(ii) The globular clusters may contain the oldest 
stars in our galaxy. The age of M3 has been given as 
6X10? years by Johnson and Sandage (Jo56). It 
might therefore be expected that the stars in such a 
cluster would have lower abundances of the metals 
and other elements than normal. Also, theoretical 
evolutionary tracks can be made to agree with the 
observed color-magnitude diagram only if a low metal 
abundance is used (Ho55). Unfortunately, the brightest 
mesequence stars of this cluster (in which turbu- 
lence and opacity should have only small effects on 
abundance determinations) are too faint for spectro- 
photometric analysis. However, information may be 
derivable from the colors. The two-color (U— B, B— V) 
plot for M3 lies well above the normal solar-neighbor- 
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subdwarf HD 19445 [see C (i)] lies very near to the 
M3 plot. This position of HD 19445 may be the result 
of different *blanketing" of the continuous spectrum 
by the spectrum lines. All lines are weakened in HD 
19445; the metallic lines are more numerous in the 
blue (B) than in the visual (V) spectral region, and 
still more numerous in the ultraviolet (U). The effect 
of weakened metallic lines would therefore be to in- 
crease the blue intensity relative to the visual, and to 
increase the ultraviolet relative to the blue. Qualita- 
tively therefore, as discussed by Johnson and Sandage 
(Jo56), this is in the same sense as that required to 
explain the abnormal position of HD 19445 on the 
U—B, B—V diagram. An accurate evaluation of the 
effect is currently being made by Sandage, Burbidge, 
and Burbidge. If this explanation is found to be satis- 
factory then we shall have indirect proof that the 
stars of M3 have low metal abundances. Sandage has 
shown by an approximate calculation that if the amount 
of light subtracted from the sun’s continuum by the 
spectrum lines is added in the appropriate regions 
(without allowing for any redistribution of energy 
caused by blanketing), the effect is to shift the sun on 
to the M3 line in the (U—B, B—V) plot, at a value of 
B— V corresponding to a normal F5 star. 

(iv) Studies of colors and spectra of external galaxies 
are still too uncorrelated for us to make deductions con- 
cerning abundance variations. It may, however, be 
worth entertaining the possibility that some of the 
elliptical galaxies which have much earlier-type spectra 
than would correspond to their color classes may prove 
to have low calcium and iron abundances, relative to 
hydrogen. 

(v) Apart from the foregoing discussion of possible 
aging effects (in other processes besides the e process), 
no undoubted examples of stars exhibiting the e- 
process abundances predominantly are known. How- 
ever, a speculative possibility may be considered. The 
white dwarf van Maanen 2 shows strong, very broad- 
ened lines of iron (Gr56); possibly it has a high abun- 
dance of iron. Such stars may be the remnants (perhaps 
after large mass loss) of stars which reached a central 
temperature sufficient to build the iron peak, but did 
not suffer complete catastrophic explosion. 


D. s Process 


Three groups of giant stars have abundance anomalies 
that indicate the occurrence of the s process in their 
interiors. These are (i) the S stars; (ii) the Ba II stars; 
and (iii) the carbon stars. 

(i) The S stars probably have luminosities in the 
range of normal giants. Elements with neutron magic- 
numbers appear more predominantly in the spectra 
of S stars than in M stars of the same temperature 
(Me47, AI51, BuS2, Bi53a, Me56, Te56). It has been 
realized for some time that this must be a real at- 
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TABLE XI,3. Overabundance ratios for the sum of the s-process 
isotopes of each element in HD 46407, calculated on the assump- 
tion that the observed overabundance ratios are due solely to 
building of the s-process isotopes. 


Calculated 
ratio 


vi for s- 
Observed Suess and Urey abundances isotopes 


ratio 

Element y s r+? y’ lN yy 
Strontium 4.7 18.79 0.106 4.7 381 
Yttrium 7.8 8.9 Ue 7.8 1326 
Zirconium 4.8 52.92 1.53 4.9 884 
Niobium 52 1.00 oao 5.2 832 
Molybdenum 3.2 1.4185 1.0015 4.8 343 
Ruthenium 7.8 0.6445 0.8452 16.7 1837 
Barium 14 3.4326 0.2253 14.9 281 
Lanthanum 9.8 2.00 0.0018 9.8 647 
Cerium 9.6 2.00 0.2601 10.7 407 
Praseodymium 28 0.40 E 28 672 
Neodymium 14 1.276 0.1630 15.7 443 
Samarium 13 0.3080 0.3448 26.4 4050 
Gadolinium 3.0 0.0147 0.668 93 3255 
Ytterbium 2.0 0.12346 0.0944 2.8 78 
Tungsten 9 0.326 0.1646 13.0 914 


dissociation, or excitation effect. Fujita (Fu39, Fu40, 
Fu 41) suggested that the S stars have carbon abun- 
dances intermediate between M and the carbon stars. 
The appearance of strong lines of Tc I in S stars (Me52) 
has been previously described as a good indicator 
of current nuclear activity and mixing on a time scale 
7105 years in these stars. In Plate 3 we show two por- 
tions of the spectrum of the S-type long-period variable 
star R Andromedae obtained by Merrill, together with 
a standard M5 III star; this spectrum was taken from 
the plate files at Mount Wilson Observatory. The 
first portion shows the lines of Tc I in R Andromedae; 
the second shows a region where ZrO bands are present 
in R Andromedae, and TiO bands are seen in the M- 
- type star. The strength of Ba ITA 4554 in R Andromedae 
will also be noted. The two stars are not a perfect 
match in temperature, so that some differences in 
the line spectra will also be noted. R Andromedae is 
‘somewhat cooler than the M-type star, and since it is 
a long-period variable, emission lines will be seen in 
its spectrum, notably at H,. 
(ii) From the spectroscopic point of view the rarer 
Ba II stars (Bi51) represent an easier problem to 
analyze, since their temperatures are considerably 
higher, their spectra being of types G-K, while their 
spectral peculiarities link them closely with the S 
stars. They have a greater-than-normal abundance of 
carbon, probably intermediate between the M and the 
stars. A recent curve-of-growth analysis of 
typical Ba II star pusio; b- yielded 
3 mber of elements relative to 
abundances e es ail star x Geminorum, which 
those in the Ds temperature and luminosity and was 
very similar 1n em Portions of the spectra of HD 
Resin compe T are shown in Plate 3; the most 
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TABLE XI,4. Search for r-process elements in HD 46407. 


Whether Sensitive lines: Whether 

j observed in whether strengthened in 

Element the sun accessible HD 46407 
Selenium No No No evidence 
Bromine No No No evidence 
Krypton No No No evidence 
Tellurium No No No evidence 
Todine No No No evidence 
Xenon No No No evidence 
Osmium Yes Yes Inconclusive* 
Tridium Yes Yes Probably no? 
Platinum Yes Yes Very probably no* 
Gold Yes Yes No evidence? 

? All lines in the observed wavelength range of HD 46407 are too badly 
blended for any identifications to be made. R 

b At the wavelengths of the strongest lines in the observed range, no lines 
are visible, either in HD 46407 or in the standard star. 

* There are four possible identifications, for all of which the lines in 
HD 46407 are equal to those in the standard star. 

d Sensitive line is outside the observed range in HD 46407. Other lines 


are not seen. 


could be studied, lighter than 4— 75, and in particular 
elements in the iron peak, are normal. Most of the 
elements with 4775, which are spectroscopically 
observable, are overabundant; this includes in par- 
ticular those with neutron magic-numbers. The ob- 
served abundance ratios, relative to normal, are given 
in column 2 of Table XL3. With the possible exception 
of gadolinium, all these elements have a large proportion 
of their isotopes produced in the s process, as is shown 
in the appendix. On the other hand, with the possible 
exception of ytterbium, all of the elements with A>75 
which we have assigned mainly to the s process, and 
which are spectroscopically observable, are found to 
be overabundant. 

The observations in HD 46407 refer only to the sum 
of all isotopes of each element, and we wish to derive 
the true overabundances of those isotopes actually 
built by the s process. From the appendix we have 
obtained the sum of the solar-system abundances of 
the isotopes of each element in Table XI,3 which 
are built by the s process, and by the r and p processes 
together. If these sums are denoted by s and r+, 
respectively, and if the observed and true overabun- 
dances are y and y’, respectively, then we have 


yr 2) y'str p. 


Values of s, r+, and y’ are given in columns 3, 4, and f 
5 of Table XI,3. i 

Finally, we have taken the mean vale of oN for all 
the s-process isotopes of each element, and the pro- r 
duct of this and y’ is given in the last column. Under — . 
conditions of steady flow this product should be con- 
stant (see Sec. VI), and this is the case to within a 


gadolinium, ytterbium. Of these, only samarium has & 
well-determined abundance, and the possibility that . 
cross sections for this element in the appendix are too 
large was discussed in Sec. VI. The estimates of o 
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that for Ba™ may be too low. If further abundance 
determinations confirm the low value of y for ytterbium 
then it may be found that a smaller proportion of its 
abundance should be assigned to the s process. 

Europium, both of whose isotopes have been assigned 
to the r process, turned out not to be overabundant in 
HD 46407. A search for the most abundant of the 
r process elements in the spectrum of HD 46407 was 
inconclusive; most of these elements cannot be identi- 
fied in HD 46407 or in the standard star. However, 
none were found to be strengthened in HD 46407. 
The results of this search are given in Table XI,4. 
This table is given in order to show how difficult it is 
to identify spectrum lines due to many of the r-process 
heavy elements, let alone determine abundances, in 
stars other than the sun. 

'The elements copper, zinc, gallium, and germanium 
are all produced predominantly by the s process, yet 
the first two and probably the last are not overabundant 
in HD 46407 (we have no evidence concerning gallium). 
These elements fall on the steep part of oN versus 
A plot in Fig. VI,3, and this suggests, therefore, that 
there is a plentiful supply of neutrons produced in 
Ba II stars, giving the shorter of the two capture-time- 
scales discussed in Sec. II, and leading to building of 
elements according to the flat part of the curve in Fig. 
VI,3. If this process occurs in a volume containing 
10-— 10-? of the mass of the star, then subsequent 
mixing could produce the observed overabundances; 
normal abundances would be expected to be observed 
for copper, zinc, gallium, and germanium, and depletion 
of the iron-peak elements would not be detectable. 
Such a copious flux of neutrons means that interior 
temperatures of ~108 degrees must have been reached. 
However, we have independent indications, from the 
presence of an excess amount of carbon in this and other 
Ba II stars (as also in the S stars), that a temperature 
sufficient for the reaction 3He'—C? to occur has been 
achieved. 

Tc I lines have not been observed in Ba II stars; 
before it can certainly be said that technetium is 
absent a search should be made for Tc II in the ultra- 
violet. Possibly the Ba II stars represent a later evolu- 
tionary stage than the S stars, or they may evolve 
from stars in a different mass range in which mixing 
to the surface takes a time >>10® years. 

HD 26 is a Ba II star with Population II character- 
istics (abnormally strong CH, weak metallic lines, 
and a high velocity). The strongest spectrum lines 
include those of the rare earths [Vrabec, quoted by 
Greenstein (Gr54a) ]. This suggests that the s process 
is also taking place in the oldest stars. 

(i) As was mentioned in paragraph A(vii), the 
carbon stars also have apparent overabundances of 
the heavy elements, less striking than in the S stars, 
together with the presence of technetium. Actual abun- 
dances have not been determined, but it seems as 
though the s process has been occurring here also, 
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perhaps in a smaller volume of the star, while a core 
containing more carbon is developed. More abundance 
determinations, together with computations of evolu- 
tionary tracks of stars, will be helpful in elucidating 
the evolutionary differences between M, C, S, and 
Ba II stars. 3 


E. r Process 


The outstanding piece of observational evidence 
that this takes place is given by the explanation of the 
light curves of supernovae of Type I as being due to 
the decay of Cf (Bu56, Ba56), together with some 
other isotopes produced in the r process. Further evi- 
dence can be obtained only by interpreting the spectra 
of Type I supernovae, a problem which has so far 
remained unsolved. 


F. p Process 


No astrophysical evidence is at present available 
for the occurrence of this process. The present theory 
might suggest that isotopes built in this way should 
be seen in the spectra of supernovae of Type II. 


G. x Process 


The situation as far as the astrophysical circum- 
stances of the x process are concerned has been dis- 
cussed in Sec. X. 


H. Nuclear Reactions and Element Synthesis 
in the Surfaces of Stars 


The peculiar A stars, in which large magnetic fields 
have recently been found (see Ba57), have long been 
known to have anomalously strong (and often variable) 
lines of certain elements in their spectra. Abundances 
of all the observable elements have been determined 
in two magnetic stars, o? Canum Venaticorum and 
HD 133029, and in one peculiar 4 star, HD 151199, 
in which a magnetic field has not been detected, owing 
to the greater intrinsic width of the spectrum lines, 
but may well be present (BuS5, Bu55a, Bu56b). The 
results are given in Table XI,5, which should be com- - 
pared with Table XI,3 and the discussion of the Ba IL — 
star HD 46407. At first glance the results are very - 
similar, particularly in the fact that predominantly E- 
the elements with neutron magic-numbers are over 
abundant, but there are some striking differences, 
as follows: (a) barium is overabundant in HD 46407, 
and normal in the peculiar A stats; (b) europium is 
the most prominently overabundant element in 
peculiar A stars, and is normal in HD 4640 
silicon, calcium, chromium, and manganese are 
in HD 46507 while calcium is underabundant ant 
rest are overabundant in the peculiar A sti 
(d) the overabundance ratios of the stron 
and the rare earth group differ by factors | 
HD 46407 and by factors varying from 2 
to 40 in a? Canum Venaticorum. — — 
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TABLE XI,5. Abundances of the elements in three “peculiar A” 
stars, relative to those in a normal star. 


Magic number 


isotope (A,N) 
for anomalous 
Element elements a*CVn HD 133029 HD 151199 

Magnesium 0.4 1.4 1.2 
Aluminum 1.1 2.2 
Silicon 28, 14 10 25 1.3 
Calcium 40, 20 0.02 0.05 2.6 
Scandium 0.7 
Titanium 2.6 2.3 
Vanadium 1.3 3.2 
Chromium 52, 28 5.2 10.3 1.8 
Manganese 16 ISE 9 
Iron 2.9 4.1 1.1 
Nickel 3.0 2 
Strontium 88, 50 14 11.5 65 
Yttrium 89, 50 20: 
Zirconium 90, 50 30 40 
Barium 138, 82 <0.9 0.6 
Lanthanum 139, 82 1020: 200 
Cerium 140, 82 400 190 
Praseodymium 141, 82 1070 630 
Neodymium 142, 82 250 200 
Samarium 144, 82 410 260 
Europium 1910 640 130 
Gadolinium 810 340 
Dysprosium 760 460 
Lead 208, 126 1500: 1500: 


Clearly, some kind of element synthesis has been 
taking place in the peculiar A stars (Fo55a, Bu57). 
Since it is unlikely that the products of any nuclear 
reaction in the interior could have mixed to the surface, 
and since an energy source is available in the atmos- 
phere in the form of the magnetic fields, we have sug- 
gested that this represents a special process of element 
synthesis which can only take place in stellar atmos- 
pheres where there is acceleration of nucleons by electro- 
magnetic activity to energies far above thermal. The 
predominance of magic-number nuclei among the 
overabundant elements indicates that the type of 
synthesis probably involves neutrons; in fact, it may 
be essentially an s process taking place in a proton 
atmosphere. However, the buildup may be by deuteron 
stripping reactions (d,p) as well as or instead of by 
(vy) processes; (a,n), (o,22), and (a,37) may also 
occur. Free neutrons are thought to be produced by 
(p,n) processes on the light nuclei, and their presence 
in a hydrogen atmosphere means that equilibrium 
abundances of both deuterium and He? will be produced. 
Evidence for the presence of deuterium in magnetic 

stars is at present lacking; evidence for the possible 
presence of He? in one of them, 21 Aquilae, has been 
discussed by Burbidge and Burbidge (Bu56c). 

The activity in magnetic stars is thought to take 


place in “spot” regions, with a duration of only a few 


- seconds (the time-scale is limited by the rate of energy 
“loss by bremsstrahlung), 


but must continue over long 
ith the lifetime of the stars 

time-scales comparable with m 

2 dus observed anomalies of the heavy 
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processed many times. An important condition for 
the detection of the anomalies is that no mixing between 
the surface layer and the interior should occur, or it 
would dilute the products of nuclear activity so that 
they would not be detectable. This condition happens 
to be fulfilled in the A-type stars, where. the convective 
layer extends from the photosphere inwards to a depth 


of only 1000 km (cf. Fo55a). 


XII. GENERAL ASTROPHYSICS 


A. Ejection of Material from Stars and the 
Enrichment of the Galaxy in 
Heavy Elements 


Table XII,1 gives a tentative assessment of the 
production of elements in the Galaxy, the table being 
subdivided in accordance with the various processes 
described in the previous sections. 

The values given in the third column were obtained 
in the following way. The fractions by weight of the 
various groups of elements in the solar system have 
already been given in Table II,1. hese fractions were 
reduced by a factor 2 (except for hydrogen) to make 
allowance for the lower concentrations of the heavy 
elements, relative to the sun, in the stars which are 
believed to comprise the main mass of the Galaxy. 
It is clear that some such reduction must be made, 
and the factor 2, although somewhat uncertain, is 
based on the work of Schwarzschild et al. (Sc57b; 
cf. also earlier work mentioned therein). The resulting 
fractions, when taken together with a total mass of 
7X10 Mo for the Galaxy (Sc56), yield the values 
shown in the third column of Table XII,1. 

'The products of the synthesizing processes must 
be distributed in space. Emission from stellar atmos- 
pheres apart, two ejection mechanisms are mentioned 
in the fourth column of Table XII,1, supernovae, 
and red giants and supergiants. These are believed 
to be of main importance, but matter is also ejected 
from novae, close binary systems (St46, Wo50, St57a), 
P Cygni and WR stars, and planetary nebulae (cf. 
Gu54, St57). Leaving aside the x process, the associa- 
tion between the second and fourth columns of Table 
XIL1 was made on the basis that only in supernovae 
are temperatures of thousands of millions of degrees 
reached. Reasons for this view have been given in 
Sec. IILF. In contrast, temperatures of hundreds of 
millions of degrees may be expected in red giants and 
supergiants (Sec. V, B), and in the other contributors, 
novae, binaries, etc. 'Thus, processes of synthesis 
requiring temperatures of order 108 degrees have been 
associated with the giants, whereas processes requiring 
temperatures of order 10? degrees have been associated 
with supernovae. 

Estimates of the total amount of material which 
may have been distributed in space by supernovae 
and red giants and supergiants, assuming a constant 
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TABLE XII,1. 
Total mass of all 
j material ejected 
Total mass in over lifetime of 
a Mode of galaxy (M Qas galaxy (M Q as Required 
Elements production unit) Astrophysical origin unit) efficiency 
He H burning 8.1X 10° Emission from red giants 2x 1010 0.4 
and supergiants 
D x process? 7.5X 105? Stellar atmospheres? ? ? 
A Supernovae? 
Li, Be, B x process 8.5X 10? Stellar atmospheres ? ? 
C, O, Ne He burning 4.3X 105 Red giants and supergiants 2x 1019 2X107 
Silicon group « process 4.0X 107 Pre-Supernovae 2X 108 0.2 
Silicon group s process 8.5X 108 Red giants and supergiants 2X10 4X 10-4 
Iron group € process 2.4X107 Supernovae 2X 108 0.1 
A> 63 s process 4.5X 10! Red giants and supergiants 2X 1019 2xX10-5 
A «75 r process 5X10! Supernovae Type II 1.7X 105 3X10 
A>75 r process 10! Supernovae Type I 3X107 3X 10~ 
A>63 p process 1.3X 10? Supernovae Type II 1.7X 108 10-75 


rate of star formation and death during the lifetime 
of the Galaxy, are given in the fifth column of Table 
XIL and were made in the following way. 

The rates of supernovae were taken to be 1 per 300 
years for Type I and 1 per 50 years for Type II, as 
estimated by Baade and Minkowski (Ba57a), and 
the age of the Galaxy was taken as 6X10? years. The 
average mass emission per supernova is not easy to 
estimate (see Sec. XII,C), but we have taken it to be 
1.4 Mo. The exponential-decay light curve is char- 
acteristic of Type I and not of Type II supernovae; 
this has been taken to indicate that the rapid production 
and capture of neutrons, leading to synthesis of the 
heaviest r-process elements, occurs only in Type I 
supernovae. The lighter r-process elements are prob- 
ably made in Type II supernovae, while the products 
of the a and e processes may perhaps be made in either 
type. 

The estimate for the ejection of mass by red giants 
and supergiants was based on the assumption that 
such stars shed most of their material into space during 
the giant phases of their evolution. Thus Deutsch 
(De56) has shown that matter is streaming rapidly 
outwards from the surface of an M-type supergiant, 
and he considers from the spectroscopic data that 
probably all late-type supergiants are also ejecting 
material at a comparably rapid rate. There is also 
some evidence that normal giant stars are ejecting 
matter, although probably on a smaller scale. Hoyle 
(Ho56b) has indicated that mass loss may have a more 
important effect on the evolution of giants and super- 
giants of very low surface gravity than have nuclear 
processes. With these considerations in mind, it is 
necessary to estimate the fraction of the mass of the 
Galaxy that has been condensed into stars which have 
gone through their whole evolutionary path. 

The luminosity and mass functions for solar-neigh- 
borhood stars have been studied by Salpeter (Sa55a). 
He has shown that stars whichflie on the main sequence 
now with absolute visual magnitudes fainter than 


+3.5 (which form the bulk pf stars At present in ex- 
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istence) make up 55% of the total mass. Stars which 
formed with magnitudes brighter than +3.5 (the 
majority of which have gone through their whole 
evolutionary path) make up the remaining 45%. 
We find from his mass function that the average mass 
of the stars brighter than +3.5 was 4 M o. Since the 
upper limit to the mass of a white dwarf is about 1.4 
M o, we find that, of the remaining 45%, 16% may lie 
in white dwarfs and 29% in the form of ejected gas. 
'Thus the division of mass between stars which have 
not evolved, white dwarfs, and material which has 
been processed by stars is approximately 4:1:2. 
Extrapolating these results to the Galaxy as a whole, 
we find that 2X10 M o has been processed by stars. 
Some of this is included in the estimate of matter 
ejected by supernovae, but the majority will have 
been processed at temperatures 108 degrees, and 
ejected by red giants and supergiants. 

The efficiency of production of each group of ele- 
ments in the total ejected material that is necessary 
to explain the abundances in column 3 of Table XII,1 
is obtained by dividing column 3 by column 5, and is 
given in the last column. It must be emphasized here 
that the estimates given in Table XII,1 are very 
preliminary. Even on an optimistic view they might 
well prove incorrect by as much as a factor 3. It is 
noteworthy, however, that the emission seems adequate 
to explain the synthesis requirements, except possibly 
in the case of deuterium, and helium, which is the 
only element needing an efficiency near to unity for 
its production. It will be clear from.the foregoing that 
our estimates are not accurate enough to establish 
whether or not it is necessary to assume some helium 
in the original matter of the Galaxy. 

'The efficiency necessary to produce the r-process 
elements is considerably smaller than that required 
to give the observed supernova light curves (see Sec. 
XILC). It should, in addition, be reiterated that we 
have no evidence at all concerning the abundances of 
the r-only and f-process isotopes outside the! ‘solar 
system, as we pointed out in Sec. X1. 
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If the universal value of the deuterium to hydrogen 
ratio turns out to be of order 10^, it will be difficult 
to provide for an adequate abundance of deuterium 
by processes of an electromagnetic nature occurring 
in stellar atmospheres, as has already been pointed 
out in Sec. X,C. The possible alternative process of 
origin, also discussed in Sec. X,C, rests on considera- 
tions to be given in Sec. XII,B. At sufficiently high 
temperatures (7710? degrees) elements of the 
| iron group break down into a particles and neutrons. 
ig For example, Fe*913a--4n. In Sec. XII,B the onset 
t of a supernova is associated with such breakdown 
reactions developing in the central regions of a star. 
In Type II supernovae, hydrogen is present in the 
outer expanding envelope, and capture of the neutrons 
by relatively cool hydrogen yields deuterium without 
subsequent disintegration. As was pointed out in Sec. 
X,C, if one supernova converted one solar mass of its 
envelope into deuterium and was then diluted by 
mixture with 10‘ solar masses, the terrestrial abun- 
dance would result. These estimates of production 
and dilution are not at all unreasonable. On this 
basis the galactic abundance of deuterium would not 
necessarily be as large as in the solar system. 

The balance between the observed solar-system 
abundances and the material ejected from stars has 
been made on the assumption of a constant rate of 
star formation and death during 6X 10? years. There 
are some considerations which suggest that the rate 
may have been greater in the early history of the 
Galaxy. 

First, recent work on the 21-cm radiation by hydro- 
gen, reviewed by van de Hulst (Hu56), has shown 
that neutral atomic hydrogen makes up only a few 
percent of the total mass of both our Galaxy and M31 
(and it probably comprises the major part of the gas 
and dust). Star formation is currently occurring only 
in Population I regions, which comprise about 10% 
of the mass of the Galaxy (by analogy with the ratio 
found by Schwarzschild (Sc54) in M31). Originally 
the Galaxy must have been composed entirely of gas. 
Thus it would seem probable that star formation and 
element synthesis would have occurred at a greater 
rate early in the life of the Galaxy, and, as a larger 
and larger fraction of the mass became tied up in small 
stars and in white dwarfs, so nuclear activity would 

have been a decreasing function of the age of the 
Galaxy. 4 
Second, the solar system is 4.5X10° years old, and 
the uranium isotope ratio (Sec. VIII) gives 6.6X 10° 
years as the minimum age of the r-process isotopes. 
‘Thus the abundances that we are discussing (which 
. are half the solar system abundances) must have been 
formed (by all 8 synthesizing processes) Ho a Eu des 
the age of the Galaxy, say 1-2X10" years. Also, 
3 rently large abundance differences 
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galactic cluster M67, while the ages that have been 
given do not differ correspondingly and are both 
~6X 10? years (7056, Sa57a). It is of interest to mention 
recent investigations of the color-magnitude diagram 
of the nearby stars by Sandage (Sa57b) and by Eggen 
(Eg57), based on the data of Eggen (Eg55, Eg56) and 
the Yale Parallax Catalogue (Ya52). There are a few 
stars to the right of the main sequence at M — 3.5 to 4; 
if the parallaxes are accurate then they may be either 
stars which are still contracting and have not yet 
reached the main sequence, or they may have evolved f 
off the main sequence. In the latter case, their ages ^ 
would be Z 8X 10? years. | 
These facts may be reconciled if we suppose that star 
formation and death in the originally spherical gaseous 
Galaxy occurred at a sufficient rate to produce element 
abundances which then recondensed into the oldest star 
systems that we see today in the halo. The initial differ- 
entiation of Populations I and II was interpreted as one 
of location in the Galaxy and of comparative youth 
(spiral arms) and age (halo, nucleus). However, it is | 
clear that a number of subclassifications are demanded 
(Pa50, We51, Bu56a). While the oldest halo stars that 
we see today were condensing, we may suppose that 
concentration towards the center and the equatorial 
plane was occurring, and the formation of stars was 
favored by conditions in the flattening higher-density 
region, leading to a rapid gradient of heavy-element en- 
richment so that star systems forming in the disk at 
nearly the same time as the globular clusters had higher 
abundances of heavy elements. Only gas will contract in 
this way; stars, once formed, become *frozen" in the 
shape of the system at the time of their formation. The 
remaining gas became concentrated into the spiral arms, 
so that these were the only places where any star forma- | 
tion could any longer occur. If, during the first 1-2 10? 
r 
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years in the life of the Galaxy, the average proportion 
of the mass in which star formation was occurring 
is taken as 50% (instead of 10% as now), then the 
increased rate of nuclear activity would compensate 
for the shorter time scale for element synthesis. 
Finally, it is of some importance to discuss the 
cosmological background to this problem. In an 
evolutionary explosive cosmology we have that, if T 
is the age of a system, Tuniverse> T galaxy? T some clusters 
>Tsun. Apart from the products of an initial ylem, 
if this type of initial condition is proposed, the Galaxy ] 
will condense out of primeval hydrogen, and the syn- ; 
thesis will go on as we have already described it. It s 
is of interest that possibly the ylem production of Z 
deuterium could be incorporated in a model of this 
sort. Alternatively, in a steady-state cosmology we 
have only that Tzalaxy > T some clusters > Maun and weshould 
expect that the initial condensation of the Galaxy 
would take place out of gas which already had a weak 
admixture of the heavy elements that had been syn- 
thesized in other galaxies. Thus it might be that a 
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a possible cosmological test, although such stars might 
take so long to condense (He55) that they would have 
become contaminated with the products of the death 
of massive stars before they had been able to contract 
themselves into self-contained stars. 

It is also of interest to remark on the final stages 
of galactic evolution. Although, as remarked in the 
Introduction, the lowest energy state of the elements 
would be reached when the galaxy was transmuted to 
iron, it appears that the astrophysical circumstances 
lead to the matter being finally all contained in white 
dwarfs (degenerate matter), so that such an extreme 
condition as an iron galaxy may never be reached. 

It should be emphasized that the present value of 
1/H determined from the red-shift measurements by 
Humason, Mayall, and Sandage (Hu56a) is 5.4109 
years, and this in the evolutionary cosmologies is a 
time of the order of the age of the universe. However, 
this value is in conflict with the ages of some star 
clusters in our galaxy. Thus any attempt to relate 
the synthesis of the elements in the galaxy through 
a number of necessarily complex steps to a particular 
cosmological model must await the resolution of this 
dilemma. 

B. Supernova Outbursts 


In the following discussion we consider the course 
of evolution that in our view leads to the outbursts 
of supernovae. According to a well-known calculation 
by Chandrasekhar the pressure balance in a star cannot 
be wholly maintained by degeneracy for masses greater 
than a certain critical mass. For pure Het this critical 
mass turns out to be 1.44 M o, while for pure iron the 
value is 1.24 M o. 

It follows that stars with masses greater than the 
critical value cannot be in mechanical support unless 
there is an appreciably temperature contribution to 
their internal pressures. Mechanical support therefore 
demands high internal temperatures in such stars. 

Our arguments depend on these considerations. 
We are concerned with stars above the Chandrasekhar 
limit, and assume that mechanical support is initially 
operative to a high degree of approximation. This is 
not a restriction on the discussion, since our eventual 
aim will be to show that mechanical support ceases 
to be operative. A discussion of catastrophic stars 
would indeed be trivial if a lack of mechanical support 
were assumed from the outset. 

The next step is to realize that a star (with mass 
greater than the critical value) must go on shrinking 
indefinitely unless there is some process by which it 
can eject material into space. The argument for this 
stast!mg conclusion is very simple. Because of the 
high internal temperature, energy leaks outwards 
from the interior to the surface of the star, whence 
it is radiated into space. This loss of energy can be 
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degree of approximation), or by a corresponding gain 
of energy from nuclear processes. But no nuclear fuel 
can last indefinitely, so that a balance between nuclear 
energy generation and the loss from the surface of 
the star can only be temporary. For stars of small 
mass the permissible period of balance exceeds the 
present age of the galaxy, but this is not so for the 
stars of larger mass now under consideration. Hence 
for these stars shrinkage must occur, a shrinkage 
that is interrupted, but only temporarily, whenever 
some nuclear fuel happens for a time to make good 
the steady outflow of energy into space. 
Shrinkage implies a rising internal temperature, 
since mechanical support demands an increasing 
thermal pressure as shrinkage proceeds. It follows 
that the internal temperature must continue to rise 
so long as the critical mass is exceeded, and so long as 
mechanical support is maintained. The nuclear processes 
consequent on the rise of temperature are, first, pro- 
duction of the a-particle nuclei at temperatures from 
1-3 10° degrees and, second, production of the nuclei 
of the iron peak at temperatures in excess of 310? 
degrees. It is important in this connection that the 
temperature is not uniform inside a star. Thus near 
the center, where the temperature is highest, nuclei 
of the iron peak may be formed, while outside the 
immediate central regions would be the a-particle 
nuclei, formed at a somewhat lower temperature, and 
still further outwards would be the light nuclei together 
with the products of the s process, formed at a much 
lower temperature. Indeed some hydrogen may still 
be present in the outermost regions of the star near 
the surface. The operation of the r process turns out to 
depend on such hydrogen being present in low con- 
centration. The p process depends, on the other hand, 
on the outer hydrogen being present in high concen- 
tration. 
Turning now to the nuclei of the iron peak, the 
statistical equations given in Sec. IV show that the peak 
is very narrow at T—-3X10? degrees, the calculated — | 
abundances falling away sharply as the atomic weight — 
either decreases or increases from 56 by a few units, 
At higher temperatures the peak becomes somewhat 
wider, ranging to copper on the upper side and down 
to vanadium on the lower side. Beyond these limits — 
the abundances still fall rapidly away to negligible — 
values with one exception, the case of He‘. From (6) - 
in Sec. IV we find that the statistical equations yield 
the following relation between the abundances of 
Het and Fes* N 
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Under the conditions of the present discussion the 
densities of free protons and neutrons are comparable 
and small compared with the helium and iron densities, 
so that the @ term is small and is neglected. 

We consider the application of this equation for a 
fixed value of the total density equal to 105 g/cm*?. This 
is a plausible value for 7—7X10? degrees (T7), 
and is the mean density of a stellar core of 1M o with 
a radius of 1.7108 cm. Supposing that conditions 
in this core are such that the mass is equally divided 
between Het and Fe** then log (4,2)— 30.88 and 
log 7:(56,26) — 29.73, since no other nucleus makes an 
appreciable contribution to the density. Substituting 
in the equation above we find that then T=7.6X10° 
degrees. Thus when T rises above about 7X 10? degrees 
there is a very considerable conversion of iron into 
helium. 

This result is not very dependent on the particular 
value of 10? g/cm? used above, since the critical tem- 
perature at which the masses of helium and iron are 
comparable increases only slowly with the density 
(Ho046). The density cannot differ very much from 108 
g/cm*. Thus a value much less than 105 g/cm? would be 
most implausible for T~7X10° degrees, while a value 
appreciably greater than 108 g/cm? is forbidden by the 
condition that there must be an appreciable thermal 
contribution to the pressure. 

The argument now runs as follows. Let us suppose 
that the temperature increases to 8.210? degrees. 
In this case the right-hand side of the equation in- 
creases by 0.4 and in order that the equation is satisfied, 
the difference between logz(4,2) and (1/14) logn(56, 
26) must also increase by 0.4. However, logz(4,2) 
can only increase by 0.3 since at this point the total 
mass of the core will be in the form of helium. Thus 
an increase in temperature of 0.6» 10? degrees implies 
that the numerical value of the term (1/14) logn (56,26) 
is decreased by at least 0.1, and this implies a drop 
in the amount of iron of at least a factor of 25. So we 
conclude that an increase in temperature from 7.6 to 
8.2X10? degrees causes nearly all of the iron to be 
converted to helium; i.e., from the situation that the 
mass is equally divided between helium and iron we 
reach conditions in which ~98% of the mass is he- 
lium and ~2% is iron. A similar conclusion follows 
for other values of the total density. However, for 
much higher temperatures the term in 0 becomes 
important, reflecting the approach toward a neutron 

core which would be achieved at extremes of density 

and temperature. À : S 
To convert 1 g of iron into helium demands an 
supply of 1.65X 10! ergs. This may be compared 
Ne total thermal energy of 1 gram of material 
p. 10? degrees which amounts to only 3X10" ergs. 
x. EX “ie conversion of iron into helium demands 
Evidently much greater than the thermal 
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the shrinkage must be very considerable in order that 
sufficient energy becomes available. This whole energy 
supply must go into the conversion and hence into 
nuclear energy, so that very little energy is available 
to increase the thermal content of the material. How- 
ever, instantaneous mechanical stability in such a 
contraction would demand a very large increase in the 
internal temperature. Thus we conclude that in this 
contraction, in which the thermal energy is, by hypo- 
thesis, only increased by a few percent, there is no 
mechanical stability, so that the contraction takes 
place by free fall inward of the central parts of the 
star. At a density of 10? g/cm?, this implies an implosion 
of the central regions in a time of the order of 1/5 
of a second (r &(4/37Gp)-! and in our view it is just 
this catastrophic implosion that triggers the outburst 
of a supernova. 

Before considering the consequences of implosion, 
it is worthwhile emphasizing that loss of energy by 
neutrino emission, the urca process (Ga41), is very 
weak compared to the process described above. Neu- 
trino emission does not rob a star of energy at a suf- 
ficiently rapid rate to demand catastrophic implosion, 
though at temperatures in excess of ~3X 10? degrees 
it does promote a much more rapid shrinkage of the 
star than would otherwise arise from the loss of energy 
through normal radiation into space. The reaction 
Mn**(8—»)Fe*95 with a half-life of 2.58 hr probably 
gives the main contribution to the loss of energy 
through neutrino emission. The binding energy of Mn*® 
is less than that of Fe®® by 2.895 Mev. Thus, under 
conditions of statistical equilibrium near T=5 X10? 
degrees, this implies that Mn** is less abundant than 
Fe®® by a factor ~10*. Hence, it is reasonable to sup- 
pose that a fraction of about 10-? of the mass is in the 
form of Mn**. The beta decay of this nucleus leads 
to an energy loss of about 310! ergs per gram of 
Mn55, Thus a time-scale of about 10? sec is demanded 
to produce an energy loss by neutrino emission com- 
parable with the thermal energy possessed by the 
stellar material. Hence we conclude that under these 
conditions in the stellar core, the urca process is quite 
ineffective as compared with the refrigerating action 
of the conversion of Fe*5 to Het. 

The last question to be discussed is the relationship 
between the implosion of the central regions of a star 
and the explosion of the outer regions. Two factors 
contribute to produce explosion in the outer regions. 
The temperature in the outer regions is very much 
lower than the central temperature. Because of this 
the outer material does not experience the same ex- 
tensive nuclear evolution that the central material 
does. Particularly, the outer material retains elements 
that are capable of giving a large energy yield if they 
become subject to sudden heating, e.g., C?, O', Ne”, 
Ne", He‘, and perhaps even hydrogen. The second 
point concerns the possibility of the outer material 
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conditions the surface temperature of a star is much 
smaller than the central temperature, material in the 
outer regions normally possesses a thermal energy 
per unit mass that is small compared with the gravita- 
tional potential energy per unit mass. Hence any 
abnormal process that causes the thermal energy 
suddenly to become comparable with the gravitational 
energy must lead to a sudden heating of the outer 
material. This is precisely the effect of an implosion 
of the central regions of a star. Consequent on implosion 
there is a large-scale conversion of gravitational energy 
into dynamical and thermal energy in the outer zones 
of the star. 

One last point remains. Will the gravitational energy 
thus released be sufficient to trigger a thermonuclear 
explosion in the outer parts of the star? The answer 
plainly depends on the value of the gravitational 
potential. Explesion must occur if the gravitational 
potential is large enough. In a former paper (Bu56) 
it was estimated that a sudden heating to 105 degrees 
would be sufficient to trigger an explosion. This cor- 
responds to a thermal energy —-10!5 ergs per gram. 
If the gravitational potential per gram at the surface 
of an imploding star is appreciably greater than this 
value, explosion is almost certain to take place. For a 
star of mass 1.5 Mo, for instance, the gravitational 
potential energy per unit mass appreciably exceeds 
10!6 ergs per gram at the surface if the radius of the 
star is less than 10 cm. At the highly advanced 
evolutionary state at present under consideration it 
seems most probable that this condition on the radius 
of the star is well satisfied. Hence it would appear as 
if implosion of the central regions of such stars must 
imply explosion of the outer regions. 

Two cases may be distinguished, leading to the 
occurrence of the r and p processes. A star with mass 
only slightly greater than Chandrasekhar's limit can 
evolve in the manner described above only after almost 
all nuclear fuels are exhausted. Hence any hydrogen 
present in the outer material must comprise at most 
only a small proportion of the total mass. This is the 
case of hydrogen deficiency that we associate with 
Type I supernovae, and with the operation of the 
r process. In much more massive stars, however, the 
central regions may be expected to exhaust all nuclear 
fuels and proceed to the point of implosion while 
much hydrogen still remains in the outer regions. 
Indeed the "central region" is to be defined in this 
connection as an innermost region containing a mass 
that exceeds Chandrasekhar's limit. For massive stars 
the central region need be only a moderate fraction 
of thestotal mass, so that it is possible for a considerable 
proportion of the original hydrogen to survive to the 
stage where central implosion takes place. This is 
the case of hydrogen excess that in the former paper 
we associated with the Type II supernovae, where 
the p process may occur. However, the rarity of the 
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material which must be processed to synthesize them, 
suggests that if Type II supernovae are responsible, 
the p process is a comparatively rare occurrence even 
among them. On the other hand, in any supernova 
in which a large flux of neutrons was produced, a small 
fraction of those having very high energies might 
escape to the outer parts of the envelope, and after 
decaying there to protons, might interact with the 
envelope material and produce the p-process isotopes. 

Energy from the explosive thermonuclear reactions, 
perhaps as much as fifty percent of it, will be carried 
inwards, causing a heating of the material of the 
central regions. It is to this heating that we attribute 
the emission of the elements of the iron peak during 
the explosion of supernovae. 


C. Supernova Light Curves 


The left-hand side of Plate 4 shows the Crab Nebula, 
the remnant of à supernova which exploded in 1054 
A.D. The right-hand side of Plate 4 shows three ex- 
posures of the galaxy IC 4182 during the outburst and 
fading of the supernova of 1937. The first exposure (20 
min) shows the supernova at maximum brightness; the 
second (45 min) shows it about 400 days after maxi- 
mum; on the third (85 min) the supernova is too faint 
to be detected. 

Throughout this paper we have proposed that the 
production of the e-process, r-process, and f-process 
isotopes takes place immediately preceding or during 
such outbursts of supernovae. This is the only type of 
astrophysical process that we know of, apart from an 
initial state in an evolutionary cosmology, in which 
it can be presumed that the necessary high-energy, 
rapidly evolving conditions can be expected. Thus 
while we were searching for such an astrophysical 
situation the discovery that the half-life for decay 
by spontaneous fission of Cf*5! was equal to the half- 
life for decay of the light curve of the supernova in 
IC 4182 (Bu56, Ba56) led us to make the detailed 
calculations which are described in Secs. VII and VIII. 

Since this original work was carried out, there has 
been further investigation of the half-life of Cf 
(see Sec. VIII). Also we have re-examined the evidence 
concerning the light curves of supernovae. Results 
of the calculations have allowed us to re-examine the 
basic assumption made in our earlier papers, that 
the energy released in the decay of Cf**! must dominate 
over all of the other possible sources of decay energy. 

The half-life of 552€ 1 days was obtained from Baade's 
result on the supernova in IC 4128. In Fig. XII, 1 we 
show Baade's light curve of the supernova in IC 4182, 
and the light curves of Tycho Brahe's nova and Kepler's 
nova (Ba43, Ba45), together with estimated points 
for the supernova of 1054 (the Crab Nebula) (Ma42). 
For SN IC 4182 the observations have been made for 
as long as 600 days after maximum. The absolute 
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Fig. VIII,3. 


estimated, with the best current value for the distance 
scale correction, to be —18.1 (Ba57a). The absolute 
magnitude of the Crab at its maximum in 1054 has 
been estimated to be —17.5 to —16.5 (To1355, Ma42, 
Ba57a). The value of 55 days for the half-life of SN IC 
4182 was derived mainly from the points far out in 
the light curve where apparent magnitudes fainter 
than 4-19 had to be measured. Any systematic errors 
in measuring the faint magnitudes in this region would 
have the effect of changing the estimated value of this 
half-life and the possibility that such errors are present 
cannot be ruled out (Ba57a). The uncertainties in 
the measurements of other supernovae, which are not 
described here, are such that either all supernovae 
have true half-lives of 55 days, or they may have a 
unique half-life slightly different from 55 days, but 
lying in the range 45-65 days. Alternatively there 
may be an intrinsic variation between different light 
curves. These observational uncertainties must be 
borne in mind when considering the following dis- 
cussion. : 

The only comparisons that we shall attempt to make 
will be between the total radiant energy emitted by a 
_ supernova and the form of the light curve, and the 

total energy emitted and the energy decay curves 
based on the calculations in Sec. VIII. No direct 
De c between the early parts of the supernova 
. comparison d the energy decay curve are possible, 
degradation processes and the energy- 
s in the shell of the supernova will 


2E v * 


Fic. XII,1. Light curves of supernovae by Baade (Ba43, Ba45, Ba56). Measures for SN IC 4182 
Cassiopeiae (1572) and SN Ophiuchi (1604) have been converted by him to the modern magnitude scale from the measures by 
Tycho Brahe and Kepler. The three points for the supernova of 1054 are uncertain, being taken from the ancient Chinese records 


after maximum; the left-hand ordinate gives the apparent magnitude (separate 
scale for each curve); the points for the Crab Nebula belong on the middle scale, i.e., that for B Cassiopeiae. The right-hand 
ordinate gives the absolute magnitude for SN IC 4182 (Ba57a) derived by using the current distance scale. Compare with 
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of this part of the problem have recently been studied 
by Meyerott and Olds (Me57). 

Astrophysical arguments concerning the amounts 
of the r-process elements which are built in supernovae 
come from three different directions: 


(i) The supernova or the supernovae which syn- 
thesized the r-process material of the solar system. 

(ii) The Crab Nebula, the only remnant of a super- 
nova which has been studied in any detail. 

(iii) The light curves of supernovae which enable 
us to estimate how much material has been involved 
in the outburst, either on the assumption that the 
energy released by one or two of the isotopes dominates, 
and defines the light curve, or on the assumption that 
all of the decay activity is important. 


Let us suppose that a total mass mMo is ejected 
in a particular supernova outburst and that a fraction 
f of this mass is in the form of r-process elements. 
Further, let us suppose that a fraction g of the heavy 
elements is in the form of Cf?*^ or alternatively that 
a fraction g' of the heavy elements is in the form of 
Fe". In Sec. VIII it was shown that under specific 
conditions this was the only other isotope which could 
be expected to contribute an amount of energy_com- 
parable with Cf?*. Since it has a half-life of 45 days 
it cannot be a priori excluded from the discussion, 
particularly if, as has been stated above, some of the l 
supernova light curves may have half-lives which 
are near to 45 days. 


On the basis that Cf?! is responsible for the tota 
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energy released in the light curve after this curve 
has reached its exponential form, an approximation 
which will be corrected in what follows, we have, 
since the energy release per Cf?*! nucleus is 220 Mev, 
that the total energy available in the Cf is gfm 1. 67 
X10?! ergs. Of the unknowns m, f and g, m is unknown 
for all supernovae except the Crab which may have a 
mass of about 0.1 Mo (Os57) so that mc-0.1. The 
uncertainties in this value are discussed later. The 
value of f is determined by the conditions in the outer 
envelope of the star which have developed in its 
evolution to the supernova stage, while g is determined 
by the degree of building in the r process. 

We consider the possible values of f. The most 
favorable situation that can be attained is reached 
when there are equal amounts by number of hydrogen, 
helium, and carbon, oxygen, and neon taken as a 
group, and about 1% of iron by number. In schematic 
terms, the sequence of events is as follows. The protons 
are captured by the C®, O!6, Ne? to form, after beta 
decay, C¥, Ol, Ne?. Each of these now captures an 
alpha particle and releases a single neutron, so that 
we end with O!5, Ne”, and Mg”, together with a source 
of free neutrons. To build into the heavy element 
region, about 100 neutrons per Fe*® nucleus are re- 
quired. These neutrons have come, via the steps that 
we have outlined, from the original hydrogen. Thus 
by number the necessary ratio of hydrogen to iron is 
100: 1, and the mass ratios of the material are hydrogen: 
helium: carbon: oxygen: neon: iron = 1:4:4:5.33:6.67 : 
0.56, so that the iron comprises about 2% of the 
envelope by mass, and after the outburst about 6% 
of the mass is transformed into heavy elements. The 
maximum value of f is then 0.06. This situation is 
probably unrealistic because we have assumed essen- 
tially that the efficiency of the process is 1, since all of 
the hydrogen has been converted to neutrons, and each 
light nucleus has produced one neutron. As a more 
conservative value we will take finax=0.01. 

A number of values of g are possible; g= 1 corresponds 
to the situation in which all of the heavy elements 
are transmuted to Cf??!, We can see no reason from the 
standpoint of nuclear physics why this should occur 
and consequently we are inclined to disregard it. 

If all of the r-process material is transformed into 
material lying in the range of atomic weight 230 « A «260, 
then we see from Fig. VII,4 that g~0.04. This is also 


. & very unreal situation, since while no material resides 


in the region below A~230, it is also supposed that no 
fission has taken place to terminate the r process and 
hence to begin to cycle the material between A= 110 
and A — 260. 

We can consider a third situation in which, starting 
from iron, the material has been driven so that all of 
the r-process peaks have been produced in the way 
that has been described in Sec. VII. Further nuclear 
activity results in the following situation. The material 


begins to cycle between 4— 110 and A=260, because, 
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following fission of the heaviest isotopes, the fission 
fragments help to build in the regions 4—110 and 
4-150, and the total amount of material which 
resides in the region 110-4 «260 is determined by 
the amount of cycling which can take place. Sufficient 
cycling reduces the amount of material in the region 
«110, and in the extreme case we suppose that no 
iron is left and also no material is left in the M= 50 
peak. Under these conditions we estimate, from Figs. 
VILS3 and VILA, that g~0.011. Here we have supposed 
that only half of the abundance follows the part of the 
cycle between 47-110 and 4-150. 

A fourth situation is just that which has been sup- 
posed to give rise to the solar-system abundances of 
ther-process isotopes. In this casea steady stateis reached 
and no appreciable cycling has taken place. Reference 
to Fig. VII,3 and VIL shows that g~0.002. 

A fifth situation is that in which the r-process isotopes 
are built from a base material which is very much 
lighter than iron. In this case we have only been able 
to make a guess concerning the amount of material 
residing in r-process elements with 4 $45. We then find 
that g~0.0004. 

Thus the largest value of g which appears to be plausi- 
ble is obtained when cycling takes place and g— 0.011, 
and it is this value which we use in the following 
calculations. 

There is a spread in absolute magnitudes at maximum 
of supernovae and probably also a spread in the 
difference between the maximum absolute magnitude 
and the magnitude at which the exponential form 
of the light curve sets in. Let us suppose that this 
difference is 6M. Then the total energy emitted under 
the exponential tail of the light curve is given by 


E,— 3.8 109 X 100-40.6-M—30 X 8.64€ 10*X Tm ergs, 


where M is the absolute magnitude of the supernova 
at maximum and 7, days is the mean life of the radio- 
active element responsible. The energy emitted by 
the sun and its absolute magnitude have been taken as 
3.810% erg/sec and 4.6, respectively. Thus for Cre 


E,=2X102X 10°C) P. 


where the half-life of Cf*'=61 days has been used. _ y^ 
If the half-life is 56 days, then the value of E, must — 
be reduced by about 8%. We have shown in Sec. VII 
that the total energy release parallels the spontaneous - 
fission release over the time when the Cf predomin 
ates. Thus when making this calculation we mus 
include the contribution which the other radioactive 
elements apart from Cfi make to the curve. From 2 
Fig VIII,1 we find that the ratio of the total en 

release to the Cf** energy release is 8:7, | 
this correction factor, we have that 
release from ihe mass mM o=gfm 
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or 
logm=0.4(—M—6M)—5.029. 


For the Crab, in which Mœ— 17.5 and ôM is arbitrarily 


taken as 4-3, 

m=5.9, 
while for SN IC 4182, in which M=—18.1 and 6M 
=+2.5, 

m= 16.1. 


The mass of the Crab Nebula is estimated to be 
0.1 Mo (Os57). This result was based on the assumption 
that, although the hydrogen/helium ratio was abnor- 
mally small, in that their number densities were approxi- 
mately equal, the remainder of the elements had normal 
abundances, as given, for example, in the appendix. The 
situation regarding the elements other than hydrogen 
and helium in the Crab is still very unclear. For example, 
there appear to be no identifications or information on 
iron, though we should expect that the iron/hydrogen 
or iron/helium ratio would be abnormally large. The 
mass is actually derived by obtaining the density of 
free electrons per unit of mean atomic weight, and 
finally by making the assumption about the composition 
described above. Thus the total mass estimated is 
approximately a linear function of the mean atomic 
weight which is assumed. Hence if the material in 
the shell had the initial composition which we consider 
to be typical of a highly-evolved star, the mean atomic 
weight would be about ten times that assumed in 
Osterbrock’s calculation. Hence a mass ~1 Mo would 
not be unreasonable. This leaves a discrepancy between 
the calculated and observed mass of this supernova 
shell of a factor of ~5. This may be partly or completely 
accounted for by uncertainties in estimating the 
absolute magnitude of the Crab supernova at maximum. 
Baade (Ba57a) has estimated that the absolute magni- 
tude was —17.5 at maximum by using the observation 
that the star vanished from naked eye visibility about 
650 days after maximum, and assuming that the total 
drop in brightness was the same as that for the super- 
nova iu IC 4182. Mayall and Oort (Ma42) have es- 
timated that it reached —16.5 by using the observa- 
tion that the supernova ceased to be visible in daylight 
after 23 days. If the supernova did reach only —16.5 
at maximum, the mass needed to be ejected in the 
envelope is ~2.4 Mo. An alternative explanation 
is that the Crab never did show that exponential 

light curve which is typical of supernovae in which 
Cf? is produced. k 
For IC 4182, a mass of ~10 Mo is not unreasonable, 
particularly if it is supposed that the pun of mass 
ejected is roughly Piden! to the maximum 
LI LH D T. P 
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will dominate the energy decay among the isotopes 
apart from Cf”, and also since some supernova light 
curves have half-lives possibly nearer to 45 than to 
55 days. 
In this case the total energy released by Fe is given 
by 
E,— g'fmX8.6 X10" ergs. 


The most favorable situation which can be envisaged 
is that as before there is about 2% by mass of iron in 
the envelope, so that f-~0.01, but that there is a paucity 
of neutrons so that perhaps only 5 neutrons per iron 
nucleus are made available. On this assumption the 
proportion of the material which captures 3 neutrons 
to form Fe? can easily be calculated, as indicated in 
Sec. VIII, if it is assumed that the capture cross section 
remains constant, and we find that about 20% of 
the original Fe*9 will be transformed to Fe*. In this 
case g’=0.2 (see Sec. VIII). Thus we obtain the result 
that 
g'fmX4.44X 109 — 1.48 X 109 x 10° 401-8) 
or r 
logm=0.4(—M—6M)—4.78. 


This equation for m has a numerical constant which 
differs by a factor of 0.25 in the logarithm from that 
for the Cf**! decay. Thus we conclude that if the physical 
conditions described above are plausible, the large- 
scale production of Fe* will be able to explain a light 
curve with a half-life of 45 days if the mass ejected 
is about 1.8 times greater than that demanded if Cf 
is responsible. However, if sufficient neutrons were 
available to build the r-process elements in the same 
proportions that they appear in the solar system the 
relative amount of Fe? can only be estimated rather 
uncertainly, as has been done in Sec. VIII, but the 
value of g becomes much smaller than 0.2 and the 
mass required in the envelope becomes unreasonably 
large. 

The relatively low efficiency of conversion of the 
material into either Cf?* or Fes? arises from the small 
values of g, g’, and f which seem to be plausible. The 
values of g and g' are determined by the nuclear 
physics of the situation. However, as previously stated, 
f is in essence determined by the initial composition 
of the envelope material. The maximum efficiency 
would be achieved when f— 1, i.e., when the whole of 
the material was initially composed of iron and was 
changed to heavy elements in the supernova explosion. 
Such a condition does not seem very plausible. However, 
if a situation could arise in which some of the outer 
core material has been converted to isotopes in the 
iron peak by the equilibrium process (Sec. IV) while 
the inner core material has evolved to its last equilib- 
rium configuration consisting of a pure neutron core, 
an instability in which the neutrons were mixed into 
the iron would result in the production of the r-process 
isotopes, and since there would be a plentiful supply 
of neutrons, cycling in the range 110€ A4 X 260 would 
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take place. Under these conditions the total amount 
of mass demanded to produce the curves from Cf2% 
would be only about 0.06 Mo in the case of the Crab, 
and only about 0.16 Mo in the case of SN IC 4182. 

Finally, mention must be made of the possible 
distortion of the light curve by the decay of other 
isotopes with longer half-lives than those responsible 
for the regions considered. The most important case 
appears to be that of Cf**, which has a half-life of 2.2 
years. From Fig. VIII,3 this should begin to make 
the curve flatten out after about 500 days. This flatten- 
ing is very gradual and could well be masked by the 
small systematic errors in magnitude measurement 
which may be present in the light curve of the super- 
nova in IC 4182. If no distortions occur through the 
energy transfer processes in the envelope at this late 
stage, very accurate measurements by photoelectric 
techniques of the very faint end of the next supernova 
light curve which can be followed may provide a good 
experimental test of this supernova theory. In the 
same way further Observations may be able to deter- 
mine whether all supernovae have exactly the same 
decay curves, a question which may also have some 
bearing on the problem of whether or not the r-process 
component of the solar-system material was built in a 
single supernova outburst. à 


D. Origin of the r-Process Isotopes 
in the Solar System 


As mentioned in Sec. VII, the forms of the back 
sides of the abundance peaks of the r-process isotopes 
might suggest that the conditions obtaining in a single 
supernova were responsible for their synthesis. Though 
this conclusion remains highly uncertain at the present 
time, it is worthwhile considering its astrophysical 
implications. 

A possible sequence of events in the origin of the 
r-process isotopes in the solar system might then be 
as follows. The isotopes which are made by the other 
processes have already been synthesized and a cloud 
of such material is present. Inside this cloud a super- 
nova outburst takes place. About 10? Mo is converted 
by this process to isotopes built in the process, and 
this material is gradually diluted by the other material 
present. The material will be diluted first by expansion 
of the supernova shell into the surrounding medium 
and second by effects of galactic rotation and turbulence 
in the interstellar gas. Thus the total volume in which 
this occurs may be crudely estimated in the following 
way. The volume of a supernova shell (the Crab 
Nebula) is about 1 psc? after about 10° years. Since 
a shell probably decelerates, it may be supposed that 
after about 10* years its volume is about 25 psc? and 
its expansion velocity has reached a numerical value 
equal to the mean random velocity of the interstellar 
clouds. 
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of the solar system, i.e., 107— 10? years, and one epoch 
of interest is a period of this length occurring some 
5X10? years ago. However the more important time 
scale for this argument is the time in which the material 
can disperse, between the time at which the supernova 
outburst occurred and the epoch at which the solar 
system condensed. From the argument based on the 
U*5/U?5 ratio this time interval is of the order of 10? 
years. At an epoch more than 5X10? years ago, it is 
probable that effects of galactic shear and of turbulent 
motion were different from their present values, so that 
no very good estimates of the total dilution volume can 
be made from this standpoint. On the other hand we 
can estimate the dilution factor by the following 
method. 

On the basis of discussion in Sec. XII, we can suppose 
that the r-process isotopes originally comprised a total 
of about 2 percent of a solar mass in the supernova 
outburst. At present in the solar system the ratio 
by mass of the r-process isotopes to hydrogen is —10-5 
(Table II,1). Thus the amount of hydrogen into which 
the shell expanded was ~2X10' M o. If we suppose 
that the mean density of this gas was about 10-?* 
g/cm’, the total volume was —4X 109! cm? so that the 
dimension of this volume was about 75 psc. This is a 
fraction of approximately 10-9 of the total volume 
of the galaxy. The total number of supernovae that 
would explode in ~10° years is ~3X10°, so that we 
might expect that, on an average, 3 might have gone 
off in this volume, so that one only is entirely possible. 
It does not appear unreasonable from this point of 
view, therefore, that a single supernova has been 
responsible for all of the material built by the r process 
currently present in the solar system. 


XIII. CONCLUSION 


In Secs. III to X we have discussed the details of 
the various synthesizing processes which are demanded 
to produce the atomic abundances of all of the isotopes 
known in nature, while in Secs. II, XI, and XII we 
have attempted to describe the astrophysical theory 
and observations which are relevant to this theory. 

It is impossible in a short space to summarize the 
advantages and disadvantages of a theory with as 
many facets as this. However, it may be reasonable 
to conclude as follows. 'The basic reason why a theory 
of stellar origin appears to offer a promising method 
of synthesizing the elements is that the changing 
structure of stars during their evolution offers a succes- 
sion of conditions under which many different types 
of nuclear processes can occur. Thus the internal 
temperature can range from a few million degrees, ` 
at which the pp chain first operates, to temperatures - 


E 


between 10° and 10? degrees when supernova explosions ET 1 


p 


occur. The central density can also range over factors. 
of about a million. Also the time-scales range between —— 
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stars of solar mass or less on the main sequence, and 
times of the order of days, minutes, and seconds, which 
are characteristic of the rise to explosion. On the 
other hand, the theory of primeval synthesis demands 
that all the varying conditions occur in the first few 
minutes, and it appears highly improbable that it can 
reproduce the abundances of those isotopes which are 
built on a long time-scale in a stellar synthesis theory. 

From the standpoint of the nuclear physics of the 
problem, a major advance in the last few years has 
been the gradual realization through the interplay 
between experiment and theory that the helium- 
burning reaction 3He'—CP? will take place in stellar 
interiors; theoretical work on stellar evolution has 
shown that in the interiors of red giant stars the condi- 
tions are right for such a reaction to take place. Another 
major advance has been the realization that under 
suitable stellar conditions the (o7?) reactions on certain 
nuclei can provide a source of neutrons; these are 
needed to synthesize the heavy isotopes beyond the 
iron peak in the abundance distribution and also to 
build some of the isotopes lighter than this. 

The recent analysis of the atomic abundances (Su56) 
has enabled us to separate the isotopes in a reasonable 
scheme depending on which mode of synthesis is 
demanded. In particular, the identification of the 
7-process peaks was followed by the separation of the 
heavy isotopes beyond iron into the s-, r-, and p-process 
isotopes, and has enabled us to bring some order into 
the chaos of details of the abundance curve in this 
region. The identification of Cf in the Bikini test 
and then in the supernova in IC 4182 first suggested 
that here was the seat of the r-process production. 
Whether this finally turns out to be correct will depend 
both on further work on the Cf** fission half-life and 
on further studies of supernova light curves, but that 
a stellar explosion of some sort is the seat of r-process 
production there seems to be little doubt. 

From the observational standpoint, the gradual 
establishment in the last few years that there are 
real differences in chemical composition between stars 
is the strongest argument in favor of a stellar synthesis 
theory. Details of this argument, and the attempts 
to show that some stars are going through, or have 
gone through, particular synthesizing processes, while 

others are simply condensed out of material which 
has been processed earlier, and have not yet had time 
to modify any of their own material, have been given 
i c. XI. 
i E problems remain. Although we have given 
a tentative account of the events leading up to a super- 
~ SE have no detailed dynamical theory 
- nova outburst, we ; : 
losion. Neither can we explain the 
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a -cipal features of supernova spectra. Further, we 
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to handle with the present computational techniques. 
From the observational side we can estimate the time 
taken for a star to move through a particular evolu- 
tionary stage by making counts of the number of stars 
in that part of the HR diagram of a star cluster, but 
these diagrams alone cannot tell us, for example, 
whether the evolutionary track is in the sense of in- 
creasing or decreasing surface temperature at a par- 
ticular point, i.e., from right to left or from left to 
right in the diagram. 

The whole question of the chemical compositions of 
stars is complicated by the problem of mixing, since 
in many cases it cannot be supposed that the atmos- 
pheric composition of a star is identical with that of 
its interior. Also, attempts to determine compositions 
of very distant or very faint stars are a challenging 
problem. However, the term ‘universal abundance" 
will remain meaningless in the astronomical sense 
until a reasonable sample of the material in different 
parts of our own galaxy has been investigated, with 
the determination of abundances”of the heavier ele- 
ments. It might be pointed out here that on the basis 
of this theory there may be nothing universal in the 
isotope ratios. In many cases different isotopes of an 
element are built by different processes, and the isotope 
ratios which are observational known are almost 
entirely obtained from solar-system material. Thus, 
for example, another solar system might have con- 
densed out of material consisting mainly of hydrogen 
and gas ejected from stars which had gone through 
hydrogen burning, helium burning, the s process, 
the o process, and the e process, but not the 7 process. 
In this case, among the heavy elements the s-process 
isotopes would be present but the r-process isotopes 
would be absent, so that those elements which are 
predominantly built by the r process would be in very 
low abundance. Thus in such a solar system, the 
inhabitants would have a very different sense of values, 
since they would have almost no gold and, for their 


' sins, no uranium. 


The question of the composition of the material 
in other galaxies is not likely to be settled in the near 
future, except for coarse estimates. Perhaps the only 
sample of such material which we are able to obtain is 
contained in the extremely high-energy cosmic-ray 
particles (>10'* ev) which may have been accelerated 
and escaped from extragalactic nebulae  (Ro57, 
Bu57b). 

We have attempted to show that the interchange 
of material between stars and the interstellar gas 
and dust will be sufficient to explain the observed 
abundances relative to hydrogen. This attempt^bas 
been reasonably successful, though the aging problems 
have demanded that we do not consider that synthesis 
has gone on at a uniform rate since our galaxy con- 
densed. It appears that successive generations of stars 
are demanded, if all eight processes are to contribute, 
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one part or another can go through each process, ending 
with a catastrophic explosion. 

We have made some attempt to explain possible 
modes of production of deuterium lithium, beryllium, 
and boron, but at present we must conclude that 
these are little more than qualitative suggestions. 

In the laboratory, it is probable that the next steps 
to be taken are studies of the further reactions in helium 
burning, i.e., C? (œ,y)O! and O!*(a,y)Ne”, work on the 
neutron-producing reactions, and particularly on neu- 
tron capture cross sections, and accurate work on 
nuclear masses and binding energies, particularly of 
the nuclei in the rare-earth region. 

In astrophysical observations it is important that 
evidence for the operation of the s process and of the 
r process be sought spectroscopically. In giant stars 
where the s process may operate, the elements most 
overabundant should be those in general with a stable, 
“magic number" isotope having a closed shell of neu- 
trons. These elements are strontium, yttrium, zirconi- 
um, barium, lathamum, cerium, praseodymium, neo- 
dymium, lead, and bismuth. All of these except bismuth 
have been found to be overabundant in the only such 
star analyzed up to the present time (Table XI,3). 
In supernova remnants, such as the Crab nebula, the 
r process may have operated to enhance the abundance 
of the following heavy elements: selenium, bromine, 
krypton, tellurium, iodine, xenon, caesium, osmium, 
iridium, platinum, gold, thorium, and uranium. The 
effect of the r process on the abundance of the iron- 
group elements and of the lighter elements from carbon 
to calcium is very difficult to estimate. The iron-group 
elements will be depleted by neutron capture in the 
original envelope material but material from the core 
(e process) injected during the explosion may yield 
an over-all enhancement in the final expanding shell. 
The over-all abundance of the lighter elements is not 
appreciably changed by the supernova explosion but 
the ratio to hydrogen and helium will rise to a value 
considerably greater than that in unevolved matter. 
This is because in our model we require that hydrogen 
and helium originally be comparable in abundance 
by number to carbon, oxygen, and neon, and then 
that they be depleted by the energy generation and the 
neutron-releasing processes. 

An important key to the solution of problems in 
stellar nucleogenesis lies in the determination of 
relative isotopic abundances in stars. It is realized that 
this is a very difficult problem spectroscopically, but 
nonetheless every possible technique of isotope analysis 
should be brought to bear in this regard. Relative 
isqtonic abundances are many times as informative 
as relative element abundances. 

In concluding we call attention to the minimum age 
of the uranium isotopes derivable from their relative 
production in the r process. Our calculations place 
this minimum age at 6.6X10? years with a limit of 
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small limit of error comes directly from the relatively 
short half-life of U*5, We feel that this minimum age 

is significantly greater than the currently accepted 
value for the geochemical age of the solar system, 
4.5X10? years. It is, indeed, comparable with the - 
ages assigned to the oldest globular clusters so far 
discovered. Since it is a minimum, it will not be un- 
expected if still older objects exist in our galaxy. In 
fact the stars discussed by Sandage and Eggen, men- 
tioned in Sec. XII A, whose ages may be 28X10? 
years, might be such examples. 
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APPENDIX 


We give in the appendix all of the information that 
we have been able to collect which is relevant to the — - 
synthesis problem. A detailed explanation of the format 
of this table is given in Sec. II C. The abundances (QN) | 
of the isotopes have been taken predominantly from -. 
the work of Suess and Urey (Su56), though in a few 
cases the solar abundances of Goldberg et al. (GoS7) 
have been given in parentheses below those of S 
and Urey. The neutron capture cross sections | 
have been discussed in Sec. V B, while the metho 
assignment of the nuclei among the eight synthesi 
processes has been described i in Sec. II B. The design 
tion m means “magic,” i.e., the nucleus has a 
shell of neutrons and thus a small neutron 
cross section in the s process. The designation? 
that the progenitor in the r e is I 
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7 (1,y) in mb 


A Main line or 7j N oN Process A bypassed or 74 N Process 
= Sa 0.3(0.1%th) 4.00 x 1010 Primeval 
9 gif S2x10- 5.7 X10* x 
(0.1%th) 
: 1H2(8-) 12.26 yr Tg too long 
É :Hei 5000 (»,5) (extr.) H burning 
(4| He 3.08 X10? H burning 
5 :Hes(n) 2 X1072 sec returns 
6 :He«(87) 0.82 sec 
a en 2000 (n,a) (exp) 74 x, returns 
A 0.33(1%th) 92.6 x 
(8. Lis) 0.84 sec 
|. 8  4Be«(a) 72 X10716 sec returns 
9 «Bes 0.085 (195th) 20 x 9 aLis(B-) > »,2He* 0.17 sec returns 
10  &Bec(87) 2.7 X10* yr 10 sBs 1000 (11,0) 4.5 returns 
, (0.1%th) 
4Bez(87) Not known 
Be <0.5(1%th) 19.5 x 
sB:(67) 0.025 sec 
«Co 0.047 (1%th) 3.50 X10* He burning 
«C: 0.009 (1%th) 3.92 X10! H burning 
«Cs(87) 5600 yr 
14 7N7, 1.0 (1,y) (19th) 6.58 X10* H burning 
sej 1.7 (n,p)(0.1%th) : 
5 Ns 0.00024 (1 %th) 2.41 X10! H burning 15 6Co(B-) 2.4 sec 
3N»(87) 7.4 sec 
rey} 0.01(1%th) 2.13 X107 He burning 
Oo 1.0€05a)(0.195th) — 8.0010? H burning 17 ;Ni1(87) — n, Ot 4.14 sec returns 
returns 
0.0021 (1%th) 4.36 X10! H burning i 
29 sec 
0.094 (1%th) 1600 H burning 
11 sec 
0.02 7.74 X10* He burning to 
.. 0.6 (also n, a) 2.58 X10! H burning 2 
d returns 3 E 
0.36(1%th) 8.36105  3.0X10* H burning ' 


4.38 X10! 1.5X10* H burning, s 


7.21 X10* 
9.17 X10! 
1.00 X105 


1.3X10* He burning, a 
5.5 X10* s 
2.0 X10: s(m) 


..948X10* — 5.0X10* s(m) 


L2XI05 a, s(m) 
5.6 x105 s 
2.5 X105 


1.57 X106. 
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36 y Chs(87) 3.1 X105 yr 


1.26 X105 
[1.9 X10*] 


2.2 X10* 
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a ——————_—_———————— SO IIu 


c (1,y) in mb 1 1 
A Main line 4 2 T} N oN Process A weak linear Ay a me N Process 
39 nAn(87) 260 yr 39  nAn(87) 260 yr 
39 19K20 8 2940 2.4 X10 s(m) 40 yis: 15 (+K* decay) s 
mea s decay 
40 Ka 1.3 X10? yr 0.38«— — s only 41  nAn(87) 1.82 hr 
(EC, 11%, 100 SS S 
B- 89%) M 
41 Ka 25 219 5.5X10 ™ s 4l Ko 25 219 s 
Nia ; (5.5 x10] 
a IO SS —_ LOW 
42 19K23(87) 12.5 hr Ta40 Caro 4 4.75 X108 cle) 
[1.9 X105] s decay 
42 Caz 12 314 3.8 X103 s 
43  »Can 20 64 1.3 X10! s 
44 2»Can 8 1040 8.3 X10 a, 5 
45 s Can(87) 160 days 
45  nScu 16 2.8 45 s 
(63) (1.0 X10?) 
46  nScz(87) 85 days 
46 nTiu 10 194 1.9 X10 s only 46 Caze 4 1.6 r only 
(290) (2.9 X10?) e 
47. nTin , 8 189 2.3 X101 s 
(280) (3.4 X10?) er 
48  nTis 6 1790 10.7 X10 a,s 48  »Cas 4 87.7 r only (m) 
(2600) (1.6 X104) er 
49. nTin & 134 1.1 X10: s 
(200) (1.6 X101) e,r 
50 22Tizs 4 130 5.2 X10? s(m) S0 23Va7 10 0.55 € 
(190) (7.6 X10?) r,¢ (1.1) 
51 nTin(87) 5.80 min SO Crs 8 344 € 
(1800) 
51 23V28 30 ; 220 e(m) 
(430) : 
52  nuVss(7) 3.77 min 
52  nuCrs 8 6510 e(m) 
. (3.3 X101) 
53  uCr» 31 744 e E 
(3800) 
54  nuCri 8 204 e 54  wFen 29 3,54 X10! en) 
(1000) (1.3 X104) 
55  uCrn(87) 3.6 min 
S55. 2sMnao 124 6850 e 
(7900) 
56 2sMn3i (87) 2.58 hr 
56 26Fe20 29 5.49 X10* e 
(2.1 X105) 
57  uFen 96 1.35 X10* € 
(5100) 
58 Fen 29 1980 e 58  nNi» 40 1.86 X10! e 
(760) (1.7 X10) 
59  suFen(8-) 45 day 
59  nCon 248 1800 e 
(2200) 
60 2Co (87) 5.2 yr 
60 2sNis2 40 7170 € 
(6600) 
61 Nin 104 342 € 
(310) 
62 Niu 40 1000 e 
(910) 
63 28Nias(8-) 80 yr 63  nuNin(87) 80 yr 
63 Cuun 48 146 7.0 X10? 5 64  uNiw 40 
(1500) — (7.2X109) ec 
a 
2 a 
G^ cfr 12.8 hr x 64 Cus (8-3995) 12.8 hr 
v "REC 42%; d 
At 19%) ^ 
64 nNiw 40(0.61) 318 " 718x109 s 64 wZna 
7.1 X10?) 
65 nNin(8-) 2.56 hr CRUE 65 xZns (EC, 8*) 
65 s»Cux 48 66 3.2X10 s 65S nCuw 


(680) (3.3 X10!) 
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o(n,y) in mb Weak line o i 
A Main line or 7j N oN Process A bypassed 3 Vienn A mp N Proceni 
66  »sCux(87) 5.1 min 
66 Zn 49 134 6.6 X10 B 
67 s Zn 64 20.0 1.3 X103 s 
68 30Znas 49 90.9 4.5 X103 s 
69  sZns»(8-) 52 min 
69  nGas 84 6.86 576 s 
70 nGas(8-) 21 min 
70 Ges 82 10.4 849 s only 70  vZno 49 3:35 r only 
71 = 32Ge39 (EC) 12 day 
71 nGa 84 4.54 381 s 
72  nGaa(87) 14.1 hr 
72 32:Geao 82 13.8 1130 G 
73 3:Gea 148 3.84 568 S 
74 Ge: 82 18.65 1520 s 74  aSew 96 0.649 p 
75 3:Geas (87) 82 min 
75 33Asaz 240 4.0 (3) 640 sr 
76  nAsa(87) 26.7 hr 
76 Sea: 96 6.16 591 s only 76 32:Geu 82 3.87 r only 
77 Seas 360 5.07 rs 
78 Seu 96 16.0 r (m!) 78 wKraz 107 0.175 P 
79  xSea(87) 7 X10* yr 79  uSeau(87) 7X10! yr 
360 , 
80 Ses 96 33.8. —— r (m!) 79  sBr« 480 6.78 Y (m') 
SENS 2 s decay 
81 aSeac(8-) 18 min 777 —80 aBra (879295; 18 min 
EC 5%; 
B* 3%) 
81 sBr« 480 6.624 r(m') 80 xKr« 107 1.14 s only 
cM [122] 
82 sBrac(8-) 36 hr 7 — — 81 ,«Kra(EC) 2 X105 yr 
440 
82 Kras 107 5.90 630 s only 82 Kras 107 5.90 s only 
[630] 
83 a6Kraz 440 5.89 r (m^) 82 uSeis 96 5.98 r only (m/) 
84 Kras 107 29.3 r (m!) 84 asSrae 48 0.106 È 
85  uKre(87) 10.4 yr 
85 wRbas 112 4.73 rs(m') 
86 5rRbo(87) 18.6 day 
86 asSras 48 1.86 89 s only 86  sKrio 2.4 8.94 r only (m) 
87 = asSras 60 1:33 80 s only 87 xuxRbio(87) 4.3 X10! yr 1.77 r only (m) 
9 
88 asSrso 4.8 15.6 75 s(m) 
89 asSrsi(8-) 54 day 
89 Yi 19 8.9 170 s(m) 
90 »Yu($-) 64.0 hr 
90 40Zreo 12 28.0 336 sm) 
91  w«Zru 24 6.12 147 B 
92  «Zri: 18 9.32 118 s 92 Mos 24 0.364 p(m) 
S M BÓ O OUOU 
93 407rsa(8-) 9X105 yr 93  «Zru (87) 9 X105 yr 
> 24 
94  4oZrs 18 9.48 121 s 93 «aNbs: 160 1.00 r, s decay 
95 4oZrss(87) 65 day 94 4iNbss™(8-) 6.6 min 
SSS Se — —94  aNbs(87) 2 X10! yr 
95 «aNbs(8-) 35day-4— —— — 94 «Moi: 240 0.226 b.s 
95 «Mos 324 0.382 124 s 95 4:Mos3 324 0.382 E 
[124] 
96 Mon 240 0.401 96 s only 96  «Zrie 6.0 1.53 r only 
96 «Rus: 432 0.0846 p 
07 MOM 324 0.232 75 s 
98 «Moss 240 0.581 (4) 70 ser 98 «Rua 432 0.0331 b 
99 «Mos: (87) 67 hr 
~ " ~ 
99 43Tcse(B~) 2A S yr 99 43Tcs6(8-) 2.1 X105 yr d 
e 99 «Russ 1160 0.191 sr 
100 4Tcs (87) 16acc s decay 
432 0.189 82 s only 100 «Russ 432 0.189 s only 
100 «Ruse [82] 


má 0.2. rs 100 42Moss 240 0.234 r only 
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o(n,y) in mb 


Weak line or c ("1,y) in mb 


A Main line oriri N oN Process A bypassed Or rj N 
102 «Russ 432 0.467 (1) 100 r =s 102 4Pdss 504 0.0054 
103 Rus (67) 40 day 
103 asRhss 760 0.214 r 
104 4sRhs9(87) 42 sec 
104  «Pdis 504 0.0628 32 s only 104 “Ruso 432 0.272 rony 
105  46Pdss 880 0.1536 r 
106 4ePdeo 504 0.1839 r 106 4sCdss 432 0.0109 ? 
107  «Pda(87) 7 X105 yr 107 aPdea(87) 7 X105 yr E 
“880 107 «7Ageo 1000 0,134 r 
s decay 
108 «Pda: 504 0.180 Y 108 4;Agu 2.3 min < 
(87, 98.5%; 
EC, 1.5%) 
109 4ePdo3(8~) 13.6 hr 108 «sCdeo 432 0.0079 p., s 
109 4sCde1(EC) 1.3 yr 
109 «Age: 1000 0.126 r 109 «Age 1000 0.126 r 
110 cAges(87) 24 sec 
110 4sCdez 432 0.111 48 s only 110 4 Pde« 504 0.0911 r only 
111. «sCdes > 1160 0.114(4) 66 res 
112. asCdea 432 0.212(1) 46 r =s 112  soSne: 84 0.0134 ? * 
113. «sCdes 1160 0.110(4) 64 res 113 ,aCdea (87) 5 yr ; 
^ d 113 YoIn« 1320 0.0046 ps 
114 «sCdes 432 0.256 (1) 55 rms 114 4oInes(8-) 72 sec 
115  asCde:(87) 54 hr 114 Snu 84 0.0090 ps 
115 «9Ines (87) 1320 0.105 (4) 70 sy 
(6 X10" yr) 
115 «9Tnes™ (87) 4.5 hr— — — —— ————————— —115 Snes 280 0.00465 s 
116 «Ine (87) 13 sec y 
116  sSnesc 84 0.189 16 s only 116 s Snes 84 0.189 s only 
[16] 
SSE E —: 
117  soSno7 280 0.102 29 s 116 «sCdes 432 0.068 r only a! 
118  sSnes 84 0.316 27 s 
119  sSnes 280 0.115 32 s 
120  soSn70 84 0.433 36 s 120 Tees 156 0.00420 P? 
121  soSnn(87) 7-28 hr 
121 siSbzo0 348 0.141 49 s 
122 s1Sb71(8~ 2.8 day 
122 pen? / 156 0.115 18 s only 122 Sn: 84 0.063 
123  s:Ten 520 0.0416 22 s only 123 siSbiz 348 0.105 
124 Tez 156 0.221 34 s only 124 Snu 84 0.079 
124 uXero 360 0.00380 
125 :Te; 520 0.328 r(m’) 
126 ates 156 0.874 r(m/) 12á sXe: 360 0.00352 
127 s Ten(87) 9.3 hr 
127 salva 880 0.80 r(m') 
128  s3I78(8- 95%) 25.0 min 128  ssl7s(EC+8* 5%) 25.0 min 
128 Xen 360 0.0764 28 s only 128 Tez: 156 1.48 ] 
ee ec 129 s:Te77(8-) 72 min I 
129 Xen 1400 1.0504&— — r(m') — ~~129 nl (87) 1:7 X107 yr «y 
130 43177(8-) 12.6 hr 
130 Xe: 360 0.162 58 s only 130 Xen 360 
131 Xen 1400 0.850 r 130 a:Tes 156 
130 Ban 37.2 
132 Xen 360 1.078 r 132 Baz 37.2 
133  uXen(87) 5.27 day 
133 5sCs7s 480 0.456 S 
134 5sCs79(8-) 2. 
134 Bars ois * 0.0886 33 s only 134 uXen 360 
135 Bars 124 0,241(1) 20 sr 
136 Bas 37.2 0.286 m s only 136 Xen 4 
Sd, 136 Cere (82 
137 Bas 124 0,414 (1) 34 sr : 
138 «Bas: 10 2.622 26 s(m) 138 wLan(EC, 87) e. 
0.00566 
139 ,sBan(87) 85 min 
139 Las 32 2.00 
| 140 GENE) 40.2 hr j 
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™~ 
e (1,y) in mb Weak line or c (1,y) in mb 
A Main line Or 7j N oN Process A bypassed or 7j N Process 
141 5sCess(6-) 32 day 
141 sePrsz 60 0.40 24 s(m) 
142  sePrss(8-) 19.1 hr 
142 «Nds 36 0.39 15 s only (m) 142 sCes 82 0.250 r only 
143 «Nds 180 0.175 33 s 
144 Ndu 120 0.344 42 s 144 eSms: 72 0.0108 p(m) 
à 145 eoNdss 180 0.119 21 s 
146 «Nds 120 0.248 30 s 
147 eNds7(8-) 11.6 day 
147 «1 Pmse(8-) 2.6 yr 
| 147 eSmss 4800 0.100 rs 
4 148  eSms 1440 0.0748 108 s only 148 coNdss 120 0.0824 r only 
149  eSms 4800 0.0920 rS 
150 ezSmss 1440 0.0492 71 s only 150 coNdoo 120 0.0806 r only 
151  eSms(87) 80 yr 151 eSms (8-7) 80 yr } 
4800 
152 «Sms 1440 0176«— — ——_ x rs 151  cEuss 5600 0.0892 r$ 
= — — —— -152 aEus(EC, 72%; 13 yr or 9.2 hr 
B7, 28%) 
153 62Smo1(8~) 47 hr 152 eaEuss™(8-, 78%; 13 yr or 9.2 hr 
tà EC, 22%) 
152 «iGdss 2400 0.00137 ps 
153  «Gds (EC) 236 day 
153 «Eus 5600 0.0976 rs 153 «Eus 5600 0.0976 rs 
154  63Eus:(8-) 16 yr 
: eiGdoo 2400 0.0147 35 s only 154 «Sms 1440 0.150 r only : 
«Gdsi 6800 0.101 r í 
««Gdo: 2400 0.141 r 156  «Dyso 1320 0.00029 p j 
«Gdss 6800 0.107 r 
«Gd 2400 0.169 r 158 '«Dys: 1320 0.000502 p 
«Gd (87) 18 hr 
esT bos 6000 0.0956 r 
e Tbos (87) 72 day d 
1320 0.0127 17 s only 160 «Gd» 2400 0.149 r only 
4400 0.105 r 
j 1320 0.142 r 162 Erg 1116 0.000316 p 
Dys 4400 0.139 r 
uDyss 1320 0.157 r 164 esErse 1116 0.00474 p? Too 
abundant 


0.118 


0.104 
1840 0.0770 r 
0.0850 ro 168 70Ybes 1080 0.00030 b 


Eri (8-7 | 
Tmo — 400 0,0318 


0.00666 5 170 sErio 


0.0316 (1) 19 sr 

0.0480 (4) 35 sr 

0.0356 (3) 29 sr 

0.0678 (1) 49 sr 174 72Hf102 520 0.00078 p? 


. 0.0488 (1) 34 sr 176  roYbioc 1080 0.0278 r only 1 
5 176. nLuis(8-) Large e 0.0013 P 
(7.5 X10" yr) 
s only 177 nLuie (87) 6.8 day 
sr 177  aHfios 1040 0.0806 sr 


aya (87 
Reiro 


ENE 


SYNTHESIS OF ELEMENTS IN STARS 
I eae ———— 


o(n,y) in mb Weak line or o(n,y) in mb 


A Main line Or rj N oN Process A bypassed Or rj N Process 
TT UMTMUUUUUUUUULLU————————————— 
186 Rei 91 hr 186 Rein 91 hr 

B- ~95%) (EC ~5%) 
186  :Osi 1176 0.0159 19 s only 186  ;Wnus 480 0.14 r(m’) 
187 4Wiis(8-) 24 hr 
187 70sm 2480 0.0164 41 s only 187 7sRe112(8-) 2040 0.0850 r(m’) 
(~5 X10! yr) 
188 7zsRe113(8-) 17 hr 

188 7Osii2 1176 0.133 r (m^) 188 zeOsitz 1176 0.133 
— ee E 
189 = Osis 2480 0.161 r(m/) 

190 Osis 1176 0.264 r(m’) 190 7zsPtitz 384 0.0001 $ 
191  :zOsinu(87) 16 day 
191 zinu 3160 0.316 r(m’) 


—_ —_—_ 


74 day 


192 rns 192 vIrus 74 day 
(8-7 96.5%) (EC 3.5%) 
192. sPti« 384 0.0127 4.9 s only 192 Osi 1176 0.410 "r(m/) 
193 sPtus long 193 76Os117(87) 31 hr 
193  ;zPtif(" (EC) 3.4 day 
193. sre E 3160 0.505 r(m') 193 z7Irite6 3160 0.505 r(m’) 
O Sen ee 5s x OO 
194  zIru:(87) 19 hr = 
194  ;sPtiuse 384 0.533 r (m^) 
195 7sPtiur 1240 0.548 r (m!) 
196 7sPtis 384 0.413 r 196 soHgis 240 0.00045 ? 
197 7sPti19(87) 19 hr 
197 Auns 1200 0.145 r 
198  ;sAuins(87) 2.70 day E 
198 soHguis 240 0.0285 6.8 s only 198 7sPtiz0 384 0.117 r only 
199 sHgns 680 0.0481 rs 
200 = soHgizo 240 0.0656 (1) 11 sr 
201  soHgiei 680 0.0375 rs 
202 = soH gizz 240 0.0844 (4) 14 sr 
203 soH gi23(B-) 48 day 
203 siTlizz 276 0.0319 (3) 6 sr i 
204  mTlizs 41 yr————— [s 204 siTliza 4.1 yr 
(8- ~98%) N (EC ~2%) 
204 s2Pbize 50 0.0063 0.32 s only * 204 soHgiız 240 0.0194 r 
(0.26) (13) S ] 
205  «Pbin (EC) ~5X10? yr— — - NOS soHgiss (87) 5.2 min 
00 ——»c»c5c 
‘ Ths athe 276 0.0761 (0) sr 
[14] s decay 
206 sTlızs (87) 4.20 min 
206 = s:Pbizs 25 0.122(4) 1.5 s cycles 206 s:Pbiza 25 0.122(1) s cycles 
(5.0) (62) r decay (5.0) r decay 
[1.5] 
L(62)] 
207  aPbis 50 0.0995 (1) 2.5 s cycles 
(4.1) (100) r decay 
208  s:Pbise 10 0.243 24 s(m) cycles 
(10) (100) (r decay) 
209 = s2Pbi27(8-) 3.3 hr 
209  gBiise 15 0.144(?) 1.2(?) s(m) cycle 
(eem Bi (2.6 X10* yr) 
21 i7 7 5.0 day 210  nBii 4 yr j 
MD (a 4490) s 
RaE 
210 du E 138.40 day (m) 211  saBiizs(a) 2.15 min 
206 52Pbin cycles 207 mnTlis (87) 4.78 min 
207 nPbisu cycles 
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I. INTRODUCTION 


N both the theories of radiative equilibrium and 
neutron diffusion we encounter transfer equations 
of the form 


Q- Vy (r,Q)--c;(r)y;(r,Q) 


= f Fj,(Q,Q/,1)05(1)¥5(1,2’)dQ/+4.(1,Q). (1) 


Since the most direct application of the specific 
results to be obtained will be to neutron diffusion we 
will use the terminology of that subject. Here y;(r,Q) 
is the angular flux of neutrons of energy 7 at r moving 
in direction Q. c;(r) is the total cross section for 
neutrons of energy 7 and 7; is the probability that if a 
neutron with energy j, direction Q’ suffers a collision 
at r a neutron of energy i, direction Q, will appear at r. 
qi(t,Q) describes any external neutron source. 

While (1) is, without simplifying assumptions, ex- 
ceedingly complex, a few general statements can be 
made. These concern the reciprocity principle and 
questions of uniqueness. The first of these is most 
important. Besides enabling us to compare different 
experimental situations and simplifying much of the 
mathematics it shows, as will be seen, how apparently 
difficult problems can be solved by relating them to 
simpler ones. 

Unfortunately, even the most elegant proofs' have 
been rather complex. Indeed, there are a number of 
theorems all of which go by this same name. In the 
following it will be shown that all these theorems are 
consequences of a simple identity. The method of proof 
has a number of advantages. First, the origin of the 
theorems and their generalizations in more complex 
situations are directly apparent. Second, the equations 
used so powerfully by Chandrasekhar! to determine the 
angular densities are obtained at exactly the same step. 
In a certain sense Chandrasekhar’s argument is turned 
around. Instead of obtaining equations for the reflection 
and transmission functions and then deriving a reci- 
procity principle we start from a slightly generalized 
principle. From this the equations and the specific 
reciprogjty result follow. This permits one to see exactly 
what the simplifications resulting from the “Principle 
of Invariance” ! are and makes possible a simple proof 
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1 For example, see S. Chandrasekhar, Radiative Transfer 
(Oxford University Press, 
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of this latter principle. A last advantage is that we can 
in this way obtain the fundamental equations for 
reflection and transmission functions even when reci- 
procity in a strict sense does not hold. 

Uniqueness theorems are particularly useful in con- 
nection with equations like Eq. (1). They not only show 
what must be specified to achieve a unique solution but 
also suggest certain notations which materially simplify 
the obtaining of the solution. Such a theorem is proved 
in Sec. II for a simple situation. The result is essential 
for the later arguments. Fortunately the proof is quite 
similar to the proof of the reciprocity identity in its 
general form which follows in Sec. III. In that section 
we obtain as special cases various results which have 
been called “Reciprocity Principles." 

In Secs. IV and V we turn to plane problems and 
derive Chandrasekhar's! equations for the reflection 
function for a half-space. In Sec. VI these equations are 
used to obtain the Green's function for one velocity 
neutron diffusion in the same geometry. A specific 
reciprocity result of Sec. III is used in Sec. VII to obtain 
the Green's function for two adjacent half-spaces. 

In Sec. VIII Chandrasekhar's equations for a slab 
are obtained as another specialization of the general 
reciprocity identity together with certain invariance 
considerations. 


II. A UNIQUENESS THEOREM 


For simplicity in deriving the general results and in 
order to be able to carry through the detailed calcu- 
lations for specific solutions we restrict ourselves in the 
body of this article to the following equation which is 
appropriate for one velocity neutron diffusion: > 


Q- Vy/(r,)--c (r)V (r, Q) 


de f Ky Ndl). (2) 


Here c(r) is the number of neutron emitted at r per 
neutron collision at r. It is chosen so that 


f raaa- il, (3a) 
We also assume that 


f raaa, . (3b) 
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f(2,2’)>0 all Q, a, (4) 


(These conditions are satisfied for all interesting physical 
situations.) 


Theorem.—1f c(r)<1 throughout a region V, the 
angular density is uniquely determined by the incident 
angular distribution on the bounding surface S and the 
sources within V. 


Proof.—Let yi, V» be two solutions of (2) with the 
same incident angular distribution. The difference 
V —ya— y» satisfies the equations, 


a-W-e(9y-«(9s() f fte, anis ana! (3) 


and 
V(r,0)—0, for no: € «0. (6) 


Here r, is an arbitrary point on S where the outward 
normal is no. 

If (5) is multiplied by v(r,£2) and then integrated 
over V and Q we find on using Gauss' theorem that 


Ii—ls, (7) 
where 
Unc [ 5» LAU) (8) 
2 
and 


E Tam il dro (x) if f dQdQ"p(r,Q) f(2,2') (1,2) 


= f dro(r) f dQy^(r,Q). (9) 


— Remembering (6) we see that 
; 120. (10) 


* "Sirice f(Q,9!) is positive definite [from (4)], we 
_ know that 


J If doda f(a NY, 2) 4r, 2) P0. (11) 
This ee with the conditions of (3a) and (3b) gives 


l f ES POS f dQy?(r,Q). (12) 


< jeoten-uf wapGa)so (9 


D i 
d iste mn d- X 


| 


(14) 


CASE 


the equality of (7) only if 


y(r,Q)=0 inV. 


Two remarks should be made: 


(a) The assumptions of the theorem are probably 
stronger than absolutely necessary. However, they are 
satisfactory for the applications of interest here. | 

(b) In case the region V extends to infinity (such as 
the exterior of a sphere or a half-space) the uniqueness 
is to be understood as applied to functions vanishing 
sufficiently rapidly. (Physically this means there are 
to be no sources at infinity.) 


As a direct application of this theorem we note that 
to obtain the most general solution of (2) we need 
determine only two functions for a given region. These 
are Yp(T,Q ; ro, Qo) and y,(r,Q ; r,, 2). Here y, satisfies 
Eq. (2) with q(r,Q)= $(r—10)52(Q- £2) and describes 
zero incoming flux. (6(r) is the Dirac delta function: 
6o(Q-Qo)=0, Q-Qı#1 and fbe(Q-Qo)dQ=1.) y, 
satisfies the homogeneous form of (2) with the con- 
dition 

Pelt, Q; r Rs) |r on sS=5e(r—T,)d2(Q-Q,). (15) 
Here 6, is the delta function on the surface S and Q, is 
a direction such that no. Qs |r =r, <0. 

The solution of (2) with arbitrary source q(r,&) and 

arbitrary incident flux Yine(Ts,&s) is clearly 


V9) Í ds if PAR ERE) 
S no <0 


+ f are f dawa; ro 20)q (rop Ro). (16) 


Proof that this is the solution is obtained merely by 
noting that (a) the equation is satisfied; (b) the bound- 
ary conditions are satisfied; (c) the solution is unique. 
In a sense to be shown below only y, is necessary 
(Yp will be obtained from y;). 
It is we hope clear how uniqueness can be proved 
similarly for the more penera] situation envisaged in (1). 


II. FUNDAMENTAL IDENTITY 
Let yi(r,Q) be the solution of 


Q- Vy (r, Q) +0 (r)ya 


=c(r)o(1) E Kaal adala) N 


RECIPROCITY PRINCIPLES 


which is the solution of 


Q- Vlr, Q)+o0(r)ğe 
=¢(r)o(r) | J-V, —@)J.(1,2/)dQ'+92(1,), (18a) 


subject to 
V»(r,Q) =o inc( 1,2) =o inc(T,Q) 
(for no: 2<0 on S). 


(The — is associated with the indicated transposition 
operation on the scattering function f.) Let us sub- 
stitute — Q for Q in (18a). This becomes 


—Q- Vjs(r, —9)--c(r)j»(r, — Q) 
-«9«() f rey, — Q')dQ!+-qo(r, — Q). (18b) 


Multiply (17) by %ə(r, —9) and (18b) by yi(r,Q). 
Subtract the second from the first and integrate over 
V and Q. Applying Gauss’ theorem we obtain 


fas f iom 0.6, — Q)yi(r,Q) 
s 


= f aos) f [orci - 2) (2,2) 
Xy (r, 2) — y(r, Q) f(0,Q)J.(r, —2')} 


+f arf cathe — Q)gq(r,Q) 
—Wi(r,Q)go(r, —Q)}. (19) 


Interchanging the names of the integration variables 
Q and Q’ shows that the first term on the right in Eq. 
(19) vanishes identically. Since yi(r,Q) and ys(r,Q) 
are prescribed on S for no: Q <0, it is useful to rewrite 
Eq. (19) as 


f dS f do [n 2| {Po is«(r,Q)Va(r, —2) 
S nQ «0 


—yı ino(r, Q2) a(x, —Q)} 


= f ar f aat, —Q)q(r,Q) 
i ~Ynx(1,2)42(r, —Q)). 


> 

From this identity the results which have been called 
reciprocity principles follow as special cases. We give 
three examples here. In all these we suppose f(Q,Q’) 


(20) 


= f(—Q’, —Q), i.e., the scattering function has time . 


reflection symmetry. From the uniqueness theorem we 
conclude that Y: zya. 
* » a 


— A ond, ee, id acd mM. :. NC 
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(a) Let yı correspond to a directional point source in 
direction Qı at rj. (qi(r, 2) —6»(Q- Qı)ô(r— rı), yı inc 
=0.) We denote this solution by wvj(r,Q; r„&ı). 
Similarly let Yo(r,Q)=Yp(r,Q; r2,Q2). Inserting in Eq. 
(20) gives 


V»(ri — Qı; Te, Q5) — ys (rs, (21) 


Thus the angular density at rı, direction — Qu, resulting 
from a unit point source in direction Qe at re, is equal 
to the angular density at r», in direction — Q», due to 
a unit point source in direction Q; at rı. From this 
many additional results follow. For example, on inte- 
grating the two sides of (21) over Qı and Q» we find 
the theorem: The density at r; due to a unit isotropic 
source at r» is equal to the density at r» due to a unit 
isotropic source at r.? Similarly on multiplying Eq. 
(21) by w-Q (w an arbitrary unit vector) and then 
integrating over Qı and €» we see that the component 
of the current in direction w at r due to an isotropic 
source at r is equal to the density at rə due to the 
directional source w-Q at rı. 


—Q2; Ii, Qı). 


(b) Let yi=y, (1,2; I1, Qis), (i.e., qı=0, yı inc 
—6,(rpj—11,)0.(Q-Q,)), and let Y=Y.(T, Q; T2 Q2). : 
(Note that no: Q;|ri, <0 and no- Qs| r», «0 is implied.) ; 


From Eq. (20) we find 


|n: Q| V, (ro, — Q2; ri, Qi) 


= |n €1| V (ris, —Qi; T23, Q»). (22) 
This says that the emergent angular distribution in direc- 
tion — Q» at ro, due to an incident beam at rj, in direc- 
tion Q, times the absolute value of the cosine of the 
angle between Q» and the normal to S at rs, is equal 
to the emergent distribution at rı, in direction — Qı 
due to an incident beam at r», in direction Q» times the 
absolute value of the cosine of the angle between Qı 
and the normal at rj,. 

(c) Let yi — v» (T, Q; 11,21), V»— V. (r,Q; Tos). Sub- 
stituting in Eq. (20) we find 


———+, (11, — Qi; rs, Qe). (23) 
[ns: s] e 


MN 


Vp(rss, — Q2; ri, Q1) — 


Thus, the emergent angular distribution in direction 
— Q: at rs, due to a point source of direction Q, at ri 
is the product of the reciprocal of the absolute value 
of the cosine of the angle between the normal at rs, 
and Q» and the angular density at rı, direction — Qı 
due to an incident beam in direction Qz at ro, 
if we are primarily interested in emerging an, 
tributions only the function y, is necessary. 

A particular consequence of Eq. (23) 1 
used below is obtained by M b 


3By "density" and “curren NT 1 
Pact BGR opp indati . ; 


y(r, s Q) \dQ a 
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density at rı due to an incident beam in direction Q2 
at Los. 


IV. PROBLEMS WITH PLANE SYMMETRY 


In these problems Eq. (2) simplifies (on introducing 
. the optical thickness?) to 


dy (z,Q) 


Oz 


u y (z,) 


=c(2z) f Kl dla), (24) 


where p is the cosine of the angle between Q and the 
positive z direction. The equation for y is the same with 
J(Q,Q’) replaced by f(—Q’, — 9). 

We can, of course, appropriately specialize Eq. (20) 
for this symmetry. It is, however, convenient to rede- 
rive the result. Since incident and emergent directions 
will be characterized by „> 0 or u<0 it is suggested by 
the uniqueness theorem to make the decomposition 
(used by Chandrasekhar’) of y into y+ defined by 


Va (2,0) —-y(z, +Q), (u>0). 


Similarly we decompose our sources into gi(z,Q). For 
a given source qı Eq. (24) becomes the two equations 


Ops? (2,Q) 
CU TN 


(25) 


SEO 


=c) f (4: 2,0' (6,0) (26a, b) 


+ f(EQ, —Q^y- 0 (2,2) }dQ/+ 9. (z,Q). 


(Here all Q are restricted to 4 0.) 
For the functions Y. corresponding to a different 
source q we have 


(2) 


+y (2,2) - V... 


CM 
0z 


=c) f {f(—2!, FAYO Ga) (27a, b) 


HQ, FY- (z, 2) dV +g EQ). 


Multiply Eq. (26a) by ¥-(2,2), Eq. (26b) by 
J, 2 (z2), Eq. (27a) by y-” (z,), and Eq. (27b) by 
, y+ 0 (z,Q). Subtract the sum of the resulting second 


two equations from the sum of the resulting first two. 


Integrating €2 over a 


deHoffmann, and Placzek, Introduction 
Muros ifii U. S. Government Printing 
7465 $3$uvl 


ll angles with p>0 and z between 


d 
k 
b. c 


3 For example, 
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Uo the Washington, b 
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CASE 


a and b (a b) we find 
[2949-69 6,) 
— Fx. (99-9 (9). 
b 
-f dz faot j..O0(z,0)9, (z,Q) 


HO (2,2)9_™ (z,Q)— y- (2,2)9, 9 (2,Q) 


#4. (94-9 (z,Q)). 289) i 


Specializing to various sources and incident angular 
distributions the analogs of the theorems in Sec. III 
are obtained. It will be seen, though, that even more | 
information is contained in these equations. 


V. HALF-SPACE PROBLEMS—BASIC EQUATIONS 


The fundamental problem of this type is: find func- 
tions (V4. (z,Q; z,01)) which satisfy Eqs. (26a, b) (with 
q4—0) for z> Z such that y4 (2,8; 2,11) 2ó4(Q- Qt). 

A convenient reformulation of this problem is the 
following: Find functions satisfying Eqs. (26a, b) 
everywhere which agree with the above W4.(z,Q; 2,1) 
for z>Z and which vanish for z «2. Clearly this can 
only be achieved by having plane sources at s=2Z. To 
see what these sources must be we can write our equa- 
tions as 


Os. if 
sum (05201) 4-«9) | y+ (Q)6(z— 2). 
Oz 


Integrating these equations from Z—«e to Z+e (e is 


infinitesimal) gives / i 
! 

-Eu(Va (ze, Q; Z, Qt)— y, (z— €, Q; Z, et)} P 

—A,(Q). (29a,b) E 

Since hi 
Va(2— e Q; 2, 01) —0 

and j 


ya. (2- Q; Z, Q1) =ô (Q: Q1), 


we have 
(30a) 


(30b) 


Ay (Q) — uó»(Q2- Qi), 
X (9)- —4- (5; 5,99). 


Let us now apply Eq. (28) to V4(z,Q; zi, £s) and 
Plz, Q; Z2,Q2) where z2>zı. The sources are 


qP (2,Q) = u02(Q.- Qi 2)8 (2— 21, 2); 


g-%) (2,Q) = — uy- (,Q;zye18(z—2), (31) 


RECIPROCITY PRINCIPLES 


If we remember that Ña (z, Q; z2,Q2)=0 for z<z and 
require the functions to vanish as z—> we obtain 


Mo (z2, Q2; 21,1) 
= f daug- zNa (0.05 2402), (32) 


Suppose 2221. Then y4 (z2,Q; 21,1) 62(Q-Q)) and 
we find the relation 


MW (2 Q2; 2,91) — ud (2191, 21,95). (33a) 


If in particular the reversal symmetry holds 
(/(Q,09^) — f(— Q', —Q)), we have y=W and Eq. (33a) 
becomes 


Mow (21,22; 21,21) =u- (231; 22). (33b) 


Up to this point there has been absolutely no use of 
“The Principle of Invariance.” Equation (32) is 
generally valid. However, as Chandrasekhar! has so 
fully shown, considesable further progress is possible if 
we can call on this invariance. In the present context 
this means only the following theorem. 


Theorem.—If c(z) is independent of z, 
V4 (s,; Z,Q1) =p (2—Z, Q; 0, Qi). 


Proof —W4(s—Z, 2; 0, Q1) satisfy exactly the same 
equations and boundary conditions as V. (z,$.; Z,Q1). 
'The uniqueness theorem then tells us they are identical. 

Define S and S by 


S(0,9^) — 4 (0, ; 0,9’), 
S(9,9) -4..(0,2; 0,9’), 
and put 21=0, 25—z in Eq. (32). We find 


i (59;0,9)- f dQ'5(@!,0)¥,(2,2'; 0,91). (34a) 


From Eq. (34a) complete knowledge of S and S can 
be obtained. For example, if we put z=0 this becomes 


S(Q,Q1)= S(Q,,Q), (35a) 


which can be used to rewrite Eq. (34a) as 
py_(z,Q; 0,0:)= f dQ'S(Q,0^V,(z,0';0,Q:). (34b) 


[It is convenient that all “reversed” functions have 
disappeared from the fundamental Eq. (34b) even 
though no symmetry assumptions on the scattering law 
have been made.] We note that Eq. (34b) is just 
Chandrasekhar's starting point for treating half-space 
problems. 

Further information can be obtained from Eq. (34b) 
by considering the limit zo. Since in this limit we 
are far from the boundary bat is to be expected that 


. Gurukt 
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y will tend towards an infinite medium solution of the 
homogeneous Eq. (26a, b). Translational invariance 
implies such a solution in as exponential function of z 
times a function of Q. The requirement y—0 as z— co 
shows the argument of the exponential to be negative 
(ie., V4—904(90)e-* where «Z0 and $4(Q)e-* is a 
solution of the homogeneous transfer equation). Sub- 
stituting in Eq. (34b) we find that 


up_(Q)= f dQ!S(2,2')4,(Q). (85b) 


'The remaining information needed can be obtained 
by following Chandrasekhar's procedure and differen- 
tiating Eq. (34b) with respect to z. The transfer equa- 
tions [Eq. (26a, b)] can then be used to eliminate 
0y.,/0z. Taking the limit z—0 and remembering that 


lim y. (z,Q ; 0,01) =6.(Q X Q)), 


and , 
lim y. (59;0,9;) -5(9,9:)/1, 


we obtain 


TNT 
(——)5,22-« f dda" f(Q', —Q") 


Ho Mi 


S'(Qo,Q’) 

x aaa — | 
m 

S(Q”,Qı) 


x Eo Q”. ayt] (36) 
m 


Here, for compactness in writing, we use the conven- 
tions that integrals are over all directions and S(Q,Q’) 
is taken zero for u or p’ <0. 

Thus, using only the reciprocity identity and the 
translational invariance the nonlinear integral equation 
[ Eq. (36) and the condition on the solution Eq. (35b) ] 
are obtained. Chandrasekhar! has shown in many cases 
that these uniquely determine S.t Given S the deter- 
mination of V..(z,£3; 0,01) is well known and straight- 
forward. Examples are given below. 

For further applications of the reciprocity relations 
it is useful to specialize f. Let us assume, as is true in 
many cases of interest, that 


f(Q',Q) - di(u^)bi(u")/4r, 


where d, 4» are even functions. (The physical origin 
of this even requirement will be seen later.) Then Eq. 
(36) becomes 


1 f! c 

(=+) sesan- sugu 6D 
Ho Mi dm 

* A general proof is possible. Since it introduces many concepts: 


foreign to the present discussion and is applicable to a wider class 
of equations it will be presented elsewhere 
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where 
SC (us) — x (ud) + fa Ay (ao, (38a) 
and 
S(Q Q” 1) 
gunma f on dQ”. (38b) 


Substituting for S from Eq. (37) gives the coupled 
integral equations 


1 hi( r ( 7 d , 
aac) — 9. (4) H p03 (u) | Ae (39a) 
2 0 potu 
C 1 $»(u/^) 3C (u)du" 
1) 7 »(u1)H-—38 (mı SS SSS SS, 39b 
Sl) 9:2) su) f S (39) 


These are readily reducible to a single integral equa- 
tion. Let 3€(u)—4i(u)H(u), g(u)—9»(u)H(u). The 
coupled equations are then equivalent to 


IW (uy) H (udu 
H(à) -14- uH (p) D ERO. (40) 
2 0 u-u' 
where 
V (u^) — &i(u^)» (u^). (41) 


The equation for H is thus just in the standard form 
discussed in detail by Chandrasekhar. 
For S we have 


€ Boi 
S(Q0,Q1)=— ——4 (uo) ®o(u1)H (uo) H (ui), (42a) 
‘ 4r both 
while 
€ Hopi 
S(Q0,21) =— ——» (140) ®1 (111) H (uo) H (ui). (42b) 
4m uotu 


VI. HALF-SPACE GREEN’S FUNCTION 


For simplicity we restrict ourselves in the following 
example to isotropic scattering (ie. d,—4».—1). 
Clearly® the discussion can be restricted to isotropic 
sources. The problem is then to find the solution 


(Vox (59; 20)) of 


Foye Han 
Z 
SA = fe dQ' {Vp (zQ) +p- (5,9) 42/45 (2— 9) /Ar, 
(43) 
subject to 


lim Yp (2,2 ; Zo) = 0, (44) 


qu lim ss (39; 1) =0. 


cr -- 
ES. ^ 
5 For example; 


» 
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The remark at the end of Sec. III states that 


1 
Yp—(0,Q; £o) — —p(o; 0,u), 


4ru (45) 


where p(zo; 0,4) = S dQ'Y (zo; 0,Q) is the density at 
zo due to an incident beam in direction Q on the plane 
z=0. p is obtained in the following well-known way. 
Formal integration of Eqs. (26a, b) yields 


1 z 
ea = [us 0,0) f cng (2, a)a |, 
Mo 
(46a) 


and 


w 


1 
= i eu (z',€3)dz' | ; (46b) 


Mz 


V (z,Q) — el» 


where 


Q4 (5,9) =c(2z) f (/(2-, 2), (2,2’) 


+(+, —9)y (s Q))dQ'-4-q.(z,). (47) 


In the present instance of as scattering, con- 
stant c, and isotropic sources qo(z)/47 this says 


; Eafe qo(2’) 
»-(0,)— f e la(s bons 
0 dm 


lor, (48) 
or 


1 C q 
—p_(0,1/p) = Laplace transform of en. (49) 
$ dr 4r 


Applying the Fourier-Mellin inversion theorem gives 


C 1 BT iv 1 3 
—p(z0; 04)-— f —p_(0,1/p; O,u)e?*°d p. (50) 
4r 2ri Y p—is 4 
In Sec. V it was found that 
c H(u)H(1/ 
EN Eu BOE CAP) NE 
p 4m p+i/u 
where 
! H (u^)dy 
H (u) = 19 n1 GO) Ilion. A x (52) 
0 
"Therefore, 
H( Brie TT (1/p)erz0 
p(zo; 0,4) = 2 f nine, (53) 
2ri pin p+l/u 


The work of Chandrasekhar! and others? enables us to 
regard H (u) (0 <p <1) asa known function. (“Known 
here means in the sense of numerical tables. While it is 
true that analytical formulas are available these are so 
complicated as to be virtually useless.) The main 
problem i is to express the contour integral in terms of 
* known" functions. This can be done with the aid of 
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the condition given by Eq. (35) which has so far been 
ignored. The infinite medium form of the homogeneous 
equations (26a, b) for isotropic scattering and constant c 
have the unique solution which vanishes for z— co 


V4. (z, Q) = (constant) [1/ (1 Fry) ]e-*, 
where x is the positive root of the equation 
1—c(tanh™k)/x=0. 
Hence in Eq. (35b) we have 
$4 (Q)=1/(1F ky). 


Substituting the expression for S in terms of the H 
function we find from Eq. (35b) that 


(54) 


1 p(y’) dp! 2 Al 1 
f ———--— (55) 
0 


(u--u')(1—xu) c H(u) (Fru) 


However, on decomposing into partial fractions we have 
—p 1 1 


the identity 
/ 1 
ee i89 
(uc-u)(1—«u') 1+rulutu x (1/x)]—u* 


On substituting this into Eq. (55) we obtain integrals 
readily evaluated on recalling the integral equation 


[Eq. (52) ] satisfied by H (u). The result is 
l| -———— edi [ -— |- (57) 
o (u+u')(1—xu') clt+kulH(u) H(—1/x) 


Comparing Eqs. (57) and (55) we see that H(p) has a 
pole at p=—1/k. 

The integral in Eq. (53) can now be evaluated in the 
limit of large zo. Deforming the contour to the left we 
see that the dominant term in an asymptotic expansion 
of p(zo;0,u) is given by the singularity of H(1/p) 
furthest to the right in the complex plane. This is just 
the pole at p= —x. Hence 


uH (u) 
p (zo; 0,4) — (constant)e-*» : (58) 
zy 


1— xku 


The reciprocity relation (Eq. 45) says then that the 
emergent angular distribution from a half-space with a 
plane source far from the boundary is proportional to 
H(u)/(1—xu). Alternatively, H(u)/(1—xu) is the 
emergent angular distribution for the Milne problem 
(i4., the problem of finding a solution of the homo- 
geneous transfer equation for the half-space which is 
~e* for large z). Thus 


Pm(z) =— (59) 


B+ iso p: 
1 l H(1/p)e ; 


B-ë®-0. Giri kangri ucen Handia ar Col 


a 


This is a “known” function with thoroughly inves- 


tigated properties? (The normalization® chosen here is 
such that p(0)=1.) 
Comparing Eqs. (53) and (59) it is apparent that 


=Nm (zo) ? (60) 


d 1 p (zo; 0,4) 
2 S EE 
dzo u H(u) 


where we define nm(zo) by 


11m (Zo) = (——«) onto. 


An elementary integration then gives 
zo 
p(zo; 0,4) — H (oen f eem aa (61) 
0 


The emergent angular distribution for a unit iso- 
tropic plane source at zo is given by Eq. (45) in con- 
junction with Eq. 61). 

The density p(z;zo) resulting from an isotropic plane 
source is obtained by inverting the Laplace transform 
of Eq. (49). Thus 


1 f-F ico 
cp(z; 29)-l-8(z— zo) =— f eH (1/p) 


2ri B— i 


xen f e? Gowns (z^)dz dp. (62) —— 
S40 


'The contour integral is readily evaluated since it is. 


seen from Eq. (59) that 


Bio 


2mi J8—i» 


where 
S(2)=0, 
=1, 


z«0 
2» 0. ^ 


Using this result in Eq. (62) it follows that 


cp(z; 20) — 1 (|2—20]) 


(20) /2 [2—z 
«f v (2 d ) 
lz—z01/2 2 


A more convenient form of this equa 
which the corrections to the infinite 


* The solution of the Milne problem gi 
[x/ EENS ). 


H(1/p)er*dp=6(2—20) +5(2)nm(z), (63) E 


oe 


wu Kv 


" 


density for 2 
found. 
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source solution due to the boundary z=0 are given 
explicitly. This can be obtained as follows: Let z, 
z>% while |z—zo| is kept finite. The result must 
certainly be the infinite medium plane source solution? 


pss (Z— 29) 1.e., 


Cp» (z— £o) — 1| 2— 2o] ) 


: , , 12—50| 
"IW Mm\ 2 + 
127—201 /2 2 


Therefore, on making a simplifying change of variable 
in the additional term in Eq. (64) we have 


1 oo 
ples 20)=pa(s—a)—— | mnte. (60) 
C "9 


If desired the angular distributions can be obtained 
using Eqs. (66) and (462, b). 


VII. GREEN'S FUNCTION FOR ADJACENT 
HALF-SPACES 


Generalizing the problem considered in the previous 
section we will here construct the Green's function for 
adjacent half-spaces. For simplicity we again restrict 
ourselves to isotropic scattering. The media for 2» 0 
(region 1) and z<0 (region 2) are to be characterized 
by constants c; and c», respectively. The unit isotropic 
source will be at zo where zo> 0. 

It is useful to start with the simpler problem of a 
unit directional plane source at z=0 emitting in direc- 
tion Q, into region 1 (u12 0). The first example of a 
reciprocity relation discussed in Sec. III relates the 
lensity at zo due to this source to the emergent angular 
Eon at z— 0 due to the unit isotropic source at zo. 

pecifically 


V»- (0,1; 2o) 7 p (2o; 0,21)/47. (67) 


Our program will be the following 


(1) We will find the emergent distribution from region 
1 due to the directional source at z— 0. 
(2) From this emergent distribution the density at zo 
due to the directional source will be obtained. 
(3) Using (67) the emergent distribution from “1” 
due to the isotropic plane source is then known. From 


this we can determine: 


(a) The density for z>0. 
(b) The emergent distribution from “2.” 


the emergent distribution from eget he 


(4) From <0 due to the isotropic source will be 


x 
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The first step is then to solve the equations 


ð 
Ti EA ; 0,0) 3- V4. 


c(z) 
m {4.(2,2’)+y_(z,Q2’)}dQ’ (68a, b) 


ô(z)ð (Q - Qı) 
+| 


0, 
where 
c(z)=a, 2>0 
=C2, 2<0. 


Denote the solutions for z>0 and z«0 by super- 
scripts ! and ?, respectively. Integrating Eqs. (68a, b) 
from slightly less than to slightly greater than zero gives 


4 ó»(€2 Q1) (69a) 
+u[y+™ (0,0) 2... (0,2) J= | 
0. (69b) 
From the discussion in Sec. V we also know that 
SO(Q,Q/) 
¥-(0,0)= faw ¥(0,2"), (702) 
a u 
and 
SO(Q.€Q^) 
4, 0,2)- f aa’ “y-(0,2'), (70b) 
H 


where S®, S? are the S functions corresponding to 
c1 and c». 

Eliminating VO and y_© from Eqs. (70a, b) by 
means of the relations of Eqs. (69a, b) we obtain the 
integral equations 


T (u) Ei 
PEL Bi Ti(ui) 
4m — uda 
c ! u Hiy(u/) 
/ 


o tu 


vO (0,)du', 


(71) 
u Hs»(u') 


u-Fu' 


6 1 
v0.2) 71.0) | y (0,9 du. 
0 


Fortunately, these equations are readily solved. The 
identity 

u' 1 

(u-t- u^) (u'4- a) 


[ a | 
utp’ +a 


u—a 


together with the integral equation satisfied by an H 
function gives 
P(e) ans D il | 1 1 
yet odas f u—alH(o) Hu) 


undati 


| (72) 
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This suggests that 


y. (0,2) = {ar+61Hi(u)/He(u)}/ (u4-u3), 
V. (0,2) = (o - 82H» (u)/ Hi(u) )/ (u— 3), 


where a1, «», Bı, B» are constants to be determined? 
Substituting Eq. (73) into Eq. (71) gives 


(oi - 8H (u)/ Hs (u)) / (ute) 


(73) 


Hi (u) B2C1/ Co 
= 2:0) o ee] 
(u+u)L4r Hi(—u) H:(—m) 
2 Qt» | Bold (u)er/ca 
(+m) (uo) Hs (u) 
74) 
(os F8» H s (u)/ Hi(u)) / (u— u1) 
Ha (u) l ei 2 
= Jui) H»(u1) Hi(ux) 


ay  Bulh(g)oa 
(u—p1) Hi(u)- 


(u— i1) 


These equations are compatible if 


ai=—a» Bi=—261/C2, 
) ae EDEN Baci/ €» 0 
d (Dt t 
4r Hy(—m1) H:(—m) 
and 
ay Bica/ c 


Ho(u) | Hi(ux) 


Solving for the constants we obtain 


€1 Hy(u1) 2 Hy (u1) 
4m Ho(u1) dm Ho(u1) 
C2 C2 
E as 
4m 4r 


where 
Co/ c1 


1 —1 
oii MO 
Ho(u)Hs(—49)) — Hiy(u)) Hi(— 03) 
The expression of Eq. (75) simplifies on using the 
identity!? 


— c(tanh-!z)/z, (76) 


e > H(z)H(— 3) 
which follows directly from the integral equation for the 


° This form is also suggested by the solution obtained for a 
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H functions. Thus we obtain 


y= 


—C1C2 1 | 1 
4m (c1— cə) (u- 1) 
— CC? 1 | 


| aliu) Hio) | (ITa) 
coH 2(u1)H2(u) 

Hy (41) Hsu) 

H (11) Hs(u) 


Inverting Eq. (49) shows the neutron density at 
297 0 due to the directional source at z=0 is given by 


YWO= 


l. (77b) 


ME G) (u—u:) 


1 ft» y, 0(0,1/5; 0,1) 
E 0,0) 2 — f — erd}, (78) 
4r 2mi J p—iw 
or 
p(z0; 0,21) — J1-- 75, 
where 


— (63 eg7olut 


—c 1 [i edp 


= A (79) 
p-io l--fui 


C€1— C2 2ri Cı— C? Mi 
and 
€1 Hilm) 1 B- io H (1/p)edp 


Jo= M Q (80) 
—Co H»(ui) 2mi Jg-ie Ho(1/p)(1+ pyr) 


As in Sec. VI, Jz can be related to “known” functions. 
When zo>% the principal contribution in Eq. (78) 
comes from the pole of Hi(1/p) at p= —xı. 


[1—a(tanh-x)/x1 —0.] 


Hence 
evo Hi(ui) 


1— xim Ha(ui) 


Thus, by Eq. (67), Hı(m)/H2(p1) (1—x1) is the 
emergent distribution from region ‘‘1” resulting from a 
source located far from the boundary. In other words, * 
this is the emergent distribution for the generalized = 
Milne problem—the problem of finding the solution of 
the homogeneous form of Eq. (68) subject to the con- 
dition of behaving as e%7 for sz. Let us call the 
density for z>0 corresponding to this problem m® (z). 
The inverse of the Laplace transformation gives 
B-F ioo pz, 

r EO Hy p)erdp 

2mi 4 8— i» (p—x1)Ho(1/p) 


This can be expressed in terms of the known function 
H2(u) and pm (z). [Here pm(z) is defined as in | 


(S9) by 
Brin HV (1/5) 
e”? 
P-k1 


Thus, on using the integral equation for. 


(81) 


p(zo; 0,21) — (constant) 
2070 


1 
pm) (s)=— 
. 2ri B— ic 


1 €2 


it is found that 


[^ z 
p. (=n Jom eode 


0 
E H»(u')du' 
x (ec EE gy 
0 u 


In terms of 7, ? (z) = (d/dz—m) pm (z) we can write 
Eq. (80) as 


C1 Hy(u1) 1 
— C2 Ho(ur) pı 


20 
x lem f mernin as! (85) 
0 


Using Eq. (67) the emergent angular distribution from 
region “1” due to a unit isotropic plane source at zo» 0 
is 


— (9 e lu 


y (0,21; Zo) = 
R 4r(c1—c2) mi 


C1 Hi(ui) 1 


4m (¢1— 62) H»(u:) a » 


(86) 


where ( ) is the same as in Eq. (85). 
The inversion theorem gives for the density at z>0 


1 
5(25 20) =———fim (|2—zo|) 
€1— Co 


1 [Es (A = 
+ 
€1— C2 184 12 


Again considerations of z, zo, |z—zo| finite, 
identifies the terms which describe a plane source in an 
infinite medium of properties “1” (p,  (z—20)) and the 
correction terms due to the boundary. The result is 


ie qm 


p(z; 20) = 0 9 (2—20) — 


if fim“? (z/--zo) 


€1— C2 


Xam G--dz. (s 20>0). (88) 


ediately apparent that Eq. (88) reduces to 


and to Peb, € when cza.] 
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due to the plane source at zo in region “1” is 
SO (Q, Q’) 
V+ (0, ; 20) = f ——“y,_(0,Q'; 2)dQ!. (89) 
H 


Expressing S? in terms of H», using the integral equa- 
tion for H» and remembering that zo> 0 we find 
A 


2 H»(u) 1 
4m (c1— c) Hy (um) 2ri 
Piso yer, H (1/2) 
i D 
B— ic 1—np Ho (1/p) 


Wot (0,2 ; Zo) = 


(90a) 


With the aid of Eq. (82) it is seen that 


1 o enn H3 (1/2) | 
36 bpm Era 


e701. o 

=, —:' luz > pe) 

-— f £7 Ing, 0 (z')dz 
H zo 


zola; H 2 
X S enm (sa, 
Hu H, (u) 0 
Hence ° 
- 1 Ho(u) 
V.» (0,Q ; 2) -— — — - jee 
4m (c1— cə) u Hy (u) 


20 
xf eee, fd |, (90b) 
0 


The Fourier-Mellin inversion theorem then gives 
=i il pane H»(1/p) 


— e» 
C1— €» 2ri HyY(1/p) 


p(z; 20) = 


B—ic 
20 

xf eren Ga, (<0, zo>0). (91) 
0 


Changing the order of integration yields 


1 zo 1 
(2; 0) = f Aim? (z')d/ — 
€1— 62 79 2ri 


B+io 1 
x Í 4 ep Go-z'—2)————— Ha /?) | dp. (92) 


H,(1/p) 
However, it is readily shown that 
1 ®t H.(1/5) 
E e?dp= Pm”? (j= (S-a) (2) 
2mi B—ie Hi(1/5) 


(93) 


where p, (z) is the density in region “2” in the - 


ORASE Ahr CoR AE alized Milne problem Expressed i in terms of y à 


RECIPROCITY PRINCIPLES 


Eq. (92) is 


1 (720) /2 
D 
€1— C2 * (2—20)/2 


A(z; 20) = 


ae 
xa, (s ye 


where 2<0, z92 0. [Explicit formulas for p, ?, anal- 
ogous to Eq. (84) for p, 0, in terms of Hi(u) and the 
solution of the standard Milne problem for a medium 
of properties “2”? (p,,?) are readily obtained.] 


VIII. EQUATIONS FOR A PLANE SLAB 


Finally it will be shown that Chandrasekhar's equa- 
tions" which determine the reflection and transmission 
of a finite slab follow directly from the identity of Eq. 
(28). 

The problem is to determine the solution of the 
homogeneous form of Eq. (26) in a region Z<z<Z+7 
subject to the boundary conditions 


Wine (2,2) 4. (2,2) =62(Q-Q1), 
Wine(Z+7, 2) =p_(2+7, 2)=0. 


Leaving the 7 dependence implicit, we denote the solu- 
tion by W4.(z,2,2,Q1). As before we consider a solution 
which coincides with Y for Z«z«2-Fr and vanishes 
outside this region. Clearly it is necessary to introduce 
the sources 


(94) 


q+ (2,2) = nó: (Q.- Q1)5(z—2Z) 
—yX.4 (24-7, Q; Z, Qt)ô(z— (24-7)); 
g-(2,2) = —pW_ (2,83; 2,21)6(2— z). 


(95) 


Applying the identity of Eq. (28) to Y4 (z,Q ; 21,Q1) and 
Y (2,0; zQ) where zır 2:222:2; results in 


u (25,25; 21,3) 


= f /91-6:8; 25,9) V. (25,9; 21,1) 


= f dO, (147,93 21,03) 


XY. (zi 7, Q; z», Qs). (96a) 


Assuming c independent of z we know from the 
“Principle of Invariance" that 


Y (2,0; 2,07) 2 Y (z—2, Q; 0, Q1). 
n ` 
$(0,0^—,4Y. (0,9; 0,9’), S(Q2,Q2')=u%-(0,2; 0,0^, 
T(Q,9) =u, (7,2; 0,2’), T(0,0)-—,4Y, (1,0; 0,2’), 


31 See reference 1, Chap. VII. 
CC-0. Fee gri University 


it is possible to rewrite Eq. (96a) in the form 
pW_(z,Q; 0,01) = f a Siaa (2,9; 0,01) 
= f do'/T(o',Q)& (r—z,/;0,0;). (96b) 


Putting z=0 and remembering the boundary condition 
of Eq. (94) one finds 

S(Q,Q1)= $(0,,0). (96d) 
Therefore, if {(@,Q’) has the time reflection symmetry 


S is symmetrical. In any event it is permissible to 
rewrite Eq. (96b) as 


pW_(z,Q; 0,Q1)= faasa anga; 0,0) 


- fere cs 0:0; Q). (960 RN 


Differentiate this equation with respect to z. Use the 
transfer equations to eliminate derivatives and put z— 0. 
Remembering the boundary conditions and the defi- 
nitions of S and T one obtains 1» 


Ho =+—)s(a9a =e f f sang’ E 


P 


where 


Q=, -arnas 2:2) 


7 


x| aor. Q d 


T(Q',Q) T(Q", a) 
H 


-f(-&', a") 
u u 


[The same convention is used as in Eq. (36).] 

The remaining conditions to determine S and 
obtained by comparing a solution with a beam 
on the slab from the left to one im which the 
is from the right. Let $(z,0; 2,0!) be the 
the homogeneous Eq. (27) for isst 
the boundary conditions 


$ (72-2, Q; 2, go 2), 
$,(2,0; zQ1)- 


Again consider a so 
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d. The sources that must be introduced are 


q+ (z,Q) = —u9, (24-7, €; z, Q1)6(z— (24- 7)), 
q-— (z,Q) — uó»(Q.- Q1)5(z— (2+7)) 


—pb_(Z,Q; Z,Q1)6(z—2Z). (98) 


Let yD — V4 (z, Q; 21,Q3) and pO = $6, (z,0; 25,Q:) in 
the identity of Eq. (28) (where zi Xz» X zi -7). The 
result is 


fio. esa; 21,3)9. (250 ; Z2, Q2) 


= f daut t T, Q; 22, Q5) W.(zid-7, Q; z1, Q1). (99) 


Suppose Ť(z,@Q) give a solution of Eqs. (27) with 
constant c. Clearly Y^, (2,0) — V4(—z, Q) is a solution 
of the equations obtained from Eq. (27) by replacing 
f(2,2') by f(—Q, —Q". Let us assume f(Q,Q/) 
= f(— Q, — Q’). (This corresponds to invariance under 
spatial reflections. It is satisfied for all important appli- 
cations?) From the uniqueness theorem it follows that 
for constant c 


$«(2,9;z,01) —Y.(z47—2,0;0, Qt). (100) 


Inserting this in Eq. (99) and using the translational 
invariance one concludes that 
if dT (Q,2,)V,(z,2; 0,0;) 

= f 207(0,0,)¥, (6,0; 0,03) (101) 


Putting z=0 gives 
T (21,92) - T(05,Q:). (102) 


Differentiate Eq. (101) with respect to z. Eliminate 
derivatives by means of the transfer equation and then 
put z— 0. One obtains 


TO osos. f [ania (103) 


S Ho Hı 
wheré . à 
i ESSI (CGU ES] 
= f(Q", — 9)————| &(— X -Q;)4-— ——— 
O= E 7 
k T(Q,Q0) S(Q',Q) 
— f(Q, =a) — | ara) — ; 
u m 
, $ Fi Sing the symmetry properties [Eqs. (96d) and 
j REIS A the fundamental equations for S 


uu ^ 
1? This js why the function 


s di, d» in Sec. V are usually even. 


CASE 


and T 


l d 
—+—)s(a,0)=cf fadoa, —Q^( ^y 


Mo Pi 


ia (104a) 
——— }T(Qo,Q21) 2c AQdQ’{ 3» (105) 
Ho 2) n 
S(Q,,) 
( h- [cam —À 7] 
m 
S(Q',Q) T(Q5) T(Q',Q) 
x [sc 972) ; | P , 
nu u nu 
and 
T(Q,Q) S (Q,Q/) 
{ hf", a) r | 
H H 
T (Qo,Q) S(Q/,Q)) 
=fi(Q; - a)" E ; “| 
H H 


It is remarkable that Eqs. (104a) and (105) have no 
explicit dependence on 7. (Exactly the same equations 
hold for slabs of all thicknesses.) Clearly some addi- 
tional condition must be added to make the solution 
of the proþlem for a given slab unique. However, Eq. 
(105) tells, in essence, what the condition is. Solving 
for T in terms of the integral on the right it is seen 
that T(Qo,Q;) is determined only up to a term propor- 
tional to ô(uo— 431). This must describe the direct con- 
tribution of the incident beam. Thus the correct form 
of Eq. (105) including the condition necessary to make 
Eqs. (104a) and (105) determinate is 


T (Qo, Q1) = mô (Q0: €2:)e-7/ 


Chou 


ta Ey f fase Yo. (104b) 


Equations (104a, b) are then the fundamental equations 
which determine the reflection and transmission for a 
slab. To recapitulate: we have assumed c=constant 
(translational invariance), /(Q2,2’)=/f(—Q, —2’) 
(spatial inversion invariance), but we have not assumed 
f(2,2')= f(— 2’, — Q) (time reflection invariance). If 
we do make this additional assumption we have also 
proved that S and T are symmetric. The essential dif- 
ference between this and Chandrasekhar’s! derivation 
is that we start from Eqs. (96c) and (101)—which 
follow immediately from the reciprocity identity and 
translational invariance. There is never any need to 
consider solutions of slab problems with different thick- 
nesses. 


APPENDIX 


Since reciprocity relations are important for much 
more complicated situations than those treated above 
(where analytic, or semianalytic, solutions can be 
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found), it seems worthwhile to sketch the proof of such 
theorems for the general case described by Eq. (1). 
Let y; (r,Q) and 9; (r,Q) satisfy 


aw." HVE | 74,97) 


Xo (1); (r, Qd +q:™ (r,Q), (A1) 


and 
— Q: Vj;O (r, —Q)+o:(1)ġ: 9 =Z fenan 
j 


Xoi(Ys® (r, -d+ (r, -9). (A2) 


Multiply Eq. (A1) by J;?(r, — 2), Eq. (A2) by 
y, O (r,Q). Subtract, sum over 7 and integrate over the 
volume V under consideration and all Q. The result is 


fas f 22 Z vi (r,2)J;? (r, — Q) 


= fat fda xt - mec 


—y;9 (r,Q)g;? (r, -Q)]. (A3) 


ommo oer cpm 


Specializing to various point sources and incident 


distribution it is possible to obtain a large number of __ 


relations between solutions of different problems. 
If we define a matrix $(Q,Q/,r) by 


F j;(Q,Q',x) = F;(0,Q',r)ó;(r) 


we might say that reciprocity in a strict sense exists 
provided there is a nonsingular matrix Q(Q) such that 


Q(9)st(— Q', =Q, rn)Q7 (2^) = F(Q,Q’,x), (A4) 
where $1 denotes the transpose of $. 
Under these conditions, 
QU-v, (A5) 


and the identities implied in Eq. (A3) will relate 
various solutions of the same equation. (A particular 
example of this is the reciprocity relation proved by 
Chandrasekhar” for the case of Rayleigh scattering of 
partially polarized light.) 


13 Reference 1, Chap. VII, Sec. 52. 
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REVIEWS OF MODERN PHYSICS 


INTRODUCTION 


HE correct representation of potential energy of a 
set of atoms as a function of the interatomic 
distance is of fundamental importance in molecular 
structure. A good deal of information about the struc- 
ture of a molecule is summarized in its potential energy 
(P.E.) curves. Potential energy minima determine the 
bond lengths. The second derivatives of the P.E. with 
respect to distance give the force constants. And these 
determine the vibrational and rotational levels of the 
molecule. Anharmonicity constants depend on higher 
derivatives of the P.E. curve. 

For molecular structure, the problem assumes its 
simplest form in the case of diatomic molecules where 
the interatomic distance is the one independent 
variable. 

It is possible to plot the P.E. curves by making use 
of the energy levels themselves. Oldenberg (01), 
Rydberg (R6, R7), and Klein (K1) have developed 
methods of doing this, and Klein's method has been 
used with success by Rosenbaum (R5) and by Almy 
and Beiler (A1) for the upper electronic states of LiH 
and KH, respectively. 

This method is very laborious and further it cannot 
i be applied with accuracy at low vibrational quantum 
numbers for which the power series expansion method 
of Crawford and Jorgenson (C5) has to be applied. 
This power series for the potential energy in terms of 
the displacement of the atoms from the equilibrium 
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position does not converge rapidly for any range of 
displacements and involves even more computation 
than the Rydberg-Klein method. Rees (R1, R2) has 
given an analytical formulation of the Klein-Rydberg 
method which enables the P.E. curve to be evaluated 
with accuracy in the region of the minimum and has 
applied it to certain states of Br». 

On the theoretical side, by quantum-mechanical 
methods, it has not been found possible to calculate the 
P.E. curve to any great degree of accuracy due to 
mathematical and computational difficulties, except in 
the case of the simplest molecules like H+ (Teller T3, 
Chakravarty C2), H» (James and Coolidge J1), etc. 
Classical electrostatic models for ionic molecules like 
alkali halides have yielded good results (Rittner R3, 
Varshni V2). 

The most widely used method is to represent the 
P.E. curve by a suitable function—empirical or semi- 
empirical, and many functions have been suggested. 
First we formulate the criteria that a good potential 
function must satisfy. We are not concerned here with 
repulsive states. These criteria (Morse M6, Frost and 
Musulin F1, Lippincott and Schroeder L6) can be 
divided in two parts, (a) necessary and (b) desirable. 


(a) Necessary : 


(1) It should come asymptotically to a finite value 
as ro. 

(2) It should have a minimum at r—7,. 

(3) It should become infinite at r=0. This need not 
be very strict, because results are practically the same 
if U becomes very large at r=0. Also if nuclear structure 
and forces are taken into account, this criterion is not 
exactly true. However, for our purposes, the change in 
the P.E. function at internuclear distances of 10-? cm 
is of no consequence. 


(b) Desirable: 


(4) The above three criteria give a conventional 
form of P.E. curve as shown in Fig. 1. However, it is 
not the only possible form for the curve. Potential 
energy curves with at least one maximum between the 
main minimum and the dissociation limit are certainly 


known (Gaydon G1, Mulliken M7, M8, Herzberg H3, 


Barrow B3). Gaydon (G1) does not erate the possi- 
bility of multiple maxima and minima. 


The maximum often arises when an “attractive” 
potentiel curve in a low approximation is crossed by 


“repulsive” potential curve. Because of the fin 
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interaction, the intersection is avoided leading to a 
potential maximum of the lower of the resulting po- 
tential curves if the interaction is not too strong (Fig. 
2). A few cases of such potential curves with maximum 
have been observed by means of predissociation phe- 
nomenon, for example for AIH and BH (Herzberg and 
Mundie H4). Maxima also arise due to Van der Waals 
interaction. Another case when the maximum is below 
the asymptote is shown in Fig. 3. 

Thus to accommodate such states the potential 
function should be capable of giving rise to at least one 
maximum under certain conditions. 

Frost and Musulin (F1) have given a theoretical 
discussion of the various criteria. In analogy with the 
wave-mechanical calculations, they consider the po- 
tential energy as the algebraic sum of two parts:— 
(i) the nuclear repulsive potential corresponding to 
merely a Coulomb potential ZiZ»e?/r where Z; and Z» 
are effective atomic numbers; (ii) the purely electronic 
energy defined as U. which is also a function of r. Thus 

a 
Z Le" 


ES e 


if 


Fic. 2. Potential energy 
curve with one maximum. 
The maximum lies above 
the dissociation limit. 


They have shown that an ideal potential function 
should also satisfy the following additional criteria. 
Somewhat similar ideas were advanced by Davidson 
and Price (D2) and Newing (N1) earlier. 


(5) (a) U. is finite at r=0. 
(b) U,- U at r=0, where U? is the known 
"united" atom energy. 
(6) U.« —Z,Z2¢"/r for large r. 


dU, 
(7) ——=0 at r=0. 
dr 


This condition is known to exist for H;* as its elec- 
tronic energy approaches the united atom He* (Matsen 
M3). Shis is believed to be correct also for other 
diatomic molecules, but the proof has apparently not 
been given. 

(8) Van der Waals terms should introduce terms of 
the form 1/r” (Coulson C4, Pauling and Beach P2). 
Criteria 4 to 8 need not be exactly true. 


^ it 
FA: P a 
rE B T. HS E 
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Fic. 3. Another case of 
potential energy curve with 
a maximum, the maximum 
lying below the dissociation 
limit. 


The experimental constants which are available for 
fitting the curve are: 1. r,—internuclear distance at 
equilibrium; 2. D,—dissociation energy; 3. k.—force 
constant; 4. a; 5. weve; 6. weye; T. re—the critical 
distance, a quantity obtained indirectly from mass 
spectrometry appearance potentials. 7, is the value of 
r, less than re at which U —0 or the same as at r= co ; 
8. U2. b 

For most molecules only the first five are available. 
weye is known only for a few of the more extensively 
investigated molecules, and that too not very ac- 
curately. So far, the re value is available only for Hst 
(Stevenson S2). U? can only be used in conjunction 
with criterion 5b, which is a stringent condition and 
may not be satisfied by a function satisfactory from 
other criteria. Thus we are left with the first five - 
constants. e J 

Two types of analytical functions have been used: E 
(1) power series of the type E 


U —a(r—r2)-r-ex(r—r23*--csi(r—r2?- ++, 


(2) closed formulas. 
The first type has been investigated by Kratzer (K4) 
on old quantum theory and by Dunham (D5) and 
Chakravorti (C1) by wave mechanics. Dunham's work — 
has been extended and simplified by Sandeman (S1). 
Though this function has the advantage that the 
corresponding wave equation can be solved to a very | 
good degree of accuracy, there is one serious objection. 
The series is not convergent and unsuitable for high r 
(the P.E. as obtained from this function tends to plus 
or minus infinity as r becomes infinite, instead of going 
to the dissociation limit), though it can be used to 
a very accurate P.E. curve close to the minimum. 
this is not a very convenient expression from com 
tational viewpoint. The only advantage that i 
claimed for Dunham’s expression is flexibility. 
Numerous empirical or semiempirical func 
been proposed to represent the P.E. curve. — 
Comparative tests for some of the functio 
molecules have been made (Lotmar I 
James, and Vernon C3, Davies D3) 
tensive examination has been ma 
relative merits of the variou 


os 
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In view of the fact that five constants are available, 
for maximum flexibility, one can keep five parameters 
in the functions, but such functions are only useful for 
plotting the P.E. curve. 

Functions with fewer constants (3 or 4) have also 
been suggested. Because the number of parameters is 
less than the available spectroscopic constants, such 
functions also yield relations between the different 
constants. This gives rise to another question: is it 
possible to find interrelation between the different 
constants, irrespective of the type of binding, etc.? 
Special emphasis is laid on this point in this paper. 

In principle we can utilize any of the known constants 
(in all equal to the number of parameters in the func- 
tion) for fitting the function. However, this is not 
always satisfactory for two reasons: firstly, the expres- 
sions for the parameters in terms of constants usually 
are much simpler for fre, ke, D, than for a, and ox. ; 
secondly, the values of a, and ox. are not known with 
the accuracy that the k. and 7, values are known (at 
times values of a, and/or cx, are not known at all). 
Hence, as a uniform policy we would determine the 
curve from ke, re, and D. when there are three constants. 
The function can be tested in two ways—(a) by com- 
paring it with the experimental curve, (b) by evaluating 
the values of the coefficients in the series or the unused 
constants and comparing them with the actual values. 
Here we only utilize method (b). 

Comparison of a, and wete is a more direct method, 
rather than of the coefficients of the series. Further it 
is more convenient for comparing different functions. 
Hence we adopt this method. 

The condition that a satisfactory function should be 
capable of yielding the correct a, and w.x, values is 
only necessary but not sufficient. A function may yield 
correct a, and w,2,, but still may not be satisfactory 
in the neighborhood of r=0. (See also Wu and Chao 
W2.) 

To find the parameters from the experimental con- 
stants we have to solve the corresponding wave equation 
and compare the resulting coefficients of the terms with 
the series 


G (v) =w,(v+3) — wete (0+3) - oy (0 - 2) + wet. (2) 


However, this is not always possible. The Schródinger 
equation is exactly solvable in only a very limited 
number of cases (Manning M1, Eisenhart E1) and 
perturbation methóds are often cumbersome. Hence 
the following procedure is adopted. The closed analyti- 
cal function can be expanded as follows: 


1 
* poU" rrr FU" ary 
U(r) "d (ra) (7-7 B 


Pers (r)(r—79*---- (3) 
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which is the same as series (1) with 


U” (re) 
C= — 
2 
U'" (re) 
C= 
8 
Ui” (re) 
C4— = 
4 


Dunham (D5) has shown that 


C3 65, 
«--[ a (4) 


C2 We 
and : 


15 /c3 \? C4 h 
ESSE pr ae 
8 Nc» £94 J&r?c 


where B,— rotational constant and u= reduced mass. 
Actually there are some further terms but they are 
negligible. We put 

Ut (r.)/U" (re) = X 

ONG) (Ure) = Y. 


Then in terms of X, Y, and ua (reduced mass in atomic 
weight units) 


Xr, 6B? 
Qe=— | +1 I- (6) 
3 We 
5 h 
EX. 
3 46472: 1.6597 X 1044 


5 2.1078 10715 
E 
HA 
5 W 
=|=- yI- (7) 
3 KA 


where W=2.1078 10-15. 

If we are dealing with a three constant curve we can 
fit the curve from k., re, and D, and deduce the value 
of a, and cx, from (6) and (7). The curve can be fitted 
from the following three conditions 


U(r.)—U(0)= D; 


dU 
ORE 
dr /r =Te 


(8a) 


ec 


(8b) 


and 


(8c) 
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The relative merits of the functions can be tested by 
calculating the values of a and wre and comparing 
them with the experimental values. For a broad 
behavior of the function a new graphical method is 
used, which very clearly shows the applicability of a 
function without detailed calculations. In (6) and (7) 
it is only the quantities 


Xr, 5 
| + ] and [x- d 
3 3 


which will be different for different functions. For most 


of the functions 
"DX. 
[4] (9) 
3 


5 
j E y zc 
3 


can be represented as functions of the dimensionless 
parameter A where 


(10) 


kar 
2D. 


=A. (11) 


This A may be called Sutherland parameter in honor 
of Sutherland (S3) who was the first to emphasize its 
importance. Then 


6B? 
(euo (12) 
We 
W 
e=G- : (13) 
Mare 


From the later analysis, it appears that those func- 
tions which give a, and wete values higher than those 
given by the Morse function can be safely ruled out. 

The following symbols are used: 


p—r—r, 


r—rf, 


= 


Te 


A, B, C --- a, b, c --- m, n, etc. are constants. 
'Though often the constants in different functions are 
represented by the same symbols, the value of the 
constants for different functions is different and should 
not be confused. 


DOUBLE-EXPONENTIAL AND MORSE FUNCTIONS 


Assuming that the repulsive and attractive terms 
both vary in an exponential manner, the potential 
function can be put as 


U — Ae-"r— Ber, 14) 
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Morse (M6) suggested a special form of this: 


U-D([1—e-96—79 2, (15) 


This satisfies criteria (1) and (2) and although at 
r=0, U is not infinite, it is nevertheless a satisfactorily 
large quantity. 

Applying conditions (8 a, b, c) one easily gets 


a= (k./2D.):. 


Morse solved his function for a special case and found 
that 


G(s) o. (04-3) —were(v+4)" 


for the vibrational energy levels without any higher 
power of (v+4). However Ter Haar (T4) has shown 
that this conclusion is not rigorously true. 

Pekeris (P4, P5) solved the Schródinger equation for 
the Morse curve by a perturbation method and found 
that to a good approximation 


a= 6B (16) 


Qe =| 
Since 
U" (r,)=20D, 


U” (7r.)=—68D, 
Uv (r) =14a'D,., 
from Eqs. (6) and (7) we easily get 


6B? 
a, — (A1— 1) (17) 
Qe 
W wW 
wete =8—= 8A (18) 
HA THA 


Equation (17) is equivalent to (16) by virtue of (18). 
Equation (16) has been tested by Pekeris and found to 
yield good results. 

On the other hand (18) has been examined by Hug- 
gins (H5, H6), Linnett (L1), etc., and found to give 
very poor results. 

Equation (18) can be simplified to 


2 
We 


Joc. 


D.= 


(19) 


which corresponds to the linear Birge-Sponer extra- 
polation. Gaydon (G1) has shown that usually this 
method gives rather high values for the dissociation — 
energies. 

For hydrogen halides, Davies (D3) found the values _ 
of U(r.) and U` (re) to be satista ctor i 

This function predicts for Hst, re=0.50 A or 16% — 


low as compared with Stevenson's (S2) experimental — — 


value of 0.595 A. 
Badger (B2) has proposed the doli ei 
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rule for estimating “a” for single bonds: which is similar to the radial wave function Rs(r) of 
PENIS di) the hydrogen atom. 'This satisfies criteria (1) and (2), 
but like the Morse function, does not become © at 

where d;; is the constant occurring in Badger's relation 7—0, though it is sufficiently large at that point. 


(B1) between ke and re. From the three conditions (8 a, b, c) one gets 
Huggins (H5, H6) modified the Morse function by b= (k/ D 
putting a in (15) equal to e""'?, both 712 and m being the Horülen we have S Se ae 
same for all electronic states of the same diatom. This 3 
gave satisfactory values of r, from observed values of U” (rj) 2 —2D,* 
ke and weve. But when he attempted to use the same Ui (r,)=3D.b! 
function with the same values of 712 and m to calculate whence we get $ E 
the heats of dissociation, the results were quite un- 2/2 6B. 
satisfactory, the errors being of the order of 100-200%. a= [m = ] (23) 
It appears that the function of Huggins gives an 3 d c | 
adequate representation of the relation between U and 22 w ^ 
r in the neighborhood of re, but departs widely from the nena (24) : 
actual relation outside this region. pd. rena 
i 
EXTENDED MORSE FUNCTION In predicting transition probabilities of Cə (Swan) | 


Coolidge, James, and Vernon (C3) examined the System, the Rydberg function gives better performance 


following extended version of the Morse curve: than the Morse or Hulburt-Hiischfelder functions 
(Tawde and Gopalkrishnan T1). 


U 
CE D c[1—e-9 72]. (20) ROSEN-MORSE FUNCTION 
nz2,... , : 4 
B In its simple form the Rosen-Morse (R4) curve is 
In actual calculations on certain states of Ho, i Eam 2 
A 5 d U — A tanh(r/d) —C sech?(r/d). 25 
Coolidge, James, and Vernon have taken 7 terms in : MO) Sie) eu 
this series. The form is flexible, but it has one serious This does not satisfy the 3rd criterion. The relations 


disadvantage: a’ is difficult to determine, and in fact to observed constants are 
loses its significance as we take more terms in the 
extended Morse curve. tanh (r./d) =—A/2C 


HULBURT-HIRSCHFELDER FUNCTION De=(A+2C)?/4C. 


Let 
Hulburt and Hirschfelder (H7) modified the simple f=1/C?- (4C2— A’)? 
Morse function in this way: then 
U=DE(i—e-=)*-+oxte=(1+02)] (21) ERA Cc BC 
where U(r.) 23A f/8d3C? 
We P= in = 2. a2 478 
Um a U (re) = (94?— 8C?) f/8d'C*. . 
y 2(B.D) re We define another parameter p given by i 
and 6 and c are simple algebraic functions of the five r./d— p. i 
spectroscopic constants. This has the great practical Then we have 
advantage that it uses just those five parameters which A-— 2 (1--tanh?y? 26 
are most readily obtained from the study of band EL ueanbp) Go 
spectrum. Hulburt and Hirschfelder give a list of the 6B2 
numerical values of the parameters for 25 common a,— (2p tanhp—1)- (27) 
diatomic molecules. With only a few exceptions, their D 
potential curves lie above the Morse curves. Ww 
Recent work of Tawde and Gopalkrishnan (T1) on wete=8p?(3 tanh?p--1) - 
5 the transition probabilities in the C; (Swan) system Toha , 
E suggests that this function is only satisfactory in the (Stanhtj-1) W 
— "region 72 fe- —Dcme OMM 
^ $ í RYDBERG FUNCTION (1+tanhp)? rua 
fi 3 wW 
Rydberg (R6) proposed: — 8A (1— er eP) 
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Variation of F and G with p and A is tabulated in 
"Table I. 

Other methods of fitting the curve have been given 
by Lotmar (L10), Kronig (K6), and Davies (D3). 
Davies found that for hydrogen halides it gives results 
no better than Morse function. An extended four con- 
stant version of the Rosen-Morse function has been 
suggested by Lotmar (L10) which has been tested by 
'Tawde and Gejji (T2). 


MANNING-ROSEN-NEWING FUNCTION 


The Manning-Rosen (M2) function is 


1 [8(8—1)e "4 — Aeg-ria 
emp € 
k@L (1—e-4? — 1—e:/a 
which may be put as 
Be-1!d-- Ce-?7ld 
eS (30) 


a (1— rap 


It obeys the 3 necessary criteria. However, Manning 
and Rosen found that for this function “the disso- 
ciation energy . . . is greater than the quantity w7/4wer. 
given by the Morse function." Thus 


or 


2 E 
QC QC 


= — >. 
4(D.—ô) 4D. 


WeXe 


Thus it gives wx, values even higher than does the 
Morse function (which itself gives much higher values), 
and hence this function is not suitable. 

- Newing (N1, N2) studied the function 


ae 


gare— g-aP 


U=-D.+D{ (31) 


(There is a misprint in the original equation as given 
in his paper. The first term in the denominator has been 
printed as e-*'*, whereas it should be c*'«.) 

This expression on simplification takes the form of 
function (30). 


PÓSCHL-TELLER FUNCTION 


The function due to Póschl and Teller (P6) has the 
form 
~ U=A cosech'a(r—79) —B sech'a(r—ro) (32a) 


which uses 4 constants. 
We examine here the simpler version 


U — M cosech*(r/d) — N sech?(r/d). 


This obeys the three criteria. - 
) CC-0. Gurukul K 
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'TABLE I. Rosen-Morse function. 


P? A F 

0.7 1.26 — 0.1539 8.208 
0.8 1.77 0.0624 11.89 
0.9 2.39 0.289 16.45 
1.0 3.10 0.523 21.92 
1.1 3.94 0.761 28.43 
1.2 4.84 1.001 35.55 
1.3 5.86 1.240 43.63 
1.4 6.96 1.479 52.49 
1.6 9.45 1.949 72.68 
1.8 12.28 2.408 95.63 
2.0 15.43 2.856 121.2 
2.2 18.89 3.293 149.3 
24 22.67 3.723 179.8 
2.6 26.74 4.144 212.8 
2.8 31.13 4.559 248.1 


From conditions (8 a, b, c) we get the following 
relations (Davies D3): 


tanhí(r./d) 2 M/N —y' (say). 


Then 
d?—8D./k, or A-4r2/d* 
y=tanh(r,/d) 
N=D./(i—y")?. 

Further 


U" (r) =8N /d?- (1—y*)? 


U” (r)) = —24N /yd? - (1-9) (1—5*) 
8 1—y')? 

Jiv = NAT aa A^ 1 

U` (re) Asean | 32N (1 2 


whence we get 


6B? 
a, [A5 cothAt— 1]— 
Qe 


W 


Qc, —8A- ? 
réuA ^ 


While the value of a, is different from the M 
function, the value of wav. comes out to be the sam 
in the Morse function. 

Davies (D3) examined this function on hydrogen 
halides and from the values of U’’(r.) and U` (re) 
concluded that it is slightly superior to the Morse 
function. jag 

HYLLERAAS FUNCTION — 


Hylleraas (H8, H9, H10) introd the po! 


` 
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and the intermediate quantities a, b, c are defined by 


a= (k—k»)/ (1+ k2) 
b= (k— (kı+k2)}/ (12- i - ko) 
c= (k— k))/ (13-1) 


k, ki, ke being the parameters. 

The function involves 6 parameters which are difficult 
to determine. Coolidge, James, and Vernon (C3) have 
given complicated equations for finding them. Ob- 
viously this function cannot furnish any relation 
between the molecular constants. This passes into the 
Morse curve upon making k=k,=0, so that a=b, c— 0. 
The Póschl-Teller function is also a special case &— 0, 
ky— $[tanh (z/d) —1 ], k»—3[coth (r/d) —1]. 


KRATZER FUNCTION 


The Kratzer (K5) function approximates to the form 


r—r, 
v-p] |: 
r 


This has the drawback that it makes use of only two 
constants. The solution of the corresponding wave 
equation was first given by Fues (F3). 

While it satisfies the three necessary criteria, appli- 
cation of conditions (8 a, b, c) leads to the abnormal 
result 


(36) 


A-—kr2/2D,—1. (37) 

This value is not found in any of the 23 molecules 
considered in the present paper. Even Hə (which has 
the lowest value of A) has a value higher than 2, and 
it is extremely unlikely that any other molecule will 
satisfy this condition. Hence this function is not 
applicable to molecular problems. A modified form is 
considered later. 


DAVIDSON FUNCTION 


Davidson (D1) examined the function 


Pp TP 
v= =-=] A 
T. 7 


This does not satisfy the criterion that U should be 


(38) 


finite when r=~. Also only two constants are used. 
However, on applying conditions (8 a, b, c), this leads 

E to the interesting result 
jp kr -—8a- constant, (39) 


Although this is not a universal relation, it is well 
E" tisfied by ground states of hydrogen halides (Kratzer 
Ki Glasstone G3, Davies D3, Heath, Linnett, and 
atley H1). — ^ 


© - 
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It is easily deduced that 


0,—2- 


(40) 


Wee =Q. 


(41) 


F always comes out to be equal to 2, contrary to fact, 
and (40) does not hold for any molecule. 


MECKE-SUTHERLAND FUNCTION 
Mecke (M4) and Sutherland (S3) suggested 


a b 


G=——— 


yn y^" 


of the reciprocal type. This type of function was used 

before by Grüneisen (G6), Mie (M5), etc., for forces in 

the solid state. A special case (#=2, »=1) has been 

treated by Fues (F3). Baughan. (B4) used such a 

function for interaction between nonbonded atoms. 
From conditions (8 a, b, c), 


| 
f 

(42) 

Here both the attractive and the repulsive terms are 
[ 


a /m—n b /m—n 
mmc 
e Wane n Y. m 
o am(m-— n)/r P" — bn(m-— n)/r,"? (44) 
whence 
2A—hkr2/D,-—mn. (45) 


Sutherland found that for the same class of molecules 
k.r2/D, is approximately constant, which led him to 
conclude that m and n are constant for similar 
molecules. 

We can further deduce 


2B? | 


a, — (m+n): (46) 
We 
2 7 2 wW 
(Ay EE n) n| (47) 
3 3 3 TUA 


From considerations of the relation between ke and 
Te Linnett (L1) thinks that this function is not | 
satisfactory. | 

Equation (42) is a four-constant function and we can 
determine their values from ke, re, De, and a, by (44); 
(45), and (46) and then try to evaluate «x, from (47) 
(actually we need calculate only m and n for finding 
wee). However, as we are restricting ourselves to three 
constant potentials we will not attempt it. 

Sutherland (S4) later modified it by replacing 7 by 
(r—d), so that it becomes 


a b 
= — ; 
(r—d)" 


(48) 


POTENTIAL ENERGY FOR DIATOMIC MOLECULES 


This modified Sutherland function can be used (V3) 
to derive a series of very fruitful relations connecting 
the various molecular constants, by making certain 
assumptions regarding a, d, m, and n. These will be 
published later on. 

Lovera (L11) applied (48) to 4b-6b group of 
molecules. 

LINNETT FUNCTION 


Linnett (L1, L2) investigated the function 
a 
U=——be-™. 


m 
T 


(49) 


Conditions (8 a, b; c) provide the following relation- 


ships: 
a [m—nr, 
o =| | (50) 
a ein MY e 
k= am(m-+ 1— nr,)/r, 7? (51) 
y n? Dr," 
ker” t?=ma+ (52) 


1+Dere"/a 


Assuming m(=3) to be constant for the KK period 
of molecules, and a to be constant for all states of a 
given molecule, he showed that (52) gives a satisfactory 
relation between ke and re. He further deduced 


[ [- (nre) | a w= 
WeXe= | — | — t} — 4 
3 4— Nre 4—ur, Arepa 


where 7, is in angstroms. 

The mean percentage error in ox, values over the 
states considered was found to be 16, compared to 46 
by the Morse function—a considerable improvement. 

Linnett also traced regularities in the value of a and 
later (L2) extended the function to other periods. This 
function is capable of giving rise to a low maximum 
between r—r, and r=, and such a behavior of the 
function was found with !Z,* and ‘II, states of No, 
however, experimental evidence does not favor such a 
maximum in these states. 

ae and wete can be deduced in terms of parameter / 
(=nr.) which can be found from 


m(m4-1—1)t 


(53) 


(54) 
2(m—t) 
Then 
E - 1) (m4-3) E (55) 
m+1—t We 
i E aa 
Wete = | — 4 —————————— 
4 m+1i-t 
- | (m+1)(m+2)(m+3)— 8 | = (59) 
m+1-t reuna 


671 


TABLE II. Linnett function. 
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t A F G 
0 0 6 11.67 
1 2.25 7.33 27.2 
1.5 3.75 8.1 37.28 
2.0 6.0 9.0 50.6 
2.25 7.875 9.53 59.4 
2.5 11.25 10.17 70.47 
2.6 13.65 10.46 75.92 
2.7 17.55 10.78 82.16 
2.75 20.625 10.95 83.69 
2.8 25.2 11.13 89.96 
3.0 wo 12 108.7 


The expression for w,x, coincides with that of Linnett 
for m=3. 

Table II gives the variation of F and G with / and A 
for the special case of »1— 3. 


WU-YANG FUNCTION 


Wu and Yang (W3) used a function similar to the 
Born-Mayer function used for crystal forces: 


U — ae-"r— b/r". (57) 


This differs from the Linnett function in that the 
attractive and repulsive terms have been exchanged. 

This satisfies only the first and second criteria. At 
r=0, this gives U — — œ ! Conditions (8 a, b, c) yield 


keret! — —bn(n4-1)/r.4- bum. (58) 


For each molecular period Wu and Yang plotted 
kr," against 1/r, with different values of n. They 
obtained straight lines for a certain value of n, whence 
they concluded that n, m and b are constant in each 
period. This function will be examined in detail for a, 
and ox, in a later publication. 


PUPPI FUNCTION 


Puppi (P7) derived a reduced functional relation, 
his reduced distance variable being 


y- (r—r9/r.DÀ. 


This was obtained by assuming a Morse function and — - 
introducing an empirical relation, equivalent to kr) 
—const. Puppi* s reduced equation is not universalas | 
krè remains constant only within small groups of | 
molecules. Furthermore, his variable y is complicated. E 
in that it mixes distance and energy. n t 


LIPPINCOTT FUNCTION 


Recently Lippincott (L3, L4) has given the follow 
function for which he also gives a semitheoretical 
justification : 3 D. íi 


U= DL1—exp(—ne/2)IC1-+of]. a 


Here f(r) is a function of the internu 
chosen such that f(r)— « when r -0 


E 
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r=, Lippincott says that for many purposes the f(r) 
term is unimportant, and neglects it to a first approxi- 
mation. Thus 


U — D41—exp(—np/2r)]. (60) 


At r=0, r,, and œ, it has the values D., 0, and D., 
respectively. 

Then from conditions (8 b, c) we get 1 — k,r./D.. 

Further 


6B? 
Q=} (61) 
We 
y 
WeXe= (6A+3)- (62) 
Teha 
y 
= (Snr.4-3) 
Teua 


Calculations of weve have been reported by Lippincott 
and Schroeder (L6). They have calculated it in terms 
of n, where n is empirically given by 


n-—mno(1/19)34(I/Io)!p 


where (J/Io)4 and (I/Jo)z are the ionization potentials 
of atoms A and P, respectively, relative to those of the 
corresponding atoms in the same row and first column 
of the periodic table. For the H atom J/J) has been 
assigned the value 0.88 rather than 1. For diatomic 
alkali metal and alkali hydrides, 79— 4.21105, for 
most of the others »9— 6.32X 105. 
For ae, Lippincott and Schroeder report that (60) 
gives a,—0. [As (61) shows, this appears to be in error. ] 
Hence later they have used (59) with 
af(r) — —a(r./r)*[1— exp(— 0nr/2r 12) }3 
-Fa(r-/r)?[1— exp(— 0nr/2r 2?) | 


and deduced the following expressions 


—o2/2nr,B, 


nr,N3 6B2 
veal) 


2 We 


ce, — 1.5B.[0.254-nr./44- ab (nr./ 2) 


+ (5a20? — ab?)nr,/2 ]. 


TABLE III. Frost-Musulin function. 


5 A F G 
0 3 

0 1.5 0.555 15.29 
1 4 1.17 34.42 
Pu 75 1.8 60.60 
3 12 2.44 93.96 
4 17.5 3.09 134.6 
26 20.625 3.47 5G 

yo 
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Utilizing the fact that ab and b are found to be nearly 
constant for most molecules, they computed a, and 
@ a from the above expressions. The calculated values 
agree well with the experimental values for the molecules 
considered. 

The simple equation (60) has also been applied to the 
problem of the hydrogen bond by Lippincott and 
Schroeder (L5). 


FROST-MUSULIN FUNCTION 


Another recent function is due to Frost and Musulin 
(F1). From semitheoretical reasoning they have 
constructed 


U —e-?'(1/r— D). (63) 


This satisfies the three criteria. Its special feature is 
that the united atom energy can be utilized in deter- 
mining the constants a and b. Frost and Musulin found 
quite satisfactory results with this function for Hst 
and Hs. 

o, and wete are best represented in terms of a pa- 
rameter s, defined by 


A=s?/2+s or s=—1+(1-+2A)!. 


Then 
28°-+3s]6B2 
Ten : 
3(s4-2) 
115!4-665?4-1565?-- 1445-+36) W 
Ue | | . (65) 
3(s-+2)? Y PLA 


A short table of the variation of functions F and G 
with s and A is given in Table III. 

Frost and Musulin (F2) have also attempted to 
obtain a “universal” potential energy function in terms 
of reduced potential energy U/D, and reduced inter- 
nuclear distance (r—r7ij)/(r.—7,;;), where ri; is a con- 
stant for a given molecule formed from atoms i and j. 
They interpret 7;; as a measure of inner shell radii and 
correlate with Badger's d;; However, the results ob- 
tained for U''(r,) and U!Y(r,) are rather poor, the 
average percentage deviations being 13.2 and 42, re- 
spectively, for the 23 molecules examined. 


IONIC P.E. FUNCTIONS 


For ionic molecules, P.E. functions based on à 
classical model have been used. These usually consist 
of several terms, including a Coulomb attractive term, 
a repulsive term and polarization terms etc. For details 
reference may be made to papers by Rittner (Rt) and 
Varshni (V2). 


SOME NEW POTENTIAL ENERGY FUNCTIONS 


In the above, we have considered the various po- 
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Now we consider a few new potential energy functions 
and their possible applicability to diatomic molecules. 
FIRST 

U — D,(4—exp[ —0(?— 72) ]y*. (66) 


This satisfies criteria 1 and 2 and is sufficiently large 
at r—0. 
We easily get 


b= (k./8D 72) i= A}/2ré 


6B2 
a= (A}—2) (67) 
z We 
W 
WX =[8A—12A!+12] b (68) 
Teha 
‘Table IV shows the variation of F and G. 
TABLE IV. First function. 
A F G 
0 —2 12 
1 —1 8 
2 —0.586 41.03 
3 — 0.268 15.22 
4 0 20.00 
6 --0.4495 30.61 
8 0.8284 42.06 
10 1.162 54.06 
14 1.742 78.89 
18 2.243 105.1 
22 2.690 131.7 
24 2.899 145.2 
26 3.099 158.9 
SECOND 
2 
v=p| 1- Ses] (69) 
T 
This satisfies all the three criteria. 
1 A 
(p 
Te To 
1 v 
a= [a 1 (70) 
At We 
8 127 W 
Qe. [s+ +=] : (71) 
Ai A Teua 


Obviously œe values by this function would be higher 
than those by Morse and because 


TABLE V. Third function. 


A F G 

1 1.0 24 

2 0.828 23.04 

3 0.887 29.46 

4 1.0 36.75 : 

6 1:266 51.46 E 

8 1.535 65.94 E 
10 1.796 79.74 : 
14 2.276 108.4 
18 2.714 138.0 
22 3.116 165.4 1 
24 3.307 179.6 3 
26 3.693 193.9 " 


weve values calculated by this function will also be ; 

higher than those by Morse. ] 

THIRD E 

As the first function gave too low values, and second - 

function high, hence a mixture was attempted i 
To 2 1 E 

v-D|i—e-se-r5l|. D 
r a3 


This also obeys the three criteria. 


1 
[a1] 


2 


2r 


a, — [AH-2/A1—2] 


B= 
6B? 


(73) 
We ee 
W EN 
ax, [SA— 12A!+ 66—111/A!+73/A ]——. (74) 
TERA 
Table V depicts the variation of F and G with A. 
2 


S 


FOURTH 4 
U — B(A--e7? 
fulfills the three criteria. 
Conditions (8 a, b, c) furnish 
A=erlre 
D,=B(eblre—1)? 
b=, nd . EE 


a d i 
|» 


x 


- i 
~5 or higher, (l 


B 
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Taste VI. Sixth function. Notice the similarity in coefficients of the terms in 
bracket in ox, with similar terms of the second func- 
A F G tion. 
1 —1 16 F and G values are recorded in Table VI. 
2 — 0.293 15.66 
3 +0.1546 20.62 
4 0.5 27.00 SEU ee 
i um U--Are-Q-kj01 (s) 
D AES a where, as before, f(r) is a function such that at r=0, 
18 3.007 134.5 f(r) 2 » and at r=~, f(r)=0. This function is very 
A SU 166.9 similar to the Lippincott function. 
26 3.903 198.0 As before, neglecting the f(r) term 
U=—Arre-*” (85b) 
mation The general function (85a) satisfies the three criteria. 
A 6B? However, the simplified version (85b) gives U=0 at 
ae [ A*2-1] r=0. 
So " The values of the constants in (85b). can be obtained 
wer. [8A--24A1-1-64] from conditions (8 a, b, c): 
Teha a—n/r, 
FIFTH A — D,/r,^e-" 
n=2A. 


(78) 


rol C) 


This is a generalization of Kratzer function and a 
special case of the Mecke-Sutherland function. 


w=A 
6Be 
=A} (79) 
We 
ye [84312444]. (80) 
rena 
SIXTH 
T 2 
v=p] 1-2] tol (81) 
Te 


where f(r) is a function such that at r—0, f(r) — « and 
at r=, f(r)=0. This general function satisfies the 
three criteria. Neglecting the f(r) term, we get 


T 2 
geni L7] (82) 
Te 
This givs U=D. at r—0. 
We have. 
6B2 
SUAVE SEMI ue (83) 
de - 
(84) 


UM "t ‘Am L124 8/A E 12/A] — 
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a, and cx, are given by 


W 
wete — [6^4-3 ]——. 
TEHA 


Here the F and G values are very similar to those of 
the Lippincott function; F comes out to be negative 
and G is only slightly less than Lippincott’s value. 


COMPARISON 


For testing any potential function, we require ac- 
curate data for the various molecular constants. A 
search of the available experimental data reveals that 
there are only 23 neutral molecules for which reliable 
values are available. Even for these the situation is not 
quite satisfactory for all of them. Dissociation energies 
of Nz, CO, and NO are still an open question. Two 
values for No, three for CO, and two for NO have been 
widely discussed. Reference is made to recent reviews 
by Gaydon and Penney (G2), Long (L7, L8, L9), 
Pauling and Sheehan (P3), Glockler (G5), Valatin (V1), 
Gaydon (G1), and Douglas (D4). We have used all the 
values considered probable in our calculations. Recent 
experiments of Hendrie (H2) and Brook and Kaplan 
(B7) lend a strong support to the higher value (9. 756 ev) 
for No. 

Quantum-mechanical calculations by Kopineck (K2, 
K3) also support the high value of Ne. However, 
Wolfsberg (W1) pn that some of the approxi- 

mations used b Kopineck are not justified and his 
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calculations should not be used as an argument favoring 
the 9.8 ev value for D,(N;). 

The dissociation energy for HF is also not certain. 
We have used the value given by Herzberg (H3). For 
Li» also there is slight uncertainty in the dissociation 
energy ; again Herzberg's value has been followed. 

The data for the 23 diatomic molecules for the ground 
states are given in Tables VII (a) and (b), collected 
from Herzberg (H3). For Os, a more recent value of 
Do(=5.115 ev) recommended by Brix and Herzberg 
(B5, B6) has been used. D, has been calculated from 
the usual relation 


D.=Dottu-. 


and ke from &,— 4r’°uc’we = 5.8883 X 107440? dyne/cm. 

Dissociation energies favored by Gaydon are marked 
with an asterisk. Most of the D, values are given to 4 
significant figures and some even to 5. These values are 
not that accurate. Because the conversion factors led 
to these values, and to keep consistency with original 
values, sometimes exjra figures were retained. 

For SO it is not yet certain that it is the ground state. 

Some authors (e.g., Hulburt and Hirschfelder H7) 
use the “corrected” dissociation energies of molecules 
at absolute zero by subtracting the rotational, vibra- 
tional, and translational heat contents. Others have 
applied corrections to get the value of re at absolute 
zero (e.g., Verwey and “de Boer V5). Such corrections 
are difficult to determine and often uncertain, hence we 
have completely omitted them. 

While for most of the diatoms under consideration, 
the experimental evidence suggests a conventional 
potential energy curve, perhaps such is not the case 
with ZnH, CdH, and HgH. Dissociation energies de- 
termined by Birge-Sponer linear extrapolation come 
too high than the actual values. Mulliken (M7, M8) 
suspects that there might be a maximum and a long 

| distance minimum in the P.E. curves of these molecules 
due to the approach of two interacting states. Glockler 
and Sister Horst (G4) have constructed a P.E. curve 
for HgH taking into account the fact that at large r, the 
molecule can change from a structure bonded by 
exchange forces to a quasi-molecule held together by 
London dispersion forces which leads to a small 
maximum. 
The experimental values of F and G are given by 


X-re AWe 
F=— | 3F 1| = (88) 
3 6B? 
j T. m 5 
Í G= [x- rhe 
3 
, 
! cuxuràx6471c0x1.6597 X 1072154 
= : (89) 


h 
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TABLE VII. 

(a) 
Molecule ex te WeXe . 
figures in HA cm^! cm^! cm 
Hə 0.5041 4395.2 2.993 117.99 i 
ZnH 0.9928 1607.6 0.2500 55.14 | 
CdH 0.9992 1430.7 0.218 46.3 f 
HgH 1.0031 1387.1 0.312 83.01 i 
CH 0.930 2861.6 0.534 64.3 i 
OH 0.9484 37352 0.714 82.81 i 
HF 0.0573 . 4138.5 0.7705 90.069 
HCI 0.9799 2989.7 0.3019 52.05 
HBr 0.9956 2649.7 0.226 45.21 | 
HI 1.0002 2309.5 0.183 39.73 4 
Ts 3.509 351.43 0.00704 2.592 | 
Na» 11.498 159.23 0.00079 0.726 
K: 19.488 92.64 0.000219 0.354 | 
Nz (i) 7.0088 2359.6 0.0187 14.456 | 
Ns (ii)* 7.0088 2359.6 0.0187 14.456 | 
Ps 15.492 78043 ^ 0.00142 2.804 : 
O2 8.000 1580.4 0.01579 12.073 i 
SO 10.665 1123.7 0.00562 6.116 j 
Cla 17.489 564.9 0.0017 4.0 
Br: 39.958 323.2 0.000275 1.145 ; 
I» 63.466 214.6 0.000117 0.6127 
ICI 27.422 384.18 0.000536 1.465 l 
CO (i) 6.8584 2170.2 0.01748 13.46 | 
CO (ii) 6.8584 2170.2 0.01748 13.46 | 
CO (iii)* 6.8584 2170.2 0.01748 13.46 | 
NO (i) 7.4688 1904 0.0178 13.97 | 
NO (ii)* 7.4688 1904 0.0178 13.97 ‘ 

(b) i 
Molecule ke Te B, D. | 
figures in 105 dynes/cm 1075 cm cm-^! 107? erg 
He 5.734 0.7417 60.809 7.607 
ZnH 1.511 1.594 6.6794 1.523 
CdH 1.204 1.762 5.437 1.228 
HgH 1.137 1.740 5.549 0.740 
CH 4.482 1.12 14.457 5.843 
OH 7.792 0.971 18.871 7.340 
HF 9.655 0.9171 20.939 10.65 
HCl 5.157 1.275 10.591 7.394 
HBr 4.117 1.414 8.473 6.277 
HI 3.142 1.604 6.551 5.125 
Li 0.2552 2.672 0.6727 1.685 
Nas 0.1717 3.078 0.1547 1.185 
K: 0.0985 3.923 0.0562 0.8322 
N: (i) 22.96 1.094 2.010 12.046 
N: (ii)* 22.96 1.094 2.010 15.863 
Ps 5.556 1.894 0.3033 8.137 E 
O: 11.76 1.207 1.4457 8.351 
SO 7.93 1.493 0.7089 6.522 
Cl; 3.279 1.988 0.2438 4.021 
Bra 2.457 2.284 0.08091 2.190 b 
Iz 1.721 2.667 0.03736 2.489 qe 
ICI 2.296 2.321 0.11416 3.486 E 
CO (i) 19.02 1.128 1.9314 14.865 ^ — 
CO (ii) 19.02 1.128 19314 15.602 $ 
CO (iii)* 19.02 1.128 1.9314 18.01 -e 
NO (i) 15.944 1.151 1.7046 8.673 
NO (ii)* 15.944 1.151 1.7046 ) E 

—————— 


^ [defined i in (11) ]. Iti is these F and G values wh 
differ for different functions. F determines a, and 
determines wete. The experimental values of A, 
G have been tabulated in Table VIIT. Figures 


mS compared in Tables IX and 
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Fic. 4. Experimental values of the function F plotted against 
Sutherland parameter A. 


with A for a few of the important functions have been 
shown graphically in Figs. 5 and 7, respectively. (To 
avoid confusion, the curves were not drawn in Figs. 4 
and 6.) 

Table VII (a) gives the experimental values of a, and 
@e%~. Numerical calculations of a, and wete for a few of 
the functions along with percentage errors have been 
reported in Tables XI (a), (b) and XII (a), (b), (c), 
respectively. For calculating average percentage errors, 
only those values of N», CO, and NO which are favored 
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by Gaydon (marked with an asterisk) have been taken 
into account. 


DISCUSSION 


A few important facts emerge clearly from Figs. 4 and 
6. In case of both F and G, points are scattered. For £F, 
they are rather too widely scattered. Had it been 
possible to represent all molecules by a “universal” 
P.E. curve, we should have obtained smooth curves 
passing through all the points. Thus the possibility that 
a “universal” P.E. curve exists can be ruled out. This 
agrees with what one expects theoretically. The shape 
of a P.E. curve depends on the electron configuration as 
well as on the position of neighboring electronic states 
and it is quite clear that any general relation cannot 
have exact validity. Of course, this is only relevant when 


TABLE VIII. 

Diatom A F G 
He 2.073 0.5928 15.52 
ZnH 12.62 1.500 66.01 
CdH 15.23 1.758 68.14 
HgH 23.25 2.343 119.6 
CH 4.814 1.218 35.58 
OH 5.003 1.248 35.14 
HF 3.813 1.213 34.40 
HCl 5.669 1.342 39.33 
HBr 6.554 1.390 42.69 
HI 7.881 1.642 48.51 
Liz 5.408 0.9065 30.80 
Naz 6.864 0.8758 37.53 
Xo 9.107 1.070 50.37 
N: (i) 11.40 1.820 57.49 
Ns (ii)* 8.662 1.820 57.49 
Pe 12.25 2.008 73.94 
Os 10.26 1.990 66.74 
SO 25.81 2.093 131.5 
Cl» 16.12 2.693 131.2 
Brz 20.09 2.262 113.3 
I, 24.58 2.997 131.2 
ICl 17.74 2.633 98.06 
CO (i) 8.139 1.694 55.73 
CO (ii) 7.752 1.694 55.73 
CO (iii)* 6.719 1.694 55.73 
NO (1) 12.18 1.944 65.58 
NO (i)* 9.995 1.944 65.58 


we utilize only a limited number of molecular constants 
for fitting the P.E. curve, and try to find other constants 
from them. If the P.E. curve is made sufficiently flexible 
by including all the available molecular constants, no 
such question arises. 

It may be thought that in view of the different nature 
of binding, HgH, CdH, and ZnH should be treated on 
somewhat different footing from other molecules for 
P.E. curve considerations. However, the position of 
these points in Figs. 4 and 6 does not seem to justily 
such an exclusion. 

Nevertheless, Figs. 4 and 6 show that broadly 
speaking, F and G both increase with increasing A. This 


shows that it is possible to have “universal” potential — 


paintsage SRONA HIer Colect GERI GPELE ARsAEPIRE such a behavior, though not 
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TABLE IX. 
F values 
Morse Ai—1 
Rydberg 2V241/3—1 
Rosen-Morse 2p tanhp—1 
Póschl-Teller A} cothA! —1 
Linnett (24— P)/ (4—1) 
Lippincott —4 
Frost-Musulin (2s?+-3s) /3(s+2) 
I Ai—2 
II Ai -1/Ai—1 
III A -2/A41—2 
IV AMET 
V 2 A! 
VI AT— 1/A1—1 
VII St 


very accurately. It is with this point of view that we will 
consider the various functions. 

We can also represent the variation of F and G with A 
empirically. As a first approximation, straight lines have 
been drawn in both cases. In case of G, the points are 
not so widely distributed and excepting a few points, a 
straight line would be a good approximation. However, 
in case of F one is tempted to draw two straight lines— 
one for the low-lying points and another for higher 
points. Then the question arises that for an unknown 
molecule, which line will be taken for prediction. On 
the lower line we may count He, Lio, Na», Ke, ZnH, 
CdH, Br», HgH, SO. There does not seem to be any 
characteristic feature regarding such molecules for 
distinguishing them from others. While several of them 
belong to s—s type of binding, and three of them are 
perhaps van der Waals molecules, there are still Bre 
and SO. Hence only one straight line was drawn. The 


TABLE X. 
G values 
Morse 8A 
Rydberg 224/3 
Rosen-Morse 8A(1—e72?-++ et») 
Pöschl-Teller 8A 
: 5[20—2]* [120—8 
Linnett pes r| = ke 1 ] 
Lippincott 6^4-3 
Frost-Musulin (115*-I- 6653-1- 156s?+- 1445 1-36) /3 (s-I-2)* 
I 8A—12A}+12 
- IN 8A+12—8/A}+12/A 
III - 84—12414-66—111/414-73/^ 
IV 8A-+24A}+ 64 


V 8A+12A!-+4 
BERE ee 


Fic. 6. Experimental values of the function G versus 
Sutherland parameter A. 


equations of the two lines are: x 
F=0.11A+0.36 (90) 

G=SA+9. (91) . 

One more question arises: While it is not possible to. x 
have exact *universal" P.E. function for all molecules, 3 


is it possible to have such a function for molecules wi 
similar linkage, i.e., those belonging to the same 


.. 
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TABLE XI. 
(a) 
Morse Rydberg 
Diatom ae calc % error ae calc % error 
Ha 2.222 —25.8 1.853 —38.1 
ZnH 0.4248 4-69.9 0.3950 4-58.0 
CdH 0.3599 +65.1 0.3355 +54.0 
HgH 0.5090 +63.1 0.4765 +52.7 
CH 0.5238 —1.9 0.4744 —11.2 
OH 0.7141 0 0.6425 —11.1 
HF 0.5822 —24.4 0.5429 —29.5 
HCl 0.3109 +3.3 0.2836 —6.0 
HBr 0.2540 +7.9 0.2326 +3.0 
HI 0.2015 +9.2 0.1857 +1.5 
Liz 0.0103 +46.3 0.00938 +30.0 
Nas 0.00146 +84.8 0.001342 +70.0 
Ka 0.000412 +88.1 0.0003813 +74. 
N: (i) 0.02864 (+53.2) 0.02266 (4-21.2) 
Nz (ii)* 0.01996 +6.2 0.01844 +1.4 
Pe 0.00177 +24.7 0.001644 +15.8 
O2 0.00175 +10.8 0.01619 +2.5 
SO 0.01095 4-94.8 0.01026 +82.5 
Cle 0.00190 +11.8 0.001775 +4.4 
Bre 0.000423 +53.8 0.0003957 +43.8 
I» 0.000154 +31.6 0.0001446 +23.6 
ICl 0.000654 +22.0 0.000689 +13.6 
CO (i) 0.01912 (+9.4) 0.01762 (+0.9) 
CO (ii) 0.01844 (+5.5) 0.01694 (—3.0) 
CO (iii)* 0.01643 —6.0 0.01506 —13.8 
NO (i) 0.0228 (+28.1) 0.02117 (+18.1) 
NO (ii)* 0.0198 +11.2 0.01832 +3.0 
Average +33.1 +28.0 
(b) 
Third Empirical 

Diatom ae calc % error ae calc % error 
He 4.186 +39.8 2.969 —0.9 
ZnH 0.3523 +40.9 0.291 +16.4 
CdH 0.2996 +37.4 0.2524 +15.8 
HgH 0.4311 +38.5 0.3886 +24.6 
CH 0.4837 —9.4 0.3898 —27.0 
OH 0.6319 —11.5 0.5207 —24.1 
HF 0.6210 —19.4 0.4953 —35.7 
HCI 0.2749 —8.9 0.2215 — 26.6 
HBr 0.2181 —3.5 0.1758 —22.2 
HI 0.1694 —14 0.1369 —25.2 
Li» 0.009204 +30.7 0.007415 +4.1 
Naz 0.001247 +57.8 0.001006 +27.3 
K2 0.0003439 +57.0 0.0002786 +27.2 
N: (i) 0.02023 (+8.2) 0.01659 (—11.3) 
N: (ii)* 0.01665 —10.9 0.01349 —27.8 
P: 0.001464 +3.1 0.001207 —15.0 
O» 0.01450 —8.2 0.01181 —25.2 
SO 0.009324 +65.8 0.008586 +52.8 
Cle 0.001588 —6.6 0.001283 — 24.5 
Bre 0.0003558 +29.1 0.0003127 +13.0 
In 0.0001311 +12.0 0.0001196 +2.2 
ICI 0.0005468 +2.1 0.0004706 —12.2 
CO (i) 0.01603 (—83) 0.01200  (—26.0) 
CO (ii) 0.01550 (—11.3) 0.01251 (—28.4) 
CO (iii)* 0.01405 —19.6 0.01133 —35.2 
NO (i) 0.01888 (+6.1) 0.01556 (—12.6) 
NO (ii)* 0.01643 -7.7 0.01336 —24.9 
Average +22.9 +22.1 
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and I; to be in a straight line. ZnH, CdH, and HgH are 
erratic which is not surprising in view of the irregular 
behavior of their molecular constants. 

However, for F the situation is worse. Only for HF, 
HCl, HBr, and HI a regular curve can be drawn quite 
close to these points. Others do not show any regular 
behavior. In short, we can say that there is not sufficient 
evidence to give any definite conclusion on this point. 

Now we consider the relative merits of each function. 


Morse Function 


'This simple function though very widely used, to 
quote Partington (P1), “has been overworked in many 
branches of investigation," gives rather a poor 
performance. 

ae: (see Fig. 5, Table XI a): Excepting He, HF, and 
one point of CO, all other experimenta] points lie below 
the curve. Corresponding results are obtained in the 
numerical calculations which show the high average 
percentage error of 33.1. 

wete: (see Fig. 7, Table XII a): The case here is 
similar. Only Cl», one point of CO, and HF lie above the 
Morse line. As expected, the average percentage error 
is high, being 31.2. 

In a way, the Morse function sets an upper limit to 
F and G values. A satisfactory P.E. function should 
give F and G values which are lower than Morse's. As 
mentioned earlier, previous workers also found unsatis- 
factory results with this function. On the whole, this 
function is not suitable for using with a randomly 
chosen molecule. 


Rydberg Function 


From a comparison of F and G values of Morse and 
Rydberg functions, the latter gives lower values so the 
trend is in the right direction. 

ae: (see Fig. 5, Table XI a): There is a significant 
improvement from the Morse function, though even 
now only about 8 points lie above the curve. The 
average percentage error has slightly decreased to 28. 

wet: (see Fig. 7, Table XII a): Though better than 
Morse, still only about 5 points are above the Rydberg 
line. The average percentage error has decreased to 23.1. 

On the whole, this function is distinctly better than 
the Morse function. 


Rosen-Morse Function 


ae: (see Table I): From the expression for F when $ 
is small (i.e., A is small), this gives lower values than 
Morse function, as p increases (i.e., A increases), the 
Rosen-Morse F approaches the F of the Morse function. 

weve: (see Table I): Behavior of G is very similar to 
that of F. 

Thus, the Rosen-Morse function is somewhat better 
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TABLE XII. 


(a) (b) 
Morse, Poschl-Teller Rydberg Lippincott First 
Diatom WeXe calc % error WeXe calc % error Diatom WwsXe calc % error Wer. calc % error 
He 126.3. +7.0 115.8 —1.9 Ps 2.902 +3.4 2.578 —8.1 ! 
ZuH 84.35 +52.9 77.32 +40.2 O: 11.68 —3.3 10.24 = I 
CdH 82.80 +78.8 75.90 -+63.9 SO 7.352 -+20.2 7.335 +1.9 i 
HgH 129.2 +55.6 118.4 +42.6 Cl» 3.041 —23.4 2.83 —29.3 
CH 69.58 +8.2 63.78 —5.5 Bre 1.248 +9.0 1.202 +5.0 f 
OH 94.36 +13.9 86.5 +44 I: 0.7008 +14.7 0.6065 +13.7 i 
HF 79.86 —11.3 73.2 —18.7 ICI 1.621 +10.6 1.531 +4.5 l 
HCI 60.00 +15.3 55.00 +5.6 CO (i) 12.52 (—7.0) 10.43 (—22.5 
HBr 55.53 +22.8 50.9 +12.6 CO (ii) 11.96 (—11.1) 9.806  (—27.1) 
HI 51.64 +30.0 47.34 +24.2 CO (iii)* 10.45 —22.4 8.370 2378 
Lis 3.639 +37.3 3.336 -+24.8 NO (i) 16.21 (+16.0) 14.39 (4-3.0) i 
Naz 1.005 +44.3 0.9605 +32.3 NO (ii)* 13.42 —4 11.51 —17.6 1 
Ke 0.512 +4446 0.4602 432.5 | 
N» (i) 2293  (-+58.0) 21.02 — (454) Average +12.7 +18.2 i 
No (ii)* 17.42 +20.5 15.97 +10.4 © í 
>» 3.717 +32.5 3.408 +21.5 T ; 
Di 14.85 423.0 13.61 4127 Sevents aia sae | 
SO *9.615 +57.2 8.814 +44.1 Diatom wexe calc % error were calc % error 
Cle 3.932 =i) 3.604 —9.9 
Br: 1.624 +4418 1489 +30.0 nm Qu — Qe M ENDE | 
ICI 2.101 +43.4 1.926 +31.5 ; i i y i 
S ml - HgH 97.27 +17.2 86.96 +4.7 j 
CO (i) 15.76 (+17.1) 14.45 (+7.4) CH 53.38 “168 50.74 br k 
CO (ii) 14.98 (+11.3) 13.73 (+2.0) OH 72.33 —12.6 80.19 aio $| 
CO (iii)* 12.99 —3.5 11.91 —11L5 HF 61.65 Z315 1348 —184 j 
NO (i) 20.75 (+48.5) 19.02 (+36.1) HCI 45.88 urn 49.42 Ec | 
NO (ii)* 17.04 +21.9 15.62 +11.9 HBr 42:36 —63 44.23 —23 1 
PEU. HI 39.27 EX 39.64 —0.2 
AVETARE 2:212 os i 2.786 n y 3033 4170 
(b) Na» 0.8001 +11.5 0.8362 +15.2 
Lippincott First Ka 0.3887 +9.8 0.3832 +8.2 
Diatom exe calc % error weXe calc % error Ne ds rid uen 100 EC 
He 117.6 —0.3 86.14 —27.0 Ps 2.813 +0.3 2.664 —5.0 
ZnH 65.77 +19.3 58.76 +6.5 O: 11.26 =607 10.90 —9.7 
CdH 64.13 +38.5 59.12 +27.7 SO 7.243 +18.4 6.428 +5.1 
HgH 98.93 +19.2 97.27 +17.2 Cle 2.970 S257 2.732 —31.7 
CH 57.59 — i el m Bra 1.226 +7.1 1.107 —3.3 
OH 71.84 —6. 59.37 — 28. 1 10.4 .61 0.5 
HE 67.76 — 24.7 49.94 me c ee eee ae Le 
E 18a pL E CAS CO (i) 1196 — (—111 1200  (—109) 
HI 41.19 +3.7 33.88 —14.7 CO (ii) 11.40 (—15.3) 11.53 (—14.3) 
Li» 2.983 +15.1 2.218 —14.4 CO (iii)* 9.9 —26.5 8.172 —39,3 
Nae 0.8547 +17.7 0.6863 =G NO (i) 15.71 (+12.5) 14.89 (+6.6) 
Xo 04051 +144 0.3418 —34 NO (ii)* 12.93 —7.5 12.56 —10.1 
2 (i) 17.96 (+24.2) 15.77 (+9.1) 
N: (ii)* 13.82 —44 11.56 —20.0 Average +13.6 +11.1 


Pöschl-Teller Function 


ae: (see Fig. 5): Since cothA!» 1, it will always give 
higher values than the Morse function. However, as A 
increases, this almost merges with the Morse value. 

w.x.: (see Fig. 7, Table XII a): Same expression, as 
given by the Morse function. 

Thus this function is slightly inferior to the Morse 
function, though the difference is not large. The fact 
thgt Davies (D3) found it slightly superior to the 
Morse function for HF, HCl, and HI, is because he 
compared U” (re) and U` (re), rather then a, and were. 
U” (r)) depends on a, while U'*(r?) depends both on 
o, and wete. As Tables VI and IX of Davies’ paper show, 
he obtained U’’’(r,) for the Péschl-Teller higher than 


U"" (r)) for the Morse. Thiscis drag RRIF BHA HMEwar SADE fero sello SS SPUR 


Fig. 5. However, for U`“ (re), the effect of a, and wat. E" 
got mixed up. While the effect of cx, remained ihe ni 
same on both the functions, &e effected an increase in = 
U`“ (re) for the Póschl-Teller over the Morse. As Davies 
found U`Y (re) for the Morse lower than experimen 
he concluded that the Péschl-Teller is slightly super 

Actually only for HF, the Póschl-Teller is su 
to the Morse; for HCl and HI, it is inferior, as is ewe el 
from Fig. 5. 


Linnett Function 


too high. Indeed che smallest value ot P. P 
given by this function's is almost twice the 


a Bi 
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wete: (see Fig. 7, Table II): The course of the G 
curve is very peculiar. For low A it is greater even than 
the Morse, for high A it is too low. 

At least for m=3, this is not a very useful function. 


Simple Lippincott Function 


ae: It gives a negative value which is meaningless. 

Wee: (see Fig. 7, Table XII b): From the expression 
for weXe, for A7 2 (which is usually the case) the values 
are much lower than from the Morse function (almost 
three-fourth of the Morse function). Table XII b shows 
that the average percentage error is much lower (+12.7) 
as compared to the Morse (+31.2) and the Rydberg 
(2223.1) functions, indicating a significant improve- 
ment. 

'Fhe simple function (60) does not satisfy the third 
criterion; to achieve this the f(r) term has to be 
introduced. The f(r) given by Lippincott and Schroeder 
makes the function a five constant function and thus 
rather complicated. Only by assuming that ab and b are 
constant can one predict a, and c,x,. AS we are con- 
fining ourselves to three-constant functions, calculations 
for a, and cox, have not been carried out. 

From the spread of points in Fig. 7, when two or 
more D. have been suggested for a diatom, there is no 
reason to assume the value favored by this function 
as the “correct” one. Thus, Lippincott's statement that 
“where two or more alternative values have been 
proposed, this function should suggest which is the 
correct one" seems to be rather optimistic. 


Frost-Musulin Function 


Ss æ.: (see Fig. 5, Table III): For low A it is slightly 
higher than Morse function, but for high A it is slightly 
— lower than Morse function. 
— We%e: (see Fig. 7, Table III): Behavior of G is very 
= similar to that of F. 
_ On the whole this function is very close to the Morse 
function, though slightly more complex. 


First Function 


ae: (see Fig. 5, Table IV): This gives much lower 
values for F than the Morse function, which is also 
evident from Fig. 5. 
-. wee: (see Fig. 7, Tables IV and XII b) : Usually gives 
lower values. Average percentage error (18.2) is lesser 
than that for the Morse and Rydberg functions. 


Second Function 


— As showt before, both for a, and ox, it would give 

E higher value than the Morse function and hence is 
+ unsuitable. , ) 

E = Third Function 

d XI b): The average 

ficantly lower than that 


GB SHaridwar Collection. Bidlizdd uy ds Sartdation USA 


E. 


VAT ENDRA PAL VA RSHNT 


wev,: (see Table V): At low A (but > 2), it is midway 
between the Linnett and Frost-Musulin curves; as A 
increases it almost follows the Frost-Musulin curve (to 
avoid overlapping, the curve has not been drawn). 


Fourth Function 


This gives much higher values for F and G than the 
Morse function, and hence can be dismissed. 


Fifth Function 


This also gives higher values than the Morse for both 
F and G and hence is not applicable. 


Sixth Function 


ae: (see Fig. 5, Table VI): Course of the F curve is 
encouraging. However, for A<2.5, it is negative. 

WweXe: (see Table VI): Very close to the Rydberg 
function. 


Seventh Function 


ae: It gives a negative value of F (— —$) which is 
absurd. 

wete: (see Fig. 7, Table XII c): Slightly lower than, 
and parallel to the Lippincott function. Consequently, 
the average percentage error (13.6) is also very near to 
that of Lippincott (12.7). 

The results given by this function have a striking 
resemblance to those of the Lippincott function. 


Empirical Relations 


ae: (Fig. 4, Table XI b): As can be expected, the 
average percentage error is lowest, being 22.1. How- 
ever, this is not far from the third function (22.9). 

weve: (Fig. 6, Table XII c): Here also the average 
percentage error is lowest, being 11.1. 


CONCLUSIONS 


We may summarize as follows: 

It is not possible to find three-constant “universal” 
potential energy functions, and consequently, there are 
no “universal” relations connecting a, and cx, with A. 

Several functions give relations which may be used 
for estimating a, and wex.. Further, w.«, can be esti- 
mated to a greater degree of accuracy than œe A sur- 
prising fact emerges that a function which may be 
useful for calculating weve may fail completely to 
reproduce a, (e.g. Lippincott, Seventh). 

On the basis of these 23 diatoms, for «œe, the fpnctions 
in order of increasing accuracy are: 


(i) Morse,  Póschl-Teller, 
Musulin 
(ii) Rydberg 


Rosen-Morse, Frost- 
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And for wexe: 

(i) Morse, Péschl-Teller, 
Musulin, Third, Sixth 

(ii) Rydberg 

(iii) Lippincott, Seventh. 


Rosen-Morse,  Frost- 


Thus for over-all representation of the P.E. curves, 
the Rydberg, Third, and Sixth functions are the most 
useful. 

Such diverse looking functions as those of Morse, 
Péschl-Teller, Rosen-Morse, and Frost-Musulin are 
actually extremely close to each other. 

The best values of a, and «x, are obtained from 


a, (0.11A+0.36)6B2/we (92) 
Wete= (5A2-9)W /r2ua. (93) 
"Equation (93) can be transformed as 
SWkerè 
D.= (94) 
* 2í/xr ena —IW 


For estimating dissociation energies, (94) deserves 
to be employed in preference to D.=w?/4w.x,. How- 
ever, this cannot serve as a strong argument for favoring 
any of the values when several appear to be possible 
(e.g. NO, CO, Nz, etc.). 

In Table VIII the Sutherland parameter A varies 
regularly in a molecular group (V4) and increases with 
increasing pa. 

'The author is thankful to Professor K. Banerjee for 
his kind interest in the work and the Government of 
India for a research grant. 
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INTRODUCTION 


HE present compilation is a modernized version 
of the paper on the same subject! which appeared 
in 1954. It contains the experimental material published 
in the period from December 1, 1953, up to about 
February 1, 1957, and together with En 54a provides a 
fairly complete bibliography for the years prior to 1957. 
In a few cases, reference was made to papers which 
appeared after February 1, 1957, either because the 
authors had sent»preprints, or because the importance 
of the paper made it desirable to add a note in the proof. 
Presentation of some subjects which were treated in 
more detail in En 54a*has been shortened. Little atten- 
tion is given to cross-section measurements. For neutron 
cross sections the reader is referred to the compilation 
by Hughes and Harvey? Many-particle reactions, as 
(1,2n) or spallation reactions, are omitted altogether. 
Theoretical papers are quoted only briefly, and the 
bibliography is certainly incomplete on theoretical 
subjects. 

The situation regarding nuclear masses has much 
improved since the appearance of the 1954 review be- 
cause of the accurate mass-spectroscopic measurement 
of the S? mass by Quisenberry, Scolman, and Nier,’ 
and of the recent extension of Q-value chains into the 
A> 32 region,‘ connecting nuclides up to 4—45 to S? 
through precision Q-value measurements. In Table LXV 
the masses are listed which were used to compute the 
Q, values quoted after the heading of each specific 
reaction. The procedure followed in arriving at the 
values listed, is outlined in the text preceding the table. 

Rules adopted for construction of the level diagrams 
and the systematics of arrangement of the material in 
the text are not significantly different from those in 
En 54a. 


(a) Levels known with an accuracy of 15 kev or 
better, and found preferably from two or more reac- 
tions, are marked by heavy lines, doubtful levels by 
broken lines. Three-decimal figures are reserved for 
levels known with an accuracy of 5 kev or better. 

(b) Resonance energies indicated in the level dia- 


grams are given in the laboratory system. 
mm. 


! P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954) (quoted as En 54a). 

* D. J. Hughes and J. A. Harvey, “Neutron cross sections,” 
Brookhaven National Laboratory BNL 325 (1955). 

? Quisenberry, Scolman, and Nier, Phys. Rev. 102, 1071 (1956). 

t Endt, Buechner, Braams, Paris, and Sperduto, Phys. Rev. 106, 
764 (1957), 


CC-0. Gurukul Kangri University Harig)B Collection. Digitized by S3 Foundation USA ~ 


(c) Nuclides are presented in order of increasing A, 
and nuclides of the same A in order of increasing Z. 

(d) Generally each nuclear reaction is treated under 
the heading of the final nucleus, exceptions are reactions 
where resonances are observed, which are treated under 
the compound nucleus, and the 8 decay of unstable 
nuclei, treated under the parent nucleus, and then as the 
first reaction. The order of the other reactions is de- 
termined by the initial nucleus starting with the 
lowest-Z element and within that element with the 
lowest-A isotope. 
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Na? 
(not illustrated) 
I. Na*(g*)Ne? Qj,-—15.3* 


Positron decay proceeds at least partly to states of 
Ne? between 6.8 and 10.8 Mev which decay by « 
emission. Half-life, 0.25 sec, as measured by a detection 
(Al 50a), and 0.232-0.08 sec as measured by 6* detec- 
tion (Sh 51b). Another value, 0.385--0.01 sec, is re- 
ported (Aj 52). Energy of a’s is >2 Mev (AI 50a). 

"Theoretical prediction of Na? spin, De 53a. 

Discussion of possibility that positron decay is super- 
allowed, Bo 55. 


IL Ne?(p,)Na? Q,--—16.1 
Threshold 16.9 Mev, Al 50a. : 


Na?! 
(Fig. 1) 


I. Na?!(B+)Ne*# Qm=3.52 


Half-life, 234-2 sec (Cr 40) and 22.82-0.5 sec (Sc 52); 
also Bo 53. The 8* end point is 2.50-+0.03 Mev deter- 
mined with a 180° spectrometer (Sc 52); also Bo 53. Ay 
ray reported (Po 40), but recent work shows no y ray 
of E47 0.5 Mev ($c 52). Log ft=3.6, confirming that 
spin of Na?! is same as that of mirror nucleus Ne*, 
namely 3/2*. 


* For each reaction the Q value calculated from the masses ig 
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E^ 

—.. IL Ne*(5,)Na? Q,-—2.45 

— Weak resonance at E,—1.165 Mev found in y-ray 
U yield for protons in 0.5-1.3-Mev region bombarding a 
. thin isotopic Ne? target (Br 47). This corresponds to 
pe 
Mev region, resonances for production of annihilation 
radiation from Na” decay found at E,=2.15, (3.45), 
3.56, and 3.57 Mev (Co 54b, Va 53). 


'"Y)Ne? Ey—2.45 E,=1.63 

ically scattered protons measured at six 
167.5?. Energies, widths, spins, and 
ed by phase-shift analysis in Table 


ic proton scattering leading to 
erally correspond to those for 


g only. Cross sections and 
astically scattered protons 
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BRAAMS 


TABLE I. Resonances in Ne?-4-.p 


Ep (Lab) E; r 
(Mev) (Mev) decay * (kev) J,- 
1.165* 3.57 . 
| 1.814 4.18 ot 1804 3/27 
L-1.9534 — 4.31 Pot piè 61 5/2% 
} 2.095 4.45 1P . 
| 2.1354 4.49 y? pot pie 174 3/2 
| 2.73» 5.05 pod pre double? 
f 3.1762 5.48 od pib 1104 1/2*4 
| 3.424 5.71 pil pre ~204 
f 3.5524 5.83 ye pot pi ~2A 
i 3.566004 5.85 7° pot pir 254 3/27 
t 3.8284 6.10 pot pi 63 (5/2, 7/2) 
j 400b 6.20 1b 
4.281 6.53 pot pi 1504 (3/2, 5/2)* 


a Br 47. b Co 54b, ° Va 53. 4 Ha 55a. ° Resonances in yield of capture y 
rays or in yield of Na% activity indicated by y, resonances for elastic 
scattering, by po, and resonances in yield of 1.63 Mev y ray from first 
excited state of Ne”, by pı. 


V. Ne?(p,on)Na? Qm=— 4.30 
Observed, En 54a. 
VI. Mg^(p,a)Na? Qm=— 6.85 
Observed, En 54a. 
Na? 
à (Fig. 2) 
I. Na?(8*)Ne? Q,,=2.840 [3 
Most accurate measurement of half-life yields 2.58 4 
+0.03 yr (Me 57). Also En 54a. 


Decay proceeds predominantly by 8+ emission fol- — 
lowed by a y ray. Best magnetic spectrometer determi- 
nations of the 6+ end point are 542+5 kev (Ma 50a) — 
and 5404-5 kev (Wr 53), and of y-ray energy, 1.277 — 
+0.004 Mev (Al 49). Also En 54a. | 

Ground-state 8* transition very weak. End point of | 
this high-energy B+ spectrum is 1.832-0.06 Mev and | 
intensity is (0.0624-0.015) percent (Wr 53). Log ft - 
—13.1. Also Mo 49. A 

Electron capture also occurs. Most accurate meas: — 
urements yield: EC/B8*— (11.02-0.6)X10-? (Sh 54b), 
(12.34-1.0) X 107? (Kr 54) and (12.24-1.0) X 107? (A155). 
Also Ho 53b, Ma 54c, Se 54, Ch 55, Di 55. Theory, 
with screening taking into account, yields 11.1107 
(Zw 54). 

Internal conversion coefficient of 1.28-Mev y ray 
measured as (6.72-0.7)X10-5, compares with theo- 
retical value for an E2 transition of 6.59X10-® (Le 54). 
Spin of 1.28-Mev level in Ne? is then 2+. Spin of N 
being J=3 (Ma 50), with almost certainly even parity, 
predominant 6+ branch is allowed in agreensent with 
spectrum shape (Ma 50a, Al 50b, Wo 54). Log ft-1.6. 
Allowed character confirmed by absence of 8-y angula 

elation (St 51a). : 


he recolo discussion. of Na? 


ground-state spin, 


x J 


US ra 


NUCLEAR ENERGY LEVELS, Z=11 


IL FP(o,7)Na? QOn=—1.928 


With « particles from an electrostatic generator, 
thresholds in neutron production observed at E«= 2.33 
and 3.04 Mev. At E47 3.04 Mev a y ray observed of 
E,=592+3 kev, measured with a scintillation spec- 
trometer. Half-life of corresponding Na? level is <0.01 
sec (He 54b). 

. Threshold, £,— 2.486 Mev (Bu 56c) but correspond- 
ing Q (— 2.061 Mev) would be in definite disagreement 
with Q from masses. 

From threshold measurements and írom neutron 
energy measurements with a proton recoil proportional 
counter, ground-state Q=—2.0+0.2 Mev and Na? 
levels found at 0.45, 1:15, (1.8), 2.25, and 3.0 Mev, all 
+0.2 Mev (Qu 56). 

Resonances, see Na”. 


IIL. Ne®(d,p)Ne® E,—11.274 Q,-—4.532 


Resonances observed corresponding to Na? levels at 
12.07 and 12.13 Mev (Go 55). 


IV. Ne?(py)Na? Q,-6.742 

One resonance in y-ray yield from a thin enriched 
Ne? target bombarded with 0.6-1.3-Mev protons ob- 
served at E,=765 kev (Br 47) corresponding to a Na? 
level at 7. 472 Mev. 


V. Ne? (d,n)Na? Qm=4.517 
Observed, En 54a. 


VI. Ne?(p,n)Na? Qm=— 3.623 
Not observed. 


VII. Mg?(8*)Na?. See Mg? 


VIII. Na9(y,i))Na? Qn=—12.416 


Threshold measurements and yield curves, En 54a. 
Search for isomeric states in Na? with half-lives in 
- 10-5 sec-107 sec region unsuccessful (Ve 56). 


IX. Mg^*(d,oo)Na? Q,,=1.967 


Thin natural magnesium targets bombarded with 5-, 
6-, and 7-Mev deuterons. From magnetic analysis 
(@=90°), the ground-state Q=1.953+0.012 Mev. Ex- 
cited states at 0.585, 0.893, 1.535, 1.944, 1.990, 2.222, 
° 2.579, 2.977, 3.067, and (3.525) Mev, all +0.006 Mev. 
Upper limit of 3% of ground-state group given for 
intensity of any group which was not observed at 
E4,—7 Mev. Observed states should have T=0 from 
isobaric spin selection arguments (Br 55, Br 55a). 
Also En 54a. 


X. Mg?*(p,a)Na® Q,——3.140 


Enriched magnesium targets bombarded with protons 


from a 8-Mev electrostatic AES frm ves netic 
urukul Kangri Universi 
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Py 0541 91%) 
f 1.03(006%) 


25 
Mg *p-« 


-3.623 


Ne «p-n 
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analysis ground-state Q— —3.15 Mev. Transitions ob- 
served to 0.59- and 0.89-Mev levels and some evidence 
for a level between those two (Br 55a). 

Also Ba 54, Co 54a. 


GENERAL REMARKS 


The 0.59-Mev level probably not the J—0* T—1 
level, expected at about 0.6 Mev (St53b, St 53a, 
Mo 54, He 54b, Ta 54, Wi 56a), since this leveli is found 
from the Me” (da) Na? reaction. The T=1 level may — 
have been observed from the Mg**(p,«)Na™ reaction. - d 

Theoretical discussion of Na? ground-state sping ` 


Hi 54. 
Mg? » 


(not illustrated) 


A 0.13-sec half-life observed from bombardment 
natural magnesium with 23-Mev protons. This mig 
be assigned either to Mg? or to AI? (Ty 54). 


Na? 


(Fig. 3) 
I. (a) F?(a,n) Na? Ham 10.488 n=- 
(c) F°(a,p)Ne By= 10.448 
(d) pa. Ey—10.448 


nà 0.197 


R,—0.110: 


i 
] 


z bombardment of nat 


686 > Whe 


resonances 
see 
text 


23 ; 23 ^ 
No*p-p No *d-d 


-1.842 
26 
Mg +p- « 
-11.687 
24 
Mg +y-p 
Fic. 3. 


Yield of 592-kev radiation from reaction (b), of 
1.28-Mev radiation from reaction (d), and of 110- and 
197-kev radiation from reaction (f) measured in 
Ea=1.0-3.5-Mey region. Relative yields are given at 
18 resonances, all above 1.4 Mev (He 54b). Reactions 
(d) and (f) explored with better resolution in the 
.E,—0.6-2.8-Mev region, yielding 26 resonances, all 
above 1.3 Mev (Sh 54e). Vield of reaction (f) at low 
E, in agreement with Coulomb excitation theory for 
E2 excitation (He 54b, Sh 54c, Jo 54). Also, En 54a. 


IL Ne®(a,p)Na* Q,- -— 2.380 
En 54a. Resonances, Mg”. 


III. (a) Ne?(p,y)Na? | E,—8.793 
(b) Ne#(p,p)Ne® . E,—8.793 
(c) Ne2(p,?y)Ne?  E,—8.793 


Resonances, En 54a. 


IV. Ne?(d,m)Na? Q,- 6.568 
'Two slow-neutron thresholds observed from deuteron 
ural neon with Q- —1.866-2-0.010 


?5 levels 
—2.4432:0.015 Mev, corresponding to Na 
E b —8.434-+0.021 and 9. 012+0.024 Mev (Ma 56b). 


Ass EUH based on observed intensities. 
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V. Ne”(6-)Na” Qm=4.385 


Half-life, 40.2+0.4 sec (Br 50) and 37.6-E0.1 sec 
(Pe 57). Also En 54a, Ha 51a. Decay is complex. End 
point of ground-state transition (67+3% intensity) 
measured by scintillation spectrometer as 4.392-0.05 
Mev (Pe 57), in much better agreement with Q,, than 
a former magnetic spectrometer measurement (En 542). 
A 322-395 branch with an end point of 3.952-0.05 Mev 
is in coincidence with 436--4-kev y rays, and a 1.00 
+0.15% branch with 2.4+0.1-Mev end point is in 
coincidence with 1.647+0.016-Mev y rays. The two 
y rays are also coincident, and have intensities of 
100: (3.00.3). Higher energy y rays present but have 
at most an intensity of 0.2% per disintegration. Beta 
transitions to three lowest Na? states are evidently 
allowed with log ff=5.25, 5.38, and 5.88 (Pe 57). No 
superallowed branch occurs in Ne? decay as formerly 
believed (Ki 55, Fe 55). 

Results mentioned in the foregoing confirmed in 
Ge 55, Ge 56. End point of ground-state beta transition, 
3.9+0.3 Mev, lowest-energy y ray, 440-5 kev. A 3.0- 
Mev y ray may be present but intensity relative to 440- 
kev y ray is <1%. Also Go 56. 

Allowed hararter of beta transitions to 3/2* Na? 
ground state and 5/2* first excited state limit Ne* 
spin to 3/2* or 5/2*. Same possibilities follow from 
a Ne"(d,p)Ne? angular distribution measurement 
(Bu 56d). 


VI. Na? (n,n'^y)Na? 


In E, — 440-800-kev region, cross section for produc- 
tion of 0.44-Mev y ray shows resonances at 542, 602, 
633, 710, and 780 kev. The y-ray angular distribution 
isotropic at 602- and 710-kev resonances, but anisotropic 
at 633 and 780 kev (Ha 56). At E,—2.5 Mev, y rays 
observed of 0.45-+0.01, 1.694-0.03, and 2.2+0.1 Mev 
(Wo 56). At E,—5.1 Mev, y rays reported of 0.439, 
0.650, 1.63, 2.07, and 3.01 Mev (Mo 56c). The 0.650- 
Mey y ray cannot easily be fitted into the Na? level 
scheme. Also Cr 56a. 


VII. (a) Na” (p,p) Na” 
(b) Na? (p, p'y)Na” 


From magnetic analysis at several proton energies 
in the 7.0-7.5-Mev region and at several different 
angles, levels in Na? observed at 0.440+0.003, 2.078 
+0.004, 2.3934-0.007, 2.641-40.007, 2.705+0.007, 
2.983--0.007, 3.6782-0.007, 3.850+0.008, 3.9154-0.010, 
4.4312-0.010, and 4.778-+-0.010 Mev (Bu 57). Another 
value for first level, by magnetic analysis, is 4372-5 kev 
(Sc 56c). Most accurate determination of this level, 
from electrostatic analysis, is 4392-1 kev (Do 53). Also 
En 54a. 

The 0.44-Mev y-ray transition investigated exten- 
sively at E,=1.29-Mev resonance. Internal conversion . 
coefficient TCE as (4.90.6) 10-5 in agreement - 


NUCLEAR ENERGY LEVELS, 


Na*(p,p’y) and Na*(a,a’y) reactions, half-life of 0.44- 
Mev level determined with recoil techniques as between 
107? and 107? sec (Kr 56). Also Sw 56. Gamma-ray 
angular distribution measurements at 1.29- and 1.46- 
Mev resonances limit spin of 0.44-Mev level to 5/2* or 
3/2* (Re 56b, Be 56a). 

Even parity of this level follows also from measure- 
ment of ratio of y-ray yield from Na™(p,p’y) and 
Na” (a,«’y) reactions which is explained by E2 Coulomb 
excitation. From yield, partial half-life for E2 decay is 
computed as 3.0X 10-?? sec (Te 56). 

Second level in Na? is fed at the £,= 
nance. 


2.890-Mev reso- 
'This level de-excites both to level (1) and to 
ground state, branching ratio of about 20. Ground-state 
transition is anisotropic, excluding J — 1/2 for level (2) 
(Go 57b). 

Other Na?-4- 5 resonances under Mg”. 


VIII. Na?(d,d')Na* 
At Ea=14 Mev, levels in Na? found at 1.9, 2.6, 3.75, 


4.45, 5.5, 6.3, and 1.2 Mev (Bo 50). Also Ha 54b, 
El 56a. At Ea=8 Mev, groups proceeding to levels at 
2.08, 2.71, and 3.85 Mev all show angular distributions 


compatible with /;—2, which would determine parity 
of these levels as even (El 56a). 
IX. Na?(ajo^y)Na? 

A 0.44-Mev y ray observed (Te 54, Te 56, Kr 56). 
Half-life, quoted under reaction VIT, Kr 56. The y-ray 
angular distribution measured at £,—2.5 Mev is only 
compatible with J=5/2* for level (1) (Te 56). 


X. Na9?(NM,NM»y)Na? 
A 435-kev y ray observed resulting from Coulomb 


excitation by 15.6-Mev triply charged N* ions (Al 56). 


XI. Mg?(8*)Na* See Mg” 


XII. Mg?(y,2)Na? Q,,— —11.687 
Cross section, Jo 55, Mo 55 


XIII. Mg?(d)Na? Q,-7.051 


Ground-state Q value, measured by magnetic analysis 
as 7.0192-0.013 Mev, differs from value computed 
from other links between Na? and Mg”. The Na” levels 
at 0.44 and 2.08 Mev observed from this reaction 
(En 52). 


XIV. Mg*®(p,a)Na* Q,,=—1.842 
Not observed. 
o 9 Mg? 


(not illustrated) 
I. Mg? (8*)Na? a Q,,— 4.059 
Half-life, averaged from older determinations (En 54a) 


and from a more recent one (10.7+0.7 sec; Hu 54), 
11.9+0.2 sec. 


Z=11 TO 20 687 

The 8* end point— 2.82 Mev with a cloud chamber 
(Wh 39), 2.99+0.09 Mev (Bo 51), and 2.952-0.07 Mev 
(Hu 54) with a scintillation spectrometer. No y rays 
observed. Decay is superallowed (log ft=3.7), deter- 
mining Mg? spin and parity as 3/2*. 


II. Ne®(a,7)Mg* Q,=—7.222 
Not observed. 


III. Na®(p,n)Mg® Qm=—4.841 


Revision of generator calibration changed old value 
for threshold (ZE,=5.091+-0.010 Mev; Wi 52) to 5.053 
+0.010 Mev (Ki 55a). 

Resonances under Mg”. 


IV. Mg!i(y,))Mg? Qn=—16.529 


Threshold and yield, En 54a, Ka 54, Na 55, Mo 55, 
Ye 56. 


A]? 
(not illustrated) 


Half-life of 0.13 sec observed from bombardment of 
natural magnesium with 23-Mev protons. This might 
be assigned to either AI? or Mg? (Ty 54). 


Na% 
(Fig. 4) 


I. (a) Na” (6-)Mg” Qm=5.514 


Half-life, averaged from six older determinations 
(En 54a) and from a more recent measurement (14.90 
+0.05 hr; To 55c), 15.000.02 hr. 

Decay scheme of Na” investigated very thoroughly. 
The 8- decay goes predominantly to 4.12-Mev level of 
Mg” followed by two y rays in cascade through 1.37- 
Mev level. Accurate measurement of the 8- end point: 
1.390+0.005 Mev (Si 46). Best magnetic spectrometer 
determination of y-ray energies is 2.75352-0.0010 and 
1.26804-0.0010 Mev (He 52). Also En 54a. Log ft (for 
main $- transition) 6.1. 

Experimental material leading to an assignment of 
spins 0*, 2+, and 4* to Mg?! ground state and levels at 
1.37 and 4.12 Mev, respectively, and of spin 4* to Na?! 
ground state, En 54a. 

Ultra-fast delayed 6-y coincidence measurement of 
half-life of 1.37-Mev level, yielding (2.523-1.7) X 10-!! 
sec, confirmed E2 character of 1.37-Mev transition 
(Co 55c). 

A weak high-energy 8- component, proceeding to 
1.37-Mev level, also found, with end point of 4.17 Mev 
and intensity ‘of 0.003%. (log f£—12.7) (Tu 51). Also 
Gr 50a. 

A 4.12-Mev crossover y ray not definitely established 
(En 54a). 

From Na?(p,y)Mg* measurements, a J =3 level at 


CC-0. Gurukul Kangri University Haridwar Sok Ahile fougshdaoM giá, de-eXciting to 1.37 Mev 


expanded scole 
for E,» 70 


A, 198 (92%) 
fy 110 ( 8%) 
Thresh 115 
22.181 
7 Nei a-p 
E ¥ 6 4.17 (0.003%) 
=e [5 1390 (99.96%) 
s 
A (0.28) ( 0.04%) 
E =12,063 
Md 


Fic. 4. 


level with a 3.86+0.04 Mev y ray (Ne 54a). This level 
is probably also fed in Na^(8-)Mg^ decay. A y ray of 
.. 3.62:-0.05 Mev and intensity 0.04% has been reported 
(Be 51), while others report y rays of 3.9 and 5.3 Mev 
(To 55b). Existence of the latter y seems doubtful as 
= its octupole character would exclude competition with 
9-Mev dipole transition. 
Log fi=7.1 of 8- decay to 5.23-Mev level points to 
a once-forbidden transition, yielding odd parity for 
d 3-Mev level. 
Theoretical discussion of Na% spin, De 53a, Hi 54, 


Ta^" (8) Mg See Ne^(8-)Na^ (reaction VII). 


a Ne*(a,p)Na* Qn=—2.181 
) E . Not t observed. 


MIL Ne#(dy)Na* Qn=13.424 


Hu 55c, La 57. 
hermal neutron capture 
tic Compton spectrometer 
S ometer (Ki 51), with 
ro) ‘Br 56e) and 


IPs IML, IDIN IDA ANID) C M. 


BRAAMS 


not observed; its intensity is smaller than 0.1 per 100 
captures (Gr 55a). 

The intense y ray A feeds the 0.56-Mev level, de- 
excited through the 0.472-Mev level by cascade Z— Y. 
Notable is absence of a 0.56-Mev y ray. Upper limit for 
intensity is 3 per 100 captures (Gr 55a). 

Few of the y rays in Table II can be fitted in Na* 
level scheme with certainty. For y rays A, V, and Z see 
above. Gamma-ray B feeds the 1.34-Mev level, which 
is de-excited by V to 0.47-Mev level, and probably by 
W to 0.56-Mev level. The 1.34-Mev level is not de- 
excited by U to Na? ground state as this would conflict 
with the spin assignments found from the Ne? (8-)Na* 
decay (reaction VID. The y rays N and P might feed 
the 1.34-Mev level from 3.85- and 3.58-Mev levels, re- 
spectively (Mo 56a). 


IV. Na?9(n,n)Na? E,=6.956 


Cross sections and resonances, Hu 55c. Sharp re- 
solved resonances at E,—2.9 kev (J=2t+), 55 kev (3- 
or 2-; Bl 56, Cr 57), 204 kev (1-), 217 kev (0-), 243 
kev (17 or 27), 297 kev (1+), 396 kev (0- or 17), 451 kev 
(1* or 1-), 542 kev (1+), 602 kev (>1), 710 kev (2:5), 
784 kev (>2), 914 kev (>3), and 988 kev (>1). Also 
Po 54, Pa 55, Jo 55a, To 55a, La 56. 

y rays from inelastic scattering under Na”. 


abo ee 


TABLE II. Thermal neutron capture y rays from sodium 
(intensities in photons per 100 captures). 


Gr 55a Ki 51 Mo 56a 
Energy Energy Energ z 
y Tay (Mev) Intensity (Mev) Intensity (Mev) Intensity 
A 6.40 +0.03 22 6.41 +0.03 20 
B 5.61 +0.03 6 5.61 +0.03 7.5 
B’ (5.30 0.05) 0.3 
C  (5.122:0.05) 0.8 5.13 +0.03 1.8 
C' (4.90 +0.05) 1.2 
C" (4.70 +0.05) 0.9 
D  4.500.04 2.1 
D'  (4.302-0.05) 0.5 
4.18 +0.04 2. 
~ 3.98 +0.04 17.2 3.96+0.03 20 
3.86 +0.04 5.9 3.85+0.03 11 
(3.68 +0.05) 1.3 
3.60 +0.03 yis 3.602-0.03 10 3.590 +0.025 18 
3.56 +0.03 3.56 +0.03 20 
3.30 +0.02 5 
3.08 +0.02 9.5 Br 56e 3.070 +0.020 7 
2.84 +0.02 7 Energy Intensity 
2.68 +0.02 8.5 (Mev) 


2.52 +0.02 21 2.53 +0.03 19 2.510 +0.020 ^45 
2.41 +0.03 10.5 


E 
E 
G 
G^ 
H 
I 
J 
K 
L 
M 
N 
oO 
P 2.21 +0.03 7.5 
Q 
R 
S 
Te 
U 
Va 
Ww 
x 
Y 
Z 


2.210 +0.015 8 
2.030 +0.010 13 


2.020.015 11.5 
(1.95 +0.03) 4 

(1.87 +0.03) 5.5 
1.66 +0.01 7.5 
1.352000] ` 6,5 


2.02+0.03 12 


1.900 +0.020 ^3 
1.66-+0.05 5 1.630 +0.008 10 
Um 4) 


1.35 +0.03 6 


0.86+0.01 44 0.86+0.02 34 0.877 +0.005 30+10 - 

0.79+0.015 4.3 r 
(0.71 +0.015) 5 h 

0.47+0.015 74 0.48--0.02 60 0.173 0.004 


0,090 ^ 
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V. Na?(up)Ne? E,—6.956 Qn=—3.603 


Cross section from threshold to E,=6.0 Mey; reso- 
nances observed corresponding to Na? levels at 
E,=11.93 and 12.33 Mev (Bo 57a). 


VI. Na?(d,p)Na^ Q,—4.731 


Ground-state Q measured by magnetic analysis 
=4.731+0.007 Mev (Sp 52) and 4.723+0.008 Mev 
(Mi 52). Eighteen levels in Na?! found by high-resolu- 
tion magnetic analysis at 0—90? and at deuteron 
energies between 1.5 and 2.2 Mev (Sp 52) in Table III. 
Also En 54a, El 56a. 

The 7, values found by comparison with stripping 
theory in Table III. Brackets indicate unresolved 
groups. 


VII. Ne®(8~)Na®™ Q5 — 2.45 

New radioactive nuclide Ne? recently produced 
(Dr 56) from Ne?(42)Ne" reaction. Half-life, 3.38 
+0.02 min. > 

Two (noncoincident) y rays observed with a scintil- 
lation spectrometer with following energies and relative 
intensities: y1, 4724-5 kev (100) ; y2, 8789 kev (82-2). 
Upper limit of 0.5% given for potential 92- and 564-kev 
y rays, and of 1% for a 785-kev y ray. Two 8- ray 
branches found with a plastic scintillator with following 
end points and relative intensities: 8; 1.98-0.05 Mev 
(922-2), Bs 1.102-0.05 Mev (82). The Br branch 
not in coincidence with y rays, the 87- branch coinci- 
dent with yo. Both 8- transitions are allowed (log ft 
— 4.4 for both) and have linear Fermi plots. A weak 8^ 
branch with ~6-Mev end point also may be present. 

The 472-kev level in Na?! is isomeric. From decay of 


yı, half-life estimated as ZU msec. This explains 


absence of coincidences of y; with yə or with 8- par- 
ticles. The weak high-energy 8- branch may be ex- 
plained as a transition from isomeric state to Mg™ 
ground state. 

Observed half-life of 472-kev transition uniquely 
establishes it as octupole. Spin of 472-kev level must 
then be J=1+, because of allowed character of 8- 
transition to this level. Also 1.34-Mev level has J=1+; 
from allowed character of corresponding 8- transition 
follows J —0* or 1+, while Na? (d,p)Na™ angular distri- 
bution measurements (see Reaction VI) lead to 
J —1* or 2*. 

That the 0.56-Mev level is not fed in the Ne? 8- decay 
may be explained by spin assignments of J=0* or 
Jzm2. £2 0*0* 8- transition would be forbidden by 
isobaric spin selection rule. Spin 1* or 2* follows from 
Na? (d,p)Na^* angular distribution measurements (see 
Reaction VI). The 0.56-Mev level then has most likely 
J —2*, in agreement with fact that no 0.56-Mev y ray 


certain stage of stellar 
is observed (also Reaction W: ` Gurukul Kangri University Haridwar cag L 


U 
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TABLE III. Levels in Na?! from Na*(d,p)Na™ and 
corresponding neutron orbital momenta 1,. 


Reference: Sp 52 Sp 52 Ta53*Sh545 BrS4c*e El564 
Group Q value Na* level 
(Mev) (Mev) la 
emer 
ES 472 £0,008 2 
(2) 4.1672-0.007 0.564 0.008 jo+2 Jo+2 0 
(3)  3.390-L0.006 1.341 0.008 0 0 0 
(4) 2.887::0.006 1.844 0.008 one 
(S)  2.847::0.006 1.884 +0.008 an 
(6)  2.267:L0.006 2.464 £0,008 1 
(7) 2.1702:0.006 — 2:561 0.008 an 
(8)  1.322::0.005 3.409 0.008 1 
(9) 1.149-£0,006 3.582 10.009 
(10)  1.1082::0.006 — 3:623 +0.009 
(11)  1:083-:0.006 — 3.648 +0.009 
(12) 0,993-L0.005 — 3.738 40.008 
(13)  0,881:-0.005 — 3,850 +0.008 
(14)  0.832:L0.005 3.899 -£0.008 
(15)  0,802--0.005 3.929 £0,008 1 
(16) 0547-0005. 4.184-£0.008 
17) 0.529-£0.005 4.202 0.008 1 
(18) 0.512+0.005 — 4:219 +0.008 
(19) 0.173+0.005 — 4.558 30.009 1 
(20) 4.74 £0.07 ° 1 


a Ea =1.15 Mev; nuclear emulsions. 

b E4 =3 Mev; Al absorption. 

* Ea —10 Mev; nuclear emulsions, 

4 Ea=8 Mev; magnetic analysis. Groups (1) and (2) were only partly 
solven this investigation. 
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VIII. Mg” (n,p)Na™* Qm=— 4.131 
Cross-section data, En 54a, Co 56, Ve 57. 


IX. Mg**(y,p)Na** Qn=—12.063 

Threshold and cross-section data, En 54a, Ka 54, 
Mo 55. 
X. Mg” (d,a)Na™ Omn=2.889 


Cross section, En 54a. 


XI. Al” (na)Na™ Q,-——3.136 
Cross section, En 54a. 


Mg? 
(Fig. 5) 


I. Ne®(a,p)Na® E,=9.307 Qm=—2.380 ^" 


Observed at E,=3.923-Mev resonance (Table 
(Go 54c). 
IL Ne®(a,a)Ne® E, 9.307 er 

Thirteen sharp resonances observed in neon elasti c 
cross section at four different scattering an 
E,=2-4 Mev. Eleven assigned to Ne? (Table | 
two to Ne®. Spins and parities from partia 
analysis (Go 54c). Reaction IV gives compa 

Na*®-+- p resonances. E 


III Ne” (a,n)Mg* Q,-2.550 
Not observed. Reaction chain | 
Ne?!(a,n) Mg believed to Dae as 


ction. Digitized. 
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& EE EIGA in 0.85-1.70-Mev region with widths and relative y-ray 
XCOSPORSISI yields), and Fa 55. Relative y-ray yields of 5 resonances 
53 16.528 in 0.22-0.53-Mev region, Ha 55c. For absolute ao yields 
Moia at the 287-, 338-, and 594-kev resonances, Fl 54. 
Spin and parity assignments of 308-, 511-, 594-, and 
v 76 resonances (Py) 140 (4) 675-kev resonances based on measurements of y-ray 
he DM AP spectra, angular distributions, y-y angular correlations, 
/ 113-14. region 1E pes and y-ray widths. The 4.24-Mev Mg? level assigned 
11687 EUR ái pce J — 2t. Level at 5.26 Mev observed with J 3 and prob- 
5 ND 1630 [3351015 %) ably negative parity (Gr55e). Also Ca 53, Tu 33, 
o — À fs soos) Ca 54a, Hi 54a, for measurements of y-ray spectrum at 
= WO 95 __ Tat (4) 308- Kev resonance. 
9.307 ^ 
NiSa-n ES Spin and parity assignments at 1012-, 1137-, 1166, — , 
Ps ( Root mu and 1288-kev resonances in St 54a based on ap angulis i 
l4- it- distribution measurements, those in Ba 56 mainly on po 
Ca m and some on y angular distribution measurements, and 
6.0 i o.a72 T . e : : À 5 " 
crc 7 MIR uA de those in Ne 54 mainly on partial widths for different 
4B i ES Ns decay processes. Gamma-ray angular distribution and 
eo Ne! f Vi Pi ese (reni) correlation measurements at 1398-kev resonance lead 
i5 M Foe e also to assignments of J=2 to Mg? 4.24-Mev level 
2.550 | faz (a2K004%) (decaying both to ground state and 1.37-Mev level with 
Ne*a-n Y I} iP {isos relative intensity of 1:0.2) and J=3 to a 5.2340.04 
DOS f a D Mev level (decaying through 1.37-Mev level) (Ne 54). 
TE / 4 | The 1* assignment to 1258- kev resonance in Se 53 based 
von Ee EAS ^ weed ER on &ı— y angular correlation measurements in planes 
-7.332 3 parallel vith and perpendicular to proton beam. 
Mg y- On the average, Mg? excitation energies as found 
Fic. 5. from Ne?-F-o« are 5 kev higher than those from Na? p. 
Except for this, there is beautiful agreement between 
IV. (a) Na?(pyy)Mg^ ^ E,—11.687 excitation energies, spins and parities of Mg” levels 
(b) Na?(p,))Mg? ^ Ev—11.687 Q,— —4.842 found from Ne?-Fa elastic scattering (Table IV) and 
(c) Na?(p,p)Na? ^ Ey—11.687 from Na?4- 5 (Table V). In former reaction, only T=0 
(d) Na” (p,p'y)Na”  E,—11.687 .E.—0.439 levels observed with “natural parity" (parity even if J 
(e) Na*(p,a)Ne® ^ E,—11.687 Qn=2.380 is even, parity odd if J is odd). 
(f) Na?(5,amy)Ne? | E,—11.687 E,=1.630 The 12.256-Mev level must be a doublet, Gr 55e. A 
Large amount of information has become available unique 2- assignment follows from Na?(5,y), in dis- 
in recent years on Na+ p resonance reactions (Table agreement with 3- assignment from Na?(,?) and 
V, also En 54a). Most accurate measurements taken ^ Ne? (oo). Negative parity follows also from a polariza- 
for proton resonant energies and total widths given in tion measurement of 10.8-Mev capture radiation, 
Table V. Besides references under Table V, also Ny 55 Hu 56. | 
(energies of 5 resonances in 0.5-1.0-Mev region with i 
relative y-ray yields), Te 54a (energies of 14 resonances y Na” (dyn) Mg! Qm=9.462 
E DNO GN reaction end Angular distributions of neutrons, detected with 
TABLE e Mevel (G0 S40). nuclear emulsions, measured at £4—8 Mev. Transitions 
——MM——————————D to Mg“ ground state and 1.37-Mev level very weak; 
Ea (lab) (Mev) Ez (Mg) (Mev) T (kev) Jor those to 4.12- and 4.24-Mev levels unresolved and weak 
11.380 (0.5) 1- -  (L,—0--2); those to 5.1-, 5.5-, and 6.3-Mev levels weak 
: (1 and isotropic. Transitions observed to levels at 7.45, 
8.48, and 10.46 Mev, all +0.10 Mev, with /, Fe ona 
and 0, respectively, El 56a. 
Essentially same results obtained at E;—9 Mev sim 
a proton recoil triple ionization chamber for neutron 


detection. Transitions to a 7.5-Mev level assigned 


1,—04-2, those to a 8.4-Mev level /,—0. No higher - 
Kangri-University-Haridwar-Collecti BISON Ey% eo hans USASO En 54a. 
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VI. Na^"(8-Mg?" See Na’, 


VII. Mg?(e,e) Mg?! 


Differential cross section for elastic scattering of 187- 
Mev electrons and for inelastic scattering leading to 
level (1) determined, (He 56). 


VIII. Mg?! (n,n") Mg” 


At E, — 2.56 Mev, only one y ray (£,—1.3682-0.010 
Mev) from inelastic neutron scattering on natural mag- 
nesium can be assigned to Mg” (Da 56c). Also En 54a, 
Sc 54d, Pa 55, Ra 55, Cr 56a. Elastic neutron scatter- 
ing, Cu 56. 


IX. Mg^(p,p/)N 


. Most accurate measurement of first Mg” level, done 
by electrostatie analysis of inelastically scattered pro- 
tons, 1.371+0.002 Mev (Do 53). Second and third 
levels measured by magnetic analysis at 4.134-0.02 and 
4.244-0.02 Mev (Fia 52). Higher levels reported (all 
from natural magnesium bombardments) at 4.77, 5.24, 
6.00, 6.42, and 6.90 Mev, all +0.05 Mev (Gr 56f), at 
5.10 Mev (St 52), at 5.10.1, 5.90.1, and 6.30.1 
Mev (Fi54), at 5.51+40.3, 7.320.3, and 8.30+0.4 
Mev (Fu 48), and at 6.382-0.08 Mev (Ba 52). 

Angular distribution measurements of elastically and 
inelastically scattered protons, En 54a, Fi 54, Gr 55, 
Co 55, Gr 56f, Gu 56a, Sh 56. 

A p-y angular correlation measurement, En 54a. 

Resonances, under Al’ 
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X. Mg” (dd) Mg? 
Angular distribution measurements of elastically and 
inelastically scattered deuterons, En 54a, Gr 55, Ha 56c. 


XI. Mg? (aj) Mg? 

Angular distribution measurements of elastically and 
inelastically scattered œ particles, Gu 56, Wa 56a, 
Groups both to 1.37-Mev level and to doublet at 4.2 
Mev agree with direct surface interaction for 0*—2* 
transitions. Thus, the 2* 4.24-Mev level is excited but 
not the 4* 4.12-Mev level (Wa 56a). 

Resonances, under Si?*. 


XII. Al**(6+)Mg* See AP 


XIII. Mg?(yo)Mg^ Qm=—7.332 


Threshold and yield, En 54a, Ka 54, Na 55, Ye 56, 
Mo 55. 


XIV. AR (y,) Mg Q5 — —18.217 


Threshold, 18.22-0.2 Mev. Yield from 31-Mev 


bremsstrahlung in good agreement with statistical 
theory (Wa 56). 
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TABLE V. Resonances in Na?4- p reactions. 
Ep (lab) Ez (Mg?) r 
(kev) (Mev) Decay * (kev) J,T 
250.8--0.2* 11.928 Y 0.32-0.2* 
287 +1.5>5 11.962 ao 
307.8 +0.3 11.983 Y 0.8 +40.3 a 274 
338 +1.5> 12.011 ao 
373.5--0.4^ 12.045 y 2.0 +1.0 * 
443.8 +40.6 12.113 Y 0.8 £0.3 * 
510.94+0.65 12.177 Y 0.8 2-0.3 1*4 
594 € 12.256 po ao Y 2+41¢ 2d a3 
675 ° 12.334 Po Y <1e 3*4 
725 e 12.382 po T2 0 0-e 
740 ° 12.396 Po Y «3c 
744 © 12.400 Y <3 ° 
797 € 12.451 Po ao 7%2¢ 17* 
815« 12.468 po ao S1! 2+e 
849 e 12.501 po (1) t 4* c 
877 * 12.527 fo Y 8+2 ° 1* e, on (1,2)72 
922¢ 12.571 Po ao 6+1! 
989 « 12.635 Y <ie 4 e 
1011 ce 12.656 pi Y <0.5¢ 
1012 ¢.e 12.657 Piao ai 0.8 2-0.1 © 37h, (2+) « 
1022 v.e 12.666 po pr ay 6.6 2-0.5 ° 27e 
1087 *.* 12.729 fi Y 1.1+0.5¢ 
1094 c.e 12.734 Piao ai 7.9 +0.5 ° (2*)& 
1137 e.» 12.777 ao 30 +5¢ Oth 
1166 c.e 12.804 pi ao my 1.20.1 * 2*h, (17) « 
1176 e.c 12.814 po pi at Y 2.5+0.5¢ ite 
1206 c. 12.844 fo pı at 0.30.1 * (27)* 
1213 v.* 12.849 Po pi ay 0.4+0.1 * (3*)* 
1258 ¢.¢ 12.893 po fi «t 0.6 20.1 © 1*et 
1273 * 12.907 Y 
1288 c.« 12.921 po Piao ci 7.140.2¢ 1-¢.h 
1321 e.e 12.953 fo hi ay 2.10.5 e one 
1329 ce 12.962 po fi al 3.5 +0.2 * 
1334 ¢¢ 12.966 po pr 6.7 +0.2 e 
1365 e.« 12.996 po [n 1.2 +0.2 * (07)* 
1398 «.« 13.028 po fi ary 0.8+0.1 ° Stee 
1419 c0 13.048 Y «0.3 4te 
1460 ¢.° 13.087 978 +0.2 © 37e, (27) € 
1511 ° 13.135 <10 ° 
1519 * 13.143 3.2 +0.5 ¢ 
1558 * 13.170 6.5--0.5 * 
1575 ° 13.196 «10 * 
1638 * 13.257 7-50 * 
1645 ° 13.263 ~8e 
1653 ¢ 13.271 ~2¢ 
1719 e 13.334 2.0+0.5¢ 
1737 * 13.352 15.222 e 
1749 e 13.363 <1.0¢ 
1802 e 13.414 Fale 
1805 e 13.417 6+1°¢ 
1832 * 13.443 «0.35 * 
1839 e 13.449 3.2 20.2 * 
1870 * 13.479 ~le 
1933 * 13.540 6.9 +0.5 * 
1976 * 13.581 23 -3* 
1979 e 13.584 9.5+1 ° 
2027 ° 13.629 3.341 ° 
2075 * 13.676 8.7 +0.5 * 
2080 « 13.681 31 +28 
2122* 13.721 4.8 +0.5 ° 
2170 © 13.767 ~2e 
2200 e 13.795 3.50.5 © 
2223 ¢ 13.817 47 +5e 
2243 © 13.836 ~2e 
2284 * 13.876 2.00.5 * 
2297 e 13.888 ~28 * 
2340 * 13.929 ~10 e 
2343 * 13.932 ~l4e E 
2354 ¢ 13.943 ~4e È 
2388 ° 13.976 4.9 +40.5 ° 
2436 * 14.021 6.50.5 ° 


* For observed modes of decay po refers to elastic scattering, pı to in- 
elastic protons (observed through the 0.439-Mev Na? y ray), ao to ground- 
state a particles, a: to short- range a particles (mostly Menem through 
1.630 Mev Ne” y rays), and y rays from proton 

a (Ha 55c); b (F1 54); ° (Ba "sé, Pr S6); 4 (Gr SSe); * (St AR n Go 54c); 
£ (Ne 54); b (St S4a); ! (Se 53); D (De 56 
v k No elastic proton scattering eL available above E,=1.5 
ev. 

! Hard y rays very weak or absent above Ep —1.5 Mev 

m No ground-state a-particle measurements available abota Ep =2.2 Mev, 


XV. AP'(p,)Mg* Qn=1.595 
Q by electrostatic analysis=1.594-+0,002 Mev (Do 


53), and by magnetic analysis=1.585+0.015 Mev ix EE 
(Fr 50), 1.595+0.007 Mev (Va 52a), 1.612-0.02 Mave e E: 


(Ru 53a), and 1.59643-0.006 Mev (Va 57d). 
From electrostatic analysis first level obtained a S 
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1.3662-0.004 Mev (Do 53), and from magnetic analysis 
at 1.366-0.006 Mev (Va 57d). 

Transitions to 4.11- and 4.21-Mev levels observed by 
magnetic analysis at E,=8 Mev (Re 52). 

Resonances, under Si??. Also En 54a, Gr 54a, Pa 54. 


Al’ 
(not illustrated) 


L AP(8*)Mg* Qn=14.0 


Half-life (average of three measurements, En 54a) 
2.0923-0.04 sec. 

Gamma rays observed with a scintillation spec- 
trometer in Table VI. Positrons reported with endpoint 
of ~8.5 Mev. One per several thousand disintegrations 
proceeds through an excited state in Mg% which emits 
a particles of H.~2 Mev (Gl 55). 

The 8* decay seems best explained by assuming a 
30% branch to an 8.5-Mev level, probably with spin 3*, 
de-exciting through the 7.12- and 4.22-Mev y rays to 
the 1.37-Mev 2* and 4.12-Mev 4* levels, a 15% branch 
to a 9.5-Mev level, de-exciting through the 5.35-Mev 
y ray to the 4.12-Mev level, and finally a weak transi- 


TABLE VI. Gamma rays from the AI**(8*) Mg?! decay. 


Author: GI 55 Br 54a 

Ey (Mev) Rel. int. Ey (Mev) 

1.392-0.03 0.40 1.38-++0.04 

2.732:0.06 0.32 2.70+0.06 

4,220.10 0.15 4.21+0.12 

5.350.10 0.06 5.37+0.14 
(5.66-+0.18) 

7.12+0.10 0.07 7.02+0.20 


‘ion toa level at ~11 Mev, de-exciting through o emis- 
on (Gl55). The 9.5-Mev level in position expected 
or T,=0 member of T=1 triplet to which also belong 
/ =4+ Na* ground state and Al* ground state (presum- 
ably also with spin J—4*). The 8* transition to this 
level would then be favored (Bo 55, Wi 56a). 
t 5 


IL Mg*(p,)AI* Qn=—14.8 
Threshold is 15.4+0.3 Mev (Bi 52). Also Ty 54, 
Co 55b. 
Na? 


(not illustrated) 


I. Na5(8-Mg5 On=4.0 

ts of half-life (En 54a, Iw 55, Na 56), 
a average to 59.5-0.7 sec. The 8- 
Mod age EAT absorbers, 3.7-+0.3 Mev 
(E i7) and with a scintillation spectrometer, 4.02-0.2 
| Me (Ma 55). From analysis of y spectrum and Dico: 
vs f , 3.5% PER oe of 8- 
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e 
cin 
" 


P. M. ENDT AND C. M. 


rsity Haridwar Collection. Digitized by S3 Foundation USA 


BRAAMS 


1.61-Mev levels of Mg”, respectively (Ma 55). How- 
ever, intensity ratios in y spectrum measured with a 
large Nal crystal show that 87 branching to the 0.58- 
Mev level is probably less than 1% (Go 56). Branching 
ratios, log ft values, spins, and parities in Table VII. 
Assignment of 5/2* to Na” ground state based upon 
absence of a measurable transition to Mg? (1) together 
with allowed character of transitions to Mg?* (0) and 
(2). Energies and relative intensities of y rays in Table 
VIII. Discussion of possibility of favored transitions, 
Ki 55, Fe 55. 


TABLE VII. The 87 decay of Na?* (Go 56). 


Mg” level (Mev) 0 0.58 0.98 1.16 1.96 
Branching ratio (%) 65 <1 30 5 «1 
Log ft 5:2 0087» 6.0 32 5.6 >5.9 
J and m; Na5(0)25/2* 5/2* 1/2*  3/2* (7/2* 5/2* 
| 
Il. Ne?(o,p)Na? Qm=— 3.70 | 
Observed, En 54a. 
MI. Mg?5(n,p)Na? Qm=— 3.22 
Cross section, En 54a. 
IV. Mg**(y,p)Na?* Qm=— 14.21 
Threshold, #,=14.0--1.0 Mev. Cross section, 


En 54a, Ka 54; also Mo 55. 


TABLE VIII. Gamma rays following the 8- decay of Na*.* 


Iw 55 Ma 56 Na 56 Go 56 
y: 410 3842-10 (444-4) 3702-10 (108) 400 (9544) 
y2 590 5762-10 (594-7) 5802-10 (135) 580 (89+5) 
ys 980 9782-15 (1002-15) 975 (100) 980 (1002-3) 
y4 1603+20 (402-7) 1610 (333) 


. ^ Energies in kev; relative intensities normalized to ys=100 and placed 
in brackets. 


Mg? 
(Fig. 6) 
I. Ne”? (a,n)Mg Q,,= —0.483 
Work with Po a-particle sources, En 54a. 


IL Mg” (ny)Mg Q,-—7.332 


Thermal neutron capture cross section of natural 
magnesium is 632-4 mb; those of Mg”, Mg?*, and Mg” 
are 332-10, 2702-90, and 602-60 mb, and their abund- 
ances 78.6, 10.1, and 11.3%, respectively, indicating 
approximately 41% of thermal neutron captures in’ 
natural magnesium should occur in Mg” (Hu 55c). 

Gamma rays from capture of thermal neutrons in - 
natural magnesium, measured with magnétic pair spec- — 
trometer (Ki51, Ki 53a) and with two-crystal scintil- 
lation spectrometer (Br 566), in Table IX. Intensity of 

* 


i NUCLEAR ENERGY LEVELS, 


line J not in agreement with above estimate of contri- 
bution of Mg? to capturing cross section of natural 
magnesium. Possible assignments in Table IX based 
mainly upon comparison of y energies with Q values of 
(d,p) reactions. Great intensity of line J (from captur- 
ing state to p level at 3.405 Mev in Mg”) explained by 
assuming this is most energetic -E1 transition. Since 
this level is de-excited by y rays K and L to ground state 
(spin 5/2*) and first level (spin 1/2*), both these com- 
peting transitions must be E1, and spin of 3.405 level 
is uniquely determined as 3/2- (Ki 54a). 

Recalculation of intensities of some lines in photons 
per 100 captures in Mg”, Ki 54a. 


III. Mg? (n,n)Mg^ Ey 71.332 
Total neutron cross section of natural magnesium, 
Hu 55c. 
LJ 


TABLE IX. Gamma rays from capture of thermal 
neutrons in natural magnesium. 
——— 


Intensity in 
photons per 
100 captures 


Final nucleus 
and probable 
transition 


y ray Energy in Mev in natural Mg 

A" —— 11.0862-0.025 4 Mg (c)>(0) 
A’ 10.08 +0.02 4 Mgs — (0) 
A 9.26 +0.04" ic Mg“ (g—(1) 
B" 8.93 +0.02 4 Mgs — (0) 
Bi 8.55 +0.02 4 Mg?’ — (0) 
B 8.16 +0.03 ^ 9^ Mg (c)(2) 
C 7.37 +0.08 * 0.5%¢ Mg? (c)—(0) 
D 7.15 +0.04* ilo Mg! (c)(3) 
E 6.75 +0.04 ° 2.5%¢ (Mg), Mg” (c) (1) 
Fi 6.4402-0.008 > 1.3 be Mg? (c)—(0) 
Fo 6.358-+0.007 ^ 3.5 be Mg (c)(2) 
G 5.73 +0.04" ile (Mg) (c)-(3) 
H 5.50 +0.04 ^ jc (Mg), (Mg?5) 
I 5.05 +0.07 * 9s (Mg?5) 

J 3.918-+0.004 » 70 be Mg (c)—(8) 
K 3.408=-0.018 4 7-104 Mgs (8)—(0) 
L 2.816-c0.016 4 ~50 sed Mg (8)—(1) 
M 1.87 +0.03° 22/9 Mg (1)—(0) 
N 1.07 +0.05° 13° Mg” (2)—(1) 


Es — * M pm c1 


a Ki 51, b Ki 53a. ¢ Br 56e. 4 Ca 56. * See also Ki 54a. 


Resonance at E,—85 kev has J —3/2- by measure- 
ments of total cross section of enriched Mg” (Ta 56) 
and by measurements of the differential scattering cross 
section at 90° and 180° (Bl 56). Resonances at E,— 275 
and 430 kev also assigned to Mg”; it is proposed that 
they have J —1/2- and 3/2-, respectively (Fi 51). 


IV. Mg"(d,p)Mg* Qm=5.107 


Ground-state Q—5.0972-0.007 Mev (En 32b). Ten 
levels in Mg?* (see Table X) found from magnetic 
analysis with targets of natural magnesium. Assignment 
of proton groups based on comparison with Mg? levels 
found from AI? (do) Mg?* and with proton groups from 
(d,p) reactions on targets enriched in Mg” and Mg? 
(En 52a). Also En 54a. Above 4.6 Mev, four incom- 
pletely resolved levels found from Al absorption meas- 


ain ca PEST. s 
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magnetic analysis (Kr 53a) ; Table X. . 

Measurements of y rays in coincidence with protons — 
which have passed through an Al absorber of variable 
thickness indicate transitions from the first four excited: 
states of Mg?* to ground state and from second and 
fourth excited states to first one (Mu 56). See Reaction 
VII for conclusions about spins and parities from y 
branching ratios. 


t^ 
severol 


EE F 
4 Eso 
rm ERE 
pz: (30935) ERZIL——————À 
GREEN Vice [LMT el 
[^ RE 
lose Lisi} z 
ee) (NR, 
Toca Mg. 
-2661 
Shn-a 
-11.118 
Mg*y-n 
Fic. 6. 


Angular distribution measurements yield /, v 
Table X. Angular distribution of protons . 
with the 1.61-Mev level is isotropic. Relati 
of proton groups and neutron capture proba 
Ho 53. ev 
Angular distribution of protons from (d, 
to 3.40-Mev level and angular correle 
protons and gammas from th 
deuteron energies between 
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accordance with a 3/2- assignment (Wi55, also 
Co 562). 

Transition probabilities in Mg? (d,5) and (d,n) reac- 
tions, Fu 54. 

V. Na?(8-)Mg? See Na” 
VI. Mg” (n,n)Mg” 

A y ray of 1.6162:0.016 Mev results from inelastic 
scattering of 2.56 Mev neutrons by natural magnesium 
(Da 56c). Cross section, Da 56c. 

With 3.2-Mev neutrons, y rays of 0.38+0.02 and 
0.59=-0.02 Mev found together with others which can 
be ascribed to Mg” or Mg?* (Sc 54d). Also Ra 55, Pa 55. 


VII. Mg?®(p,p’) Mg? 


By magnetic analysis of inelastic scattering of 8-Mev 
protons by natural magnesium targets, levels found at 
0.61, 1.62, 1.98, 2.56, 2.76 (possibly a doublet), 3.41, 
and 3.91 Mev, all +0.02 Mev (Ha 52). These agree 
well with levels in Mg?* found from other reactions. 
Also Fi 54. 

Energy of y ray from first excited state measured 
with a scintillation spectrometer, 0.5882-0.005 Mev 
(Ka 55). 

Yields of 1.96, 1.61, 0.98, and (0.404-0.58)-Mev y 
radiation from Mg*>(p,p’y) reaction measured as func- 
tions of proton energy in range from 1.5 to 3.0 Mev 


(Go 56). 


TABLE X. Energy levels in Mg” from Mg? (d,p) Mg. 


Author: En 52b, En 53a Ho 53 Kr 53a 
Ea (Mev): 1.8 8 4.04 
Method: Magnetic Al Magnetic 
analysis absorption analysis 
Qo (Mev): 5.097 3-0.007 
Ez (Mev) E. (Mev)^ ln Ez (Mev) 
0 2 
0.5822-0.006 0 0.502-0.20 
0.9762:0.006 2 1.002-0.20 
1.612+0.006 1.58-+-0.20 
1.9572:0.006 2 2.022-0.20 
¿< 2.5652-0.006 (2.47 +0.20) 
2.742+.0.008 2.702:0.20 
2.8062-0.007 (2.872:0.20) 
3.4052-0.007 1 
3.899+0.008 3.92+0.20 
3.972+0.010 (4.03+0.20) 
(4.052+0.010) 
(4.265+0.007) 
(4.421-40.010) 
4.6243-0.05 4.62+0.20 
(4.862-0.20) 
(4.96+0.20) 
5.05+0.07 5.152-0.20 
5.343-0.20 
5.47 3-0.07 5.544-0.20 
7 6.092-0.20 
2 6.25-:0.20 
N 6.402-0.05 6.54--0.20 
P 6.95+0.20 
7.07+0.20 
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TABLE XI. Energy levels in Mg from AI? (dja) Mg®. 


Author: Sc 50 To 52 En 52b, En 53a 
Ea in Mev: 11.1 10.8 2.1 
Method: Al Nuclear Magnetic 
absorption emulsions analysis 
Qo (Mev): 6.58 +0.03 a 6.694 +0.010 
Levels in Mg?5 0.57 4-0.05 0.584-0.02 0.5842-0.006 
in Mev 0.964-0.05 0.934-0.04 0.977 20.010 
1.630.04 1.622-0.03 1.610+0.010 
1.9743-0.05 2.094-0.05 1.9584-0.010 
2.5584-0.010 
2.744-0.04 2.74+0.03 2.729+0.010 
2.7914:0.015 
3.36+0.04 : 3.36+0.03 3.404-+0.012 
3.8962-0.015 
3.96-1-0.04 3.960 4-0.015 
4.01+0.05 4.124-0.04 4.057 4-0.015 
4.812-0.05 4.87 4-0.03 
5.484-0.05 5.56+0.03 
5.95+0.05 5.93-+0.03 
6.98+-0.03 
7.85+0.04 
8.62+0.05 
9.06+0.04 
9.75-0.04 
10.782-0.04 


11.893-0.05 


a Ground- state Q =6.694 Mev assumed. 


By comparing y spectra at different resonances and 
by measuring y-y coincidences, branching ratios of 
levels at 0:98, 1.61, and 1.96 Mev obtained (Fig. 6) 
(Go 56, Go 57a). Spins and parities of lower levels agree 
with these branching ratios, hyperfine-structure meas- 
urements (Ra 53), (d,p) angular distributions, log fi 
values in decay of Na?* and AP?5, shell model predictions, 
and classifications of corresponding levels in the mirror 
nucleus Al?°. 


VIII. AP*(8*)Mg?? See Al’ 


IX. Mg*(yon)Mg?* Q,--—11.118 
Threshold at 11.15-+0.20 (Sh 51a). Cross sections, 


Ka 54, Na 55, Ye 56; theoretical discussion of observed 
cross sections, Mo 55. 


X. AP7(da)Mg?> Q,,=6.702 


Table XI shows good agreement between level posi- 
tions found with different bombarding energies and de- 
tection methods by different authors and also with level 
positions deduced from Mg*(d,p)Mg® studies (Table 
X). Also En 54a, Be 55. 

Angular distributions, En 54a. 


XI. Si?8 (11,0) Mg** 
Not observed. 


Q5— — 2.661 


AL ‘ 
(Figs. 7 and 8): 
I. APS(8?)Mg* Q,—4.26 5 
Half-life is 7.62+0.13 sec (Ch 53, Hu 54b, also 


ee SS Br48). The £+ end point is 3.242-0.03 Mev, as measured 
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with a magnetic lens spectrometer (El 55, also Hu 54c). 


Log ft 3.5. 276 
Decay accompanied by weak 1.58=:0.03-Mev y ray t = E s 
(Ma 55, also Ch 56), indicating roughly 1% of pt T H i 
transitions go to 1.61-Mev level of Mg?*. Log ft value $44 { 11 LI] oe 
for this transition 5.3. No 1.98-Mev y ray with intensity 308! 4 i| lasson A 
>0.5% was detected (St 56). d d) | 
260 TI TIE HEUTE = 
, II. (a) Mg? (py) APS E, 2.29 EUN 5| lzo| lao F Key 
(b) Mg” (p,p)Mg” E,=2.29 a ! u | 137 he [6p leat Y 
(c) Mg'(p,p y)Mg* E,—2.29 E,=1.368 fai Biilli TTE 


IN E. 
Several authors (Ta 46, Gr 50, Ca 53, KI 54, Gr 55c, 095 TID 
Hu 53, Hu 54b, Hu 55, Cr 56, Ag 56, Li 56a, Va 56b, He. 
Va 56c, Ch 56) have observed resonances for the 932 ime: E 


Mg? (p,y) reaction, either by measuring yield of radio- 


SS ———Ó—db---2--24l 


x 
k 
NI- 


: ^ E e m E RENE | 
active AP? (Gr 50, Hu 54b, Hu 55), or by measuring us 
yield of capture y rays (all others). Some resonances Gamma transitions In Ait 
found with tatgets of natural magnesium (Ta 46, Fic. 8. 


Sm 57) ascribed to Mg?*(p,y)AP* reaction (Hu 55). 

Resonances for elastic scattering of protons by Mg" observed for proton energies between 0.4 and 3.9 Mev 
(Mo 51); partial-wave analysis (Ko 52) yields width 
and classification of eight levels in AP*. For proton 
energies between 2.0 and 3.0 Mev, eight resonances for 
inelastic proton scattering observed (Li 56a, Le 56a), 
three correspond to those found from elastic proton 
scattering. 

The y decay of first three resonances studied by 
several authors; references in Table XII, column 3. 
Coincidences and angular correlations in y decay of 
higher resonances studied with two large scintillation 
crystals ; most assignments of spins and parities to levels 
of Al’ result from this work (Li 56a, Li 57). Resonant 
proton energies, excitation energies, modes of decay, 
widths, and classifications of Mg?'--? resonances in 
Table XII. Available information on branching ratios, 
spins and parities in Fig. 8. 


TABLE XII. Resonances in Mg?'4r p. 


ae 1 Ex (Al r 
| S (ab) assy Decay * (kev) J, a 
225.5+0.2> 2.51 ySehi <i 1/2* i 
418.42-0.5 ^ 2.69 youk «1* 3/2* «d. k.1 
at 824.940.4° 3.08 po" youl 15 9/2) br 
1200 4 3.44 yà <104 
1490 ° 3.72 po® y? 0.3" 
1620 * 3:85 9h98 y? 36^ 
1660 * 3.88 p° yt 0.1" 
o 2010 * 422 pot pittyd > 0.152 
2400 * 4.59 por pidtyd 0.3" 
27204 4.90 pid «104 
2890 4 5.06 piè! <104 
(2920)4 (5.09) id 


29303 5.10 pi 


^ 


a The symbols po, pr. and y refer to gnie proto 
SCA THO to MES. (1), and d praten, capture, respec 
u 54b. 5. ° Ag 56. d Li 56a. * Mo 

Fic. 7 PED E x Va, Sóc. 1 Gr 55c. = Ta ; 
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TABLE XIII. Levels in A1 from Mg” (d,n)Mg? 
reaction (Go 53). 


Ọ value Excitation energy in 


(Mev) Al (Mev) ja 

0.07+0.06 0 3/2*, 5/2* 
—0.38+0.06 0.45+0.03 1/2* 
—0.882:0.05 0.95-+0.03 3/2*, 5/2* 
—1.742:0.04 1.812-0.04 
—1.872:0.04 (1.94) 
—2.442:0.04 2.512-0.05 
—2.672:0.04 2.702-0.05 
—2.852:0.04 (2.92) 
—3.042-0.03 3.092-0.06 1/2243/2:- 

II Me*(d,n)AL> Q,,—0.06 


Ground state and six excited states of Al?® observed 
with separated Mg? targets at E;—4.0 Mev (Go 53). 
Neutrons detected at six angles with nuclear emulsions. 
Q values excitation energies, and classifications based 
on Butler analysis in Table XIII. 


IV. Mg?5(p,n)AP> Q,— —5.05 


Threshold measured as E,—5.1 Mev (Bl51), 5.25 
2E0.1 Mev (Sc 54b), and 5.289-+-0.025 Mev (Ki 55a). 
Latter value corresponds to Q— — 5.0844-0.024 Mev. 


V. Si?8(p,a)AP> O,=—7.71 
Not observed. 


GENERAL REMARKS 


There is a striking correspondence between excitation 
energies, spins, parities, and y-branching ratios of the 
low-lying levels in the mirror nuclei Mg” and Al. The 
y-branching ratios in Al**, about which a large amount 

of information is available, can be explained on the 
. basis of the collective model if it is assumed that the 

- levels below 4 Mev belong to four rotational bands with 

— K — 5/2, 1/2, 1/2, and 1/2 as in Fig. 8. Ground-state M1 

_ transitions from levels of the K=1/2 series are attenu- 

- ated by factors of approximately 20 as compared to M1 
transitions between levels in the same bands (Li 56a, 


Go 56).- M " 
g 
(Fig. 9) 


I. Ne®(aa)Ne® E,=10.635 

Thirteen sharp resonances observed in neon elastic 
cross section for E,- 2-4 Mev at four different angles. 
- Two resonances at E4—3.245 Mev (T=2.5+0.5 kev) 
and £,—3.418 Mev (T=3.2+0.5 kev) assigned to 
Ne”. For both, /=3- found from partial wave analysis 
: (Go 54c). They correspond to Mg" levels at 13.380 and 


13.526 Mev. 


IL Na?(a,p)Mg" Om=1.842 ba 
Levels found with o particles from radioactive sources, 
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Yield of 1.83-Mev y ray de-exciting first Mg?* level 
measured for E,=1.9-3.6 Mev (Te 54; for resonances, 
AI"). For p-y coincidence measurements at E4,—7.8 _ 
Mev yielding y-decay modes of four lowest Mg?? levels, 
En 54a. Also Br 55b. 


III. Mg?(n,y))Mg* Q,,=11.118 


Cross section, Hu 55c. 

Gamma rays from thermal neutron capture in natural 
magnesium observed with a pair spectrometer (Ki 51, 
Ca 56) and with a two-crystal scintillation spectrometer 
(Br 56e). From neutron binding-energies of Mg”, Mg? 
and Mg”, all transitions with E,» 7.4 Mev must be 
assigned to Mg?*, Several other transitions fit well 
between known levels of Mg?*. Energies, intensities, 
and proposed assignments in 'Table IX. 


MEM JUL OM 


IV. Mg?**(nan))Mg?* #,=11.118 

Resonances in total cross section of samples enriched 
in Mg” observed at £,—20 kev (T~1 kev), 81 kev 
(T~9 kev), and 101 kev (T—10 kev) (Ta 56). 

For Mg” levels observed, under Mg”. 


peque m 


V. Mg^(d,p)Mg* Q, —8.893 


From magnetic analysis at E;—1.8 Mev (using en- 
riched targets), Q value determined as 8.8802:0.012 
Mev, while Mg levels are found at 1.8252:0.015, 
2.972+0.010, 3.969-E0.010, 4.353--0.011, 4.8632-0.011, 
4.924+-0.011, 5.270+0.011, 5.3224-0.011, 5.5022-0.011, 


ý 
(nn) resononce levels |; 
ot 11.14,11,20,11.22 E 


A ABD 


2m.c A 321 
s 1.14 (99.6%) 
] Ec(t09( 0.4%) 


Mg“? p-p' mah 26 GE a Mg n-rt 
-8.250 Mg l 
27 
Al + y -p 
Fie. 9. 
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and 6.1474-0.011 Mev (En 52). Levels from Al absorp- 
tion or nuclear emulsion methods, En 54a, also Kr 53a. 

Angular distribution study at E;—8 Mev indicates 
neutron orbital angular momentum /,=0 associated 
with transitions to the 2.97-, 3.97-, 4.35-, and 6.15-Mev 
levels (J=2* or 3+) and both /,=0 and /,22 with 
transitions to 1.83-Mev level. Two levels at 7.292-0.06 
and 8.282-0.06 Mev found (Ho 53). 

Computation of (d,p) reduced widths, Fu 54. 


VI. Mg?5(n,n^) Mg? 


Inelastic scattering of 2.56-Mev neutrons on natural 
magnesium gives a 1.820+0.018-Mev y ray which 
must be assigned to Mg?* (Da 56c). Also Sc 54d, Ra 55, 
Pa 55. Resonances, under Mg?. 


VII. Mg?*(p,p’) Mg? 


Magnetic andlysis at E,=8 Mev gives levels at 
1.832-0.02 and 2.962-0.02 Mev (Ha 52), also En 54a, 
Fi 54. 


VII. AI*(8*)Mg* See AlS. 


IX. AL7(y,p)Mg’®> Q,--—8.250 


Threshold and cross section, En 54a, also Da 56d, 
Mo 55. 


X. Si?(n,))Mg?* Q,,=—0.017 


Not observed. 


GENERAL REMARKS 


For jj-coupling computation of excitation energy of 
first Mg” level, Th 56. 

Angular distribution measurements of protons from 
Mg?*(d,p) Mg? reaction limit spin of the 4.35-Mev level 
to 2* or 3*. The 3* possibility, however, can be elimi- 
nated because this level belongs to the same isobaric 
spin triplet as the 2* 4.55-Mev level in AI**. 

Same reasoning can be applied to Mg? first level. 
The 2+ assignment found from unique second-forbidden 
character of Al?*(8*) transition to this level (see AI?6 
Reaction Ia) strengthened by 2* assignment to analo- 
gous level at 2.07 Mev in AP^, 


Al 
(Fig. 10) 


I. (a) AP*(G-)Mg'* Q,,—4.016 

Half-life is about 10* yr as estimated from Mg?* 
(d,n)APS yield (Si 54). About 5X10: yr would follow 
from known 8* end point and an estimated log ft=13, 
(En 54c, Ka 55), 

Main pt braiich proceeds to first level in Mg? at 
1.83 Mev. The 8* end point measured by scintillation 
spectrometer as ~1 Mey. (Si S 
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(La 55), and 1.14-E0.01 Mev (Fe 56), and by Al 
absorption as 1.30+-0.15 Mev (Ha 55b). Shape of B+ 
spectrum is unique second forbidden (La 55, Fe 56), 
which determines spin of first Mg?® level (which should - 
be 2+ or 3* from Mg?*(d,p)Mg?* angular distribution 
measurements) as 2+, and that of AL’ ground state 
[a (djs, dss) state with J 5 and positive parity] 
as 5*. The y-ray de-exciting first Mg?5 level measure 
1.9 Mev (Si54), 1.76+0.1 Mev (La 55), 1.82 N 
(Ha 55b), and 1.844-0.01 Mev (Fe 56). It is in coinci 
dence with 8* (Ha 55b, Fe 56). x 

A weak branch proceeds to 2.97-Mev Mg? leve 
probably by electron capture. A 2.91-Mev y ray ol 
served with intensity 0.004 relative to that of 1. V 
y ray (Ha 55b). Also a 1.1-Mev y ray found i 
dence with 1.82-Mev y ray (Fe 56). A repor 
Mev y ray (Ha 55b) which cannot be fate 


(b) ALS"(6+)Mg?® Qn=4.244 


Half-life averaged from ances | 
6.68 


c Ka n 


L 
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Ha 54a) is 6.55-+0.06 sec, in agreement with determina- 
tions of 6.47 and 6.40 sec (Gr 54). 

The 8* spectrum is simple and Fermi plot is straight 
(Ka 55, El 55). End point measured by magnetic spec- 
trometer, 3.202-0.05 Mev (Ka 55), and 3.21+0.03 Mev 
(El55), and by Al absorption, 3.2-E0.1 Mev (Ha 
54a). Older absorption and cloud-chamber determina- 
tions, En 54a. No y rays observed. An upper limit of 
0.01% given for potential 8* branch to 1.83-Mev Mg? 
level (Ma 55). 

Initial state of 8* decay is 228 kev first level of AP, 
which is 7,—0 member of J—0* T=1 isobaric spin 
triplet (see Reaction X). The ft value of this super- 
allowed 0*—0* decay can be used for a determination 
of the Fermi interaction constant gy (En 54c, Ka 55). 

Discussions of isobaric spin triplets under Mo 54, 
Wi 56a. 


II. Na?(o,n)APS5 Q,-— —2.957 

From observation of slow neutron thresholds and 
from neutron energy determinations with a proton re- 
coil proportional counter, Q= — 2.92-0.2 Mev and Al 
Jevels are found at 0.3, 1.0, 1.4, 1.8, 2.5, and 2.9 Mev, 
all +0.2 Mev. Threshold for positron emission corre- 
sponds to Q— —3.2 Mev, indicating that 0.228-Mev 
level is positron emitter (Do 56). Also, En 54a. 


II. Mg^(p,y)AP* Q,—6.319 


Resonances from enriched target bombardments, ob- 
served in y and/or ft yield, in Table XIV. Branching 
of y decay to Al: ground state and first level varies 
Írom resonance to resonance with corresponding large 


TABLE XIV. Resonanc 


C. M. BRAAMS 


variation of 8*/* ratio. Absence of 8+ emission at 437- 
and 958-kev resonances is notable. Proton resonance 
energies averaged to obtain corresponding Al’ excita- 
tion energies. Also in Table XIV are resonance strengths 
(2J4-1)P,D,/(P,4-P,) as observed from thick target 
y-ray yields. 

Natural magnesium targets, En 54a, Sm 57. 

Spectra of y rays with relative intensities measured 
at 317-, 392-, 437-, 496-, 571-, and 597-kev resonances 
(Kl54 superseding KI 54a), and at 686-, 724-, 777-, 
816-, 934-, and 959-kev resonances (Gr 56e), while 
observed y rays (without relative intensities) also given 
at 724- and 959-kev resonances (Ka 55). Gamma- 
gamma coincidence measurements (Ka 55, Gr 56e), and 
y-ray angular distribution measurements, (Gr 56e). 

Strong direct transitions to AI? ground state only 
observed at 437-kev resonance (Kl 54), while first level 
at 228 kev is fed directly only at 931-kev resonance 
(Gr 56e). Although positrons are observed at 1191-kev 
resonance, decay proceeds by at least 99% through 
Mg**(p,p’) reaction to first level in Mg” (Ka 55). Be- 
sides other levels.found from the Si?^?(d,a) AP* reaction 
(Reaction X), new levels at 2.09, 2.32, 2.54, 3.16, 3.67, 
3.76, and 4.55 Mev are necessary to explain observed 
single and coincidence y-ray spectra (Gr 56e). Also a 
5.16-Mevelevel reported (not indicated in Fig. 10) 
(Br 56i). Some y-ray energies given with an accuracy 
surpassing that of the level differences found from 
Si?* (dja) AP* reaction. The (2)—(0) transition is given 
as 419--3 kev (En 54c) and 4162-4 kev (Ka 55), the 
(3)—(1) transition as 8202-4 kev (En 54c) and 8336 
kev (Ka 55), and the (6)—(3) transition as 1002+10 
kev (En 54c) and 10222-6 kev (Ka 55). 


es in Mg?5(5,y) ALS. 


Observed: Y pt y and 8* y and 8* Y Ez (A12) (QJ +1 » ae (ev) Jit us 
Reference: KI 54 Ta 54b Hu 55 Ka 55 Gr 56e (Mev) KI 54 Gr 56e 
Ey (lab): (kev) 321 316.74:0.7 6.608 0.3 
A 395 388 391.54-0.5 6.680 0.6 
441 436.54-0.4 6.723 0.7 4- 
501 494 495.64-0.6 6.780 0.8 
518 510 513.42-0.7 6.797 0.8 
530.44-0.7 6.813 
580 563 6.856 1.5 
607 588 6.877 1.1 
667 650 6.936 0.3 
688 683 697 675 6.966 1.6 3.5 3- (T-1) 
all +15 722 730 720 6.999 2.8 3- (T=0) 
c 771 717 7.050 1.9 (2,3) (T=0) 
812 820 7.088 1.2 n=— (T=1) 
880 890 7.154 
928 933 940 7.201 1.5 1- (T=0) 
958 960 7.225 3.8 (2,3)- (T=) 
986 990 7.253 ; P 
1043 n 1046 7.307 
AU. 1081 1086 7.344 
i: 1098 1105 7.362 
ez 1132 7.302 ; 
, 1197 1185 7.448 
: all 10-15 
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a En 54c for assignment à 
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Prominent modes of decay of AI?5 levels up to £,=4.6 
Mev in Fig. 10. Qualitative remarks concerning y-ray 
branching percentages, KI 54, En 54c, Gr 56e. Most 
spins in Fig. 10 found from y-ray angular distribution 
measurements (Gr 56e), some spins and isobaric spins 
from comparison with Mg?* level scheme. Spin assign- 
ment to level (3) (probably 1+) from intensity consider- 
ations. Analog of T=1, J—2* or 3* level at 3.97 Mev 
in Mg*® not observed. It should have an excitation 
energy of about 4.20 Mev. 

Negative parity resonance levels are each observed 
to'decay predominantly (27595) either to T=0 or to 
T —1 levels. At 686-kev resonance decay proceeds even 
for 100% to T=0 levels. Explained by assuming that 
resonance levels have T as a fairly good quantum 
number and that strong transitions from these states 
are E1 transitions, satisfying the isotopic spin selection 
rule for self-cenjugate nuclei AT — 2-1. Isobaric spins 
of resonance levels in Table XIV found this way 
(Gr 56e). 

Angular distributions observed at 934-kev J—1- 
resonance can only be explained by assuming a large 
(16 times larger than computed from barrier penetra- 
bility alone) /-wave to p-wave ratio (Gr 56e). 


IV. Mg?*(p,n)AP> E,=6.319 Q,— —5.029 
Resonances, En 54a. 
Threshold measurements, under Al’, 


V. Mg?(p,py)Mg?  £,=6.319 

Yield of 1.96-Mev, 1.61-Mev, 0.98-Mev, and (0.40- 
Mev-4-0.58-Mev) y rays resulting from inelastic proton 
scattering measured in E,— 1.5-3.0-Mev region showing 
some 23 resonances (not tabulated) (Go 56). Also Ka 55. 


VI. Mg?*(d,n)AP*5  Q,,— 4.094 
Thick-target measurements with nuclear emulsions, 
En 54a. 


VII. Mg*(p,n)AP* | Q,— —4.799 
Mg?*(p,n)AP9" Q,,— —5.027 
A slow-neutron threshold observed at E,— 5.200 
20.010 Mev corresponding to Q= —5.0062-0.010 Mev. 
No threshold corresponding. to AP* ground state found 
(Ki 55a). 
Neutron threshold measured as E,—5.252-0.1 Mev 
(Sc 54b). 


^ VIII: Al (yj?) AP* | Q,, — —13.049 


Threshold for neutron emission measured as 12.75 
+0.20 Mev (Sh 51a), and threshold for production of 
AI**" activity as 14.02-0.4 Mev (Mc 49) and 13.42-0.2 
Mev (Ha 54a). 


itati Fic. 11. ^ 
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IX. AI"(5,d)AT* Q, — —10.824 


At E,—18 Mev, angular distribution of deuterons 
proceeding to one or more of the three lowest AI?9 states 
corresponds to /,—2 (Re 56, also Se 56). 


X. Si*(dj)AE* Q,,— 1.433 


At deuteron energies between 5 and 7 Mev and 
0=90°, ground-state Q value measured by magnetic 
analysis as 1.4162-0.008 Mev. Lower energy groups 
observed with Q values of 0.998--0.008, 0.3642-0.008, 
—0.334+0.008, (—0.430+0.015), and —0.648-+-0.008 
Mev, corresponding to Al® levels at 0.418, 1.052, 1.750, 
(1.856), and 2.064 (Mev. It is assumed that all observed 
states have T'—0 (Br 54). Transition violating isobaric , 
spin selection rule also found to lowest T=1 level, for 
which £,=228+5 kev was measured. Its intensity 
varies, as a function of E, and 6, from 2 to 65% of the 
ground-state transition (Br 56d). 


XI. Si?(p,a) APS 
Not observed. 


QOm= —4.816 


Si? 
(not illustrated) 


A 1.7-sec half-life observed from bombardment of 
aluminum with 23-Mev protons, which might perhaps 
be attributed to Si produced through Al?7(p,2) reac- 
tion (Ty 54). 

Mg” 


(Fig. 11) 
I. Mg (6A? Q,,—2.594 


Half-life averaged from four determinations (En 54a) 
is 9.450.03 min. 


Ps 392042 To) 
-2.594 
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TABLE XV. The Mg??(8-)AlI?? decay. 


|. Reference: Da 54a Ly 56 
= Method: Lens spectrometer Scint. spectrom. Transition: 
Eg, (Mev)  1.7542-0.011 (58%) Mg?—(1) 
E Eg. (Mev) 1.592 +0.022 (42%) Mg? (2) 
: net Mev)  0.834-£0.008 0.834 (70%) (1)—(0) 
Ej. (Mev) 1.015 0.007 1.015 (30%) (2)—(0) 
E>: (Mev) a 0.175 -£0.010 (0.66%) (2) (1) 


* Intensity of internal conversion electrons <1073 per disintegration. 


The 8- decay proceeds to two lowest AI" excited 
states. Both levels are deexcited mainly by direct y 
transitions to Al?” ground state, although a weak trans- 
ition (2)—(1) has also been observed. Table XV gives 
recent determinations of 8- and y energies and in- 
tensities, En 54a for older work. The two main y rays 
- are not coincident (Ma 54a, Ly 56); yı is coincident 
with r, and y» with B2- (Ma 54a). The two f- transi- 
tions are allowed: log f1— 4.75 and 4.78 for Br and Bz, 
respectively. Computation of matrix elements for these 
transitions, Fe 55. Also Na 56a. 

A reported ground-state transition (Da 53) was later 
— shown to be absent (Da 54a, Ma 54a, Ko 54a). 


"ad 


E Mg? (n,y)Mg" Q,-6.439 


Cross sections, En 54a and Hu 55c. A recent measure- 
. ment of thermal neutron activation cross section (254-2 
La mb; Ly 56) appreciably smaller than older values. 
Energies of a number of y rays from capture of 

_ thermal neutrons in natural magnesium determined by 
pair spectrometer (Ki51, Ki53a) (Table IX). Line 
F, (£,=6.440+0.008 Mev) results from capture in 
_ Mg?’ and represents ground-state transition. 


MI. Mg?*(n,n)Mg? E,=6.439 


F or samples enriched in Mg?5, a resonance in total 
zoss section observed at E,~320 kev (Ta 56). 


IV. Mg?(d,p)Mg”” Qn=4.214 
From magnetic analysis at E;—1.8 Mev, Q value 
as 4.2072:0.006 Mev and a level observed at 
'"-0.006 Mev (En 52a). Second group with 
) ie of 0.712-0.05 Mev corresponding to level at 
= £,=3.50 Mev found by Al absorption at E,—8 Mev 
(Gio 53). MEE 
_ Angular distributions measured at Zz=8 Mev yield 
1, =0 for transitions te Mg” ground state and to second 
le r transition to first level (Ho 53). 


Wider work, En: 
duced widths, t. i 

tio of stripping to compound nucleus formation 
ng yields of Mg” and Na” ac- 
| deuteron bombardment of mag- 
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V. AI? (n,5)Mg? Q,— —1.811 


Proton spectra and angular distributions at E,—14 
Mev (Ha 56a, Ov 56, Al 57a, Co 56b). Transitions ob- 
served to known Mg? levels, some indication of transi- 
tions to 5.7- and 6.9-Mev levels (Ha 56a). Also En 54a. 


VI. AI"(,He) Mg" Qm=— 2.576 
Observed (En 54a). 
VII. Si?(n,9)Mg" Qm=— 4.187 


Cross section, En 54a. 
AI? 
(Fig. 12) 
I. Na?(e,n)AP* E,=10.092 
Resonances, En 54a. Q value, under Ales, 


IL Na?(a,by)Mg? E,=10.092 


Partially resolved resonances in £E,-—1.8-3.7-Mev 
region observed in yield of 1.83-Mev y ray. They corre- 
spond to Al” levels at 11.75, 11.91, 12.07, 12.23, 12.27, 


16 nap) res 
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TABLE XVI. Resonances in Mg?*(p,7)Al?7. 


Reference: Ta 46 KI 54 Ru 54a 


2903-3 
3362-1.5 
4512-2 


3002-15 
3402-15 343 
45815 450 


Ep (lab) (kev) 


1465 
all +10 kev 


s Hu 56. S 
b Va 56d, En 56b. 
e Al 57. 


12.34, 12.46, 12.68, 12.71, 12.78, 12.84, 12.87, 12.99, 
13.07, and 13.14 Mev (Te 54). $ 


III. Mg*(a,p)AP? Qn=—1.595 

Resonances under S$. From comparison of reso- 
nances in Mg” (a,p)Al7 and Al” (p,a)Mg™”, Q— —1.613 
-E0.010 Mev (Ka 52). 

Direct measurement at E4,—8 Mev with a propor- 
tional counter, Q— —1.632:0.07 Mev, and AI" levels 
at 0.85, 1.06, 2.17, and 2.64 Mev, all +0.04 Mev 
(Gr 56d). Also, Br 55b. 


IV. (a) Mg?*(dj)AP* — Ey=17.143 
(b) Mg?8(d,p)Mg’®  E,=17.143 


Possible resonance, En 54a. 


V. Mg*(p,y)AP! Qm=8.250 
Resonances in y-ray yield from enriched target 
bombardments (KI 54, Ru 54a, Hu 55) in Table XVI, 
in which also those resonances observed by Tangen 
(Ta 46) from natural magnesium bombardments which 
can be assigned to Mg**. Corresponding Al’? excitation 
energies computed from weighted average of resonant 
proton energies. Thirty-five resonances reported in the 
E,=0.80-2.36-Mev region (Al 57). 

Gamma-ray spectra, y-ray relative intensities, angu- 
lar distributions, and y-y coincidences measured at 338, 
454-, 662-, and 720-kev resonances (Va 56d, En 56b), 
and at some unspecified resonance (Al 57). Resonance 

"spins-found from this work in Table XVI. 

Parity of 338-kev resonance obtained from polariza- 
tion measurement of 7.7-Mev y ray de-exciting the reso- 
nance to level (1), which determined character of y ray 
as E1 (Hu 56). 

Spins of a number of lower levels 


n i. 
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338.52-0.5 
454.2+0.3 
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E, (Alv) 


Hu 55 (Mev) 


0.842 Mev J — 1/2, 2.976 and/or 2.999 Mev J —3/2, 
2.208 Mev J= (3/2), 3.68 Mev J=1/2, 
2.729 Mev J=5/2, 4.05 Mev J=1/2. 


Energies of y rays de-exciting first and second Al?" levels: 
0.840+0.006 Mev and 1.012+0.008 Mev, Va 56d, 
En 56b. 

Angular distribution measurements (A157) yield 
J =3/2 for 1.013-Mev level, and, very probably, J=1/2 — — 
for 0.842-Mev level. The 2.729-Mev level decays for 
more than 90% to 1.013-Mev level. Angular correlations =a 
measured at 986-kev resonance in agreement with - 
J=7/2* or 3/2* for the resonance level and 5/2* for 
2.729-Mev level. The 7/2* assignment to the resonance 
is favored because no direct transitions to 0.842- and — 
1.013-Mev levels observed (intensity at most 3% of 
ground-state transition). 

Also En 54a, Sm 54. 


x 


- 


VI. Mg?*(d,n)AT*  Q,,— 6.025 
Nuclear emulsion work at E4— 1.0 and 6.0 Mev gi 

Al?? levels at 1.0, 2.3, 2.9, 6.8, 8.2, 9.5, and 10.0 N 

From angular distribution measurements }p=0 a 

to transitions proceeding to 6.8-Mev level and Zp: 

those proceeding to 8.2-Mev level (Tr 56). 
Also En 54a. 


VIL. Mg"(8-)AP' See Mg”. 


VIII. Al? (2,5) AP? 
Numerous authors have published y-ray energ 

intensities froni inelastic neutron scatte nm 

with a scintillation spectrometer, Ta 

of 1.20-Mev y ray reported at 

sdoubtiolib because not found ir n caref 


> 
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TABLE XVII. Gamma rays from AI? (21,5) Al. 

Reference: Da 56c KI 54 Sc 54d Ro 55a Gr 55d 
En (Mev): 2.56 2.7 3.2 317 4.5 
Transition Ey (Mev) a (mb) Ey (Mev) Ey (Mev) Ey (Mev) Ey (Mev) 
(2) (1) 0.166-2-0.003 16+ 0.4 a 
(1) (0) 0.8402-0.008 64 +7 0.8502-0.025 0.89-2-0.03 0.835+0.01 0.84+-0.02 
(2) (0) 1.017+0.010 142 +13 1.025+0.03 1.052-0.03 1.02 +0.01 1.022-0.03 
(3) (2)? 1.204-0.05^ 
(4) (2) 1.704-0.08 1.72 +0.02 
(4) (1)? 1.91 +0.02 
(3)— (0) 2.21 +0.02 87 + 8 2.23 +0.04 2.20+0.18 2.22 +0.03 2.27+0.08 


a The 0.05 2-0.02-Mev y ray which is also reported might perhaps be identified with 31 kev (1)—(0) transition in AI?5 following neutron capture. 


b Might be pair peak of 2.21-Mev y ray. 


doubtful because it would correspond to a 5/2*—1/2* 
E2 transition. 

Thresholds for 0.84-, 1.01-, and 2.21-Mev y rays are 
equal, within experimental limits, to y-ray energies, 
proving these are ground-state transitions (Ki 54). Also 
En 54a, Gr 55b, Gr 55d, Pa 55, Ra 55, Ra 55a, Ta 55, 
Be 56, Cr 56a, Mo 56c, Sm 56, We 56a. 

Angular distributions of elastically scattered neu- 
trons, Li 55a, Be 56, Cu 56, Do 56a, Hi 56a. 


IX. Al?7(p,p’)AP7 

Levels found by magnetic or electrostatic analysis in 
Table XVIII. Excitation energies reported in Re 52 
consistently higher by an amount slowly increasing up 
to 75 kev for the highest levels than the values found 
from high-resolution work given in Br 54b. Groups 
corresponding to levels reported in Re 52 at 4.996 and 


TABLE XVIII. Levels in Al?’ from Al (p,p') Al. 


Reference: ShSi  Re52 Do 53 Br 54b Va 57d 
Ep (Mev): 2-4 8.0 2.3 5.6-8.4 2-4 
Angle: 164° 90° 135° 90° 90° 
Method: magn, magn. electrostat. magn, magn. 
analysis analysis analysis analysis analysis 
Z. (Mev) 0.82 0.844 0.84340.002 0.842  0.842--0.003 
1.04 1.016 1.013  1.0132-0.003 
2.23 2.259 2.213  2.2052-0.004 
BIB PY 2.732 2.727+0.004 
2.977  2.9752-0.004 
3 3.046 3.001 2.998+-0.004 
: 3.736 3.677 
: 4.018 3.954 
4.115 4.054 
4.473 4.403 
4.575 4.505 
^ 4.647 4.576 
4.875 . 4.807 
4.996 
5.107 
5.220 5.150 
5.341 5.242 
g 5.410 
Mei 5.501 5.425 
p^ 5.565 5491 
>i 5.620 5.544 
d Q0 5730 oH 
En T all +0.020 5.951 
| all +0.006 
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5.107 Mev are probably from carbon contamination 
on front and back side of target (Br 54b). Also En 54a, 
Ma 54b. 

Yield of 0.84- and 1.01-Mev y rays from inelastic 
proton scattering measured in £E,-—1.40-2.77-Mev re- 
gion (Pa 54, Br 57a). Resonances under Si**. A Ps(cos@) 
term observed in angular distribution of 1.01-Mev y 
ray, showing that spin of 1.01-Mev level is not 1/2. 
This level is de-excited for 2.2% by a 0.175-Mev cascade 
transition. Angular correlation of 0.175- and 0.84-Mev 
y rays shows no significant deviation from isotropy 
pointing to a spin /=1/2 for 0.84-Mev level (Br 57a). 
An upper lifit of 107 sec is found for half-life of these 
y transitions from recoil techniques (Sw 56). 

Angular distributions of protons scattered elastically 
(En 54a, Da 54, Hi 55, Sh 56, Da 56a, Ge 56a), and 
inelastically (no groups resolved (Gu 54)). 


X. AP"(d,d')AI" 

Low-resolution analysis of inelastically scattered 
deuterons, En 54a. 

Angular distributions for transitions to 2.21- and 
2.73-Mev levels at Ha=15 Mev (Ha 56c), and for 
transitions to 2.21 and 2.73 levels and to doublet at 
2.99 Mev at Ea=9 Mev (Hi 56b). Angular momentum 
transfer connected with these three transitions deter- 
mined as /,—2 fixing parity of corresponding levels as 
positive (Hi 56b). 

Elastic scattering angular distribution at Ea=14 
Mev, Go 50. 


XI. Al? (ao^) AI? 

Elastic scattering angular distributions at E4— 19 and 
40 Mev, Bl 55a, Ig 56, Bl 56a. Inelastic scattering to 
first two AI?? levels (unresolved) also observed (Bl 56a). 


XII. Si7"(8*)AP? See Si?” 


XIII. SP5(y,p)AP" Qm=— 11.588 
Cross section, Jo 55, Mo 55a. : 
No activity with a half-life in the usec or msec range 

found from bombardment of natural silicon with 22- 

Mey bremsstrahlung (Ve 56a). 


^ 
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XIV. Si?®(d,a)AP7 Qm= 6.008 


Magnetic analysis of a particles observed at 90° at 
Ea=1.8 and 2.0 Mev from targets enriched in Si? con- 
tent yields ground-state Q value of 5.994--0.011 Mey 
and levels in AI at 0.8372:0.016 and 1.0072:0.013 
Mev, and possibly at 2.21+0.03 and 2.74+0.02 Mev 
(Va 52). 


XV. Si®(p,a)AP? On=—2.376 
Not observed. 
Si? 


(not illustrated) 


I. Si? (8) AP? | Q,,—4.805 

Three measurements of half-life with errors of at most 
0.1 sec in rather bad agreement (4.92+0.1 sec El 41; 
4.454-0.05 sec Su 53; 4.05-E0.10 sec Hu 54). Average 
value is 4.46-£0.18 sec. 

The 8* end point measured by cloud chamber as 3.74 
Mev (Mc40) and 3.54+0.1 Mex (Ba 40), and by 
scintillation spectrometer as 3.48-+0.10 Mev (Bo 51), 
and 3.762-0.08 Mev (Hu 54). No y rays reported. De- 

cay is apparently superallowed (log f£— 3.6) determin- 
ing spin and parity of Si” as 5/2*. > 


IL Mg” (an)S? Qm= —7.183 
Observed, En 54a. 


III. AI?(p,n)S?? On=—5.588 

Recent measurements of threshold are E,=5.792 
+0.010 Mev (Ki 55a, superseding Ki 53) and E,— 5.798 
0.008 Mev (Ma 55a). 

Angular distribution measured at E,=23 
(Co 55b). 


Mev 


IV. Si®8(y,2)SP7 Qn=—17.176 


Threshold determined as 16.82-0.4 Mev (Mc 49) and 
16.9+0.2 Mev (Su 53). Cross section, En 54a, Ka 54, 
Mo 55a. No activity in the usec or msec range observed 
from bombardment of natural silicon with 22-Mev 
bremsstrahlung (Ve 56a). 


V. Si?8(p,d)Si?7 
Cross section, Se 56. 


Qn —14:051 
Mg? 
(not illustrated) 


I. Mg*(8)AP* Q,,—1.810 


Mg? has been produced through Mg**(a,2p), Si? 
(y,2p), Si? (5:35), and other spallation reactions, and 


through Mg (tp) reaction. 


Half-life, averaged from six measurements "S 54a, 


Sh 5 i En 54a. 
40, n good mutual agreement, 21.13-50.01 h ERE Collection. Digitized by SM Foundation US 
qe y 
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TABLE XIX. Gamma rays from Mg?8(6-)AI?8. 


Reference: Sh 54d Wa 53 Iw 53 
Ey (Mev) Rel. int. Ey (Mev) Rel. int. Ey (Mev) 
y: 0.0319+-0.001 0.96 0.0322 (~0.70) 
ys 0.400 £0.01 0.31 0.3912-0.005 
7 0.949 +0.01 0.29 0.95 
yi 1.346 +0.01 0.70 1.35 


The 8- spectrum is simple and has allowed shape 
(Ma 53a, Ol 54). End point 0.402-0.06 Mev (Sh 54d), 
0.3 Mev (Jo 53), 0.392£:0.05 Mev (Wa 53) (all measured 
by Al absorption), 0.418--0.010 Mev (Ma 53a), and 
0.459+0.002 Mev (0154), latter two measured by 
magnetic spectrometer. Log ft=4.4. 

Four y rays observed by scintillation spectrometer. 
Energy and intensity (in photons per disintegration) in 
Table XIX. Gamma rays y», ys, and y4 coincident with 
yı, and ys with ys. No measurable delay between yı 
and ys (r«2X10-? sec) (Sh 54d). Accepting more 
accurate y-ray intensities in Sh 54d, conversion co- 
efficient of y; can be computed from intensities as 
ax=0.032-40.066, which determines the character of 
yı as M1. 

From y-ray energy and coincidence measurements, 
B- decay proceeds to 1.37-Mev level in AP5, which de- 
cays through 0.97- and 0.03-Mev levels. By the isobaric 
spin selection rule, excluding AT==1, 0:—0*, 8- 
transitions, spin and parity of 1.37 Mev level deter- 
mined as 1+. Assuming J —3* for AI? ground state and 

— 2* for 0.03-Mev level then leaves possibilities J —0* 
or 2* for 0.97-Mev level to explain absence of 8—decay 
to this level and observed y-ray branching from 1.37- 
Mev level. 


AI 
(Fig. 13) 
T. APS(8—)SP*  Q,,—4.648 
Half-life, averaged from three most accurate measure- 


ments (En 54a, Co 56), in good mutual agreement, is | 


2.282:0.02 min. 
The 8- spectrum is > simple with allowed shape. 


+0.014 Mev (Ol 54). Log ft= 49. 

Each 8- particle followed by one y quanti 
determinations of y-ray energy are 1.782--0.010 Me 
(magn. spectrometer, Mo 52), and 1.769-40.010 M 
(scint. spectrometer, Sh 54d). Also En 3m 
Na 54a, Na 56a. 


IL Mg*(mp)AP* Q,— —1.204 


From enriched-target measuremen: 
with proportional counter for proton : 
is —1.29 Mev. Levels in AI reporte 
2.54, and 2.96 Mev, all +0.04 

54a 


E 


Tr 


MANY UNRESOLVED (^^) AND (^) 
RESONANCE LEVELS 


549 
Al d-p 


TO ALLLEVELS [460 


3.122 
Si a-a 


A 


x 
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0.457 


0.97 i Pedi, 
0031 sos Ih wy 


-12339 
39 

si^ q-p 

-1945| |-3865 
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— T AP (nyA Q,=7.723 


_ Cross section, Hu 55c. 
‘Twenty-nine y rays resulting from capture of thermal 
leutrons in aluminum found by pair spectrometer 
bos 51, Ki 53d), Table XX. Strong y-ray A represents 
ound-state transition. Its great intensity is a notable 
exception to rule that only E1 ground-state transitions 
are intense (Ki 52b). Impossible to fit other y rays 
uniquely into the complicated Al8 level scheme. Lines 
C, F, G, I’, J, L, and all lower energy lines could be 
transitions from capturing state to known Al’* levels. 
Lines B, B', D, E, F', G', H, K, and L cannot be ex- 
plained this way but have to be transitions from level 
o ground or from level to level. 
- From Al?7(d,p)Al’® reaction (see Table XXI) the 
ity of eves (17), (19), (22), (33), (35), (37), and 
is negative. It is possible to explain many strong 
y: (e.g., M, N, N’, O, P, Q, R, S, U, V) of Table XX 
i ansitions to end from these levels s 56d). 
it] - scintillation spectrometer, y rays 
E Ero crys apture observed with the follow- 
'rmal neutron cap ie 
ies and relative intensities (in photons per 


Bo 
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(14), —2.5 Mev (11), —2.8 Mev (14), and —3.1 Mev 
(17). Last three y rays not resolved (Br 56e). 
Also En 54a. 


IV. AP"(n,n)A]* E,—7.723 


Cross section, Hu 55c. Resonances at E,— 352-2 kev 
(T=1.2+0.5 kev), and 902-4 kev (T— 72-2 kev) have 
both J=3* (Hu 55c, To 55a, Bl 56). In Cr 57, however, 
J=2* is assigned to 35-kev resonance. 

Angular distributions, Hu 55c, Hi 56a, Na 57. 


V. AF?(d,p)AP* Q,,—5.498 


Fifty proton groups corresponding to AlS levels up 
to E,=6.3 found by high-resolution magnetic analysis 
(8— 90?) at deuteron energies up to 2 x Mev (Em 51, 
En 52a, En 53a). Later Work with still better resolution 
at Ea=6 and 7 Mev and at several angles of observation, 
100 groups found in a region of excitatida in AI? up to 
neutron threshold (Bu 56). Ground-state Q value is 
5.494-£0.008 Mev (En 52a, En 53a), and 5.5024-0.010 
Mev (Bu 56). 

Excitation energies of AI*? levels reported in Bu 56 in 
Table XXI. Corresponding Q values all have errors of 
10 kev. Excitation energies might have errors ranging 
from 5 kev for lower to 10 kev for highest levels. Groups 
corresponding to levels above threshold for neutron 
emission of low intensity and not tabulated. Their 
positions correspond approximately to apparently un- 
resolved resonances in AI? total neutron cross section 
(Hu 55c). 

Angular distributions covering the region from 5? to 
60° measured at Ea=6 Mev for transitions leading to 
levels (0) through (41) (En 56a, En 56). About half 
have stripping character, while the others are fairly 
isotropic. The /, values of stripping distributions and 
corresponding reduced widths in relative measure 
(times (2J4-1)) in Table XXI. For transitions to level 
(3), where /,=2 and 1,—0 contributions are mixed, the 
1,—0 contribution is 12%. For levels (8) and (25) it 


TABLE XX. Gamma rays from thermal neutron capture 
in aluminum (Ki 51, Ki 53d). 


Intensity in Intensity in 


Energy photons per Energy photons per 
y ray (Mev) 100 captures y ray (Mev) 100 captures 
A 7.72443-0.006 35 L 5.212-0.02 3 
B 7.34 +0.04 0.7 M 4.942-0.05 1.4 
B' 6.98 +0.04 0.7 N 4.792-0.02 9 
C 6.77 +0.02 1.4 N' 4.66+0.05 7 
D 6.61 +0.03 0.4 NY 4.452-0.02 3 
E 6.50 +0.03 0.4 O 4.29+0.02 8 
F 6.33 +0.02 2 P  — 4162:0.02 6 
Ja 6.22 +0.03 0.7 Pi 4.06+0.04 3 
G 6.13 +0.02 2 Q 3.88+0.02 o 
G' 6.01 +0.05 0.7 R 3.620.02 6 
H 5.89 +0.04 1.0 S 3.46+0.02 4 
J 5.78 +0.03 1.4 Ww 3.29+1.02 5 
it 5.60 +0.02 3 U 3.022-v.05 15 
J 5.41 +0.03 3 V 2.844-0.03 13 
K 5.32 +0.03 1.0 


" 
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is very small. Possible 1,=3 admixtures to 1,—1 dis- TABLE XXII. Rotational bands in AI** (Sh 56a). 
tributions undetected because of limited angular region === 
of observation. E, (Mev) 0 0.031 0.97 1.02 137 1.63 2.14 221 228. 
H . . Qs. 0 * * 
From angular distribution measurements it is reason- J ü 3 5 9 2 A 3 i o 2 f 


ably certain that ground-state doublet has the (d5/2, 51/2) 
configuration predicted by shell model. For a 3* ground 


state and a 2* first level the intensity ratio of transitions A 31.4+1.0-kev y ray observed following AI?" (d, 5) ABS 
to these states should be 1.4 (assuming equal reduced reaction at Ea=0.7 Mev both by proportional counter 
widths) while experiment (at 6.0 Mev) yields 1.95 (see and by scintillation spectrometer (Sm 51a). Half-life of À 
Table XXI) (En 53a, En 54, En 56). first level measured with a recoil method, yielding 
(2.10.4) X 10? sec (Se 56a). 

Also En 54a, Kr 54b, Fu 54, Be 55. 


TABLE XXI. Levels in AI*5 from AI?(g,p) AI? 
(Bu 56, En 56a, En 56).* d E 
= : VI. Mg?(8-)AP* See Mg?* 


(E i 1 DEO. Saee E 
EU (Mv) In AC prevel (Mev) VII. Si COA : On= 3.865 7 
E T à D E Tm Cross section, En 54a, Co 56, Ma 56. E | 
(1 0.0312--0.0005 ° 0 51 5.5 Í 
(2) 0.973 2 ee (32) Do VIII. Si?(y,£) AP$ Qm=— 12.339 E 
01 2,0 60 (5 : h i 
R 1972« 1 S ($2) 5.766 Cross section, Ka 54. Jj 
(6) 7143 wo m Qo is 
6 4. : 2 BS 
2.207 2 160 G) — $90 EX. SP(dj)AP*  Q,—3.122 
(8) RAE 2, (0) 900 n Sool Ground-state Q=3.120--0.010 Mev measured with - 
"d AO f a HA too) 3:089 enriched targets and magnetic analysis at E,—1.8 Mev S 
(11) 2.663 2 400 (61) 6.012 (St 51). An a-particle group leading to 31-kev level in 
n LEES E >: (6) 6027 As observed at several deuteron energies up to Ez— 2.0 
(13) 3.011 ee EE (63) 6.067 ESAE 2 S ^ X 
(14) 3.102 e ee (64) 6073  Mev,but with insufficient resolution to determine corre- 
(15) 2r 9 20 tee) $16 sponding excitation energy (En 53a). 
(16) ; 5 i E 
4 6.247 NEM 
(18) $357 EN Sn (68) 6322 X. P#(n,a)APS Q,— —1.945 sa 
(19) 3.591 1 410 (69) 6.424 C GOD ED Sd A 
(20) 3.669 0 12 (70) 6.446 ross section, . zr 
(21) 3.704 0 35 (71) 6.485 < 
(23) 3900 1 017 (e) gsp GENERAL REMARKS 
(24) 3.935 2 (0 300 e 6.626 Arguments for a rotational character of nine lowesth E 
Ta 4:030 » ) x (76) 6719 states in AI, Sh 56a. There are four bands (Table — 
(27) 4.243 0 20 (7) 6760 XXII); those with K=2 and K=3 have (ds; s1/2) con- 
(28) HAE 2 S fe Pm figuration, while those with K=0 and K=1 belong to 
(30) 4.466 ees es (80) 6.896 (Sis 51/3). The 4* spin assigned in Sh 56a to 2.28- 
(31) 4.518 c 2 SH 6934 level conflicts with 2+ or 3* assignment from AI*'(d,j) 
(32) rece b 650 ER 7025 AlS angular distribution measurements. It would be 
(34) 4.741 ee Ue (84) 7.090 better to assign 4* (K=2) to 2.21-Mev level and 2* 
(35) mio 1 500s ES) T (i (0) 292a Mel 
(36) . 4.845 DOO tee ey Taa 
(37) 4.906 1 330 8 d du 
(38) 4.928 ee ees (88) 7.247 Si 
(39) 4.999 DOE DE (89) 7.274 A 
(40) 5.019 Qioc gan (90) 7.345 (Fig. 14) 
^ (41) 5.138 1 340 (92 7.408 
5.168 9) 7.444 f 
(a3) 5.179 (93) Den I. Mg*(a,p)AP? E,—9.90 Qn= —1.595 
(as) Biss (09 7.596 In experiments with thin separated M 
(46) 5.331 (90) 7.655 and magnetic analysis of protons, resona 
O AC aoe (790 at E,—3214, 3.420, 3.448, 3.502, 
(49) $405 ' (99) 7731 3.827 Mev corresponding to levels i 


12.921, 12.945, 12.992, 13.127, 13.19 
* Note added in froof.—Improved and extended angular distribution data Same levels found in inverse re 


; : in H. A. EA M .T., Laboratory for Nuclear Science Progress Report, when a 0. value of 1 iss 0.0 010) 


b Reduced width given in relative measure, iti of 
Qttier errora, enis CC-0. | Mein Honori ee d odd es 


90 resonance levels 
for (p.y){p.PLp.Pi(p.0), 
(p, (oc p) and/or (xa) 


expanded scale 
for E,» 1180-1225 


Sia p-p. 


Snoen — Pee 
6a5 
(28 
Si 
- 8.474 


SF Ay-n 
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suggested by principle of detailed balancing. A weak 
resonance found at £,— 2.84 Mev without correspond- 
ing resonance in (p,æ) reaction (Ka 52). Also Al?’, for 
Q-value measurements. 


IL Mg*(a,a)Mg*% £,=9.990 


Resonances in yield of elastically scattered o particles 
observed, again in good agreement with many reso- 
nances in the AI? (5,2) Mg” and AI? (5,5) Al?” reactions, 
(Ka 52). Partial-wave analysis yields following spins 
and parities for compound nucleus: J =0* for resonances 
at E,— 2.84 and 3.00 Mev, and J — 2* for resonance at 

E«=2.93 Mev. S-wave a-scattering resonance at 
JE — 3.07 Mev corresponds to S-wave proton scattering 
resonance at E,—1.45 Mev. No single J value of com- 
pound nucleus can explain this behavior. No (a,p) nor 
(5,0) transitions observed at E,—3.07 Mev. Anomaly 
near E,=3.25 Mev probably is caused by two over- 


— lapping levels in Si” (Ka 52). 


1 IIT. Mg’ (a,n)Si?® Qm=2.661 


$ 


. En 54a. 


es in 


m 
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with those in Ta 46. Thirty-one y-ray resonances in 
E,=0.46-2.6-Mev region in Pl 40. Fourteen are below 
E,=1.4 Mev, their energies in fair agreement with 
energies in Br 47a. Resonances at 504-, 630-, and 728-kev 
decay also by « emission (Ru 53). 

Spin and parity assignments (Ru 54) result from 
measurements of y-ray spectra, y-ray angular distribu- 
tions, and a-particle yield. The 1.78-Mev level in Si? 
has J —2*. At most resonances, transitions observed to 
7.1- and 4.6-Mev levels, which both de-excite by cas- 
cades through 1.78-Mev level (Ru 54). The 4.6-Mev 
level, however, also deexcites to the Si’ ground state 
with intensity about equal to that of cascade (Go 57). 
Parity of 652-kev resonance has been determined from 
a y-ray polarization measurement (Hu 56). 

Precision measurements of energy of prominent 991- 
kev resonance yield 993.12-1 kev (He 49) and 990.8 
+0.2 kev (Bu 56b). Width is 100 ev (Be 49) and 502-30 
ev (Bu 56b). From Doppler-shift measurements of 1.78- 
Mev y ray, half-life of 1.78-Mev level follows as either 


TABLE XXIII. Resonances in Al? (5,,5)Si** below 
E, 1.38 Mev. 


Ep E; (Si?9) Relative 
(kev) (Mev) intensity d.c J, r 
226.32-1.5^ 11.806 0.005 
294.1-2-0.5 ^ 11.871 0.015 
325.6+0.4 ^ 11.902 0.080 
404.7 3-0.4 ^ 11.978 0.30 4- b 
438.54-0.5^ 12.011 0.050 
504.0-+0.6 ^ 12.074 2.0 25b 
609 © 12.175 0.4 
630 * 12.195 8.2 Sab 
652* 12.217 3 2- bf 
677° 12.241 1.3 grb 
728° 12.290 3.0 
733 ¢ 12.295 4.2 
738° 12.300 0.7 
Yy C 12.318 3.8 
764° 12.325 4.5 
771° 12.331 11.5 
880 ° 12.436 0.5 
918° 12.473 4.1 
932 ° 12.487 3.9 
991 £h 12.544 47.0 
994 ¢ 12.547 2.0 
1018 ° 12.570 7.2 
1083 * 12.632 1.5 
1091 * 12.640 0.8 
1112* 12.660 13.5 
1165* 12.711 2.4 
1176* 12.722 6.5 
1192* 12.737 tee 
1205* 12.750 11.0 
1255* 12.798 13.0 
1268 ° 12.811 1.0 Ore 
1309 ° 12.850 14.0 
1320* 12.861 10.5 
1355* 12.895 15.0 
1372* 12.911 105.0 
1379 * 12.918 105.0 ^ 


a Hu 53. b Ru 54, ° Br 47a (errors in¥proton energies are 0.2%, widths of 
all resonances observed are <1 kev). 4 Ta 46. * Ka 52 (fom Mg?! (a,a)Mg? 
partial wave analysis). ! Hu 56. £ He 49. ^ Bu 56b. 1 


+ Note added in proof.—Recent measurements, however, show 
that no such crossover exists in decay of 4.6-Mev level (Go 57b). 
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<3X10™ sec or >9X10 sec (De 56a). For y-ray 
spectrum at this resonance, Ha 55. 

Resonances above E,—1.4 Mev in Pl40, Sh 51, 
Go 54, Pa 54. Yields of hard and weak y rays, of elas- 
tically and inelastically scattered protons, and of a 
particles leading to ground state and first excited state 
in Mg? in Sh 51 for region E,=0.6-4.1 Mev. From 
published yield curves, resonance energies for 64 
resonances in 1.4-4.1-Mev region computed in Al 50, 
quoted in En 54a. No hard y rays from capture ob- 
served above E,—1.8 Mev. Comparison of resonance 
strengths (Go 53a) makes it probable that resonances 
at E,—1355, 1372, and 1379 kev from Br 47a corre- 
spond to resonances at 1370, 1385, and 1393 kev in 
Sh 51, Al 50. Not possible at present to decide which 
energy scale is better. Angular distributions of y-ray 
transitions leading to level (1) measured at 17 reso- 
nances in E,—0.65-2.20-Mev region, and of ground- 
state transition At 771-kev resonance (Go 57b). 

'Twenty-three resonances, yielding 0.84-Mev and/or 
1.01-Mev y rays from inelastic scattering observed in 
the E,=1.40-2.77 Mev region (Br Sia). 


V. AI"($,u)Si? £,=11.588 Q,=—5.610 

Broad resonances in Si? yield observed at E,=6.17 
and 6.37 Mev (BI51). See Si" for threshold meas- 
urements, 


VI. (a) AI? (5,p) AI? — E,—11.588 
(b) AP? (p,)Mg? E,=11.588 Qn=1.595 


Resonances, Sh 51, Pa 54, quoted under Reaction IV. 


VII. Al7(d,u)SP5 Qm=9.363 

Determinations of excitation energies of levels in Si’, 
and angular distribution measurements, Table XXIV. 
Relative intensities of neutron groups, Ca 55. Compari- 
son of Al"(d,p) and Al"(d,:) angular distributions 
makes it probable that 9.16-Mev level in Si' is lowest 
T'—1 state (Ca 55). 

With a magnetic pair spectrometer, y rays resulting 
from deuteron bombardment (Ea=4.6 Mev) of an 
aluminum target have these energies: E,=6.9+0.1, 
7.41+0.05, 7.580.05, 7.94-0.03, 8310.03, 8.78 
+0.03, 9.11-+0.03, 9.49+0.07, 9.912-0.07, and 10.8 
2-0.2 Mev. Most of these probably follow Al?’(d,7)Si*8 
reaction, as levels in AP5 above 7.72 Mev and levels in 
Mg* above 7.33 Mev, which might be reached by 
(d,p) or (d,x) reaction, are unstable for neutron emis- 
sion (Be 55). 


VIII. AP*(8-)Si5 See AlS 


IX.  SP*(e,)S?s 
Differential dross section for elastic scattering of 187- 


Mev electrons and for inelastic scattering leading to 
level (1), (He 56). 


CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 
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TABLE XXIV. Neutron groups from the reaction Al?7(d,1)Si28. 


Reference: Pe 49 Ru 56 Ca 55 
Method of triple ion. 
detection: nucl. emuls. nucl. emuls. chamber 
Ea (Mev): 3.68 2.17 9.02 
Qo (Mev) 9.082-0.20 E 1,=2 
E, (Si?) : 1,780.13 1.78-+0.10 1,=0 
in Mev 4.472-0.10 4.542-0.2 ue 
(4.91-E0.21) 4.95+0.2 
6.11+0.10 6.242-0.06 17-9 
6.65+0.14 6.88-+0.06 2 
(7.10+0.12) 7.39+0.06 - 
(7.55+0.12) 7.892-0.06 1,20 
8.18-+0.10 8.31-0.10 1,=0 
8.57+0.08 
9.162-0.17 9.37 2-0.04 1,=0 
10.00-++0.10 
10.25+0.06 1,=0 


X. SiS (2,07) Si?8 


Gamma rays of 1.29, 1.780.02, and 2.19 Mev ob- 
served from inelastic neutron scattering (Z,=0.35-3.9 
Mev) on natural silicon (Da 56). They have to be 
assigned to deexcitation of first levels in Si”, Si??, and 
Si”, respectively. A 1.780.02-Mev y ray, Ro 55a. 


XI. Si (p,p) Si 

From magnetic analysis at E,—5.6 and 8.4 Mev, 
first Si5 level observed at 1.777--0.010 Mev (Br 54b). 
At E,—15.3 Mev, a level at 4.60.3 Mev found by 
low-resolution magnetic deflection, Fu 48. 

At Ep=12 Mev, angular distribution of proton group 
leading to level (1), Co 55. 

Resonances in yield of 1.78 Mev y ray, P”. 


KT P2 (6t)S1 Seeba 


XIII. Si” (y,n)Si® Qm=— 8.474 

Threshold is 8.45+0.20 Mev (Sh 51a). Cross section, 
Ka 54. 
XIV. P(p,a)Si?S Qn=1.920 


Ground-state Q by magnetic analysis— 1.852-0.02 
Mev (Fr 51), 1.909+0.010 Mev (Va 52a), 1.9112-0.00 


Mev (Va 56), and 1.909+0.010 Mev (En 57b). Levels - 


in Si’ observed at 1.771£0.010 and 4.617+0.010 Mis 
(En 57b). Resonances, S*. 


ps 
(not illustrated) 

I. P8(6+)S?§ Qn=13.8 
Half-life, averaged from two measurement 
Br 54a) in good mutual agreement, is 0.2 


The B+ decay quite complicated. E 
branch proceeds to 1.78-Mev Si? level 
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TABLE XXV. Gamma rays in decay of P?5, 


Reference: GI 55 Br 54a 
Ey (Mev) Rel. int. Ey (Mev) 
1.79+0.02 0.75 1.782:0.04 
(2.6 +0.2) 2.67 3-0.08 
: (3.012-0.07) 
(4.262-0.12) 
i 4.44+0.05 0.10 4.63+0.10 
1 (4.932-0.08) 4.8943-0.09 
|| (5.1643-0.12) 
} (5.46+0.10) 
6.142-0.10 0.10 
i 6.702-0.12 0.10 6.65+0.11 
Ee - 7.04+0.08 0.10 7.10+0.12 
| OS 7.59+-0.15 0.05 (7.44+0.14) 
! (7.732-0.14) 
| (8.122-0.21) 


rays in Table XXV. No delayed a particles observed 
(GI 55). 

Most of observed high-energy y rays cannot be fitted 
uniquely into Si** level scheme. A natural explanation 
of the 7.59-Mev y ray, Gl 55, assumes part of the 8+ 
decay proceeds to 9.3-Mev level which is de-excited 
through 1.78-Mev level. Superallowed character of such 
XA 8* transition (log ft=3.4-3.7) would be in accordance 
. with assignment of T—1 to 9.3-Mev level (Bo 55, 
o Wi 56a). 
= Log ft=4.9 for main 8* transition to 1.78-Mev level, 
equal to that of Al: 8- decay to same level. This is 


"AN . another proof of charge symmetry of nuclear forces 
CID 


E I. Si*(p,onP? Q,——14.6 
- Threshold for P?* yield measured as E,—15.64-0.3 
Mev KCl 55) and 15.4+0.5 Mev (Br 54a). 


è 


S AP? 


(not illustrated) 


I AI* (g-)si Q,,—3.98 
easurements of half-life yield an average of 
0.05 min (En 54a). 
decay proceeds to first and third excited 
oa £,=1.28 and 2.43 Me which are 


> for cascad e de excitation of 2. 43. Mev level mda that 
4 ) 55, Br 56). Energies and relative in- 
y ^rays' Table XXVI. Also Br 57. 


. The Aug decay. 
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Log ft values for transitions to 1.28-, 2.03-, and 2.43- 
Mev levels are «5.2, 76.5, and 5. 2» respectively. 
(Br 57). 

Also Na 54a. 

II. Mg**(a,p)Al? Qm=— 3.19 

With 8-Mev cyclotron «œ particles and detection of 
protons with a proportional counter, ground-state Q 
value is — 2.90 Mev; a probable level at 1.69-0.04 Mev 
(Gr 56d). Also En 54a, Br 56b. 

III. Al"(¢,p)Al® Q,,—8.38 

Observed (En 54a). 


IV. Si?(n,p)AI? Q,——3.20 
Cross section, En 54a. 


V. Si (7,p)Al® On=—13.81 
Cross section, Ka 54, En 54a. 


Si? 
(Fig. 15) 
I. Mg?*(a,n)Si? Q,-0.017 
En 54a, Na 53a, Br 55b. 


II. Mg?*(o, f) As 
En 54a, Na 53a. 


Ey—11.135 Qm=— 1.204 


IIL Si*(»,y)Si* Qm=8.474 


Thermal-neutron capture cross section of natural 
silicon is 1302-30 mb; isotopic cross sections of Si'5, 
Si”, and Si? are 802-30, 2704-90, and 4002-400 mb, 
and their abundances 92.27, 4.68, and 3.05%, respec- 
tively, so approximately 73% of the thermal-neutron 
captures in natural silicon should occur in Si?* (Hu 55c). 

Energies and intensities of y rays from capture of 
thermal neutrons in natural silicon in Table XXVII. 
Assignment of most y transitions based on comparison 
of y energy with binding energies and excitation 
energies in Si”, Si, and Si! as measured by magnetic 
analysis of (d,p) reactions. The y spectrum of the 
Si'*(n,y)Si? reaction dominated by two cascades via 
levels at 4.93 and 6.38 Mev; see General Remarks. 


IV. Si*(n,n)Si* | E,—8.474 
Si*(n,n')Si?5 Ey,—8.474 


Total neutron cross section of natural silicon, Hu 55c. 
Resonances at E,=195 and 570 kev are assigned to Si? 


and have J=1/2+ and 3/2-, respectively /Fi51, - 
Hu 55c). See Da 56 for inelastic-seattering resonances. 


V. Si**(d,p)Si? Q,,— 6.249 y 
Daten proton groups found by magnetic analy 


datio: USA 
n n USA 


ah. — ana, 


uà 
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TABLE XXVII. Gamma rays from thermal neutron capture in natural silicon. 


Reference: Ki 51, Ki 53c Ad 56a Br 56e 
Method: Pair spectrometer Compton el. spectr. Scint. spectr. ul ONT 
Line Ey (Mev) Intensity ^ Ey (Mev) Intensity * Ey (Mev) Intensity * transition 
A 10.5992-0.011 (0.4) 10.59 +0.03 (0.2) Si? (c)—(0) 
B 8.467 +0.008 2b 8.48240. > i 
c 119 FRO'OS ty +0.015 (1.6) Si (0 
36 +0.08 (2) (7.38 +0.03) (0.5) (Si®) 
E 7.18 +0.03 8>) 7.22 +0.03 . i? 
a 6.88 +0.03 (0.2) c P Oo 
F 6.76 +0.04 (4) 6.7582-0.020 (1.4) (Si?) 
G 6.40 +0.03 (115) 6.354+0.015 (9.2) Si?» (12)—(0) 
H 6.11 +0.05 (4) 6.04 +0.05 (1) (Si?) = 
al’ 5.70 +0.04 (2) B 
if 5.52 +0.05 (2) 
qu 5.24 +0.03 (0.8) 
K 19330003 (134 19300010 7-4 p 
-933+0.005 .930+-0.010 37.4 i? = 
K' 4.60 +0.08 (4) E oP RUM 
L 4.20 +0.03 (19) (4.30 +0.05) (2) 
L 3.976+0.020 (4.2) (Si?) 
L R 3.8 (3) (Si*) 
LU 3.667 3:0.020 (3.2) 
M 3.540+0.006 (60>) 3.547+0.010 (36.5) 3.6 +0.06 (49) Si? (c)—(9) 
N 2.69 +0.05 (65) 2.652-0.03 (11) 
O , 2.10 +0.01 (12.8) 2.132-0.03 (19) Si? (ce) (12) 
P 1.95 +0.02 (3.4) 
0 17 (3) (si 
R 1.5 (3) (Si? 
S 1.28 +0.01 (16) 1.26+0.03 (14) Si? (1)—(0) 


a Intensity in photons per 100 captures in natural silicon. 
b Intensity in photons per 100 captures in Sis; see Ki 54a , 


values and excitation energies in Table XXVIII agree 
with values obtained by absorption measurements at 
Ey=3.7 Mev (Mo 50). Excellent agreement between 
levels found here and from P*!(d,a)Si® (Table XXIX). 

Angular distributions of most prominent proton 
groups measured at Ea=8.2 Mev; angular momenta of 
capture neutrons, from stripping theory, in Table 
XXVIII; these /, values and neutron capture prob- 
abilities discussed on basis of shell model (Ho 53a, 
Ho 53d). Assignment of /,=0 to ground state was con- 
firmed by measurements at Ez=9 Mev (Ca 56a). 
„Polarization of protons leading to p states at 4.93 and 
6.38 Mev measured (Ju 56). 


TABLE XXVIII. Energy levels in Si?’ from Si?8(d,p)Si**. 


Author: Va 52 Ho 53d 
Ea (Mev): 1.8-2.1 8.2 
Method: magnetic analysis Al absorption 
Qo (Mev): 6.246 20.010 
Ez (Mer) In 
0 0 
1.2782:0.007 2 
2.027 3:0.007 2 
2.42623:0.007 isotropic 
3.070+-0.007 2 
TE 3.623--0.007 3 
4.078+-0.008 
4.8402-0.008 
4.897 +0.008 
4.934+0.008 1 
5.946+0.009 
6.1052-0.009 
6.3804-0.009 1 


Z=11 TO 20 


Measurements and discussion of reduced widths for 
Si*(d,p)Si? and Si?*(d,n)P? ground-state transitions, 
Fu 54, Ca 56a. * 

Levels at 1.28, 2.03, 2.43, 3.07, 4.93, and 6.38 Mey — 
all decay by y transitions directly to ground state : 
(Al 49b, Th 54, Ro 55). 

Angular correlation of protons and gammas corre- - 
sponding to 1.28-Mev level differs from that predicted — 
by simple stripping theory (Al 56a). am 


VI. AI9(8-)S?* See AI? 


VII. Si? (n,n^y)Si? H 
The 1.28-Mev level is excited by inelastic scattering 
of neutrons with energies up to 3.9 Mev (Da 56). — 


VIII. Si? (p,p’y) Si” 


Angular distributions of 2.03-Mev y ray meas 
E,=2.798 and 2.934 Mev. Presence of P, terms 


TABLE XXIX. P!(d,a)Si?? reaction (En 51a, Va 


Q value (Mev) 


Group 


8.1582-0.011 
6.8852-0.020 
* 6.1262-0.020 
5.7272-0.020 
5.086-+0.020 
4.5392-0.020 
4.0802-0.020 
3.2210 
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(n,n) and (n,n) 
resonances In 

E, = 9.3-12 Mev region .- 
2 1 


MPS a-n 29 Si"*p-p SI" *n-m 
Si 
710.609 
Si «^ 
Fic. 15. 


cates that 2.03-Mev level has J=5/2+. From coinci- 
dence measurements, this level decays for about 0.5% 
via a cascade through 1.28-Mev level. Angular distribu- 
tions of 1.28-Mev y ray at E,—2.798 and 2.922 Mev 
are consistent with assignment of 3/2* to 1.28-Mev 
level (Br 56, Br 57). 


IX. P3(8*)Si? See P? 


X. Si?(y;)Si? Qm=— 10.609 
Cross sections, Ka 54. 


XI. P*!(djg)Si? Qj 8.169 

Eight a-particle groups (Table XXIX) found by high- 
resolution magnetic analysis at 6—90? and E,—1.8 
Mev (En 51a). Ground-state Q value given as 8.170 
-0.020 Mev later remeasured as 8.158+-0.011 Mev 


Bel 


52a). Excitation energies of Si” levels in ‘Table 
' corrected accordingly. Also Be 55. 


E^ 
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GENERAL REMARKS 


The p states at 4.93 and 6.38 Mev are strongly ex- 
cited, both in Si’ (d,p)Si” and in Si?’ (i y)Si? reactions; 
these may be single-particle 3/2 and 1/2 states pre- 
dicted by shell model. Ground state and 1.28- and 3.62- 
Mev levels may be regarded as 51/2, d3/2, and f7/2 states 
(Ho 53d, Ki 54a). 

Spin of ground state of Si? is 1/2* (Ra 53, Wh(53, 
Wi 54, Og 54). Assignment of 3/2*, 5/2*, and 3/2* to 
the levels at 1.28, 2.03, and 2.43 Mev, respectively, of 
1/2* to P? (0) and 5/2* to AI? (0) in agreement with 
observed log ft values, (d,p) and (p,p’y) angular dis- 
tributions, and y branching ratios. 

Application of strong-coupling collective model to 
low levels of Si”, Br 57c. 


p?? 
(Fig. 16) 


I. P?(6+)Si® Q, —4.967 

Half-life is 4.62-0.2 sec (Wh 41) and 4.45-L0.05 sec 
(Ro 55). 

The 8* end point by magnetic spectrometer is 3.945 
+0.005 Mev, yielding log ft=3.723--0.007 (Ro 55). 
Gamma rays of 1.28 and 2.43 Mev in coincidence with 
positrons observed; branching ratios, log ft values, and 
proposed classifications in Table XXX. Spins and 
parities of Si? levels, see Si”, general remarks. Theo- 
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TABLE XXX. The P?(8*)Si? decay (Ro 55). 
Si? level (Mev) Branching ratio % Log ft 
/ 4-0.26 c 
2.43 0.24 * 0.08 4.5 
2.03 «0.15 25.2 
1.28 0.802-0.20 5.0 
0 98.8 +0.4 3.72 
TABLE XXXI. Resonances in Si?54- 5. 
Ep (lab) Ez (P1) 
(Mev) (Mev) Decay ^ T (kev) 
(0.703) 5 (3.40) y: 
(0.944) 5 (3.64) y^ 
(0.989) » (3.68) y^ 
1.65 * 4.30 po. yo 50.5 f 
2.09 © 4.74 po° yo? 12! 
2.27! 4.92 pif <4! 
2.644 5.27 pit 
2.9° 5.5 po* broad * 
3.11* 5.72 po® pie! 12* 
3.35* 5.96 Po? pis 11° 
3.58* 6.18 pie 70* 
SAL 6.30 ^ prt 40 * 
3.88 4 6.47 pid 
3.93 4 6.52 pid 
3.97 4 6.56 pid 
4.25* 6.83 pic 22¢ 
4.44 ° 7.01 pic 7-100 * (double?) 
1:259 » pric 
7.44* hi 
4.93 4 7.48 pid 


a Symbols fo, pı, y, and yo refer to elastic proton scattering, inelastic 
scattering leading to Si?! (1), proton capture, and proton capture with a 
strong ground-state y transition, respectively. 

b Se 55. © Co 55a. 4 Wi 56. © Vo 57. ! Ne 57. 


retical discussion of 8*- and y-transition probabilities, 
Go 56b. 


IL (a) SP*5(pjy)P? ^ Ey—2.724 
(b) SP5(5,5^y)Si* E,—2.724 E,—1.78 


With natural silicon, resonances in yield of y rays 
observed for proton energies below 1.2 Mev (Se 55); 
most of these can be assigned to Si? or Si*?; assignment 
of resonances at 703, 944, and 989 kev uncertain. Reso- 
nances at E,—1.63 and 2.08 Mev assigned to Si’ 
(p,y) P*. First of these has —50.5 kev, D4,—1.73 ev, 
J=3/2-, and the main y transition goes directly to 
ground state. Reduced width indicates this is 3/2 single 
particle state (Ne 57). 

Yield of 1.78-Mev y rays from Si? (5,5 »)Si*3 reaction 
shows several resonances, Table XXXI. Resonance at 
E,=4.44 Mev is possibly a doublet (Co 55a). 


TIL. Si?8(d,n)P® Qn=0.499 


Ground-state Q values: —0.80-++0.10 Mev (Pe 48), 
0.292-0.04 Mev (Ma 52), and 0.62-0.1 Mev (Ca 57). 

Angular distribution measurements at Ez=9 Mev 
yield a /,—0 ass'gnment for ground-state transitions. 
Levels in P? at 1:30 Mev (1,2), 1.92 Mev (1,=2), and 
3.5 Mev (Ca 57), while additional levels at Ey=2.5 


i G. lf. i à 
and 2.9 Mev in Gr 55f. Alsq. Çà baku Kangri University Haridwar Collection. Digitized by S3 Found iS; bka L- J 


^ 


NUCLEAR ENERGY LEVELS Zi= 1 dO} 210 


711 


IV. Si?(p,n)P® Q,-—5.750 
Observed (En 54a, Ty 54). 


V. S®(p,0)P” Q,— —4.197 


Not observed. 


Si? 
(Fig. 17) 


L Mg*(o,5)AP  E,—10.620 Q,— —3.18 


Resonances, En 54a. 


IL. AP?(a,p)Si? On=2.376 


Investigations with œ particles from radioactive 
sources, En 54a. 

Nuclear emulsion work at £,—8 Mev yields Q— 2.38 
+0.03 Mev, and levels in Si? at E.—2.234-0.02, 
3.52-0.02, 3.80-0.04, 4.832:0.02, 5.28+-0.02, 5.52 
+0.03, 5.94+0.04, 6.522-0.03, 7.10+-0.03, and 7.38 
+0.05 Mev. No levels at 5.07 and 5.62 Mev (Ha 56e). 
Angular distributions at E; —8 Mev (Vo 56). At E,—22 
Mev, levels found from Al absorption at 5.61, 7.35, 
8.37, 9.43, 10.04, and 11.03 Mev (Br 49). 

Energies of y rays in coincidence with selected proton 
groups measured by scintillation spectrometer at 
E,—7.8 Mev. A 2.32+0.05-Mev y ray, de-exciting first 
excited state, and a 3.630.15-Mev y ray, representing 
unresolved ground-state transitions from second and 
third excited states. The 5.07-Mev level is de-excited 
through third level with y rays of 1.282-0.06 and 
3.66+0.15 Mev, and for less than 15% through first 
level (Al 55). Also La 51, Be 48, Br 55b. 


TIL. Si?(n,y)Si? Q,,=10.609 


Cross section, Hu 55c. 
Energy of y ray corresponding to ground-state transi- 
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TABLE XXXII. The Si?(d,?)Si* reaction. 


Q value (Va 52) Si» level (Va 52) Si” level (Mo 50) 
in Mev in Mev in Mev 


8.3882-0.013 0 0 
6.1493-0.015 2.2392-0.020 (2.4 +0.2) 
4.87323-0.009 3.5152-0.016 , 
4.6023-0.015 3.7862-0.020 3.91+0.15 
(5.0752-0.015) 5.002:0.15 
(5.497-+0.015) 
(5.622+-0.015) 5.7 40.2 


tion after capture of thermal neutrons in Si? by pair 
spectrometer is 10.599+-0.011 Mev (Table XXVII). 
Transition energy obtained by adding 2 kev, nuclear 
recoil energy, to y energy (Ki 53c). Same y ray reported 
in Ad 56a (Table XXVII). It is uncertain which of the 
other y rays given in Ad 56a should be assigned to 
Si? (ny) reaction. 


IV. Si*(d,p)Si? Q,,—8.384 


Several proton groups from enriched Si? targets 
found by high-resolution magnetic analysis (0— 90?) at 
deuteron energies up to 2.1 Mev (Va 52). Q values and 
corresponding Si? levels in Table XXXII together with 
Si? levels obtained by Al absorption at Ez=3.7 Mev 
from enriched targets (Mo 50). 


V. Si? (n,n'y)Si* 


Yield of 2.19-Mev y ray from natural Si targets 
measured up to £,—3.9 Mev (Da 56). 


Seve) Si) See P» 


"VIL P*\(y,p)Si® Q,— —7.292 

Not observed. 

VIII. S*(mo)Si? Q,—3.516 
Not observed. 

p? 

(Fig. 18) 

LE P a(g si Qm=4.264 


fost accurate half-life measurement yields 2.55 
' (Ko 54a). Other recent determinations 
53b, Gr 56) with larger errors are in good 


1 (En 54a) $ sca 


Best deter 
sp xectrometer is 3. 


ith valut ).0 
x ‘Hu 4a), E of 3.232:0.07 Mev 


; Older | less accurate meas- 
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This uniquely fixes P? ground-state spin as 1+, if spin 
of Si” first level is 2+. 


II. Al?"(a,n)P® Qm=— 2.671 


Threshold reported as £4— 3.409 Mev corresponding 
to a Q value of —2.969 Mev (Bu 56c). This leads to a 
P? mass about 300 kev higher than value from other 
reactions. Also En 54a. 


III. SP*(He?,5)P? O,,=6.318 
Observed, En 54a. 
IV. Si®(p,y)P® Q,—5.562 


Resonance energies and corresponding P* excitation 
energies, resonance strengths, and assignments of spins, 
parities, and isobaric spins in Table XXXIII. The 
y-ray energies measured at four lowest resonances lead 
to Q value of 5.572:0.03 Mev (Va 57). From relative 
y-ray intensities reported in Br 56h, Va 57, branching 
ratios can be computed for resonance levels and several 
lower P? levels, Fig. 18. Excitation energy of first P% 
level, which is strongly excited at the 414-kev resonance, 
is measured by scintillation spectrometer as 6882-7 kev 
(En 54b), and as 6902-10 kev (Br 56a). The T=1 
analog of Si? ground state is expected at about this 
position ‘(Mo 54, Wi 56a). Isotropy of 690-kev y ray, 
together with anisotropy of y-ray feeding level (1) at 
414-kev resonance, presents a strong argument for a 
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TABLE XXXIII. Resonances in Si?9(p,7)P™. 


" E. (P9) (J-Fi)P;Ty/(T» Ty) 
in Mev in ev 


in kev J, x, Tu 
SERIE 5.877 0.05 ! J=2-,T=1 
414» bs 5.962 0.23 ° J=1-, T=0 
693 "d 6.232 0.11* (v negative), T=1 
729 bod 6.267 0.11 * J=(3-), T=0 
916«4 6.447 
956*4 6.486 


^ Ta 46. b KI 55a. © Mi 55. d Br 56i. © Br 56h. ! Va 57. « All J, x, and T 
assignments, partly from intensity considerations (Br 56h), and partly 
from angular distribution measurements (Br 56a, Va 57) are preliminary. 


J —O0* assignment to level (1) (Br 56a). Recently ob- 
served that level (1) is a close doublet. At 414- and 723- 
kev resonances, lowest energy y ray is measured as 
6862-4 and 6862-6 kev, respectively. At 326- and 696- 
kev resonances, however, the y-ray energy is distinctly 
higher, 70326 and 70545 kev. Angular distribution 
of this y ray, measured at 326-kev resonance, is ani- 
sotropic (Va 57). Both levels also observed from 
S®(d,a)P* reaction (Reaction XI). A preliminary spin 
assignment to 0.71-Mev T=0 level is J=1+ (Va 57). 

At least the four lowest resonances seem to decay al- 
most exclusively to either 7—0 to T=1 levels, pointing 
to negative parity of the resonance levels and operation 
of E1 isobaric spin selection rule. Remarkalle is also 
strong E2 transition between the lowest two T=1 
levels. 


V. Si?(5,py)Si? Ey-—5.562 

In £,- 2.5-3.0-Mev region, resonances in yield of a 
1.28-Mev y ray observed at E, 2.614, 2.678, 2.700, 
2.720, 2.760, 2.798, 2.843, 2.876, 2.922, 2.934, 2.958, 
2.982, and 2.995 Mey. A 2.03-Mev y ray also observed 
at 2.678-, 2.700-, 2.798-, 2.876-, 2.934-, and 2.958-Mev 
resonances. A 2.43-Mev y ray only appears weakly at 
2.982-Mev resonance (Br 57). For y-ray angular dis- 
tributions, Si”. 


VI. Si?(d,n)P? Qm=3.337 

By nuclear emulsion technique, ground-state Q— 3.27 
+0.04 Mev, and levels found at 0.752€0.06, 1.46+0.06, 
and 2.002:0.06 Mev by bombarding enriched silicon 
targets at Ez=1.4 Mev (Ma 52). A ground-state Q 
value of 3.38--0.17 Mev and a level at 1.272:0.48 Mev 


by bombarding natural silicon targets at E4— 3.7 Mev 
(Pe 58). 


VIL. Si?(5,un)P*  Q,,— —5.047 
Observed, En 54a. 


VIII. E"(y,n)P® Q,- —12.339 


Threshold is 12.352-0.2 Mev (Mo 49), 12.4+0.2 
Mev (Ka 51a), *2.052-0.20 Mev (Sh 51a), and 12.33 
=£0.05 Mev (Sc 55a). Cross section, En 54a, Na 54. 
Sharp bends in P? yield curve, not corresponding to 
known levels in P9, observed. a USE UNUM 12.75 


uru aridwal 
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+0.08, 12.90-0.08, 13.18+0.10, and 13.38+-0.10 Mev 
(Ba 55). 

IX. S®(7,d)P® Q,.— —18.955 


Threshold reported at 19.1542:0.20 Mev (Ka Sia). 
Yield measurements, En 54a, Ri 55. 


X. S*?(m1)P*" Om=— 12.697 
Observed, En 54a. 


XI. S?(d,g)P? 4, 4.890 


Magnetic analysis at E4=6.0 and 6.5 Mev and at 
angles of 90? and 130°, ground-state Q value= 4.887 
+0.010 Mev, while levels in P*? observed at 0.680 
20.010, 0.708-+0.008, 1.451, 1.972, 2.538, 2.723, 2.839, 
2.937, 3.018, 3.734, 3.836, 3.926, 4.141, 4.181, 4.230, 
4.296, 4.342, 4.421, 4.501, 4.625, 4.734, 4.929, 5.024, 
5.200, (5.233), 5.412, 5.504, 5.598, 5.700, and 5.790, all 
+0.010 Mev. Levels above 4.30 Mev not indicated 
in Fig. 18. States at 0.680, 2.937, 4.181, and 4.501 
Mev regarded as T=1 levels because of low inten- 
sity of corresponding groups. They are analogs of Si*? 
ground state and Si? levels at 2.24, 3.51, and 3.79 Mev 
(Pa 57). A ground-state Q value of 4.8312-0.013 Mev, 
in bad agreement with the value quoted, also reported, 
in addition to a-particle groups corresponding to levels 
at 0.693, 1.440, and 1.97 Mev (Le 56b). 


XII. S¥(p,2)P® Q,=—1.531 
Not observed. 
Si? 
(Fig. 19) 


I. Si*(8-)P? Q,=1.481 
Half-life, averaged from five determinations (En 54a) 
in good mutual agreement, 157.24-0.4 min. 
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The 6- spectrum is simple and has allowed shape. 
End point measured by lens spectrometer as 1.471 
20.008 Mev (Mo 52a) and 1.486+-0.012 Mev (Wa 52, 
Wa 53a). Log fi=5.5. A 1.26-Mev y ray of intensity 
0.0795 detected by scintillation spectrometer. Corre- 
sponding $- transition is allowed (log ft=5.6) (Ly 54). 

Theoretical remarks concerning Si’! decay, Go 56b. 


II. Si?(n,y)S?! Q,-6.594 
Cross section, Hu 55c. 


III. Si?(d,p)S?! Q,,—4.369 


By magnetic analysis at deuteron energies up to 2.1 
Mev, ground-state Q value=4.364+0.007 Mev, and 
levels in Si* found at 0.757+-0.007, 1.6992-0.007, 
2.3192-0.008, 2.791=-0.008, 3.1402-0.008, 3.539-+-0.008, 
and 4.384+-0.008 Mev (Va 52). Also En 54a. 


IV. P” (n,p)Si! QOn=—0.698 

By measuring pulse height from a PO; gas-filled 
ionization chamber bombarded by D(d,) neutrons, 
ground-state Q value= —0.97--0.13 Mev and a level 
in Si? at 0.7 Mev (Me 48). Cross section, En 54a. 
Resonances under P*. 
V. S*(n,)S?! Q,--—1.309 

Cross section, En 54a. 

pz 
(Figs. 20 and 21) 

I. (a) Al7(a,n)P? | E,—9.668 Qm=— 2.722 

(b) Al? (œ,p)Si® E,=9.668 Qm=2.376 


"Thick target resonances observed with radioactive 
a-particle sources, En 54a. 


IL Si28(a,p)P* Q,— —1.920 


From bombardment of natural silicon with Th(B+C) 
a particles, three proton groups are observed correspond- 
ing to ground-state Q value of —2.23 Mev and levels 
in P?! at 1.05 and 1.69 Mev (Ha 35, Li 37). From 7-Mev 


TABLE XXXIV. Resonances in the Si®(p,7)P*! reaction. 


E. (P9 2J 4-1)» 
dem) M) s ES Iya 

0.202 0.06> 3/2* nb 
1.92" 18^ 1/2%> 
0.087* 0.06» 3/2* sb 
0.17" 0.08» 
0.93" 1.0> 3/2* sb 
0.1924 : (3/2, 5/2)* 
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cyclotron a particles on natural silicon, a y ray is found 
of 2.30.3 Mev as measured by absorption (Al 48). 


III. Si°(pyy)P*  Q,,— 7.292 


Resonances observed, corresponding P*! excitation 
energies, resonance strengths, and resonance spins and 
parities deduced from y-ray angular distribution meas- 
urements (Br 56i) in Table XXXIV. Proton energies 
at five lower resonances in fair agreement with Kl 55a. 
Also Se55. A resonance reported at E£,=367 kev 
(Ta 46) not observed in later work (Kl 55a). Twenty- 
five resonances reported in the 1.7-2.3-Mev region. 
Those at E,— 1.73 and 1.82 Mev have J —3/2* (Pa 56). 

Gamma-ray intensities at five lower resonances in 
En 56b, Ho 57. Corresponding branching percentages 
in Fig. 21. Branching percentages indicated for 3.414-, 
4.188-, 4.430-, 5.012-, 6.22-, 6.43-, and 6.55-Mev levels 
and for resonances at £,— 840, 980, aiid 1000 kev from 
Br 56i. 

Gamma-ray angular distributions (Br 56i, En 56b), 
and y-y angular correlation measurements (Pa 56, 
Li 57) in agreement with a J —1/2* assignment to P?! 
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ground state, and indicate J—3/2* for level (1) and 
very probably J=5/2+ for level (2). The latter level 
decays for at least 97% by an E2 transition to ground 
state (Li 57), in remarkable analogy with Si”. Collec- 
tive motion might be responsible for these anomalies. 

Positive parities assigned to resonance levels in Table 
XXXIV found from y-ray angular distribution meas- 
urements which can only be explained through mixing 
of M1 and E2 radiation. 


IV. Si? (d,n)P?. .Q,,— 5.067 


From natural silicon bombardments at Za=3.7 Mev 
and with nuclear emulsion technique for neutron detec- 


tion, Q values are ua cheated unt gah Mar cheio: MSY sh Ln 2 
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3.5740.15, and 2.782c0.16 Mev (Pe 48). With enriched — 
Si? targets and nuclear emulsions, at E;,—1.4 Mev 
Q values have been measured of 4. 92, 4.59, 3.73, 2.70, 

and 1.51 Mev, all +0.04 Mev (Ma 52). Avera 
these results (and assuming that in the earlier d. 
ground-state transition has been missed) follo: 
tation energies in P? are obtained: 0.4, (0. De 1 
and 3.4 Mev. 


LI 


V. Sit (Sx) pisce Sul 


VI. P (n,n!) P™ 
No y rays observed at E,—1.2 


716 DR 
TABLE XXXV. Levels in P?! found from P?!(5, p^) P31. 


Reference: En 57a Va 56, Va 57c, Va 57a 
Incident proton energy (Mev): 7.04 3.72 and 4.66 
Angle: 90? and 130? 90° 


Level in P*! (Mev): C 1.2644-0.004 
2.234 2.2302-0.005 
3.134+0.006 
3.292--0.005 


5.012 
all 2:0.005 


(Cr 56a). At E,—3.5 Mev, an intense y ray is found of 
1.24+-0.05 Mev, and weak y rays of 1.00.05, 1.60 
; 20.07, 1.752:0.08, and 2.05-+-0.18 Mev (Sc 54d). 
| 


VII. P (p,p) p 


Levels found from this reaction by magnetic analysis 
at Ep=7.04 Mev (En 57a), and at 4.65 Mev (Va 56, 
Va 57a, Va 57c) in Table XXXV. 

In region £,—2.3-3.36 Mev, twenty-one resonances 
observed yielding a 1.262:0.015-Mev y ray (Ol 55). 


VIII. S#(6+)P# See S 


Cross section, Jo 55, Ri 55, Mo 55a. 


X. S?(d,a)P’! Q,=8.583 


| IX.  S?(y,p)P" Q,-——8.841 
| 

| 

Not observed. 


XI. S*(5,9)P? Q,——0.611 
Not observed. 


GENERAL REMARKS 


"Theoretical remarks concerning P?! ground-state con- 
figuration, Hu 55b, Go 56b. 


S31 
- (Fig. 22) 


I. S#(6+)P# Q,-—5.45 

Half-life averaged from two accurate E esivur de- 
— terminations (Ha 52a, Hu 54) is 2.624-0.09 sec. The 
nd point determined with cloud chambers as 3.85 
0.07 ‘Mev (Wh 41) and 3.8740. 15 Mev (EI 41), 
with a scintillation spectrometer as 4,50+0.10 
‘Hu 54). Log J Cogs 7, indicating a superallowed 


M. ENDT AND C. M. 
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Fic. 22. 
II. SP*(o,n)S?! Q,2-—7.5 
Observed (En 54a). 
TIL. P*?(5,0)S9 Q,--—60.23 


With nuclear emulsions at E,—17.5 Mev, the Q 
value= —6.032-0.2 Mev and levels in S* observed at 
1.132E0.2, 2.234-0.15, 3.292-0.15, 4.602-0.15, and 6.20 
+0.2 Mev (Ru 55). Agreement with level scheme of É 
P*! mirror nucleus is as good as can be expected taking . 
into account relatively low resolution of neutron energy 
measurement. 


IV. S®(y,n)S# Qm~=—15.07 l 
Threshold measured as 15.0+0.3 Mev (Be 47a), 


14.82-0.4 Mev (Mc 49), and 15.02-0.1 Mev (Ha 52a). 
Cross section, En 54a, Mo 55a. | 


Si? n 
(not illustrated) 

I. Si?(8-)P? O,,=0.10 
Radioactive Si? produced from reaction Cl*7(p,«2p) 
Si? at E, —340 Mev. From measured activity and esti- 
mated reaction cross section, a half-life is c^lculated 
between 100 and 710 years. The 8- spectrum end point 
is ~100 kev. There are no y rays (Li 53a). Also Li 53. 
Also produced from neutron capture in Si*! in a high- 


flux reactor. From yield, half-life (in years) computed 
times the cross get (in barns) (Tu 54). 


ion 


222 ^ 
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p? , TABLE XXXVI. Magnetic-spectrometer determinations adh 
of the P2(8-)S* end point. 


(Fig. 23) 
Reference End point (Mev) Reference End point (Mev) 

: x " —— ———— Mo eue M M ol 
I. P*?(8)S* Q,-—1.704 Ly 37 1.69 +0.03 Sh 51 1.6954-0.005 
Six determinations (En 54a) of half-life yield average a Zt Is EU 02 Jo EN 
value of 14.32+0.03 days. S 46 1.712+0.008 Wo 54 1.714+0.008 
inati : : é a 49a 1.689+0.010 An 54a 1.7122:0.008 
Determinations of 8- end point by magneticspectrom Ag 50 1718::0.010 Da 54a 17112:0.006 
eter in Table X XXVI. Average is 1.7080-£0.0026 Mev. Wa 50 1.708-+-0.008 Po 56 ` 1.7122:0.004 


Spectrum has allowed shape. Coefficient r «0.03 mc? 
in a possible Fierz correction (1+7/W)! to Kurie 
plot (Po 56). No discrete y rays observed (La 54, IV. P?'(my)P*? (Q,-—7.920 3 
Go 54b). Log ft— 7.9, very large for an allowed transi- Cross section, Hu 55c. " 


tion but this can be explained by / forbiddenness. Twenty y rays found by high-resolution pair spec- — x 
Many authors investigated continuous y radiation 


‘ 9 à : trometry from capture of thermal neutrons in phos- 

(internal bremsstrahlung) (En 54a, Go 54b, Mi 54a, phorus (Ki 52), and three more found with a two- 

Li 55, Fo 56), internal pair formation (Mc 54, We 54, crystal scintillation spectrometer (Br 56e). Table : 

Mi 56, Gr 56b, Hu 56a), and other small effects in- XXXVII. All y rays, except B, can be regarded as E 

volving atomic electron cloud (Ch 54, Ch 55a, Re 55). transitions from capturing state to known levels in P®, n 
Ns z » or as transitions from known levels to ground. However, 

IL Si®(a,p)P™ Qua —2474 intensities of y rays feeding and de-exciting a level may 


Observed, En 54a. ; differ appreciably, indicating that decay scheme may j 
be considerably more complicated. 1 

IIT. Si*(He^p)P? Qn=7.494 3 
Observed, En 54a. V. P'(n,n))P?" Ey=7.920 ^ 

> Cross section and resonances, Hu 55c, Pa 55b, Pa 55. 
eet VI. P^(np)S?! E,—7.920 Qm=—0.698 
7.920 oues Arr. To Resonances, En 54a. 
| | 1494 Q-value measurements, Si*!. 


VII. P?(d,p)P? Qmn=5.695 
Levels in P? found by magnetic analysis, and /, 
values deduced from angular distributions of corre- 


TABLE XXXVII. Gamma rays from thermal neutron 
capture in phosphorus. 


4 Intensity in photons 
y ray ® Energy in Mev per 100 captures N 


A 7.94+0.03 
A’ 7.85+0.05 
7.622-0.03 
7.42-:0.03 
6.763-0.03 
6.330.03 
6.14--0.03 
6.02+0.04 
5.71=£0.03 
5.412-0.03 
5.270.03 
4.92+0.03 
4.682:0.03 
4.492-0.03 
4.38-+0.03 
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Reference: 
Ea (Mev): 


Va 52b 
1.8 and 2.0 
E; (PX) (Mev) 


DESSEN 


Da 57 
8 
E; (P*) (Mev) 


EXNEDEDEFASNIDISGISOM:I. 


TABLE XXXVIII. Levels in P? from the reaction P?! (d, 5) P™. 


0 0 ) 2 
0.077 2-0.002 
0.515+0.005 0 
1.154+0.007 0 
1.316+0.008 seen 
1.750+0.009 2000 
2.1772-0.009 jo ori 
2.227 +0.009 
2.650 +0.008 DOLO 
2.7424-0.008 oot 
2.999+0.010 Denm 
(3.141+0.012) see 
3.259+0.009 ) 1 
3.3182-0.009 
3.45-+0.1 (3) 
4.0324-0.009 1 
4.207+0.010 0 
4.432-0.1 1 
4.663-0.1 weak 
4.90+0.07 1 
§.11+0.1 (isotropic) 
§.37+0.07 1 
5.532:0.07 1 
§.75+0.1 weak 
5.82+0.07 1 
6.09+0.07 1 
6.20+0.1 weak 
6.34+0.1 
6.56+0.07 lor2 
6.69+0.1 weak 
6.85+0.1 weak 


a Not observed or weak. 


sponding proton groups in Table X XXVIII. Ground- 
state Q value is 5.704+-0.008 Mev (Va 52b). The /,=2 
assignment to ground-state doublet also found at 
Ea=7.2 Mev (Pa 52) and at E,4—14.3 Mev (BI 53). 
The /,=0 admixture to this group is less than 5% 
(Pa 52). 

Experimental yield ratio (excited-state protons over 
ground-state protons) at 0—90? is 1.7 at E;—1.8 Mev 
and 1.2 at E4=2.0 Mev (Va 52b). This agrees reason- 
pd with predicted ratio of 1.67 for ground-state spin 

'=1*and excited-state spin J=2* (En 53a, En 54). 
-. See S®, reaction V, for y rays from Pid reactions. 


VIII. S$*?(5,5)P? On=—0.921 

Tonization chamber measurement with pulse-height 
analysis yields —0.93+0.1 Mev for ground-state Q 
— value (Hu 41). At E,—2.56 Mev, a 77+2-kev y ray 
: observed with a scintillation spectrometer (Da 56c). 
- Cross section, En 54a, Hu 55a. 
= Resonances, S”. 


x, S%8(y,p)P® Qu-—9.567 — 


.6-2.9 Mev and 6 — 63? 


without specification as to energy, yo transition to S% 


A es L i ie Sr 
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+0.02 Mev (Le 56b). This might be too small since - 
also the value obtained by these authors for S?(d,a)P* 
ground-state Q value is too small by 60 kev. 

XI. Cl5(nog)P?  Q,,—0.936 


From ionization chamber pulse-height analysis, 
ground-state Q values of 1.07+0.15 Mev (Fo 52) and : 
0.97+0.16 Mev (Ad 53). 

Cross section, En 54a. 


GENERAL REMARKS 


Theoretical discussion of P? spin, Hi 54. Discussion 
regarding doublet levels in P, In 53. : 


S32 
(Fig. 24) 


I. Si®(a,n)S® O,=—1.553 
Not observed. 


IL (a) P^(py)S? | Q,—8.841 
(b) P? (p,p/y)P? E,—8.841 
(c) P'(p,)Si* ^ E,—8.841, On=1.923 


Resonznces in these reactions in Table XXXIX. 
Proton energies listed are weighted averages of values 
given by different observers. In Pa 55a, only resonances 


TABLE XXXIX. Resonances in the P*!-- » reactions. 


E; (S9) QJ t 1)ry* 
Ep (kev) (Mev) T (kev) Decay & (ev) J, xe 
65518 9.185 Y 
440 sbe 9.267 Y 
540 sbe — 9,364 2 
648 bed  — 9.469 Par 
816 bse 9.631 y! 1.8 
825* 9.640 yo 0.36 1 
892 bea 9.705 T 
1050 bsd. £ 9.858 y ao P 
1084 be 9.891 - 
1117 bec 9.923 yo 1.9 1 
1146 bce 9.951 yi 2.2 
1248 bce 10.050 yo yı 0:24,3:7 2 
1408 be 10.205 - 
1443 be 10.239 y 
1482 be 10.283 y 
1520 f 10.314 9.0 f a 
1549 bee 10.342 yı 
1571 be 10.363 2 
1598 be 10.389 : » 
1640 í 10.430 ~5! ao 
1892 «ef 10.674 24ef vo Qo 37 t= 
1916 ° 10.697 Y 
1980 * 10.759 ao 
1985 «c 10.764 10° yo 13 1 
1990 * 10.767 ao 
2027 «f 10.805 24ef vo o 26 m IU 
2120* 10.895 JO yo ao 4.0 Tx 
2320* 11.092 8* yo 20 1 
2340 ° 11.111 89 yo k 64 1 


a Ta 46. > Gr 51. » Ke 56a. d Fr 51, * Pa 55a. f C155. 
£ The symbols have the following meaning: y gamma radiation observed 
ground state, vr 


a 


NUCLEAR 


are listed which decay either to S? ground state or to 
first excited state. List of resonances decaying through 
the P*!(p,a)Si?® ground-state transition is not complete. 
Altogether, there are 16 resonances in E,=1.0-2.5-Mev 
region, decaying in this way, most of which do not 
decay by y-ray emission (Cl 55). 

There are 21 resonances in E,=2.3-3.36-Mev region 
showing a 1.26+0.015-Mev y ray from P?!(5,5'»y)P*! 
reaction. For E,» 2.47 Mev, also a 1.8-Mev y ray ob- 
served from P*!(p,x)Si?§ leading to first level in Si? 
(OI 55). 

Spin and parity assignments in Table XXXIX from 
y-ray angular distribution measurements. Spin of first 
level in S? probably 2* (Pa 55a). For y-ray energies 
measured at several resonances, Ke 56a. Also Sm 54, 
Va 56. See P?! and Si for levels observed in these nuclei 
from reactions b and c. 


III. P*?(d,n)S* " Q,,— 6.616 


With nuclear emulsions, ground-state Q= 6.632-0.08 
Mev measured at E*$—8 Mev. Transitions observed to 
known lower levels in S? and to new levels at 6.29, 7.28, 
and 8.33 Mev, all +0.10 Mev. Angular distribution 
measurements yield /,=0 for transitions to ground and 
to 3.78-Mev level, and /,=2 for transitions to 2.24-Mev 
level (El 55a). This in agreement with results in Ca 55, 
obtained at Ea=9 Mev with a triple ionization chamber 
for neutron detection. However, transition to 3.78-Mev 
level not resolved from those to 4.29- and 4.47-Mev 
levels. Group leading to 5.76-Mev level has an /,=2 
angular distribution. Also En 54a. 

Gamma rays, following bombardment of phosphorus 
with 4.6-Mev deuterons, observed with a magnetic pair 
spectrometer with following energies: 4.432-0.03, 4.73 
+0.03, 4.954-0.03, 5.3140.03, 5.812-0.03, 6.132-0.03, 
6.862-0.03, 7.492-0.07, 8.192-0.03, and 8.562:0.03 
Mev. Neutron binding energies in S?, P?, and Si? are 
15.08, 7.92, and 8.47 Mev, respectively, showing that 
gnly last two y rays can be assigned to this reaction 
with certainty. However, several other y rays could 
also be regarded as transitions in S* from level to 
ground (Be 55). 

Theoretical discussion of lowest three S? states, 
Hu 55b. 


INA B® (Bs) S* See b= 


V. S*(e,e’)S? 

Differential cross section measured for elastic scatter- 
ing of 187-Mev electrons, and for inelastic scattering to 
2.24-, 3.78-, 5.76-Mev levels and to a new level at 6.6 
Mev. From comparison with o(@) for the excitation of 
2* levels in other even-even nuclei it is highly probable 
that 2.24-Mev level in S? has also J —2* (He 56). 


VI. S?(n,n^)S? 
Tnelastic scattering of neutrons studied with scintil- 


lation spectrometers. At GE;p-&brb6il deri UaiveysityatgridWar Million. GE s I 


ENERGY LEVELS, 


Z=11 


TO 20 


719 


resonances 
(see table xxu 


|A- —- [p o3ss 


m 
P +p 187 


32 
S'n-d 3 surp Sitar’ | 
S 
-1553 -8.646 
39 > 
Si ta-n d rnb 
Fic. 24. 


2.23+0.02 Mev found (Da 56c). At E,—3.2 Mev, 
energy of this y ray measured as 2.252-0.03 Mev; no 
others observed (Ro 55a). 

Also En 54a, Mo 56c. 

Elastic scattering angular distributions and inelastic — 
scattering cross section, En 54a, Li 55a, El 56. 


VII. S*(p,p’)S® y 

By magnetic analysis, at Ep=8 Mev, 
found at 2.25, 3.81, 4.32, 4.50, 4.74, 5.04, 
all +0.02 Mev (Ar 52). By compa 
obtained by these authors ir 
are probably too high by an 
up to 70 kev for highe 
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IX. S¥(7,72)S® Qn=—8.646 

Not observed. 
X. Cl5(p,a)S® On=1.857 


By magnetic analysis at 2.5, 4.0, and 7.0 Mev, the 
ground-state Q=1.865+0.015 Mev (Al 55a), 1.860 
+0.005 Mev (Va 56, Va 57d), and 1.8634-0.008 Mev 
(En 56c), respectively. 

Levels in S? observed at 2.237, 3.780, 4.287 Mev, all 
+0.008 Mev, 4.4652E0.010, and 4.698+-0.010 Mev 
(En 56c). Resonances, A5. 


CI? 


(not illustrated) 


I. CI?(g*)S*? Q,,=13.0 

Half-life measured as 0.306++0.004 sec (Gl 55), 
0.3223:0.01 sec (Br 54a) and 0.28 sec (Ty 54). Maximum 
B* energy is 9.52E0.4 Mev, indicating 8* transitions to 
2.24-Mev level in S*. This branch has intensity of 
482-1595, yielding log f/—4.6. A weaker branch with 
~7.5-Mev end point also observed. In one per several 
thousand disintegrations the 8* decay proceeds to an 


TABLE XL. Gamma rays from CI?(8*)S*. 


Reference: G1 55 Br 54a 
Ey in Mev 2.212-0.03 (0.70) 2.25+-0.04 
2.77 or 3.793-0.08 (0.10) (3.792-0.08) 
4.27+0.08 (0.07) 4.33+0.09 
4.77+0.04 (0.14) 4.82+-0.08 
a-unstable level in S? with #,=2-3 Mev (Gl 55). 


Gamma-ray energies and intensities in Table XL. 

Three lowest-energy y rays well explained as ground- 
state transitions of corresponding S? levels. The 4.8- 
Mey y ray might be transition from T=1 analog of the 
P*? and Cl? ground states at 7.0 Mev, to first level. 
The 8* transition to T=1 level is superallowed (log ft 
=3.8) (Bo 55, Wi 56a). From y-ray intensities branch- 
ings of 64, 12, 8, and 16% computed for 8* transitions 
to the 2.24-, 3.78-, 4.29-, and 7.0-Mev levels. 


IL S*(pn)Cl? Q,——13.8 


Threshold is measured as 14.32-0.5 Mey (Gl 55), 
and 14.52:0.6 Mev (Br 54a). 

At E,=17.5 Mev, neutron groups leading to CI? 
levels at 1.0, 1.4, and 2.0 Mev observed with nuclear 
emulsions (Aj 55). 

p3 


(not illustrated) 


pu(g-)s" Q 0.249 


iverage value of 24. 540. 2 days for half-life from 
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The 8- end point determined by magnetic spectrom- 
eter as 0.2740.02 Mev (Sh 51c), 0.262-0.02 Mev 
(Je 52), 0.251+0.005 Mev (El 54), and 0.2492-0.002 
Mev (Ni 54), and as 0.2462-0.005 Mev by Al absorp- 
tion (We 52). The $- transition is allowed (log f1— 5.1) 
but / forbidden. No y rays found (We 52, also La 51). 


II. Si*(o,5)P* |. Q,,— — 2.982 
Not observed. 
III. S9(m,p)P9*  Q,,—0.534 


Cross section, En 54a, Ni 54. 
IV. S*(y,p)P** m= —10.885 
Observed, En 54a. 
V. S*(p,a)P® | Q,,—0.5 


Not observed. 


VI. CI" (ya) P  Q,,— — 7.864 
Observed, En 54a. 
S3 
(Fig. 25) 
I. Si?(a,7)S*® | Q,,— —3.516 
Not observed. 
IL S*?(n,y)S9? 0,,=8.646 


Cross sections and abundances of sulfur isotopes 
(Hu 55c) indicate that probably most of thermal- 
neutron captures in natural sulfur occur in S*. 

Gamma rays from thermal neutron capture in natural 
sulfur in Table XLI. Remarkable are strong E1 transi- 
tions to and from # states in S9 at 3.22 and 5.71 Mev. 
Of all proton groups observed from S*(d,p)S* reaction 
at E4— 6.55 Mev, both at 90? and at 130°, groups lead- 
ing to these levels have also largest intensity (see Reac- 
tion V). Several of weaker y rays of Table XLI might 
also be explained as transitions to or from known levels 
in S?, but their assignment is less certain. 


III. S?(n,n)S? E,=8.646 

Cross section and resonances, Hu 55c, Mo 55b, Pa 55, 
Mo 56b, La 56a. Fifteen resolved resonances observed 
below E,-—1.1 Mev. Characteristics of seven lowest- 
energy resonance in Table XLII. Recently, J2:5/2, 
1,22 reported for 585-kev resonance, La 56a. 


IV. (a) S?(up)P? E,—8.646 Q,—-—0.921 
(b) S#(n,a)Si®  E,—8.646 Q5 — 1.553 
Cross section, En 54a, Hu 55a. 
Also P? and Si? for reactions (a) and (b), respéc- 
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TABLE XLI. Gamma rays from thermal neutron capture in sulfur. 


Reference: Gr 55a Ki 52, Ki 54a 

Method: Magnetic Compton spectrometer Magnetic pair spectrometer 

Gamma ray ; Intensity in photons Intensity in photons Probable transition | 

Energy in Mev per 100 captures Energy in Mev per 100 captures * in Sub 
A 8.63 +0.04 1.8 8.642-0.02 1.2 (c)— (0) 
B 7.80 +0.04 2.6 7.78+0.03 1.6 (ce) (1) 
C 7.42 +0.05 0.6 7.42+0.03 0.3 
D 7.20 +0.05 0.5 7.19+0.03 0.2 
E 6.62 +0.05 0.5 6.64+0.03 0.25 (c)—> (2) 
F 5.88 +0.05 0.4 5.97+0.06 0.6 
G 5.44 +0.02 48.0 5.432-0.02 60 (0—(7) 
H 5.07 +0.03 3.5 5.03+0.06 3.5 
i 4.87 +0.02 12.0 4.844-0.06 11 (32)—(1) 
J 4.58 +0.03 1.2 4.60+0.03 3.5 
K 4.40 +0.02 6.0 4.38+0.03 7 S 
L 3.66 +0.05 2.0 3.69-0.05 4 a 
M 3.41 +0.01 7.1 3.36+0.05 7 (32) (3) c» 
N 3.27 +0.01 19.0 3.21+0.03 20 (7)— (0) 
iV" 3.10 +0.03 2.0 j 
O 2.975--0.01 13.0 2.942-0.05 20 ()(32) 
m 2.82 +0.02 4.0 

Q 5 2.70 +0.05 2 Br 56e. Two-crystal scintillation 
R 2.5502-0.02 44 spectrometer EO. 
5 2.415+0.01 30 2.342-0.03 37 : (7) (1) Bu 
T 2.29 +£0.03 5 (3) (0) C 
U «2.00 +0.02 3 (2)—(0) a ad 
V 1.52-+0.05 1 (3)(1) ct 
W 0.84 +0.01 . 47 0.8442-0.02 56 (1)—(0) 


a Where possible, intensities are taken from Ki 54a. For y rays C, D, F, H, and J, from Ki 52, multiplied by correction factor varying from 0.4 to 0.7. 


» Numbering of levels from Table XLII. The capturing state is denoted by (c). All transitions are assumed to result from S#(n,7)S* reaction. k^ 
V. S*(d,5)8* Qm=6.421 : TABLE XLIII. Levels in S? from S®(d,p)S®. 3 2 
By magnetic analysis at E;—1.8, 2.9, and 6.5 Mev, z Ne 
the ground-state Q value=6.422+0.011 Mev (St 51), Level — Ex(S#) in Mev® lab Level — Ex(S#) in Meva — — 
6.4084-0.020 Mev (Le 56b), and 6.4132-0.006 Mev (0) NT 2 G4) 
(Pa 57), respectively. Sixty-seven levels in S? found D oe (a 3 
recently by high-resolution magnetic analysis, Pa 57, (3) 2.314 (37) 
Table XLIII, together with /, values from angular dis- e 280 " (38) 
tribution measurements (Ho 53a, Ho 53d). Levels in (6) 2:971 ( 10 
the E,=6.54-7.2-Mev region not indicated in Fig. 25. (7) 3.222 1 (4) 
Also, En 54a. (o) See (42) 
: (10) 4.049 
VI. P*(8-)S9 See P” uy 4.095 
VII. CI9(G*)S9 See CI? tia) 421 1 
(15) 4.425 
VIII. S (y,n)S® Qn=—11.419 (16) 4132 
Threshold measured as 10.852-0.20 Mev (Sh 512). (18) 4.869 
Cross section, En 54a. un ob 1 f 
5.177 
IX. Cl (d,a) S” Qm=8.278 e 5.210 
From magnetic analysis, at 0—90?, ground-state e RUD 
Q=8.277+0.010 Mev, and levels in S? are observed at (25) 202 
(26) 35 
TaBLE XLII. Resonances in the sulfur total neutron Ga) 25292 
cross section (Pe 50, Hu 55c). o E 
30) 5.613 
nEn (kevà — Ex (Su) (Mev) Jo In T» (kev) A n T 
1112-2 8.754 1/2* 0 18:43 32) 7 
2034-2 8.843 21 <2 G3) 5.864 
2742-2 8.12 21 <3 - 
2902-2 8.927 21 «3 a (Pa 57). Preliminary resul 
3752-3 9.010 1/2* 0 122 and 130°. Errors of 6 kev 
58543 9.213 3/2- 1 1.40.5 tpatot level (1) w 


1002-4 9.325 1/2* 


analysis at E, 

groun za > 
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0.8444-0.006, 1.9662-0.007, 2.312, 2.869, 2.938, 2.969, 
3.227, all +0.008, 3.840, 3.947, 4.060, 4.105, 4.159, 
4.224, all +0.009, and 4.7494-0.010 Mev. Barium- 
chloride targets containing natural Cl were bombarded 
with deuterons of several energies between 3.0 and 7.5 
Mev (Pa 55c). A recent re-evaluation has shown that 
reported 3.365 Mev level does not exist. Alpha-particle 
groups leading to 4.38- and 4.43-Mev levels, observed 
from S*2(d,p)S* reaction, may have been present, but 
were weak or obscured by contaminant groups (Pa 57). 


X. A(n a)S® Om=1.922 : 

' Tonization-chamber measurements with pulse-height 
7 =2,15-4.40 Mev yield 2.00.1 Mev for 
d-state Q value. A level at 1.10.1 Mev also 


PSNEDEDENATNIDISGOMC 


BRAAMS 


(03 GA 
(Fig. 26) 


TS GIS(S5)S9. O,=5.578 


Half-life measurements yield 2.8 sec (Ho 40) and 
2.8 sec (Sc48). Other determinations, 2.42-0.2 sec 
(Wh 41) and 1.80.1 sec (Bo 51), in doubt as possibly 
a mixture of CI? and Cl* has been studied (St 53). 

Possible confusion with short-lived Clt also sheds 
doubt on measurements of beta-spectrum end point: 
4.13+0.07 Mev with a cloud chamber (Wh 41), and 
4.43+0.13 Mev (Bo51) and 4.2+0.2 Mev (Na 53) 
with a scintillation spectrometer. Log ft=3.7, ap- 
proximately. 

A y ray of 2.85 Mev with an intensity of 0.3% per 
disintegration observed (Me 54). 


I. S*(p;y)Cl* O,,=2.285 

In E,= 200-800 kev region, one resonance found at 
E,=594+5 kev. Three y rays witk following energies 
and relative intensities observed : 


yı 2.862+0.015 Mev (0.51), 
ys 2.0534-0.015 Mev (0.49), 
ys 0.806+0.004 Mev (0.50). 


Last y ray is coincident with yə but not with yı. 
Gamma-ray angular distribution measurements are only 
consistent with a J — 3/2* assignment to the resonance 
and confirm assignments of 3/2* to the ground state 
and 1/2* to the 0.806 Mev level. Both y; and yə are 
of mixed M1--E2 character with mixing ratios of 
x°=0.10-+0.01 and 0.0054-0.003, respectively (Va 56f). 
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TABLE XLIV. Resonances for elastic proton scattering on S®, 
and corresponding CI? levels (Ol 56). 


Ey (Mev) E: (C18) (Mev) T (kev) Jix 
1.900 4.122 8.5 3/2- 
2.30 4.51 52 1/2- 
2.575 4.775 «5 
2.810 5.002 ~6 3/2- 
2.902 5.092 «5 
2.917 5.107 <5 
3.092 5.275 <2 (3/2, 5/2)* 
3.194 5.373 <2 >1/2 
3.265 5.442 32 1/2* 
3.381 5.554 «2 (5/2, 7/2)- 
3.718 5.880 <2 >1/2 

IIT. (a) S?(5,5)9? ^ Ey—2.285 
(b) S®(p,p’y)S® E,—2.285 E.—2.24 


,Resonances observed in elastic scattering cross sec- 
tion at five different angles in Table XLIV. Essentially 
same results for E,—1.90- and 2.30-Mev resonances 
also given, Fe 53. Two more very broad (I'—300 kev) 
resonances probable present at about E,—3.5 Mev 
(Ol 56). States at H,=2.81, 2.90, 2.92, 3.09, 3.19, 3.38, 
and 3.72 Mev also resonant for 2.24-Mev y rays from 
inelastic scattering, Le 56. 


IV. S?(d,n)CI? Q, —0.060 


Several neutron groups observed with nuclear emul- 
sions at Ea=8 Mev. Ground-state Q value is 0.25 Mev, 
and levels found at E,=0.76+0.07, (1.89), 2.842:0.06, 
and 4.22-+0.08 Mev. Several more closely spaced levels 
found above 4.22 Mev. From angular distribution 
measurements and Butler analysis, CI? ground state 
can be characterized as J= (3/2, 5/2)* (15— 2), level 
at 0.76 Mev as J—1/2* (1,—0), while levels at 2.84 
and 4.22 Mev check best with J= (1/2, 3/2)- (15-1) 
(Mi 53). 


V. S?(p,n)CI5  Q,,— — 6.360 
° Observed, En 54a. 


VI. A*(p,a)Cl® | Q,,— — 4.360 
Not observed. 


p 


(not illustrated) 


I. PM(8-)$* Q,-—5.2 x 

Best measurement of half-life yields 12.40--0.12 sec 
(Bl 46, also Co 40, Hu 45). 

The 8- decay proceeds predominantly to ground state 
"and fit excited state of S** (Bl 46); in addition, the y 
spectrum reveals weak branching to a 4.0-Mev level 
(Mo 56d). Endspoint of high-energy 8- branch is 5.1 
+0.2 Mev, that of second branch, 3.22-0.2 Mev, as 
measured by Al absorption (Bl46). Branching ratios 
and log ft in Table XLV. 
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Z ci ao 2) 723 
TABLE XLV. The P*!(8)S* decay. 
E. (S*) (Mev) 0 2.10 3.22 4.05 
Eg” (Mev) 5.10.2 * 3.20.2 * 
Branching ratio (%) 75" 25^ ee 0.25 
log ft 5 4.7% >5.6> 49> 


^ Bl 46. b Mo 56d. 


Spin and parity of P* very probably 1* (see S*, 
general remarks). 
Discussion of 8- transition probabilities, De 53b. 


IL P9(n,y)P* On=6.5 


Perhaps observed, En 54a. 


IIL S*5(n,5)P^ Q,-—44 


Cross section, En 54a. 


IV. S**(djg) P^ | Q,,—4.8 
Not observed. 
V. CI? (moa)P^ O,=—1.4 


Cross section, En 54a. 
Su 
(Fig. 27) 


I. P'(o,5y)9" Q,-0.611 


Investigated with 8.1-Mev cyclotron a particles and 
with scintillation counters for energy and coincidence 


. 
Py 133, (29%) 


f$ 240 126%) 


f 598 


A S1 (75%) 
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Py 430 (47%) 


0.611 


N 
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76.373 
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1 724 P. M. 
measurements of protons and y quanta. Ground-state 
Q value=0.7+0.1 Mev; levels found at 2.1343-0.02, 
i 3.33+0.05, 4.322-0.08, and 4.80.1 Mev. Branching 
i of y decay of 3.30-Mev level is (7344)% to 2.13-Mev 
level and (27+-4)% to ground state (St 56b). 


II. S9(n,y)S* 
Not observed. 


III. S?(g,p)$* Qn=9.194 
Reaction reported (En 54a). Not confirmed (Pa 57). 


Q,,—11.419 


| 

i IV. P*(g-)S^ See P* 
E V. CIM(8*)S^ See Cl“ 

; 

i VI. CB5(y,p)8* Qn=—6.373 
Not observed. 


i VII. Cl7(p,2)S* Qm=3.021 
j| Ground-state Q value measured by magnetic analysis 
i as 3.015+0.015 (Al 55a), 3.0282-0.006 (Va 56, Va 57d), 
|f and 3.0262-0.008 Mev (En 56c). 

| Also by magnetic analysis, at E, between 1.8 and 4.0 
Mey, a level was found at 2.1292-0.014 Mev (Va 56), 
while at E,—7.0 Mev, levels found at 2.127, 3.302, 
3.915, 4.073, 4.114, 4.621, 4.685, and 4.876, all +0.008 
Mev (En 56c). 


| GENERAL REMARKS 


From allowed character of P?* decay to S“ ground 
— state and to 2.13-Mev level, and of Cl** (/—3*) decay 
. to 2.13-Mev level follow assignment of J=1+ to P^ 
— and 2+ to S* (2.13). From y-y angular correlations, 
n of 3.30-Mev level is 2+ (Ha 56d). If 4.0-Mev y rays 


p 


observed in decay of P* and Cl* (Mo 56d) come from 


CIA 
(Fig. 28) 


I Cl#(B+)S4# Q,-—5.52 

- Half-life measured as 1.582-0.05 (St 53b), and 1.53 
+0.02 sec (Kl54b). Bést measurement of half-life of 
isomeric state yields 32.402-0.04 min (Gr 56), in agree- 
t with less accurate determinations (En 54a). E 
urements of positron energies and intensities 
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J=0+ analog of S* ground state (also Qu 56). Log fi 
for transitions from Cl?!» to S* (2.13) and (3.30) are 
6.1 and 4.9, respectively. 

Energies of y rays in decay of Cl" in Table XLVII. 
From conversion coefficient of 145-kev y ray, which is 
(142-4)05 (St 53), it follows that this is a M3 transition. 
Hence, isomeric state has J —3*. Intensity of 4.0-Mev 
y ray indicates log fi=about 5.4 for corresponding ft 
transition (Mo 56d). Angular correlation of 1.17- and 
2.13-Mev y rays indicates that both 2.13- and 3.30-Mev 
level have J —2*. The 1.17-Mev y ray has a 1.7% E2 
admixture (Ha 56d). Discussion of spins and parities 
of S?! levels, under S?*, general remarks. 


II. P?(og,)C]^ Q,-—5.69 


Ground-state Q value, as derived from threshold 
measurements, is —5.70.2 Mev. This corresponds to 
threshold for slow neutron production as well as for 
production of 1.58-sec ground-state activity (Qu 56). 


TABLE XLVI. The 8* decay of Cl and Clim, 


Reference: Ru 51 Hu 54a Gr 56 ` 

Method: Magnetic Scintillation Magnetic 
spectrometer spectrometer spectrometer — . 

End point 4.45+-0.11 (46%)  4.454-6.10 — 4.502-0.03 (47%) 


Bit (Mev) 
End point 2.58+-0.26 (28%) 


ev, 
1.3 40.2 (26%) 
v) 


*2.484-0.07 (267%) 
1.332-0.10 (26%) 
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TABLE XLVII. Gamma rays in the decay of Cl, 


Reference: Ru 51 Ti 51 Mo 56d 
Method: Magnetic Scintillation Scintillation 
spectrometer spectrometer spectrometer 
Ey, (Mev) 0.145-£0.003 
Ey, (Mev) 1.16-+0.03 
Ey, (Mev) 2.13 +0.12 2.102-0.03 
S Ey, (Mey) 3.30 +0.14 3.22+0.03 
^ Eys (Mev) 4.0 (0.2%) 
III. S9(5,y)CP! Q,,=5.12 
Not observed. 
IV. S9 (din) CI: Q5 7 2.89 


Observed, En 54a. 


V. S*(p,n)CI* On=— 6.30 


Studied with 17.5-Mev protons and detection of neu- 
trons by nuclear emulsions. Highest Q value observed 
was — 6.1 Mev; if this corresponds to Cl* ground state, 
there are levels at 1.1, 1.9, 2.7, 3.7, 4.6, (5.7), and (7.2) 
Mev (Aj 55). p 


VI. CP5(y,u)CI* | Q, — —12.66 


The Q value for transition to 32-min metastable state 
at 0.145 Mev is —12.352:0.35 Mev (De 55). Cross 
section, En 54a, Go 54a. 


GENERAL REMARKS 


Positions of the lowest T=0 and T=1 states in CP?! 
and other self-conjugated odd-odd nuclei, St 53b, 
St 53a, Pe 53, Mo 54, Wi 56a. Discussion of Cl* ground- 
state configuration, Ku 53, De 53a. See C5, General 
remarks, for discussion of relation between excitation 
energies in Cl“ and Cl**. 
S35 
(Fig. 29) 
" I. S?5(8-)CP*5 | Q,,— 0.168 
Half-life averaged from four determinations (En 54a) 
is 87.32-1.1 days. Five magnetic or electrostatic spec- 
trometer determinations (En 54a, Fe 54a) of 8- spec- 
trum end point yield an average value of 168.12-0.5 kev. 
Spectrum has allowed shape, at least down to 2 kev 
(En 54a, Mo 54a, Di 55). Lóg ft=5.0. A spin J=3/2 
for S3 found from microwave experiments (We 51). 
Computation of 8- matrix element based on 77 coupling, 
Gr 56. 


all. S^(n,y)S9 Om=6.988 
Cross section, En 54a, Hu 55c. 


: TIT. S^(d,p)S? Q,—4.763 


' From bombardment of natural sulfur targets at 
E4—6.5 Mev and 6=90°, weak proton groups observed — V 
óFrasutitignei Urbriht Léo Colesin 
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S35 ground state (Q— 4.76 Mev) and to levels at 1.99 
and 2.35 Mev (Pa 57). 


IV. Cl°(n,p)S*> Q,,—0.615 


Cross section, En 54a, Hu 55c, Be 55c. Q value de- 
termined from ionization-chamber pulse-height analysis 
both with thermal and with D(d,n) neutrons as 0.52 
+0.04 Mev (Gi 44). 


V. S8(y,2)S On=—9.9 
Not observed. 
VI. Cl*7(d,a)S** Q,—7.784 


From bombardment of BaCl: targets containing £ 
natural chlorine, at several deuteron energies between 
3.0 and 7.5 Mev, Q value determined by magneti 
analysis at 6—90? as 7.7832-0.012 Mev. Levels in S% 
observed at (1.922), (2.348), 2.714, and (4.025) Mev, 
all +0.010 Mev (Pa 55c). A recent re-evaluation shows _ 
that an additional o-particle group which had be 
assigned to CI55(d,o) reaction actually has to be ascrib 
to Cl" (d,o) leading to a S% level at 2.9552-0,010 Me 
(Pa 57). ; 


VII. A®8(n,0)S** Qm=— 0.225 


Not observed. 
C135 


(Fig. 30) 


L S*(ap)CP* Qn=—1.857_ 
Work with a p: 


726 PSM. 


A 496 (93%) 
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With 8-Mev cyclotron a particles and proton detec- 
tion with a scintillation spectrometer, Q value deter- 
mined as — 2.3 Mev and levels in Cl% observed at (0.7), 
1.1, and (1.7) Mev (Pi55). 


IL S#(p,y)Cl> On =6.373 


With 1% energy resolution, resonances found in 
bombardment of sulfur with protons of 0.9 Mev 
<E,<1.9 Mev at E,=1.37, 1.61, 1.69, 1.8, and 1.86 
Mev. As target shows no radioactivity these resonances 
are attributed to S*, but, in view of short half-life of 
Cl, capture in S? should not be excluded (Ha 51). 


III. S*(d,7)Cl#® O,,=4.148 
Not observed. 


TABLE XLVIII. Levels in Cl found from Cl5(p,p’)Cl3® 
by magnetic analysis. 


Reference: Va 56 Sc 56e En 56c 
Ep (Mev): 3.6-3.8 4.6-5.6 7.0 

Angle of observation: 1902 90? and 130? 
Target: natural Cl enriched Cl natural Cl 

35) i 1.2192-0.005 1.220+-0.005 1.221 

Bz (CI) in Mev 1-7 60240.004 — 1.766:0,006 1.763 

2.645 

2.695 

3.006 

^ (3.165) 

e 4.058 

4.113 

o 4.174 
all +0.005 
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IV. S$$(8-)CB* See S3 


V. CB5(n,n^y)Cl 

At E,=4.4 Mev, y rays of 1.234-0.01, and 1. 714.00 01 
Mev observed with a scintillation spectrometer, (Si 56). 
VI. CB5(5,5") CIS 

Levels in CI** given in Table XLVIII. 


VII. A?*(8*)CEB* See A?5 
VIII. A3$(y,5)CB5  Q,,— —8.511 - 
Not observed. í 
IX. A9 (5,4)C]* Q,-— —0.840 
Not observed. 
A35 I 


(not illustrated) 


I. A*5(8)CI* | Q,,— 5.98 

Determinations of half-life yield 2.22-0.2 sec (Wh 41), 
1.882-0.04 sec (El 41), 1.84 sec (Sc 48), and 1.832-0.03 
sec (Ki 56), giving average value of 1.85+0.03 sec. 

The 8* énd point determined by magnetic spectrom- 
eter as 4.962-0.04 Mev. Weak y rays of 1.192-0.04 and 
1.73--0.04 Mev with intensities of 5+2 and 22-195, 
respectively, observed by scintillation spectrometer. 
The 8* transitions to CI’ ground state, the first, and 
the second level have log ft=3.8, 4.7, and 4.5, respec- 
tively (Ki 56). 


II. S?(o,)A5* Q,,— —8.62 
Observed, En 54a. 


III. Cl*(p,7)A*® Q,,— —6.76 
Observed, En 54a, Ki 56. 


IV. A39(w1)A3^ 
Not observed. 


Qm=— 15.27 


S36 
(not illustrated) 


T- CI (EG)S?5- See C136 


Il. CI? (y,5)89* O,=—8.4 
Not observed. 


III. A”(y,a)S* Q,-—6.8 


Alpha particles perhaps observed as eism of 
large pulses from an argon-filled ionization chamber 
bombarded by 17.6-Mev y yays (Wi 51). 


NUCLEAR ENERGY LEVELS, 


Cp 

(Fig. 31) 

I. (a) CP*(8-)A* Q,—0.714 
(b) CP*(EC)S*  Q,—1.2 


Half-life measured by absolute 8- counting, using 
samples of known Cl** content, as (4.40.5) X 105 yr 
(Wu 49) and (3.08+0.03) X105 yr (Ba 55a). 

End point of 8- spectrum is 0.714+0.005 Mev 
(Fe 52, Wu 49). Shape of beta spectrum, investigated 
extensively with thin sources, is consistent with a 
AJ=2, no, transition (Wu 50, Fu 51, Fe 52, Jo 56). 
Log ft=13.4. Number of positrons is less than 10-7! 
times number of electrons (Wu 49, Jo 49), and no y 
rays present with energy E,» 20 kev and intensity of 
more than 5% (Wu 49). 

‘Observation of K quanta in a proportional counter 
shows that CI also decays by K capture to S?9 with 
K/8- — (1.740.1)% (Dr 55). 

A spin J —2 obtajned for C! by microwave experi- 
ments (To 49, Jo 51, Gi 52a, Aa 55). 

Theoretical discussions of CI ground-state configura- 
tion, Ku 53, De 53a, Hi 54, Sc 54c. Discussion of log ft 
value, Fo 54, Jo 56. 


IL. S*(a,p)C|* Q,,— —1.923 


Not observed. 


II. Cl*(u,y)Ché Q,,—8.580 

From thermal-neutron activation cross sections and 
abundances of CI5 and CI?" it follows that probably less 
than 1% of thermal-neutron captures in natural chlorine 
occur in Cl’? (Hu 55e). 

Gamma rays observed from capture of thermal neu- 
trons in natural chlorine in Table XLIX. Apparently, 

many simple two-step cascades occur from capturing 
state through one Cl** excited state to ground state. 
Cascades involving 0.790-, 1.16-, and 1.60-Mev levels 
confirmed by coincidence measurements with two scin- 
tillation spectrometers. A 735-kev y ray (not in Table 
XLIX) observed in coincidence with line B can only 
be explained as transition to unknown 7.84-Mev level 
(Re 54). 


IV. CB*(ug)CH* E,—8.580 ° 
Cross section and resonances, Hu 55c, Br 56c. With 


enriched material, resonance observed at E,=26.5 kev 
with T —0.34 kev (To 55). 


V. Cl5(d,p)CI* Q,,—6.355 


By magnetic analysis of (d,p) reactions with natural 
chlorine targets, at 0—90? and Eu between 3.0 and 7.5 
Mev, ground-state Q=6.354+0.008 Mev (Pa 55c). 
evel observed in Cl** in Table L. From low-resolution 


^ 
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work at Ea=3.5 Mev, additional levels found at 4.42, 
5.08, 5.57, and 5.82 Mev (En 51b). Corresponding 
proton groups might also result from Cl*"(d,5)CI** 
reaction. Also En 54a. 

Angular distribution of ground-state proton group 
measured with nuclear emulsions at E4— 6.90 Mev and 
7.8 Mev. Butler analysis yields /,—2 in both cases, 
with less than 4% admixture of /,=0 (Ki 52a, Ki 53b). 


VI. S'(pj))CP* Q,——2.0 
Not observed. 


VII. A39(,p)CP* | Q,,— 0.069 
Not observed. 


` 


VIII. C (y,n)CBS — Qu, — — 10.321 a 
Photoneutron threshold of natural chlorine is 9.95 


+0.20 Mev (Sh 51a). This value should be o t re: 
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28. ReMi NED dy) AND C M. BRAAMS 
TABLE XLIX. Gamma rays from thermal neutron capture in chlorine. 
OR : Ki 52 Gr 55a Ha 52b Re 53 
. Method: Pair spectrometer Compton spectrometer Scintillation Two-crystal scintillation Probable 
=. spectrometer spectrometer transition 
Line Energy (Mev) Intensity ^ Energy (Mev) Intensity ^ Energy (Mev) Energy (Mev) Intensity * in Clé b 

EDCUA 8.562-0.03 3 8.55 +0.04 2.8 (c) (0) 
B 7.112:0.03 10 7.78 +0.03 7.8 7.] +0.2 (c)-5 (1) 
C 7.42+0.03 8 7.41 +0.03 14 (c)— (2) 
D 6.98+0.03 1 6.96 +0.04 1.9 (c)-(3) 
E 6.622-0.06 4 6.64 +0.04 14.4 (c) (4) 
F 6.122-0.03 6 6.12 +0.03 21.4 6.2 +0.2 (c)—>(5) 
G 5.72+0.03 2 5.72 +0.03 5.6 (c) (10) 
H 5.512:0.03 1 5.49 +0.04 2 (c) (13) 
H' (5.28 +0.05) 1.6 
DJ 5.01+0.03 4 5.01 +0.04 6 4.67+0.10 (c) (17) 
I’ (4.79 +0.05) 1.9 
UA (4.64 +0.05) 2.3 
J 4.46+0.04 2 (4.50 +0.05) 2.2 

E J^ (4.15 270.05) 2.3 
K 4.062-0.04 3 (4.05 2-0.05) 2.1 3.71+40.10 23 
K' (3.90 20.05) 1.8 
L 3.62+0.05 2 (3.63 0.05) 2.9 (17)— (0) 
M Br 56e S 2005 3.6 
T tal scintillation 4 A 

a dd EE UTR a0 0103 \s.0 (13)— (0) 
iP 2.844-0.03 6 2.87 +0.02 9.5 2.68+0.10 . 10 (10)— (0) 
Q 2.68 +0.02 2.0 
R 2.42+0.05 1 2.51 +0.03 1.0 . 2,030.10 (5)— (0) 
S 1.962-0.03 34 1.97 +0.01 29 2.00 +0.025 1.77+0.10 19 (4) (0) 
IP 1.72 +0.02 1 3 
U 1.67 +0.02 1.0 (5) (1) p 
V 1.60 +0.01 2.4 1.59 +0.013 (3) (0) 
Ww 1.144-0.03 8 1.165+0.01 36 1.15 +0.01 1.12+0.16 29 (2)— (0) I 
x 0.752-0.03 10 0.77 +0.01 23 0.78443:0.01 0.702-0.10 35 (1) (0) ? 
Y 0.482-0.03 10 0.485+-0.01 26 (5) (4) a 4 


D All intensities are given in photons per 100 captures. 
v 5 >The numbering of CI** levels is taken from Table L; (c) stands for the capturing state. 


TS 
E 


t ie. Cl®7 isotope, as calculated threshold of Cl**(y,7)Cl* ^ those of (d3,2, ds/2) levels in Cl’ (Pa 56a). Most natural 
ds is considerably higher (12.7 Mev). Also Go 54a. way to obtain in Cl a 0+ ground state, a 3+ 142-kev 
I M level, and a 2+ level at about 2.13 Mev (as in S34), would 
IX. K39 6 O,=1.351 x 7 

aes kaa) elt Q be to assign 2+, 3+, 1+, and 0+ to CI? ground state and 


ae iis, ston to levels at 0.790, 1.60, and 3.34 Mev, respectively. 
e Q—1.252-0.2 Mev. Transition to a CIS This entails 1+ and 2+ levels in Cl* at. 0.51 and 1.80 


77+0.1 Mev also observed (Sc 56a). Mev, respectively. 


r 


A36 
predicts a linear relation between PS 
es of (ds; daz) levels in Cl** and (Fig. 32) : 


: I. S?(o,)A* Qn=—1.922 
zd 156 from CI:5(d, 5) CI** (Pa 55c). S? (a,n) Q 
Not observed. 


ene. 


a 


Ez (C16) (Mev) IL. CP*(5,y)A* Qn -8.511 à; e | 
3.1102-0.008 E. " 


3.214--0.008 Eighty-six resonances in y-ray yield from targets | 3 
Bran containing natural chlorine found at proton energies | 
062-0.0 between 500 and 2150 kev. From targets enriched i in 2 
Cl#, resonances observed at 858, 888, 1102, 1258, 1484 E 
and 1510 kev (Br 51). 

Gamma-ray enecta measured at the’ '858-, 1484.,: 


Sui 


151 0- 


many (py) and 
(P.a) resonances 
10.0 


K *p-« 
2 
q 
p 
0.714 36 
(98.3%) A 
-1.992 : 
Ej xan J 
Fic. 32. 


These have (2J-4-1)T, — 9.6, 8.0, 32, and 22 ev, respec- 
tively. The 858-kev resonance decays through levels at 
1.95, 4.1, and (4.9) Mev. Branching ratios in Fig. 32. 
Coincidence measurements confirmed 5.1—4.1- and 
5.1—2.15—1.95-Mev cascades. Other three resonances 
decay directly to A?* ground state. Measured y-ray 
energies lead to Q=8.4+0.15 Mev (To 57). 


III. CP5(p,g)S* E,—8.5311 Q,=1.857 
ə Eighteen resonances observed in E,—1.30-2.51-Mev 
region (Al 55a). For Q values, see S”. 


IV. CH*(d,n)A3* Qn=6.286 
Not observed. 


V. CE*(8-)A9 See CIs 


VI. K?(5,)A* Qm=1.282 
Magnetic analysis at .E,—1.9 Mev, ground state 
Q=1.267+0.020 Mev (Al 55a), while at E, between 6.0 
A and 7.5 Mev, Q—1.2862-0.010 Mev and a level in Aê 
T at 1.977 0.008 Mev have been observed (Sp 55, 
Sp 55b). 


GENERAL REMARKS 


"Lowest T=1 level in A?* expected at 6.062-0.06 Mev 
(Wi 562). 


EX. 
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S37 
(not illustrated) 


I. S7(@-)Cl” Qj4,-—4.7 E. 

Half-life, 5.04+0.02 min. The 8- spectrum, measured 
by Al absorption, consists of two components with the 
following end points and relative intensities: 4.30.3 
Mev (10%) and 1.60.1 Mev (90%). Second com- 
ponent in coincidence with a 2.7-0.2-Mev y ray (Bl 46). 
Essentially same results obtained by scintillation spec- 
trometer: Es ~4.7 Mev (10%), Eg,—1.6 Mev (90%), 
E,=3.1 Mev. No other y ray with more than 1% in- 
tensity observed (Mo 56). Energy of y ray more accu- 
rately determined as 3.092-0.03 Mev, also by scintilla- 
tion spectrometer (St 56a). 

The 8- ground-state transition is evidently forbidden 
[log ft=7.2 and log (W?—1) f1—9.2] while transition 
to 3.1-Mev level in CI? is allowed (log f1— 4.2). 


Il. S?*(npy)S? On=4.4 
Cross section, Hu 55c. 

III. S?e(d,5)S* 
Not observed. 


Om=2.2 


IV. CI? (n,])S?  On=—3.9 
Cross section, En 54a, Co 56. ; 
V. A®(n,a)S” Qm=—2.3 = 


From ionization-chamber pulse-height analysis, at EC 
E,= 14 Mev, Q= —2.5+0.1 Mev. Four more a-particle - Y a 
groups are observed leading to S°” levels at 1.30.05, — — 
2.2+0.1, 2.70.1, and 3.5=+0.2 Mev (Be 55a). M 


CI? 
(Fig. 33) 

I. CB*(n,y)C]? O,=10.321 
Cross section, Bo 55a. VEMM 
S ga] 


III. CI? (5,5) CI? 
From bombardment of natural chlorine targe 


II. See S?! A 


3.105 Mev, all +0.005 Mev (En 56c). ` 
CI** targets, magnetic analysis at E, 
5.6 Mev yields only one level bel 
E,=1. eet 010 Mev (Sc 56c). : 


730 P. M. ENDT AND 
10.321 
A +p-a 
E 0.615 weet 
cr’, p-p" 
-3.021 -10.234 
s^. a-p Ay- P 
Fic. 33. 
(Qu —3.021), S*(5,)CF! (Q,—8.4), $*5(d,n) CIs? 


(Qu.— 6.2), A*5(y, 5) CI? (Q,,= —10.234), and A*(5,a) 


CIT (Q,,— 1.60). 
A 
(Fig. 34) 


I. AT(EC)CE]' Q, 0.815 

Half-life averaged from two measurements (En 54a), 
34.4--0.4 days. Log f1— 5.0. 

Shape and intensity of internal bremsstrahlung spec- 
trum investigated by several authors (An 53, Em 54, 
Li 55b, Sa 56). Results are in agreement with theory 


TABLE LI. Levels in A? from A?*(d, 5) A. 


4 
v 
Auth Da 49 Zu 50 
Et) H dun HAUS TN SENA | sm i 
g eve 
TER AME ET (Mev) y $ 
.59+0.03 dag 6.49+0.08 tee 
06:008 NA 5052-005 1.44 ee Aare 
4.924005 — 167 p SD ao "m 
.0. , 
10320.03 2.56 3.934005 2.56 
3.13 3.46 2.95+0.05 3.54 
: 2.092-0.07 4.40 
; ERU $07 11.832 -4.619 
$ a 1.42+0. À =i. = 
ees ^ 1.58 501 0.64+0.07 5.85 VEN " A S~“+a-n 
eos IG. 34, 
ws. seee Orang University Haridwar € Collection. Digitized by S3 Foundation USA 


C. M. BRAAMS 
taking account of capture from P states (Gl 56). End 
point is in agreement with decay energy computed from 
threshold for CI? (p,n)A?7 reaction (Reaction III). De- 
cay energy also obtained from recoil measurements as 
827+16 kev (Sn 55) and 812+8 kev (Ko 54, Wi 55a, 
Ru 55b). The L- to K-capture ratio measured with pro- 
portional counters as 0.08 to 0.09 (Po 49a), and 0.092 
+0.010 (La 55a, La 56b). For other small effects (e.g., 
the production of double holes in K shell), Mi 54, 
Wo 54a, Wi 56b. 

Theoretical discussion of matrix element, Go 56b, 
Gr 56c. 

Upper limit of 9X 10-** cm? given for the cross section 
of inverse reaction Cl? (7,e-)A?? (Da 55, Da 56b). 


IL. S*(o,4)A? On=—4.619 


Observed, En 54a. 


III. A*9(n,y)A?  Q,,—8.792 
Cross section, Hu 55c. 


IV. A39(d,5)A?  Q,,— 6.567 

Q values and A? levels obtained from deuteron bom- 
bardment of argon gas enriched in A?* content and 
proton-energy determination by Al absorption, in 
Table LT." 


V. CI? (p,n)A9 Qm=— 1.598 

Threshold measured as E,=1.60 Mev (Bl51), 
1640+4 kev (Ri50), and 1641+2 kev (Sc 52a). By 
nuclear emulsion technique, neutron groups found with 
Q=—1.58 and —2.99 Mev corresponding to a A* 
level at 1.412-0.05 Mev (St 52a). By the same method, 


8.792 


A", n-Y 


— n — —— Ro 


NUCLE 


A?! levels found at 1.40 and 1.65 Mev (Gr 50b). See 
A38 for resonances. 


VI. A%8(y,n)A37 Qm=— 11.832 
Not observed. 
VII. K®(d,a)A” 0,,=7.849 


Observed, En 54a. 


VIII. Ca" (21,0) A 


Observed, En 54a. 


Q,,— 1.746 


K? 
(not illustrated) 


I. K"(g*)A" 0,=6.1 


Half-life— 1.33-0.1 sec (La 48), 1.20.2 sec (Bo 51), 
and 1.2 sec (Su 56). The 8* end point measured by 
scintillation spectrometer as 4.574-0.13 Mev (Bo 51), 
and 5.064-0.11 Mev (Ki 54b), and by magnetic spec- 
trometer as 5.1 Mev (Su 56). Log ft=3.6. 


IL A? (5,y)K? Q,—1.9 

No resonances found in bombardments with protons 
of 0.5 « E, «1.8 Mev of targets containing separated 
A39 (Br 48a). 
III. A? (dn) K Q,— 


Not observed. 


=} 


IV. Ca*?(pjog)K? QOn=—5.2 
Observed, Su 56. 
CEs 
(Fig. 35) 


I. Cl8(B-)A® Qn=4.910 
b] 


Best measurement of half-life yields 37.29--0.04 
min (Co 50a), in good agreement with other less accu- 
rate measurements (En 54a, Ma 55b). 

The 8- spectrum is complex and can be analyzed into 
three branches. Two y rays observed. Energies and 
relative intensities determined by magnetic spectrom- 


TABLE LII. Beta décay of Cl. 


Reference: Wa 39 Cu 40 It 41 Ho 46 La 50 
Eg, (Mev) 4.992:0.06 5.2 4.812:0.05 
(5395) (53.4%) 
Eg, (Mev) 2.70 — 2.772:0.05 
^ ® (11%) (15.8%) 
Eg, (Mev) 1.082:0.06 1.19 1.11-40.01 
(36%) — (30.890) 
Ey, (Mev) Di 215 2.19+0.03 — 2.15 
(57%) (53%) (51%) 
E-m (Mev) 1.64+0.02 
(4352) (47%) (43%) 
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Z=11 TO 20 731 


several (n.n) 
resonances 


5.49 


4 
K *«n-«. 


Py «e (C535) 
Pz 2.776 16%) 
PS 1.11 031%) 


74127 


A? .n-p 
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eter in Table LII. Intensity of a potential 3.75-Mev 
cross-over y ray is less than 0.03% per 6- particle 
(My 49). Shape of the high-energy 8- spectrum and its 
ft value [log ft— 7.5 and log (Wo?—1) ft=9.5] charac- 
teristic for once-forbidden transitions (J=2, yes) 
(La 50, Wu 50). The 8- transitions to 2.15-Mev level 
also forbidden (log f/—6.9) while those to 3.75-Mev 
level allowed (log fi=4.9). From data given above and 
from measured y-y angular correlation (Wa 41, Ki 42, 
St 50, Kr 54a), spins and parities can be assigned as 
shown in A’: level diagram. 


II. CI? (n,y)CB5 Q,,—6.107 


Cross section, Hu 55c. 

From thermal neutron capture in concentrated CI?, 
an isomeric state found emitting y rays of E,— 6602-20 
kev with half-life of 1.00.2 sec (Sc 54). 


II. Cl*7(n,n)CB" E,=6.107 


Resonances in total neutron cross section observed 
with enriched material (neutron energies in kev, widths 
between brackets in kev): 8.8 (0.09), 26.5 (0.33), 47.4 
(0.20), 55.5 (0.18), 65.0 (0.18), and 94.2 (0.80) (To 55). 


IV. CE?(d,p)CE*  Qn=3.882 


Targets containing natural Cl bombarded with 
deuterons of several energies between 3.0 and 7.5 J p 
Mev. By magnetic analysis at 0=90°, ground-state i» 
Q-3.8812:0.008 Mev, and levels in CI'* observed at 
0.672+0.005, 0.762+0.005, 1.312-- 0.006, 1.6200, 007 
1.658+0.007, and 1. 6932-0. 007 Mev. Intensity ratio c of | 
proton groups leading to ground sate, and first p 


732 IDEM 


state is 0.43--0.04, as measured at Ea=5.6 Mev, in 
agreement with spins of 2- and 5- respectively (Pa 55c). 
Also, En 54a. 


V. A38(n,p)CB* Qm=— 4.127 
Not observed. 
VI. A*(djo)CB$ Q,,—5.49 


Perhaps observed, En 54a. 


VII. K?!(,2)CB8 Q, -— —0.125 
Cross section, En 54a. 


GENERAL REMARKS 


For pure 77 coupling, a linear relation can be derived 
between excitation energies of (d3,2, f7/2) states in CIS 
and those of (d3/7, fz/2) states in K*. From known 
excitation energies and spins in K* one predicts a 2- 
ground state in CI? and levels at 0.702 (5-), 0.751 (37), 
and 1.328 Mev (4-) (Go 56a, Pa 56a), in very good 
agreement with experiment. Also, Pa 57a. 

Theoretical discussions of the Cl** ground-state con- 
figuration, Ku 53, De 53a, Hi 54. 


A38 
(Fig. 36) 


I. Cl*(a,p)A*® Q,,—0.840 


From bombardment of enriched Cl% targets with 7.5- 
Mey cyclotron a particles, and proton energy determi- 
nation by Al absorption, Q—0.81-2-0.08 Mev, and levels 
in A3* observed at 2.13+0.04 and 3.732-0.04 Mev 
(Kr 53). 


many (p) 


(p.n)ond (p,a) 
resonances 


-6.389 
K*y-p 


Also En 54a. 
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Energies of y rays measured by pair formation in a 
B spectrometer as #,=1.70.2, 2.740.3, and 3.92-0.4 
Mev (Ma 37, Ma 41). Also, En 54a. 


IL. (a) C (,y) A" 
(b) CI? (5,n)A?  E,—10.234 Q,,— — 1.598 
(c) CI?(p,3)9*  E,—10.234 Q,,—3.021 


Many resonances observed in these reactions, En 54a, 
Al 55a, To 57. 

Gamma-ray spectra measured at E,-—1070-, 1135-, 
1533-, and 1725-kev resonances. First three have 
(2J-+-1)T,=9, 14, and 28 ev, respectively. Decay at 
1070- and 1135-kev resonances proceeds mainly to 2.15- 
and 3.75-Mev levels in A*5, and to a new level at about 
5 Mev, decaying to ground state and 2.15-Mev level. 
'The 1533-kev resonance decays to 2.15- and 5-Mev 
levels, while 1725-kev resonance decays mainly to a new 
6.7-Mev level, which is de-excited to 3.75-Mev level. 
The Q=10.15+0.15 Mev from y-ray energies (To 57). 


Ey=10.234 


III. Cl*7(d,n)A* Q,,=8.009 
Not observed. 

IV. CB5(8—)A38 See Cl*8 

V. K*8(6t)A% See K55 

VI. K*(7,p)A*®  Q,,— — 6.389 
Not observed. 

VII. K*(5,9)A95 Q,,—4.002 


Magnetic analysis at E,—1.9 Mev and 0— 90^, gives 
Q=4.002+0.015 Mev (Al 55a). 


GENERAL REMARKS 


Theoretical discussions on low-lying excited states in 
A®%®, Ta 54, Th 56. 


K?? 


(not illustrated) 


I. (a) K3$(8*)A95 Q,,—5.916 

Weighted average of all half-life measurements for 
which errors have been given (En 54a, Gr 56), 7.62 
2E0.06 min. 

The B+ end point measnred with lens spectrometer is 
2.682-0.03 Mev. Spectrum has allowed shape. Log fi 
=5.0. Intensity of possible higher energy 8* transitions 
smaller than 0.6% of main transition. No conversion 
lines observed (Gr 56). 

The 8* decay is followed by a y ray with energy 
E,=2.16+0.03 Mev as measured by scintillation spec- 
trometer (Ti 51). 

Results given above limit K*8 spin td’ (2,3)*. 

For jj-coupling calculation of 6+ matrix element, 
Gr 56c. 


" 
VE m mr 
mt " 
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Fu 


Fe 
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NUCLEAR ENERGY LEVELS, Z=11 TO 20 733 
E. E 
(b) K38™(g+) A38 Log ft for 8- transitions to A? (0), (1.27), and (1 52) 


Half-life, 0.950.03 sec (St 53b) and 0.935--0.025 
sec (KI 54b). 

The 8* end point measured with scintillation spec- 
trometer as 5.06+0.11 Mev (Hu 54a). Possible con- 
fusion with K”. 

Measured end point would place isomeric state about 
0.2 Mev above K* ground state. The 8* transition is 
superallowed (log ft=3.5), corresponding to a J=Ot, 
T —1, assignment to isomeric state. Occurrence of iso- 
merism requires a spin difference with the ground state 
of at least 3, which determines K* ground state as 3+. 
Theoretical discussions concerning the isobaric spin of 
levels in K*5, see Mo 54, Ta 54, Wi 56a. 


IL. Cl (a,n)K% Q,,=—5.859 
‘Observed, En 54a. 

III. A35(5,1)K?5 Q,,— — 6.699 
Not observed. , 

IV. K9?(y,n)K3$ Qm=— 13.088 


Threshold for production of 7.6-min activity, 13.2 
+0.2 Mev (Mc 49), and 13.00 Mev (De 55). Cross 
section, En 54a. 


` 


V. Ca(d a) K Q,,—4.651 


Q value of transition to lowest T=0 state= 4.650 
+0.010 Mev by magnetic analysis at 0—90? and at 
several deuteron energies up to 7 Mey. Level observed 
with Q=4.20+0.01 Mev (Br 56f). Observed excited 
state has also very probably T=0. 


CI? 


(not illustrated) 


I. Cl(B-)A®  Q,,—3.44 


ə Half-life, 55.5-:0.2 min (Ha 50a) and 56.5 min 
(Ru 52). 

Beta decay is complex. By magnetic spectrometer, 
three branches observed with following end points and 
relative intensities: 3.45--0.02 Mev (72%), 2.18 Mev 
(844%), and 1.91+0.02 Mev (856%). Shape of 
high-energy branch characteristic of unique, once- 
forbidden transition (AJ=2, yes). By scintillation 
spectrometer, three y rays observed with following 
energies and relative intensities: Ey, =0.246+0.003 
Mev (0.90.1), Zy,=1.266+0.010 Mey (1), Z,,=1.520 
+0.010 Mev (0. 854-0. 05). Upper limits of 2. 1x103, 
1.6X10-*, and 3.2X 10? for conversion coefficients of 
Yı, Y2,°and ya, respectively. Coincidences observed of 
yı with ys, while y; is not coincident with yı nor with 
yz. The 87 spectrum, coincident with yı, y», and ys has 
an end point at 1.90+0.05 Mey. 

` The 8-y coincidences delayed; half-life, (9.50.5) 
X10 sec. 


=8.3, 6.8, and 5.6, respectively. 

All data in agreement with assignments of 3/2* to 
CI? ground state, and of 7/2-, (3/2, 5/2)-, and 3/2* to 
A” ground state and to levels at 1.27 and 1.52 Mev, 
respectively (Pe 56). 

For jj-coupling computation of the 8- matrix element, 
Gr 56c. 

Also, En 54a. 


II. S$*(g,p)CI? Q,,——5.7 
Observed, En 54a. 


IIL A?(y,p)CI? Qn=—12.50 


"Threshold, 14.2+-0.2 Mev (Ha 50a). This value prob- 
ably too high because no correction applied for penetra- 
tion of proton through Coulomb barrier. Q value also 
measured at E,—17.6 Mev from proportional counter 
pulse-height analysis as —10.82-0.1 Mev. A second 
proton group may be present leading to a CI? level at 
about 1 Mev (Wi 51). 

Cross sections, Mc 54a, Sp 55a. 


A3? 
(Fig. 37) 


I. A®(B-)K®  Q,,—0.565 

Half-life, 2654+30 yr (Ze 52). 

The 8- spectrum end point is determined by lens 
spectrometer as 565-E5 kev. Shape of spectrum is 
unique first forbidden (AJ —2, yes) which agrees with 
the high f? value (log f—9.9 and log(Wo?—1) ft— 10.4) 
(Br 50). No y rays observed (Br 50, An 52). ' 


II. A35(5,y)A9  Q,,— 6.607 
Cross section, Hu 55c. 


734 P. M. 
III. CI9(8-)A9 See CI? 
IV. K? (n,p)A® Qn=0.218 


A KI scintillation crystal bombarded with 2.0-5.5 
Mev neutrons; from pulse-height analysis, proton groups 
observed leading to A? levels at 1.24+0.05 and 2.46 
+0.1 Mev, if ground-state Q=0.20 Mev is assumed 
(Sc 56a). 


V. A$9(y,1)A9 On=—9.84 
Threshold, 9.852-0.15 Mev (Ha 54). Cross section, 
Fe 54, Mc 54a. 


VI. The following reactions leading to A? have not 
been observed: S**(a,2)A® (Q,,=—3.1), A**(d,p)A*? 


(Qm=4.382), K(dja)A® (Q,—8.384), Ca! (n a)A? 
(Q,,— 0.338). 

K?? 

(Fig. 38) 
I. A%(a,p)K® Qm=— 1.282 


At E,=7.4 Mev, with enriched targets and proton 
detection with nuclear emulsions, Q— —1.284-0.03, 
—3.78+0.06, and —4.15+-0.04 Mev, corresponding to 
transitions to K* ground state and to levels at 2.50 and 
2.87 Mev (Sc 56b). 


II. (a) A?**(5,y)K? | Q,,— 6.389 
(b) A?*5(d,n)K*9 | Q,,—4.164 


Not observed. 
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II. A®(8-)K® 
IV. K*?(p,p)K? 


By magnetic analysis at several angles of observation 
and at several proton energies up to 7.5 Mev, K* levels 
observed at 2.526, 2.819, 3.018, 3.600, 3.880, 3.936, 
4.080, 4.001, 4.121, 4.472, 4.512, 4.679, 4.735, 4.928, 
and 5.238 Mev, all +0.010 Mev (Sp 55, Sp 55b). 
Absence of levels below E; —2 Mev has been confirmed F 
(Sc 56c). 


See A” 


V. Ca?*(g*)K*? See Ca? 


VI. Ca?(y, p)K® Qn=—8.331 ' | 
5a. 


Cross section, Jo 55, Mo 5: 


VII. Ca*(p,2)K® Q,,—0.120 


By magnetic analysis at 0 —90? and E,=6.5 and 7.4 
Mev, the ground-state Q—0.1182-0.005 Mev (Br 56f). 


Ca?? 


(not illustrated) 


Gass (85 Ke) O;,=6:8 

Half-life averaged from four measurements, (En 54a, 
Kl 54b) 0.932-0.03 sec. 

The 8* end point, determined by scintillation spec- 
trometer, —6.102-0.15 Mev (Hu 54) and by AI absorp- 
tion=6.7+0.5 Mev (Br 53). 


Log f1— 3.7. 

II. A?5(o,)Ca? On=—8.9 
Not observed. 

III. K?(p,n)Ca? On=—7.6 


Not observed. 


IV. Ca?(y,n)Ca? Q,--—15.9 


Threshold, 15.82:0.1 Mev (Su 53), 15.9+0.4 Mev P 
(Mc 49), and 16.0++0.3 Mev (Be 47). 
Cross section, En 54a, Go 54a, Mo 55a. 


CI 
(not illustrated) 4 
I. Cl&(@-)A” O,=7.5 
z Half-life, 1.4 min. The 87 spectrum investigated with 
| 0.363 9129 a scintillation spectrometer; end point, 7.5 Mev. Strong 
. KS p- p «39 E 6- transition with end point between 3.0 and 3.5 Mev 
also present. Gamma rays of 1.46, 2.75, and 6.0 Mev 
cp ae observed; first two have about equal intensities. Data 
A * oe z aa suggest decay scheme as in Fig. 39. Compatible with k 
Aten Ya j 
^ i ent of 2- to CI? and 0+, 2+, and 1- to ground : 
Pest . e r F1G.cóf0. Gurukul Kangri University Haridwar Col AE Digitized by S3 Foundation USA 2 7 E E 
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state and levels at 1.46 and 6.0 Mev of A“, respec- 
tively (Mo 56b). 


II. A?(»n,5)CI? On=—6.7 
Observed, Mo 56b. 


A‘ 0 


(Fig. 39) 
I. A%(e,e’)A” 


Magnetic analysis of scattering of 187-Mev electrons 
shows levels at 1.46 and 2.4 Mev; angular distributions 
also measured (He 56). 


II. A? (p,p/)A® 


Inelastic scattering of protons by A? investigated 
with 9.5-Mev cyclotron protons and nuclear emulsions 
for detection ef scattered protons. Levels found at 
1.48+0.02 Mev (Fr 54), and at 1.480.02, 2.22+0.04, 
(2.66), 3.12+0.03, 3.80-+0.03, (4.40), 4.50+0.05, and 
4.982-0.05 Mev (Va 56e). Angular distributions of 
elastically and inelastically scattered protons, (He 47, 
Fr 54, Hi 55, Bu 56a, Hi 56, Va 56e). 


Fic. 39. 
CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA ~= x. JA 
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III. A*9(a,o^) A* 


Scattering of 19-Mev a particles by argon and angular 
distributions of groups leading to ground state and to 
1.46-Mev level, (Bl 56a). 


IV. K^(EC)A* See K” 
V. Following reactions leading to A*® not observed: 


CP'(e,5)A* (On=—1.61), K*(y,5)A (Qu — 1.84), 
and Ca*(1,0)A* (Q,,— 2.25). 


K?!? 
(Fig. 40) 
I. K®(EC)A® Q,-—1.48 
K(6-)Ca® Q,—1.319 


Most accurate measurement of number of 8- par- 
ticles emitted per sec per g of potassium yields 27.50 
+0.25 (Mc 56), in excellent agreement with weighted 
average, 27.42-0.6, of other, less accurate, measure- 
ments (En 54a, He 54a, Su 55, Ko 55). 

Measurements of 6- end point (En 54a, Ko 55) yield 
weighted average of 1.328+0.010 Mev; log f/— 18.1, 


Fic. 40. ^ ^ eS E 
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and shape of spectrum is unique third forbidden 
(En 54a, Ko 55), in agreement with assignment of 
J —4- to K” (see Ra 53) and J —0* to Ca*. 

Measurement with lowest stated error of number of 
y quanta emitted per sec per g of potassium yields 
2.96+0.04 (Su 55), while weighted average of six less 
accurate results (Gl47, Ah 48, Fa 50, Ho 50, Bu 53, 
Ba 55b) is 3.42+0.06. This discrepancy discussed 
below. 

Measurements of y energy (En 54a, Me 56) yield a 
weighted average of 1.462--0.005 Mev. The K*«— Ca? 
and K^— A* mass differences determined mass-spectro- 
scopically as 1.30+0.07 and 1.49--0.07 Mev, respec- 
tively (Jo 52a), indicating that y ray must follow elec- 
tron capture. This confirmed by independent experi- 
ments (see under A* and Ca‘) which show that A? 
has excited state at 1.48+-0.02 Mev, and that first 
excited state of Ca“ is at 3.35 Mev. Coincidences be- 
tween y quanta and Auger electrons also confirm assign- 
ment of y ray to A? (Pa 52, Pa 52a). 

Most accurate direct measurements of ratio of num- 
ber of y quanta to number of electrons yield 0.124 
+0.002 and 0.121-2€0.004 (Mc 56); less accurate meas- 
urements (En 54a) were lower. Adopting 0.12323-0.002, 
and combining this with adopted value of 27.52-0.2 for 
number of 8- particles emitted per sec per g of potas- 
sium, gives emission rate of 3.382:0.07 y quanta per 
sec per g of potassium, in good agreement with all 
except one of direct determinations of this number (see 
above). Errors involved in the thick-source method, 
devised especially for routine measurements, amount to 
five to ten 95 (Su 55), so the discrepancy between 
quoted result of 2.96+0.04 and value of 3.382:0.05 
which we adopt is not as serious as would appear from 
the stated errors. 

Ratio of number of electron captures over number of 
_ B- emissions given as 0.135-+0.040 (Sa50a, also 
. En 54a); not clear, however, whether L capture could 
_ have been detected with same efficiency as K capture 
in this experiment, in which Auger electrons were de- 
. tected with a G-M counter. Number of K captures per 

sec per g of potassium measured with a proportional 
"counter as 1.422-0.23 (He 54), indicating a ratio of L 

captures over K captures of approximately 1.4. 
Upper limits for rate of positron emission determined 
by comparison of intensity of annihilation radiation 
with that of 1.46-Mev y radiation or 8- radiation 
— (En 54a). Appears well established that less than 
— 0.05% of the K^ decay goes by positron emission to A% 
"ground state. Since approximately 1.48 Mev is available 
for positron decay, ratio of K captures to ground state 
- over positron emissions is expected to be about 200 
o 51a). It is not excluded, therefore, that an appreci- 
fraction of decay to A? goes by electron capture 
d state. Results on total yield of K 
as well as geochemical 
w that this fraction can- 
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by theoretical arguments: the ft for 8* and 6- transi- 
tions to ground states of A% and Ca* expected to be 
same, hence, intensity ratio of 6+ and 8- transitions 
expected to be of order of 1: 10* (Mo 51a). 

Measurements of amount of argon in minerals of 
known age which contain potassium, and mass spec- 
trometer studies of relative amounts of A", K*, and 
Ca* in such minerals (En 54a, Sh 54a, Wa 55c, We 56) 
yield values for electron capture to ~ emission branch- 
ing ratio which generally come out lower than value 
deduced from counting experiments (however, In 50). 
Recent review of geochemical experiments (We 56), 
however, shows several older determinations need up- 
ward revision and that geological evidence gives a 
branching ratio of 0.117+0.015, in good agreement with 
value, 0.123+0.002, deduced from counting experi- 
ments on assuming every electron capture is followed 
by a 1.46-Mev y transition. $ 

Foregoing discussions may be summarized as follows: 
it is definitely established that K*? decays by 1.33-Mev 
B- transition to ground state of Ca” and by electron 
capture to first excited state of A", which in turn decays 
to ground state by a 1.46-Mev y transition. Ratio of 87 
emissions to y emissions is 89.0 to 11.0. It is not ex- 
cluded that a few 95 of the decays go by electron 
capture directly to ground state of A; y-emission rate 
of 11% of total decay rate, therefore, sets only a lower 
limit for rate of decay to A®. 

Abundance of K^? in natural potassium is (1.178 
+0.004)X10- (Ni 50, Re 52a, Re 56c), from which 
follow the decay constants Ag-— (4.782-0.04) X 10-1? 
yr? and Azc2 (5.88--0.09)X10-" yr, partial half- 
lives 75-— (1.449+0.013) 10° yr and recX< (1.18 
+£0.02) X10! yr, and total half-life 7< (1.291+-0.013) 
X10? yr. 

Other reviews of K* decay, We 56, Sh 57. 


IL. Cl7(a,n)K® Q,,— —3.877 


Work with e particles from radioactive sources, | 
En 54a. 


III. K?(ny)K? Q,-7.795 


"Thermal neutron absorption cross section of natural 
potassium is 1.972-0.06 b; the isotopic cross section of 
K”, KV, and K“ are 1.872:0.15, 7020, and 1.19 
+0.10 b, and their abundances 93.1, 0.012, and 6.9%, 
respectively, so that approximately 95% of the thermal 
neutron captures in natural potassium should occur in 
K” (Hu 55c). 

Energies and intensities of y rays resulting from the 
capture of thermal neutrons in natural potassium in. 
Table LIII. Assignments of y rays A" and A’ to K“ 
based upon experiments with potassium enriched in 
K*, Energy of C corresponds with neutron binding 
energy of K*. Lines B and D go to ground state and 
second excited state of K* while % and i fit between 


TABLE LIII. Gamma rays from thermal neutron 


capture in potassium. 


Reference: Ki 52, Ba 53 Ad 56 
Method: Pair spectrometer Compton spectrometer 

h Inten- Inten- Final 
Line E* (Mev) sity ^ Ey (Mev) sity ^ nucleus 
A" 9.39 +0.06 (0.02) Kt 
A’ 8.45 +0.02 (0.1) K“ 
B 7.7570.008 (3.5)  7.76340.010 (44) K# 
C 7.34 +0.02 (0.1) 7.32 +0.03 (0.2) K2 
D 6.9942-0.007 (1.3)  7.0002-0.015 (1.6) K# 
E 6.31 0.06 (0.3) 

F 5.740+0.012 (6) 5.725+0.015 (11) Ko 
p' 5.66 +0.02 (4) (5.65 +0.03) (3) 

p" 5.50 20.02. — (2.5) 

G 5.38 +0.03 (6) 5.40 +0.02 (6.4) 

; 5.18 +0.02 (2) 5.25 +0.05 (2.5) 

H 5.06 +0.02° (3) 5.02 +£0.03 (4.5) 

H' 4.81 +0.04 (1.5) 

jet" 4.70 +0.03 (1) 

ELA 4.50 +0.04 (1) 
S 4.39 +0.03 (4) 4.39 +0.02 (5) 

Jf 4.18 +0.05 (6) 411 +0.03 . (4) 

K 3.92 +0.05 (5) 3.97 +0.03 (5) 

K' 3.81 +0.05 (2) 

L 3.67 +0.05 (8) 3.70 +0.03 (4) 

Br 55 

M Twoterystallactto 3.60 0.03 (4) 

N spectrometer 3.55 +0.05 (2) 

[0] 3.45 +0.05 (8) 3.40 +£0.05 (4) 

We (3.15 +0.05) — (1.5) 

Q 3.05 +£0.03 (3) 

R 2.80 +0.03 (6) 2.75 +0.04 (4) 

S ^ (2.60 +0.04) (4) 

T (2.55 +0.03) *(4) 

U (2.42 +0.03) — (4) 

V (2.37 +0.03) — (2) 

W (2.30 2-0.03) — (3) 

X 2.06 +0.01 (9) K“ 
Y 2.03 +0.03 (13) 2.02 +0.02 (1) K^ 
Z 1.95 +0.02 (4) 

a 1.85 +0.02 (3) 

b 1.75 +0.02 (3) 

c 1.61 0.03 (5) 1.61 +0.01 (13) K“ 
d 1.51 +0.01 (5) 

Ae 1.40 2002 (2) 

n 127 £0.02 (2) 

[4 1.19 +0.03 (8) 1.18 +0.02 (2) — V9 
h 0.90 +0.02 (ED €. 
i 0.77 +0.03 (24) 0.77 +0.01 (260 K® 
7 0.6252-0010 — (3) 


^ In photons per 100 captures in natural potassium. 


to K” because of intensities. Further experiments on 
K*9(d,p)K* reaction are necessary for determination of 
energy levels of K* without which it is impossible to 
to make unambiguous assignments of other y rays. 
Proposed level scheme which accounts for several of 


observed y transitions, Ad 56 


IV. K*?(nn)K?9  Ey—7.795 


Cross sections, Hu 55c, Jo 55a, To 55; nine reso- 
nances found at neutron energies below 110 kev (To 55), 


several more above 110 kev (Hu 55c). 


V. K*(d,5)K^. Q,,—5.570 


Ground-state Q value-5.5062-0.010 Mev by mag- 
netic analysis at Ea from 4.8 to 5.7 Mev; excited states 
found at 0,032+-0.002, 0.8002-0.010, and 0,8932-0.010 
CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 
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Mev (Bu 53a). With range measurements at E,—3.9 
Mev, partly resolved levels found at 2.012-0.03, 2.56 
+0.05, and 3.3, 3.7, (4.2), and 4.8, all +0.1 Mev 
(Sa 50). 


VI. A?(p,5)K* On=—2.266 
Threshold of E,=2.4 Mev, (Ri 48). 


VII. Ca®(n,py)K® QOn=—0.536 


Gamma rays of 0.030+0.002, 0.7670.007, and 
0.877+0.017 Mev found from bombardment of calcium 
with 4-Mev neutrons. They represent transitions in 
K* from (1) to (0), from (2) to (1), and from (3) to 
(0) or (1), respectively (Da 56c). 


VII K” (y,n)K® Qm=— 10.109 
Not observed. 


IX. Ca®(dja)K® Qm=5.690 
Not observed. 


X. Ca?(p)K^ Qn=—0.018 


Ground-state Q value= —0.0142-0.008 Mev by mag- 
netic analysis at E5,—6.5 and 7.0 Mev. Groups of « 
particles leading to first three excited states of K* 
observed (Br 56f). 


GENERAL REMARKS 


Ground state of K® has /=4 (Ra 53). Together with 
first three excited states, it forms a multiplet with spins 
4-7, 37, 2-, and 57, resulting from coupling of a frz 
neutron with a dy proton hole (En 54a). See under 
Cl8, general remarks, for discussion of a relation be- 
tween excitation energies in CIS and K*' based on 
jj coupling. Theoretical discussions of K ground state 
configuration, Ku 53, De 53a, Hi 54, Ma 54, Sc 54c, 
Ta 54a, Pa 56a, Pa 57a. 3 


Cat? 
(Fig. 41) ~ 


I. K*?(d,n)Ca? Qj,—6.106 
Not observed. 


IL. K9(5,y)Ca? Qn=8.331 


Yield curve measured in region 0.5-1.15 Mev 
ing resonances at E,— 0.883, 0.925, 0.980, and ` 
Mev, all +10 kev (De 57), and in region 0 
showing resonances at 1.120, 1.300, 1 
Mey, all +5 kev (To 57). First four 
mainly to ground state; at 1.150-) 
direct ground-state transition and 
3.35- and 3.73-Mev levels are found 
tion of 9.29-Mev y ray indicates th 
High-energy y rays at 1.150-Mev rt 
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with a three-crystal pair spectrometer, indicating 
Q=8.17+0.03 Mev, (De 57). 
"The 1120-, 1300-, and 1566-kev resonances decay with 
Strong ground-state transitions, weak transitions to 
lowest three levels [those to (2) and (3) unresolved], 
and perhaps transitions to level (4). The 1338-kev reso- 
nance decays to level (2) and (3). Angular distribution 
measurements yield J—1 to the 1120- and 1300-kev 
resonances, (To 57). 


III. K*"(8-)Ca? See K^ 


IV. Ca“ (ee) Car 
Magnetic analysis of scattering of 183-Mev electrons 
by calcium shows unresolved group leading to levels 
at 3.73 and 3.90 Mev, also elastically scattered elec- 
trons. Angular distributions giving charge gig MA 
(Ha 56b). Inelastic group leads to 3.73-Mev level, whic 
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TABLE LIV. Excited states of Ca'? (energy in Mev) from 
Ca" (5,p")Ca'** (Br 56b). 


3.348+0.004 5.2024-0.008 5.6212:0.008 
3.730+0.004 5.241+0.006 5.901+0.008 
3.900+0.004 5.272+0.006 6.029--0.008 
4.483+0.005 5.606-0.008 


V. Ca?(n,n^)Ca*? 

Gamma rays of 3.74+0.04 and 3.9+0.1 Mev, in 
addition to annihilation radiation, result from inelastic 
scattering of 4-Mev neutrons by calcium. Threshold for 
production of positrons is E, — 3.364-0.05 Mev (c.m.), 
showing that first excited state detays by pair emission 
(Da 56c). Half-life of this state measured with a pulsed 
neutron source; preliminary value of 1.4X10-? sec 
obtained, (Kl 57). Elastic neutron scattering, We 56a, 
Cu 56. 


VI. Ca?(5,5')Ca'? 

Magnetic analysis of inelastic scattering of 6- to 8- 
Mev protons by Ca? shows excited states in Table LIV 
(Br 56b). With a magnetic spectrometer, 3.35-Mev level 
found to decay by pair emission; no y ray found. 
Hence, its spin and parity must be 0* (Be 55b). 

Angular distribution of an unresolved proton group 
to levels at 3.73 and 3.90 Mev, taken at E,—7.7 Mev, 
nearly isotropic (Ha 52c). 


VII. Sc (8-)Ca* Q,,=13.9 


Half-life is 0.222-0.3 sec. Maximum positron energy, 
measured with a scintillation spectrometer, is 9.02-0.4 
Mev, which, assuming a branching of 100%, gives 
log ft=4.1. A y ray of 3.75+0.04 Mev, as measured 
with a scintillation spectrometer, accompanies the decay 
(Gl 55). Possibility that a 5-Mev super-allowed Bt 
branch leads to lowest T'—1 state, expected at 7.5 Mev, 
not excluded by experimental data (Bo 55). No delayed 
a particles observed (Gl 55). Theoretical discussion of 
position of T'—1 states in self-conjugated nuclei, Wi 56a. 


An" 
(Fig. 42) 


I. A*(8-)K* Q,,=2.524 


Half-life averaged from four measurements (En 54a, 
Ha 51d) is 109.62:0.4 min. Also An 54. 

The 8- decay proceeds by two branches. End point 
of ground-state transition measured by magnetic spec- 


trometer as 2.482:0.04 Mev (intensity 0.8892). which: 


yields log f£—8.5 and log(W?—1) ft=10.0. Shape of 
spectrum is unique once-forbidden (AJ =s 2, yes) (Sc 56). 
End point of main branch measured by magnetic spec- 
trometer as 1.1992-0.008 Mev (Sc 56), and 1.2454-0.005 


Mev (Rr 300. Spectrum jas allowed shape. Log f1— 5.1. 
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Energy of y ray following main £~ branch measured by 
scintillation spectrometer as 1.298+0.010 Mev (KI 55), 
and 1.290+0.005 Mev (Sc 56). 

By B-y delayed coincidence measurements half-life 
ef 1.3-Mev level in K“ is established as (6.70.5) X 10? 
sec (El52a) and 6.6X10-? sec (En 53) which agrees 
with theoretical value for M2 transitions. 

Also En 54a. 

For jj-coupling computation of 8- matrix element, 
Gr 56c. 


II. (a) A®(n,y)A" | E,—6.10 
(b) A*?(u,n) A? E, — 6.10 


Cross section, Hu 55c. 


TI. A*"(d,j)A*" QOm=3.88 


a Results of Q-value and angular distribution measure- 
‘ments in Table LV. At Ea=3.9 Mev, by Al absorption, 


TABLE LV. The A? (d,2)A" reaction. 


Reference: Da 49 Gi 52 Bu 56d 
Ea (Mey): 3.4 7.8 8.5 
Method: Al abs. Nucl. emuls, Magn. anal. 
Qo (Mev): 3.84 +0.03 3.90 +0.08 eb 
E; (Mev) E: (Mey) ln E; (Mev) In 
0 3 0 3 
0.66+0.05"  0.50-+0.08 ^ 0.57+0.05 1 
1.212:0.04 ^ 1.112-0.1 
1.342-0.04^ — 1.342-0.08^ 0, (1) 1.3920.05 1 
1.94+-0.04 ^ 1.932-0.1 
2.27+0.05 ^ 2.46+0.05 1 
2 © 2.80+0.05 ° 2.79+0.05 1 
3.29-E0.03 ^ ` 3.01+0.05 1 
3.602-0,05 * 3.362-0.05 1 
4.012:0.05 * 3.98+0.05 1 


SS SS SS ES E T TREE RT SE 
= 


a In original paper errors were only assigned to Q values. Same errors 
have been used here for the corresponding excitation energies. 
b A ground-state Q value of 3.90 Mev is assumed. 
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ground-state Q value=3.80+0.06 Mev (Sa 49). Theo- 
retical analysis of A* levels, Ra 56a. 

Also Fu 54, Fr 55, En 54a. 
IV. K"(n,p)A* Q,- —1.742 

Cross section, En 54a. 


V. Ca"(ma)A" Q,-—-—2.795 
Not observed. 
K“ 
(Fig. 43) 
I. A*(5,y)K" Qn=7.84 


Thin targets enriched in A“ content bombarded with 
protons from 0.5 to 1.8 Mev. Resonances in y-ray yield 
found (Br 482) at 


Ep 900 1050 1080 1100 1235 kev 
Rel. int. 0.2 0.4 0.5 1.0 0.5 
II. A*(d,n)K? | Q,,— 5.62 


Neutron detection with a double proportional 
counter, at E4—3.2 Mev, gives ground-state Q value 
=5.97-0.25 Mev and levels at 1.34+0.15, 3.10, and 
4.0 Mev. (Wo 50). 


IIL K°(n,y)K" QOn=10.109 


Cross section, Hu 55c. 

Two y rays A" and A’ of Table LIII produced by 
neutron capture in potassium assigned to K“ on ac- 
count of their energies and from experiments with 
targets enriched in K“. If originating from the captur- 
ing state, they would proceed to K“ levels at 0.72 and 
1.66 Mev (Ba 53, Ki 52). 


SEVERAL (p.p) 
RESONANCES 


a 7866 


3 
ca +d-a 


Ay 248(09 M) g- 
A7 124991%) | 


Al E 
1054 K 
Cd *p-X 
COME “10271 n 
36 = 42 
A*«-p Ca D D 
Fig, 43, E 
"^ 9 


~~ 


p occur in Ca? (Ki 54a). $ 


740 IP, FM 
IV. A"(8)K* See A“ 
V. Cat(EC)K* See Ca“ 


VI. Ca“ (p,a)K® Qm=— 1.054 

By magnetic analysis at 0=90°, E,—6.5 and 7.4 
Mev, ground-state @ value=—1.057+0.010 Mev 
(Br 56f). 


VII. Following reactions leading to K* have not 
been observed: A?! (a, 5) K*! (Q,, — —4.002), Ca? (y,p)K* 
(Qm — —10.271), Ca**(d,a) K** (Q,, — 7.866). 


Ca: 
(Fig. 44) 


I. Ca'(EC)K*" Q,,=0.426 

Half-life is (1.12:0.3)X105 yr, assuming a Ca“ 
thermal neutron capture cross section of 0.22 b (Br 51a, 
Br 53a). 


II. A35(o,5)Ca! Q,=—5.211 
Not observed. 


III. Ca*?(n,y)Ca* Q,,=8.364 


Thermal-neutron absorption cross section of natural 
calcium is 0.43+-0.02 b; main contributions from Ca^ 
and Ca^, with cross sections of 0.22-2-0.04 and 404-3 b, 
and abundances of 97% and 0.64%, respectively, indi- 
cating that these isotopes should contribute about 
equally to cross section of natural calcium (Hu 55c). 


PNIDIOPAND CL IM. 


BRAAMS 


Energies and intensities of y rays in Table LVI. By 
using enriched material it has been made probable that 
lines F and F’ result from capture in Ca? (Ad 56). 
Strong E1 transitions occur between the capturing state 
and levels (1), (3), and (21). Of all proton groups ob- 
served in Ca“(d,p)Ca“ reaction, transitions to these p 
states have also largest intensity (see Reaction V). Many 
weaker lines could also be fitted into Ca! level scheme 
but great level density prevents unique assignment. 

Comparison between spectra from natural calcium 
and Ca” suggests 90% of the integrated intensity of 
spectrum from natural calcium must be ascribed to 
Ca* (Ad 56), in disagreement with cross-section meas- 
urements (see the foregoing). 


IV. Ca*°(n,n)Ca*® E,=8.364 
Cross section, Hu 55c, Pa 55, We 56b, Cr 55. 


V. Ca*(d,p)Ca'! Q,,—6.139 


By magnetic analysis at 0— 90? and at several bom- 
barding energies between 2.5 and 7.0 Mev, ground-state 
Q value—6.1402-0.009 Mev (Br 56f, Br 56g). Levels 
in Ca“ in Table LVII. Angular distributions also meas- 
ured with a high-resolution magnetic analyzer at 
E4—71.0 Mev (Bo 56, Bo 56a); ln assignments in Table 
LVII. Transitions to Ca“! ground state and to levels (1), 
(3), and (21) very intense. Level density above E.— 4.2 
Mev increases very fast. Two groups leading to levels 
at 4.76 and 5.72 Mev, both with /,—2, observed in 
older low-resolution work (Ho 53c). 

Also En 54a. 

' Discussion of reduced widths, Fu 54, Ra 56. 


TABLE LVI. Gamma rays from thermal neutron capture in natural calcium. 


Reference: Ad 56 Ki 52 
Method: Magn. Compton spectrometer Magn. pair spectrometer Probable transition 
Line Energy (Mev) Intensity ^ Energy (Mev) Intensity * in Cat b 
A 7.83+0.05 1 
B 7.43+0.05 1.4 
C 6.4062-0.015 22 6.424-0.03 83 (80)* (c)— (1) 
D 5.9044-0.030 3.8 5.893-0.03 11 (12): (c) (3) 
E- 5.6962-0.030 1.2 5.66--0.06 3 
F 5.50 20.035 1.2 5.4943-0.05 4 Ca? (n,y)Ca' 
F 5.15 3-0.035 0.9 Ca (ny) Ca? 
H 4.944. 3-0.030 2.3 4.95+0.03 8 
I 4.764+0.030 2.5 4.76+0.03 6 
J 4.418+0.015 12.3 4.45+0.05 30 (c)-5 (21) 
J’ 3.762+0.020 1.8 
L 3.60 +0.010 6.4 3.62+0.05 16 
M 2.810+0.035 23.6 Br 56e 
N - 2.660-+0.050 22.0 Two-crystal scint. spectrometer (21) (1), (2) (0) 
O 2.0043-0.010 12.7 
P 1.944-1-0.008 39 1.932-0.03 45 (1)(0) 
Q 1844-0015 ,94 
í 1.790+0.01 22 
a ~148 232 (21) (3) 
A ~01532-40.010 2$. i (3) (1) 
.532+0. 2 
A - 0:263::0.010 29 0.482-0.05 15 (3) Q) 


as number of p! 


b ing o. 
2 ‘aie age brackets are num 


P 


hotons per 100 captures in natural calcium. 


a Intensit7 s given VII. Capturing state is denoted by (c) 
f Cas levels, ed anne m 100 captures in Ca“, recalc 
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ulated with assumption that 50% of the captures in natural calcium 


A NUCLEAR ENERGY 


Ep 
10 
many incompletely 
resolved (n,n) 
resonances 
8.364 
40 


a 


EXPANDED 
SCALE 
Et 19-42 


Thresh 


Epa 1.25 


Al 
K*p-7n 


Fic. 44. 


WI. K*(p,n)Ca Q,-—1.209 


Threshold for neutron emission, E,=1.25+0.02 Mev 
(Ri 50). Resonances, En 54a. 


TABLE LVII. Levels in Ca‘ from Ca*(d,p)Ca* reaction. 


Bo 56, Bo 56, 
Reference: Br 56f, Br56g Bo 56a Br 56f, Br 5óg Bo 56a 
Ez (Mev) In ^ E; (Mev) ln 
(0) 0 3 (13) 3.500+0.007 
(1) 1.947 2-0.004 1 (14) 3.5312-0.007 
(2) 2.014--0.005 2 (15) 3.6192-0.007 1 
(3) 2.469-0.005 1 (16) 3.682-+0.007 
(4) 2.5842:0.006 (17) 3.736+0.007 1 
(5) 2.612+0.006 18)  (3.836+0.007) 
a (6) © 2.677+0.006 0 19) 3.854+0.007 
2.890 +0.006 > 20) 3.9212-0.007 
2.967 3:0.006 1 (21) 3.9502-0.007 1 
3.056-V.006 (22) 3.9822:0.007 
3.206+0.006 (23) 4.023+-0.007 
3.3752-0.007 (24) . 4.10142:0.007 
3.405+0.007 4.194+0.007 


LEVELS, Z=11 


MEO e ce 


TO 20 


VII. Sc*(8*)Ca" Q,—5.9 


Half-life, 0.87--0.03 sec (El41), and 0.873 sec 5: a 
(Ma 52a). The 8* end point by cloud chamber is — ^. 
4.044-0.07 Mev (El 41). Log ft=3.4, indicating super- - 
allowed transition. 


VIII. Ca*?(y,1) Ca 
Not observed. 


Qm=— 11.480 


A2? 
(not illustrated) A 


This nucleus has been produced by successive capture 
of two neutrons in A* in a nuclear reactor. Presence 
detected by observation of 12.5-hr K? daughter activity 
in milkings from irradiated argon gas. From the fact — ^. 
that the milkings over a period of 400 days did not 
show a decrease in activity of more than 20%, half-life 
of A?>3.5 yr and thermal neutron activation cross 
section of A! 0.06 b (Ka 52a). Y. 


K? 
(Fig. 45) 


I K*?(8-)Ca? Q,—3.528 


Best measurement of half-life, 12.516+0.007 hr - 
(Bu 53), in good agreement with other less accurate 
measurements (En 54a). 

The 8- spectrum is complex; 8- and y energies and t 
intensities in Table LVIII. Older measurements, En E 


d 
A 
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TABLE LVIII. The K*?(8-)Ca* decay. 
Reference Method Eg, (Mev) Eg, (Mev) Ey, (Mev) Ey: (Mev) 
Si 47 magn. spectrom. 3.58 +0.07 (75%) 2.04 (25%) 1.51 
Si 47a B-y coinc. spectrom. 1.92 (16%) 
Ko 54 magn. spectrom. 3.56 (81.8%) 
B-y coinc. spectrom. 1.97 (18.2%) à 
La 54 scint. spectrom. 1.52 (100%) 0.309 (1.5%) 
Em 55 abs. 8 and y counting (10.82c0.6) 95 
Po 56 magn. spectrom. 3.545+0.010 1.9853-0.010 ^ 1.53+0.01 (100%) 


0.320-+0.005 (0.8%) 


* A third 8- branch with ~0.25-Mev end point may be present. 


Shape of high-energy 8- spectrum and ft value 
(log ft— 7.9 and log(W$?— 1) ft=9.7) in agreement with 
a AJ=2, yes, assignment which characterizes K® as 
J=2- (Si 47, Sh 49, Ko 54, Po 56). Direct measurement 
by magnetic resonance in atomic beam yields also J — 2 
(Be 53). Assignment of J—2* to 1.523-Mev level in 
Ca* in agreement with fi value of low-energy 8- branch 
(Sh 49) (log fi=7.4) and with measured 8-y angular 
correlation (Be 50, St 51b). 

No polarization found of y rays emitted at 90? to 
B rays, although some polarization is predicted from 
measured -y angular correlation (Ha 53a). 

Measurement of angular correlation of the 0.31- and 
1.52-Mev y rays suggests assignments of J —0, 2, and 
4 to Ca? ground state and levels at 1.523 and 1.836 
Mey, respectively (Ca 54). However, intensity ratio 
observed disagrees with that from more direct measure- 
ments (Table LVII). 

Theoretical discussion of the K® spin, De 53a, Sc 54c. 


IL (a) K"(mwy)K? E,=7.526 
(b) K*!(,n)K^! E,=7.526 


Cross section, Hu 55c, To 55. 

None of y rays observed from thermal neutron cap- 
ture in natural potassium can be assigned to K*' with 
confidence. 


III. K"(d,6)K® 0,=5.301 

At E;—3.9 Mev, from enriched target bombardment 
and range analysis, ground-state Q=5.12+0.10 Mev, 
and levels in K£ observed at 0.62+0.07, 1.18-++0.07, 
1.97+0.15, and 2.29+-0.07 Mev (Sa 50). 
IV. Ca®(1,p)K® Q,--—2.745 

Cross section, En 54a. 


V. Ca*9(y,p)K? Qn=—10.678 
Not observed. 


VI. Ca(da)K® Qm=4.247 


Observed, En 54a. 


VIL Sc'(ma)K? On=—0.415 


= —. Observed, En 54a... CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation Jag. 
[> 


Ca? 
(Fig. 46) 


I. K®(a,p)Ca® Q,- —0.120 


At E,—8.2 Mev, from enriched target bombardments 
and range analysis, ground-state Q= —vV.19--0.07 Mev, 
and levels in Ca® observed at 1.512-0.05, 1.952-0.07, 
2.29+0.05, 2.59--0.07, 3.02++0.05, (3.302-0.10), 3.75 
+0.07, and (4.09+40.10) Mev. Proton groups leading 
to additional levels above 3 Mev present but not re- 
solved (Sc 55). Also, En 54a. 


IL K*"(p,n)Ca® E,=10.271. Qm=—1.209 


Resonances (incompletely resolved), En 54a. 


several (p.n) 
resonances 


TO ALL LEVELS 


Py 3545 (62%) 
7 1905 (16%) 
pz AES 


A ~ 025 


Ca p-p 


^39 
Gal K «x-p 


-7.923 
ca tyn 
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III. K*(@-)Ca® See K? 


IV. Ca®(p,p’)Ca® 


Magnetic analysis, at 90° and 120° and at several 
bombarding energies between 6.5 and 7.0 Mev, gives 
levels in Ca? at 1.5232-0.004, 1.8362-0.004, 2.422 
0.005, 2.7500.005, 3.250-:-0.006, 3.297 20.006, 3.389 
20.006, 3.4422-0.006, 3.651+0.006, 3.88340.007, 3.949 
20.007, and 4.0434-0.007 Mev (Br 56f). 


V. Sc? (8*)Ca*? 


A`0.62Æ0.05 sec 8* activity observed from bombard- 
ment of natural potassium with 18-Mev a particles. 
About same half-life estimated for a superallowed 
0*—. 0* transition between T=1 states (Mo 55c). Also, 
Mo 54. 


VI. Following ?eactions leading to Ca* have not 
been observed : K?!(5,y)Ca*? (Q,,=10.271), K” (dj) Ca* 
(Qm=8.046),  Ca?(v, 1)Ca? (Qn=—7.923), and 
Sc**(p,a) Ca? (Om=2. 330). 

GENERAL REMARKS 


Computation of excitation energy of first level in 
Ca®, Sc 54a, Th 56. : 


K* 
(Fig. 47) 


` 


I. K#(6-)Ca® Qn=1.84 


Half-life=22.4 hr (Ov 49), 21.5 hr (Ru 52a) and 
22.0 hr (Li 54a). 

The 87 decay is complex; 8- and y-ray energies and 
intensities in Table LIX. 

Shape of 8; spectrum is unique once-forbidden (J — 2, 
yes) with log ft=8.7 and log(Wo?—1) fi=10.0 (Li 54a). 
All y rays reported i in Be 57 can be explained as transi- 
tions between Ca* states at 0, 371, 591, 985, and 1373 
kev. The s` branch given in Li 54a must then be 


pi 1839 (€ 16%) 
Pz 1218 ( 6 %) 
Py 0.827 (76 "e 
„PI 0460 (16 %) 


Tw 


— 


mia vie 
T. 


mix wie wie wie ^P 


-1220 


Ca +y-p 
Fic. 
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TABLE LIX. K*(8-)Ca* decay. 


Reference: Li 54a Be 57 
Method: magn. spectro! magn. spectrom. scint. spectrom. 
Eg, Ey (kev) b int. Ey (kev) rel. int. Ey (kev) rel. int. 
Bi 1839 +30 1.6% 
B:- 1218 +25 5.4% 
Bx 827 +20 83.1% 
B 460 +20 5.497 
Bs~ 243 +30 4.5% 
yı 219 +4 a 220 +5 <5 
Y: 369 --3^ 67 3714234 100 375 +5 100 
TE 38842 14 
y 393 +4 = 6 3942-2 ^ 16 
ys 591:-234 23 
ys 627-k6 b 100 6ól4zk4^ 91 615-5 91 


T1 1000 +20 a.e 4 1005 +10 3.5 


* Measured from external conversion spectrum. 
b Also internal conversion line observed with a, ~2 X10% 


* Also observed by scintillation spectrometer (Li 54a). 
d From 8-y and y-y cancidence measurements these transitions lead to 
Ca® ground state (Be 


regarded as nonexistent. This interpretation entails 
branching ratios of 6, 76, and 16% for 8- transitions to 
593-, 991-, and 1394-kev levels respectively, correspond- 
ing to log f1— 7.4, 5.6, and 5.3. 

Conclusions regarding spins and parities in Fig. 48. 


IL A(a,p)K® Qn=—3.30 


From nuclear emulsion measurements, at Ea= 7.4 
Mev and 6=90°, ground-state Q value= —3.36+0.03 
Mev, and levels in K® at 0.65+0.04, and 1.180.07 
Mev (Sc 56b). 


III. Ca*(1,p)K* 
Not observed. 


Om=—1.06 


IV. Ca#(y,p)K*® Qn=—12.20 
Not observed. 


Ca! 
(Fig. 48) 


I. AV (a,n)Ca® Qm=— 2.25 
Cross section, Sc 56b. 
Resonances, Ca“. 


I. Ca®(n,y)Ca® Qn=7.923 

Cross section, Hu 55c. 

The y rays F and F' (Table LVI) from thermal- 
neutron capture in natural calcium assigned to Ca? 
(n,y)Ca* reaction (Ad 56). 


III. Ca®(d,p)Ca® Qmn=5.708 T 
Many Ca? levels observed from Ca(p,p’)Ca® also —— 
found by magnetic analysis of this reaction (Table LX). 
Ground-state Q value=5.711+0.010 Mev | 


ments obtained by magnetic analysis at. 
in Table LX (Bo 55b, Bo 57). The 
tion of measured angular istri 


a ye 
Br 57b). Results from angular distribution. measur o t - 
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TABLE LX. Levels in Ca*, and corresponding Ca*(d,p)Ca* rela- 


tive intensities and /, values (Br 56f, Br 57b, Bo 55b, Bo 57). 


Relative yield at 
maximum at 


Level Ex (Ca*) (Mev) 4 Ea=7.0 Mev In 
(0) 0 100 3 
(1) 0.3732-0.003 ».^ <7 
(2) 0.593-++0.003 ^» 36 1 
(3) 0.991+-0.003 =» 14 2 
(4) 1.3942-0.004 ^.^ <4 
(S) 1.678+-0.004 5b 10 
(6) 1.904+0.004 => <7 
(7) 1.9322-0.004 = b <7 
(8) 1.957 0.004 =» 100 (at 10°) 0 
(9) 1.985+-0.005 ^» <23 

(10) 2.048+-0.005 =» 750 1 

(11) 2.069-1-0.005 » <270 

(12) 2.09523-0.005 ^ «29 

TU (2.107-++0.005) ^ «23 
14) 2.2252-0.005 =» «23 

(15) 2.2502-0.005 =» «23 

(16) 2.273-1-0.005 ^ «14 

(17) 2.4092-0.005 * ^ «11 

(17^) (2.53)c 13 1 

E 2.607+0.005 =» 84 1 
19) 2.673+0.005 ^ <14 

(20) 2.696+0.005 ^ <14 

(21) 2.753+0.005 » <17 

(22) 2.8444-0.005 ^.^ «17 

(23) 2.8802-0.005 =» 61 1 

(24) 2.9474-0.005 ^^ 61 1 

(25) 3.027 3-0.006 ^ «11 

(26) 3.0472-0.006 > «11 

(27) 3.0744-0.006 » «11 

(28) 3.0942-0.006 *.5 «T 

(29) 3.194-2-0.006 » <27 

(30) 3.279+-0.006 ^ <22 

(31) 3.293--0.006 ^ 53 

(32) 3.369 2-0.006 ^ «14 

(54 3.398+-0.006 ^ «31 
34) 3.419+0.006 ^.^ «31 

(35) 3.584 ° 64 1 


a Observed from Ca**(d,?)Ca*9 reaction at several deuteron energies 
between 2.9 and 7.0 Mev and at 0 —90? (Br 56f, Br 57b). 

b Observed from Ca*9(5,5')Ca* reaction at Ep 6.5 Mev and 0 —90?, 
and at Ey —7.0 Mev and 6 —130? (Br 56f, Br 57b). 

e Additional level observed from Ca**(d,p)Ca* reaction (Bo 57). 

d Listed energies are weighted averages (where possible) of results ob- 
tained from Ca‘?(d,p)Ca* and Ca* (p,?')Ca* reactions. 


IV. K?(8-)Ca? See K” 


V. Ca*(5,5/)Ca* 

Levels observed by magnetic analysis at Hz=6.5 and 
7.0 Mev, and at 6— 90? and 130? in Table LX (Br 56f, 
Br 57b). 


TABLE LXI. Positron decay of Sc. 


Reference Method Epis (Mev) Eg: (Mev) Ey (Mev) 
Ha 52d magn. spectrom. 1.18+-0,02 0.77 +0.04 0.375 +0.002 
ee) gm) 0.375 +0.004 
int. trom. ): -0.! 
Nu 53 scint. spec h ie 
L spectrom. 1.20+0.01 0.82 +0.02 ^ 0.369 2-0.005 
M V eee ue (82%) (18%) (16%) 


ee 
la: eae e + branch of 0,392-0.03 Mev endpoint 
o reported in J 135001 9 fe, (122), 0627-0005 Mev (4%), and 


02 Mev (weak): existence of last two y rays not substantiated in 
ri 


(Va 57b). n o. 
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5.708 
Ca^% dp} 


TO MANY LEVELS 
(SEE TABLE III) 


EXPANDED SCALE 
E, 219-36 


Ay 1039 C 16%) 
> 1.218 (6 %) 
Ps 0827 (76 9, ) 


p$ 002 (22 %) 
2 2 lo 
Pa 0460116 %) 


-2.25 1145 
A ann pm 
Fic. 48. 
Wiles ce (Gis) 929210 1—2:202 


Most accurate measurement of half-life, 3.92-0.02 


hr (Hi 45), in reasonable agreement with other measure- 


ments (En 54a, Li 54). 

The 8* decay is complex; B+ spectrum end points, 
relative intensities, and energies of rays in Table LXI. 
Both 8* transitions are allowed: log f1— 5.1 for the 1.20 
Mev branch and log ft=4.7 for the 0.82-Mev branch. 

Spin of Ca? measured as J —7/2 by magnetic reso- 
nance (Je 53) and from hyperfine spectra (Ke 54). 
For jj-coupling computation of 6+ matrix elements, 
Gr 56c. 


VII. Ca*(y,n)Ca9 Qm=— 11.145 
Cross section, En 54a. 
VIII. Sc(do)Ca? Q,,—8.038 
Not observed. 
IX. Tif(mo)Ca9 Q,-2-—0.3 
Not observed. à e 
GENERAL REMARKS 


Detailed theoretical predictions of properties of Ca? 
levels, as computed from known Ca“ and Ca* level 
chemes, Le 5 


UTC Si eee 4 ~ -—- n . eS 


K^ 
(not illustrated) 


L Ke (B=) Ga S ON 


Half-life, 182:1 min (Wa 37), 
22.02-0.5 min (Co 54). 

The 8- decay is complex. By scintillation spectrom- 
eter, 8- branches observed with end points of 4.9 and 
1.5 Mev, and y rays of 1.13, 2.07, 2.48, and (3.6) Mev, 
together with some unresolved y rays of E, «0.5 Mev 
(Co 54). Log ft of two 8- branches would be at least 
7.0 and 4.7, respectively. Probable that 4.9-Mev 8- 
branch proceeds to first excited state in Ca“. 


20 min (An 54), and 


IL Ca'(4,5)K" On=—5.3 
Observed, En 54a, Co 54. 


III. Ca*(d,a)K# 
Not observed. 
Ca^ 
(Fig. 49) 


I. A (o,1)) Ca 


Resonances observed with Th C’a 


E,—8.90' Qm=— 2.25 
particles, En 54a. 


II. K"(a,p)Ca* Q;j,—1.054 


Bombardment of enriched targets with 7.8-Mev a 
particles and range analysis, gives ground-state Q 
value-—0.982-0.10 Mev, and levels in Ca“ at 1.13, 1.92, 
2.28, 2.58, 2.97, and 3.17 Mev, all +0.05 Mev (Sc 55). 


TIL. Ca*(d,p)Ca* Q,,=8.920 


At E,—4.2 Mev, using enriched targets and range 
analysis, ground-state Q=9.07+0.07 Mev, with Ca? 
levels at 1.15 and 2.28 Mev (Sc 55). Magnetic analysis 
at E4—6.0 Mev and 6=90°, proton groups observed 
leading to seven lowest states in Ca^ from which 
ground-state Q—8.9132-0.014 Mev (Br 56f). 


IV. K*(8-)Ca* See K“ 


V. Ca*U(mn;n'y)Ca^ 


From inelastic scattering of 3.9-Mev neutrons on 
natural calcium, a 1.1522-0.020-Mev y ray observed 
with a scintillation spectrometer (Da 56c). 


^ 


VI. Ca" (5,5/) Cat 
Magnetic analysis at E,—6.5 Mev and @=90°, 
E,=7.0 Mev and 0=120°, and E,—7.4 Mev and 
=90°, levels in Ca^ observed at 1.1562-0.004, 1.883 
Æ0.004, 2.2844-0.005, 2.6552-0.005, 3.0442-0.005, 
3.297 2-0.006, 3.305--0.006, 3.3544-0.006, 3.5810. 006, 


3.6560 .006, and 3 -671140 SOO Aere an Haridw q 


NUCLEAR ENERGY LEVELS, 


Z=11 TO 20 


pns $ 
Caen 
L890 j 


Ara 


TO ALL LEVELS 


f 1.462 (93%) 


0.6 
Ti^ en-« 


Ca n— n 44 Ca+p—p 
ca -6.887 
sé*y-p ^f 
Fic. 49. 


VII. (a) Sc*(8*)Ca* Q,=3.647 


Most accurate measurement of half-life, 3.92-0.03 
hr (Hi 45). Other measurements (En 54a) in reasonable 
agreement. F 

The 8* end point, measured by magnetic spectrom- __ 
eter, 1.4632-0.005 Mev (Br 50b), and 1.471+0.005 
Mev (Bl 55), yielding log ft=5.3. Kurie plot is straight. — - 
For jj-coupling calculation of the 8* matrix element, 
Gr 56c. The B+ decay is followed by a y ray with - 
E,=1.159+0.003 Mev. Its conversion coefficient is - 
(6.32:0.3)X10-5 establishing this transition as E2 — 
(Bl 55). Electron capture also occurs with an intensity ki 
measured as 6.82: 1.505 per disintegration (Bl55, also — 
La 54a). Theoretical value for an allowed transition is - 
5.8% (Zw 54). r 

A weak 2.542-0.03-Mev y ray also observed wi 
intensity of 0.52+0.02% per disintegration. No- 
Mev y ray found either in single spectrum or in 
trum coincident with 1.16-Mev y ray (intensity «0.59; 
per disintegration) (Bl 55). 


(b) Sct™(y)Sc*. ; 

Most accurate measurement of half-life, 58.6 
(Hi 45, Ba 51). Decay to Sc" ground state t 
ray of energy 269.32-1 kev (Sm 42) or 2 
(Br 50b). Total conversion coefficient 0.13 
agreement with that expected for an 1 E 


(Bl 55). 
Also, En 54a. 
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K5. 
(not illustrated) 


ENDT 


A 34 min A —45 activity obtained by electromagnetic 
separation of a vanadium target bombarded by 187- 
Mev protons. Tentatively assigned to K** (An 54). 


Ca% 
(Fig. 50) 


I. Ca*(8-)Sc Qm=0.256 


Most accurate measurement of half-life, 163.52-4 
days (De 53). Also En 54a. 

The 8- spectrum is simple, no y rays observed. Three 
magnetic spectrometer measurements of end point in 
good mutual agreement, average value, 256+2 kev 
(En 54a). Kurie plot is straight and log f7— 5.7. 


II. Ca9(n,y)Ca!** Q,-—7.413 


Cross section, Hu 55c. 


III. Ca^(d,p)Ca5* Q,—5.188 


By magnetic analysis, at several deuteron energies 
between 2.9 and 7.0 Mev and @=90°, ground-state Q 
value—5.188-2:0.010 Mev (Br 56f). Levels in Ca!5 
(Br 56f), and angular distribution measurements at 
Ea=1.0 Mev, also by magnetic analysis (Co 57), in 
Table LXII. 

Large intensity of ground-state transition makes it 
probable that Ca** ground state is a f7;» single-neutron 
state. E 
Theoretical remarks on the angular distributions, 
Fr 55, Raf56. 


5.188 
44 
e Ca *d-p| 


TO ALL LEVELS 
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TABLE LXII. Levels in Ca‘® from Ca*!(d,p) Cas. 


Angle of 
Ex (Ca‘®) maximum Relative yield 
Level (Mev) ® yield > at maximum » lnb 
(0) 0 40° 100 3 
(1) 0.1762-0.003 50? 3.0 
(2) (1.036+-0.010) «11 
(3) 1.432+0.004 20° 200 1 
(4) (1.4752-0.006) «7 
(5) (1.557+0.010) <6 
(6) 1.902+0.004 20° 115 1 
(7) 1.971+-0.004 50° 3.1 E 
(8) 2.249 4-0.005 15? 190 1 
(9) 2.356+0.005 30° 1.7 ee 
(10) 2.394+0.005 «73? 190 (at 74°) 0 
(11) (2.597 40.005) <4 
(12) 2.681-+-0.005 20° 3.9 
(13) (2.763+0.005) i <8 
(14) 2.8444-0.005 20? 212 (1,2) 
(15) 2.950-+0.005 <5 
(16) 2.970+0.005 10° 19.5 
(17) (3.032-+0.006) 
(18) 3.148-++0.006 FU 
(19) 3.244.1-0.006 20? 104 (1,2) 
(20) 3.2964-0.006 <4 
(21) 3.319--0.006 40° 18.9 JA 
(22) 3.419+0.006 152 430 (1,2) 
* From Br 56f. 
* From Co 57. 
IV. Scíé(n,p)Ca'5 O,=0.527 
Observed, En 54a. 
V. Cat®(y,72) Cat® 
Not observed. 
VI. Ti*(mo)Ca* Q,2-—2.0 


Cross section, En 54a. 


Cat’ 
(not illustrated) 


No reactions leading to Ca? have been observed. 
Possibilities would be Ca*(/5)Ca!* or Ti” (n,a)Ca*. 
Nor has Ca‘! been concentrated sufficiently to make a 
study of inelastic scattering feasible. 


Ca? 


(not illustrated) 


I. Ca"(8-)Sc" Om=2.0 


Half-life average from several measurements (En 
54a, Ly 55, Li 56, see also Wa 55) 4.70.2 days. 

The 8- decay is complex (Table LXIII; also En 542). 
Log ft values for 81 and 8» are 8.5 and 6.0 respectively. 
The first is unexpectedly large for a presumably allowed 
transition (also Gr 56c). - 


II. Ca*®(n,y) Ca‘? 
Observed, En 54a, 


^» 


NUCLEAR ENERGY 


TABLE LXIII. Ca''(8-)Sc''. 


Reference: Co 53^ Ma 53 Ly 55 Li 56 
Method: magn. 
Al abs. spectrom. 
magn. magn. -Fscint. +scint, 
spectrom. spectrom. spectrom, spectrom. 
Eg, (Mev) 1.4 +01 2.060-+0.020> 1.93-40.02 1.940 +0.020 5 
(40%) (19%) (2446)% (17%) 
Eg: (Mev) 0,46 +0.02 0.685 +0.006 0.70+0.02  0.6602-0.010 ^ 
(60%) (81%) (76 £6)% (83%) 
Ey, (Mev) 1.303 0.040 1,29 1.31 +0,02¢ 
(14.2 41,2) (13 +2) 
Evy: (Mev) 0.800 0.025 0.812 0.83 40.02 ¢ 
" 5 (1 0.1) (1 0.1) 
Ey; (Mev) 0.495 0.015 0.500 0.48 +0.02 ° 


(1) a) 


a Additional y rays of 234.0 and 149.5 kev reported in Co 53, not observed 
by others. 

b Kurie plot is straight. ©. 

SCT SG observed between y; and 73; neither y; nor y; coincident 
with yi. 


III. Following reactions leading to Ca*? have not 
been reported: Ca‘®(d,p)Ca*’, CaS(yow)Ca" (Q,— 
— 11.0), Ti* (1,0) Ca** (Qj, — — 3.5). 


Ca: 


(not illustrated) 


I. Ca'*(8-)Sc* Q,—0.2' ; 
Half-life> 2X 1015 yr (Jo 52). Also, En 54a. 


II. Ca! (6-6-)Ti Qm=4.2 
Double $- decay of Ca‘® with half-life of (1.60.7) 
X10" yr and total kinetic energy of two electrons of 


4.12-0.3 Mev reported (Mc 55). However, lower limit 
for half-life given as 2X 10!5 yr (Aw 56). 


III. Ca*(5,?")Ca'5 


From magnetic analysis at H,=6.5, 7.0, and 7.4 Mev 
and at several angles of observation, levels in Caf? 
observed at 3.8252-0.006 and 4.499--0.007 Mev 
(Br 56f). Search for de-excitation of the first level by 
internal pair formation unsuccessful (Kr 57). 


Ca‘? 


(Fig. 51) 


I. Ca*®(B-)Sc® Q,=5.1 ` 

Half-life averaged from two measurements (Ke 56, 
Ma 56a) is 8.832:0.14 min. 

The 8- decay is complex (Table LXIV). Beta transi- 
tions with log ft values of 4.9, 4.6, and 4.5 occur to 
Se? levels at 3.09, 4.05, and 4.68 Mev respectively, 
which are de-excited by y-ray transitions directly to Sc® 
ground state. N 


IL: Ca‘8(n,y)Ca® Q,-5.1 
Cross section, En 54a, 


^ 


LEVELS, Z=11 


TO 20 


20 


60 j| 


Ca *d-p 


541 


Cd *n-y 


hs 

ca^? f; 
By. 

Py 200189 %) 

Pz 095011 95) 

PS (0.4%) 

-51 

soe 
Fic. 51. 
III. Ca?(d,p)Ca? Qn=2.9 


From magnetic analysis at Ea=6.5 and 7.0 Mev and 
6=90°, ground-state Q value=2.916+0.006 Mev, and 
levels in'|Ca? found at 2.0264-0.005, 3.589--0.006, 
4.0042-0.007, and (4.0262:0.010) Mev (Br 56f). By 
Al absorption, Q2=2.80++0.30 Mev (Wa 54). 

Angular distribution measurements at Ey=6.5 Mev, 
also by magnetic analysis, show that both ground state 
and first level are p states (J,=1) (Bu 54). 


Atomic Mass Excesses 


Atomic mass excesses used for computation of Qn 
values given in the present compilation in Table LXV. 

Masses of most nuclides with 432 are from En 57. 
They were computed from Q-value chains connecting 
them to S*?, for which nuclide the accurate mass- 
spectroscopic value was used (Qu 56a). Masses of 
nuclides in the 16<A<32 region are obtained from 
those computed by Wapstra (Wa 55a) from Q-value 
measurements. However, Wapstra finds a S? mass 
which is smaller by 41.7 kev than the mass-spectro- 
scopic value. To obtain a smooth fit to the A >32 region 
an appropriate correction was applied to the A «32 
masses given by Wapstra. Of course, this correction is 
small for nuclides near O!5, and relatively large for 
nuclides near S*. In principle the correction can be 
obtained from a lengthy and tedious least-squares 
analysis. This was avoided by the use of a resistor net- 


"TABLE LXIV. Ca*®(8-)Sc*. 


Reference: Ke 56 * Ma 56a ^ 
Method: scint. spectrom. scint. spectrom. 
Eg, (Mev) 1.95+0.05 (88%) 2,120.10 

Eg, (Mev) 0.95--0.15 (12%) ~1.0 

Ey, (Mev) 3.10-&0.03 (902-292) 3.072:0.05 (89%) 
Ey, (Mev) —— 4.05--0.05 (10-42%) 4.04:.0.06 (10%) 
E,, (Mev) 4.68-+0.05 (0.38-+-0.1%) 4.7 +01 (0.8 
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'TABLE LXV. Table of atomic mass excesses. 


| Nuclide M-A (Mev) Nuclide M-A (Mev) 
m 8.36754-0.0014 ^ CP! —14.35 £0.03" 
H 7.58454-0.0014 ^ S35 — 18.489 2-0.008 4 
H? 13.7256 0.0026 ^ CES —— — 18.657 2-0.008 4 
Hs 15.835 20.005 ^ A35 —12.68 40.042 
He? 15.817 2:0.005 ^ S36 —20.04 =£0.06° 
Het 3.60732-0.0024 ^ Cle — —18.870 +0.0184 
A9 = — 19.584 20.0184 
Fe 4.147 -£0.006 ^ S —161 +£0.1? 
Ne» —1.137 20.007 » Cl?  —20.824 20.0144 
Na® 142 +0.5> AS —20.009 -£0.015 4 
Nen 0.473 0.008 » Ks —139 +01" 
Na 3.99 0.03% CES — —18.564 3-0.017 4 
Ne2 —1.525 +£0.013> As —23.474 2-0.032 
Na? 1.315 2-0.014 b Kz — —17.558 2-0.026 4 
Ne” 1.651 0.015 b CI? —18.274 0.026" 
Naz —2.734 +0.007 > AP —21.714 +0.021 4 
Mg? 1.325 +0.012! K9? —22.279 40.020 4 
Ne 1.13 2-0.04& Ca  —15.5 0 Y 
Na — 1.323 +0.008 » CO Ay O 
Mg  —6.837 +0.008 > A‘ —23.19 2-003: 
AI 72. +£0.3> K^  —21.707 20.0214 
Nas —1.80 20.20» Ca” ^ —23.0264:0.024 à 
Mgs5  —5.802£0.009 » Scio —94 +£0.48 
AJ —1.54 +0.02i A" —20.9252-0.035 4 
Mg*  —8.553+0.010 Kil —23.449+0.028 4 
| AL —4.537-:0.018 i Ca?" —23.023 0.026 4 
Mg? —6.6252-0.010 ^ Sc —17.1 Ule 
AL? —9.2192-0.007 ^ K —22.6082:0.033 4 
Si? —4.4144-0.000 £ Ca?  —26.13624-0.021 4 
Mg  —6.76523-0.022* K9 —23.86 +0.03? 
Als —8.575-£0.009 ^ Ca  —25.7024-0.023 4 
Size —13.223-£0.009 ^ Sc  —23.500-40.030 4 
pes 0.6 +0.3> K“ — —224 +032 
Ap? —9.35 +£0.10» Ca" ^ —28.4802-0.026 à 
Si? — 13.3302-0.009 » ScM —— —24.833:-0.027 u 
po — 8.3633-0.009 > CatS — —27.5272-0.028 à 
| Si» —15.572::0.010 ^ Sci —— —27.7834-0.028 4 
| po —11.3082-0.012 ! Sc^ — —2841 +0.08 ° 
| : Si!  — —13.7992-0.009 » Ti^  —30.77 +0.08 ° 
pa —15.280+0.008 > Ca‘?  —28.64 +£0.08 v 
| S31 —9.83 £0.07 » Sc" —30.59 +£0.08 ¥ 
i" Sif 1473 4005* Ti? - —31.19 +0.08 ° 
|" pz — 14.833 +0.004 > Cass = — 30.26 +0.12 = 
E s2 —16.5373--0.0008 « Sc — —30.35 0.09 ° 
il Cie —3.5 +0.4> Tis — —3434 +0.08 ° 
il pa —16.567 0.010» Ca? — —27.04 +0.127 
l Ss —16.816 2-0.008 4 Sc?  — 32.09 £0.10 ° 
—— CP —11.238 +0.012™ Ti? —34.09 +0.08 ° 
pa —14.67 +0.14" Ti? ^ —36.71 +0.08¢ 


— 19.868 +0.0164 


= * Wa 5Fa. 
b Wa 55a plus correction as described in text. 
© Qu 56a. Note added in proof.—4A recent remeasurement CLES 
Giesen, and Benson, Bull. Am. Phys. Soc. Ser. II, 2, 223 (1957)] gives 
MR n] 2:0.0010 Mev for the S82 mass excess. 
n. 


* Wa 55b, 
(Ki AX C to Na? through a new value for the Na2(5,1)Mg? threshold 
a). 

g Connected to Na?! through the Ne?!(8-)Na* decay (Dr 56). 

b Connected to Mg through the Na?*(8-)Mg?5 decay (Ma 55). 

i Computed from the AI2:(8*)Mg?* decay (El 55), and from Mg% (p,y)Al?s 
(Hu 55, Ag 56, Cr 56, Va'Sób), which reactions yield Al? masses in good 
mutual agreement. ? 

i Values for Al? mass excess computed from Si?8(d,a)Al? (Br 54) and 
Mg?5(p,n)Altém (Ki 55a) Q values are —4.521--0.012 and —4.558 +0.014 
Mev respectively, in rather serious disagreement. A weighted average has 
— been taken, which agrees well with measured Al?6m(8*)Mg?'* decay energy 
MEM 3255/71/55); e " 
|. — — Connected feat through recent measurements of Al?7(p,7)Si?? thresh- 
[ 1 , Ma 55a). iy 
EE s n to S? through S#(d,a)P# reaction’ (Pa 57). P# mass thus 
m-- obtained is in good agreement with less accurate values computed from 
. P (8*)Si*» decay (Gr 56), and from Si?(,y)P* (Va 57), Si?*(d,n)P: 
a52) and P3(y,u)P* (Sc 55a) reactions, Serious disagreement gita 
values reported in Bu 56c for AI (a,n) P", and in Le 56b for S9 (d,a) 


"Connected to S# through the S#(p,7)CI® reaction (Va S60). 


87. 
d through beta decay to Aia (5 P e) (Sa — SH) =1,998320 


ay 
P " 


* » 
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work, to be described elsewhere. Each resistor repre- 
sents à Q-value measurement. Its resistance is taken 
proportional to the square of the experimental error of 
the corresponding measurement. Resistors are soldered 
to jacks representing nuclides. If an external potential 
difference of 41.7 v is applied between the S? and O14 
jacks, the potential difference (in v) between any arbi- 
trary jack and O!* gives the corresponding mass cor- 
rection (in kev). The error to be assigned to any mass 
value is obtained by measuring the resistance between 
the corresponding jack and O°, 
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REVIEWS OF MODERN PHYSICS 


Nuclear Disintegration Energies. II." 


, D. M. Van PATTER, Bartol Research Foundation, Swarthmore, Pennsylvania 
AND 


Wann WHALING, California Institute of Technology, Pasadena, California 


I. INTRODUCTION 


HIS supplement is intended to augment the com- 
n pilation, “Nuclear Disintegration Energies," ! 
which included measurements of reaction energies 
received up to May, 1954. The data contained in the 
original compilation, together with other data pertain- 
ing to mass differences? have been of use in the prepa- 
ration of tables of masses ?-* and mass links, and for 
the comparison of masses or mass differences obtained 
from nuclear reaction energies and mass-spectroscopic 
measurements. 

Since publication of the original compilation, there 
has been a considerable number of new measurements 
of nuclear reaction energies, e.g., measurements of some 
eighty previously undetermined reaction energies have 
been reported for A <50. The systematic program of 
precise Q-value determinations by the group at Mas- 
sachusetts Institute of Technology headed by W. W. 
Buechner has been extended up to the mass region 
4 2 32— 60. Together with data concerning beta-decay 
energies, these measurements have made possible the 
calculation of masses in the region from S? to Ti** from 
nuclear reaction energies only.® 

In his systematic examination of masses and mass 
differences for 4 «202, Wapstra? pointed out several 
instances of Q values listed in our original compilation’ 


* The contribution of D. M. Van Patter was supported in part 
by the U. S. Air Force, through the Office of Scientific Research 
of the Air Research and Development Command. 

+ This paper, and the three which follow, by H. E. Duckworth, 
L. J. Lidofsky, and by F. Asaro and I. Perlman, were prepared at 

he suggestion of the Subcommittee on Nuclear Constants of the 
Committee on Nuclear Science of the National Research Council. 
This subcommittee consists of Ward Whaling, chairman, and F. 
A. Selove, G. A. Bartholomew, H. E. Duckworth, I. Perlman, W. 
H. Sullivan, and D. M. Van Patter, together with L. Lidofsky 
as consultant. 

Reprints of these four papers as a group may be obtained from 

r the Publications Office, National Research Council, 2101 Consti- 
tution Avenue, Washington 25, D. C. 

1 D. M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
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which should be assigned to transitions to excited 
states, rather than ground-state transitions. He also 
discovered discrepancies between nuclear reaction and 
mass-spectroscopic data, particularly in the region of 
the nickel isotopes. On the basis of his analysis, he also 
reassigned some of the gamma rays observed from 
neutron capture by Kinsey and Bartholomew to other 
isotopes. A similar detailed analysis of (,y) and (y,») 
transitions has been made by Way et ai.5? in order to 
determine neutron binding energies in the region of 
4| — 40—92. More recently, Quinsenberry, Scolman, and 
Nier,? on the basis of their new mass measurements in 
the region Fe to Zn, have reassigned several neutron 
capture gamma rays to new isotopes, particularly for 
the nickel and zinc isotopes. It can be seen from the 
above brief summary that a considerable alteration of 
the nuclear reaction energies contained in the original 
compilation is now necessary. 

This supplement contains new measurements of 
nuclear reaction energies available to the authors up to 
February 1, 1957. In addition, any measured values 
listed in the original compilation which have been 
revised or reassigned since its publication have been 
included. 


Il. ARRANGEMENT OF TABLE I 


The arrangement of Table I of this supplement is 
the same as in the original compilation.! In Columns 1 
and 2, the reactions and energy determinations are 
listed. In the case of a reaction shown as (nyy,y), the 
ground-state transition was not observed, and the reac- 
tion energy shown was determined from the summing 
of two gamma-ray energies. Some of the experimental 
values, designated by the superscript “a,” do not 
appear explicitly in the reference cited, and have been — 
calculated by the present authors from the pertinent _ 
experimental data. If it was necessary to use masses in 
such a calculation, those given by Wapstra? have been 
used. When there is doubt that a reported Q value 
represents the ground-state transition, it has been 
enclosed in parentheses. 

In Columns 3 and 4, the method and energy standards 
used are listed, if stated by the authors. In Column 5, 
the most recent reference for each measured value is 


9 The authors wish to acknowledge the valuable contributions 
of the Nuclear Data Group under the leadership of K. Way. - 
Their compilation “Nuclear Level Schemes," for 4024 <92, a 
their tables of ground-state Q values in Nuclear Science Abs: 
have aided considerably the preparation of this present si 
ment. s P 
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TABLE I. Nuclear reaction energies. 


Measured Calibration Average 
Reaction Q value (Mev) Method Energy standard Reference Q value, (Mev) 
D?(d,p)T* 4.044+0.005 el spec Li? (p,2) Be? Do 56a 4.0384-0.005 
D?(d,n) He® 3.276+0.024 ph pl Ro Sic Su 55 3.267 4-0.007 
3.271+0.011 el spec Li7(p,) Be? Do 56a 
He'(d,p)He —3.3+0.1 ph pl Fr 54a —3.3+0.1 
Lit (n,y) Li? 7.26+0.05 pr spec Ba 56 
Li*(5,d)Li5 —3.0+0.15 scint spec Li 55 preliminary 
Li6(p,y) Be? 5.66+0.03 scint spec FP (pay) Ol Wa 56 
Li*(d,He?)He5 0.91=0.09 mag spec Poa Le 55 
Lif (t,«)Heé 15.15+-0.04 pulse ht Th C'a Cr 56a 
Li*(4d)Li? 0.9862:0.007 mag spec Li®(p,x) Hes Pe 52, Al 54* 0.9864-0.007 * 
Li*(/,)Lis 0.7902-0.011 mag spec Li®(p,a), Li*(4,d) Li/* Pe 52, Al 54* 
Lit (He3,n) B® —1.9763-0.006 threshold = Du 56 
Li?(p,2) Be? — 1.6452+0.001 threshold Mg? (5,5), Nay, Au!95 Jo 54 — 1.64452-0.000, 
— 1.643;2-0.001 threshold Mg? (5,5), Na?iy, Au} Jo 54 
Li? (d,a)He> 13.719 mag spec Li*(d,p)Li? Kh 55 
14.26+0.09 mag spec Poa " Le 55 ia 
Li'(d,p)Li* — 0.183 mag spec Li*(d,p)Li? Kh 55 —0.192-2-0.001 
Li (a,n)B —2.822:0.10 pulse ht D? (dn), B°(a,p) Ro 56 
threshold v 
Li?(Li?,p)B* 5.97+0.05 range B” (d,p)BY* , No 57 
Be$—2He* 0.090+-0.005 ang corr Tr 55 0.094, 2- 0.000; 
e 0.0935++0.000; mag spec Fo 56 
Be*(y,n)Be* — 1.6642-0.004 threshold Co 56 — 1.6654-0.001, 
Be?(z;,y) Be” 6.80 compt spec Gr 53b ^ 6.8162-0.006 
Be®(p,pn) Bes —1.664+0.005 mag spec Poa j Bo 56 
Be*(p,n)B? — 1.8532E0.003 threshold Li?(p,2) Be? Ma 55b —1.8522-0.002 
Be*(d,p)Be!^ 4.5862:0.009 mag spec Poa Ju 54 4.587 +0.005 
Be®(d,n) BY 4.434-0.08 ph pl La 47 Pr 52, Pr 53* 4,350.02 
4.28+-0.10 ph pl Re 54 
4.543-0.06* ph pl Gr 55 
Be?(Li7,2)C! 9.052:0.05 range Li'(Li?,2) Bi? No 57 
B?9(7,t) Be® (0.35-0.20) pulse ht D?(d,n), B'?(2,0)Li?* Ja 55 
Bl (ny) BU 11.432-0.04 "pr spec absolute Ba 56 p 
BY (p,n) C'o —4.37+0.05 threshold Co 55 —4,37+0.05 
B(p,y) CU 8.812:0.10 scint spec F” (pay), CI(p,y) Ch 56 8.812-0.10 
B (dja) Be® 17.829+-0.010 mag spec absolute E] 54 17.8292-0.010 
B”(d,t)B® —2.187+0.010 mag spec Poa Bo 56 
B(d,p) BY 9.2272:0.006 mag spec absolute El 54 9.229-+0.005 
BM (He?,1) N? 1.463-0.06 ph pl Aj 57 preliminary 
B(a,d) C2 1.362:0.09 scint spec AT? (o, p) Si? Pi 56 1.341 +0.002 
e 1.341 0.002 el spec Li? (p,n)Be7 Do 56a 
B” (a,b) C8 4.064+0.012 mag spec Poa Fa 55 4.0644-0.012 
4.082-0.03 scint spec AT? (o, 5) Si? Pi 56 
4.102-0.03 ph pl Ro 51c Pa 56 
B” (p,n) C” 5:008 ph pl Ro 51c Aj 56 —2.762+0.003 | 
B” (d,a)Be? 8.029+0.005 mag spec absolute El 54 © 8.0242-0.004 | 
8.0152:0.010 mag spec Poa Bo 56 * 
B” (d,p) BY 1.110 spec Kh 54 s 
B¥(d,n) C2 13.81 ph pl Th 55 13.8+-0.1 
Bu (a,p)C¥ 0.7882:0.017 mag spec Poa Fa 55 0.788-1-0.017 
0.00.3 pulse ht D?(d,n) He’, BY (a, p) C! Qu 56 0.27+-0.06" r 
—7.58+0.10 range Be 50d, Bi 54a Re 55 
—1.392-0.02 range El 51c El 57 7 
: 2.7172:0.010 mag spec Poa Sp 54 2.7212:0.002* 
2,7202:0.003 mag spec absolute El 54 
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Measured 


Reaction Q value (Mev) Method 
C? (He$,n)O" —1.1472-0.002,^ ^ threshold 
— 1.15852:0.003 threshold 
C'8(p,d)C# —2.718 mag spec 
C (d, p)CH 5.942--0.011 mag spec 
5.953--0.010 mag spec 
C? (dn) N" 5.40--0.10 ph pl 
5.41+0.06 ph pl 
5.3252-0.04 ph pl 
CH (pi) N'* —0.626,2-0.000; ^ threshold 
CH (d,a) BY? 0.362-E0.001; el spec 
CH (d, p) C$ — 1.007+0.001 el spec 
CH (aj) OY? —:1.8202-0.002 threshold 
N" (n,p) CH 0.609 4-0.005* pulse ht 
NH (d,n)O!5 5.21+0.07 ph pl 
N" (o,p)O" —1.16 ph pl 
NH (a,n) F" » —4.76+0.07 threshold, 
pulse ht 
N!5(p,n)O!5 —3.539+0.008 threshold 
4-3.54322-0.0015 threshold 
N15(d,p)Ni6 0.286 mag spec 
O18(d,p)O" 1.9152-0.010 ` mag spec 
Ot (dn) F" —1.622+0.004 threshold 
— 1.626+0.004 threshold 
O” (dja) N!5 9.807 3:0.012 mag spec 
O” (d, p)O!5 5.8212-0.010 mag spet 
O!S8( 5,9) N15 3.967 +0.009 mag spec 
O18 (pn) F18 —2.447+0.010 threshold 
O}8 (dx) N16 4,237+0.009 mag spec 
O!*(d, p)O9 1.730+0.008 mag spec 
1.7324-0.008 mag spec 
1.7354:0.008 mag spec 
F” (n,y) F” 6.599+0.011 pr spec 
F29(5,2)O0!5 8.110-+0.010 mag spec 
F?9(p,3)Ne? —4.0292-0.008 threshold 
—4,027+0.008 threshold 
—4.022+0.005 threshold 
F” (d, p) E” 4.38+0.03 range 
F! (d,i) F38 —4.172:0.02 range 
Too (1,5) F” 6.2002-0.025 mag spec 
9 6.032:0.1^ ph pl 
F” (æ, p) Ne” 1.673+0.011 mag spec 
F” (a2) Na” —2.0+0.2 pulse ht 
Ne®(2,«)O%7 —0.702:0.02 pulse ht 
Ne? (da) F48 2.810+-0.009 mag spec 
Ne#(d,p)Ne® 2.9682:0.008 mag spec 
Na? (nyy y) Na?! 6.96+0.03 compt spec 
Na®(p,0)Ne® 2.370-+0.008 mag spec 
Na* (p12) Mg? —4,849+0.010 threshold 
—4.841+0.010 threshold 
Na? (a,n) ADS —2.9+0.2 pulse ht 
> —2.970+0.004 threshold 
Me" (p) AI ^ 2262-0.03* scint spec 
2.293:0.02^ scint spec 
2.293:0.02^ scint spec 
Mg? (djo)Na? a  1.9532:0.012 mag spec 
Mg?(d,p) Mgis 5.02-10.02* spec 
^ 


TABLE I.—Continued. 


Calibration 
energy standard 


Li (p,) Be?, Li" (oy) B! 
Poa 


Poa 
ThC a 


Ri 51 


Li?(p,n) Be? 
Li?(p,n) Be? 
Li7(p,1) Be? 
Li?(p,n) Be? 


Be 49 


(p,m) threshs, (5,y) resonances 
Li?(p,n)Be?, Er— 1.8811 


Poa 


Li'(p,n)Be? 
(p,n) thresholds 


F” (d,a)OU, N" (d,a) C}? 
ThC a 

F9(p,cry) O18, N15 (p,a) C? 
Li?(p,n) Be? 

C2(d,p) C3, N4(d,p)N15* 
B(d,p)BU*, F9(5,ay)O!5 


absolute 
Poa 


F9(p,vy) O18 
(p,n)threshs, (p,7)resonances 
Li?(p,) Be? 


El 51c 
El 51c 
Ot*(£a) N15 


Poa 
D?(d,n)He?, BY (a,b) C" 


F^ (P,ox)O'*, O" (d,p)O" 
Ca (d,))C* 


Poa 


FP3(5,ay)O!* 
(p,n)threshs, (p,y)resonances 


Be 49 

Li?(p,n) Be? 

F" (p,ay)O!6, (p,y) reactions 
Pritty, Cs37y, Na*y " 
Zn$5y, Coy, ThC”y 


Poa 
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ENERGIES 


Reference 


Bu 56a 
Br 56a 


Sp 56a 


Sp 54 
Ah 54d 


Be 52 
Gr 55 
Bi 55 
Sa 56 
Do 56a 
Do 56a 
Sa 56 
Is 50 
No 56 
Hj 53, Hj 53a 
Do 56 
Ki 55 
Li 57 
Wh 55 
Sp 54 
Bo 51, Ma 55a* 
Ma 55a 
Pa 54a 
Ah 54c, Ah 54d 
Mi 54, Ah 54d* 
Ma 56a 
Pa 55a 


Ah 54b, Mi 54b 
Th 54 
Ho 55 


Ca 56 


^ Sq 56 


Wi 52, Ki 55* 
Ki 55 

Ma 55b 

El 56 

El 57 


Ja 56 
Bi 55a 


Fa 55 

Qu 56 

Fl 53 

Mi 54a, Mi 56* 
Ah 54a 

Gr 55b 

Bu 56c 

Wi 52a, Ki 55* 
Ki55 

Do 56 

Bu 56b 


Gr 55a 

Cr 56 

Ag 56 

Br 55, Br 55a* 
Kh 53 


234 
b 
© 


759 


Average 
Q value (Mev) 


—1.1522:0.005 


—2.721+0.002* 
5.9432-0.003 


5.352-0.03 


—0.626,2-0.000;* 


0.626,2:0.000;* 


5.142-0.03 
—1.16+0.04 
—4.76+0.07 


—3.5432+0.0015 


preliminary 


1.9182-0.004 
— 1.623--0.003 


3.967 20.009 
—2.452+0.004 


1.7324-0.005 


6.599+0.011 
8.114-+0.007 
—4.0252:0.004 


4.3730.007 


6.2002-0.025 
preliminary 
1.6732:0.011 
—2.04-0.2 
—0.712:0.02 
2.8102-0.009 


2.9662-0.05 — — 


2.37740. 


3.028-:0.006 
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x TABLE I.—Continued. 
Measured Calibration Average 
Reaction Q value (Mev) Method energy standard Reference QO value (Mev) 
Mg**(y,p)Na* —12.1 threshold Ka 54 
Mg?5(y,n) Mg? = threshold Ka 54 
Mg?*5(n,y)Mg** 11.0862-0.025 pr spec absolute Ca 56 
Mg (p,a)Na® —3.15 mag spec Po a Br 55a preliminary 
Mg (p,n) A15 — 5.084+ 0.024 threshold (p,n)threshs, (p,y)resonances Ki 55 
Mg?*(5,y) AES 6.35+0.08 scint spec F! (pay), Be(a,ny), C3(py) K154 
Mg” (a,p) Als —1.29+0.04 pulse ht AI" (5,2) Mg? Gr 57 
Mg?*(y,p)Na?5 —14.3 threshold Ka 54 
Mg?* (yn) Mg —11.1 threshold Ka 54 
Mg?*(5,n) Ao —4.832-0.1^ threshold Sc err 54, Ka —4.7782c0.015 
—4.7782:0.015* threshold (p,n)threshs, (p,y)resonances KiS55/ 55 
Mg (o, p) Al? —2.902-0.04 pulse ht AE? (p) Mg?! Gr 57 
AY? (7,2) A]? —13.4+0.2 threshold CuS (y,7) Cu® Ha 54 — 13.14-0.3 
AY! (5,3) Mg — 1.614-0.04 ph pl Gr 54 1.5954-0.002 * 
1.5962:0.006 mag spec Li’ (p,n)Be7, Poa Va 57 4 
Al7(p,n)Si?? — 5.5812-0.010 threshold F*(5,ay)O!* í Ki 53d, Ki 55* — 5.593 +0.009 
— 5.584 0.010 threshold (p,n)threshs, (p,y)resonances Ki 55 
—5.607+0.008 threshold Li? (p,2) Be?, Er = 1.8811 Ma 55b 
AI" (d,p) AES 5.475 spec Kh 54 5.4984-0.007 
5.5022-0.010 mag spec Poe Bu 56 
AY" (a, p)Si*? 2.3843-0.03 scint spec Ha 56 2.38+0.03 
pulse ht 
ph pl 
AY! (a 11) P® > —2.6622-0.004 threshold Li'(p,1)Be* Bu 56b preliminary 
Si** (n,y)Si* 8.482+-0.015 compt spec Ad 56a 8.471+0.007 
Si?8(d,x) Al?* 1.416+0.008 mag spec Poa Br 54c 
Si? (7, p) AS —12.3 threshold Ka 54 
Si? (y 1) Si28 —8.5 threshold Ka 54 
Si? (12,7) Si” 10.59+0.03 compt spec Ad 56a 10.600--0.010 
Si? (p,y) P 5.55+0.06 scint spec Be? (a,ny)C?, F9(5,o-)O!6 En 54a 
Si” (y,p) AY —12.9 threshold Ka 54 
Si” (y,n) Si? — 10.6 threshold Ka 54 
P31 (yn) P —12.33+0.05 threshold (7,2) thresholds Ba 55a —12.32+0.05 _ 
P?! (5,0)Si?5 1.9112-0.005 mag spec Li” (p,n), AI (p,a), Pow Va 56 1.9102-0.004 
1.909=-0.010 mag spec Poa En 57 
P31(5,5)S9! —6.06+0.2 ph pl Gi 54 Ru 56 
P3\(d,n)S® 6.63+0.08 ph pl El 51d El 52, El 55* 6.632-0.08 
P3 (o, p) S“ 0.7+0.1 scint spec AI? (a, p) Si” St 56 0.7+0.1 
Pai (a,n) CI4 —5.7+0.2 threshold D?(d,n)He?, BY (a, p) C! Qu 56 —5.72:0.2 
S? (n,y)S** 8.632-0.04 compt spec Gr 55b 8.644-0.02 
S®(p,y) CIS 2.285+0.012 scint spec Na?» Va. 56a 
S#(d,a)P% 4.8312-0.013 mag spec Le 56 
S®(d,p)S® 6.40843-0.020 mag spec Le 56 6.4194-0.010 
S£ (o, p) C15 —2.3 scint spec AP7(a,p)Si® Pi 55 — 1.861+0.004* 
S*(5,n)CI* (—6.1) ph pl Aj 55 preliminary 
S4(d,a) P® 5.044-0.02 mag spec Le 56 
C85 (-y,2) CI —12.352-0.035 threshold C2, N4, O!*(^,n)threshs De 55 
CI5(n,y) CI* 8.55-1-0.04 compt spec Gr 55b 8-562-0.02 
T 
Eo a NE spec Poe En 36 aoe 
( 1.860+0.005 mag spec Li? (p,2)Be?, Poa Va 56, Va 57* 
8.2772:0.010 mag spec Poa Pa 55 8.277-+0.610 
6.354--0.008 mag spec Poa Pa 55 _6.354+0.008 
3.0152:0.015 mag spec 5 ND 3.026-1:0.005 
2 SRM ESL Yn (on) Be, Po Va 56, Va 57* 


7.89 


preliminary 
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TABLE I.—Continued. : — 
T ——————————————————————— 
Reacti Measured Calibration Average EN 
eaction Q value (Mev) Method energy standard Reference Q value (Mev) — — 
CI? (da) S35 7.783+0.012 mag spec Poa Pa 55 a 
CF" (d,p) CVs 3.877-£0.008 E 
H H i mag spec Po a Pa 55 3.87740.008 — 
A? (o, p) K* — 1,280.03 ph pl N" (o, 5)OV Sc 56a —1.2832-0.008* —— 
A (y 1) A9 —9.852-0.15 threshold C5, Mns, Bi9*(y,n)threshs Ha 54a 
A” (1,2) S7 —2.5+0.1 pulse ht Poa Be 55 
A (a, p) K —3.36+0.03 ph pl NH (a,5)O Sc 56a preliminary 
K?(y n) K* — 13.00 threshold C#, NH, O!^ (yn) threshs De 55 
KO (1,y,y) K* 7.7954-0.010 compt spec Ad 56, Bu 53 7.7912-0.006 
K% (a,x) C138 1.252-0.20 scint spec Po a, K®(n,p)A® Sc 56 
K (p,a) A26 1.267 30.020 mag spec Al 55 1.2832-0.008* 
1.2862-0.008 mag spec Pow Sp 55, Sp 56a* 
K(a,p)Ca? —0.192-0.07 range Sc 55 —0.1182-0.007* 
K“ (5,0) A35 4.002+0.015 mag spec mag spec Al 55 3 
K'!(a,p)Ca* 0.982-0.10 range Sc 55 1.0572:0.010* 
Ca (1, ,y)Ca! s 8.37-:0.03 pr spec absolute Ki 52, Br 56b 8.3552-0.014 
8.3502-0.017 compt spec Ad 56 
Ca” (da) K35 4.650+0.010 mag spec Po a Br 56 
Ca" (d, p) Ca ^ 6.1402-0.009 mag spec Poa Br 54, Br 56b* 6.1402-0.009 — E 
Ca‘ (di) Sc! —0.602-0.05 . range Pl 55 preliminary 3 
Ca? (5,a) K9 0.1182:0.007 mag spec Poa Br 56 0.118-+-0.007* 
Ca*(d,p)Ca® 5.711+0.010 mag spec Poa Br 54b, Br 56* 
Ca! (p,a) K” —0.014+0.008 mag spec Poa Br 56 X 
Ca (d, p) Cat! 9.0? +0.07 range . Sc 55 8.913+0.014 
8.913-+0.014 mag spec Po a Br 56 
Ca“ (p,a) K“ —1.057+0.010 mag spec Poa Br 56 —1.0572€0.010* 
Ca (d, p) Ca‘ 5.188-+0.010 mag spec Poa Br 54b, Br 56* . 
Ca'&(d,p) Ca 2.916+0.006 mag spec Poa Br 56 2.916=0.006 
Sc!5(p,n) Tits — 2.8442-0.004 threshold Li?(p,n)Be?, Er= 1.8811 Br 55b 
Ti"? (n,y,y) Ti! (11.609-+0.02) Ba 56a - 
[10.619 y transition (Ba 56a) to 0.9902-0.015 state (He 55) ] 3 
(11.51+0.05) Ki 53, Wa 55 
Ti“ (d,p,y) Ti 9.132-0.05 Pi 52a, Wa 55 9.13-E0.05 
Ti (7y y) Ti? 8.1412-0.008 Ba 56a $8.1452-0.006 
[6.756-+-0.006 y transition (Ki 53) to 1.3852:0.005 state (Mo 54) ] 
8.142:0.02 Ki 53, Wa 55 4 
8.1532-0.010 Ad 56a 
Ti” (y, y) Ti” 10.972:0.07 Ki 53, Wa 55 T 
V5 (5,a)Tis* 1.1612-0.010 mag spec Poa Bu 55 ES 
"V8 (p,m) Crit —1.5352-0.001 threshold Li?(p,n)Be? Gi 55 —1.5352-0.001 — 
—1.536 threshold Li'(5,n)Be?, Er — 1.8811 Ma 56 P. 
Cr (ny y) Cr*t 9.252-0.01 Ki 53, Wa 55 et 
[8.4992-0.007 y transition (Ki 53) to 0.750+-0.011 state (He 55)] ; 
Cr®(d,p) Cre 5.74 range Al El 56a preliminary 
Cr*(d,p) Cr** 7.55 range Al El 56a preliminary 
Cr5 (5) Mn*t —2.1622-0.005 threshold Li'(p,n)Be' Lo 52 
Mn" (b,n) Fes —1.015+ 0.003 threshold Jo 56 
Feti (y,n) Fes (—13.72-0.2) threshold Ka 51 
(—13.652-0.05) threshold C#, 018, Cu®, Ag! (y,u) Ba 55 
thresholds 
—11.902-0.07 threshold C#, N“, O'(y,n)thresholds De 55 
Fei (ny) Fee 9.295-+0.015 compt spec Ad 56a 
„Ee“ (dp) Fes 7.073 mag spec Pow Sp 56 
Fe'§(n,y) Fee .7.6362:0.010 compt spec 
Fe5*(d,p)Fe5 5.418 mag spec Poa nn] 
5.53 range preliminary 
Fe! (d, p) Fe5* 7.808 mag spec 
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i 1 . TABLE I.—Continued. 
EE 
DS 3 x Measured Calibration Average 
i aay Reaction Q value (Mev) Method energy standard Reference Q value (Mev) 
E- Fe55(d,p)Fe*? 4.350 mag spec Poa Sp 56 
- Boe x 8580.004 oa E Bu $6d relai 
: — 1.8624-0.005^ threshold Li? (p,on) Be?, Er — 1.8811 Ch 57 
1 Co*(d,p)Co* 5.2832-0.008 mag spec Poa Fo 54 5.283+0.008 
t Ni9*(y,n) Nis? —12.0 threshold Ka 51 
Ni55(n,y)Ni*? 8.9962-0.010 compt spec Ad 56 8.997 +0.004 
E Ni®8(p,y) Cu 3.424-0.02 scint spec Go 57a 4 
Ni**(d,p)Ni* 6.702-0.1 range ph pl Pr 54 6.744-0.07 
Ni® (z,y)Ni*! (7.8172:0.008) pr spec absolute Ki 53, Qu 56a tgt isotope uncertain 
(7.8252-0.020) compt spec Ad 56, Qu 56a tgt isotope uncertain | 
Ni*9(5,y)Cu9 4.81+-0.03 scint spec Go 57a preliminary | 
a Ni®(p,7) Cu” — 6.60.4 threshold Co 54a —6.6+0.4 
Ni®(d,p)Ni® (5.55+0.1) range ph pl Pr 54 
Nit (5,y)Cu& 6.032-0.06 scint spec Go 57a preliminary — ' f 
Ni®(p,y)Cu® 6.13+0.03 scint spec £ Go 57a i 
Ni®(p,7)Cu® 7.42+0.03 scint spec Go 57a 
Cu8(-y,2)Cu® —10.78+0.05 threshold D?, F??, O!8(-y,) thresholds Be 56 — 10.65-+0.06 
—10.73+0.05 threshold NH, F9(-y,2)thresholds Ro 55 
—10.54+0.04 threshold CI, NH, O!6(+,2)thresholds De 55 
Cu® (-y,22)Cu™ —20.02-0.5 threshold Be 54 
|» Cu9(p,y)Zn* 7.692-0.04 scint spec Go 57 preliminary 
; Cu9(5,1)Zn9 — 4.147 0.008 threshold Li? (p,2) Be? Ki 55 —4,149-+0.004 
3 —4.1494-0.004 threshold Li?(p.n)Be?, Er 1.8811 Br 55b 
— Cu'(y,n) Cut —9.944-0.08 threshold D?, 0", F!°(y,n)thresholds Be 56 —9,95-+0.08 
|» CuS5S(n,y)Cu** (7.01--0.02) pr spec absolute Ba 53, Qu 56a (7.01-0.02) 
m tgt isotope uncertain 
|. Cu**(5,y)Zn** 8.852-0.04 scint spec Go 57 
|. Cu55(p,n)Zn'5 —2.1372:0.005 threshold Li'(5,n)Be' Ki 55 — 2.132;4-0.001; 
ES. —2.136+0.004 threshold Li?(,2)Be?, Er =1.8811 Br 55b 
—2.131=0.005 resonance Li?(p,2) Be? Ma 56 
E. —2.132,2-0.001, threshold Li?(p.n)Be?, Er 1.8811 Ma 56b 
Zn“ y,2n)Zn* — 20.352-0.35 - threshold C2, NH, O^ (5,1) thresholds De 55 
| Zn* (y,n)Zn —11.6 threshold Ka 51 — 11.604-0.06,. : 
E —11.582:0.06 threshold C?, N4, O!*(^, 1)thresholds De 55 
Zn' (ny y)Znt* (7.9282-0.007) Ki 53, Wa 55 tgt isotope 
E (7.9902-0.008) Ki 53, Qu 56a uncertain 
(7.032:0.02) Ki 53, Qu 56a tgt isotope uncertain 
(10.224-0.01) Wa 55, Qu 56a tgt isotope uncertain 
—1.7772:0.005^ threshold Li'(p,on)Be?, Er — 1.8811 Ch 57 —1.781+0.003 ° 
(6.49+0.02) Ki 53, Qu 56a tgt isotope uncertain 
—3.694+0.006 threshold Li'(5,n)Be?, Er — 1.8811 Br 55b —3.700-0.005 
—3.704+0.005 threshold Li'(5,n)Be?, Er=1.8811 Ch 57 
7.7334-0.020 pr spec absolute Ba 56a 
threshold C2, N”, 016(y,1) thresholds De 55 
threshold C», NH, 016(-y,) thresholds De 55 p 
range ph pl NH(d,p)N15 Bl 56. 
range ph pl — N'*(d,p)N!$ Bl 56 
threshold O15, F9 (y,n)thresholds To 56 
threshold O16, F2 (y,n)thresholds To 56 3 
threshold Ye 55 
at Wa 55 ^ 8.4172-0.018* 
d Wa 55 11.144-0.65* 
Wa 54 
2, Ep—10.73 £ 11.78+0.09 


Ax 56 
now attributed to excitation of the 
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TABLE I.—Continued. 
Reaction Q MA RT Method M neater ENA 
gy standard Reference Q value (Mev) 
Nb*(p,71) Mo? —1.2 54 
is Value p eren E not ground-state transition. d s 
Mo? (s) Mo?! = H 5 
yi (C132820145) threshold Ha 49a Eo 
—13.12-0.1 threshold Ka 53, Ka 53a 
Mo? (1,21) Mo?! —12.34 threshold Br 53 
Rh!93(5,5,) P93 (—1.53) ph pl Pa 54 
A 107 yn A y106 , — 9.45 i S 2 19 16 S — 
eiae oeae Poise us E 
thresholds Ba 55 
Ag! (^, 31) Agl08 —9.17+0.06 threshold D?, FP, O!%(+,2) thresholds Be 56 —8.90+0.18 
—8.78+0.04 threshold De 55 
Cd! (5,5) In! — 2.372:0.20 threshold Mc 51c 
Cd! (,,) Cd! 9.044-0.03 compt spec Ad 55 9.046+0.008 
Ba"! (d,p) Bal 2.493 0.010 Pa 55 2.493 +0.010 
Bal88 (n, y) Bal? (4.70+0.03) pr spec absolute Ki 53c, Pa 55 tgt isotope uncertain 
Pri? (d,p) Pri? 3.423-0.30 scint spec Wa 54 
Sm! (4,5/)) Sm!’ —9.60+0.05 threshold C", NH, O!(+,2) thresholds De 55 
"X 9.6 threshold Si 56 
Sm! (n, y, y) Sm) 8.00+0.03 Ad 55 8.00+0.03 
Gd!*5(n,y) Gd!s6 (7.78+0.05) ` pr spec absolute Ki 53c tgt isolope uncertain 
Gd!57 (ny) Gd?58 (7.36+0.05) pr spec absolute Kr 53c tgt isotope uncertain 
Hf!77 (yn) Hf!76 —6.70+0.09 threshold O!5, F!9(-+,) thresholds To 56 
Hf? (4,5) Hf178 —6.52+0.12 threshold O!5, F9(-y,2) thresholds To 56 
PEN (jj) Pt! (6.07+0.04) pr spec” absolute Ki 53c tgt isotope uncertain 
Hg? (n, y) Hg 8.03+0.03 Ad 55 8.03+0.03 
Bi% (p,2n) Pos —9.65=0.08 threshold range Al, Sm 47 An 56 


» This Q value has been calculated specifically for this compilation from the experimental data, using accurate masses. 
b This Q value has been corrected for the Li'(p,1)Be? threshold energy of 1.8811 Mev. 


* This Q value has been omitted from the weighted average. 


* This average contains a later correction to the value originally reported. 


* This average value was calculated by including the measured Q value for the inverse reaction. 


List of abbreviations used for experimental methods.” 


angular correlation 


y ang corr 
compt spec Compton electron spectrometer 
el spec electrostatic spectrometer 


Er threshold energy 
mag spec magnetic spectrometer 


given. When a correction to the original value has been 
‘reported by another author, a second reference with an 
asterisk has been added. For some measurements, such 
as a (n,y,y) reaction, two references are given. The first 
reference contains the measurements of the neutron 
capture gamma rays, while the second contains the 
assignment of the gamma rays to transitions for specific 
isotopes, and, also, other determinations of level ener- 
gies if necessary for the calculation of the energy of the 
ground-state transition (e.g., see references 6 and 10). 
In Column f are listed the weighted average values, 
calculated in the same manner as before. Measured 
values listed in the original compilation are included 
„in the calculations of the weighted average values given 
in this supplement. F ollowine the bibliography, a 
few additional gorrections to the original compilation 
are listed, if not already included in this supplement. 
No attempt has been made to list revised references 
for those given previously if no alteration in the 
Q values reported were made in the later reference. 
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ph pl 
pr spec 


range in photographic plates 
pair spectrometer 


pulse ht pulse height 
range Al range in aluminum 
scint spec scintillation spectrometer 


However, all references listed in Table I of this supple- 
ment are included in the bibliography for the sake of 
completeness. 


^ 
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I. INTRODUCTION 


A BRIEF description i is given of the mass spectro- 
scopic methods in current use for the determina- 
tion,of atomic masses. The agreement between atomic 
masses so-derived and those obtained by studying the 
energy balance in nuclear reactions is also lightly 
touched upon, with particular reference to the mass 
of C", Finally, a table is given of the atomic mass 
differences which have been obtained mass spectro- 
scopically during the past three years. This table 
supplements (and occasionally amends) a similar table 
which appeared! in the October, 1954, 'issue of this 
Journal. 


, 
^ 


IIl. PRECISION MASS SPECTROSCOPY 


'The mass spectroscopes employed in the study of 
atomic masses are necessarily high resolution instru- 
ments. With a single exception, those under construc- 
tion or now in use are deflection instrumento which take 
advantage of the double-focusing property which may 
be achieved by appropriately combining electrostatic 
and magnetic fields. The exception is the “mass syn- 
chrometer" of L. G. Smith? at the Brookhaven National 
Laboratory, in which measurements are made of the 
cyclotron frequencies of the motions of ions in a 
homogeneous magnetic field. 

In a mass spectroscope, depending upon whether 
photographic or electrical detection is employed, “lines” 
or “peaks” are recorded. As a rule, in mass comparison 
work, ¿wo such lines or peaks are observed, representing 
_two groups of ions whose specific charges are nearly 
equal. These constitute a “doublet,” and it is the 
' concern of the mass spectroscopist to ascertain, in 
terms of mass, the doublet spacing. Indeed, most of the 
data given in Table II, which is the principal raison 
@étre of this review, are simply mass differences for 
various doublets. 

The precision with which such a mass difference can 
be determined is dependent upon the precision with 
which a line or peak may bé located. Let us designate 
the mass width of a line or peak by Am, a quantity 
which is directly proportional to the resolution (Am/m) 
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of the mass spectroscope. In the case of photographic 
recording, the position of a mass spectral line may be 
determined to some fraction of its width, say 1/50 for 
an observer who is neither unduly optimistic nor unduly 
conservative. Thus, if a resolution of 1/20 000 be 
available, the mass of an atom may be determined with 
a precision of one part in a million. In practice the grain 
size (~10~* cm) of the photographic plate sets a lower 
limit to the acíual line width, with the result that, for 
a given size of mass spectroscope, the resolution cannot 
be improved beyond a certain point. This limit has been 
approximately reached by Mattauch and his collabo- 
rators? and by Ewald* who have achieved resolutions of 
1/100 000 with mass spectrographs possessing disper- 
sions of only 0.2 cm/1% mass difference. This corre- 
sponds to an actual line width of 2» 10-* cm. 

With electrical recording, it has been demonstrated 
that it is possible to locate a peak with a precision of 
approximately 1/500 of its width, a tenfold improve- 
ment over the photographic case. This is done by the 
*peak-matching" technique introduced by Smith* and 
also employed, in a modified form, by Nier and his 
collaborators. In this technique, by taking advantage 
of rapidly-responding detector systems, the two doublet 
peaks are made to appear on an oscilloscope screen on 
alternate sweeps. These two peaks are then brought into 
coincidence by adjustment of some circuit parameter 
(in Smith's case, a frequency; in Nier's case, a re- 
sistance) whose value gives the doublet mass difference. 
The peaks are thus “matched” by the human eye, an 
organ which can discern lack of coincidence with excep- 
tionally keen discrimination. This peak-matching 
scheme is perhaps the most important single advance in 
precision mass spectroscopy since the discovery of the 
double-focusing principle in the mid-1930's. By this 
device, stated precisions have been regularly achieved 
of one part in 2X107 and, occasionally, of even one 
part in 105. 

Partly because of the grain-size limitation in the case 
of photographic detection instruments but, even more, 
because of the difficulty of making and aligning the 
diminutive slits needed in small instruments if high 
resolution is to be attained, the current trend in pre- 
cision mass spectroscopes is toward the bigger-and- 
better variety. Such instruments are larger than their 


predecessors by roughly an order of magnitude and are 


3 F. Everling, Proceedings of the Mainz Conference on Atonia 
Masses (Pergamon Press, New York, 1957). 

1H. Ewald, Natl. Bur. Standards Cire. 8 522, 37 (1953). 

5L. G. Smith and C. C. Damm, Ph 
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Rev. 90, 324 (1953). PF 
6 Quisenberry, Scolman, and Nieren ys. Rev. 102. 1071 (1 
Es a = 3 


Method Investigator(s) 


Mass spectroscopic 
Ogata and Matsuda (1953) 
Mattauch and Bieri (1954) 
Smith (1955) 


Liebl and Ewald (1956) 
5 Kettner (1956) 


Demirkhanov et al. (1956) 
Smith (1957) 


Li et al. (1951) 
Wapstra (1955) 
Mattauch et al. (1956) 


Nuclear reactions 
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TABLE I. Recent values for the mass of C”, 


Collins, Nier, and Johnson (1952) 


Quisenberry, Scolman, and Nier (1955) 


Quisenberry, Scolman, and Nier (1956) 


Quisenberry, Giese, and Benson (1957) 


Ci Error Reference 
12.003842 4 a 
12.003844 6 b 
12.0038231 33 Ma 54 
12.0038212 38 c 
12.0038174 18 d 
12.003819 2 Li 56 
12.003814 6 Ket 56 
12.0038167 8 Qu 56 
12.003820 5 De 56 
12.00381458 11 Sm 57 
12.0038156 4 Qu 57 
12.003804 17 e 
12.003803 5 f 
12.0038000 39 g 


a Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 
b K, Ogata and H, Matsuda, Phys. Rev. 89, 27 (1953). 


d Quisenberry, Scolman, and Nier, Phys. Rev. 100, 1245(A) (1955). 
e Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 
! A. H. Wapstra, Physica 21, 367 (1955). 


under construction at Osaka University, 8 Harvard 
University,’ the Max Planck Institute for Chemistry” 
and McMaster University.” 

Although doublets are the traditional objects of 
study in precision mass spectroscopy, Johnson and 
Nier? have shown that electrical recording makes 
possible the determination of mass differences that are 
much larger than doublet spacings. This, with photo- 
graphic detection, would require a knowledge of the 
dispersion of the mass spectrograph over a considerable 
range, a knowledge which no mass spectroscopist to 
date has had the temerity to aver that he possesses. 
With electrical recording, however, the ion groups are 
- brought in turn to the same collector, say, by altering 
a resistance that determines the voltage across the 
electrostatic analyzer, as in Nier's case. Here the ions 

— have each traveled identical paths at the time of de- 
. tection, and the mass change in moving from one peak 
to another is proportional to the corresponding re- 
sistance change. The accuracy of this dispersion law has 
been repeatedly verified by determining directly the 
——. Hifmass as, for example, from the CsHs—CsH; mass 

difference. These “mass unit" (MU) mass differences 

do not carry with them the same precision as a doublet 

difference but they have already proved" an important 
means of determining neutron binding energies among 
| the heavy atoms. 
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employed by Giese and Benson are such that they do not 
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III. MASS SPECTROSCOPIC VERSUS NUCLEAR 
REACTION MASSES—C” 


Three years ago, at the time the first compilation was 
prepared, the lack of agreement between the mass of 
C? as determined mass spectroscopically and as de- 
rived from' reaction data was a source of concern. In 
the interval, the absolute value of this discrepancy has 
been greatly reduced, in fact, from ~40 pu MU to 
7-15 u MU. The discrepancy which remains, however, 
is still a real one which, statistically-speaking, is more 
significant than before. The evidence is presented in j 
Table I. 

Discrepancies exist elsewhere as well, but these are not 
so sharply defined, as the nuclides in question have not 
been the subject of such intense investigation. Giese and 
Benson," at the University of Minnesota, have recently 
concluded a mass spectroscopic study of atomic masses 
in the region 31 € A<55. These results, when compared 
with the masses derived from nuclear reactions, show, 
a discrepancy whose magnitude appears to be linearly 
dependent upon the distance by which the nuclide is 
removed from O'. Such a discrepancy could be ex- 
plained by assuming small errors in the determination 
of nuclear reaction Q's. These errors would be cumula- 
tive and, consequently, the total error would increase 
with the number of reaction stages connecting the 
nuclide in question to O!*, On the other hand, it is hard 
to imagine a systematic error in the mass spectroscopic 
work that could lead to this steadily-increasing type of 
discrepancy. True, an error in the mass of C” is poten- 
tially present, but this is much smalle: than the incon- 
sistencies here referred to. In each case the mass‘of the 
atom is found by studying some particular doublet, that 
is, by a one-stage operation. Furthermore, the doublets 


` 
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C3Hs— CO: 


H.—D 

D.— Het 

D3—4C 
NH;—NDH 
H;0—DO 
CD,—D:0 
ND;—D:O 
CD,—ND; 
CD,—Ne? 
ND;—Ne? 
D:0—Ne” 


CD4,—1A^ 
D30—4A*9 


ND;—3A” 
à C;Ds— CD: 


D»—He! 
Hes*t—30 


Bug —Bn 
B°BUH.—Na* 
BLE —S2O 
11 BMH —BU 
BUH—C 


BYBYH,—Na® ^ 


^ C,H,O = BUF, 


(Com DU MAN D3—1C 
CH:—N 
CH,—NH2 
` CH,—O 


CD.-D:0 
, CDi-NDs 
~ CD-N” 

CD,—1A* 


"Special symbols appearing in this table are defined in the second last paragraph of Sec. 
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ATOMIC MASS DIFFERENCES. II 


TABLE II. Mass spectroscopic atomic mass differences.* 


AM in mMU Error 


1.5483 
12.5803 
36.388 
36.3931 
23.8164 
12.5804 
23.833 
23.8159 
1.5478 
31.943 
31.9253 
1.5476 
11.4033 
13.019 
13.0234 
3.601 
11.405 
8.3102 
16.8944 
36.3934 
36.3960 
25.1585 
36.3958 
11.224 
25.3926 
76312 
19.040 
19.0367 
68.9344 
68.9346 
72.7870 
72.7932 


1.5483 
25.600 
42.298 

1.5478 

1.5476 
33.29453 
22.26447 
11.03006 
63.97896 
52.94890 
30.6872 
30.68443 
75.22626 

41.9390 

41.93173 
64.19620 
84.62526 


25.600 
17.7543 


11.450 
48.130 
42.7130 
11.450 
17.139 
48.130 
21.7052 


42.298 
12.5803 
12.5804 
36.388 
36.3931 
33.29453 
11.03006 
63.97896 
75.22626 


10 


N — 


O0 G3 OO SO *O tà Qv Cn OO Cn d 00 ON P Cn i NA 4e CO 00 Cn Cn A e 


— 


11 
10 
13 
17 


Refer- 
ence 


Element 


Refer- 
Z A Doublet AM in mMU Error ence 
6C 12 C:H,—CO 36.3934 8 Qu 56 
36.3960 5 Qu 57 
C3H4,— N2 25.1585 6 Sco 56 
N:—CO 11.2355 6 Sco 56 
CHOH —Os 36.3958 12 Qu 57 
4C.H40— O"O 11.224 9 Ket 56 
4C,H,O— H:S 25.3926 9 Qu 56 
$C,H,O—H.202 7.6312 8 Qu 57 
4C,H,O—O0 19.040 13 Ket 56 
19.0367 8 Qu 56 
C3;H,—A*® 68.9344 13 Qu 56 
68.9346 11 Qu 57 
C:Hs— CO: 72.7870 16 Qu 56 
72.1932 16 Qu 57 
N:30— CO: 11.244 10 Kr 57 
C,—SO 33.0269 13 Qu 56 
C3Dsg— CD: 84.62526 22 Sm 57 
13 C3H,—HO 31.943 11 Ket 56 
31.9253 7 Sco 56 
1N 14 CH:—-N 12.5803 4 Qu 56 
NHa—O 23.8164 5 Qu 56 
NH;—OH 23.833 8 Ket 56 
23.8159 6 Qu 56 
CD,—NDs; 11.03006 10 Sm 57 
ND;—D:0 22.26447 10 Sm 57 
ND;—Ne” 52.94890 12 Sm 57 
ND;—3A® 64.19620 16 Sm 57 
C2H,—N2 25.1585 Qu 56 
N:— CO 11.2355 6 Sco 56 
N:O—CO:2 11.244 10 Kr 57 3 
15 CH;—N!5 23.3652 9 Sco 56 
NH;—H;O 13.019 5 Ket 56 
13.0234 4 Sco 56 
3 
80 17 OH—O" 3.6077 5 Sco 56 
H;0—H,0" 3.601 6 
4C,H,0—O"0 11.224 9 
18 H30 —0!5 11.4033 21 
H30 —HO!5 11.405 8 
D:0— H018 8.3102 4 
H4055—HF!? 8.582 2 
H:0!8— Ne” 22.392 5 
22.3770 ó 
HDO!— Ne” 27.2482 7 
4COO#8— Na” 7.2592 20 
4C,H,O—O80 19.040 13 
19.0367 8 
9F 19 HDO-F? 18.4380 14 
H:0!8— HF” 8.582 2 
D:0—HF” 16.8944 om 
BVF, —SO 42.7730 17 
C,H,O—B"F3” 21.7052 13 
CsHy—CF;? 75.2462 20 
C,Hi,— SPSE;9 129.625 4 
C&,Hi—Si?F,? 137.889 7 
C,H702—Si®F3” 75.6590 36 . 
10 Ne 20 CD,—Ne? 63.97896 
ND;—Ne? 52.94890 
D:0— Ne” 30.6872 4 
30.68443 
H:0!8— Ne» 22.392 — 
22.3770 
Ne®—}A" 
21 402H,0 — Ne” 
HDO!!— Ne?! 
22 1CO:— Ne? 
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TABLE II.—Continued. 


Element Refer- Element Refer- 
Z A Doublet AM in mMU Error ence Z A Doublet AM in mMU Error ence 
11 Na 23 B*BUH;—Na?^? 48.130 10 Li 56 24 Cr 54 C4H,— Cr*t 108.1099 23 Ge 57 
1COO5—Na* 7.2592 20 Sco 56 c 
25 Mn 55 C,H;— Mn55 116.7547 22 Ge 57 
12 Mg 24 C:— Mg? 14.9621 11 Sco 56 1Ho!955— Mn55$ $38.3 3 Ho 54 
25 C.H — Mg?5 21.9944 10 Sco 56 
26 C:H2— Mg?’ 33.0676 10 Sco 56 26 Fe 54 CiHo— Fes! ee 4 Qu 56a 
56 Si?$— FF ess $89.30 6 Du 50 
13941. 27 C-H; — AI? 41.9548 23 Sco 56 CyHs—Fe® Se ; Qu 56a 
57 C4H, — Fe? 135.005 Qu 56a 
14 Si 28 C;H:5 — SiS F; 129.625 4 Sco 56 58 C,Hio— Fe’ 144.977 4 Qv 56a 
29 CcH 4 — SI9F;? 137.889 7 Sco 56 
30 C4,H05 — Si? F7? 75.6590 36 Sco 56 27 Co 59 C2H3;02—Co®? 80.1466 23 Qu 56a 
15 P 31 O5— P*!'H 8.2423 6 Ge 57 28 Ni 58 C4,H;o — Ni*® 142.941 7 Qu 56a 
C3H40 — Ni*5* 106.52 15- Eamso 
16S 32 0O2.—-S MISS 10 Sch 56 60 C2H,O2—Ni® 90.387 6 Qu 56a 
17.7599 9 Qu 56 90.82 15 Ea 56 
17.7623 11 Qu 57 61 C;H;0»— Ni*! 97.894 5 Qu 56a 
HS—S%8 8.448 25 Sch 56 62 C;H?— Ni“ 87.339 6 Qu 56a 
3C,H,O—H.S 25.3926 9 Qu 56 64 SO;— Ni“ 33.901 5 Qu 56a 
33 HS-—S*5 8.448 25 Sch 56 
C,H — S90 41.4602 15 Ge 57 29 Cu 63 CsH3;—Cu® 93.909 7 Qu S6a 
34 H3$S—S* 19.851 10 Sch 56 65 C;H;-— Cus 111.377 4 Qu 56a 
C;—H.S* 16.466 10 Sch 56 s 
C:H:—S*0 52.9889 15 Ge 57 30 Zn 64 O2—43Zn* 25.45 15 Kress 
36 C4,H,— SO 69.3175 35 Ge 57 25.2633 26 Qu 56a 
SO2—Zn™ 32.7687 32 Qu 56a 
172 Cl 35 H C]35— A36 9.1346 9 Ge 57 66 CsH,—Zn* 120.935 6 Qu 56a 
CsHi9— C155 140.5850 34 Ge 57 Xe! — Zn 86 25.61 15) KURSS 
37 HCI?— A35 11.0001 10 Ge 57 30 Zn 67 C;H;—Zn 127.675 7 Qu 56a 
C,H2— C123? 83.8692 23 Ge 57 1Xeh!—Zpn9 25.25 20: KTSS 
68 CsHs— Zn’! 137.781 4 Qu 56a 
18A 36 H;0—4A9 (26.7937 6) Qu 56 JXes- Zpos 2770 20 Kr 55 
rn (32.4729 20) Qu 56 70 C;H:o— Zn” 152.953 6 Qu 56a 
35— A36 9.1346 9 Ge 57 
38 HCl? — A38 11.0001 10 Ge 57 36 Kr 84 CH2Clo*5— Kri 41.849 33 Kr 57 
40 CD,—3A* 75.22626 17 Sm 57 86 4Xe!9— 4K 86 12.969 17 Kr 57 
ND;—3A” 64.19620 16 Sm 57 CHCP5F,9 — Kr8é 62.733 49 Kr 57 
D:0—4A* 41.9390 13 Qu 56 
Neo 3A. ean 15 Sm 57 38 Sr 88 CO2—4Sr88 §37.00 18 Du 51a 
—1A1 1.24730 18 Sm 57 
C;H,— A% 68.9340] is on 2 39 Y 89 C;H,— Y9O $169.84 11 Co 54 
i u : 
54 Xe 126 C;sH3—4Xe!6 §71.27 1 Ha 52 
19 K 39 C3;3H;—K® 59.7621 20 Li 56 129 4Xe!%—AKr86 12.969 17 Kr 57 
59.7819 15 Ge 57 130 CcH 1905 — Xe! 159.53 3 Jo 57 
C3HN—K? 147.58 8 He 51 131 CioHii — Xe! 181.05 4 Jo 57 
40 C;H4,— K 40 67.3178 21 Ge 57 132 CO;—iXe!? 21.762 20 KrN57 
41 C;H;—K^4 77.331 20 Li 56 Xe! — Zn95 25.61 15 Kr 55 
77.3167 19 Ge 57 CioHi12—Xel® 189.79 G jo Gi 
C;H;N—K^ 165.13 5 He 51 134 pe 25.25 20 Kr 3 $ 
19H 4 — X e! 204.20 5 Jo [ 
20 Ca 40 CH4 — Ca“ 68.7341 15 Ge 57 136 1Xe136— 708 27.70 20 Kr 55 f 
42 C;H,— Ca” 88.3500 22 Ge 57 CioH 1, — X eh 218.055 ?S Je Sy 
43 C;H;— Ca 96.0186 26 Ge 57 D 
44 CO;— Ca“ 34.3442 24 Ge 57 55 Cs 133 CioHa5 — Cs! 196.66 7 de Sy , 
46 CSH;-— Ca*6 34.0462 39 Ge 57 
48 C,— Cate 47.4964 55 Ge 57 56 Ba 120 uo Das 156.24 20 n » | 
: 10H35 — Bal? 188.84 1 o I 
| 21 Sc 45 CSH — Scis 23.9873 18 Ge 57 13 MOH aBa A 5 Jo a d 
^ sH1, — Ba?35 07.40 1 o 
22 Ti 46 CSH2—Ti** 35.1026 14 Ge 57 136 CioHi6— Base 220.89  . 9 Jo 57 i 
A SE 0025 an ce a 137 C9C,H;, — Ba! 223.08 TO Jo Sy | 
—Ti! . e 138 CipHis— Ba!38 1 57 i 
49 C.H — Ti 59.9781 15 Ge 57 TERS 236.03 8 Jo I 
50 C,H;— Ti* 70.8839 18 Ge 57 57 La 138 Chay 234.17 20 Jo 57 
238 V 50 C4Hy— V 68.5076 18 Ge 57 BSP CECH Le, 23823 6 Jo 57 
51, C,H$— V8 79.5223 18 Ge 5 58 Ce 136 CisHie— Cen 218.19» 20 Jo s ] 
$ —Cr® 69.6218 18 Ge 57 138 CioHg — Cels 234.89 20 Jo 5 
HUS eA 2 D ee 90.8165 17 Ge 57 140 CioHao— Cero 251.29 6 Jo 57 
e m» 53 C,Hs—Cr® 98.5062 21 Ge 57 142 CipH22— Cel? 262.93 7 Jo X. 
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regularly increase in width as heavier atoms are inves- 
tigated. If this latter had not been the case, a syste- 
matic error that increased with doublet spacing might 
have provided an explanation for the mounting incon- 
sistencies. 

Among heavier atoms, particularly in the iron-nickel- 
zinc region, certain large discrepancies!? between mass 
differences as calculated from mass spectroscopy and as 
derived from reaction energies have been virtually 
removed.!® Large inconsistencies still exist in the 
50-neutron region. 

In short, the absolute agreement between the results 
from these two major sources of atomic mass informa- 
tion has much improved in the past three years. The 
remaining dissonance, would be greatly lessened and, 
incidentally, great joy would be brought to the heart of 
the mass spectroscopist, if a small systematic error were 
to be found among Q-value determinations. 

^ 


a 


IV. TABLE OF ATOMIC MASS DIFFERENCES 


In Table II are listed the atomic mass differences 
which have been obtained by mass spectroscopic 
methods in the past three years. These data supplement 
those in Tables II, III, and IV of reference 1. Appearing 
herein is a good deal of.information which has not, at 
the time of writing (June 1957), been published. 

In reference 1 the doublets that were used to obtain 

the masses of the secondary standards H!, D?, and C? 
were tabulated separately. Recently, however, several 
new doublet cycles that provide means of calculating 
these masses have been introduced, 5/5 with the result 
that there is now a rather formidable number of 
“fundamental” doublets, some of which are sacrosanct 
in one laboratory but not in another. For this reason, 
and also because a number of heavier atoms are likely 
to be added”? to the list of secondary standards, all the 
mass data are here shown in a single table. 
. The mass differences in Table II are arranged accord- 
ing to element in order of increasing atomic number, Z, 
and, within the given element, according to isotope in 
order of increasing mass number, A. The entries asso- 
ciated with any particular nuclide represent those data 
which may be useful in calculating the mass of the 
nuclide in question. As a result there are many double 
entries, for example, the H:0— DO mass difference is 
listed under both H and D. On the other hand, the 
Ci3H;o— Sm? mass difference is listed only under 
Sm, Although it does involve both H and C, this 
difference is not'of practical use in determining the 
“masses of these two atoms. 


15 Kerr, Taylor, ahd Duckworth, Nature 176, 458 (1955). 

16 Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 
. 7M. E. Kettner, Phys. Rev. 102, 1065 (1956). 

18 L, G. Smith, Bull. Am. Phys. Soc. Ser. II, 2, 223 (1957). 

BH. E, Duckworth, Progr. in Nuclear Phys. 6, 139 (1957). 
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TABLE II.—Continued. 


Element Refer- 

Z A Doublet AM in mMU Error ence 
59 Pr 141 CuH;— Pr"! 163.00 3! o SA 
60 Nd 142 CioH22— Nd! 264.74 3 Jo 57 

143 CBCi9H 1p — Nd! 172.08 10 Jo 57 
144 CioH; FY — Nd! 127.77 7 Jo 57 
145 CioH,FP9 — Nd''5 133.33 i) Ie 57 
146 CioH;FP — Nds 140.53 6 Jo 57 
148 | C;PC4H;F? — Nd!$ 143.46 6 Jo 57 
150 CyH1p02—Nd!™ 147.30 7 Jo 57 
62 Sm 144 CHF” — Sm! 125.92 9 Jo 57 
147  CP9C;H;F9?—Sm!'? 142.09 9 le Sy 
148 Sm¥8—Sm"7 — 11000.25 Jo 57 
Sm!9?—SmH3 3 11002.71 Jo 57 
149 Sm!?—Sm!* 1002.71 Jo 57 
Sm!?—Sm!? 3. 11000.42 Jo 57 
150 CH 1902? — Sm! 151.23 yg deo S 
152 Ci; H5 — Sm! 143.29 13 Jo 57 
154 CisH 9 — SmP* 156.37 15 Jo 57 
63 Eu 151 Ci4H; — Eut"! 135.26 "dp Sy 
CiusHu—Eu'0 171.69 19 Jo 57 
153 CBCi4Hi?— Eu! 90 181.8 4 Jo 57 
64 Gd 154 Gdis5— Gd!5t — 11002.15 6 Jo Sia 
155 Gd!ss— Gd!s5 1999.90 6 Jo 57a 
156 Gd!57— Gd!56 — 11002.20 6 Jo 57a 
157 Gd's5—Gd!5' 1000.53 6 Jo 57a 
66 Dy 160 Dy'*#—Dy!® 1002.10 6 Jo 57a 
161 Dy!?—Dy!* 1000.21 6 Jo 57a 
162 Dy!®—Dy'® $1002.26 6 Jo 57a 
163 Dy—Dy! 1000.80 6 Jo Sia 
67 Ho 165 1Ho!5— Mn® §38.3 3 Ho 54 
68 Er 166 Er'*7—Ert8 $1002.06 6 Jo Sila 
167 Er!68—Er!67 — T1000.65 6 Jo 57a 
70 Yb 170 Yb'!—Yb'*  11001.88 6 Jo 57a 
171 Yb!'?—Yb'"! 1000.40 6 Jo 57a 
172 Yb!3—Yb"'? —- $1002.17 6 Jo 57a 
173 Yb!4*—Yb'73_—- $1000.97 6 Jo S7a 
72 Hf 176 H(!7—Hí"* = $1002.25 6 Jo Sia 
177 Hfi78—Hf77_ 1000.88 6 Jo Sla 
178 Hf'?—Hí"5 $1002.36 6 Jo 57a 
179 Hf'-—Hf'?  f1001.13 6 Jo Sia 
74 W 182 W18— WIS $1002.23 6 Jo 57a 
183 Wist— wis 11000.99 6 Jo Siva 
76 Os 186 Os!87—Qs!86 — 1002.14 6 Jo S7a 
187 Os!88—QOs!87_ — T1000.33 6 Jo Sia 
188 Os!9—Os!55 1002.55 6 Jo Sia 
189 Os!®—QOs! — 1000.52 6 Jo Sia 
78 Pt 194 pti95— pta $1002.45 6 Jo Sia 
195 pu95— pts 11000.49 6 Jo S7a 
80 Hg 198 Hg™—Hg' — 11001.82 6 Jo Sia 
199 Hg™—Hg™ 1000.31 6 Jo 57a 
200 Hg™!—Hg™ 1002.26 6 Jo Sa 
201 Hg*?—Hg*! 1000.64 6 Jo Sia 
82 Pb 206 Pb*'—Pb** —11001.74 6 To 57a 
207 Pb**—Pb*' $1001.06 6 Jo 57a 


Symbols appearing in "Table II have the following: ` 
significance: f indicates a datum omitted in the tables — 
of reference 1, § indicates a correction to the tables of — *: 

AO At ae T2. 


772 HENRY E. 
reference 1, and t designates mass differences which are 
not true doublets but are, rather, mass-unit differences 
of the type described in the concluding paragraph of 
Sec. II. A datum in parentheses indicates that the 
investigator originally responsible for it now views it 
with suspicion. As before, it should be assumed that 
later values supersede earlier values from the same 
laboratory. 

The reader should consult the original papers for 
descriptions of the assigned errors. In most cases these 
are probable errors based only on the internal con- 
sistency of the data. The frequency with which two 
entries for the same doublet agree within the stated 
errors suggests that systematic errors are roughly 
comparable in size to the statistical ones. 


V. ACKNOWLEDGMENTS 


I have been greatly helped in the preparation of this 
review by a number of persons who have kindly pro- 
vided me with pre-publication information concerning 
their work and who have checked the accuracy of the 
first draft of Table IT. These include J. L. Benson, V. B. 
Bhanot, H. Ewald, C. F. Giese, W. H. Johnson, J. T. 
Kerr, M. E. Kettner, J. Mattauch, A. O. Nier, K. 
Ogata, K. S. Quisenberry, T. T. Scolman, and L. G. 
Smith. I also much appreciate the assistance of Gertrude 
Isenor who has compiled most of the information in 
Table II and has assiduously checked it. 


r 


Ha 52 
Ho 54 


He 51 
lo SY 


Jo 57a 


Ket 56 
Kr 55 


Li 56 
Ma 54 


Qu 56 
Qu 56a 
Qu 57 
Sch 56 
Sco 56 


Sm 57 
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REVIEWS*OF MODERN PHYSICS 


Table of Total Beta-Disintegration Energies. ru E 


5 L. J. Liporskv 
, Columbia University, New York, New York 
INTRODUCTION lished from the information on beta decay, information 


HE “Table of Total Beta-Disintegration Ener- 
gies,” 1 which appeared in 1954, has been used 
widely as a data summary and as a source for evaluating 
mass differences.? Since then, a great deal of new data 
has appeared in the literature, enough, in fact, to 
warrant the issuance of this report as a supplement to 
(I). Information available to the author up to about 
March 1, 1957, is included. 


EXPLANATION OF TABLE ? 


For the purpose of continuity, the symbols and format 
used in (I) have ‘Deen retained. As before, in the case 
of a complex decay, the Q value is ordinarily evaluated 
from the single branch which is best known. However, 
in those cases where several branches have been inves- 
tigated by coincidence:spectrometer methods, each is 
considered in making the final evaluation. Also, in 
certain cases where the decay scheme is not well estab- 


* Prepared at the suggestion of the Subcommittee on Nuclear 
Constants of the Committee on Nuclear Science of the National 
Research Council as part of a program of the compilation of 
experimental data relating to atomic masses. : 

+ This work was partially supported by the U. S. Atomic Energy 
Commission. r 

1R. W. King, Revs. Modern Phys. 26, 327 (1954), hereinafter 
referred to as (I). x , s 

? A. H. Wapstra, Physica 21, 367 (1955); Physica 21, 385 
(1955). J. R. Huizenga, Physica 21, 410 (1955). Mattauch, 
Waldman, Bieri, and Everling, Z. Naturforsch. 11A, 525 (1956). 
Way, King, McGinnis, and van Lieshout, “Nuclear level schemes,” 


TID-5300 (U. S. Atomic Energy Commission, September, 1955). 
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on the position of levels from nuclear reactions is used 
as a guide. 3 

'The adopted Q value is obtained by weighting the. 
various measurements inversely as the squares of their 
errors. In those cases where the author did not quote a 
quantitative error, an estimate of the error was made. 
The estimates employed were in general based on 
criteria similar to those indicated in (I). However, in 
cases where there were indications of the accuracy of the 
experiment, errors were estimated in accord with those 
indications. 
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TABLE I. 


ADOPTED | ADOPTED Q | HALF- DECAY DATA 


----- i F-K plot linear to 0.250 


n/2853:0 13/2 


-2.. c 
5 6 6 


56N1 | B7 with Emax ~ Emax from Bl? seen 


following Li7(Li7,p)Bl2 


CEP o 5 F-K plot linear 


8* decay to 2.3 level in nih 


5/2* 3.9 3/27 


l.S B^ to 0.200 level in Fl? (6,91) 


est 
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: BETA-DISINTEGRATION ENERGIES. II 


"TABLE I (continued). 
| ADOPTED Q | DECAY DATA 


"as d ure fae 


22 BS h.39 5 67  scin 57Pl (B 3.95) (v 0.h36) confirm decay 


Ne --2-» Na 
schere (57P1) : 


10 13 11 1? 


5/2* 


+ 


p- 3.9 3 scin 5601 


5/2 
asm G 32  scin 57Pl 


scin 57Pl 
scin 5601 


= 
o 
MEI 


B^ 1.98 5 92 scin 56D2 (B 1.98)(y 0-472) and 

B- 130 5 8 scin 56D2 (B 1-10)(y 0.172)(y 0.578) observed 
Y 472 5 scin 56D2 (5602) ] 

" .808 5 scin S6D2 


Na -2l.. wg 
11 13 12 12^ 


ut 


6.1 


Al "css Mg 
als} alt 12 12 


rg rhe 


pt ~ 8.5 weak scin 55061 8* presumably goes to ~h.22 


several y rays observed 55G1 mev state (55G1) 


2 65 scin 55Ml (B)(y) confirm ~ 38 B= as 
2 scin 5hH3 
25 a SuN1 ground state transition 


p* 133 6 scin 57J1 (8*)(1.8y) and (yt) (1.8y) 
nou G scin 5511 
1.30 15 a 55Hl observed (5511), (55H). 


^J = 3, no shape (5511),(5721) 


Mg --21. Al 
12 15 13 M 


1/2? 4.8 3/2 


u.8 1,42" 


($06) and (82) 
(5611), (5hN2) — 


* 


eel TD OBSK- Y 


TABLE I (continued). 


HALF- 


COMMENTS 


scin 55R1 


+0319 


1 (y)(y) and y- well crystal summing 


1.316 1 s ShS2| indicate all y's previously reported 


other y's are coincident with 0.032 v. (5lS2) 


(B)(y) observed (54N1), (5hs2) 


* 
other y's and lower energy 8 present 


(5501) 


(B 1.55)(y 2.12) and (Bp 2.65) (y 1.31) 
(5LN2) 


(B*)(v) studies confirm this as 
ground state transition (55R1) 


s BETA-DISINTEGRATION ENERGIES. II 


TABLE I (continued). » 3 


DISINTEGRATION | avopreo a | parr- DECAVEDATA COMMENTS | 


1.704 10 s 56Al 
1.712 5 E 56P1 
1.12 8 s 5642 
1.700 5 s 56A2 
1.711 6 s pint 


2 
p* 9.5 hk 50 scin  5601| assume 8* decay to 2.25 level in s 


cl -3 s 
47 15  '1616 


P 22255 S 
15 88 16 17 


1/2* 5:0 n324 


3h 


p* 55Kl| identified by Cl^' daughter 


A Sh Cl ^4 
18 16 17 17 


F-K plot linear to 5 kev (5l) 


0.1670 5 


weak y rays (1.19 + 1.73) also report 
ed (56K1) 


17 28 
3/2* 


18 17 


3/2* 3.8 


^u —XÓ s y [Ee 1.7  scin  55D2| From relative intensity of (5671) 


typ ay) 16 20 
2* + 


5 and K auger electrons/8- 


ES ET 0.71 L scin 56J1] Shape is fitted by AJ = 2,no. (56J) 
17 19 18 18 
& WAS OF 3 


8^ 1.6 1 90 scin 561] 10 per cent -h.7 B also reported 
(560) 


s o m 
1621 17 20 


7/27 h.3 YEE 
or 7/27 


9.21 3/2* 


^ 


Y Sgt m scin 56M 
5653 


" --il> oc continuous y spectrum Electron capture 
18 19 17 20 

- S Ee 0.612 8 s recoil 55K2| excess low energy Pod ons supoort; 
3/2 5.1 3/2 0.614, 2 s recoil 5551| | Ge, Ra). o 


L. J. LIDOFSKY 


3 TABLE I (continued). 


"es 


5655 


oSA 
Waa GA 


(5 HD 2e ? 8 56P2 | (By) (v3) 5 and (83) (v 0.26) (y 1.270) 
1.90 5 85  scinfy 56P2 | give good energy match (56P2) 


AJ = 2,yes observed for Bo (56P2) 


1.520 56P2 


weak scin Strong *3.0 B component is assumed 
to decay to a (-) parity state at 


*1,.2 mev (56M2) 


AJ = lyes shape. 


~2.l8 mev ground state decay spec- 


trum can be fit to AJ = 2,yes shape 
(5656) 


r~ 


3.545 
3.560 s 


1.985 
1.970 18 shy  5hkl 


1.530 


Po has AJ = 2,yes shape (56P3, 5LK1) 


p? several mev scin  55Ml| K + & bombardment. Identified by 
yield. (55M 1) 


578. (0.37Ly)(O-6lky) and (0.591y)(0.31hy) 
57Bl| indicate state at 0.285 fed by 0.828 " 
(pr), (50 ^ 
3 Bg has AJ = 2,yes shoe (57B1) 


BETA-DISINTEGRATION ENERGIES. II 


"TABLE I (continued). 


DISINTEGRATION [ADOPTED a | parr- DECAY DATA 
ERRoR| LIFE [TYPE Disa tor Rer esee] COMMENTS 


3.5 Ca 
20 23 


gt 1.20 19 s SuL1 |(0. 828* )(0.38y) gives energy match 


55B1 
55H. 


spy 


B^ has AJ = 2,no shape. (5641) 


F-K plot linear. 
vided by 0.66 p^ + 1.31y (5612, 55L3) 


Energy match pro- 


20 27 21 26 
1/27 


8.5 7/2 


NUS Energy match by (0.hlg)(0.160y) 
21 26 22 25 (56L2, 5602, 55N1, 55Lh) 
Wee Sos) WEP 

61 5/27 


L8 


g* decays to 2.32 state in Ti 


(0.12y)(0.3ly) confirmed (55V1, 55W1) 


Cr 8 V 
2h 2h 23 25 
ES ED: 


Q value selected on basis of « 2 per 


cent 8* and on ft for an allowed 


transition. 


(2.18) (3.1y) confirmed (5643) 


Sc U2> ci 
21 28 22 R7 


Uc cS wem 


^ 


bo Yo MOD OITS ie y¢ 


? TABLE I (continued). 


HALF- 


COMMENTS 


` 


ontinuous y spectrum K binding energy = 0.0055 


0.616 10 scin 56H1 
0.612 20 scin 5hP2 


E 


trum fit Glauber-4artin 
L2 Y spectrum by 


theory 


(1.17y)(1.59k) observed in crystal 
sunming (5543). 


Ti 
22 28 


Se 

GEM 
255,235 L* 
da E 


approximately equal intensities 


indicate that ail radiations may be 


in cascade. 


F-K plot linear (55B2, 55M4) 
(2.28)(0.3v) observed (56J3, 5582, 

55B2, 55Mh) 
. (1.58)(0.93Y) gives energy match 
(55B2, 5623) 


€ 


continuous y spectrum 


K binding energy = 0.006 


V 
23 28 


0. 774 


2.13 6 
1.49 L 


g- 
Y 


see comment 
Pin 2.631 15 s — 56n 


decay is from metastable 0.39 state 


in Mn?? to 1.7 state in Cr??, 


unobserved low energy y in Mn»? 


is probable. 


23h activity püevtoudy assigned i 


BETA-DISINTEGRATION ENERGIES. II 


TABLE I (continued). 


DISINTEGRATION | AooPTED a | waLr- DECAY DATA 
ERRoR| LIFE [Type] MEV [ERROR] % [METHOD] REF. | COMMENTS 


unc” 55W2 


k xrays observed 


En 


V ---- Cr 
23 31 2h 30 


Gr P598 sein 5657 | (0.635y)(0.990)(£ >1) observed, 


i E E E Y 0.835 9 scin 56S7 | 0-535y more intense than O.99v. if 
Yo 0.990 10 scin 9687 | P decay systematics suggest Q ~ 6-7 4d 
Y3 Qu dh weak scin 56S7 (S12) 


X binding energy .006 


continuous y-spectrum 


^ T 5 ( tey)scin 
0.522 20 x-cont.y)sc 
56Jh 


0.640 7 scin 54M3 


ou 


2914 ~ 107? (see comnent))~ 1 mev electrons assigned here pre- 


see comment 
" 


viously are probably e^ from O.8ly 
(see Mn?4--—>cr5l). Probable Sal 


ment of se to Mnl from aligned 


| 
nucleus studies (5162) would suggest 


p/e © 1072 for a 1 mev B^ trans 
ition. (5571). " 


0.220 |i 29 | € wer 


continuous y spectrum K binding energy = 0.0071 


Fe 
26 29 
3/27 


0.213 
0.223 10 scin SM 
0,225 


B' 1.500 8 s 
0.935 9 C 


Co Fe 
27 28 26 29 
7/27 — 6 °8/257/27 
3/27 

e 


Y 
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E TABLE I (continued). 


N ADOBIEDAQ HALE: COMMENTS 
DISINTEGRATIO | Mev [ERROR LIFE 
56 ] A 
Co --—» Fe Many other y's present disagreement 
eu e 33S) 55H? 
E : E on presence and nature of lower 
h* 8.5 4 Y x i 56K2 
0.85 s scin 56Cl | energy B* groups. Decay scheme in- 


0.615 s 55H2 


cluding spin assignments established 


= 
Yo 1.2h 1, scin 56K2 
1.20 1, scin 56Cl | by (y)(y) studies. 
5 55H2 


Ni -28-> Co 
28 28 27 29 


55W7 | Many lower energy Y's observed. 


P 


systematics suggest Q ~ 2.7 (5lW2) 


2.6 2 Weak y's present (5hC2). Same y's 


appear in Co Bolas Fe?! 


5/2, 1/2 24.7 5/27 
1/27, 3/2 


Y 0.134 6 str scin 5402, 


Yo 0.117 L str scin 5hC2 
see comnents 


51, 


N previously assigned here not Co 


Co SIES Fe B 
(55M5, 5502, 55L5, 55M6, 5503) 


27 30 26 31 
1/27 6.0 5/27 
3/2- , 1/2 


continuous y spectrum 
Ev max 
0-426 30 (x)(cont.y) 

scin 56Jl 


K binding energy 0.008 


decay scheme confirmed by (.123y) 
(-Ol1hy)(55M5, 55L5, 55M6). 


Yi 0.137 2 s 5502 
0.1374 2 s 5503 
0.13631 3 s 55B5 


nop* (55H5, 5502, 55L5) 


very weak B* (impurity?X 55M6, 5503) 


Ni -2L> co 
28 29 27 30 


3/27 


0.854 9 76 56K3 


Y 1.36 8. scin 56K3 


1.39 2 scin 5LMS 


(0.728* + 0.127y + 1.37y) confirm 
Q. (56K3) 


5.3 
5/27 , 3/27 


0.485 10 s 5503 


Y 0.805 8* scin 5603 
0.815 h° scin 5503 


branch (5663, 56F1) 


no 0.5y (5663, 56F1) 


also weak € 


+ 


75 10 s 56S8| Bj is ~ what is expected from g-decay 


3-7 
3.4 


systematics (5hW2). However (55Y1) 
reports 1.85 8* accompanied by only 
a weak Ye Weak y!'s:also reported by 
(56Pl). 


` 
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BETA-DISINTEGRATION ENERGIES. II 


TABLE I (continued). 


DISINTEGRATION (ERES G] Q HALF- DECAY DATA 


A n 1.48 p7 (5*—> 2*) can be fit with 
28 32 


Lt 


E ET 
5r 


AJ = 3; no shape (56W1) 


Th 
12.6 


Produced by 52 mev a on Ni 58 


weak y with 0.5<E <3 


but not by 15 mev a. 


B systematics (5lW2) suggest 
Q-h 


B systematics (5lW2) suggest 
Q-3 


61 


-===> Co 


27 3h 


Fe 
26 35 
5/2, 3/27 1/27 


scin 56N2 no 0.5y (56N2) 


scin 5hNS 


energy match 


by (0.56 p*)(0.66y)(56N2) 


cu -A- Ni pi 1.220 15 50 s 56N2 


29 22 28 23 


3/27 5.2 3/27 


no strong y (55Ch) 


Zn -A.. cu 


o| 39 $ eo) € 
d 3/27 5.4 3/27 


Co -62> Ni 
CH - ep 28 3h 


n 
- Ni 
28 3l 


784 


DISINTEGRATION 


Zn -$2.. Cu 
30 32 29 33 


GU peg TY, Oy 
(j75 267 


Zn -63> Cu 


30 35 29 36 

5/27 8.h 3/27 
Ni ----5 Cu 

26 38 ?9 37 


Cu -6> Zn 
?29 37 30 36 


2 2 


Ge 25 Ga 
32 35 31 36 


3/27, 5/2- 


25.3 3/27 


Ge -68> Ga 
32 36 31 37 


30 39 31 38 

nos P. 3/27 
c 

cr 


s 


IL; Jo IJUDONTS Kw 


TABLE I (continued). 


| ADOPTED a | paLF- 


0.675 10 


COMMENTS 


+ 
B 
intensity diff. 


may be 2 spectra of approx. = 


0.0113 3 in end point by ^.Ol. 


F-K plot linear (5675); no y (5605) 


Energy match provided by l.6hg + 


1.03y. 


Complex y's consistent decay scheme 


with highest level in ZnÓ7 at 0.87. 


Upper limit on Q fromno B* and ft 


value for ~ 1 per cent e branch 


to 0.87 state. 


Recalibration of absorbers with 


known radiations leads to reinter- 
pretation of previously reported 


3.hg* (56a4) 


as 2.9 pt. 


^ 


no B* with E > 0.3 B-decay energy systematics (5lW2) 


suggest Q ~ 0.7. 


D 


simple B^ decay (5391); no ^ 
52" (55L7) 
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DISINTEGRATION 


As 


00332036 


3/2, 


Ga 


33 37 
h,5* 


As-19-. Ge 


TORS Ge 
320091, 


5/2- 
> 5.5 5/2, 3/2 


-103 Ge 


32 36 


ry Ga 


32 39 31 ho 


2/2 


As 


5/2" 


se 
3h 39 


9/2* 


" 


S 
3h 38 33 39 


h.3 3/27 


-là.. Ge 


33 38 32 39 


5.7 
3/27, 5/27 


-I-> As 


27 


-L-a As 
33 10 


* 
5. — 9/2 
5/27 


PENS MER t  u g EIT a € UMEPCqUES 


BETA-DISINTEGRATION ENERGIES. II 


TABLE I (continued). 


ADOPTED Q | HALF- DEGAYIBDATA COMMENTS 


Lire [ree mev [ennon] % verso] ner. 
* 


P eg & a  —55B6 


from J, m assignments to &«5* of — 
As, Ge, J seems probable that 


B. is a composite spectrum. 


a consideration of states from com- 
plex decay of Gal? and additional 
y's found by (55B6) support decay 
scheme and adopted Q. 


K binding energy is 0.0111 


continuous y-spectrum 
Ey max 


0.226 5 


0.220 3 


p* 0.815 10 
0.813 10 91 s SuTL 


y — 0.3150 l s 5562 
0.17h5 h SuTL 


3.166 30" 
0.83h 5* 


consistent decay scheme and Q are 


ERE 
established by By and yy (56K5 
(ess (2:598) (Oebsy)(0-O54)) 


786 lb, Yo LUDO’ Sire 


TABLE I (continued). 


ADOPTED Q | HALF- DECAY DATA 


NE 0.58, 2.3, 2.6 scin 56M2 B-decay energy systematics (5LW2) 
suggest Q ~ 6. 


1.188 20 87  scin 55S5 (11 per cent 0.9198)(0.265y) con- 
firm. Q. (5555) 


decay scheme may be established by 


3h 31 33 he 
yy (5555) and by X scin 


BB. W 


(5518)with highest state at Osle 


As -16_> Se "op. al complex decay. Q confirmed by 


33 h3 3h h2 2.965 10 50 
E (2.h28)(0.55y). (S6P1, 55K2). 


2 
àJ = 2; yes shape for B,(56Pl, 55K2) 


other y's observed (55T2).B decay 
energy systematics (5lW2) suggest Q 


coat 


Ge -U> As data from 52° i d R A 
32 L5 3 bb pe 290 5 eee MN (2.7) (0.215y) ; no(0,159y )( O+215y)5 


1/27(528) BI "2.1 10 
773 an 2 citation RU of 52° state above 


£ omw of G 
3/2 0.215 3 Ea US 


no B(0.1594). (5h83). 0.159 is ex- 


One ae complex decay. lower energy 8 


1/2 5.4 3/27 


groups and y's present. n 


Kr -R> Br 0.598 ž TT 
36 L3 35 hh E. 5 F-K plot is linear for By: 
0.59 
1/27 (0.5988 )y 
5.5 3/27 


^t 


Br -80> Kr 
35 L5 36 hh 


* 


1 
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TABLE I (continued). 


DISINTEGRATION ADORTEDAO HALF- DECAY DATA E 
[Mev Jerror| LIFE [Tyee] mev ERROR] % [METHODO] REF. COMMENTS 


m -82> Kr 0.460 10 scin 56D2 complex y cascades. Several 


35 7 36 L6 O.hlh 1 56w2 
0.435 5 56E2 investigators give similar decay 


5 3 4,5” 0.440 10 5311 


+ 


0 B^ feeds state which decays by 


schemes, 


cascades. 
state energy 


2.620, 1 
2.615, 5? 
2.65" 7 
2.620 10 


Ro -8L 


> 
n : 37 L6 36 L7 
Y 0.525 7 no 0.6y or 0.15y. y decay is to 


(K xray ) (0.5257) 1.97 783 


B5 h.76 $ complex decay (3.838) (0.879y) 


Br 

35 19 f 

D. uo confirm Q. 
23:20] 


(v£)(v)/v indicate B, is g» s. 


transition (55W3) 


Rb --8l> Sr 
- Er 38 h6 


2p OG GP 


sis > Re F 0.67287 shows AJ = 2,yes shape(55T2) 
2 0.82LB + O.1h95y - 0.305 from heli” 


9/2* 8.2 5/27 
isomeric state gives energy matche 
LI 


B6 j AJ = 2, yes shape observed for B7 
RET o (SéA2, SÉLS, 56L9, SSKS, SUCI, 


37 l9 38 LB 
ShP3, 54M6). s By gives linear F-K 
Plot and energy match. (1.08) 
(0.718). (S6L5, 55L9, Shcl, ShP3) 


-^ 


Each y coinc.with all others and 


T] 


Y 
[ l with ye by Z scin (5hH1). Thus - 
1.88* + 1.28°(51 H 2h) feed parent 


states in cascade. 


L] 
n rubestiatun: 


^ 
e CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 
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TABLE I (continued). 


HALF- 
LIFE COMMENTS 


ETE Q 


(3-88) (0.1h03y) , (3.38, 0.85y), and * 
(1.38)(2.574)(.h03v) provide energy 
match. (55T2) 


0.273 h 3rd forbidden transition 


38 L9 
= 17.6 9/2* 


0.838* previously assigned, due to 
internal pairs from 1.85y, (5689) 


complex decay 2.818(5 per cent) + 


1.05y give energy m tch 


1.463 10 


Bg shows AJ = 2;yes shape (5588) 


Po shows 


AJ = 25yes shape (56P3, 5572) 


A decay, scheme can be set up sim- 
ilar to that of (55T3) incorporating 
the data of (56L7) but leading to a 
Q value ~6.2 rather than 6.0 as 

proposed by (5573) 


© 


: BETA-DISINTEGRATION ENERGIES. II 


TABLE I (continued). 


ADOPTED | ADOPTED Q | HALF- DECAY DATA 


Ma LIFE [rvee| mev ferror] % [metroo] Rer: Pdz 


Mo EN Wo scin SEMB | 5.79 Mo99--—— 0.015° ww -— 
E a 
id x 020 2 s — 558 | 24° wv?) ——-> 15" 99 (g. s.) 
s- 55M8 


E 
He fp 0 0 4 


H 


Sr --2à2 Y 
38 53 39 52 


5/2* 8.2} 1/27 


y -A zr ' p^ 0.36 2. Bva 55K6 confirms and assigns previously 
39 52 ho 51 0.33 1 SvscinSlBl 
R reported weak ye Good energy match 
1/27 8.8 1/2, 3/2 y 1390 5, 0.22 scin 55K6 
2 / A yr ab 0.3 scin 5LBh to g. s. transition, 
8.5 95/2 
No ls. Zr’ € see comment € observed is from 60% metastable 
a 2 4 (o. Zr x ray crit abs 55H state. Q>1.21 - 0.10k. Absence 
1/27 No p* scin 59Hl of 8* and consideration of the 
* * ' 
9/2 1/2, 3/2 0.10, 1* s SSHh | AJ = 23no nature of transition sets : 
* 
EM ng mn scin 55Hh upper limit on Q (55Th) 
Rs Bp Consideration of (y, n) thresholds — 
L2 M9 m eS for 66 and 16" Now the centri- 


56S11, 55A2, h9Dl 


of the 9/2* stato and the existen | 


NC 


of a 0.65y in the 66^ state assigns 


16" no?! as the 9/2* ground sta e 
(5542). 


weak O.lliv, 0.23y (571) 


Sr -2& Y 
38 54 39 53 


S Meth e gl 


y present (5505, su). ) 
match provided by d 1 


790 


Ws Wo I MIDOINS eye 


TABLE I (continued). 


ADOPTED Q HALF- DECAY DATA COMMENTS P 
DISINTEGRATION Tey Jerror| LIFE [Type] wev.ERRon[ % [METHOD] REF | 


TE KES (BI) Gr) and (82) (r9), (5LL3). 
h3 50 h2 51 
Relative intensities of groups 
9/2! -k.9 17/2 - + iad 
» indicate f transitions are allowed, 
2 
5/ hence 9/2* for Tc??. 
Nb -ù > Mo 1.65 y cross over (55R5) 
hi 53 L2 52 
G^ sem ny 
+ 
2 
+ 
o 
an cL 0.36hg + 0.756y and 0.98 to 0.235 


Nb 
ho 55 hi 5h 


^ Nb?> state provide.energy matches 
5/2 6.9 5/2,7/2 


_ (5642) 


210.2 9/2* 


Nb -25> Mo 
hi 5h h2 53 


9/2* 5.1 7/2, 9/2* 


5/2*see [comment 


ge 8« J of Mo?5 fas also been reported 


5/2 seems more 


as 7/2 by (55M9). 


consistent with the absence of a g. s 


transition. 


Ru 25-5 Tc observed €/B* and y intensities 
hh 52 h3 52 * 
suggest B is either to g. s. or to 
5/2*, Ue 3/2; 
»h.8 7/2 level at 0.38. (0.3hy + 0,039 isomeri¢ 
9/2” decay.) ° 
Zr -21> wp 2.65 2 Shell model favors 5/2* or 7/2* for 
ho 57 hi 56 see comment 
? s 2 ar?!, Data do not rule out pos- 
60, 1/2 


e A sibility of AJ = 2, yes B transition 
see coment 7.1 9/2 


(Gio Co Saz assignment). In this case 


log flt= 8.5 and Q ~ 2.6. 


Nb -21> Mo ge 3 J of Mo?" has also been report- 
hi 56 42 55 
ls E ed as 7/2 by (55M9). For this spin, 
9/7 5h 9 i 
5 ai a 1.88 would exist, but might be 
5/2 see masked by 1.98 of zr?! 
x 
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> BETA-DISINTEGRATION ENERGIES. II 


TABLE I (continued). 


DISINTEGRATION — [29 *TED Q | HALF- DEC DADA OMMENTS 
| mev [ERRoR| LIFE [type] mev JeRROR] % [METHOO] REF. | T 


a 
A 10738 3/2, 5/27 
gf 
` 


- 


scin 


scin 


5101 
56h 


Ru -21> Te 0.219 0.109y)(.21 d x(0.109y, 0.32 
"Ny 63 (e a Y or (0.109y)(.216y) and x( "E 325y) 
+ 0.21681 indicate level 0.325 above 91° Tc?’. 
5/2. 919 moz 
9/2* (55C6). Very weak 0-57y also seen 
ği (5506). 
ur Bas rd (0.38)(0.65y, O.7ly). (SSKT).(0.66y) 
t . 
? ^ F (0.75y). (56B3), no x (0.65y , 0.7hy) 
6 ^12 L 
2* (55K7)- 
ius 
0 
Res Ru no other y (56K6) Otner y's with 
ub E Ey > 0.7 (5543) 
2,39) eg gl 
3t 
3 (2.58") (0.65y) 
pa -28> Rh 
L6 52 h5 53 
+ 
9 * 
2, 3 
Mo -22> Te SUL (Bo) (v2) by (ShLh, 54V1) provides 
ke XL SULLY energy matche 
ie 7. 1/27 SuVL 
+ SuLL 
ac Su 
` 
Rh -22> Ru 0.74 scin 56K6 |15% m9 (?) with (0.35y)(0.09y) 
oe Mi eA: 0.355 scin 56K6 reported by (S&L, 55F2). Possibly 
* * 
Tlel 9/2 i *)(0.355y) scingyS6K6 | isomeric with h.7^ Rh??. 
d 4.9 5/2 
3 
1 Pd PU AREE 2.0 S&k6 | other B*, other y present. p.h. 
- "5 c 15 3h 0.670 56K6  |Rn?7, B decay energy systematics 
x *? 1.8 
Pied , 0.1L0 scin 56K6 (SuW2) suggests Q ~ 3. 
E 1/2; 9/2* 0.32 5 scin 5543 
2.08*)(0.1h0y, 0.674 y scin 56K6 
À foinos pyscin 56K6 
Mo iQ. Tc scin 5701  |Complex B and y spectra. (5701, 56Mh). 
L2 59 — t3 58 Byscin 56M, 
(56Mh) suggests a level scheme. 13/2 
5/2° 6.0 scin? Sah 


(0.19 state in Tcl0l) ~ 10738, 


(56th) 0.19y is M2 or E3. 


^5 


IL. Mo IL MID ONTSIi Y 
TABLE I (continued). 


[aeoPreo a | parr- 
| € 


By 1.32 3 strong scin 5701 
|j? mag 5 scin 5701 


y 0.307 10 scin 5701 

B xm 

By Y» By v, observed 5101 

€ (»3ynnl0l) identification of RhlOl is ( 7)(SéHh) 
i 0.190 Che scin 56H) | but y's fit levels seen in Rud) 
y? 0.125 5° scin 56H | (5575). It may te that these two 
Yay observed 56Hl, 56P5 | activities are closely spaced 

€ 4.72 Rho z isomers. 

v, 0312 w 56K6 

no other y S6k6 


Be 0.58 h "^l scin, 56K6 | complex y spectrum (56K6) 


no ĝ* y scin 56K6 
1.27 258 s ShK3 B. spectrum complex (5lK3) (5LM7) 
1.2h0 20° 75+ s SLM? 5 M 
Mixed B , B present. Reasonable 
complex y's 56A3, 56Hl 


55D3, 55B9, 55F2 | energy match by 0.768* + O.l7ly, 


5LK3, 5hM7 
(54M7). All y are (x)(y), (55D3). 
B5. EA 2 E Dp Mixed B*, 87^, present. ^spectrum | 


complex (5lK3), F-K plot linear (SLM7 


| 

| 

t 

| 

Presence of e^ makes decision on r | 
i 


complexity of B^ weak. However, r 


(55D3) reports x(all y), hence pro- 


bably all y in 8* or€ branch. 


(.128) (0.61y), (5587, 55D3) pro- 
vides good energy match. 


DISINT EGRATION 


~103_, Rh 


us 58 


» Pd 
hó 57 


5/2, 1/o* 
> 5.7,56" 7/2" 
1/27 


2 


, Ag -33> Pa 
h7 “56 h6 91 


9/2* > h.3,1/2*, 
5/2* 


Rh -10h., Pd 
h5 59 L6 58 


Ag -lQU.— Pa 
u7 57 L6 58 


3° (2) 9.3 2* 
+ 
0 


. . 
10h Ag 
47 57 


3*(2) 


Cd 
L8 68 
> 0.13 


BETA-DISINTEGRATION ENERGIES. II 


TABLE I (continued). 


[AooPTED Q | Harr- DECAY DATA : 
"EE ea 


K binding energy = 0.023 


scin 55S7 


T 0.195 
scin 55Ah 


ru 


~ 0.5 state fed by L capture only. 
(55Ah) 


First excited state of Pd is at ~ 0.5 


excitation by Rh 103(5,n)- (ShPh). 


Ey/3 ~ indicates Q ~ lh (56F3) 18" 
T2205 has Q ~ 5.5, so 3.8" is pro- 


bably g» s. (5663). 


energy match by ( 1.8887) (0.556y) 
and (0.6lhg^) (1.2hy), (55B10). 


B* and y probably in cascade. 
straight above endpoint 
contamination (1.7 mev), 


F-K 


plot of p* 


of cal? p 


(5523). 


[^ "o5 8 s 


T m ù s 


from l5? pn05 isomer 


X 0.133 10 


L] 
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TABLE I (continued). 


| ADOPTED Q | Q HALF- DECAY DATA " 


1055 Pa 
iT 858 L6 59 


Y intensities relative to 0.35y = 


100. 


high energy y present (55B11) 


possible nn107 activity t1/2 = 


BI 2.308 B^ ~ 1 and complex y reported. 
BS . (55N2). It is more likely that this 
complex y spectrum i is from an isomer of Rhni07 than 
from Riese oS 
io ae A ~ 3 or i 0.22y shown to be in coincidence 
9/2* 5/2, 7/2* FIK scin py, sein with B'(energy range 0.8-1 mev.) 
~ Eds 1/2, 5/2* see comment (5507). 
Po bog 55B1| not p. 13h PdlÓ? (55B11).Q too high 
complex y spectrum a, scin 55Hll| to be any other Pd isotope (5LW2) 


0.639y present (56J6) 


2 


de 

7 62 et 
p a ~ .067 from 

5/2, 7/2 € €x 20.32 A 


~ 8 39° 7/2* pc, scin SUBS 


CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


e 
^^ 


^ 


0 ————— — ————HÉÉÉÉREED - IRR 


DISINTEGRATION 


50 Sn 92-3 Ingo 


5/2* 9/2* 
LI 
Ag -> Cd 
L7 63 48 62 
+ + 


Pa -dte> Ag 
L6 66 L47 65 


2, 1,0 


Cd i, In 
48 65 L9 6L 


F 11/27 
1/2* 9/2" 


Sn lis In 
50 63 L9 6 


1/2, 3/27 
gg mae 


9/2* 


BETA-DISINTEGRATION ENERGIES. II 


TABLE I (continued). 


| ADOPTED Q | Q HALF- 


Y. 0.658 7* 
1 0.678 7* 


Y 112 — Gà 

2 

B^ 2.869 20 

DC MER SUN 
2.8l 10 


no other y present 
other y present 


no BAY 


Y 0.205  3* 


B 0.28 2 


x 0.0185 5 
(0.288) (0.0185y) 
7 fron 5.17 ca 

Y 0.265 10° 
y is E5 

€ 


d. max 0.07 1* 

y continuum y) 
h 

From 1.7 In 


- 0.393 5 


* 


8, 0.400 25 


B 0.60 LO 


DECAY DATA 


|^ SES DECAY OAT ANE E E] 


100 


GM, 


0.1 


continuous Y spectrum 


isomer 


«O0l, 


114 


1.37 assigned to Sn 


8 55P3 


56P6 
8 55P3 


s 56P6 


s 56T3 
a 56J6 
54B6 
5613 
56J6 


5LB6 
56T3 


55N3 
55N3 
55N3 


apy 
scin 


scin 


56D3 
56D3 


scin 


scin 


scin 


scin 


5657 ,5605 


0.09scin py 5665 


0.71 5 0.2 scin By 5677 
1.30 L 0.09 scin 5665 
4 1.299 2 0.2 s 6J7 
(0.78) (343) scin By 56J7, 5665 


COMMENTS 
Complex y (56PÓ). g- s. spins 
assigned by (56P6). 0O.66y is Mh 
(56P6). Beta decay energy syste- 


matics (5LW2) suggest Q~ he 


p. 66" Inl, B-decay energy sys- 


tematics (5lW2) suggests Q ~ 0. 


0.0185y is not Ag x ray (55N3). 


^ 0.55 8^ from this state to In 113 


is known, thus establishing Q. 


K binding energy -0.028 


€ /Ex = 061740612 (5643) 


previously reported 0.56y and 0.72y 


are associated with € from 


sot Tae 


L. J. LIDOFSKY 


TABLE I (continued). 


[mev ferror] LIFE 


from 4.5 h jnl15 
0.335 


COMMENTS 


1* 


3 


B 2.3 3 a 56Ah 
1 24 3 scin By 5588 


8; 1.5 2*  scin By 5588 
1.305 15 scin 5588 


Y. 2.2 al scin SuaA2 
2 2.215 20  scin 5588 f 
(9) (35 (85965) “ $558 


[2 


B 
Ul 0.565 7 s 55112 
Yo 0.161 1 s 55h12 
also, from 1.9h intl? isomer: 

Zo ame o H g 55102 
Yyp 9-311 2 22 s 5502 


0.7L 1 s 5512 


" 


t s PS 


Y 0.161 1 s 55102 
B*/e -0.026 scin  +)y 5512 


Q is calculated from p*/e for an 
allowed B" transition (55M12) 


3.3" formerly considered g. s. of 


SbllÓ is assumed to decay by 0.108y 


I. T. To 5.1" spllÓ (£353). p- 


decay energy systematics (5hW2) sug- 
gest Q ~ 3-h. 


K binding energy 740.029; y is 
M1(560L) 


Lo 


a 


B-decay energy systematics (5lW2) 
uC 4 


| suggest a = 5. 


> BETA-DISINTEGRATION ENERGIES. II 
TABLE I (continued). 


ADOPTED Q É DECAY DATA 
DISINTEGRATION RACE 


Sb -lé2.. Sn 155 5 Q obtained using €/p* = 300 + 120, 
Gal yal 50 72 x 
ri see comment and AJ = 2,yes for B` transition. 
om 2 
Em (5563) 
o* 


y> : 
Sb -122.. Te excellent energy match by 
2 70, 
a Eoo 1. Loo io + 0.566 Ll Ssmi 
2- ot 1.423 10 + .563 5 55G3 
l.l 1 + .588 5" SLM8 
ae ot 1.40 2% +  .566 5* 5LC3 
8.6" ot 
eS m 
53 69 °52 70 
wy omg ce 
MSS g B decay energy systematics (5lW2) 
Sh 68 53 69 suggests Q ~ 0.3. 
o* 2 
I £i Te B decay energy systematics (5lW2) 
53 10 52 n suggests Q ^ 1.2. 
5/2* 3/2* 
1/2* 
p ^ 
my OYELS 5 scin, a 
E32) D y oa Z2 s Slug 
A 3/2, 1/2" 
R 254 5/2" 
Pastis, cr non unique shape for 2.3 B^, c 
E ol 3 52 72 B and y spectrum. Decay scheme p 
= |; WES) 2? viding good energy matches es 
o* ede 
c- om 
Sn -22> sb 
50 75 51 7h consistent decay S 


lowest state to which 


798 


DISINTEGRATION 


Sb -le8.- Te 
51 7h 


1/2*- 8.6! 58% 11/2 
3/2% 
1/2* 
Cs -128 . Xe 
55 70 S4 721 


5/2 2 25.1 3/2* 


I ~126_> Te 
53 73 52 7h 


27 


Xe 
53 73 5h 72 


- + 


2 7.9 2 


8.8} ot 


Ba -126_5 Cs 
56 70 


o* 1 


sb -127 
51 76 
7/2" 


52 73 


55 71 
d? 


- Te 
52 7h 

9,811132311/2 

3/2* 


| ADOPTED Q | Q 


0.757 7 


1.235 15 


1.60 2 


see comment 
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TABLE I (continued). 


Jum 


* 


B' 2.05 
Y 0.112 
(y+) (0-112y) 5lM2 


0.96 s 55K8 
Ytyscin , SUPS 


1.250 
0.865 


0.386 


0.382 10° 


(0.868) (0.38y) 
(^ ew L 
Y 0.385 5 
no other y (< 10per cent)scin 
no B* (0.385) 


scin 


no g* 


(?) 


Y 0.700 
0.225 


30  scin 
20 Byscin 
50 pyscin 

scin 


scin 


scin 


COMMENTS 


0.68 has AJ = 2,yes shape (5liM11) 
Decay scheme with good energy 
matches from other B, y present. 
Earlier data adjusted for shape to 


establish Q. 


p. has AJ = 2;yes shape (55K8). 
Good energy matcl. by 0.468% + 
0.65y. Earlier data adjusted for 
shape to establish Q. 

85 has AJ = 25yes shape (55K8). 
Earlier data adjusted for shape to 


establish Q. 


absence of y's from known transitions 


126 


in Xe^*",. and presence of 0.305y is 


puzzling. 


0.9 ?y and (0.7y)(0.2x) ?(5ShKh). 
B-decay energy systematics (5LW2) 


suggest Q ~ le 


x d 


The allowed character of Tere? 


B decay considered together with 


the high ft value for 85 of spi? 


127 


suggests that g. s. o^ Te is 


d 
3/2" and By goes to 1/27 113 


127 


Te isomer. 


CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 
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TABLE I (continued). 


anoerEoram] HALF- 


(56K7) reports weak ( ~ 1 per cent) 


DISINTEGRATION 


0.695 10 9 s 56K7 
0.72 5 s 56K8 
0.683 10 scin  595Dl 


Te l2]. 1 
52 75 53 74 


+ 


3/2 5.5 Sft 


y spectrum 


scin 55M26 | several other y's present. yy studie 


127 


Xe 1275 I 
2h 73 .53 7h 


ey 5/2t 


scin 55M26 | place highest level in I at 


0.368. B decay energy systematics 


(5uM26)suggest Q ~ 0.8, Upper limit 


set by absence of g*. 


approximate energy match from 0.68p* 
+ O.ly (5402). 


Enc s7/ €3.8. = 1/9 (56Bh). B decay 


128 Y 0.750 10° xyscin 56B} 


£2 Te 


52 76 


I 
53 15 E/B+E 20,069 pc,scin  5Ó6Bl| energy systematics suggest Q ^ 1.3. 


1.6658+ 0558 give good energy 
match. (56Bl;) 


lower g* groups and y's present 


(5585). 


Ra 2128-5 cs 
72 55 73 


56 


o? (2) 1 


B decay energy systematics (5LW2) 


* 


suggest Q » O. 


. several y present, also lower 


Sb -122.. Te 
51 78 52 77 


energy B^. (56Dh). 8B decay energy 


systematics (5lW2) suggest Q ~ 3. 


decay scheme established with good 


Te 22. I 1.481 5 


52 77 98 76 


energy matchese 


Te ESSPAISDIOIBISIRSY: 


TABLE I (continued). 


ADOPTED Q | HALF- DEGAXBDATA COMMENTS 


Y 0.55 3 scin 55R7 
0.585 20 scin  55N2 


other y's present (55R7, 55N2). B- 


decay energy systematics suggest Q^ 


lel (5LW2). 


2.1li 5 
0.1h5 10 scin 595H1l 


0.1h5y/p ~ 1 


very complex decay makes energy 


determinations difficult. Decay 
scheme with fair energy matches 


(5586). - 


0.35h 5 € 


K binding energy = 0.0345 , 
continuous y spectrum j r3 
' 
0.320 10. scin  56H6 7 
0.320 10 scin 56M5 
other y's present, but yy studies 
lead to decay scheme with highest 
level at ~ 1.0 (56nh, 56V2). 1.0y | 
intensities relative to 0.l96y =100 , 
B decay energy systematics (5lW2) 
suggest Q ~ 1.7. ] | 


a 


complex f and y+ Decay scheme con- 


sistent with coincidence and inten- 


sity data providesenergy matches ^ 


(shrh ). 


weak 1.10y, 1.26y (55FB). However. 
132 


0.669 scin  55RB| these y's not seen in I decay. 


B decay energy systematics (5lW2) 


suggest Q ^ 2. 


Intensity of K x ray due to K inter-| 


. "al conversion only. (56LL) xit 
| €um Be conr 


2 
n 


` 


p BETA-DISINTEGRATION ENERGIES. II 


TABLE I (continued). 


; EY. ADOPTED Q HALF- DECAY DATA COMMENTS 
DISINTEGRATION Tivey Jenror| LIFE [TYPE] mev ERROR] % |METHOO| ex | 


"gs 234-5 pa 0.650 5 56 55K6 

55 T9 S6 78 0.655 2 50 s  55K9 
s 0.645 10 s — $5B13 
me fy qe 


(h-5 
B groups, ~ 10-12 y rays) Disagree- 


extremely complicated decay. 


0.604 1 weighted average | ment on details of decay schene. In 


=a o* 1 of seven spec- 
trometer méasure-| general there is agreement that 0.658 
ments 3 
goes to state at ~ l.l meve 
0.796 1 
m 
55F6, 55B13, 55K9, 5hV2, 
5hJ3, ShBT. 
2.5 a, scin 5LH3 several y (0.08 - 0.3) present, 
2d (Sum) 

Th s 5h02 complex y spectrum. yy and y inten- 
scin,s 5h02 sities allow construction of con- 
scin, s 5h02 sistent decay scheme. Energy match 
scin, s 5L02 by 0.3418 + 0.153y + 0.162y to 2.2 

w scin 5L02 level. (5h02) 
^ 
I CE. 0 5hH3 (0.17-1.12) y present (5hH3) 
CE) atl 58 76 
Xe -liM Cs 
¥ Sle 83 55 82 
We, 9/2 
x2 1/2" 
a 137 Ba pe,crit 256B5 
<-> 
VW 
E 
— Cu 
a^ 8.7” € , La K x ray Dopo 35h ce137 is m2 is a 
x e 
3/2* cel?! g. s. (5605, 55B 
Y  O.lu5 5% 3 scin 56Bb5 m 
a 0.4L0 2.3 scin 56D5 Upper limit on Q 
"a 


NE ICE, t E Sé» | 
see 


cowent| no y, B*/€ ~ 0.2 56D5 | activity. Theoretica’ 


pr -21> ge 
59 T$ 58' 79 


| se 5, 


w» 


e 
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"TABLE I (continued). 


[ADOPTED a | naLrF- DECAY DATA eu 
DISINTEGRATION [Mev Jerror| LIFE [type | mev [ERROR METHOD] REF COMMENTS 


-138.. cs 2.h SSNU 
H 21.3 55NL 
32" Y 1.426 5 scin 56B6 complex y spectrum. Establish con- 
lekh 2 scin 55T2 
sistent decay scheme by yy (566) 
with 3.48 ~ 20 per cent. 
La -i39.. pa 3 ~ioly y Agi Be scin 5701| cCalcwate €L/€x =1.l (from 
57 81 56 62 1.53 1 scin 56TL 
see comnent see Cs--l35.pa K x ray/v and assuming flourescent 
(x) (1eLy) scin 5701 yield = 0.05) implies Ee- 0.16 3 
©  56Th 
(56Th). Assumed AJ = 3,no. 
K x ray / gm / sec. 
0.155 10 S6TL 
0.23 EIN 
loÀY | g- 0.205 20 100 scin 5701 
Y 0.81 1t sein 5701 
0.61 i scin 56Th 
2.0h p* l.l l a, scin 5LH3 0. & corresponds to 2* state in 
Y 0.30 1 scin 5SLH3 ce 126 (see above). Intensities of 
0.t0 1* scin 5hH3 
1.05 2% sein 95lH3 y's suggest 1.05y and 0.8y may be 
. l.l 1 weak^ sein 5hH3 
1.7 1 weak* scin 5Lhu3 in cascade. , 
Cs -t22-> Ba 10" RS. Sone 15 a LFS 
55 82 56 83 
1/2, 5/2 
> 6.3 7/27 
Ba -132-> La 85 Pa 2.38 3 15 s  5LhMI3| other B, y present (5h03). 


56 83 57 t2 
7/2 6.8 5/2" 


P; 2.23 zt 66 s 5hy13 


* 0.3163 2 5L:1.3 
74 7/2" 0.165 9 scin 5hN7 e 
(2-238)(0.163y) 5hM13 
aod | y 0.1665 10 s — ShP6 
€1/Ék -1.37 2 yy, xv, xx 56K c 
. Eg < 0,147 (EL/EK ) SLP e 
Eq 70.101. 6 €r/Éx 56K9 3 


i) 


DISINTEGRATION 


2 


"Apr -132.. Ce 
59' 80 58 à 


0 
Ce -iu.. Pr 
58 83 59 02 
Wee d We 

7.8 5/2 


143 


-2-2-» Nd 


59 öl 83 
He TO WA 


Sm -lüi-» Pm 
62 61 & 82 


yE 5.2 5/2 


Pr -l y na 
59 85 60 8h 


BETA-DISINTEGRATION ENERGIES. II 


| ADOPTED Q | Q 


2,0 


3.18 


0.577 


2.160 


1. 5l 


0.929 


0.308 


TABLE I (continued). 


HALF- DECAY DATA 


COMMENTS 


a, scin SLH3 weak y present (5hH3) 


56A2 very conplex decay, but yy studies 


Y 1.601 10 s 5642 
scin 55B15 
1.597 10” s 55c6 


permit consistent decay scheme. 


(56K10, 55C8, 55B15, 55B16). 


55Jh 
55JL 


elk 56N6 
y $5Jk 


55JL 


Bo» B3» F-K plot linear (55Jh). 


B^ 2.12 10 91.2 a 5589 Bg has AJ = 2,yes shape (5hP3). 


o 2.166 6 9315s SLP3 


Energy match by (0.68)(1.6y), (5559, 


Y 1.61 2 scin 5559 
1.572 5° s 5LP3 


5589, 5LP3 


SLP3). 


B^ lho 2 c) O S6M6 complex decay, By + yy studies 


Y 0.057h 2 s 56816 establish decay schene with good 


(1.48)(0.06y), BY» YY 


erergy matches. (56M6). 


scin 5646 


1 s 56M6 


< 0.1 per cent 
scin 55S6 


( 2.6 Bi a 56S15 
9 fes 3 a — 567 


(E> 0.15) scin 5&17 = 
= 

Good energy match by ~ 0.178 +~0.1 = 
(57H2, 56P7, 5UCL). m 
x— 

some indication of non linear F-K = 
plot (due to 0^ ---» O° nature of = 
transition with possible T-P inter- — 
ference2)(56L8) | =- 2 
s _ 

! = 

fh = 

N = 

— 

7 z —_ 
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TABLE I (continued). 


aeoereo a | ua.r- 


57C1 
Y 0.0613 (K x ray)y 57C1 


COMMENTS 


9/27 s/a*, 1/2* 
5/2*, 1/2 


no yt, a 57C1 


E 0.618 7 


y | 0.0900 1 crys 56K11 
0.092 5 


(0.8188) (0.091y) 


With shell model assignment of 5/2* 


to Pm? it is difficult to explain 


the absence of a ge s. Q^ transition. 


8 3.00 5 20 s ShF6"* 
scin 5LF6 


Complex y. Level scheme constructed 


in accordance with yy(5)iF6). Level 


3.08" decay is to level at scheme for Sml?Ü from snt49(n, Y) 


273 ET yy — SUF6 


in excellent agreement and has state 


at 2.30(55A7). 


* 
0.335 10 scin 55H7 |Complex y. Constructs decay scheme 


by yy witn (1.18)(0.34) for decay 


energy. (55H7) 


y, 0-122 20 59 s 5668 
0.12231 4 crys 56A5 


v, O2 2 s 5668 
0.26, 8 crys 5645 


ine 1.210 20" 


Complex y spectrum. Construct decay 


scheme by yy and intensity arguments. 


Highest established level decays by 


in 5668 + y, + y, (5668). 
lones] 2 2T 


r 


Dy al ay 5608 


s 5668 
crys 5645 
scin 5668 
5668, 5hs5 


Complex decay. Construct consistent 


decay scheme by By and yy arguments. 
Energy match provided by 1.08 + 
O.lily (5668); 0.78(5hS5) + 0.78y. 
No report of non lirear F-K plot for 


1.hóg. 


H 


BM Lu ue E LE 
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* 


TABLE I (continued). 


= EX 
LIFE E 


, 
$ 


DISINTEGRATION 


0.825 257 27  scin 56D6 [Levels seen in coulomb excitation not 
0.820 10 LO s 5:15 


in agreement with those seen in p 


B; 0.7220 15 hO sẹ 5535 
1 decay. Complex decay. Consistent 


a . 0.10227 2 crys 5645 


0.100 19” scin 56D6 | decay scheme with good energy matches 
0.103 2 s 55M15 * 
possible, 

(0.723) (0.10v) 55:15 

€ E 

9 Gg 3X s 568 2 
0.100 li. scin 56B7 x 
0.10h 5; scin 56B6 d 
0.1031 5 s ET 


fron EL/Ex estimate Q 


Q  -0.22 (40.23) 56m8 
0.20 56B7 
0.187 56B8 
0.225 5659 


1.17y assigned here because it is | 


see comment 
associated with Butoh and does not 


fit the decay scheme of the puldls 


BT branch (5LS5). 


Ba TLS 5 s 54S5 | Spin 6 for 1.54 state of cat on 


15h : 
Y 1 4851 
1.575 150 © basis of (1.h2y)(0.123y)(@) (56K7) 


Eu -=s-> Gd 
63 91 64 90 


Adit $9 cin SlSS 

87? 210 6 Mt 2 : and lifetime of state (5lS5). 
x, 0323 9 crys 5645], 
0.1234 5 S — 5hc5 


56H7, 5h85 


(1. hy) (0.12y) 
| 
8, ~ 0.2h0 10 21  scin 56D6| 0.158 + 0.102y provide fair energy p" 
match. No(0.2h8)y (56D6). ge s. — — 


0.217 3 


spin has been réported as ya : 
and > 5/2* (SLOL). The decay ` ) 
data makes no choice between p : 


5/2* , 1/2 . 


p 2h5 DEN s  568l0| decay scheme shows 2.158 to 
crys 5b6B10| state in aat, (56810) ^ 


r 
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TABLE I (continued). 


: ADOPTED Q | uaLr- EN WENTS 


gh To 


no yt scin 55H8 


Tb -A26.. Ga 
no Gd X ray _ Pe 55H8 


65 91 6h 92 


see comment is assigned as ge s. see 


k comments in B decay. Severe 
Sor ni 
Gd X ray, no yÈ pc 55 H8 


disagreement with previous data. 


5.2% Tb decays by €, 0.68 and hardy. 


Hence 5" is ge S. B /E€ very small 


(55H8). 


a 55H6 


55H68 
55H8 


see coment 


e^ and Dv L x ray 
no hard y 
@ 


$5416 | (0.6B)(0.36y) provides good erergy 


ca -222-> Tb 
6h 95 65 9h 


3/27 »6.h  3/2* 


0.948 10 


BY» YY 55817, 55H16 | match to B, (55106). No (0.36y)(0.05y 


thus indicates Bo is the g. s. tran- 


sition. 


71.700 


Very complex decay. (56B11, 5hK5) 
1.711 


have constructed decay schemes in- 
0.861 


0.851 


corporating most of the well known 


0.0860 data. 


by, YY 


0.562 10 0.571 L 
0.531 10 6 s 56C3 


0.550 10 s 55B17 


Complex B spectrum makes analysis 


or 


0.596 L 


open to wide error. Several decay 


YY 56517, Eh 56B12, 56813, Schemes proposed. A level scheme 
B17. 


see comnent, With excellent energy matches between 


56B12, 55Bl 


y rays (5603) is fit very closely by 
the B groups from the most careful 

B spectrum analysis (56517), if it is 
assumed that 0.5787 goes to 0.026 
level in pél, Under these condition 


g. S. spin of Dyl8l is 7/2(5342). 


161 
cj CMM However, (ShHh) reports no Yt. 
»|see comment see comment z 
1/2, 9/2- 


Y, 0.0728 5 s  — ShB8 
Yo 0.035 5 s 51,58 


€x /g* > 2 x 10? 


However, 0.0l6y may be possible 


isomeric transition t long lived 
Hol 64 Be 


s. (5hB8, 52B1). 


ne "n 


~~ 
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TABLE I (continued). 


DISINTEGRATION | aooPrED a | parr- DECAY DATA 
ERRoR| LIFE rype | mev JeRROR] % |MeTHoo] er. | usd 


16h 


t Ho -----. Er 6.7" P 0.99 3 25 s SLB8 | By and B spectrum suggest strong 
67 97 60 96 os 1059) tie a SLHS 
B group in coincidence with 0.09y i 
= Bv 51,88 a 
(5UB8). See comment for Ho-iSlspy. 
— .. Ho == 1.853 L D 8 1.855 5 52 s 55GL | Scin and fy studies show that Q for 
166 
8r 1.771 7 L8 spy 55Gh| 30y Ho decay > 2.1 (55417), F-K 
vy, 040005 2 s 55Gh | plot for B, is linear, for f, has 
BY 55G | AJ = 23 yes shape (55Gh). 
= 
Ho -Lels B 10 1 50  scin  55H9 
67 100 68 99 
v/B ~ 0.25 55H9 f 
Y 0.720 10" scin  55N2| lower energy y's present (55N2). 
A6 m mi e s 55N2 | 
7" 0.330 10 85 s 56H8| 85 per cent B to g. se, 15 per cent w 
GER) A i 0.310 2 s 5 6B1h % 
to 0.008 state. (56H8). 
Y 0.00842 5 s 5688 
a 
Y > 0.473 1 € 
^ many Y Highest state reached 
—— 0.47291 10° crys 56H9 
v O.U7h y 1$ 8 56N9 
0.1732 T. tta s Séch 
0.473 5. scin  56K12 
0.47 g* AM yy,scin 55J5 
ad 
Er K x ray 5607| €/g- ~ 1/100 (56407) 
$ e ae 
n LJ 
o = 
: 
t T "AS 
+ geo 8 
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TABLE I (continued). 


“DECAY DATA 


Br 0.950 5 76  scin 56B15 
O — gy Z 78 s 5hP3 


| ADOPTED Q | Q HALF- 


DISINTEGRATION | Mev [ERROR LIFE 


COMMENTS 


LJ 
F-K plot for both Bo and By is linear, | 


(5LP3). B4 v, observed (56B15, 5ShP3). 
Py 0.867 5 2u seinpy SéB15 1 
0.886 9 22 sgy 5LP3 


Yi 0.084229 Ll crys 56D7 
0.08426 2 crys 55H10 


Er -t21> Tm 
68 103 69 102 


py 1.52 5 6 scinfy 57Jl |yy and By studies fit y's reported . 
2 3 s 56C5 


. 0 


by (51K1) into decay scheme.  Levei 


Bo 1.10 3 9uscinpy 57Jh 
aAdy3 — $5 On —8 56C5 


S7JL, 56C5, 


spacings in agreement with a 


S6K11 K = 1/2 rotational band (57Jk, 


56C5, 56K11). 


tm -tlls yp 
69 102 70 101 


--— . 0 SNL |other, lower energy y's noted (56Nl) 


56Nl 


Complex decay. Good energy matches 


by (0.078)(O.hy) and (0.358)(0.11ly)- 


Consistent decay scheme by (56H9, 56Ch 
5518, 55D5). 


Lu! in agreement with a K = 7/2 


Level spacings in $e 


rotational band. 


17 


Hf 2125 Lu 
72 103 71 30h 


5/27 


€ 
many y. Fighest state reached. 
G s, crys 
YY 56H9, 


Complex decay. Level spacings in Lu 


in agreement with K =: 7/2, 5/2 bands. 


+t 


e 


0.5107 B decay energy systematics (5lW2) 


suggest Q ~ 0.9. 


Lu 176, Yb 


. € /3 = 0.03 (SkDh) 
71 105 70 106, 


9, 107 


Lu 226. Hf 
71 105 72 10h 


9, 107 18.h 6 


A 


E 


M AS 
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TABLE I (continued). 


NES S | ADOPTED a | uaLF- DECAY DATA 
ae LIFE [rype] MeV JERROR| % [METHOO| REF. | COMMENTS 


Yo -tll> lu 1.3 1.8h 7 D s 55D5 |Decay scheme established with good 
"lo 107 Tl 106 


D aa gë 


———— 


scingy 560 | energy matches (e. ge (0.1687) 


scin 5&0 | (>0.7y), (5600)). 


scin 56Ch 

54110 ,56Ch ,55D5 
"^ 
cogo eos pp DLA 5 6. 8d 5 9 "9 | Decay scheme establishes B, as ge s. 
à .106 72 105 
7 transition (59419). 
SE" co WEE 

ta ELLIR MENS 135 5 2.24 ‘| Several y present (5Te1).€ j/ Ek 

73 10h 72 105 


suggest Q = 1.15 5 (574) 


JE 6.5 VE 


Re  -lll. w » l.l i7 
75 102 *]l, 103 


Ta 41385 Hf see comment - 158 g^, 1.5y previously reported here. 
73 105 7? 106 |, | 
A ! 
0 
s ! 
wo -Ó. Ta > 0.07 224 | 
74 10h 13 105 
i 
o* i 
4 | 
Re -129-. W >hel 1 15" 
156 103 74 104 
> 5.2 o* 
179-5 Ta »0.03 1 lo" 
74 105 13 106 
^ * | 
2/27 ? 5/2" ? | 
a Os Hf »3012Y Tal 0 /ralðl 15 ,3/99 988 in natural 
m dS. 
73° 107 72 108 NE ee e Ta (55W5). t estimated from abundance 
17 6.1" 6.8 > 0.093 g.ih of W180 in Ta ores (5981) 8.1h pre- 3 
+ 
? 0 x viously reported here may not be ge Se 
va 190.9 v, 550967 | mo comment) ini ERES ER 


h see corment or 1 em 
1225821: Q < 0.70 2 8.1” 
? Oo e Uns 
9 
J 
e 
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DISINTEGRATION 


AQ. w 
1h 106 


Re 
75 105 


? > 3.5 


-182.. W 
7L 108 


Ta 
13 109 


183 _, Ta 
73 10 


26.0 1/2* 
5/2, 1/2* 


Hf 
72 111 


1/27 


83. w 
74 109 


Ta 
73 110 


5/2, 1/2* 


6.9 1/27 


7i 111, 
26.3 1/27. 


7/2* 


-185_, 


7h 111 15 ^uo 
7/27 asa: 


On 


ADOPTED Q HALF- 


0.16 1< 


Q<0.22 2 


DU LIDOFRSKY 


TABLE I (continued). 


DECAY DATA 


C—C 


COMMENTS 


0.106y also present (55F7) 


n 


0.152 y intensity ~ 107?/K x ray (56D8). 


0.136 (5681) reports no y and estimates Q 


(L x ray) y; no (K x ray) from K x ray/L x ray. 0.136y appears 


0.152y does not appear in pr-lêl>ra. 


(56817). e 
0.51 1 55420] Extremely complex y spectrum ( ~ 30 
1.2220 2, 56B18| y's). Decay schemes consistent with 
1.222 1 551420 
1:222 J 0.518 to 1.22 level (56B18, 55420, 
ShF7). 
p7 0-03 X >95 Extremely complex y spectrum (55M20, 
= 55Plh). Decay scheme established b; 
0.61587 to state at y x z 
combination principle. Weak, high 
0.15308 10" principle eak, higher 
energy B^ present with 
Eg < ~1 (55M20). 
an 
9 y's reported (Ey 0.11 to 1.18). t 
(55B19) 
n 
se} 
h y's reported (Ey 0.06 to 0.235) 
(55Ph). K. 
O e 


Weak y reported (56B19, 55B20, 55K10) 
Possible 0.3787 (55F20) + 0.06y 
provides energy match. 5 


1 
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DISINTEGRATION 


186. w« 


aire > V 
& 13 7 112 


2,37 z262 2? 


+ 


0^» 


Re 186 , W 


75 111 74 112 


Re -187-> os 
75 112 76 11 


1/27 


a 


Ir -A81. os 
77 110 76 n 


Re  --i08. *0s, 
75 113 76 112 


1 
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TABLE I (continued). 


"Ee 


0.0789 9". 
0.875 10 


0.12267 21 
0.1229 L 


1.0715 13 
1.064 2 
1.060 5° 
1.063 5 


0.9335 30 
0.926 5 


0.13719 7 


0.1372 2 
0.13722 3 


-0 


see comment 


> 0.435 10 


5 
569, 568, 


COMMENTS 


Other y's reported (56N5, 55P5). 
Highest state reached in Rel85 at 


~ 0.88 (55P5). 


8 other y's observed. 0.125y is 
from 0.12 state in 166 (see 


ne -186 >w ). 


E/B ~ 3/100 (5648) 


(0.938)(0.137y) provides energy match 
(56P8, 56J8, ShK6). (56P8) reports 
F-K plots for Bg and for fj are non 


linear. (ShK6) reports both linear. 


0.628 + 0.69y provide good energy 
match. F-K plot for p, has 


AJ = 2,yes shape (57D1) 


(54D5) reports no B with Eg > 0.001. 

Measurement of 0s187 spin (5hM15) 

and shell model assignment of parity 

change leads to AJ = 2jyes transition 


and suggests Q ~ O. 


other y's present y* may be due to 


Irl88 contaminant (55810). 


(2.08)(0.155y) provides energy match 
(56P9). 


[d 


TE iL; Is IbIUDXOUS Syd 


TABLE I (continued). 


HALF- 


0.15y (55810, 55N5) amd 0.L75y 
(55S10) also present. 


other y's (55810), e^ (55N5) present. 


20.245 10 


possible 4(0.55 to 0.70)(55S10), 


no yt (?) 


af 


0.135y, possible > 0.8y present 
(55510). 


Several y (0.19 to 0.83) present 
(5548). 


Ey/B ~ 1.5 5548 


From 3" 1,190 
8* 
From 11° Ir” 


3° Ir decay leads to level scheme 


and spin assignments in 05190, 


2.0h 7 scin 5549 
* 
Absence of B from 11° Ir leads to 


no 3° estimate of upper bound to Q(5549). 


Complex y (5577, 55810, 5hCÓ). vv 


establishes highest level reached 


in Ir at ~ 0.62 (56P10). 


o| other y's (0.1 t, 0-8) also present. - 
dl JP. . a 
AM s V $10). Pos 

m à 
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TABLE I (continued). 


[ADOPTED Q | (S DECAY DATA 
DISINTEGRATION HAE COMMENTS 


Du M € Many y's. Level scheme with good 
^ energy matches indicate that highest 
5s l no 9* crys 
=] level reached in 0s1?? decays by 
2* ^ 0.37h7 5 s,crys 55B21 
* 0.374 2 s ShJli Yi * Yo * Y4 as well as by direct 
[*] 
` Y 0.48475 2 crys 55B21| g- s. y (56A2, 55B21). Upoer bound 
= n 2 Q.h8lo s 5565 
x O.h8hh 2 to Q is estimated from lack of p* 
Y 0.20575 li crys to n 0.69 level (55B21). 
30.2054 2 s SJL 
- Ir -b> pt 8^ 0.6733 10 48 s POR =* y, and Y, energies are each weigh- 
= 8 0.672 10 s ShJ 
=e Co in ER ted average of lı spectrometer and 
9" 83 h’ 0.3165" 1 
: crystal measurements (55B21, 55R9, 
2t 0.1679 "1 
^ 5505, Sidi)» yy and X scin establish 
* 56K10, 55B2, 5518 
7 0 decay scheme. Q from 0.678 + O.3ly 
ShL6, SLP7 
+ O.l7v. 
5 2193 m Complex y and B. Good energy matches 
76 17 112038 in decay scheme involving 5 excited | 
- * 
1/29 z 1.3 3/2 states of Ir? (S6NS). 
€ K à 
pt. 2123 ere € 1/€x L/&K > 1000 (56N6) 
78 ns ,. 77 nó no 8^ 87, Ys K x ray scin 56N6 


1/27 aet 


Very complex y. Other y with Ey 


H 123-5 Au 
80 113 19 31h < 1.6 present (56B2h). 
1/27 3/2" 
T 19h. pt Complex y and B. Decay scheme with 
Es : | 


* r 
e, m 78 116 good energy matches (55M21, 5lJh). 


^ 


Ly J. LIDORSKY A 


TABLE I (continued). 


E | ADOPTED Q | uarr- DECAY DATA 


Several y's present. (56P11, 55B23. 


€ Ak to 0.13 level 5uB9). € L/E K implies Eg = 0-14 


0.58 1h 5141B9 


2 (ShB9). 


1.150 10 55J6 | Other y's present. Coincidence 


0.0614 5* studies support level scheme with 


(0.06e7.(1.15y) highest level at 1.21 . (55J6) ! 


higher energy y may be present. 


(511). 


> 0.037 1 
* 
0.0370 2 


om 
see comment see From aj pb??? Suggest 17” state is not_ pol9> 
62 113 81 ih comment 
Y 9.3931 L s 5741| ge s. (5711). If v,, v5, v, in 
17” 13/2* 1 1 27-053 
Y. 0.uh75 5 s 5741 | cascade,Q > 0.9L - I.T. y(unobserved) 
11/27 e " 
0.0990 2 5741| (57A1). 
Y. 0.3310 lh. s 56T6 deca i ; 
1 Go S MED ES B y energy systematics (5l2) 
zest ~ In 
Yo — 0.350 L, o aad S dM 
0.360 5 scin 55823 
56T6,55823 
scin 55823 | f^ branching 12 per cent (5676). F 


55B23 


0.1668 2” 
. 0.2529 3^ 


(ex) (e) observed (5741), y's z 


may be in pp196 metastable state 
(5741). » 
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ADOPTED Q HALF- 
MEV |ERROR| LIFE 


Pt 21. Au 0.75 1 
78 119 79 118 


TABLE I (continued). 


COMMENTS 


8] 060 ai scinBy 56P10| no vy,(56P10). 


0.179 


1/27 (232. lem 
0.168 


3/2* 
= 0.077 
y 0.191 
0.219 
By». Bova» PSY, 
| Hg -ì2?l-> Au >0.268 1 
80 117 79 118 
0/23 1/2* 
M5 
5 
"PENSUZS S058 E Strong 0.15y (55K11, 55A10). Other | 
8 n6 60 117 y's present (55A10). | 
1/2* fer | 
| 
T O > 0.759 1 e^ e^ establishes Y Yo Y3 in 
82 YAS 81 116 T 0.3867 i s 57M. | cascade and follow € from L2" 
i3/2! we" 1 0.368 1 $5210 Pb’? (5741). yj is I. T. v to 
5/27 11/27 ELA E EMH oe cc eee g- s. (5741) | 


1/et 0.2219 


0.2340 


2 s 56P8 
5 s 5hP3 


0.960 
0.967 


0.11176 19 elec s 


other y's present (55X11). 


LJ 
nm 128, Hg >lelh 5 
80 118 


cE J. LIDOFSKY 


4 
f TABLE I (continued). 
"[aboerEo a | naur- DEGAYMDATA COMMENTS 
0.3978 L^ s S7Al | Other y's present (57A1, 55A10). 
0.3655 L (e47 )(eg7)(5741). Previously re- 
ported 25" isomer (5LP8) not found 
(55210) . 
pt -d22-> Au | aBy and yy suggest decay scheme with $ 
78 121 79 120 
E p 1.18 to 0.63 level, 0.88 to 0.96 
i me + 
5/2 zoel) 3/21 level (5619). 
eam 
0.38 + 0.16y provides good energy 
match. 
Weak 0.72y suggests Yi and Yo are 
in cascade (55410). 
Previously reported ~ 82d activity 
is 764 Ir??? (5613). 
1.23 y present (5751). P 
cu Complex y(5609, 55H2h). 
complex y. Highest level reached 
2.1367 20° e7e^,s 5609 
^Y 
en 


Complex y(5669, S5B2h). 


Complex y. (55F2h). e^e^ studies 


suggest. highest leve? reached is 
.0.167(55B2l). 
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TABLE I (continued). 


DISINTEGRATION | ADOPTED a | parf- DECAY DATA 


Pb 21> m Complex y. (S5B2h). e7e7 
285 129 Ue € omplex v. (55B2h). e7e7 studies 


Y 1.099 5” s 55B2l| suggest highest level reached is 
e^e^ 55Bel| 1.53(55B2l). 


1/2" 


€ Limits on Q are from€ L/CK and 
Y O.lh06 L s 56K13| possible ft values (56K13). 
€i KK - 0.90 27 56K13 


= 0.43 5hH7 
no ÉK SLH7 | Limits on Q fromÉy ~ O and existence 
WV a 
€ y/é ~1.5 SLH7 | of L capture. 


p^ 0.195 2 s 5641 | no 0-L98(56W1, 5hW3). spy confirms 
0.21h 2 s 55M22 
0.219 10 s 5hW3 | decay scheme (55M22). 
0.210 2 8 5h13 
0.2783 5, 5 56n. 
0.279 2 s 95M22 
0.279 27; s 5lN3 
0.279 2 s 5h73 
.20l . K binding energy = 0.0833. 
continuous y spectrum 
Prax 0.293 20 scin xy 56Jl 
&/fx - 0.33 5LJ2 
: -204 z 7 0.765 10 s 55Y2 | B. has AJ = 2syes shape(55Y2, ShF2, 
a 32 CET O Quo B s Shr2 | ° 
0.766 2 s 5LK7 | 5LK7). 
m Complex y. (0.98y)(1.2y) orecedes 
83 121 0.981 5^ s — 564, | 1.266 0.2648 level in Po-Ol (sGuh). - 
o AGES fh’ scin Séil 
= 
Yw Séh 
0 E 
` Pb -22. m |0.015 eF EL, L x ray scin S&no| ©L/EK > 200 irom reported 
: 82 81 12l A 
123 Q < 0.085 no K x ray scin 56H11,5LC7 on T, and Vew (56H10, son 
T 
c ^ 925 30 s 


5689). Consisten 


L 
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TABLE I (continued). 


ADOPTED Q | HALF- DEGAYMDATA COMMENTS 


-206.. py 3.l0lh 3« yy» € y, ee" Scin, s SA | Extremely complex y spectrum. Coin- 
gr "123 82 12h M 
2 Q < 3.7 p* < 1/2600 s ShAl | cidence studies and precise y energy 
6 am qm 
^ measurements fit decay scheme de- 
o 


duced from shell model (5A). High- 


est level at 3.4035 (5hAh) 


Bi 201. Pb 2.351 5< | ey 


€ b is weighted average of 5 spectro 


83 12h 82 125 ES 
Q 2.431 5 Yı 0.5696 ^? meter and 2 scin measurements (56821, 
9/27 1/27 » 5 
Y) 1-771 55M23, 55Y3, 55A1, S5L10, 5lhP9, ShWh). 
I ME Only L capture to 2.34 level ae Yo is weighted average of 1 spec- E. 
55A1, 55L10| trometer and 2 scin me.surements 
(5541, 55L10, ShP9). 
Il 
li on Toye Pb pg |h.97 2 B^ 1.79 9" 22 agy 5609 | Other p^ groups. (56D9). Consistent 
li 5* 5.6 5- Ya 0.58832 13 s 56R1| decay scheme with energy matches. 
hi 37 Yo 26l 2 5 5h16 
il 
lil o* YY 5506 
IM 
il o -28> m |-o.85 a € 0.3y/« ~ 3/109(55P7). ~ 7/10°(55D6). 
i 8, 12h 83 125 x 
In į v, 028 5 scin 55P7 
Ini o ? 0.270 5° scin 55D6 
li Yo ^0.60 Gy’ scin 55P7 
1 0.570 5° scin 55D6 
l | Y1Yo 55PT7, 55D6 ? 
208 
£22 20 € 80 55M2l 
86 122 85 123 
* 
o A 
209 x : 
Tl -=--> Pb 3.12 3 Y 560 30% scin 56620| Coincidence studies indicate all B ^5 
81 128 82 127 1.56 3 scin 55P8 
^ to 2.23 level in Pb (56S20, 55P8) ^ 
0/28005.3.— 1/2 v, 0.450 9, scin 56520 
4 2 G i scin 55P8 
9/2 * 
Y 0.120 3, scin 56520 
3 0.12 Ti scin 55P8 1 
Pb -209.— pi 0.63 1 (I 0.63 oa 55M25| F-K plot of B, is linear (55M25). 
82 127 83 126 9. y 
" no y 55M25 
g/2 5.5 9/27 P oe 
1 
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TABLE I (continued). 


wf 
ADOPTED Q E DECAY DATA 
DISINTEGRATION HALF COMMENTS 
s [EV Jerror| LIFE [type] mev error] % [METHOD] nex-. 


Po -29.. p heb 2 411 € to 0.9 level (55P7). 
8, 125 83 126 
+ 0.910 16, 
1/27 5/27? 0.865 17 
9/27 em /€ ~ 0.2 
> ^ 
Rn -209 . At -0 
86 123 85 12h 
n verossa Pb Ic .h0 10 By, vv studies suggest that all y's 
A 
61 129 82 128 are in cascade (56M11). 
3, hy 5* 5 o ? 
5 2* 
o* 
LI 


BOD. pp 9.063 1 no y with 0.025 < Sy < 0.032. (56Fh). 


62 128 83 127 
ou ch GF 
dm D 
Bi 210 . Po 1.17 1 non-unique shape does not permit 
83 127 8, 126 see comment | seakoors good determination of Ps end point 
PEE HOD. On pens energy. 2.6 x 10ÉY ni?10 is possibly 


25 kev below Ls Bienes 


Complex y. Coincidence studies 


wt -90. Po hel 1« s 
85 125 eh 126 a eio 0.2h60 L suggest decay scheme with highest 
lh, 5, 6 h, 5” 1.185 3 level ot h.l (5hM17). Intensity 
o* mne» of y's suggest decay energy to l.l 
level ~ 0.1 (54:17). E 
< 
n -S=--> At >0 
86 12h 85 125 
o* 45,6 = 
e 
At -ell-> Po Si a 
85 126 8L 127 
1/2, 9/27 * 9/2" 


-21> At > 1.34 
86125 1 125 " s> 
9/25 1/2,9/23 
E © 
e 
e" v > 
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TABLE I (continued). 


[aeoPreo a | HALF- DECAY DATA 


3 19 s 56D11 
o soy) fo 3 a 55R10 


56D12, 55R10, 55R11 


Complex B's and y's (56A2. 56D11, 
56018, 55J7, 55R10, 55R11, 55B25). 


Decay scheme, consistent with coin- 


cidence data, provides good energy 


matches (5577). 


r 


1.3 weak s SuP11 
1.15 scin 51,48 


Y 0.310 30 scin 5LlH8 
scin 5)H8 


Complex y. Coincidence search 


wr 


suggests no y coincidences (5lH8). 


Complex B, y (55M25). 


demonstrated. 


(0.328) (0.0liy) 


scin 55S11 
scin 55811 


17(2). > 766 i 


0.0455 


no y, e^, x 


E complex y Information from both Pa-228->Th . 


| Highest level reached and Ac-528 mm is used in constructing 


j| son e 5605 


level scheme (5605). 


Complex y, K/g* only «2500 rather 

than > 2 x 10! estimated for Z = 90 — 

(5501). See p^ branch belowe — — 
grs D» 


E ‘See 
las 
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TABLE I (continued). 


DISINTEGRATION CADORMEONCI IERTA CON DATA 


v U 
2n ET 92 138 


8: 0.405 20 s 5501 | B^ branching < 20 per cent (5501). 


Th -$21— Pa 6.305 10 Complex y. (56M13). Decay scheme 
90 lhl 91 110 > 
A » $ 0.0565 3 with good y energy sum matches. 
1/2" 59 Sem 5 s 
0.0255 1 (568113). Suggest 0.38 to 0.08L level 
AM 3/27 
ae 5013, $5812] an Pa?! (5613). 
Pa -232 NEU Lower energy B^ and y present 
E 91 lhl 92 140 (SuB10). 
9.20 OX 
Pa  -2213.. J Complex lower energy Q^ and vy. 
Ny Mie ue om (5502, 5hB11). Decay scheme has 
Be ke good energy matches (5502, SLB11). 
Ti 23k - 2. 35 sgy 55D7 | Data indicates that I. T. energy is 
1 --— 3 - 
0.10 1 scin, $hJ5 
90 Lub 91 M3 s un very small (5606, 5LJ5). 
* m 0.071: 5, s 5606 
AS 066 1.2 y 0.093 sein 51J5 
6.7" : [ 
$6V3, 5606, 55D7, SIS 
Complex y(5606, 55D7, 5hJ5). Decay 
A Pa -23l -> U 
91 153 92 he scheme by (5606) has 1.138 to level 
f ^ 1.2" at 1.145. 
Cu qo) 09 
df 
È * Complex y (5612). p*/€ ratio in- 
3 dp 2220 T Bo 1 onplex y ( ) B 
93 1li 92 142 KK 5x 103: s 55P9 | dicates that BZ is probably ge s. 
6.3 o* v e ist. 30" scan S6H12| transition. (56H12). 
^ 
x 
Np 223077 U € 
93 142 92 143 [37/3 = 30 2 PC, scin ‘6X13 
Sd - s/2 6.5 5/2 no U°3>y scin 56H13 
n ^ 
Py 1:220 D By 0.518 10 W s 


05) 3 
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TABLE I (continued). 


c ADOPTED Q HALF- DECAY DATA E TS 


Pa ~237_5 U 
91 1h6 92 145 


1 


p. 6.79 U?3T (51408). 


s QI 


Decay scheme established with the 
92 135 93 1h 


aid of information from Ame decay. 


3/2 6.1 
Complex y. 0.258 and 0.27y con- 
5/27 
<= sidered to be in cascade (56B22). 
i 
| E. u (1.258)(0.0hy) demonstrated. (55H12). 
| 93 1h5 9h 1hh 


I Np  -232.- py 
i 93 1h6 9h 1h5 


A or 55E2). Decay scheme, consistent 


va cnl EVA 


Complex f's and y's /56H1h, 55113, 


0.729 6 with predictions of collective model, 
see comment displaces earlier level schemes up- 
ward by 7.8 kev end predicts a first 
excited state at 0.00785. (56m, 
56H15). However, level scheme su^- 
239 


gests spin of Np is 5/2 or 3/2 


and that 0.78” may not go to puc3? 


Be Se 
Np -240_5 pu j SLL? | Other y's present (56110, ShL7). 
93 147 9l 1L6 aA 
m 56L10] 7.3" Np^"' is probably isomer of 
Oy ECRANS PHT EET: 
1" Np^" (SUL?) 
5hL7 
Am -240 > Pu 
95 Ibs 9h 16 
| A Lower energy y's present (5163). 
| 0 
21, F-K plot of Bo has allowed shape 
9h 147 95 1h6 “6 
à (56521). a branching ~ l4 x 10 
2 5. 27 
5/2 zz (5578). 
2l O.li7y present (5163). 
- -> 
= 96 1L5 95 146 
2" 
y 
"7 
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TABLE I (continued). 


DISINTEGRATION ADORTEORS 
MEV JERROR 
Am =2@2S Pa P O.OLL5 3 
95 1h7 9h 118 
hi0 
16 
100” Lt, s*  o* 
o* 
m -2h?.. Cm ).633 5 
95. 1h7 9€ 116 
x3" ar 
100Y L*, s* Í 
1:3) eM 
On 
Lu 
^ 
An webs Pu >0 
95 1h9 9h 150 
Oz o* 
Am ets cm — [s 1 
95 1h9 96 148 
2.3 + 
o 6.1 0 


Pu -245 Am >0 


Am Aho Cm 20.905 5 


95 150 96 119 


= 6.2 


Bk ees CDI 0.6 3 


96 19 


^ 6,7 


26 


26" 


10.5" 


2.03" 


0.250 2 s,sein 


0. 360 (double?) 56 


s, scin 


L5" 


COMMENTS 


(55812). 


€ branching ~ 10 percent. 


àJ = 2; yes shape-observed for B^ 


state in cieli? 


spin O^ for 16h mad a 


mom 


decay to 2 implies 
Hence 100Y 
probably has spin L, 5 and 

0.598 is probably to 2* state in 


Cm li? (55827). However, (55H12) sug- 


gests f branching to 2* and 0° Es Se 


E/B = 3.9 x 107" (55F8). 


Conplex y (55D28, 55F9). 


GL/EY to 0.25 level = 0.33, to. 
~ 0.39 level = 5 to 10 (5&4). 


Estimate Q from yy and ÉL /É x. 


p SÌ Bk (SéC7). 


^ 
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TABLE I (continued). 
] EEEo Q HALF- DECAY DATA 
3 27 scinBy 56H16 | (0.3387)(0.05y) (56H16). 
ao — 3i 13 scinBy S6H16 
pz 0.15 1 a 55E3 (0.1587)(0.175y) gives good energy 
Y B x in 56H16 | match. (56m6). 
in 55E3 
56H16 
a 
87 1.222  lOstrong scingy 55E3 | (1.287)(1.07y) reported by (5583). f 
B^ 2.2 weak scin 55E3 
f 
Y 1.069 20 scin 5553 
Bv» vv 55E3 
E e 4 


^h» 


€ (K, L x rays) pc,scií 5lH9 
Y 0.82 2 LO  scin SH 


E, p. 2.5 cf 


€ (K, L x rays observed) 
pe,scin 5hH9 


chem 5607 


a(?) 56F5 


a branching ~ 1073 per cent (5lM18) 


€ /a ~ 76 (56H17) 


scin S5LGL (0.98)(~0.9y) provides energy 


match (5UGh). ‘z 


m C a a a n 
TAa Te nenne aer 
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"TABLE I (continued). 


| ADOPTED a | Harf- DECAY DATA 


DISINTEGRATION LIFE TETEE pror] mela 


Cr Ege E SM8 
98 155 99 15h sco 


COMMENTS 


Fm 293. E chem 57A2 
100 153 99 15h 
a rs 
MT usi > Fm From 38" state + photons / 100py (56J9). 
99 155 100 15h 
7 p xod kb a 5639 
38h TOT scin 5LC9 
> 2y 2E 0,660 scin 5639 
* 
0 
^ 
E 2. m5 
99 156 100 155 


` 


(References to Table I appear on pages 826-830.) 
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HIS compilation is a revision of the “Table of 
Alpha-Disintegration Energies of the Heavy 
Elgments” published in 1954.1 Included are new alpha 
emitters and revisions concerning those previously 
listed. The basis for inclusion in Table II of a previously 
listed alpha emitter is the availability of additional data 
which would change*the alpha-disintegration energy by 
more than 1 kev from that listed in Table I.! Polonium- 
211 (0.52 sec) is included but not the 25-sec isomer 
because it is ngw certain that the alpha group belonging 
to the 0.52-sec nuclide represents the trangition between 
ground states. 

The only refer®nces given are those relevant to the 
energy detemminations. The decay energies are the Q 
values for the alpha transitions and can be transformed 
into mass differences by including the atomic mass 
of He’. 

COLUMN 1 b 

This column indicates the alpha emitter and its 
product as well as the half-life which is given solely for 
purpóses of further identification. These are the meas- 
ured half-lives and not the partial alpha-decay half-lives 
for those cases in which there is more than one mode 
of decay. Since this table is not a compilation of general 
deaay properties, references are not given for the half- 
lives cited. 

G COLUMNS 2 AND 3 

In a large fraction of the cases the “highest-energy 
group” of column 3 is either known to be that of the 
ground-state transition or is assumed to be so in the 


' absence of information regarding a complex spectrum 


eor the purpose of calculating the disintegration energy 
of column 2. The Q values, unless otherwise stated under 
“comments,” were calculated by adding to the energy 
of column 2 the recoil energy, 4E/(4-4), where E is 
the alpha-particle energy and 4 is the mass number 
of the emitter. The Q values were rounded oii to 
values consistent with the precision of the energy 
measurements. E 
e COLUMN 4 
The absence ọf a notation under “intensity” means 
that no high-resolution instrument has been used to 
obtain evidenee on complex structure. Otherwise the 
entry. indicates the intensity of the group believed to 
represent the gfpurd-state transition. The designation 
“10 means that a careful search has been made for 
other groups and either none has been found or that the 
. intensities of lower-energy groups are low. 
LF. Asaro and I. Perlman, Revs. Modern Phys. 26, 456 (1954). 
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COLUMN 5 


This column refers to the method of energy de- 
termination. 


ion ch ionization chamber coupled with some 
form of pulse-height analyzer. 

range determination in air. 

range of alpha tracks in a photographic 
emulsion. 


magnetic spectrograph. 


range air 
range emuls 


spect 


COLUMN 6 


References are given for the energy measurements 
selected. 
COLUMN 7 


These letter ratings give the estimated degree of 
certainty of the isotopic assignments according to the 
following code: ` 


A Element and mass number certain; 
B Element certain and mass number probable; 
C Element probable and mass number certain or 
probable; 
D Element certain and mass number not well es- 
tablished. 
^ COLUMN 8 


The comments in this column for the most part 
reinforce the decision on the decay energy. 


Insufficient evidence to know whether or not 
the alpha energy measured is that of the 
ground-state transition. 

e-e No direct evidence, but since the nucleus is 
of the even-even type it can be assumed that 
the measured energy is that of the ground- 
state transition. 

a-y coinc This designation indicates that coincidences 
have been observed 1 etween alpha particles 
and gamma rays (o. :onversion' electrons) 
which show some d»abt that the highest- 
energy alphe group is the ground-state 
transition. Whe. the evidence is not sufti- 
ciently definite to deduce a decay energy 
based on anything other. than the highest- 
energy alpha group, this is reflected by the 

j values in columns 2 and 3 differing only by 
the recoil energy. Where the evidence is 

sufficiently definite to deduce the decay 

energy, it will be found that columns 2 and 

3 differ by more than the recoil energy. 
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f 
TABLE II. 
E IE esed intenstt E S 
d measu: e D 
, ^ Q Mev) ae (Mev) BC) y Method ee Identification - Comments ~ 
5.03 4.935 ion ch 2 A S ] 
4.97 ion ch 2a x 
6.745 6.617 82.6 spect 2b A 
6.620 spect 3 
Pb% 6.165 6.040 spect 4 D ins evid 
Pps 6.057 5.935 spect 4 D e-e " | 
5.966 5.846 © spect 4 B ins evid 1 
5.84 ion ch 4a 
5.888 5.770 spect 4 BY e-e 
(«pom —> pps 5.786 5.671 spect 4 B ieu 
Ee eee Simm 5.70 ion ch 4b ep 
5.689 5.575 spect e 4 B e-e 
5.57 ion ch 5 
5.61 jon ch 6 » 
5.59 ion ch e 7 
5.477 5.370 spect 4 B e-e 
5.37 ion ch 7 
7.58 7.442 99 spect 8 A 
7.434 range air 9 t 
8.51 8.35 7-100 spect ° 11 A ins evid 
8.336 |. jon ch 13 
7.50 7.360 7-100 spect ' 2b A 
7.365 range air 9 
7.383 spect 13a 
5.752 5.642 7-100 spect 14, 15 B ins evid 
5.65 ion ch 17 
7.18 7.05 7-100 spect 18 A / s 
7.02 ion ch 13 
7.00 ion ch 19 E A 
6.41 6.28 ion ch 5 D e-e g 
6.25 ion ch 5 B e-e Te, 
6.25 ion ch 6 i 
6.12 ion ch 5 B ins evid =. 
j ion ch 6 


spect 20 B e-e 


ins evid 


spect 


spect 


18 
13, 21a 


C 4 f i, f H rA 24 mae f' a: 7 
e . LYI A Af,» 51 J ENERGIES 833 


Tanz (mh, 
~ —M—— M —000— ais 
=o = 
~ Z tp e 
^ = Reaction e hy pr — t ain Y^ s Energy 
— GÀ A——— A ó Haier ref. Identification Comments 
Ers —> Ap 545 f me^ i 
4 2, z £t 22 Z i 
€ 21m Por A ins evid 
" Ra?9 ——, Em” 559156 d 2 eni 2b A 
11.2d ERD vem 22a 8 B 
Ra? — Em” 6451 CZ w ue 23 A 
38s 
Ng? — Fr $921 E E "mer 24 A 
10.0 d s ion ch 21a, 13 


£ ? spert 23 A 


TH: ——, Raz C flee 
30.9 m 


` Th? —> Rat * 622 üt = mec 2b A 
18.6 d ir spect 22a 
. Th? —> Rai £857 sur 25 A 
E e = 14X100 ES nd 26 
ee 
Pati —4 Act FE. sue # 3 27 A 
3.43X10y 4 am 28 
zu 29 
U — TH zh zs m2 23 A a 4 
20.8 d as 
U23 > Th £I EX ss spect 30 A ] 
1.62X 105 y zEm ion ch 13 1 
U231 > Th» PE Si z ~“ z? spect 27 "A 
2.48X 105 v =. jon ch 25 x 
: ii ion ch 31 
uF, phe T s= ; spect 2b A 
7.13X105 y 433 ton ch 31a 
U238 — —, Th** snr SIS i ion ch 25 A 
4.51X10 y 4 
Np%5 —> Pa zI Sh ion ch 32 A a-y (33) 
410d r 
d C pam as ise 3 spect 34 A 
e NP ST Ss AX ion ch 35 
Pus —> Um GA X ion ch 36 B ins evid 


=.. 20m 
Puss —— Ux SS SWS ase Spect 37 A 
2.7 y 
Pus? — Um SIS Sas n ion ch 36 A ins evid 
44 d 


L) puse — Ue SWN 


Th 


C 89.6 y E | 
20 — UN SOS NN TS spect 27 A _ isomeric state 

Br SE spect 39 ^N ‘u less than 1 kev S 

: E SON spect 40 Pen 38a, b 3 

RN SES KS - 3 F 
See Pu aM US E NS US ,Spect 30 g t 
6580 y Ve met UP MI 
Am?» ——> NSS AN SS ion ch 41 - Seabe a-y (42) 
12h 


Am? => NP" WS BSS 

.2 9 4! y 1 - x i 
Am? e Np S : 

7.9X 10 y : 


P * Cmn E aw 
De CEN RE M ion ch 45 


n ‘ 
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TABLE II.—Continued. 


Highest energy 


Adopted group measured Intensity Energy 7 e 
: Reaction Q (Mev) ev (96) Method ref. Identification . Comments E i EC 
Cm ——, Pure 6.38 6.27 ion ch 46 A c-e 42 toe 
268d — 6.25 ion ch 47 a 
Cm?! — Pu? 6.20 5.95 ion'ch 46 A a-y (47a) BE -— 
35d à P kt o 
Cm? ——, Pur 6.003 1 spect 48 A 3 
35y 6.159 5.777 78 spect 83 (49) 
Cm*45 ——, Pu?” 5.45 ~10 ion ch 50 A s 
1X10! y 5.62 5.36 ~82 ion ch 51 a-y (48) : 
B 5.4 ion ch 52 
Cm*46 — > Pu? 5.46 5.373 ion ch 53 A c-e 
5X10 y 5.37 ion ch 50 i 
5.39 ion ch 54 
5.4 ion ch 52 
Cm*48 ——> Pu?4 5.14 5.054 ion ch 53 A e-e 
T. 4.7X105 y : o CHI 
1 " 1 
: BE EE? Am?to 6.78 6.67 NEN ~o sy B ins evid ^ 
Bk*5 — Am? 6.48 6.37 33 ion ch ° 56 ACE ins evid 
4.95 d 6.35 ion ch 55 
6.33 ion ch 57 
Bk" mu Am? 5.85 5.67 ~40 jon ch 55 B a-y (58) 
CU y 
- Bkee ——9À7 Amis 5.53 5.40 7-94 ion ch 55 A a-y (58) ^o» 
280 d 5.4 ion ch ^ 59 z 
5.4 ion ch 60 
C4 — > Cm% 7.29 7.17 ion ch 61 A e-e 


725m 


Cí25 — 5 Cm? y k ion ch 
44m À ion ch 


Cf ——, Cm? , 6: ion ch 
5X10? y 4 ion ch 


Cp > Cm26 h spect 

$ ion ch 
ion ch 
ion ch 
ion ch 
spect 
ion ch 
ion ch 
ion ch 
ion ch 


ion ch ins evid 


ion ch ins evid 


ion ch ins evid 


ion ch ins evid 
; 


ion ch ins evid 
; ; 

spect 

ion ch 

ion ch 

ion ch 


oo 


LJ 
| 
e o | 
MERE S ous ENERGIES, = 
s l = 
0 r] e 
3 TABLE II.—Continued. 5 
[| ' Highes : ° ox 
° Adopted Porter era Intensity Energy ^- 
Reaction Q (Mev) (Mev) (%) Method ref. Identification Comments 
~e 
I2 » Bk?” 6.52 6.42 ion ch 75 A ins evid 
7-300 Ue 6.44 ion ch 77 
Fm?» ——, Cft6 7.55 7.43 ion ch 78 B e-e 
30 m 727. ion ch 79 
E Cf 7.00 6.89 ion ch 78 B ins evid 
fi 
Tm? A Ct 7.16 7.05 ion ch 78 B e-e 
23h € . 7.04 ion ch 80 
I'm? ——, Cf 7.05 6.94 ion ch 81 B ° ins evid 
45d 6.85 ion ch 80 
Fm? — Cf? 7.32 7.20 ion ch 75 A 
3.24h 7.22 ion ch 82 
YA 7.17 ion ch 76 
Tms — Cf) ea 7.2 7.08 ion ch 75 B ins evid 
PRE 7.1 ion ch 82 
1 Sce — 1 of text. we 2a Rosenblum, Perey, Valadares, and Guillot; mentioned in Revs. 


2 H. B. Levy and I. Perlman, Phys. Rev. 94, 152 (1954). 

2a M. A. Rollier, Gazz. chim. ita& 84, 658 (1954); Chem °A bstr. 49-12983 f 
(11955). 

3 R, C. Pilger, Ph.D. thesis, University of Galifornia (University of 
California Radiation Laboratory Report UCRL-3877) July, 1957. 

3 G-H. Briggs, Revs. Modern Phys. 26, 1 (1954). This is a compilation 
off the best values for the energies of natural alpha particles. © 
` 4S Rosenblum and H. Tyrén, Compt. rend. 239, 1205 (1954). 

49 The authors (sce reference 4b) assigned the 5.84 Mev group to Po!» 
Frrom the work of Rosenblum and Tyrén an assignment to Po™ is more 
reaasonable (see reference 4). 

“4b Karraker, GMiorso, and Templeton, Phys. Rev. 83, 390 (1951). 

15A, W. Stoner and E. K. Hyde, J. Inorg. Nuclear Chem. 4, 77 (1957). 

16 W.E. Burcham, Proc. Phys. Soc. (London) A67, 555 (1954). 

71 D. G. Karraker and D. H. Templeton, Phys. Rev. 81, 510 (1951). 

* 88S, Rosenblum, Compt. rend. 193, 848 (1931). The energy was calculated 
5y Briggs, see reference 3. 

2 W, B, Lewisoand B. V. Bowden, Proc. Roy. Soc. (London) A145, 235 
219034). (Summarizes the results of various investigators. The values were 
gecsalculated accopding to reference 10.) 

19 M, G. Holloway and M. S. Livingston, Phys. Rev. 54, 18 (1938). 
Surmmarizes workof various investigators. 

111 Stephens, Hummel, Asaro, and Perlman, unpublished data (1954). See 

lsc» reference 12. 

12 F, S, Stephens, Jr., Ph.D. thesis, University of California (University 

t California Radiation Laboratory Report UCRL-2970) June 1955. 

m T. E. Cranshaw gd J. A. Harvey, Can. J. Research 26A, 243 (1948). 

1398 M, Curie and S. Rosenblum, Compt. rend. 194, 1232 (1932), (This 
Pherrgy was calculated by Briggs, see reference 3.) 

R. W. Hoff and F. Asaro, unpublished data (1954). See also University 
" California Radiation Laboratory Unclassified Report UCRL-3157, p. 67 
=\enptember, 1955). 

— id. @ Hummel dnd A. W. Stoner, unpublished data (1955); A. W. 
Bomer, Ph.D. thesis, University of California, University of California 
hdliation Laboratory Report UCRL-3471 (1956). See also reference 16. 

16 J. P. Hummel, Ph.D. thesis, University of California, University of 
=\liifornia Radiation’ Laboratory Report SGre ee (July 1956). 

17 Barton, Ghiorgp, and Perlman, Phys. Rev? 82, 13 (1951). 

13, Stephens, Hummel, Asaro, and Perlman, unpublished data (1956). 
^v adiso reference 12. 
= ]Hagemann, Katzin, studier, Ghiorso, and Seaborg, Phys. Rev. 72, 252 

4:7), 

b aa Asaro, and Hilfe, J. Inorg. Nuclear Chem. 1, 267 (1955). 

M IF. F. Momyer, Jr., and E. 'K. Hyde, Phys. Rev. 102, 464 (12960: 

14. Ha ann, Kafzin, Studie Seaborg, and Ghiorso, Phys. Rev. 79, 
= ((1950). J 
m Marie Curie 1 
‘rezy was recalculated by Briggs (se 
== reeference*energies. 

1 Jean-Pierre Adloff, Compt. 
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id S. Rosenblum, Compt. rend. 196, 1598 (1933). This 
è i e reference 3) using later values for 


rend. 240, 1421 (1955). 
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~ 38 Hummel, Asaro, and Perlman, Phys. Rev. 98, 261A (1955). 
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Modern Phys. 25, 469 (1953) by Hollander, Perlman, and Seaborg. 

733 F, Asaro and I. Perlman, Phys. Rev. 104, 91 (1956). 

"Stephens, Hummèl, Asaro, and Perlman, unpublished data (1956). 
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?: Harvey, Jackson, Eastwood, and Hanna, Can. J. Phys. 35, 258 (1957). 

*: Philbert, Génin, and Vigneron, J. phys. radium 15, 16 (1954). 

37 Goldin, Novikova, and Tretyakov, Conference of the Academy o! id 
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3# Goldin, Novikova, and Tretyakov, Phys. Rev. 103, 1004 (1956). 
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9: Hoff, Olsen, and Mann, Phys. Rev. 102, 805 (1956). 
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